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Testing the Sobolev property with a single test plan
by

ENRICO PASQUALETTO (Jyvéskyld)

Abstract. We prove that on an arbitrary metric measure space the following property
holds: a single test plan can be used to recover the minimal weak upper gradient of any
Sobolev function. This means that, in order to identify which are the exceptional curves in
the weak upper gradient inequality, it suffices to consider the negligible sets of a suitable
Borel measure on curves, rather than the ones of the p-modulus. Moreover, on RCD spaces
we can improve our result, showing that the test plan can also be chosen to be concentrated
on an equi-Lipschitz family of curves.

Introduction. Throughout the past two decades, the classical theory of
first-order Sobolev spaces has been successfully generalised to the abstract
setting of metric measure spaces. Two strategies played a central role in the
development of this subject: the relaxation procedure based on the notion
of upper gradient (introduced by J. Cheeger [7]) and the analysis of the be-
haviour along curves (proposed by N. Shanmugalingam [22]), later revisited
by L. Ambrosio, N. Gigli, and G. Savaré [4, [5]. As eventually proven in [4],
all these approaches are fully equivalent.

Let (X,d) be a (complete and separable) metric space endowed with
a (boundedly finite) Borel measure m. Let p € (1,00) be fixed. Then the
p-Sobolev space W1P(X) is a Banach space whose elements f are associated
with a minimal object | D f|, € LP(m), which is called the minimal generalised
p-upper gradient [7], the minimal p-relazed slope [4], or the minimal p-weak
upper gradient [22, 5], and is the smallest p-integrable function that bounds
from above the (modulus of the) variation of f. For the purposes of this
paper, it is convenient to begin with the notion of relaxed slope introduced
by Ambrosio-Gigli-Savaré [4], which is a variant of the original Cheeger’s
approach: the function |Df|, can be characterised as the minimal possible
strong LP(m)-limit of lip(f,) among all sequences (f,), C LIPps(X) with

2020 Mathematics Subject Classification: 53C23, 46E35.

Key words and phrases: Sobolev space, test plan, RCD space.
Received 30 June 2020; revised 27 May 2021.

Published online 3 March 2022.

DOI: 10.4064/sm200630-24-8 [1] © Instytut Matematyczny PAN, 2022



2 E. Pasqualetto

limy, || f = fullLe(m) = O, where lip(f,) stands for the slope of f, (see (L.I))). In
duality with this ‘Eulerian’ relaxation procedure, it is possible—from a more
‘Lagrangian’ viewpoint—to identify |D f|, by looking at the behaviour of f
along rectifiable curves. Namely, |Df|, is the minimal function G € LP(m)
such that for almost every absolutely continuous curve v the function f o~y
is absolutely continuous and

(¥ < Fw)

There are different ways to detect the negligible families of curves that are
excluded from the weak upper gradient condition @ In Shanmugalingam’s
approach, the exceptional curves are measured with respect to the p-modulus
Mod,,, which is an outer measure on paths that plays a crucial role in function
theory [18]. Ambrosio, Gigli, and Savaré proposed the alternative notion of test
plan: writing ¢ € (1, 00) for the conjugate exponent of p, they define a g-test
plan on (X,d, m) as a Borel probability measure 7 on C([0, 1], X) that is con-
centrated on the set AC([0, 1], X) of absolutely continuous curves and satisfies

1

3C>0: (e)pm <Cm Vtel0,1], SS |3¢|? dt dr () < +o0,

0
where the evaluation map e; is given by e;(y) = ;. The first condition is
a compression estimate—which grants that the plan does not concentrate
mass too much at any time—while the second one is an integral bound on
the speed of the curves selected by the plan. It is then possible to express
|Df|, as the minimal G € LP(m) such that for every g-test plan 7 the
inequality @ holds for m-a.e. 7.

There are two main differences between the p-modulus and a g-test plan:
firstly, the former is an outer measure, while the latter is a o-additive Borel
measure (but a priori one has to consider possibly uncountably many test
plans to identify the minimal weak upper gradient); secondly, in the defini-
tion of test plan the parametrisation of the curves involved plays an essential
role, while the modulus is parametrisation-invariant. The duality between
modulus and plans has been studied in [3].

The aim of this paper is to show that we can find a single g-test plan
m,—which we shall call the master test plan—that is sufficient to recover the
minimal weak upper gradient of any given Sobolev function. More precisely,
for every f € WHP(X), |Df|, is the minimal G € LP(m) such that () holds
for mw4-a.e. . This result will be achieved on arbitrary metric measure spaces.
Let us briefly outline the ideas behind the proof:

< G(v)|Ae|  for L'-ae. t €10,1].

(a) The main tool we use is the plan representing the gradient of a Sobolev
function, a concept introduced by Gigli in [II]. This means, roughly
speaking, that the ‘derivative’ at time ¢ = 0 of the test plan coincides
with the gradient of the given function.
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(b) In lack of a linear structure underlying the ambient space X, we work
within the framework of the abstract tensor calculus built by Gigli [12],
which relies upon the theory of normed modules. This supplies the func-
tional-analytic tools we will need.

(¢) We will further investigate the plans representing a gradient and fit
them in the setting of the normed modules calculus, which was still not
available at the time of [II]. More precisely, we prove—in a suitable
sense—that if a test plan 7 represents the gradient of f € WhP(X),
then for every g € WHP(X) and m-a.e. v the derivative at time t = 0
of g o~y coincides with dg(V f)(79). See Proposition for the precise
statement.

(d) Given a sequence (f,,), dense ‘in energy’ in W1P(X) and writing 7" for
the plan representing the gradient of f,,, we show—by using the results
we mentioned in item (c)—that the sequence (7™), of g-test plans is
sufficient to identify the minimal weak upper gradient of each Sobolev
function. Finally, by suitably combining the measures " we obtain the
desired master test plan m,. See Theorem for the details.

The weak upper gradient condition (ED can be additionally used (when con-
sidered with respect to the modulus, or to the totality of test plans) to detect
which functions are Sobolev. Currently, it is not known whether the same
holds for the master test plan; cf. Problem

In the last part of the paper, we improve our existence result of master
test plans in the case in which the metric measure space (X,d, m) satisfies a
lower Ricci curvature bound. More specifically, we consider the so-called RCD
spaces, which are infinitesimally Hilbertian metric measure spaces (i.e., the
associated 2-Sobolev space is Hilbert [I1]) fulfilling the celebrated curvature-
dimension condition introduced by Lott—Sturm—Villani [20, 23], 24]. In this
framework, we show that it is possible to construct an oco-test plan 7, (i.e.,
a test plan concentrated on an equi-Lipschitz family of curves) which acts
as a master g-test plan for every exponent ¢q € (1, 00); cf. Theorem This
sort of property has to do with the dependence on the exponent p of minimal
p-weak upper gradients; see Remark for a more detailed discussion. To
prove Theorem instead of plans representing the gradient we employ the
theory of regular Lagrangian flows, available on RCD spaces thanks to [6].

1. Preliminaries

1.1. Sobolev calculus on metric measure spaces. For the purposes
of this article, by a metric measure space we mean a triple (X, d, m), where

(X,d) is a complete and separable metric space,

m >0 is a boundedly finite Borel measure on (X, d).
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For the sake of brevity, we will use the shorthand notation £; to indicate
the restriction of the 1-dimensional Lebesgue measure £! to the real interval
[0, 1], that is,

£1 = £1|[071].

The space C([0,1],X) of continuous curves in X is a complete and separ-
able metric space when equipped with the supremum distance doo(v,0) =
max{d(y, 0¢) | t € [0,1]}. The evaluation map e: C(]0,1],X) x [0,1] — X is
defined as e(7,t) ==~ for every v € C([0,1],X) and ¢ € [0, 1], while for any
t € [0,1] we denote by e;: C([0,1],X) — X the evaluation map at time t,
ie., we set e/(y) = e(y,t) for all v € C([0,1],X). Given any s,t € [0,1]
with s < t we define the restriction map restr’: C([0,1],X) — C([0, 1],X) as
restrt (y), == Vrit+(1—r)s- Observe that e, e;, and restrl, are continuous maps.

A curve v € C([0,1],X) is said to be absolutely continuous provided
there exists ¢ € L'(0,1) such that d(vy;,7s) < Si g(r)dr for all s,t € [0,1]
with s < t. In this case, the limit |{¢| = limp_od(Ve+n,V:)/|h| exists at
Li-a.e. t € [0,1] and defines a function in L'(0, 1), which is the minimal
one (in the a.e. sense) satisfying the inequality in the absolute continuity
condition. The function |¥|, which is declared to be 0 at those ¢t € [0, 1]
where the above limit does not exist, is called the metric speed of v. We
denote by AC([0,1],X) the family of all absolutely continuous curves on X.
Given any ¢q € (1,00), we define the family of g-absolutely continuous curves
as

ACU([0,1], X) = {r € AC([0,1], X) | [¥] € LU(0,1)}.

The space of all real-valued Lipschitz functions on (X, d) having bounded
support is denoted by LIPps(X). Given any function f € LIPy4(X), we define
its slope lip(f): X — [0, 400) as

= lf(z) = f(y)

(1.1) lip(f)(x) == lim

if x € X is an accumulation point,
yor d(z,y)

and lip(f)(z) = 0 otherwise. Furthermore, for any ¢ € (1,00) we denote
by Z,(X) the set of all Borel probability measures p on (X, d) having finite
qth moment, i.e., satisfying

qu(-, Z)dp < 400 for some (thus any) point z € X.

In what follows, we will often consider the integral (in the sense of
Bochner [9]) of maps of the form [0,1] 5 ¢ — &, € B, where B is a sep-
arable Banach space; more precisely, B will always be an LP-space, for some
exponent p € [1,00). The fact that the maps @: [0,1] — B we will consider
are strongly Borel follows by standard arguments, thus we will not insist fur-
ther on measurability issues. Let us just recall that if a map @: [0,1] — LP(u)
is Bochner integrable, then (S(l] &, dt)(z) = S(l] &, (z)dt for p-a.e. z € X.
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REMARK 1.1. Let (X, d, m) be a metric measure space. Fix any exponent
q € (1,00). Then there exists a measure m € &,(X) such that m < m < Cm
for some constant C' > 0.

In order to prove this, fix any point z € X. Given that (X, d) is separable,
we can find a sequence (x3), C X such that X = (J, o Bi(zx). Recall that
m(Bj(zg)) < +oo for all k € N. We define Ay := Bi(x1) and Ay == Bi(zk) \
(AjU---U Ag_q) for every k > 2. Let us put

o s m’Ak o ou
a ; 2k(d(xy, ) + 1)4 max{m(Ax), 1}’ m = u(X)

Then y is a Borel measure on X satisfying p(X) < Y22, 27% = 1, whence
m is a (well-defined) Borel probability measure on X. If a Borel set N C X
satisfies p(N) = 0, then m(N) = Y22, m(N N Ag) = 0, thus showing that
m < m. Moreover, observe that u < 332, 27%*m|4, < m and accordingly
m < pu(X)"'m. Finally, since d(-,Z) < d(zg,Z) + 1 on A, for any k € N, we
conclude that

e LS 1 D) Ve L
Jd'(c o) dn u<x>;2kmax{m<z4k>,1}/§k(d(xk,x>+1) s

thus proving that the measure m has finite gth moment.

1.1.1. Definition of Sobolev space. Let us recall the notion of p-Sobolev
space, based upon the relaxation of the slope, proposed by Ambrosio—Gigli—
Savaré [4] as a variant of Cheeger’s approach [7]. Other equivalent definitions
will be discussed in Sections [.2] and [1.3]

DEFINITION 1.2 (Sobolev space [4]). Let (X,d,m) be a metric measure
space and p € (1,00). Then a function f € LP(m) belongs to the p-Sobolev
space WHP(X) provided there exists a sequence (f,,), C LIPg(X) such that
fn — fin LP(m) and

lim Slipp(fn)dm < +o0.

n—oo

The Sobolev space W1?(X) is a Banach space if endowed with the norm

1 lwioe) = (1o + PEchp(f)'? for every f € WHP(X),
where the Cheeger p-energy Ecy,p is given by
1
Echyp(f) = inf lim —\lip?(f,)dm,
Chp( ) (fn)n 7L~>OopS ( )

with the infimum taken over all sequences (fy), C LIPps(X) such that
fn — f in LP(m). We observe that for every f € W1P(X) there exists a
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unique function |D f|, € LP(m) such that

1
Ecnyp(f) = » S |Df[5 dm.
The function |Df|, is called the minimal p-relaxed slope of f.

REMARK 1.3. The minimal p-relaxed slope might depend on the expo-
nent p. More precisely, if p, p’ € (1,00) and f € WHP(X) N Wl’p/(X), then it
might happen that |Df|, # |Df|,. Some examples of spaces in which this
phenomenon occurs can be found in [§].

REMARK 1.4. The reflexivity properties of the Sobolev spaces are inves-
tigated in [2], where the authors proved, e.g., that W1P(X) is reflexive as
soon as the underlying space (X, d, m) is metrically doubling. Moreover, the
reflexivity of W1P(X) implies its separability. An example of non-reflexive
(and non-separable) Sobolev space was also constructed in [2]. To the best
of our knowledge, no example of separable non-reflexive Sobolev space is
currently available.

1.1.2. The theory of normed modules. We need to recall a few basic
notions in the theory of normed modules introduced in [12], [13]. Given a
metric measure space (X,d, m) and an exponent p € (1,00), we say that .#
is an LP(m)-normed L*°(m)-module if it is a module over the ring L (m)
and it is equipped with a pointwise norm |- |: .#4 — LP(m) satisfying

lv| >0 for every v € .#, with |v| =0 if and only if v = 0,
|f-v|=|f||v|] foreveryve .# and f € L*(m),
lv+w| < |v|+|w| forall v,w e A,

where equalities and inequalities are understood in the m-a.e. sense. More-
over, we require the norm |[[v||.z = ||[v|[|zr(m) to be complete, whence .#
has a Banach space structure.

The dual of . is given by the space .#* of L°°(m)-linear continuous
maps T: .# — L'(m). Choosing ¢ € (1,00) so that 1/p + 1/q = 1, we see
that .#Z* is an LY(m)-normed L°°(m)-module if endowed with the following
pointwise norm operator:

|T| == esssup{|T(v)| | v e #, |v]| <1m-ae} e Li(m) forallTe.#".

The link between the Sobolev calculus and the theory of normed modules
is represented by the cotangent module LP(T*X). It is an LP(m)-normed
L*(m)-module that comes with a linear differential operator d,: W1?(X) —
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LP(T*X) and is characterised by these two properties:
|dpf| = |Df|, m-ae. forevery f € W'P(X),

{ igi ~dp fi
i=1

The existence of the cotangent module when p = 2 is proven in [12], while
the case p # 2 is treated in [15]. The dual LI(TX) of the space LP(T*X) is
called the tangent module.

For any LP(m)-normed L*(m)-module .#, we define Dual: . — 24"

(gi)i € L>(m), (fi)i C Wl’p(X)} is dense in LP(T*X).

as
(1.2)  Dual(v) ={we " |w) = |v)f = |w|! ma.e} forallve. Z.

We notice that Dual(v) # () for every v € .#, as a consequence of the
Hahn-Banach theorem.

Another important construction is that of pullback module. Consider met-
ric measure spaces (X, dx,mx) and (Y,dy,my). Let ¢: X — Y be a map
of bounded compression, that is, a Borel map satisfying pumx < Cmy for
some constant C' > 0. Then for any LP(my)-normed L*°(my)-module .#
there exist a unique LP(mx)-normed L*°(mx)-module ¢*.# and a unique
linear map ¢*: A — @*.# such that

lp*v| = |v]op mx-a.e. for every v € A,

{ Z": fi- ¢ v
i=1

1.1.3. Infinitesimal strict convezity. Let (X,d,m) be a metric measure
space. Let p,q € (1,00) satisfy 1/p + 1/¢ = 1. Following [I1], we say that
(X,d, m) is g-infinitesimally strictly convezr provided for any functions f, g €
W1P(X) we have

(fi)ie; € L®(mx), (vi)j; € ///} is dense in p*.Z.

P P
(13) 1{|Df\p>0} ess sup ‘D(f + 59)‘1) _Q‘Df|p
£<0 pe|Dfh
ID(f +e9)lp — DI
pe| D[

By arguing as in [I2, Proposition 2.3.8] or [16, Proposition 4.3.1], one
can check that (X,d,m) is g-infinitesimally strictly convex if and only if
Dual(d, f) is a singleton for every f € WHP(X). In this case, writing V, f €
L9(TX) for the unique element of Dual(d, f), we see that d,g(V, f) coincides
m-a.e. with the function appearing in for any choice of f,g € W1P(X).
We say that V,f is the p-gradient of the function f. Observe that ‘p’ refers
to the fact that f belongs to the p-Sobolev space, but the function |V, f| is
actually g-integrable.

=1 essinf m-a.e
{IDflp>0}=225
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1.1.4. Infinitesimal Hilbertianity. Let (X, d, m) be a metric measure space.
An L?(m)-normed L*(m)-module .# is said to be a Hilbert module provided
the parallelogram rule holds:

(1.4)  |Jo+wf+ v —w* =2v|* +2/w|* m-ae forall v,w € ..

The condition in ([1.4)) is equivalent to requiring that .# is Hilbert when viewed
as a Banach space. The pointwise scalar product (-,-): .4 x M — L'(m) is
then defined as follows:

2 1nl2 (]2
(v,w) = v+ vl 2‘0‘ ol m-a.e. forall v,w e .Z.

It can be straightforwardly checked that the map (-, -) is L®°(m)-bilinear and
continuous.

REMARK 1.5. Consider a L?(m)-normed L (m)-module .# and the map
Dual: .# — 27" asin . Then .# is a Hilbert module if and only if Dual is
single-valued and the unique element of Dual(v) linearly depends on v € .Z.
The map associating to every v € .# the unique element R 4 (v) € 4™ of
Dual(v) is called the Riesz isomorphism of .# . Moreover, R : M — .#* is
a linear isomorphism that preserves the pointwise norm. The above claims
can be proven by arguing as in [16, Exercise 4.2.11].

A metric measure space (X,d, m) is said to be infinitesimally Hilbertian
[T1] provided the 2-Sobolev space W'2(X) is a Hilbert space, or equiva-
lently the cotangent module L?(T*X) is a Hilbert module. Moreover, as
proven in [I2, Proposition 2.3.17|, (X, d, m) is infinitesimally Hilbertian if
and only if it is 2-infinitesimally strictly convex and the 2-gradient operator
Va: WH2(X) — L?(TX) is linear. Let us also observe that

Vaf = Rpz(pexy(daf)  for every f e WH(X).

1.2. Modulus and Newtonian space. The notion of Sobolev space
that we described in Section corresponds, in the smooth framework, to
the approach via approximation by smooth functions. Another viewpoint on
weakly differentiable functions in the Euclidean space is the one introduced
by B. Levi [19], which consists in checking the behaviour of functions along
curves. This approach was further refined by B. Fuglede [10], who made it
frame-independent by using the potential-theoretic notion of modulus. Later
on, the theory was extended by N. Shanmugalingam [22] to the setting of
metric measure spaces, by introducing the so-called Newtonian space, whose
definition builds upon the notion of upper gradient introduced by J. Heinonen
and P. Koskela [17].

Let (X,d,m) be a metric measure space. Given an exponent p € (1, 00)
and any family I" C AC([0,1],X) of non-constant curves, we define the
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p-modulus of I' as
Mod,(I") := inf | p dm,
P

where the infimum is taken over all Borel functions p: X — [0, +00] such
that S(l) p(v¢)|¥e| dt > 1 for every v € I'. Note that Mod,, is an outer measure.
Typically, it is defined on all (non-parametric) curves, but here we prefer the
above formulation since it better fits our approach. A property is said to hold
Mod,,-almost everywhere provided it is satisfied by every « in some set I’
of curves whose complement is Mod,-negligible. Given two Borel functions
f: X — Rand G: X — [0,+00] with G € LP(m), we say that G is a
p-weak upper gradient of f if for Mod,-a.e. v the function f o is absolutely
continuous and |%f(*yt)’ < G(ye) || for Ly-ae. t €0, 1].

DEFINITION 1.6 (Newtonian space [22]). Let (X, d, m) be a metric mea-
sure space. Fix any exponent p € (1,00). Then the Newtonian space N'P(X)
is the family of all f € LP(m) that admit a Borel representative f: X — R
having a p-weak upper gradient G € LP(m).

The Newtonian space can be made into a Banach space: given any f €
N1P(X), we define

1/p
Cloy)

where D,[f] stands for the family of all Borel functions G: X — [0, 40o0]
that are p-weak upper gradients of some Borel version of f. It turns out that
| - [[n1e(x) is a complete norm on N Lp(X). There exists a unique function
Gtp € Dy[f] having minimal LP(m)-norm among all elements of D)[f], and
it is minimal also in the m-a.e. sense. We have:

170 = (1 iy + 0

PROPOSITION 1.7. Let (X,d,m) be a metric measure space. Let p €
(1,00). Then W1P(X) C N'P(X), and Gy, < |Df|, holds m-a.e. for ev-
ery f € WhP(X).

We refer the reader to the monograph [I8] for a thorough discussion of
this topic.

1.3. Test plans. To prove the equivalence between W1»(X) and N1(X),
L. Ambrosio, N. Gigli, and G. Savaré introduced in [5 4] the notion of test
plan, which furnishes a more ‘probabilistic’ way to measure the exceptional
curves in the weak upper gradient condition.

Let (X, d, m) be a metric measure space. Given any g € (1,00) and ¢ € (0, 1],
following [I1] we define the g-energy functional Eq;: C([0,1],X) — [0, +00]
as

; 1/q
Eae(7) = t(Jlsl7ds) ity € AC9((0,1],X),
0
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and Eg;(v) == 400 otherwise. It can be readily checked that E,; is a Borel
mapping.
DEFINITION 1.8 (Test plan [4]). Let (X, d, m) be a metric measure space

and ¢ € (1,00). Then a Borel probability measure 7 on C([0, 1], X) is a g-test
plan on (X, d, m) provided:

(i) There is a constant C' > 0 such that (e;)xm < Cm for every t € [0,1].
The minimal such C' is denoted by Comp(w) > 0 and called the com-
pression constant.

(ii) The measure 7 has finite kinetic q-energy, which means that

KE,(m) = Squl(’y)q dm(y) < +oo.
In particular, 7 is concentrated on AC?(]0, 1], X).

Also, we say that a Borel probability measure 7 on C([0, 1], X) is an oo-test
plan on (X,d,m) provided it satisfies (i) and is concentrated on an equi-
Lipschitz family of curves.

Observe that if q,q' € (1, 00| satisfy ¢’ < ¢, then every g-test plan is a
¢'-test plan. Moreover, if 7 is a g-test plan and s,t € [0, 1] with s < ¢, then
(restrl)ym is a g-test plan.

The relation between test plans and modulus has been deeply investigated
in [3]. The following result (whose proof can be found, e.g., in [16, Lemma
2.2.26]) is sufficient for the purposes of this paper. As the formulation is
slightly different, we report here also its proof.

LEMMA 1.9. Let (X,d,m) be a metric measure space. Let p,q € (1,00)
satisfy 1/p+ 1/q = 1. Fiz a g-test plan w and a family I' C AC([0,1],X)
of non-constant curves with Mod,(I") = 0. Then there exists a Borel set
N C C(]0,1],X) such that I' C N and w(N) = 0.

Proof. For any n € N, there is a Borel function p,,: X — [0, 4+00] such
that 8(1) pn(7)3¢) dt > 1 for every v € I" and {pj, dm < 1/n. Since (7,t) —
pn(Y¢)|At] is a Borel function, the set N,, :== {~ | 8(1] on(ve) || dt > 1} is Borel.
Therefore, the Borel set N := (), N,, contains I" and satisfies

1

(N) < inf w(Ny) = inf {1y, (7) dm(y) < gngﬂépn(thdtdw(v)

< Inf (Sgpﬁ Oetdtd”)l/p(ﬁ |’7t|thd7r(fy))1/q

N
ne 0

1
< Comp(m)'/P KEq(ﬂ')l/q rlLIelIf\Tm =0,

thus proving the statement.
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A proof of the following continuity result can be found, e.g., in [16, Propo-
sition 2.1.4].

PRrROPOSITION 1.10. Let (X,d,m) be a metric measure space. Let q €
(1,00) and r € [1,00). Let 7 be a g-test plan on (X,d,m). Then for any
function f € L"(m),

[0,1] 2t foe € L"(m) is a strongly continuous map.

1.3.1. (11, p)-weak upper gradients. We now focus on the role that test
plans play in the Sobolev theory. The key point is that they can be used to
select the ‘negligible families of curves’ in the weak upper gradient condition,
as we are going to explain in the next definition.

DEFINITION 1.11 ((I1, p)-weak upper gradient). Let (X, d, m) be a metric
measure space and let p,q € (1, 00) satisfy 1/p+1/q = 1. Let I be a family
of g-test plans on X. Let f € LP(m). Then a function G € LP(m) is a (I1,p)-
weak upper gradient of f provided for any w € IT we have fovy € WH1(0,1)
for w-a.e. v € AC?([0,1],X) and

d
af(%)

We denote by Gz,(f) the collection of all (II, p)-weak upper gradients of f.
Also, we define

< G(y)l|  for (m® Lq)-ae. (v,t) € ACI(]0,1],X) x [0, 1].

Wi (X) = {f € LP(m) | Gury(f) # 0.
Observe that N1?(X) C Wllfp(X) and Dp[f] € Grp(f) for every f €
N'P(X) by Lemma .
LEMMA 1.12. Let (X,d,m) be a metric measure space and p,q € (1,00)

satisfy 1/p+1/q = 1. Let II be a family of q-test plans on X. Then the set
Grrp(f) is a closed convex lattice of LP(m) for every f € W}Y’p(X).

Proof. Fix f € Wllj’p(X). Clearly, if G1,G2 € G p(f), then
min{G1, G2} € Grp(f)

as well. Now fix a sequence (Gy)n € Gprp(f) such that G, = G € LP(m)
strongly in LP(m). Up to taking a subsequence (not relabelled), we have
G, — G pointwise m-a.e. Given any t € [0, 1], it follows from the assumption
(er)pm < m that G, oe; — G o ¢; pointwise m-a.e. as n — 0o. Also, by the
Fubini theorem we see that for £i-a.c. t € [0,1] we have

(15) |5 /00)

By letting n — oo in (1.5)), we find for £i-a.e. ¢t € [0,1] that ‘%f('yt)‘ <
G(ve)|y| is satisfied for m-a.e. v. By using the Fubini theorem again, we

< Gn(v)|  for every n € N, mw-a.e. v € ACY([0,1],X).
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conclude that G € Gpp(f). This shows that the set Gr,(f) is strongly
closed in LP(m), thus completing the proof of the statement. m

DEFINITION 1.13 (Minimal (17, p)-weak upper gradient). Let (X,d, m)
be a metric measure space and p,q € (1,00) satisfy 1/p+ 1/q = 1. Let IT
be a family of g-test plans on X. Fix any function f € W}Y’p(X). Then the
(unique) minimal element of Gy, (f) is denoted by |D f|rr, and called the
minimal (I, p)-weak upper gradient of f.

Whenever IT = {r} is a singleton, we use the shorthand notation Wa* (X)
and |D f{zp.

REMARK 1.14. Observe that |Df|r, < Gy, holds m-a.e. for every f €
NLP(X).

As already mentioned above, by considering the totality of test plans it
is possible to recover both the Sobolev space and the minimal relaxed slope
of each Sobolev function:

THEOREM 1.15 (Sobolev space via test plans []). Let (X,d,m) be a
metric measure space. Let p,q € (1,00) be such that 1/p+ 1/q = 1. Denote
by I1, the family of all q-test plans on X. Then W}Y’f(X) = WP (X) and

|Dflr,p = |Dflp  for every f € WHP(X).
In particular, NYVP(X) = WHP(X) and Gy, = |Df], for every f € WHP(X).

PROPOSITION 1.16. Let (X,d,m) be a metric measure space and p,q €
(1,00) satisfy 1/p+1/q = 1. Let I C II' be two given families of q-test plans
on X. Then WP(X) € WiP(X) and the inequality |Df|ir, < |Dflmp is
satisfied m-a.e. for every f € WHP(X). In particular, W'P(X) C W}Y’p(X)
and

\Dflmpy <|Dfl, m-a.e. for every f € WHP(X).

Proof. To prove the first part of the claim, it suffices to observe that any
(IT', p)-weak upper gradient is a (I, p)-weak upper gradient, thus Wl’?(X) -
W]%p(X) and for any f € W#?(X) the function |Df|r, is a (II, p)-weak
upper gradient of f. Consequently, the last part of the statement follows
from the first one by recalling Theorem [1.15] =

1.3.2. Plans representing a gradient. A special class of test plans is that
of plans representing a gradient, which have been introduced by N. Gigli
in [I1I]. Roughly speaking, they are test plans whose derivative at time 0
coincides with the gradient of a given Sobolev function, in some generalised
sense. These objects will play a fundamental role in this paper.

DEFINITION 1.17 (Test plan representing a gradient [I1]). Let (X, d, m)
be a metric measure space. Let p,q € (1,00) satisfy 1/p + 1/q = 1. Let
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f € WHP(X). Then a g-test plan 7 is said to g-represent the gradient of f
provided the following properties hold:

foer—foeg

(1.6a) B — |Df|poep strongly in LP(m) as t \, 0,
q;t
E. .\ 4P
(1.6b) <zt> — |Df|poep strongly in LP(m) ast N\, 0.

REMARK 1.18. The above definition of test plan representing a gradient
is slightly different from the one introduced in [II]. First of all, a plan =
representing a gradient in the sense of [11] is not necessarily a test plan;
however, for some ¢t € (0,1), (restrf)xm is a test plan on X. Also, the ap-
proach we chose is not the original one proposed in [I1), Definition 3.7], but
is rather its equivalent reformulation provided in [II], Proposition 3.11].

LEMMA 1.19. Let (X,d,m) be a metric measure space. Let p,q € (1, 00)

satisfy 1/p+1/q = 1. Let 7 be a g-test plan that g-represents the gradient
of some function f € WP(X). Then

(1.72) foer—foeo

t
E
(1.7b) Tq’t — |Df\£/q oeg strongly in LY(m) ast 0.

Proof. First, let us prove ((1.7b)). Let ¢; \, 0 be fixed. Since
(Eqt, Jt)1P |IDf|poep strongly in LP(m) as i — oo
by (1.6b)), we can assume (possibly passing to a subsequence) that E, 4, /t; —

|Df|§/q oeq pointwise 7r-a.e. as ¢ — oo and that there exists H € LP(7) such
that (Eqy, /t:)9P < H holds m-a.e. for every i € N. In particular, for any
1 € N we have the m-a.e. inequalities

EQ:ti _
ti
Therefore, by the dominated convergence theorem we get

V[ Equ, /ti — [DfIB/90eofdm =0 asi— oo,

whence ((1.7b]) follows (thanks to the arbitrariness of ¢; N\ 0).
In order to prove (1.7a)), observe that (|1.6a)), (1.7b]), and the Holder in-

equality yield

foe—foey _ foe,—foey By
t E, t

strongly in L!(7) as ¢t \, 0. m

— |Df|poey  strongly in LY(7) as t \, 0,

q
‘Df|£/qoeo

Eqr \?
<2471 <§t> +277HD flboeg < 2771 (HP+|D f[Poey).

)

— [DfP/ 90 e = [Df[Foeg

The existence of plans representing a gradient has been proven in [I1}
Theorem 3.14]:
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THEOREM 1.20 (Existence of test plans representing a gradient [I1]). Let
(X,d,m) be a metric measure space. Let p,q € (1,00) satisfy 1/p+1/q = 1.
Fiz any p € P¢(X) such that p < Cm for some constant C > 0. Then for
any f € WHP(X) there exists a q-test plan 7 that g-represents the gradient
of [ and satisfies (eg) 4T = p.

1.3.3. Velocity of a test plan. Another useful tool is the velocity of a test
plan 7, which consists in an abstract way to define—in a suitable sense—
the velocity v; at time ¢ of m-a.e. curve ~. Here, the concept of pullback
of a normed module comes into play. The notion of velocity of a test plan
was introduced in |12, Theorem 2.3.18] in the case where the tangent mod-
ule is separable. Below, we adapt the original definition and construction
to the case of arbitrary metric measure spaces, thus dropping the separabil-
ity assumption. In Remark [[.22] we comment on the relation between this
generalisation and the previous approach.

THEOREM 1.21 (Velocity of a test plan [12]). Let (X,d,m) be a metric
measure space and fix exponents p,q € (1,00) such that 1/p+1/q = 1. Let
7 be a given g-test plan on (X,d,m). Then there erxists a unique element
7w € (e*LP(T*X))* such that, for any function f € W'P(X) and Li-a.e.
t €[0,1], we have

Foeun = O% _ (e, (-,

where the derivative is taken with respect to the strong topology of L'(m).
Moreover,

(1L9) |71 = [l for (@ Li)-ae. (3,8) € ACT(0,1),X) x [0,1].
We call ™' the p-velocity of the q-test plan .

Proof. By [16, Theorem 2.1.21], there exists Der: W?(X) — LY(w® L)
linear such that for every f € WHP(X),

d .
(1.8) afoet = ’lll_r%

=0 for Ly-a.e. t €10,1].
Lt ()

lim

h—0 %(f oepp — foey) — Der(f)(-1)

Moreover, the operator Der satisfies the estimate

(1.10) |Der(f)(7:t) < IDflp(ve)l3e]  for (w @ Ly)-a.e. (v,t).

Actually, [I6l Theorem 2.1.21] was proven in the case where p = 2, but
the arguments can be easily adapted to treat general exponents p € (1, 00).
Consider V = {e*d,f | f € WHP(X)}, which is a generating linear subspace
of e*LP(T*X). We define the operator L: V — Ll(w @ L1) as L(e*d,f) =
Der(f). It follows from that

[L(e*dp f)[ (7, 1) < [e"dpfl(7, )|  for (m & L1)-a.e. (v,1),
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thus the map L is well-defined, linear, and continuous. Hence, [16, Proposi-
tion 3.2.9] grants the existence of a unique element 7’ € (e*LP(T*X))* such
that 7’(e*d, f) = L(e*d,f) for every f € WHP(X), so that is verified.
Moreover, w’ satisfies |7’|(7,t) < || for (w ® L1)-a.e. (v,t). Only the con-
verse inequality is left to prove. To this end, fix any dense sequence (z;); in X
and define the 1-Lipschitz functions f;;: X — R as f;; := max{j —d(-,z;),0}
for every 7, j € N. Notice that the identity d(z,y) = sup, ;(fij(®) — fi;(y))
holds for every z,y € X. For every ¢,j € N and m-a.e. 7, we see that f;;j oy
is absolutely continuous and thus %fij(%) = 7'(e*dp fij)(7,t) for Li-a.e.

€ [0, 1]. Therefore, for (w ® L1)-a.e. (v,t) € ACY([0,1],X) x [0, 1] we may

estimate

"Yt‘ — lim d(7t+h77t) — lim sup fij(7t+h> - fZ](FYt)
hN\O h AN jeN h
th g t+h
= lim sup — fii(vs)ds = lim sup ' (e*d, fi;) (7, s)ds
AN § ds i(7s) AN § (e"dp fij)(7,5)
t+h t+h
< lim sup - [#|(3,5)| Dfiglp(7s) ds < Jim S |7'|(7,5) ds
h\01,7€N p
= |m'|(7,1),

where the last passage is obtained by applying the Lebesgue differentiation
theorem to |7'|(7,-). This yields the identity in (1.9)), whence accordingly
the statement follows. m

REMARK 1.22. In [12| Theorem 2.3.18]—where L4(TX) is assumed to be
separable—the velocity of a g-test plan 7 is given by a family {W;}te[()’l] of
elements 7} € ef LY(TX) such that for any f € W1P(X) we have

foern=Joe (eq f)(m))

li
11m h

h—0

=0 for Ly-a.e. t €0,1],
Lt ()

and || () = || for (7w ® Ly)-a.e. (7,t). Actually, in [12] just the case p = 2
is considered, but all arguments can be easily carried over to the case of an
arbitrary p € (1, 00). This kind of statement can be recovered from Theorem
as follows. First, the separability of LY(T'X) grants that (e*LP(T*X))*
can be identified with e*L9(TX) (according to |12, Theorem 1.6.7]). More-
over, write ./ for the set of all families V' = {Vi},cp0.1] € [ 10,1 € LY(TX)
such that

C(]0,1],X) x [0,1] 3 (v,t) = e;w(V2)(y) € R is Borel measurable,

for every w € LP(T*X). It can be readily checked that the resulting space
A can be made into an L(7 ® L£;)-normed L™ (7 ® L1)-module by defining



16 E. Pasqualetto

the following pointwise operations:
(V4+W)y =V,+W;  for Li-ae. t €[0,1],

(f-V)i=f(-,t)-V; for Ly-a.e. t € [0,1],

[VI(7,t) == esssup{e;w(V)(7) | w € LP(T7X), |w| < 1 m-a.e.},
for all VW € 4 and f € L>°(w ® L1). Under suitable functional-analytic
assumptions—for instance, the separability of L?(TX)—it turns out that
A can be identified with e*L9(TX); we omit the details. Hence, the ele-

ment 7’ € e*LY(TX) provided by Theorem can be viewed as a family
{7 }ejo,1) € A satistying the conclusions of [12, Theorem 2.3.18].

PROPOSITION 1.23. Let (X,d,m) be a metric measure space and p,q €
(1,00) satisfy 1/p+ 1/q = 1. Let & be a g-test plan on X. Then for every
function f € WHP(X) the mapping t — f oe; belongs to AC%([0,1], L (w))

and satisfies
t

(1.11)  foer— foes= Sﬂ"(e*dpf)(-,r) dr  for all s,t € [0, 1] with s < t.

Proof. Define

o(r) = <S || dﬂ(’y)) H for Ly-a.e. r € [0,1].

Given that S(lj (r)ddr = Sgé |97 dr dm () < 400, we have ¢ € L(0,1). Fix
f e WHP(X) and s,t € [0,1] with s < t. Then

1f et = foeslpim =\ 1f(7) = F(ys)| dm(v)

< {§ID 1)l dr ()

s
t

<[ ({Ipsoc,am) (Rl an() ar

t
< Comp(m)"?|[| D f[p|| Lo | &(r) dr,

which shows that the curve [0,1] > t + foe € L'(m) is g-absolutely
continuous. Moreover, we know from Theoremthat the L!(m)-derivative
4 foe; exists and equals 7/(e*d, f) (-, t) at Li-a.e. t € [0,1]. Therefore, the
identity in follows from [I6l, Proposition 1.3.16|. =

2. Master test plans on metric measure spaces

2.1. Properties of plans representing a gradient. In order to prove
our main theorem, we first need to study some properties of plans represent-
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ing a gradient. Roughly speaking, we aim to show that if 7 represents the
gradient of f, then for any Sobolev function g the derivative of ¢t — goe; at
t = 0 coincides with dg(V f) o e, in a sense; see Proposition

LEMMA 2.1. Let (X,d,m) be a metric measure space. Let p,q € (1,00)
satisfy 1/p +1/q = 1. Let f € WYP(X). Let m be a g-test plan that gq-
represents the gradient of f. Then for every function G € LP(m) with G > 0
there exists a family {Pi}ie(0,1) C L'(m) such that

(2.1) §G oesln'|(-,8)ds < @y m-ae.  for every t € (0,1)
0
and & — G o eo\Df|§/q oeg strongly in L' (m) as t \, 0. In particular, if for
some g € WHP(X) and ¢ € L' (w) and t; 0 we have
t§7r’(e* »9)(-,8)ds — £ weakly in L*(m) as i — oo,
then ’

(2.2) [ < \Df]g/qoeong]poeo T-a.e.

Proof. Let G € LP(m), G > 0 be fixed. If we define
t
Ry :={|Goes— Goel|n'|(-,5)ds,

0
then
t t
JGoedlw|(-5)ds < By + G ool | (- 5) ds
0 0

t
<R+ Goeo(%hr’]q(.’s) ds)l/q = P,
0

in the m-a.e. sense. Observe that
t

Sthﬂ':S%|Goes—Goe0|]7r'\(-,s)d5d7r
0

~+

t
< (H!Goes = Goeolpdsdﬂ-)l/pqg|7r/|q(.,3) dsdﬂ.>1/q
0 0

_(ﬁ\\Goes—GonHiI,(ﬂ)ds) (Sﬁdﬂ') — 0

as t N\, 0, where we used the fact that {EJ, /t9dw — {[Df[} o egdm as
t N\, 0 and the continuity of [0,1] 3 s — G oes € LP(m). Also, we see that

(86 I7')9(-,8) ds) /T = By, /t — |Df|£/q o e strongly in Li(mw) as ¢ N\ 0,
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whence accordingly G o eo(% |7’|9(-, ) ds) /T — G o eo|Df|p/q o ep strongly

in L'(m). All in all, we have proved that &; — G o e0|Df]£/q oeg in L(m).
Let us now prove the last claim. Thanks to the first part of the statement
applied to the function G = |Dgl,, we can find a sequence (¥;); C L!(m)

such that ; — |Dg|, o eolDf\g/q o eg strongly in L(m) as i — oo and

t; t;
(2.3) Sw’(e*dpg)(-, s)ds < % |Dglp o es|w’|(+,8)ds < &; m-a.e.
0 0

for every ¢ € N. In order to prove the inequality in (2.2), we can ar-
gue by contradiction: suppose there exists a Borel set P C C([0, 1], X)

with 7r( ) > 0 and 4() > |Df|£/q(fyo)]Dg|p('yo) for m-a.e. v € P. Since
80 (e*dpg)(-, ) ds — £ and &; — ]Df\g/q oep|Dglp o ep weakly in L!(m) as
i — 0o, and Ilp € L (m), we deduce that

S|Df|§/’loeo\Dg|poe0d7r < Sgdﬂ-
P P

= hmgnp

1—00

7' (e*dpg) (-, s) dsdm

O e &

l\.')

&3
< lim S]lp@idﬂ'
1—>00
= S\Df|£/qoeo|Dg|poeod7r,
P

which leads to a contradiction. Therefore, (2.2]) follows. m

COROLLARY 2.2. Let (X,d,m) be a metric measure space. Let p,q €
(1,00) satisfy 1/p+1/q = 1. Let f € WYP(X). Let ™ be a q-test plan that
q-represents the gradient of f. Fizx g € WP(X) and t; \, 0. Then there exist
a subsequence (t;,); and a function ¢ € L'(w) such that

ti].
(2.4) % 7' (e*dpg) (-, s)ds — £ weakly in L'(w) as j — oo.
0

Proof. Pick functions {®;}e(1) € L' () associated with G = |Dg|, as
in Lemma. Given that the sequence (&, ); is strongly convergent in L!(7r),
we can find a subsequence (t;;); and a non-negative function H & LY(7) such
that @tij < H holds m-a.e. for every j € N. Then

ti; ti.;

J J
% "(e*dpg) (-, ds) < % |Dglp o es|w’|(+,8)ds < P, <H m-ae.
0
for every j € N. Therefore, thanks to [16, Lemma 1.3.22| we know that there
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exists a function ¢ € L'(m) such that (possibly passing to a subsequence,
not relabelled) the property in (2.4) holds. =

PROPOSITION 2.3. Let (X,d, m) be a metric measure space. Let p,q €
(1,00) satisfy 1/p + 1/q = 1. Let f € WY'P(X). Let ® be a q-test plan
that q-represents the gradient of f. Fix any two sequences (gn)n € WHP(X)
and t; N\ 0. Then there exist a subsequence (t;;); and an element n €

Dual(ejd, f) —where the mapping Dual is defined as in (1.2) —such that
gn © etij — dn © €0
t.

J

(2.5) — n(efdpgn)  weakly in L'(m) as j — oo

for every n € N.

Proof. Fix C C {f}U{gn | n € N} with the property that {ejd,g | g € C}
is a maximal linearly independent subset of {efd,g | g € {f} U {gn}n}. By
Corollary and a diagonalisation argument, the sequence ¢; \, 0 admits
a subsequence (not relabelled) such that 88 w'(e*dpg)(-,s)ds — £, weakly
in L!(m) as i — oo for every g € C, for some limit functions ¢, € L!().
Denote by V C ejLP(T*X) the linear span of {ejdpg : g € C}. Then we
define L: V — L'(m) as the unique linear operator satisfying L(efyd,g) = £,
for every g € C. Given that 86’ 7' (e*d,g)(-, ) ds — L(ejd,g) weakly in L!(m)
as ¢ — oo for every g € V, it follows from the last part of the statement of
Lemma 2] that

|L(etdpg)| < |DFIE/ 0 eol Dyl o eo = legd, fI7/7lefdyg| - m-ae.

for every g € V. Hence, writing .# for the L”(7)-normed L*°(7r)-submodule
of efLP(T*X) generated by V, we know from [I6, Proposition 3.2.9] that
there exists a unique L (m)-linear map 7: .# — L'(m) such that 7|y, = L
and |7i(w)| < legd, f|P/9|w] in the 7r-a.e. sense for every w € .. By using the
Hahn-Banach theorem, we can find a (not necessarily unique) element 7 €
(ej LP(T*X))* which extends 7 and satisfies the inequality || < |ejd, f[P/? in
the 7r-a.e. sense. Observe that the property is verified by construction.
It only remains to show that 7 € Dual(ejd, f). Since 7 represents the gradient
of f, one sees that (foey, — foeg)/ti = |Df[hoey = lejd,f|P strongly in
LY(m) as i — oo. We also have (foe;, — foeg)/t; — n(efd, f) weakly in L! ()
as ¢ — oo by definition of n, whence it follows that n(ejd,f) = |ejd, f|P holds
m-a.e. Then

legdp fIP = n(egdpf) < [nflegdp f| < |‘36dpf’p/q+1 = legdp f|P m-ace.,
whence || = |ejd,f[P/9 holds m-a.e. and accordingly € Dual(ejd,f), as
required. m

Albeit not strictly needed for the purposes of this article, let us illustrate
a reinforcement of Proposition [2.3] under some additional assumptions on
the metric measure space.
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COROLLARY 2.4. Let (X,d,m) be a metric measure space. Let p,q €
(1,00) satisfy 1/p+1/q = 1. Let f € WYP(X). Let  be a g-test plan on X
that q-represents the gradient of f.

(i) If WHP(X) is separable, then for any sequence t; N\, 0 there ewist a
subsequence (t;;); and an element n € Dual(egd,f) such that for any
g € WHP(X) we have

goet, —goe

t

J

(2.6) —n(efdyg)  weakly in L'(m) as j — oo.
(ii) If (X,d, m) is infinitesimally Hilbertian and p = 2, then for any g €
Wh2(X) we have

(2.7) w — (Vag,Vaf)oey weakly in L' () ast \, 0.

Proof. (i) Fix a sequence t; \, 0 and a countable, strongly dense subset C
of WHP(X). By virtue of Proposition there exists € Dual(ejd, f) such
that (up to a subsequence, not relabelled)

(2.8) 7' (e*dpg) (-, 5) ds — n(ejd,g)  weakly in L(7) as i — oo

O e &

for every g €C. Now fix g€ W1P(X). Choose any sequence (g, ), CC such that
gn— g with respect to the strong topology of W1P(X). Fix any he L™ ()
and some constant M > 0 satisfying the inequality

Eg,tl .
STdTF < M? for every i € N.
t;
Given any 7,n € N, we can estimate
ti
(2:9) | [ § (e dpg)(-,5) dsdm — [ h(cidpg) dm| < A + Bin + C
0

where we set

)

(" dy(g = gu))(- ) ds .

B;, = Sh 7' (e*dpgn) (-, 8) dsdm — Shn(e[’gdpgn) dm

)

O S O S

Cp = Shn(ez}dp(gn -9)) d‘rr‘.
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Observe that
t;

A < [ll ooy § Y [D(g = gn)lp 0 es|n’| (- 5) ds dme
0

< ll gy (§

O e $F

b 1/q
[D(g — gn)lpoesdsd 7 |9(-; s) dsd
g—gn)lpoe Sﬂ') <S§7r s7r)
P

< Comp(e) [l o (§10(g — g m) (s )

< M Comp(m) P ||| oo (m) g — Inllwrr(x)

Moreover, it follows from ({2.8) that lim; o B;, = 0 for any given n € N,
Finally, we estimate

Co < 1Al o) | 1D (g0 — 9l © coln| de
< [l (11D — ) o) ({Inf7 ae)

< Comp(m) 7|y (| 1D (g — ) dm) " ({ID12 0 o am)

< Comp () [l o< (myllgm — llwro e | FI7 0

Hence, given any € > 0, we can find n € N such that A;, + C,, < ¢ for every
1 € N. Then

t;

—
lim Sh % w' (e*d,g) (-, s) dsdm — S hn(esdpg) < e+ lim B, =e¢.
71— 00 0 1—00

By letting € N\, 0, we conclude that
t;
lim Sh % w' (e*dpg)(-, ) dsdm = Shn(eédpg) dm
1—00
for every h € L°(m), whence 80 (e*dpg)(-,s)ds — (eodpg) weakly in
LY(m) as i — oo. Given that (goe;, —goeg)/t; = 80 (e*dpg)(-, s)ds by
Proposition we have proven (i).

(ii) The inﬁnitesimal Hilbertianity assumption grants that both W1%(X)
and L?(TX) are separable; see, e.g., [L6, Proposition 4.3.5]. In particular, we
know from [12, Theorem 1.6.7] that the space (efL?(T*X))* is isometrically
isomorphic to ey L?(TX). Thanks to this fact, we can identify any element 7
satisfying (2.6) (for some #;; ~\, 0) with an element v of the pullback module
et L?(TX). Since (efdaf)(v ) legdaf|* = |v]? holds m-a.e., we get

v —egVaf|? = [v]* = 2(v,efVaf) + ’eovzf\z
= |v]* = 2(egd2f)(v) + |efdaf|* =0
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in the m-a.e. sense, whence v = ejVaf. In particular, the limit v does not
depend on (t;;);, thus accordingly, as t \, 0, we have
goe —goeo
t
for every g € W12(X). Therefore, the sought conclusion is reached. m

— (epd2g)(egVaf) = (Vag,Vaf)oey  weakly in Ll(ﬂ')

2.2. Existence of master test plans on metric measure spaces.
We now have at our disposal all the ingredients that we need to prove our
main theorem, which says that a single test plan is sufficient to identify the
minimal relaxed slope of every Sobolev function. In this regard, the relevant
notion is that of master test plan:

DEFINITION 2.5 (Master test plan). Let (X,d, m) be a metric measure
space. Fix p,q € (1,00) such that 1/p+ 1/¢q = 1. Then a ¢-test plan 7, on
(X, d, m) is said to be a master g-test plan provided that

|Df|z,»=|Df]p for every f e WHP(X).

Here, we are using the fact that W1P(X) C W;f(X), which is granted by
Proposition [1.16]

Hence, our main result about the identification of the minimal relaxed
slope reads as follows:

THEOREM 2.6 (Existence of master test plans). Let (X,d, m) be a metric
measure space. Fiz any p,q € (1,00) such that 1/p+ 1/q = 1. Then there
exists a master g-test plan 7y on (X, d, m).

Proof. We subdivide the proof into several steps:

STEP 1. First of all, fix a countable family C € WP(X) having the fol-
lowing property: given any f € W1P(X), there exists a sequence (fy,), C C
such that f, — f and |Df,|, — |Df|, strongly in LP(m) as n — oco. The ex-
istence of C is granted by the separability of the product space LP(m) x LP(m)
and thus, a fortiori, of its subset {(f,|Df|,) | f € WH?(X)}. Fix any mea-
sure m € Z(X) such that m < m < Cm for some C' > 0, whose existence is
shown in Remark Given any f € C, there exists a g-test plan 7/ on X
that g-represents the gradient of f and satisfies (eo)#ﬂ'f = m (by Theorem
. Let us define IT := {m/ : f € C}. We aim to prove that

(2.10) \Dflmp=|Dfl|, forevery f € WhP(X).

Since |Df|rp < |Df|, m-a.e. by Proposition to prove ([2.10) it suffices
to show that

(2.11) DI dm < {[DfJy, din  for every f € W'P(X).

STEP 2. In order to show (2.11)), let f € W'P(X) be fixed. Choose
any sequence (fp)n, € C such that f, — f and |Df,|, — |Df|, in LP(m).
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Possibly passing to a subsequence (not relabelled), we may assume that
|D fnlp = |Df|p pointwise m-a.e. and that there exists a function G € LP(m)
such that |Df,|, < G holds m-a.e. for every n € N. For brevity, let us put
" == 7/ for every n € N. Given any n € N, thanks to Proposition
there exist an element 7,, € Dual(ejd,f,) and a sequence (t}'); C (0, 1) with
lim; o i = 0 such that

foem—foeg

(2.12) m — ny(efdyf)  weakly in LY (7™) as i — oo.
Therefore, by applying (2.12]) we deduce that
V1 (5d, ) dme”
. (foem—foeg .1
= lim |~ da" < lim —||f(y) = f(30)|dn"(y)
1—00 ti i—00 ti ¢
t t
< 1w | [ L 70| dsdw () < tim §§ 1011000 sl ds ()
1—>00 S 1—>00 0
tr n
. \ AP n, \Va
< lim (H|Df|§’77poesdsdw ) (Hm\msdw (’y))
1—00 0 0
i q 1
ip [ Egm /a
1 p a5t n
- (iotnt )" )

= (§1Df1, 00 dw")l/p<s IDfal? oeodwn)l/q

= [1D7112l| oy 11Dl -

Furthermore, observe that for any n € N we have
|§1D715 s = §na(esd, ) dn”
< |§IDf1 i — [ ety f) dn”| + | (s (fu — 1)) dn”

< |\IDfpdm = {lefdp ful? A | + | [na] |D(fo = )l © co dn™

1/p

IN

D~ 1D am| + ({7 an) " (§1D07 — 1))

< [§1Dsipan—{iDsupan| + ({10 aw) I~ Flwrsce).

Given that |Df,[b — |Df[b pointwise m-a.e. and |Df,|h < GP € L(m)
holds m-a.e. for all n € N, by using the dominated convergence theorem we
deduce that {|Df,|pdm — {|Df[}dm. Consequently, by letting n — oo in
the above estimates we get {n,(ejdpf) dn™ — {|Df[) dm as n — co. All in
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all, we can conclude that
JIDfE i = lim {na(esdyf) dm™ < [[1DFlmpl| o T [[IDfalo] 7t
< 12111 oy 121 [y

This proves the validity of (2.11]) and accordingly of (2.10)).

STEP 3. It remains to deduce the claim from (2.10)). Define IT := (7");
and

& mh oo
T ; 2F max{Comp(w*), KE,(7*), 1}’ “ n(C([0,1],X))
k

Since all measures 7" are Borel measures concentrated on AC?(|0, 1], X),
we see that 1 is a Borel measure concentrated on AC?([0,1],X) as well.
Also, n(C([0,1],X)) < %2, 1/2% = 1, so that m, is well-defined and is
thus a Borel probability measure concentrated on AC?([0, 1], X). Given any
t € [0,1] and a Borel set E C X, we have

2 wh(e ! >
e un(B) = (e (B) <3 o BN ppy s L),

1 1

SS ‘Vt‘thdn(’)/) < Z M;LMSS ""Yt‘thdﬁk(’}/) < 22% = 1,
0 keN:

KEq(7%)>0
thus accordingly 7, has finite kinetic g-energy. All in all, 7, is a g-test plan
on (X,d,m).
Finally, a given Borel subset of C([0, 1], X) is m4-negligible if and only if
it is 7h-negligible for all k € N, thus Wy (X) = WP(X) and |Df|r,p =
|Dfl|mp for every f € W,}-f(X) Consequently, the statement follows from

E10). «

PROBLEM 2.7. Under the assumption of Theorem [2.6] does it hold that
W,{.qp(X) = W1P(X)? In other words, is the g-test plan 7, sufficient to detect
which functions are Sobolev, and not only to identify the minimal p-relaxed
slope of those functions that are known to be Sobolev?

A positive answer to the above question is known, for instance, in the
Euclidean space (and, similarly, on Riemannian manifolds). Indeed, in this
case the original approach to weakly differentiable functions pioneered by
B. Levi [19] shows that to look at the behaviour along coordinate directions
is sufficient to distinguish the Sobolev functions; by building upon this result,
one can find a master g-test plan on R™ for which W,lr;p(R”) = WLr(R").
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3. Master test plans on RCD spaces. The aim of this section is to
improve Theorem in the case in which the space (X, d, m) under consid-
eration is an RCD(K, c0) space for some K € R. An RCD(K, o) space is
an infinitesimally Hilbertian space whose Ricci curvature is bounded from
below by K, in a synthetic sense. For an account of this theory, we refer
to [1] and the references therein.

An important feature of RCD(K, 00) spaces is the presence of a vast class
of ‘highly regular’ functions, which are referred to as the test functions. In
order to introduce them, we first need to recall the notion of Laplacian: we
declare that f € W2(X) belongs to D(A) provided there exists a (uniquely
determined) function Af € L?(m) such that

SgAf dm = —S (V2g9,Vaf)dm for every g € WH2(X).
With this said, we are in a position to define
Test®(X) := {f € D(A)NL®(m) | |Df|2, Af € L®(m), Af € WH?(X)}.
As proven in [21], 12], the family Test*(X) is strongly dense in the Sobolev

space W12(X).
We also point out that for any ¢ € (1,00) we have

(3.1) RCD(K, 00) spaces are g-infinitesimally strictly convex.

Albeit expected, this property is far from being trivial. The reason is that,
as we recalled in Remark [I.3] minimal p-relaxed slopes might depend on p.
However, this issue cannot occur in the class of RCD(K, N) spaces, where
for any p,p’ € (1,00) we can see that

(3.2) IDf|, = |Df|,y m-ae. for every f € WHP(X) N WP (X).

If N is finite, then the space X is (locally uniformly) doubling and satisfies a
(weak, local) Poincaré inequality, thus follows from the results of [7]. In
the infinite-dimensional case, it is proven in [14]. With at our disposal,
we can argue in the following way: By combining the 2-infinitesimal strict
convexity of RCD spaces with , we deduce that for any p € (1,00)
the identity in is satisfied whenever f,g € W1P(X) N W12(X); cf.
the discussion at the beginning of [I1], Section 3.1]. By an approximation
argument, we can thus conclude that holds for all f,g € WHP(X),
whence the claimed property follows.

Additionally, the same reasoning shows, for any p € (1, 00), that
(3.3) dpf(Vpg) = dpg(V,f) m-ae. forall f,g € WHP(X).
3.1. Regular Lagrangian flow. Another important ingredient that

we will need to prove Theorem [3.4] is the notion of regular Lagrangian flow,
which (in the metric setting) has been introduced by L. Ambrosio and D. Tre-
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visan [6]. The following result is only a very special case of a much more
general statement, but still it is sufficient for our purposes.

THEOREM 3.1 (Regular Lagrangian flow [0]). Let (X,d,m) be an
RCD(K,00) space for some constant K € R. Let f € Test™(X). Then
there exists a (m-a.e. uniquely determined) regular Lagrangian flow F.: X —
C([0,1],X) associated with V f, which means that:

(i) The map F.: X — C([0,1],X) is Borel and satisfies Fo(x) = x for
m-a.e. ¢ € X.
(ii) There exists a constant L >0 such that (Fy)xm < Lm for every t € [0, 1].
(iii) Given any p € (1,00) and g€ WHP(X), the function [0,1] 3t g(Fi(x))
belongs to WH1(0,1) for m-a.e. x € X and
(3.4) %Q(Ft(fv)) = dpg(Vpf)(Fi(z))  for (m® Ly)-a.e. (z,1).

Let us spend a few words about both the statement and the proof of
Theorem [3.1k

REMARK 3.2. Observe that item (ii) is meaningful since the map
[0,1] x X 3 (¢t,z) — Fi(z) € X is Borel (as it is a Carathéodory function),
thus in particular X 3 x +— Fy(z) € X is Borel for every t € [0, 1]. Moreover,
item (iii) is well-posed thanks to item (ii): given that d,g(V,f) is defined
m-a.e. and (Fy)gm < m, we see that d,g(V,f) o Fy is defined m-a.e. as well.

Moreover, we point out that the formulation presented above is taken
from [I3], where only the case p = 2 is considered. The case of an arbitrary
exponent p € (1, 00) can be deduced as follows. Fix any g € W1P(X). A stan-
dard cut-off argument shows that W1P(X) N W12(X) is dense in WHP(X),
thus we can find a sequence (g,), € W'P(X) N WH2(X) such that g, — g
in WP(X). In particular, g, — g in LP(m) and d,g, — dpg in LP(T*X), so
that (by taking item (ii) of Theorem into account) we obtain

Jim §1ga(Fi(@) = g(Fu(a)) I d(m @ £1)(z,) =0,

i §1dyga(Vp ) (Fi()) — dpg(V ) (Fi())]| d(m @ L1) () = 0.

Therefore, up to a subsequence (not relabelled) in n, for m-a.e. x € X,
1
lim | |gn(Fy()) — g(Fy(z))| dt =0,

n—o0

(3.5) 1

] an (V) (Fie) ~ 0y (V) (7(2)) =
Given that d,g,(Vpf) = (Vagn, Vaf) holds m-a.e. for every n € N by (3.2),
we see that each function g, satisfies item (iii) of Theorem By virtue of
(3.5]), so does g. Hence, Theorem is proved for every p € (1, 00).
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Given any measure p € Z(X) such that g < Cm for some constant
C > 0, we see that

(3.6) 7 = (F.)4p is an oo-test plan on X.

In particular, given any p, g € (1,00) with 1/p+1/q = 1, we deduce that 7 is
a g-test plan on X, thus we can consider its p-velocity @’ € (e*LP(T*X))* =
e*L1(TX). Therefore 7’ = e*V,, f; we refer to [13] for more details.

3.2. Existence of master test plans on RCD spaces. To begin with,
we show that the regularity result in Proposition|1.23|can be sharpened when
the test plan is induced by a regular Lagrangian flow (in the sense of ([3.6)
above):

LEMMA 3.3. Let (X,d,m) be an RCD(K,00) space for some K € R.
Let f € Test™(X). Denote by F. the regular Lagrangian flow associated
with Vf. Let p € Z(X) be such that p < Cm for some C > 0 and de-
fine ™ == (F)gp. Then for any exponent p € (1,00) and any g € WP(X)
the map [0,1] >t goe, € LY(m) is of class C* and
d
A dpg(Vpf)oer  for every t € [0, 1].

Proof. We know from Proposition that the curve [0,1] 3t goe
€ L'(m) is absolutely continuous and its L'(7)-strong derivative coincides
at Li-a.e. t € [0,1] with

Dy = m'(e*dpg) (- 1) = (e"dpg) "V, f) (1) = dpg(Vyf) 0 €.
Since [0,1] 3 t — Dy € L'(m) is continuous by Proposition the state-
ment follows. =

We are now in a position to prove our existence result. Even though the
ideas are very similar to those employed in the proof of Theorem [2.6] we still
prefer to write down the whole argument since it presents many technical
simplifications.

THEOREM 3.4 (Master test plans on RCD spaces). Consider an RCD (K, 00)
space (X,d,m), for some K € R. Then there exists an oco-test plan o, on
(X, d,m) that is a master q-test plan for every exponent q € (1,00).

Proof. First of all, fix a countable family C C Test*(X) that is strongly
dense in W1P(X) for every p € (1,00), whose existence can be proven by
combining the properties of the heat flow on (X,d, m) with a cut-off argu-
ment. Choose any m € #(X) such that m < m < Cm for some C' > 0 (recall
Remark . Given any f € C, we write FY for the regular Lagrangian flow
associated with Vf and we set 7w/ = (F.f)#ﬁl. Define IT .= {n/ | f € C}.
We claim that

(3.7) |Df|mp =|Dfl, forevery p € (1,00) and f € W'P(X).
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Given that |Df|r, < |Df|, holds m-a.e. by Proposition m it is just
sufficient to show the inequality §|Df[pdm < {[Df|7;  dm. To this end, fix
a sequence (fn), C C with f, — f strongly in WP(X). In particular, up to
taking a subsequence (not relabelled) in n, we may assume that d, f, — d,, f
strongly in LP(T*X) and |D f,|, — |Df]|, strongly in LP(m). For brevity, let
us denote 7" == /" for every n € N. Notice that (ep)gn" = (Fofn)#ﬁl =m,
so Lemma and the dominated convergence theorem yield

VIDfpdm = d, f(V,f) dm
= th dp fn(V pf)dm- th dpf(Vpfp)dm

foer—foeo . ,

= lim {dyf(Vyfn) 0 codm” —nlggo%%gfdw
< lim thMdﬂ'"(ﬂ

n—00 t\,0 13

¢

< Jim 1§ 1Dl (00) 5] s (1)

n—00 t\,0

1/q

. . p

gnlgrolo%gr(l)q%]DﬂH’poesdsdﬂ ) (SH s)dsdn" >

1/ 1/
:nli_{r;o%i\rr(l)(w\DfmpoesHLp iy ds) p<§|Hfon]oequLq(ﬂn)d3> q

= lim (S\Df|%7poe0d7'r") (S]fon|qoegd7r”>1/q

n—oo
1/q

- s (10185, ocode) ({105 v
= (Si0stiyam) " i ({105 fpaw) "

= (Jipst,am) " ({ipspan) ™,

where (w")" stands for the p-velocity of the ¢-test plan 7™. Therefore, the
claimed identity is satisfied.

In order to conclude, it remains to pass from the countable family II to
a single co-test plan ... We proceed as follows: Define IT := (71"“) k. Given
any k € N, there exists n; € N such that 7" is concentrated on ny-Lipschitz
curves. Then let

,n_kz. i/ng

(restr(l /s )4 wF  forevery i =1,...,ny.

k.1
s

Therefore, wh™ are oo-test plans concentrated on 1-Lipschitz
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curves. Observe also that the family
I={r"|keNi=1,...,n4}

satisfies W;?(X) = Wllfp(X) and |Df|, = |Df|mp for every p € (1,00)
and f € W/P(X). Finally, let

0o Mk kyi

_n__
n(C([0,1], X))’

i
=0 D e maComp() 1 "
By arguing as we did in Step 3 of the proof of Theorem [2.6] we can see
that 7o is an co-test plan (concentrated on 1-Lipschitz curves). Given that
WP (X) = WEP(X) and |Dflr.p = |Dflmrp for every p € (1,00) and

f € WaP (X), the statement follows from the identity (3.7).

REMARK 3.5. We point out that every oco-test plan 7 induced by the
regular Lagrangian flow associated with Vf, as in , g-represents the
gradient of f for every ¢ € (1,00).

Indeed, for (7w ® L1)-a.e. (,t) we have

el = 7| (7, 1) = [e"Vpf (v, t) = |DF/ ()
and %f(’yt) = |Df[b(4), whence

t t
Eq,;(W) _ (§I%|‘1ds)”q _ (§ IDfIE o e d5>1/q(7),

for every t € (0,1) and m-a.e. . By recalling Proposition we conclude
that the plan 7 g-represents the gradient of f, as claimed above. This means

that Theorem could have been alternatively proven by directly using the
proof of Theorem [2.6]

REMARK 3.6. A necessary condition for a statement as the one of Theo-
rem [3.4] to hold is the fact that minimal p-weak upper gradients are indepen-
dent of p. Hence, by recalling Remark we see that Theorem cannot
be generalised to arbitrary metric measure spaces.
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