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VOLUME PRESERVING MEAN CURVATURE FLOWS NEAR STRICTLY

STABLE SETS IN FLAT TORUS

JOONAS NIINIKOSKI

Abstract. In this paper we establish a new stability result for smooth volume preserving mean
curvature flows in flat torus Tn in dimensions n = 3, 4. The result says roughly that if an initial
set is near to a strictly stable set in Tn in H3-sense, then the corresponding flow has infinite
lifetime and converges exponentially fast to a translate of the strictly stable (critical) set in
W 2,5-sense.
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1. Introduction

A smooth evolution of sets (Et)t, that is, a smooth flow in R
n is a volume preserving mean

curvature flow (VMCF), if for every time t the (outer) normal velocity of the flow on ∂Et obeys
the law

Vt = H̄t −Ht,

where Ht is the (scalar) mean curvature on ∂Et and H̄t its integral average over ∂Et. As the name
suggests, a VMCF preserves the volume, which is in the contrast to a classical mean curvature

flow with a smooth and bounded initial set. Such a flow shrinks the initial volume to zero in finite
time.

The short time existence for a smooth VMCF in R
n is well-known. For any smooth (a closed

set with a smooth boundary) and compact set E ⊂ R
n with n ≥ 2 there is a unique VMCF

starting from E. However, a VMCF (Et)t may develop singularities such as self-intersections of
the boundary ∂Et within a finite time, see [17]. Another type of singularities of VMCF in a free
boundary setting is studied in [5], where it is shown that certain thin necks have to pinch-off under
VMCF. A natural problem is to find a sufficient condition for the initial set such that the VMCF
starting from the set does not form singularities and has infinite lifetime.

Several contributions concerning the previous question have been made over the years. The
classical result of Huisken [15] (see also Gage [11] in the case n = 2) says that for any smooth,
compact and convex set E ⊂ R

n there is a unique VMCF (Et)t starting from E such that the
flow has infinite lifetime and converges exponentially fast to a closed ball of the volume |E| in
C∞-topology. In the dimension n = 3, the result by Li [16] gives us an alternative condition for
a connected initial boundary based on a certain energy such that the corresponding VMCF has
infinite lifetime and converges exponentially fast to a ball. Notice that if VMCF converges in
C2-sense, then the limit set is a finite union of balls with mutually positive distance. This follows
from the Alexandrov theorem.

This naturally raises questions about the stability of VMCF near stable sets, in this case the
closed Euclidean balls. Such problems are often called stability problems. Escher and Simonett [9]
used to center manifold analysis to prove that if E ⊂ R

n is a smooth compact set and B̄(x, r) is a
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closed ball with the same volume such that ∂E is C1,α-close to ∂B(x, r), then the VMCF starting
from E has infinite lifetime and converges to a translate of B̄(x, r) exponentially fast in Ck-sense
for any k ∈ N.

Instead of having generic smooth sets in R
n, we may focus on periodic smooth sets, that is,

the smooth sets in R
n invariant under the lattice translations. This again leads us to consider

the flat torus T
n in place of Rn. One motivation for this is that there then are more different

types of compact and critical sets than in R
n. Also, the notion of VMCF generalizes to the flat

torus and corresponds to the periodic VMCFs in R
n. We are interested in the subclass of compact

and critical sets in T
n called strictly stable sets (with respect to perimeter), see Definition 2.12.

Examples of strictly stable sets (besides single balls, cylinders and strips) in T
3 are those sets

having a Schwarz surface as a boundary, see [18]. Acerbi, Fusco and Morini prove that strictly
stable sets in T

n are always isolated local perimeter minimizers (under the notion of volume in
T
n), see [2, Theorem 1.1]. In contrast, the only smooth local perimeter minimizers in R

n are just
the single balls. This essentially follows from [7], see also [19].

Our goal is to prove the following stability result for VMCFs near strictly stable sets in the flat
torus T

n with n = 3, 4 using the notion of graph surface representation in normal direction and
Sobolev spaces on smooth compact hypersurfaces.

Theorem (Main result).
Let F ⊂ T

n, where n = 3, 4, be a strictly stable set and let νF be the unit normal of ∂F with
the inside-out orientation. There exists a positive constant δ0 ∈ R+ depending on F such that the
following hold.

If E0 is a smooth set in T
n with the same volume as F and having a boundary of the form

∂E0 = {x+ ψ0(x)νF (x) : x ∈ ∂F},

where ψ0 ∈ C∞(∂F ) and ‖ψ0‖H3(∂F ) ≤ δ0, then the VMCF (Et)t starting from E0 has infinite

lifetime and converges to a translate F + p of F exponentially fast in W 2,5-sense from the point of
view of the boundary ∂(F + p). Moreover, |p| → 0 as ‖ψ0‖H3(∂F ) → 0.

Remarks.

Of course, using the same arguments we obtain a similar result in T
2. Since the convergence

happens exponentially fast in time, the flow is also said to be exponentially stable near strictly
stable set.

In terms of methods we are motivated by the paper Acerbi, Fusco, Julin and Morini [1], where
they prove similar kinds of stability results for other volume preserving flows, namely the modified

Mullins-Sekerka flow and the surface diffusion flow in the three dimensional flat torus T
3. The

cornerstone of our analysis (see Section 3) is to prove that H3-closeness to a strictly stable set
implies for the VMCF (Et)t that the L2-norm of the normal velocity over ∂Et, that is ‖H̄t −
Ht‖L2(∂Et), is decaying exponentially in time while the L2-norm of its tangential gradient over ∂Et
is bounded in time. In proving this we are heavily dependent on Sobolev interpolation inequalities,
which is the reason we have to restrict ourselves to low dimensions.

2. Preliminaries

Flat torus. Recall that for given n ≥ 2 the (unit) flat torus Tn is defined as the quotient space
R
n/ Z

n. Here the equivalence relation is given in the obvious way: x ∼ y exactly when x− y ∈ Z
n.

Functions f : Tn → R
d (for d ∈ N) can be (canonically) identified with the class of Dn-periodic

maps R
n → R

d, where Dn = [0, 1[n is the dyadic unit cube. The continuous maps φ : Tn → T
n

are identified (up to integer translations) with their continuous lifts φ̃ : R
n → R

n. Such lifts

φ̃ : Rn → R
n are of the form φ̃ = L + u, where L ∈ Mn(Z) and u is continuous and Dn-periodic.

Further, the sets in T
n can be identified with Dn-periodic sets in R

n. If x ∈ T
n, then for any

p ∈ R
n the notation x+ p means the element q(x̃+ p) ∈ T

n, where x̃ ∈ q−1(x) and q : Rn → T
n is

the quotient map.
We consider T

n as a smooth and compact manifold where the smooth structure is given via
the quotient map R

n → R
n/ Z

n. The natural flat Riemannian metric on T
n is induced by the

standard Euclidean inner product 〈 · , · 〉 of Rn via the quotient map. Indeed, one can think T
n

is “locally” the Euclidean R
n. A compatible distance dTn : Tn × T

n → [0,∞[ is given by

dTn(x, y) = min{|x̃− ỹ| : x̃ ∈ q−1(x), ỹ ∈ q−1(y)}.
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For every Borel set in A in T
n its s-dimensional Hausdorff measure Hs(A) is defined to be the

corresponding Hausdorff-measure of the intersection of the periodic extension and Dn.
A function f : Tn → R

d is locally Ck,α-regular at x ∈ T
n exactly when its periodic extension f̃

to R
n is locally Ck,α-regular at every representative x̃ of x. Thus, we set the j-th derivative Djf(x)

at x to be Dj f̃(x̃) for every 1 ≤ j ≤ k. Again, a continuous map φ : Tn → T
n is Ck,α-regular

exactly when its continuous lifts φ̃ are Ck,α-maps. Then φ has a unique continuous lift modulo
integer translations so we may again see the derivatives of φ as the derivatives of its continuous
lifts. If a diffeomorphism Φ : Tn → T

n is close enough to the identity map idTn in the sense
that sup

Tn
dTn(Φ, idTn) is sufficiently small, then there is a unique diffeomorphic lift Φ̃ such that

Φ̃ = id+u and sup
Tn
dTn(Φ, idTn) = sup

Rn
|u|. In such a case, we set for every l ∈ N and 0 ≤ α ≤ 1

(for which Φ is Cl,α-regular)

‖Φ− idTn‖Cl,α(Tn;Tn) = ‖u‖Cl,α(Rn;Rn).

Further, we denote idTn by id when there is no danger of confusion.

Smooth hypersurfaces. By a hypersurface, we mean an embedded submanifold of codimension
1 without boundary in our discussion. A set Γ ⊂ T

n is a Ck,α-hypersurface exactly when its Dn-
periodic extension is a Ck,α-hypersurface in R

n. From now on, Σ denotes a smooth and compact
hypersurface of Tn. Note that then Σ has finitely many (path) connected components Σ1, . . . ,ΣN
which are in their own right smooth and compact hypersurfaces. The shorthand notation |Σ| =
Hn−1(Σ) is used from time to time without any further mention.

A function f belongs to Ck(Σ;Rd) if and only if it admits a Ck-extension to some open neigh-
borhood of Σ. For every x ∈ Σ the geometric tangent space GxΣ is defined as a unique n − 1-
dimensional subspace of Rn such that x + GxΣ is the tangent plane of Σ at x. Equivalently we
can set GxΣ = Dφ(Rn−1), where φ : U → T

n is any local parametrization of Σ at x. Moreover,
the orthogonal projection from R

n onto GxΣ is denoted by PΣ(x). Then PΣ : Σ → L(Rn;Rn) is a
smooth map.

For any x ∈ Σ, open neighborhood U of x in T
n and f ∈ C1(U ;Rk) the tangential differential

Dτf(x) : R
n → R

k of f with respect to Σ at x is given by

Dτf(x) = Df(x)PΣ(x).

The definition does not depend on how f is extended beyond Σ. In the case k = 1 the dual of
Dτf(x) is called the tangential gradient of f with respect to Σ at x denoted by ∇τf(x). Then we
can write ∇τf(x) = PΣ(x)∇f(x) so ∇τf(x) ∈ GxΣ. Further, in the case k = n the tangential

divergence divτf(x) of f with respect to Σ at x is defined as the trace of Dτf(x). These operations
behave as their ordinary counterparts in T

n.
Since Σ has finitely many connected components, then it is also orientable, i.e., it admits a

smooth unit normal field ν : Σ → R
n, where ν(x) ∈ NxΣ := GxΣ

⊥ for every x ∈ Σ. The
pair (Σ, ν) is called an oriented hypersurface Σ with an orientation ν. If Σ′ is a C1-hypersurface
and Φ : Σ → Σ′ is a C1 diffeomorphism, then we have the change of variable formula. For any
h ∈ L1(Σ′,Hn−1)

∫

Σ′

h dHn−1 =

∫

Σ

(h ◦ Φ)JτΦ dHn−1,

where the tangential Jacobian JτΦ is given by JτΦ = | detDΦ̃||(DΦ̃)−Tν| and Φ̃ is any diffeo-
morphic extension of Φ. This is independent of the choice of orientation.

The second fundamental form B(x) of Σ associated with the orientation ν at x can be seen as
the linear operator from GxΣ to itself or equivalently R

n → R
n given by

B(x) = Dτ ν̃(x),

where ν̃ is any smooth extension of ν. We use both of these conventions interchangeably. If we
use the latter one, then NxΣ ⊂ kerB(x) and Im B(x) ⊂ GxΣ. The operator is symmetric and
its eigenvalues and corresponding eigenspaces on GxΣ are called principal values and principal

directions. The mean curvature H(x) of Σ associated with the orientation at x is now defined
as the trace of B(x) or equivalently the sum of principal values on GxΣ. Again, the maps B :
Σ → L(Rn;Rn) and H : Σ → R are smooth. If H is constant, then Σ is said to be critical.
The Frobenius norm |B| on Σ does not depend on the used orientation. We define also the mean
curvature vector field H : Σ → R

n by setting H = −Hν. Notice that H is independent of the
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choice of orientation. Since Σ is compact, then the divergence theorem for hypersurfaces says that
for any f ∈ C1(Tn,Rn)

∫

Σ

divτf dHn−1 = −
∫

Σ

〈f,H〉 dHn−1 =

∫

Σ

H〈f, ν〉 dHn−1.

If f(x) ∈ GxΣ for every x ∈ Σ, then the previous formula yields the integration by parts formula
∫

Σ

ϕ divτf dHn−1 = −
∫

Σ

〈∇τϕ, f〉 dHn−1

for every ϕ ∈ C1(Σ), in particular
∫

Σ
divτf dHn−1 = 0.

While the concept of tangential derivative can be defined similarly on compact C1-hypersurfaces,
the classical notion of mean curvature is not generally possible for such surfaces due to lack of reg-
ularity. However, the following generalization is possible. We say that a compact C1-hypersurface
Γ ⊂ T

n with an orientation ν has mean curvature in weak sense, if there exists a Borel function
h ∈ L1(Γ) such that for every f ∈ C∞(Tn;Rn)

∫

Γ

divτf dHn−1 =

∫

Γ

h〈f, ν〉 dHn−1.

In such a case h is called a weak or distributional mean curvature of Γ. Moreover, if h is constant,
then Γ is called stationary. By writing Γ locally as a graph surface in an orthonormal coordinates
and applying the elliptic regularity results [4, Proposition 7.56] and [12, Theorem 9.19] we obtain
the following well-known result.

Lemma 2.1.

Let Γ ⊂ T
n be a compact C1,α-hypersurface with 0 < α < 1. Then Γ is smooth and critical if and

only if it is stationary.

Vector fields, tensors and covariant derivatives on hypersurfaces. Since now for every ϕ ∈
C∞(Σ) there is a smooth extension ϕ̃ to some open neighborhood of Σ and tangential differential
is independent of the way an ambient function is extended beyond Σ, we may define a tangential
gradient ∇τϕ(x) of ϕ at x by setting ∇τϕ(x) = ∇τ ϕ̃(x). Let TxΣ be the tangent space of Σ at x.
Then for every v ∈ TxΣ

v(ϕ) = 〈zv,∇τϕ(x)〉
with some unique zv ∈ GxΣ. Thus the geometric tangent space GxΣ can be canonically identified
with the tangent space TxΣ and, from now on, we just use the notation TxΣ. The tangent bundle
TΣ is then the disjoint union of the tangent spaces TxΣ equipped with the corresponding smooth
structure. Further, we may canonically identify the set of smooth vector fields X(Σ) on Σ, that is,
the smooth sections Σ → TΣ, with the collection

X(Σ) = {X ∈ C∞(Σ;Rn) : X(x) ∈ TxΣ for every x ∈ Σ},
and for X ∈ X(Σ) its action on ϕ ∈ C∞(Σ) can be seen as Xϕ = 〈X,∇τϕ〉 on Σ. As usual, for
X,Y ∈ X(Σ) the vector field XY is determined by the rule XY ϕ = X(Y ϕ).

The Riemannian metric g on Σ is the naturally induced flat metric. Keeping the previous
identifications in mind this is just the restriction of the standard Euclidean inner product to the
hyperspace TxΣ. The usual flat and sharp operations induced by g for smooth vector and covector

fields on Σ are denoted by ♭ and ♯ correspondingly. Then for ϕ ∈ C∞(Σ) the gradient vector field
is grad ϕ = dϕ♯ = ∇τϕ.

Slightly abusing the notations we define for a vector field X ∈ X(Σ) the (geometric) tangential
differential DτX(x) at x as the linear map R

n → R
n (or equivalently TxΣ → TxΣ) by setting

DτX(x) = PΣ(x)Dτ X̃(x),

where X̃ is any smooth extension of X beyond Σ. The tangential divergence divτX(x) of X at x

is the trace of previous operator and divτX(x) = divτ X̃(x). Now the mappings Σ → L(Rn;Rn),
x 7→ DτX(x) and Σ → R, x 7→ divτX(x), are smooth. Again, for any ϕ ∈ C∞(Σ) the tangential

Hessian is given by D2
τϕ = Dτ∇τϕ, which is a symmetric operator. Further, the Laplace-Beltrami

operator or the tangential Laplacian ∆τ (of Σ) acting on ϕ can be seen as ∆τϕ = tr D2
τϕ =

divτ∇τϕ.
The compatible Riemannian connection on Σ is the tangential connection ∇⊤ : X(Σ)×X(Σ) →

X(Σ) given by the rule

∇⊤
XY = (DτY )X.
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Recall that this is a symmetric connection, i.e., ∇⊤
XY −∇⊤

YX = [X,Y ], where [X,Y ] = XY − Y X
is the corresponding commutator.

As usual, for every m ∈ N ∪ {0} and x ∈ Σ we denote the space of m-multilinear mappings or
m-covariant tensors TxΣ×· · ·×TxΣ → R by Tm0 (TxΣ). Recall the special cases T

1
0 (TxΣ) = (TxΣ)

∗

and T 0
0 (TxΣ) = R. If m > 0, for given L,G ∈ Tm0 (TxΣ) the inner product is given by

〈L,G〉 =
∑

i1...im

L(vi1 , . . . , vim)G(vi1 , . . . , vim),

where v1, . . . , vn−1 is any orthonormal basis of TxΣ. Thus the corresponding tensor norm for L ∈
Tm0 (TxΣ) is |L| = 〈L,L〉 1

2 . If L ∈ T 2
0 (TxΣ), then with help of any orthonormal basis v1, . . . , vn−1

of TxΣ we may define the trace of L by setting

tr L =
∑

i

L(vi, vi).

The m-covariant tensor bundle Tm0 (Σ) is defined by similar means as TΣ. A covariant m-
tensor field or section T : Σ → Tm0 (Σ) is smooth exactly when T (X1, . . . , Xm) ∈ C∞(Σ) for every
X1, . . . , Xm ∈ X(Σ). We denote them by T

m(Σ). Recall that T1(Σ) is the collection of the smooth
covector fields or 1-forms and T

0(Σ) = C∞(Σ).
Now for any (smooth) covariantm-tensor field T ∈ T

m(Σ) the covariant derivative of T , denoted
by ∇coT , is defined as the element of Tm+1(Σ) for which

∇coT (X1, . . . , Xm, Xm+1) = Xm+1T (X1, . . . , Xm)−
m
∑

k=1

T (X1, . . . ,∇⊤
Xm+1

Xk, . . . , Xm).

For ϕ ∈ C∞(Σ) this simply means that ∇coϕ = dϕ and again for T ∈ T
m(Σ) the k+1-th covariant

derivative is defined recursively by setting ∇k+1
co T = ∇co(∇k

coT ). It is straightforward to compute
that for ϕ ∈ C∞(Σ) the covariant Hessian ∇2

coϕ is now the symmetric 2-tensor field obtained by

∇2
coϕ(X,Y ) = 〈X,D2

τϕY 〉 for every X,Y ∈ X(Σ),

∆coϕ := tr ∇2
coϕ = ∆τϕ and |∇2

coϕ| = |D2
τϕ|, where |D2

τϕ| is the standard Frobenius norm of D2
τϕ.

For any T ∈ T
m(Σ) the Ck-norm on Σ is given in the obvious way

‖T ‖Ck(Σ) =

m
∑

i=0

sup
Σ

|∇i
coT |

and further we set ‖X‖Ck(Σ) = ‖X♭‖Ck(Σ) for every X ∈ X(Σ).

Sobolev and Hölder spaces on hypersurfaces. Recall that the Riemannian measure on Σ
induced by the flat metric g is the restriction of the n − 1-dimensional Hausdorff measure Hn−1

to Σ. Then the corresponding p-Lebesgue space is Lp(Σ,Hn−1) for any 1 ≤ p ≤ ∞. For every
smooth covariant tensor field T on Σ the Lp-norm is now given by

‖T ‖Lp(Σ) =

(∫

Σ

|T |p dHn−1

)
1
p

.

For a ϕ ∈ C∞(Σ) the Sobolev W k,p-norm with k ∈ N ∪ {0} and 1 ≤ p ≤ ∞ is given as usual

‖ϕ‖Wk,p(Σ) =





k
∑

j=0

‖∇j
coϕ‖pLp(Σ)





1
p

.

Here ∇0
coϕ = ϕ. For any 1 ≤ p < ∞ the space W k,p(Σ) is now the norm completion of C∞(Σ),

where any of its element ϕ is considered as the k+1-tuple (ϕ,∇1
coϕ, . . . ,∇k

coϕ). Again, we use the
conventional notation Hk(Σ) for a Hilbert space W k,2(Σ), where the inner product is given in the
obvious way

〈ϕ1, ϕ2〉Hk =

k
∑

j=0

∫

Σ

〈∇j
coϕ1,∇j

coϕ2〉 dHn−1.

We have the standard Sobolev interpolation for Lp-norms of covariant derivatives of smooth
maps, see [6, Theorem 3.70]. From now on, we denote the space of C∞(Σ)-maps with vanishing

integrals by C̃∞(Σ).
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Lemma 2.2 (Basic interpolation).
Let 1 ≤ r, q <∞, 1 ≤ p ≤ ∞ and integers 0 ≤ j < m be selected such that

1

p
=

j

n− 1
+

(

1

r
− m

n− 1

)

α+
1− α

q
, (2.1)

where j
m

≤ α ≤ 1 and the condition r = n−1
m−j 6= 1 = α does not hold. Then there exists a constant

C depending on the previous numbers and Σ such that for every ϕ ∈ C∞(Σ)

‖∇j
coϕ‖Lp(Σ) ≤ C

(

‖∇m
coϕ‖αLr(Σ)‖ϕ‖1−αLq(Σ) + β‖ϕ‖L1(Σ)

)

. (2.2)

Here β = 0, if (i) j ≥ 1 or (ii) Σ is connected and ϕ ∈ C̃∞(Σ). Otherwise, β = 1.

Remark 2.3.

It follows from the previous theorem that in the case 2 ≤ n ≤ 4 there is a constant C depending
on Σ such that ‖ϕ‖Lp(Σ) ≤ C‖ϕ‖H1(Σ) and ‖ϕ‖C1(Σ), ‖ϕ‖W 2,p(Σ) ≤ C‖ϕ‖H3(Σ) for every 1 ≤ p ≤ 6
and ϕ ∈ C∞(Σ).

We also recall the following interpolation inequality for covariant tensor fields, see [13, Theorem
12.1].

Lemma 2.4 (Second order tensor interpolation).
Let N be the number of connected components of Σ and suppose that

1

p
=

1

q
+

1

r
(2.3)

for 1 ≤ p, q, r ≤ ∞. Then for every smooth covariant k-tensor field T on Σ it holds

‖∇coT ‖2L2p(Σ) ≤ N(2p− 2 + n− 1)‖∇2
coT ‖Lr(Σ)‖T ‖Lq(Σ). (2.4)

Moreover, we need the following estimates, see [10, Lemma 2.3 and Remark 2.4].

Lemma 2.5.

There are constants Cn, depending only on n, and CΣ, depending on Σ, such that for every
ϕ ∈ C∞(Σ)

‖∇2
coϕ‖2L2(Σ) ≤ ‖∆coϕ‖2L2(Σ) + Cn

∫

Σ

|B|2|∇coϕ|2 dHn−1 (2.5)

‖∇3
coϕ‖2L2(Σ) ≤ ‖∇co(∆coϕ)‖2L2(Σ) + CΣ‖ϕ‖2H2(Σ). (2.6)

For a continuous map f : Σ → R and 0 < α < 1 the Cα(Σ)-Hölder semi-norm is given by

[f ]Cα(Σ) = max
i=1,...,N

sup
x,y∈Σi
x 6=y

|f(x)− f(y)|
dg(x, y)α

,

where dg is the length metric induced by g. For every ϕ ∈ C∞(Σ) we define C1,α(Σ)-norm by
setting

‖f‖C1,α(Σ) = ‖ϕ‖C1(Σ) + sup
X∈X(Σ)

‖X‖C1(Σ)≤1

[∇coϕ(X)]Cα(Σ)

and set the space C1,α(Σ) to be the norm completion of the set of C∞(Σ)-maps with finite C1,α(Σ)-
norm. Then C1,α(Σ) is the space of continuous maps on Σ with C1,α-extension to some open
neighborhood of Σ. Note that there is several equivalent ways to define C1,α(Σ)-norm.

The higher order Hölder spaces are defined similarly, but we do not need them. By using
the Rellich-Kondarchov theorem, see [14, Thm 2.9], and Lemma 2.2 one obtains the following
embedding result.

Lemma 2.6.

Suppose that k ≥ 3 is an integer and 1 < p is a real number. If for given exponent 0 < α < 1 the
condition

α < 2− n− 1

p

is true, then the embedding W 3,p(Σ) ⊂ C1,α(Σ) is compact.

In particular, Lemma 2.6 says that for n ≤ 4 and 0 < α < 1
2 the embedding H3(Σ) ⊂ C1,α(Σ)

is compact.
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Smooth sets. An open set E ⊂ T
n, with int(E) = E, is called a smooth set, if the boundary ∂E

is a smooth hypersurface. Then ∂E is always a smooth and compact hypersurfaces in T
n so the

previous results can be applied on ∂E. For the boundary ∂E we always use the natural inside-out
orientation denoted by νE . The classical divergence theorem takes now the following form in T

n.
For any Lipschitz function f : Tn → R

n

∫

E

div f dHn =

∫

∂E

〈f, νE〉 dHn−1.

Further, we denote by BE the second fundamental form on ∂E associated with νE and by HE the
corresponding boundary mean curvature. Then E is said to be critical, if ∂E is critical, i.e, HE

is constant. We use also the shorthand notation |E| for the volume Hn(E). We recall that there
exists a regular neighborhood of ∂E say UE such that the signed distance function d̄E : Tn → R

d̄E(x) =

{

dist(x, ∂E), x ∈ T
n \ E

−dist(x, ∂E), x ∈ E

and the projection mapping π∂E onto ∂E are smooth on ŪE (in particular the latter is well-defined).
Again, we may write νE = ∇d̄E and BE = D2d̄E on ∂E. The Ck,α-sets are defined similarly.

For any Ck-sets E and E′ in T
n the Ck-“distance” is given by

‖E,E′‖Ck = inf{‖Φ− id‖Ck(Tn;Tn) : Φ is a Ck-diffeomorphism with Φ(E) = E′}.
For a smooth set E and an open set E′ we denote E′ = Eψ for some ψ ∈ C(∂E), if we may

write ∂E′ as a graph of ψ in normal direction over ∂E, that is,

∂E′ = {x+ ψ(x)νE(x) : x ∈ ∂E} (2.7)

and x + (s + ψ(x))νE(x) ∈ T
n \ E′ with a small positive s for every x ∈ ∂E. Now small C1-

distance between E and a Ck,α-set E′ is equivalent to the graph representation E′ = Eψ with a
Ck,α(∂E)-map ψ having a small C1-norm.

Lemma 2.7.

Let E ⊂ T
n be a smooth set. There exist positive constants C ≥ 1 and δ depending on E such

that the set {y ∈ T
n : |d̄E(y)| ≤ δ} belongs to a regular neighborhood of ∂E and the following

hold for any k ∈ N ∪ {∞} and 0 ≤ α < 1.

(i) For any ψ ∈ Ck,α(∂E) with ‖ψ‖C1(∂E) ≤ δ the set Eψ is defined as a Ck,α-set, the map
Φψ : ∂E → ∂Eψ, given by

Φψ(x) = x+ ψ(x)νE(x),

is Ck,α-diffeomorphism and ‖E,Eψ‖C1 ≤ C‖ψ‖C1(∂E).

(ii) If E′ ⊂ T
n is a Ck,α-set with ‖E,E′‖C1 ≤ δ, then there is a unique map ψ ∈ Ck,α(∂E)

for which E′ = Eψ and ‖ψ‖C1(∂E) ≤ C‖E,E′‖C1. Moreover, if (E′
t)t is a smooth flow (see

Definition 2.11) in T
n, with ‖E,E′

t‖C1 ≤ δ, then the maps ψt, with E
′
t = Eψt , are smoothly

parametrized on ∂E.

When for ψ ∈ C∞(∂E) its C1-norm is small enough, we may control BEψ and represent HEψ

via Φψ on ∂E in the following way.

Lemma 2.8.

Let E ⊂ T
n be a smooth set. There are constants δ = δ(E) and C = C(E) and smooth maps

A : ∂E × [−δ, δ]× [−δ, δ]n → T 2
0 (∂E),

Z : ∂E × [−δ, δ]× [−δ, δ]n → T (∂E) and

P : ∂E × [−δ, δ]× [−δ, δ]n → R

depending on E such that A( · , t, z) and Z( · , t, z) are sections for every pair (t, z) ∈ [−δ, δ] ×
[−δ, δ]n, A( · , 0, 0) = 0 and the following hold. If ψ ∈ C∞(∂E) and ‖ψ‖C1(∂E) ≤ δ, then

HEψ ◦ Φψ = −∆τψ + 〈A( · , ψ,∇τψ),∇2
coψ〉

+∇coψ (Z( · , ψ,∇τψ)) + ψP ( · , ψ,∇τψ) +HE and (2.8)

|BEψ ◦ Φψ| ≤ C(1 + |D2
τψ|) (2.9)

on ∂E.
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Moreover, with the same δ and C we may assume that the following holds. If ψ ∈ C∞(∂E) with
‖ψ‖C1(∂E) ≤ δ, then for every 1 ≤ p <∞, h ∈ Lp(∂Eψ) and ϕ ∈ C∞(∂Eψ)

C−1‖h ◦ Φψ‖Lp(∂E) ≤ ‖h‖Lp(∂Eψ) ≤ C‖h ◦ Φψ‖Lp(∂E) and (2.10)

C−1‖∇τ (ϕ ◦ Φψ)‖Lp(∂E) ≤ ‖∇τϕ‖Lp(∂Eψ) ≤ C‖∇τ (ϕ ◦ Φψ)‖Lp(∂E). (2.11)

Finally we need the following uniform estimates for low dimensions. The first one says that
the first estimate of Remark 2.3 holds with a uniform constant when slightly varying a reference
boundary in C1-sense.

Lemma 2.9.

Let E ⊂ T
n, n = 3, 4, be a smooth set. There exist positive constants δ and C depending on E

such that if ψ ∈ C∞(∂E) with ‖ψ‖C1(∂E) ≤ δ, then for every 1 ≤ p ≤ 6 and ϕ ∈ C∞(∂Eψ)

‖ϕ‖Lp(∂Eψ) ≤ C‖ϕ‖H1(∂Eψ).

The second one says that we can control uniformly Lp-norm of ∇τϕ (up to p ≤ 6) by the
L2-norm of ∆τϕ and the H1-norm of ϕ when slightly varying a reference boundary in H3-sense.

Lemma 2.10.

Let E ⊂ T
n, n = 3, 4, be a smooth set. There are constants δ and C depending on E such that if

ψ ∈ C∞(∂E) and ‖ψ‖C1(∂E) ≤ δ, then for every 1 ≤ p ≤ 6 and ϕ ∈ C∞(∂Eψ)

‖∇τϕ‖Lp(∂Eψ) ≤ C
(

‖∆τϕ‖L2(∂Eψ) + ‖ϕ‖H1(∂Eψ)

)

.

Lemma 2.9 and Lemma 2.10 hold also in the case n > 4, if we replace the upper bound 6 with
smaller number depending on n. This number converges to 2 by above as n tends to infinity. We
will prove these results except Lemma 2.7 in Appendix.

Volume preserving mean curvature flow and strictly stable sets. Let us first give the
formal definition of smooth flow in this setting.

Definition 2.11 (Smooth flow).
The parametrized family (Et)t∈[0,T [ of smooth sets in T

n with 0 < T ≤ ∞ is a smooth flow with
an initial set or initial datum E0, if there exists a smooth map Φ : Tn × [0, T [ → T

n such that
Φ0 = idTn , Φt := Φ( ·, t) is a (smooth) diffeomorphism and Et = Φt(E0) for every t ∈ [0, T [. Again,
for every 0 ≤ t < T , the (outer) normal velocity of the flow on ∂Et at the time t is defined by
setting

Vt = 〈∂sΦs+t
∣

∣

∣

s=0
◦ Φ−1

t , νEt〉.

The normal velocity V0 on ∂E0 is called an initial velocity. If we do not emphasize the time
interval [0, T [, we write (Et)t for short. Also, for the unit normal field νEt the corresponding second
fundamental form BEt and the boundary mean curvature HEt we use the shorthand notations νt,
Bt and Ht, when there is no possibility of confusion. In the previous definition Φ is called a
smoothly parametrized family of diffeomorphisms and we may suggestively denote it by (Φt)t∈[0,T [

or (Φt)t. The normal velocity Vt on ∂Et does not depend on the choice of the parametrization Φ.
Recall the first variation of volume under the flow

d

dt
|Et| =

∫

∂Et

Vt dHn−1 (2.12)

and again the first variation of perimeter

d

dt
|∂Et| =

∫

∂Et

VtHt dHn−1. (2.13)

We say that (Et)t is volume preserving, if |Et| is a constant function in time. According to (2.12)
this is possible exactly when Vt has a vanishing integral over ∂Et for every t. Conversely, one may
show that if E is a smooth set in T

n and ϕ ∈ C̃∞(∂E), there is a smooth volume preserving flow
(Et)t starting from E such that initial velocity on ∂E is ϕ. Then, by using a simple approximation
argument, it follows from (2.13) that a smooth set E is critical if and only if for every smooth
volume preserving flow (Et)t starting from E

d

dt
|∂Et|

∣

∣

∣

t=0
= 0.



VOLUME PRESERVING MEAN CURVATURE FLOWS IN FLAT TORUS 9

Further, if in the previous setting the flow admits a parametrization Φ autonomous with respect
to time, i.e., ∂tΦ = X(Φ) with a X ∈ C∞(Tn;Rn), then the second variation of perimeter at t = 0
is

d2

dt2
|∂Et|

∣

∣

∣

t=0
=

∫

∂E

|∇τV0|2 − |BE |2V 2
0 dHn−1,

see [2, Remark 3.3]. This motivates us to define for every smooth E in T
n the quadratic form

∂2P (E) : H̃1(∂E) → R, where H̃1(∂E) is the space of H1(∂E)-maps with vanishing integral over

∂E, by setting first for every ϕ ∈ C̃∞(∂E)

∂2P (E)[ϕ] =

∫

∂E

|∇τϕ|2 − |BE |2ϕ2 dHn−1

and then extending ∂2P (E) to H̃1(∂E) in the obvious way. We say that a smooth and critical set

E in T
n is stable, if ∂2P (E)(ϕ) ≥ 0 for every ϕ ∈ H̃1(∂E).

For every smooth set E in T
n the space of infinitesimal translations on ∂E is given by

T (∂E) = {〈νE , p〉 : p ∈ R
n}.

Notice that T (∂E) ⊂ C̃∞(∂E). These maps correspond to the initial velocities of the linear
translations along a vector. It follows from [2, Theorem 3.1] that if Et = E + tp, then the second
variation at t = 0 of perimeter under this translation is ∂2P (E)[〈νE , p〉]. Since translations do not
change perimeter, then ∂2P (E)[〈νE , p〉] = 0. Thus ∂2P (∂E) is always zero on T (∂E), which is
also easy to compute directly by using the definition. This leads us to define the strictly stable
sets in the following way, see [2].

Definition 2.12 (Strictly stable set).
A smooth and critical set F in T

n is strictly stable, if ∂2P (E)[ϕ] > 0 for every nonzero map

ϕ ∈ H̃1(∂F ) ∩ T⊥,L2

(∂F ), where T⊥,L2

(∂F ) is the orthogonal complement of T (∂F ) in L2(∂F ).

In the previous definition, we may replace the condition ∂2P (E)[ϕ] > 0 for every nonzero map

ϕ ∈ H̃1(∂F )∩ T⊥,L2

(∂F ) with ∂2P (E)[ϕ] > 0 for every map ϕ ∈ H̃1(∂F ) \ T (∂F ) due to the fact
that ∆τ 〈νF , p〉 = −|BF |2〈νF , p〉 for every p ∈ R

n. As mentioned already in Introduction such sets
are always isolated local perimeter minimizers. For a strictly stable set F any critical set with the
same volume being close enough to F in H3-sense is a translate of F .

Lemma 2.13.

Let F ⊂ T
n, n = 3, 4, be a strictly stable set. There exists a positive δ = δ(F ) such that if Fψ is

critical, |Fψ| = |F | and ‖ψ‖H3(∂F ) ≤ δ1 for ψ ∈ C∞(∂F ), then Fψ is a translate of F .

This result follows from the proof of [2, Theorem 3.9] (for clarity see the proof of [1, Proposition
2.7] although it concerns only the case n = 3) and Remark 2.3. Moreover, being near to a strictly

stable set in H3-sense implies that the quadratic form controls H1-norm for the C̃∞-functions
orthogonal to the infinitesimal translations in L2-sense, see [1, Lemma 2.6].

Lemma 2.14.

Let F ⊂ T
n, n = 3, 4, be a strictly stable set. There exist σ1 = σ1(F ) and δ = δ(F ) such that if

‖ψ‖H3(∂F ) ≤ δ1 for ψ ∈ C∞(∂F ), then for every ϕ ∈ C̃∞(∂Fψ) ∩ T⊥,L2

(∂Fψ)

σ1‖ϕ‖2H1(∂Fψ)
≤ ∂2P (Fψ)[ϕ].

The authors prove the previous result in the case n = 3 and H3-closeness being replaced by
W 2,p-closeness with any p > 2, but clearly the same arguments go through for any n ≥ 2, if we
use the condition p > max{n− 1, 2} instead of p > 2. Hence the result follows from Remark 2.3.

As already presented in Introduction, a volume preserving mean curvature flow (Et)t in T
n is a

smooth flow obeying the rule
Vt = H̄t −Ht,

where H̄t is the integral average of Ht over ∂Et. Then by (2.12) and (2.13) we see that

d

dt
|Et| = 0 and

d

dt
|∂Et| = −

∫

Et

(H̄t −Ht)
2 dHn−1 ≤ 0,

so the flow is volume preserving and decreases boundary area. The existence and uniqueness of
such a flow for a given smooth initial datum is well-known. This is usually known as short time

existence. Also, the maximal lifetime of the flow is bounded by below when slightly varying the
initial set in the C1,α-topology with α > 0.
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Theorem 2.15 (Short Time Existence).
Let E ⊂ T

n be a smooth set and 0 < α < 1. There are positive constants δ and T depending on
E and α such that if E0 is a smooth set in T

n of the form ∂E0 = Eψ0 , where ψ0 ∈ C∞(∂E) and
‖ψ0‖C1,α(∂E) ≤ δ, then there exists a unique volume preserving mean curvature flow in T

n with
the initial datum E0 and the maximal lifetime of flow is at least T .

The above result has been proved for bounded smooth sets in R
n, see [9, Main Theorem] and

clearly it is similar to prove it in the setting of the flat torus Tn. From now on, when there is no
danger of confusion, we denote a maximal lifetime of a given volume preserving mean curvature
flow (Et)t by T

∗.

3. L2-monotonicity

In this section we prove a monotonicity result, which is the basis of our analysis. It states that
if (Et)t is a volume preserving mean curvature flow with a smooth initial datum near enough to a
strictly stable set F in H3-sense, then it stays near F in the H3-sense for the whole lifespan
of the flow, the initial velocity of flow decreases exponentially in L2-sense and the quantity
‖∇τHt‖2L2(∂Et)

+C0‖H̄t−Ht‖2L2(∂Et)
is decreasing in time with sufficiently large C0. More precisely

we have the following result.

Theorem 3.1 (Monotonicity near strictly stable set).
Let F ⊂ T

n (n = 3, 4) be a strictly stable set. There are positive constants C0 and ε0 depending
on F such that for every 0 < ε ≤ ε0 there is a positive γε < ε such that if (Et)t is a volume
preserving mean curvature flow starting from a smooth set E0 = Fψ0 , where ψ0 ∈ C∞(∂F ) and
‖ψ0‖H3(∂F ) ≤ γε, then for every t ∈ [0, T ∗[ (where T ∗ > 0 is the maximal lifetime of flow) we may
write Et = Fψt with ψt ∈ C∞(∂F ), ‖ψt‖H3(∂F ) ≤ ε,

‖H̄t −Ht‖2L2(∂Et)
≤ ‖ψ0‖H3(∂F )e

−σ1t and (3.1)

d

dt

[

‖∇τHt‖2L2(∂Et)
+ C0‖H̄t −Ht‖2L2(∂Et)

]

≤ 0, (3.2)

where σ1 is as in Lemma 2.14.

Remark 3.2.

As a byproduct of the proof of Theorem 3.1 we may replace zero with − 1
2‖∆τHt‖2L2(∂Et)

on the

right-hand side of 3.2. However, we do not need that fact.

Before proving Theorem 3.1 we introduce the following useful geometric quantity employed, for
instance, in [1]. For any open set E ⊂ T

n we define the map DE from the collection of the open
subsets of Tn to [0,∞[ by setting for any open E′ ⊂ T

n

DE(E
′) :=

∫

E′∆E

dist∂E dHn =

∫

E′

d̄E dHn −
∫

E

d̄E dHn. (3.3)

In case of any smooth set E ⊂ T
n this concept of “weak distance” turns out to be very useful in

terms of controlling the L2(∂E)-norm of the corresponding function of given C1-graph in normal
direction over ∂E, when the corresponding C1(∂F )-norm is sufficiently small. To observe this,
choose δ = δ(E) so small that by Lemma 2.7 for any ψ ∈ C1(∂E) with ‖ψ‖C1(∂E) ≤ δ the set Eψ is

defined as a C1-set. Moreover, we may assume that for every s ∈ [−δ, δ] the map Φs = id + s∇d̄E
is defined as a smooth diffeomorphism from some tubular neighborhood of ∂E to its image. With
help of the coarea formula one may compute

DE(Eψ) =

∫

[0,‖ψ‖L∞(∂E)]
s

[

∫

{x∈∂E:ψ(x)>s}

JτΦs dHn−1 +

∫

{x∈∂E:ψ(x)<−s}

JτΦ−s dHn−1

]

ds.

Since now JτΦs → 1 uniformly on ∂E as s→ 0, then by decreasing δ, if necessary, it follows from
the Cavalieri’s principle that there exists C ≥ 1 depending on δ such that for every ψ ∈ C1(∂E)
with ‖ψ‖C1(∂E) ≤ δ

C−1‖ψ‖2L2(∂E) ≤ DE(Eψ) ≤ C‖ψ‖2L2(∂E). (3.4)

Again, for any open subset E ⊂ T
n the map DE behaves well under any smooth flow. If (Et)t

is a smooth flow in T
n with a normal velocity Vt, then DE(Et) is differentiable in time and it is

straightforward to calculate
d

dt
DE(Et) =

∫

∂Et

d̄EVt dHn−1. (3.5)
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Now the importance of this quantity lies on the fact, that for any smooth critical set F ⊂ T
n

and ψ ∈ C∞(∂F ) with sufficiently small C1-norm, ‖∇τHFψ‖L2(∂F ) and DF (Fψ) together control

the H3-norm of ψ.

Lemma 3.3.

Let F ⊂ T
n be a smooth critical set. There are positive constants K = K(F ) ≥ 1 and δ = δ(F )

such that whenever ψ ∈ C∞(F ) satisfies ‖ψ‖C1(∂F ) ≤ δ, then

K−1

(

‖∇τHFψ‖L2(∂Fψ) +
√

DF (Fψ)

)

≤ ‖ψ‖H3(∂F ) ≤ K

(

‖∇τHFψ‖L2(∂Fψ) +
√

DF (Fψ)

)

.

Proof.

We prove only the inequality

‖ψ‖H3(∂F ) ≤ K

(

‖∇τHFψ‖L2(∂Fψ) +
√

DF (Fψ)

)

.

The another one is easier to show. Again, it follows from (2.11) and (3.4), that it suffices to find
positive δ and K such that for every ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂E) ≤ δ

‖ψ‖H3(∂F ) ≤ K
(

‖∇τ

(

HFψ ◦Φψ
)

‖L2(∂F ) + ‖ψ‖L2(∂F )

)

, (3.6)

where Φψ : ∂F → ∂Fψ is defined as in Lemma 2.7. To this end we will prove the following auxiliary
result. For suitable positive constants δ′ and K ′ the estimate

∣

∣∇τ

(

HFψ ◦ Φψ
)∣

∣

2 ≥ |∇co(∆coψ)|2
2

− |∇3
coψ|2
4

−K ′
(

|ψ|2 + |∇coψ|2 + |∇2
coψ|2 + |∇2

coψ|4
)

(3.7)

holds on ∂F for every ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂E) ≤ δ′. Due to the compactness of ∂F we have
only to show this holds locally. Let δ′′ be the constant for F as in Lemma 2.8. Then for every
ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂F ) ≤ δ′′

HFψ ◦ Φψ = −∆τψ + 〈A( · , ψ,∇τψ),∇2
coψ〉

+∇coψ (Z( · , ψ,∇τψ)) + ψP ( · , ψ,∇τψ) +HF , (3.8)

where

A : ∂F × [−δ′′, δ′′]× [−δ′′, δ′′]n → T 2
0 (∂F ),

Z : ∂F × [−δ′′, δ′′]× [−δ′′, δ′′]n → T (∂F ) and

P : ∂F × [−δ′′, δ′′]× [−δ′′, δ′′]n → R

are smooth maps depending on F and A( · , 0, 0) : ∂F → T 2
0 (∂F ) is the zero tensor field. For a fixed

point x0 ∈ ∂F choose a local orthonormal vector frame (E1, . . . , En−1) in some open neighborhood
Ux0 ⊂ ∂F of x0. Then we may write for every ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂E) ≤ δ′′

〈A( · , ψ,∇τψ),∇2
coψ〉 =

∑

ij

aij( · , ψ,∇τψ)∇2
coψ(Ei, Ej) and (3.9)

∇coψ (Z( · , ψ,∇τψ)) =
∑

i

zi( · , ψ,∇τψ)∇coψ(Ei), (3.10)

where aij , zi : Ux0 × [−δ′′, δ′′]× [−δ′′, δ′′]n → R are the smooth functions given by

aij(x, t, z) = A(x, t, z)(Ei(x), Ej(x)) and

zi(x, t, z) = 〈Ei(x), Z(x, t, z)〉

for every (x, t, z) ∈ Ux0 × [−δ′′, δ′′] × [−δ′′, δ′′]n. Notice that then |(aij(x, t, z)| ≤ |A(x, t, z)|
and |zi(x, t, z)| ≤ |Z(x, t, z)|. By taking tangential gradient over (3.8) (notice that for every
ϕ ∈ C∞(∂F ) we may write ∇τϕ =

∑

i(∇Eiϕ)Ei in Up0) and using the expressions (3.9) and (3.10)
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we obtain

∇τ (HFψ ◦ Φψ) = −∇τ (∆coψ) +
∑

ijk

aij( · , ψ,∇τψ)∇3
coψ(Ei, Ej , Ek)Ek

+
∑

ijk

aij( · , ψ,∇τψ)
(

∇2
coψ(∇EkEi, Ej) +∇2

coψ(Ei,∇EkEj)
)

Ek

+
∑

ij

∇2
coψ(Ei, Ej)∇τ (aij( · , ψ,∇τψ))

+
∑

ik

zi( · , ψ,∇τψ)
(

∇2
coψ(Ei, Ek) +∇coψ(∇EkEi)

)

Ek

+
∑

i

∇coψ(Ei)∇τ (zi( · , ψ,∇τψ))

+ P ( · , ψ,∇τψ)∇τψ + ψ∇τ (P ( · , ψ,∇τψ)) . (3.11)

Recall that ∆coψ = ∆τψ and HF is a constant thus vanishing after taking gradient over (3.8).
Again, for any smooth map u : Ux0 × [−δ′′, δ′′]× [−δ′′, δ′′]n → R one computes

∇τ (u( · , ψ,∇τψ)) = ∇τu( · , ψ,∇τψ) + ∂tu( · , ψ,∇τψ)∇τψ

+D2
τψ∇nu( · , ψ,∇τψ)− 〈νF ,∇nu( · , ψ,∇τψ)〉BF∇τψ. (3.12)

It follows from A( · , 0, 0) being the zero tensor field on ∂F and uniform continuity on compact
sets, that there exist 0 < δ′ < δ′′ and C ≥ 1 such that for every (x, t, z) ∈ ∂F × [−δ′, δ′]× [−δ′, δ′]n

|A(x, t, z)| ≤ 1

64(n− 1)3
and (3.13)

|Z(x, t, z)|, |P (x, t, z)| ≤ C. (3.14)

By shrinking Ux0 and increasing C, if necessary, we may assume that each |∇EkEi| is bounded by
C in Ux0 . Since |∇τψ| = |∇coψ| and |D2

τψ| = |∇2
coψ| on ∂F for every ψ ∈ C∞(∂F ), then again by

shrinking Ux0 and increasing C, if needed, it follows from (3.12) that for every ψ ∈ C∞(∂F ) with
‖ψ‖C1(∂F ) ≤ δ′

|∇τ (aij( · , ψ,∇τψ)) |, |∇τ (zi( · , ψ,∇τψ)) |, |∇τ (P ( · , ψ,∇τψ)) | ≤ C(1 + |∇2
coψ|) (3.15)

in Ux0. Recalling expression (3.11) for such ψ we denote

aψ =
∑

ijk

aij( · , ψ,∇τψ)∇3
coψ(Ei, Ej , Ek)Ek

and the sum of the lower order terms by bψ. Thus we may write shortly in Ux0

∇τ (HFψ ◦ Φψ) = −∇τ (∆coψ) + aψ + bψ.

Now by using (3.13) we have

|aψ| ≤
|∇3

coψ|
64

(3.16)

in Up. Again, by applying the estimates (3.14) and (3.15) on bψ we find a positive constant C′

depending on C, δ′ and n such that in Ux0

|bψ| ≤ C′
(

|ψ|+ |∇coψ|+ |∇2
coψ|+ |∇2

coψ|2
)

. (3.17)

Thus by using (3.16) and (3.17) as well as the Cauchy-Schwarz and Young’s inequalities, we have
in Ux0

|∇τ (HFψ ◦ Φψ)|2 = | − ∇τ (∆coψ) + aψ + bψ|2

≥ |∇τ (∆coψ)|2 − 2|∇τ (∆coψ)||aψ + bψ|

≥ 1

2
|∇τ (∆coψ)|2 − 8|aψ + bψ|2

≥ 1

2
|∇τ (∆coψ)|2 − 16|aψ|2 − 16|bψ|2

≥ 1

2
|∇τ (∆coψ)|2 −

1

4
|∇3

coψ|2 − 64(C′)2
(

|ψ|2 + |∇coψ|2 + |∇2
coψ|2 + |∇2

coψ|4
)

=
1

2
|∇co(∆coψ)|2 −

1

4
|∇3

coψ|2 − 64(C′)2
(

|ψ|2 + |∇coψ|2 + |∇2
coψ|2 + |∇2

coψ|4
)

.
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This implies (3.7). By integrating the both sides of (3.7) over ∂F and applying (2.6) with the
associated constant C∂F we obtain

‖∇τ (HFψ ◦ Φψ)‖2L2(∂F ) ≥
1

2
‖∇co(∆coψ)‖2L2(∂F ) −

1

4
‖∇3

coψ‖2L2(∂F ) −K ′
(

‖ψ‖2H2(∂F ) + ‖∇2
coψ‖4L4(∂F )

)

≥ 1

4
‖∇3

coψ‖2L2(∂F ) − (C∂F +K ′)
(

‖ψ‖2H2(∂F ) + ‖∇2
coψ‖4L4(∂F )

)

≥ 1

16
‖ψ‖2H3(∂F ) +

3

16
‖∇3

coψ‖2L2(∂F )

− (C∂F +K ′ + 1)
(

‖ψ‖2H2(∂F ) + ‖∇2
coψ‖4L4(∂F )

)

. (3.18)

Next we interpolate the last terms in (3.18). By using Lemma 2.2 and Lemma 2.4 (recall that
∇co(∇coψ) = ∇2

coψ, ∇2
co(∇coψ) = ∇3

coψ and ‖∇coψ‖L∞(∂F ≤ ‖ψ‖C1(∂F )) we find a positive M
depending on F such that

‖∇coψ‖2L2(∂F ) ≤M‖∇3
coψ‖

2
3

L2(∂F )‖ψ‖
4
3

L2(∂F ), (3.19)

‖∇2
coψ‖2L2(∂F ) ≤M‖∇3

coψ‖
4
3

L2(∂F )‖ψ‖
2
3

L2(∂F ) and (3.20)

‖∇2
coψ‖4L4(∂F ) ≤M‖∇3

coψ‖2L2(∂F )‖ψ‖2C1(∂F ). (3.21)

By applying Young’s inequality on (3.19) and (3.20) we find K ′′ = K ′′(K ′,M,C∂F ) such that

(C∂F +K ′ + 1) ‖ψ‖2H2(∂F ) ≤
1

8
‖∇3

coψ‖2L2(∂F ) +K ′′‖ψ‖2L2(∂F ). (3.22)

Finally by choosing 0 < δ ≤ δ′ with (C∂F +K ′ + 1)Mδ2 ≤ 1
16 it follows from (3.18), (3.21) and

(3.22), that for every ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂F ) ≤ δ

‖∇τ (HFψ ◦ Φψ)‖2L2(∂F ) ≥
1

16
‖ψ‖2H3(∂F ) +K ′′‖ψ‖2L2(∂F ),

which implies (3.6). �

The previous lemma and Lemma 2.8 together yield, that for every smooth critical set F ⊂ T
n

there are δ = δ(F ) and K = K(F ) such that for every ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂F ) ≤ δ

‖H̄Fψ −HFψ‖H1(∂Fψ) ≤ K‖ψ‖H3(∂F ) (3.23)

‖HFψ‖H1(∂Fψ) ≤ K
(

‖ψ‖H3(∂F ) + |HF |
)

. (3.24)

We will also use the following identities for the time derivatives of the L2-norms of H̄t−Ht and
∇τHt. For the proof see Appendix.

Lemma 3.4.

Let (Et)t be a volume preserving mean curvature flow in T
n. Then for every 0 ≤ t < T ∗

d

dt
‖H̄t −Ht‖2L2(∂Et)

=− 2∂2P (Et)[H̄t −Ht] +

∫

∂Et

Ht(H̄t −Ht)
3 dHn−1 and (3.25)

d

dt
‖∇τHt‖2L2(∂Et)

=− 2

∫

∂Et

(∆τHt)
2 − (H̄t −Ht)|Bt|2∆τHt dHn−1

− 2

∫

∂Et

(H̄t −Ht)〈∇τHt, Bt∇τHt〉 dHn−1

+

∫

∂Et

|∇τHt|2(H̄t −Ht)Ht dHn−1. (3.26)

We are now ready to prove Theorem 3.1. We divide it into four steps.

Proof of Theorem 3.1.

Step 1. We want first to utilize several lemmas and estimates we have gathered by controlling C1-
and W 2,p-norms for 1 ≤ p ≤ 6. Indeed, by Remark 2.3 there is a constant K0 ∈ R+ depending on
F , such that for every ψ ∈ C∞(∂F ) and 1 ≤ p ≤ 6

‖ψ‖C1(∂F ), ‖ψ‖W 2,p(∂F ) ≤ K0‖ψ‖H3(∂F ). (3.27)

Notice that the assumption n ≤ 4 is really needed for this conclusion. Using the estimate (3.27)
we find 0 < δ < 1 and 1 < K < ∞ so that for any ψ ∈ C∞(∂F ) with ‖ψ‖H3(∂F ) ≤ δ the norm
‖ψ‖C1(∂F ) is so small that the following four conditions hold.
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(i) Lemma 2.7 is satisfied, i.e., Fψ is a well-defined smooth set. Moreover, we may assume

‖Fψ, F‖C1 ≤ δF
2
, (3.28)

where δF is as in the lemma.
(ii) The inequalities (2.10) (for d̄F , then d̄F ◦ Φψ = ψ) and (3.4) are satisfied with K, i.e.,

K−1‖ψ‖L2(∂F ) ≤ ‖d̄F ‖L2(∂Fψ),
√

DF (Fψ) ≤ K‖ψ‖L2(∂F ). (3.29)

(iii) Lemma 3.3 and (3.23) are satisfied with K, i.e.,

‖ψ‖H3(∂F ) ≤ K

(

‖∇τHFψ‖L2(∂Fψ) +
√

DF (Fψ)

)

(3.30)

‖H̄Fψ −HFψ‖H1(∂Fψ) ≤ K‖ψ‖H3(∂F ). (3.31)

(iv) Lemma 2.9 is satisfied for H̄Fψ −HFψ and 1 ≤ p ≤ 6 with K, i.e.,

‖H̄Fψ −HFψ‖Lp(∂Fψ) ≤ K‖H̄Fψ −HFψ‖H1(∂Fψ). (3.32)

Moreover, we may assume δ to be so small and K to be so large that by (3.27), (2.9), Lemma

2.10 and Lemma 2.14 (note that H̄Fψ −HFψ ∈ T⊥,L2

(∂Fψ))

‖∇τHFψ‖L4(∂Fψ) ≤ K
(

‖∆τHFψ‖L2(∂Fψ) + ‖H̄Fψ −HFψ‖H1(∂Fψ)

)

, (3.33)

‖HFψ‖Lp(∂Fψ), ‖BFψ‖Lp(∂Fψ) ≤ K for 1 ≤ p ≤ 6 and (3.34)

σ1‖H̄Fψ −HFψ‖2H1(∂Fψ)
≤ ∂2P (Fψ)[H̄Fψ −HFψ ]. (3.35)

Next we fix the constants C0 and ε0 by setting

C0 =
4K6 + 1

σ1
(3.36)

ε0 = min

{

δ,
min{σ1, 1}

16K6

}

. (3.37)

Again, for given 0 < ε ≤ ε0 set γε to be the maximal 0 < s ≤ ε
2 satisfying

2

σ1

√
s+K2s2 ≤ ε2

16K2
and K2 (1 + C0) s ≤

ε

4
. (3.38)

Step 2. Suppose that (Et)t is the volume preserving mean curvature flow with a smooth initial
datum E0 = Fψ0 , where ψ0 ∈ C∞(∂F ) and ‖ψ0‖H3(∂F ) ≤ γε. Since t 7→ ‖Et, F‖C1 is continuous
on [0, T ∗[ (recall T ∗ is the maximal lifetime), then it follows from Lemma 2.7 and (3.28) that we
may write Et = Fψt for unique ψt ∈ C∞(∂F ) with t 7→ ψt smoothly parametrized over a short
time period. Hence

Tε = sup
{

s ∈ [0, T ∗[ : Et = Fψt for ψt ∈ C∞(∂F ), ‖ψt‖H3(∂F ) ≤ ε ∀t ∈ [0, s]
}

must be a positive number. The key idea is to show that the claim of theorem is satisfied for ε on
the time interval [0, Tε[ and by virtue of the choice of γε we have in fact

‖ψt‖H3(∂F ) ≤
ε

2
on [0, Tε[. (3.39)

By using a similar continuity argument as before one shows that the condition (3.39) implies
Tε = T ∗.
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Step 3. For every t ∈ [0, Tε[

d

dt
‖H̄t −Ht‖2L2(∂Et)

(3.25)
= −2∂2P (Et)[H̄t −Ht] +

∫

∂Et

Ht(H̄t −Ht)
3 dHn−1

(3.35)

≤ −2σ1‖H̄t −Ht‖2H1(∂Et)
+

∫

∂Et

Ht(H̄t −Ht)
3 dHn−1

≤ −2σ1‖H̄t −Ht‖2H1(∂Et)
+ ‖Ht‖L4(∂Et)‖H̄t −Ht‖3L4(∂Et)

(3.34)

≤ −2σ1‖H̄t −Ht‖2H1(∂Et)
+K‖H̄t −Ht‖3L4(∂Et)

(3.32)

≤ −2σ1‖H̄t −Ht‖2H1(∂Et)
+K4‖H̄t −Ht‖3H1(∂Et)

(3.31)

≤
(

−2σ1 +K5‖ψt‖H3(∂F )

)

‖H̄t −Ht‖2H1(∂Et)

≤
(

−2σ1 +K5ε
)

‖H̄t −Ht‖2H1(∂Et)

(3.37)

≤ −σ1‖H̄t −Ht‖2H1(∂Et)
. (3.40)

Since −σ1‖H̄t −Ht‖2H1(∂Et)
≤ −σ1‖H̄t −Ht‖2L2(∂Et)

, by using Grönwall’s lemma we obtain

‖H̄t −Ht‖2L2(∂Et)
≤ ‖H̄0 −H0‖2L2(∂Et)

e−σ1t

(3.31)

≤ K2‖ψ0‖2H3(∂F )e
−σ1t

(3.37)

≤ ‖ψ0‖H3(∂F )e
−σ1t (3.41)

so (3.1) holds on [0, Tε[. Next we estimate DF (Et) on [0, Tε[. For the time derivative

d

dt
DF (Et)

(3.5)
=

∫

∂Et

d̄F (H̄t −Ht)dHn−1

≤ ‖d̄F ‖L2(∂Et)‖H̄t −Ht‖L2(∂Et)

(3.29)

≤ K‖ψt‖L2(∂F )‖H̄t −Ht‖L2(∂Et)

≤ Kε‖H̄t −Ht‖L2(∂Et)

(3.41)

≤ Kε‖ψ0‖
1
2

H3(∂F )e
− 1

2σ1t

(3.37)

≤ ‖ψ0‖
1
2

H3(∂F )e
− 1

2σ1t.

Thus integrating over time yields

DF (Et) ≤
2

σ1
‖ψ0‖

1
2

H3(∂F )

(

1− e−
σ1
2

)

+DF (E0)

(3.29)

≤ 2

σ1
‖ψ0‖

1
2

H3(∂F ) +K2‖ψ0‖2L2(∂F )

(3.38)

≤ ε2

16K2
. (3.42)

Step 4. In this last step we finish the proof by showing that (3.2) and (3.39) are satisfied on [0, Tε[.
To this end we have to estimate d

dt‖∇τHt‖2L2(∂Et)
on [0, Tε[. Recall that by (3.26) we have

d

dt
‖∇τHt‖2L2(∂Et)

= −2

∫

∂Et

(∆τHt)
2 − (H̄t −Ht)|Bt|2∆τHt dHn−1

− 2

∫

∂Et

(H̄t −Ht)〈∇τHt, Bt∇τHt〉 dHn−1 +

∫

∂Et

|∇τHt|2(H̄t −Ht)Ht dHn−1

= T1 + T2 + T3.
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Next we estimate the terms T1, T2 and T3. First we have

T1
Young

≤ −‖∆τHt‖2L2(∂Et)
+ 4

∫

∂Et

|H̄t −Ht|2|Bt|4 dHn−1

≤ −‖∆τHt‖2L2(∂Et)
+ 4‖H̄t −Ht‖2L6(∂Et)

‖Bt‖4L6(∂Et)

(3.34)

≤ −‖∆τHt‖2L2(∂Et)
+ 4K4‖H̄t −Ht‖2L6(∂Et)

(3.32)

≤ −‖∆τHt‖2L2(∂Et)
+ 4K6‖H̄t −Ht‖2H1(∂Et)

. (3.43)

Second

T2 ≤ 2

∫

∂Et

|H̄t −Ht||∇τHt|2|Bt| dHn−1

≤ 2‖∇τHt‖2L4(∂Et)
‖H̄t −Ht‖L4(∂Et)‖Bt‖L4(∂Et)

(3.34)

≤ 2K‖∇τHt‖2L4(∂Et)
‖H̄t −Ht‖L4(∂Et)

(3.33)

≤ 2K3
(

‖∆τHt‖L2(∂Et) + ‖H̄t −Ht‖H1(∂Et)

)2 ‖H̄t −Ht‖L4(∂Et)

(3.32)

≤ 2K4‖H̄t −Ht‖H1(∂Et)

(

‖∆τHt‖L2(∂Et) + ‖H̄t −Ht‖H1(∂Et)

)2

(3.31)

≤ 2K5‖ψt‖H3(∂F )

(

‖∆τHt‖L2(∂Et) + ‖H̄t −Ht‖H1(∂Et)

)2

≤ 4K5‖ψt‖H3(∂F )‖∆τHt‖2L2(∂Et)
+ 4K5‖ψt‖H3(∂F )‖H̄t −Ht‖2H1(∂Et)

≤ 4K5ε‖∆τHt‖2L2(∂Et)
+ 4K5ε‖H̄t −Ht‖2H1(∂Et)

(3.37)

≤ 1

4
‖∆τHt‖2L2(∂Et)

+
1

2
‖H̄t −Ht‖2H1(∂Et)

. (3.44)

Finally by estimating in a similar way as above we obtain

T3 ≤ 1

8
‖∆τHt‖2L2(∂Et)

+
1

4
‖H̄t −Ht‖2H1(∂Et)

. (3.45)

Hence (3.43), (3.44) and (3.45) together yield

d

dt
‖∇τHt‖2L2(∂Et)

≤ −1

2
‖∆τHt‖2L2(∂Et)

+
(

4K6 + 1
)

‖H̄t −Ht‖2H1(∂Et)

(3.36)
= −1

2
‖∆τHt‖2L2(∂Et)

+ σ1C0‖H̄t −Ht‖2H1(∂Et)

on [0, Tε[. Then the previous estimate with (3.40) yields that for every t ∈ [0, Tε[

d

dt

[

‖∇τHt‖2L2(∂Et)
+ C0‖H̄t −Ht‖2L2(∂Et)

]

≤ −1

2
‖∆τHt‖2L2(∂Et)

,

which implies (3.2). In particular

t 7→ ‖∇τHt‖2L2(∂Et)
+ C0‖H̄t −Ht‖2L2(∂Et)

is decreasing map on [0, Tε[ and therefore

‖∇τHt‖L2(∂Et) ≤ ‖∇τH0‖L2(∂E0) + C0‖H̄0 −H0‖L2(∂E0). (3.46)

Finally for every t ∈ [0, Tε[

‖ψt‖H3(∂Et)

(3.30)

≤ K
(

‖∇τHt‖L2(∂Et) +
√

DF (Et)
)

(3.46)

≤ K
(

‖∇τH0‖L2(∂E0) + C0‖H̄0 −H0‖L2(∂E0)

)

+K
√

DF (Et)

(3.42)

≤ K (1 + C0) ‖H̄0 −H0‖H1(∂E0) +
ε

4
(3.31)

≤ K2 (1 + C0) ‖ψ0‖H3(∂Et) +
ε

4
(3.38)

≤ ε

2
.

�
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4. The main result

In this section we will prove the main result. We give first the technical statement of the theorem
in contrast to the heuristical one we presented in Introduction.

Theorem 4.1 (Main Theorem).
Let Tn be a flat torus with n = 3, 4 and assume that F ⊂ T

n is a strictly stable set. There exist
positive constants δ0, σ0 ∈ R+ depending on F such that the following hold.

If E0 is a smooth set in T
n with |E0| = |F | of the form E0 = Fψ0 , where ψ0 ∈ C∞(∂F ) and

‖ψ0‖H3(∂F ) ≤ δ0, then the volume preserving mean curvature flow (Et)t in T
n with the initial

datum E0 satisfies the following conditions.

(i) The flow has infinite lifetime.
(ii) There exist p = p(F,E0) ∈ R

n and C = C(F ) ∈ R+ such that the flow converges to F + p
exponentially fast in W 2,5-sense, that is, Et = (F + p)ϕt for ϕt ∈ C∞(∂(F + p)) and
‖ϕt‖W 2,5 ≤ Ce−σ0t.

(iii) |p| → 0 and C → 0 as ‖ψ0‖H3(∂F ) → 0.

Remark 4.2.

In the statement of the main theorem the W 2,5-convergence can be replaced by W 2,q-convergence,
where 1 ≤ q <∞, if n = 3, and 1 ≤ q < 6, if n = 4. In this case the proof would be similar to the
original proof.

The main idea of the proof is obviously to employ the short time existence (Theorem 2.15) and
the monotonicity result (Theorem 3.1).

Proof of the Main Theorem.

Let F ⊂ T
n be a strictly stable set and let us fix the constants δ0 and σ0 for F as in the statement

of the main theorem. Let ε0, σ1 ∈ R+ and 0 < γε < ε (for every 0 < ε ≤ ε0) for F be as in
Theorem 3.1. Choose first a positive c so small that the following hold.

(i) The condition ‖ψ‖C1(∂F ) ≤ c for ψ ∈ C1, 14 (∂F ) implies via Lemma 2.7 that the set Eψ is

defined as a C1, 14 -set, the map Φψ defined as in the same lemma is a C1, 14 -diffeomorphism
from ∂F to ∂Fψ and

K−1|∂F | ≤ |∂Fψ| ≤ K|∂F | (4.1)

for some real number K ≥ 1 depending on c and F .
(ii) Further, if ψ is smooth, the same condition implies via (3.24) that by increasing K, if

necessary,

‖HFψ‖H1(Fψ) ≤ K
(

‖ψ‖H3(∂F ) + |HF |
)

. (4.2)

(iii) Since a translate of F satisfies Lemma 3.3 and (3.4) with the same bounds as F , then by
using the previous lemmas and Lemma 2.7, possibly decreasing c and increasing K, we
obtain the following. Assume F + p = Fg with g ∈ C∞(∂F ) and ‖g‖C1(∂F ) ≤ c. Then for
every ψ ∈ C∞(∂F ) with ‖ψ‖C1(∂F ) ≤ c there is a unique ϕ ∈ C∞(∂(F + p)) such that
Fψ = (F + p)ϕ and we have the following uniform estimates

K−1
√

DF+p(Fψ) ≤ ‖ϕ‖L2(∂(F+p)) ≤ K
√

DF+p(Fψ) and (4.3)

K−1‖∇τHFψ‖L2(∂Fψ) ≤ ‖ϕ‖H3(∂(F+p)) ≤ K

(

‖∇τHFψ‖L2(∂Fψ) +
√

DF+p(Fψ)

)

. (4.4)

(iv) Finally the condition ‖ψ‖
C

1, 1
4 (∂F )

≤ c for ψ ∈ C∞(∂F ) means that Theorem 2.15 (in the

case β = 1
4 ) is satisfied for the initial set Eψ .

Next choose 0 < ε1 ≤ ε0 such that the condition ‖ψ‖H3(∂F ) ≤ ε1 for ψ ∈ C∞(∂F ) means that first
Lemma 2.13 is satisfied, provided that Fψ is critical with |Fψ| = |F |, and second via Lemma 2.6
‖ψ‖C1(∂F ) ≤ ‖ψ‖

C1, 1
4 (∂F )

≤ c (here we really need the assumption n ≤ 4). At this point we set

δ0 = γε1 and σ0 = −σ1
2

(

1

3
− n− 1

10

)

. (4.5)

Fix an arbitrary ψ0 ∈ C∞(∂F ) with ‖ψ0‖H3(∂F ) ≤ δ0 and |Fψ0 | = |F |. Then by Theorem 2.15
there exists a unique volume preserving mean curvature flow (Et)t starting from E0 = Fψ0 and
the maximal lifetime T ∗ is bounded from below by T = T (F, 14 ) > 0 as in Theorem 2.15. Again,
by Theorem 3.1 we may write Et = Fψt , where ψt ∈ C∞(∂F ) with ‖ψt‖H3(∂F ) ≤ ε1, and the
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inequalities (3.1) and (3.2) are satisfied for every t ∈ [0, T ∗[. We divide the proof into three steps,
whose statements are listed below.

Step 1. The flow (Et)t has infinite lifetime and there exists ψ∞ ∈ H3(∂F ) with ‖ψ∞‖H3(∂F ) ≤ ε

such that ψt → ψ∞ in C1, 14 (∂F ). Further, there exist a positive constant CF independent
of the choice of ψ0 and an increasing ρ : [0, δ0] → [0,∞[ with lims→0+ ρ(s) = 0 such that
every t ∈ [0,∞[

DE∞
(Et) ≤ CF ‖ψ0‖H3(∂F )e

−σ1t and (4.6)

‖ψ∞‖L∞(∂F ) ≤ ρ
(

‖ψ0‖H3(∂F )

)

, (4.7)

where E∞ = Fψ∞
is the corresponding C1, 14 -limit set.

Step 2. The limit set is of the form E∞ = F + p, where p→ 0 as ‖ψ0‖H3(∂F ) → 0.

Step 3. The W 2,5-convergence of the flow: For each t ∈ [0,∞[ there is ϕt ∈ C∞(∂E∞) with
Et = (E∞)ϕt and ‖ϕt‖W 2,5(∂F ) ≤ Ce−σ0t, where C is independent of the choice of ψ0 and
C → 0 as ‖ψ0‖H3(∂F ) → 0.

Since ψ0 ∈ C∞(∂F ) with ‖ψ0‖H3(∂F ) ≤ δ0 was arbitrarily chosen, the claim of theorem follows
immediately from these statements. Let us prove them in order as listed.

Proof of Step 1. Assume by contradiction T ∗ < ∞ and choose t̂ ∈ [0, T ∗[ such that T ∗ − t̂ < T ,
where T = T (F, 14 ) as in Theorem 2.15. Now ‖ψt̂‖H3(∂F ) ≤ ε1 so ‖ψt̂‖C1, 1

4 (∂F )
≤ c and hence

by Theorem 2.15 there exists a unique volume preserving mean curvature flow (Êt)t starting from
Et̂ with a maximal lifetime at least T . It follows from the uniqueness and from the semi-group

property of (Et)t that Et = Êt−t̂ for every t ∈ [t̂, T ∗[ . This means that the flow (Et)t can be
extended beyond T ∗, which contradicts its maximality. Therefore it holds T ∗ = ∞.

Take a sequence (tk)
∞
k=1 ⊂ R+ with tk → ∞. Since ‖ψtk‖H3(∂F ) ≤ ε1 for every k and H3(∂F ) is

weakly compact, then, up to a subsequence, there is a weak limit ψ∞ ∈ H3(∂F ) with ‖ψ∞‖H3(∂F ) ≤
ε1. Further, it follows from Lemma 2.6 that the sequence converges to ψ∞ in C1, 14 (∂F ). Now C1-

convergence implies that ‖ψ∞‖C1(∂F ) ≤ c so E∞ := Fψ∞
is defined as a C1, 14 -set and the map

Φψ∞
is a C1, 14 -diffeomorphism from ∂F to ∂E∞.

Next we check that (4.6) holds for every t. Notice first that |Etk∆E∞| → 0, which implies
DE∞

(Etk) → 0. For a fixed t ∈ [0,∞[ and every tk > t we may estimate

|DE∞
(Etk)−DE∞

(Et)| =
∣

∣

∣

∣

∫ tk

t

d

ds
DE∞

(Es) ds

∣

∣

∣

∣

(3.5)
=

∣

∣

∣

∣

∫ tk

t

∫

∂Es

d̄E∞
(H̄s −Hs) dHn−1ds

∣

∣

∣

∣

≤
∫ tk

t

‖d̄E∞
‖L2(∂Es)‖H̄s −Hs‖L2(∂Es) ds

≤
√
n

∫ tk

t

|∂Es|‖H̄s −Hs‖L2(∂Es) ds

(4.1)

≤
√
nK|∂F |

∫ tk

t

‖H̄s −Hs‖L2(∂Es) ds

(3.1)

≤
√
nK|∂F |‖ψ0‖H3(∂F )

∫ tk

t

e−σ1s ds

≤
√
nK|∂F |
σ1

‖ψ0‖H3(∂F )e
−σ1t.

Since DE∞
(Etk) → 0, then the previous estimate implies (4.6) for t. By doing a similar estimate

for DF (Etk) − DF (E0), using (4.3) for F and Lemma (4.7) and recalling that ‖ψtk‖H3(∂F ) ≤ ε1
we find a constant C̃F not depending on the choice of ψ0 such that

‖ψtk‖L∞(∂F ) ≤ C̃F ‖ψ0‖
1
2 (1−

n−1
6 )

H3(∂F ) .

Thus by passing to limit we see that (4.7) holds for ψ∞. Finally we check that the full C1, 14 -
convergence in time holds. To this end, it suffices to show that every sequence (t̃k)

∞
k=1 ⊂ R+ with

t̃k → ∞ has a subsequence converging to ψ∞ in C1, 14 (∂F ). Indeed, by arguing as previously in a

case of such sequence (t̃k)
∞
k=1 ⊂ R+, we find a subsequence converging to some limit ψ̃∞ ∈ H3(∂F )
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in C1, 14 (∂F ) and Fψ̃∞

is defined as a C1, 14 -set. We may again assume that the subsequence is the

whole sequence and hence |Et̃k∆Fψ̃∞

| → 0, which implies together (4.6) and the boundedness of

d̄E∞
that

DE∞

(

Fψ̃∞

)

= lim
k
DE∞

(

Et̃k
)

= 0.

This implies that E∞ = Fψ∞
and further ψ∞ = ψ̃∞. Thus the first step has been concluded.

Proof of Step 2. First we show that E∞ is a smooth and critical set. Since E∞ is a C1, 14 -set,
then thanks to Lemma 2.1 it suffices to show it to be stationary. We need to find λ∞ ∈ R such
that for every f ∈ C∞(Tn;Rn)

∫

∂E∞

divτf dHn−1 = λ∞

∫

∂E∞

〈f, ν∞〉 dHn−1, (4.8)

where ν∞ is the corresponding unit normal field of ∂E∞ with inside-out orientation. Since ψt → ψ∞

in C1(∂F ), then Φψt → Φψ∞
, νt ◦Φψt → ν∞ ◦ Φψ∞

and JτΦψt → JτΦψ∞
uniformly on ∂F . Thus

by using the change of variables formula we obtain for every f ∈ C∞(Tn;Rn)

∫

∂Et

divτf dHn−1 −→
∫

∂E∞

divτf dHn−1 and (4.9)

∫

∂Et

〈f, νt〉 dHn−1 −→
∫

∂E∞

〈f, ν∞〉 dHn−1. (4.10)

By using (4.1), (4.2) and Hölder’s inequality we see that H̄t is bounded in time and hence we find
a sequence (H̄tk)k, tk → ∞, converging to some real number say λ∞. By the divergence theorem

∫

∂Etk

divτf dHn−1 =

∫

∂Etk

Htk〈f, νt〉 dHn−1

= H̄tk

∫

∂Etk

〈f, νtk〉 dHn−1 +

∫

∂Etk

(Htk − H̄tk)〈f, νt〉 dHn−1

and thus by letting tk → ∞ and recalling (4.9) and (4.10) we obtain (4.8), since

∣

∣

∣

∣

∣

∫

∂Etk

(Htk − H̄tk)〈f, νtk〉 dHn−1

∣

∣

∣

∣

∣

≤ sup
Tn

|f ||∂Etk |
1
2 ‖(Htk − H̄tk)‖L2(∂Etk )

(4.1)

≤ sup
Tn

|f | (K|∂F |)
1
2 ‖(Htk − H̄tk)‖L2(∂Etk )

(3.1)

≤ sup
Tn

|f |
(

K|∂F |‖ψ0‖H3(∂F )e
−σ1tk

)
1
2 .

Thus E∞ is a smooth and critical set and since ‖ψ∞‖H3(∂F ) ≤ ε1 (recall the choice of ε1) and
|E∞| = |F | (by (4.4)), it follows from Lemma 2.13 that E∞ = F + p for some p ∈ R

n. Since now
dH(F,E∞) ≤ ‖ψ∞‖L∞(∂F ), then it follows from (4.7) that dH(F,E∞) → 0 as ‖ψ0‖H3(∂F ) tends to
zero. This implies that we may choose p in such a way that simultaneously p→ 0.

Proof of Step 3. Since now F + p = E∞ and ‖ψ∞‖C1(∂E), ‖ψt‖C1(∂E) ≤ c, then by (iii) we
may write ∂Et as a smooth graph in normal direction over ∂(F + p), i.e., for every t ∈ [0,∞[ there
is a unique ϕt ∈ C∞(∂E∞) for which Et = (E∞)ϕt . Again, for every t ∈ [0,∞[

‖ϕt‖L2(∂E∞)

(4.3)

≤ K
√

DE∞
(Et)

(4.6)

≤ KC
1
2

F e
−
σ1
2 t
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and

‖ϕt‖H3(∂E∞)

(4.4)

≤ K
(

‖∇τHt‖L2(∂Et) +
√

DE∞
(Et)

)

(3.2)

≤ K
(

‖∇τH0‖L2(∂E0) + C
1
2
0 ‖H̄0 −H0‖L2(∂E0) +

√

DE∞
(Et)

)

(4.4)

≤ K
(

K‖ψ0‖H3(∂F ) + C
1
2
0 ‖H̄0 −H0‖L2(∂E0) +

√

DE∞
(Et)

)

(3.1)

≤ K
(

K‖ψ0‖H3(∂F ) + C
1
2
0 ‖ψ0‖

1
2

H3(∂F ) +
√

DE∞
(Et)

)

(4.6)

≤ K
(

K‖ψ0‖H3(∂F ) + C
1
2
0 ‖ψ0‖

1
2

H3(∂F ) + C
1
2

F ‖ψ0‖
1
2

H3(∂F )

)

≤ K
(

Kε
1
2
1 + C

1
2
0 + C

1
2

F

)

‖ψ0‖H3(∂F )

This means that there exists a positive constant C′
F independent of the choice of ψ0 such that

‖ϕt‖L2(∂E∞) ≤ C′
F ‖ψ0‖

1
2

H3(∂F )e
−
σ1
2 t and ‖ϕt‖H3(∂E∞) ≤ C′

F ‖ψ0‖
1
2

H3(∂F ) for every t ∈ [0,∞[. Since

∂(F + p) shares same interpolation bounds than ∂F , then by using the previous estimates and
Lemma 2.2 in the case

1

5
=

j

n− 1
+

(

1

2
− 3

n− 1

)

α+
1− α

2
(4.11)

with α = j
3 + n−1

10 , j = 0, 1, 2 and a corresponding interpolation constant (which we may assume
to be the same C′

F ) we obtain

‖∇j
coϕt‖L5(∂E∞) ≤ C′

F ‖∇3
coϕt‖

j
3+

n−1
10

L2(∂E∞)‖ϕt‖
3−j
3 −n−1

10

L2(∂E∞) + C′
F ‖ϕt‖L1(∂E∞)

≤ C′
F ‖ϕt‖

j
3+

n−1
10

H3(∂E∞)‖ϕt‖
3−j
3 −n−1

10

L2(∂E∞) + C′
F |∂F |

1
2 ‖ϕt‖L2(∂E∞)

≤ (C′
F )

2‖ψ0‖
1
2

H3(∂F )

(

e−
σ1
2 (

3−j
3 −n−1

10 )t + |∂F | 12 e−
σ1
2 t
)

≤ (1 + |∂F | 12 )(C′
F )

2‖ψ0‖
1
2

H3(∂F )e
−
σ1
2 (

1
3−

n−1
10 )t

(4.5)
= (1 + |∂F | 12 )(C′

F )
2‖ψ0‖

1
2

H3(∂F )e
−σ0t,

which implies that there exists such C as claimed. �

Let us finally recall Remark 4.2. In the last step of the previous proof we may replace 5 in
the left hand side of (4.11) with any q ≥ 1 as long as the corresponding α is strictly less than 1,
because σ0 = η0

2 (1− α) would then be strictly positive. In the case n = 3 by replacing 5 with any
1 ≤ q <∞ we obtain

α = 1− 2

3q
,

so we see that any such q will do. Whereas in the case n = 4 doing so yields

α =
7

6
− 1

q

and hence q may take any values in the interval [1, 6[.

5. Appendix

C1- and H3-bounds. In this subsection we prove the estimates (2.10) and (2.11), Lemma 2.8,
Lemma 2.9 and Lemma 2.10. We will use the same notation as earlier without any further mention.
For sake of simplicity, we use the generic symbol C for a constant which may change from line to
line in the estimates but ultimately depends only on E.

Let us first fix a smooth set E and let UE be a regular neighborhood of ∂E which we may assume
to be of the form UE = ∂E+B(0, r) with some positive r. Recall that d̄E and π∂E are Ck-bounded
in UE for every k ∈ N. For every ψ ∈ C∞(∂E) we set the smooth extension ψE = ψ ◦ π∂E . Then
∇ψE = ∇τψ on ∂E and moreover the following decomposition holds on ∂E

D2ψE = −νE ⊗BE∇τψ −BE∇τψ ⊗ νE +D2
τψ. (5.1)
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For every ψ ∈ C∞(∂E) we set Φψ : ∂E → T
n, Φψ(x) = x+ ψνE(x), as in Lemma 2.7. We extend

Φψ to be the smooth map UE → T
n given by Φψ(x) = x+ ψE(x)∇d̄E(x). Then

DΦψ =

{

I + ψED
2d̄F +∇d̄F ⊗∇ψE in UE and

I + ψBE + νE ⊗∇τψ on ∂E.

Now Φψ → id and DΦψ → I uniformly in UE as ‖ψ‖C1(∂E) → 0. Thus, by possibly replacing UE
with ∂E+B(0, r/2), Φψ is an orientation preserving diffeomorphism from UE to its image and the
set Eψ is well-defined, when ‖ψ‖C1(∂E) is small enough. 1 The inverse matrix on ∂E is then

(DΦψ)
−1 = (I − νE ⊗∇τψ) (I + ψBE)

−1
.

From now on, we assume ‖ψ‖C1(∂E) ≤ δ with δ small enough so that the previous hold. Further,

we use the shorthand notation Aψ = (I + ψBE)
−1 on ∂E. Set uψ : Φψ(UE) → R, uψ = d̄E ◦ Φ−1

ψ .

Then ∂Eψ = u−1
ψ (0) and νEψ = ∇uψ/|∇uψ| on ∂Eψ. Again

∇uψ ◦ Φψ = (DΦψ)
−TνE = νE −Aψ∇τψ −→ νE

uniformly on ∂E as ‖ψ‖C1(∂E) → 0. Thus νEψ ◦ Φψ also converges uniformly to νE as ψ goes to

zero in C1-sense. The second fundamental form on ∂Eψ can be written, with help of uψ, as

BEψ = P∂EψDτ

( ∇uψ
|∇uψ|

)

=
1

|∇uψ|
(I − νEψ ⊗ νEψ)D

2uψ(I − νEψ ⊗ νEψ). (5.2)

Omitting the details we may further compute that

D2uψ ◦ Φψ = Aψ

[

BE − ψ

(

n
∑

k=1

〈νE −Aψ∇τψ, vk〉∂vkD2d̄E

)

−D2ψE

]

Aψ (5.3)

on ∂E, where v1, . . . , vn is any orthonormal basis of Rn. Hence (5.1), (5.2) and (5.3) and the
C1-bound δ imply that |D2uψ ◦ Φψ| ≤ C(1 + |D2

τψ|) on ∂E with some constant C and so (2.9)
holds. Again, by combining the expressions (5.2) and (5.3) we may write on ∂E

HEψ ◦ Φψ = tr

(

Q( · , ψ,∇τψ)

[

BE − ψ

(

n
∑

k=1

〈νE −Aψ∇τψ, vk〉∂vkD2d̄E

)

−D2ψE

])

, (5.4)

where Q : ∂E × [−δ, δ]× [−δ, δ]n → L(Rn;Rn) is a smooth map with Q( · , 0, 0) = P∂E . Thus by
using Taylor’s expansion we may write on ∂E

Q( · , ψ,∇τψ) = P∂E + ψS( · , ψ,∇τψ) + [〈∇τψ, rij( · , ψ,∇τψ)〉]ij (5.5)

with some smooth S and rij . Thus by substituting (5.5) and (5.1) to (5.4) we obtain the expression
(2.8) after regrouping the terms and Lemma 2.8 is clear.

Suppose that h ∈ Lp(∂Eψ) with 1 ≤ p <∞ and ϕ ∈ C∞(∂Eψ). By using the change of variable
formula we have

∫

∂Eψ

|h|p dHn−1 =

∫

E

|h ◦ Φψ|pJτΦψ dHn−1 and

∫

∂Eψ

|∇τϕ|p dHn−1 =

∫

∂Eψ

|P∂Eψ∇
(

(ϕ ◦ Φψ)E ◦ Φ−1
ψ

)

|p dHn−1

=

∫

∂Eψ

|P∂Eψ(DΦ−1
ψ )T∇(ϕ ◦ Φψ)E ◦ Φ−1

ψ |p dHn−1

=

∫

∂E

|(I − νEψ ◦ Φψ ⊗ νEψ ◦ Φψ)(DΦψ)
−T∇τ (ϕ ◦ Φψ)|pJτΦψ dHn−1.

Since now (I−νEψ ◦Φψ⊗νEψ ◦Φψ)(DΦψ)
−T → P∂E and JτΦψ → 1 uniformly on ∂E as ‖ψ‖C1(∂E)

tends to zero and P∂E∇τ (ϕ◦Φψ) = ∇τ (ϕ◦Φψ), then by decreasing δ, if necessary, we find a uniform
constant C such that

C−1‖h ◦ Φψ‖pLp(∂E) ≤ ‖h‖pLp(∂Eψ) ≤ C‖h ◦ Φψ‖pLp(∂E) and

C−1−p‖∇τ (ϕ ◦ Φψ)‖pLp(∂E) ≤ ‖∇τϕ‖pLp(∂Eψ) ≤ C1+p‖∇τ (ϕ ◦ Φψ)‖pLp(∂E),

whenever ‖ψ‖C1(∂E) ≤ δ. This establishes (2.10) and (2.11). Again, Lemma 2.9 is a direct
consequence of (2.10), (2.11) and Remark 2.3.

1This implies the first part of Lemma 2.7 for smooth functions (the other cases are similar to check). The details
of second part are left to the reader.
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Since |∂Eψ| is now bounded, it is enough to prove Lemma 2.10 for p = 6. To this end, choose
an arbitrary ϕ ∈ C∞(∂Eψ) and define a smooth extension ϕEψ = ϕ ◦ π∂Eψ to some regular
neighborhood of ∂Eψ as before. A straightforward but a rather long computation yields

D2
τ (ϕ ◦ Φψ) = P∂E(D

2ϕEψ ◦ Φψ)DΦψP∂E + 〈νE ,∇τϕ ◦ Φψ〉(D2
τψ −BE)

+ ψ

n
∑

i=1

P∂Eei ⊗ P∂E
(

(∂iDd̄E)(∇τϕ ◦ Φψ) + (DΦψ)
TD2ϕEψ ◦ Φψ∂i∇d̄E

)

+BE(∇τϕ ◦ Φψ)⊗∇τψ +∇τψ ⊗BE(∇τϕ ◦ Φψ) +∇τψ ⊗ P∂E(DΦψ)
T(D2ϕEψ ◦ Φψ)νE .

Hence with help of the previous identity

|D2
τ (ϕ ◦ Φψ)| ≤ C|D2ϕEψ ◦ Φψ|+ (C + |D2

τψ|)|∇τϕ ◦ Φψ|
(5.1)

≤ C|D2
τϕ ◦ Φψ|+ C

(

1 + |BEψ ◦ Φψ|+ |D2
τψ|
)

|∇τϕ ◦ Φψ|
(2.9)

≤ C|D2
τϕ ◦ Φψ|+ C

(

1 + |D2
τψ|
)

|∇τϕ ◦ Φψ|. (5.6)

Again, Lemma 2.2 is satisfied for ϕ with p = 6, r = q = 2, j = 1, m = 2 and n = 3, 4, where
α6 = 5

6 for n = 3 and α6 = 1 for n = 4. Then

‖∇τϕ‖L6(∂Eψ)

(2.11)

≤ C‖∇τ (ϕ ◦ Φψ)‖L6(∂E)

Lemma 2.2
≤ C‖D2

τ (ϕ ◦ Φψ)‖α6

L2(∂E)‖ϕ ◦ Φψ‖1−α6

L2(∂E)

≤ C‖D2
τ (ϕ ◦ Φψ)‖L2(∂E) + C‖ϕ ◦ Φψ‖L2(∂E)

(5.6)

≤ C‖D2
τϕ ◦ Φψ‖L2(∂E) + C‖∇τϕ ◦ Φψ‖L2(∂E) + C‖ϕ ◦ Φψ‖L2(∂E)

+ C

(∫

∂E

|D2
τψ|2|∇τϕ ◦ Φψ|2 dHn−1

)
1
2

(2.10)+(2.11)

≤ C‖D2
τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ)

+ C

(∫

∂E

|D2
τψ|2|∇τϕ ◦ Φψ|2 dHn−1

)
1
2

≤ C‖D2
τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2

τψ‖L3(∂E)‖∇τϕ ◦ Φψ‖L6(∂E)

(2.10)

≤ C‖D2
τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2

τψ‖L3(∂E)‖∇τϕ‖L6(∂Eψ)

(2.5)

≤ C‖∆τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2
τψ‖L3(∂E)‖∇τϕ‖L6(∂Eψ)

+ C

(

∫

∂Eψ

|BEψ |2|∇τϕ|2 dHn−1

)
1
2

(2.10)

≤ C‖∆τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2
τψ‖L3(∂E)‖∇τϕ‖L6(∂Eψ)

+ C

(∫

∂E

|BEψ ◦ Φψ|2|∇τϕ ◦ Φψ|2 dHn−1

)
1
2

(2.9)

≤ C‖∆τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2
τψ‖L3(∂E)‖∇τϕ‖L6(∂Eψ)

+ C

(∫

∂E

|D2
τψ|2|∇τϕ ◦ Φψ|2 dHn−1

)
1
2

+ C‖∇τϕ ◦ Φψ‖L2(∂E)

≤ C‖∆τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2
τψ‖L3(∂E)‖∇τϕ‖L6(∂Eψ)

+ C‖D2
τψ‖L3(∂E)‖∇τϕ ◦ Φψ‖L6(∂E) + C‖∇τϕ ◦ Φψ‖L2(∂E)

(2.11)

≤ C‖∆τϕ‖L2(∂Eψ) + C‖ϕ‖H1(∂Eψ) + C‖D2
τψ‖L3(∂E)‖∇τϕ‖L6(∂Eψ).

Again, by Remark 2.3 ‖ψ‖C1(∂Eψ), ‖D2
τψ‖L3(∂E) ≤ C‖ψ‖H3(∂Eψ), when n is 3 or 4, so the previous

estimate implies Lemma 2.10 in the case p = 6.
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Time derivatives. In this subsection we derive the formulas (3.25) and (3.26) of Lemma 3.4. In
particular, (3.25) is probably well-known, but for sake of completeness we compute it too.

It follows from the semi-group property that we need to check (3.25) and (3.26) at the time t = 0.
At first we list some facts. For that let (Et)t∈[0,T [ be any smooth flow in T

n with a corresponding
smoothly parametrized family of diffeomorphism (Φt)t∈[0,T [. Set the initial velocity vector field

X0 = ∂tΦt

∣

∣

∣

t=0
.

Then V0 = 〈X0, ν0〉 and the following hold on the initial boundary ∂E0.

∂

∂t
νt ◦ Φt

∣

∣

∣

t=0
= −(DτX0)

Tν0, (5.7)

∂

∂t
JτΦt

∣

∣

∣

t=0
= divτX0 and (5.8)

∂

∂t
Ht ◦ Φt

∣

∣

∣

t=0
= −divτ

(

(DτX0)
Tν0
)

− tr (B0DτX0) . (5.9)

For instance, (5.7) is directly computed in [8]. There are also an open neighborhood U of
⋃

t∈[0,T [ ∂Et × {t} and a smooth map H : U → T
n such that H( · , t) = Ht on ∂Et for every

t ∈ [0, T [. Again, we recall that every smooth flow admits a normal parametrization, which follows
essentially from [3, Theorem 8], so we may assume (Φt)t∈[0,T [ to be such a parametrization. That
is,

∂sΦt+s

∣

∣

∣

s=0
= (Vt ◦ Φt)(νt ◦ Φt)

on ∂E0 for every t ∈ [0, T [, in particular X0 = V0ν0 on ∂E0. Suppose from now on that (Et)t is a
volume preserving mean curvature flow, so we may write X0 = (H̄0 −H0)ν0 and

DτX0 = (H̄0 −H0)B0 − ν0 ⊗∇τH0 (5.10)

on ∂E0. Hence (5.7), (5.8) and (5.9) can be rewritten as

∂

∂t
νt ◦ Φt

∣

∣

∣

t=0
= ∇τH0, (5.11)

∂

∂t
JτΦt

∣

∣

∣

t=0
= (H̄0 −H0)H0 and (5.12)

∂

∂t
Ht ◦ Φt

∣

∣

∣

t=0
= ∆τH0 − (H̄0 −H0)|B0|2. (5.13)

The identity (5.13) can be also obtained in a more elegant way using the results from [8]. By using
the change of variables formula and integration by parts we compute first

d

dt
‖H̄t −Ht‖2L2(∂Et)

∣

∣

∣

t=0
=

d

dt

∫

∂E0

(

H̄t ◦ Φt −Ht ◦ Φt
)2
JτΦt dHn−1

∣

∣

∣

t=0

=

∫

∂E0

2
(

H̄0 −H0

)

(

∂

∂t
H̄t ◦ Φt

∣

∣

∣

t=0
− ∂

∂t
Ht ◦ Φt

∣

∣

∣

t=0

)

dHn−1

+

∫

∂E0

(

H̄0 −H0

)2 ∂

∂t
JτΦt

∣

∣

∣

t=0
dHn−1

= −2

∫

∂E0

∂

∂t
Ht ◦ Φt

∣

∣

∣

t=0

(

H̄0 −H0

)

dHn−1

+

∫

∂E0

(

H̄0 −H0

)2 ∂

∂t
JτΦt

∣

∣

∣

t=0
dHn−1

(5.12)+(5.13)
= −2

∫

∂E0

(

∆τH0 − (H̄0 −H0)|B0|2
) (

H̄0 −H0

)

dHn−1

+

∫

∂E0

H0

(

H̄0 −H0

)3
dHn−1

= −2

∫

∂E0

|∇τH0|2 − |B0|2
(

H̄0 −H0

)2
dHn−1

+

∫

∂E0

H0

(

H̄0 −H0

)3
dHn−1

= −2∂2P (∂E0)[H̄0 −H0] +

∫

∂E0

H0

(

H̄0 −H0

)3
dHn−1.
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To compute (3.26) at t = 0, we evaluate the term ∂
∂t

(∇τHt ◦ Φt)
∣

∣

∣

t=0
on ∂E0. We use the notation

∇ for the spatial gradient. Now

∂

∂t
(∇τHt ◦ Φt)

∣

∣

∣

t=0
=

∂

∂t
(I − νt ◦ Φt ⊗ νt ◦ Φt)∇H( · , t) ◦ Φt

∣

∣

∣

t=0

= −
(

∂

∂t
νt ◦ Φt

∣

∣

∣

t=0
⊗ ν0 + ν0 ⊗

∂

∂t
νt ◦ Φt

∣

∣

∣

t=0

)

∇H( · , 0)

+ (I − ν0 ⊗ ν0)
∂

∂t
∇H( · , t) ◦ Φt

∣

∣

∣

t=0

(5.11)
= −〈ν0,∇H( · , 0)〉∇τH0 − |∇τH0|2ν0

+ (I − ν0 ⊗ ν0)
∂

∂t
∇H( · , t) ◦ Φt

∣

∣

∣

t=0

and

∂

∂t
∇H( · , t) ◦ Φt

∣

∣

∣

t=0
=

∂

∂t
(DΦt)

−T∇ (H( · , t) ◦ Φt)
∣

∣

∣

t=0

=
∂

∂t
(DΦt)

−T
∣

∣

∣

t=0
∇H( · , 0) + ∂

∂t
∇ (H( · , t) ◦ Φt)

∣

∣

∣

t=0

= −
(

D
∂

∂t
Φt

∣

∣

∣

t=0

)T

∇H( · , 0) +∇ ∂

∂t
(H( · , t) ◦Φt)

∣

∣

∣

t=0

= − (DX0)
T∇H( · , 0) +∇ ∂

∂t
(H( · , t) ◦ Φt)

∣

∣

∣

t=0
.

By combining the two previous expressions

∂

∂t
(∇τHt ◦ Φt)

∣

∣

∣

t=0
= −〈ν0,∇H( · , 0)〉∇τH0 − |∇τH0|2ν0

− (DτX0)
T∇H( · , 0) +∇τ

∂

∂t
(H( · , t) ◦ Φt)

∣

∣

∣

t=0

(5.10)
= −〈ν0,∇H( · , 0)〉∇τH0 − |∇τH0|2ν0

−
(

(H̄0 −H0)B0 − ν0 ⊗∇τH0

)T ∇H( · , 0) +∇τ
∂

∂t
(H( · , t) ◦ Φt)

∣

∣

∣

t=0

= −|∇τH0|2ν0 − (H̄0 −H0)B0∇τH0 +∇τ
∂

∂t
(H( · , t) ◦ Φt)

∣

∣

∣

t=0
. (5.14)

Thus by using the change of variables formula and integrating by parts we finally compute

d

dt
‖∇τHt‖2L2(∂Et)

∣

∣

∣

t=0
=

d

dt

∫

∂E0

〈∇τHt ◦ Φt,∇τHt ◦ Φt〉JτΦt dHn−1
∣

∣

∣

t=0

= 2

∫

∂E0

〈 ∂
∂t

∇τHt ◦ Φt
∣

∣

∣

t=0
,∇τH0〉 dHn−1

+

∫

∂E0

|∇τHt|2
∂

∂t
JτΦt

∣

∣

∣

t=0
dHn−1

(5.12)
= 2

∫

∂E0

〈 ∂
∂t

∇τHt ◦ Φt
∣

∣

∣

t=0
,∇τH0〉 dHn−1

+

∫

∂E0

|∇τHt|2(H̄0 −H0)H0 dHn−1
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(5.14)
= 2

∫

∂E0

〈−(H̄0 −H0)B0∇τH0 +∇τ
∂

∂t
(H( · , t) ◦ Φt)

∣

∣

∣

t=0
,∇τH0〉 dHn−1

+

∫

∂E0

|∇τHt|2(H̄0 −H0)H0 dHn−1

= −2

∫

∂E0

∆τH0
∂

∂t
Ht ◦ Φt

∣

∣

∣

t=0
dHn−1

−2

∫

∂E0

(H̄0 −H0)〈∇τH0, B0∇τH0〉 dHn−1

+

∫

∂E0

|∇τHt|2(H̄0 −H0)H0 dHn−1

(5.13)
= −2

∫

∂E0

(∆τH0)
2 − (H̄0 −H0)|B0|2∆τH0 dHn−1

−2

∫

∂E0

(H̄0 −H0)〈∇τH0, B0∇τH0〉 dHn−1

+

∫

∂E0

|∇τHt|2(H̄0 −H0)H0 dHn−1.
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