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Abstract
In this paper, we study the Sobolev extension property of Lp -quasidisks which are the generalizations of classical quasidisks. After that, we also find some applications of this property.
Keywords Homeomorphism of finite distortion · Sobolev extension domains ·
Lp -quasidisks
Mathematics Subject Classiﬁcation (2010) 30C65 · 46E35

1 Introduction
Let ⊂ R2 be a domain. A homeomorphism h :
1,2
h ∈ Wloc
R2 ) and the inequality

→ R2 is said to be quasiconformal if

|Dh(z)|2 ≤ KJh (z)

(1.1)

holds for almost every z ∈
with a constant K ∈ [1, ∞) that is independent of z. A
bounded simply connected domain
⊂ R2 is called a quasidisk if there exists a global
onto
2
2
quasiconformal mapping h : R −→ R with
= D. Quasidisks have lots of nice geometrical and potential properties, see the textbook by Gehring and Hag [13] and references
therein. For example, a bounded simply connected planar domain is a quasidisk if and only
if it is a uniform domain. Uniform domains were first introduced by Martio and Sarvas [30].
A domain ⊂ R2 is called uniform, if there exists a constant C < ∞ such that for every
z1 , z2 ∈ there is a curve γz1 ,z2 ⊂ with endpoints z1 and z2 and
l(γz1 ,z2 ) ≤ Cd(z1 , z2 )
and for all z ∈ γz1 ,z2 the inequality
min l(γz1 ,z ), l(γz,z2 ) ≤ Cd(z, R2 \
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holds, where γz1 ,z and γz,z2 mean the subcurves of γz1 ,z2 from z1 to z and from z to z2
respectively. By Jones’ result in [24], uniform domains hence quasidisks are Sobolev (p, p)extension domains for arbitrary 1 ≤ p ≤ ∞. We say ⊂ R2 is a Sobolev (p, q)-extension
domain for 1 ≤ q ≤ p ≤ ∞ if for every u ∈ W 1,p
, there exists a function E(u) ∈
W 1,q (R2 ) with E(u) ≡ u and
E(u)

W 1,q (R2 )

≤C u

W 1,p

with a positive constant C that is independent of u.
There are many planar simply connected domains that are not quasidisks, for example
inward and outward cuspidal domains, see [16, 18, 21, 22, 25–27]. Hence, it is natural to
study generalizations of quasiconformal mappings. For instance, we concentrate on homeomorphisms of finite distortion here. A homeomorphism h :
→ R2 is said to be a
1,1
2
homeomorphism of finite distortion if h ∈ Wloc
R ) and the inequality
|Dh(z)|2 ≤ K(z)Jh (z)

(1.2)

holds for almost every z ∈ with a measurable function K(z) ∈ [1, ∞). For a homeomorphism of finite distortion h, we denote Kh to be the optimal distortion function for (1.2)
which will be defined in (2.3). If Kh ∈ L∞
, then h is quasiconformal. The inverse of a
quasiconformal mapping is still quasiconformal. However, if we relax the regularity of the
distortion function from essentially boundedness to some weaker condition, we cannot hope
that the distortion of the inverse will attain the same regularity, see [17, 18]. Motivated by the
Sobolev extension property of quasidisks, we can pose two following interesting problems.
(1)

(2)

What is the best Sobolev extension property of domains which can be mapped onto the
unit disk by homeomorphisms of finite distortion whose distortion functions satisfy
some regularity?
What is the best Sobolev extension property of domains which are images of the unit
disk under homeomorphisms of finite distortion whose distortion functions satisfy
some regularity?

In this paper, we mainly concentrate on the first problem with the condition that distortion
functions are locally Lp -integrable for 1 ≤ p < ∞. Under this condition, the corresponding bounded domains are called Lp -quasidisks. The terminology Lp -quasidisk was firstly
introduced in [22] by the author with Iwaniec and Onninen. In that paper, we gave characterizations of polynomial cuspidal domains which are Lp -quasidisks simultaneously. In [22],
we showed that every bounded domain with a rectifiable boundary is a L1 -quasidisk. Hence,
locally L1 -integrablity of distortion function is not enough to permit Sobolev extension.
Theorem 1.1 There exists a L1 -quasidisk which is not a Sobolev (p, q)-extension domain
for any 1 ≤ q ≤ p < ∞.
The main result in [22] tells us that for a fixed 1 < p < ∞, polynomial cuspidal domains
with a relatively not very sharp singularities are Lp -quasidisks. Hence, for 1 < p < ∞,
we can not hope every Lp -quasidisk is a Sobolev (k, k)-extension domain for arbitrary
1 ≤ k < ∞, see [32–35]. The following theorem will imply the Sobolev extension property
of Lp -quasidisks as a special case. For a simply connected bounded domain ⊂ R2 , the
complementary set R2 \ is also a domain.
Theorem 1.2 Let ⊂ R2 be a bounded simply connected domain and 0 < R < ∞ such
onto
that ⊂ B(0, R). If there exists a homeomorphism of finite distortion h : R2 −→ R2 with
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= D and Kh ∈ Lp
∩Lq (B(0, R)\ for some 1 < p, q ≤ ∞, then is a Sobolev
2q
2p
, p+1
-extension domain and R2 \ is a Sobolev q−1
-extension domain.

2p
2q
p−1 , q+1

Inward cuspidal domains with polynomial-type singularity will shows us the sharpness
of this result. Also, the combination of this result with the Sobolev extension property of
polynomial inward cuspidal domains due to Maz’ya and Poborchi [32–35] will give a new
and simpler proof to the necessary part of the main result in [22].
By the result due to Hencl and Koskela in [17], for a homeomorphism of finite distortion
onto
h : R2 −→ R2 with exp (λKh ) ∈ L1loc (R2 ) for some large enough positive constant λ, we
p
have Kh−1 ∈ Lloc (R2 ) for 1 < p < βλ with a constant β < 2 that is independent of λ.
Hence, as an application of Theorem 1.2, we have the following partial answer to the second
problem above.
Theorem 1.3 Let h : R2 −→ R2 be a homeomorphism of finite distortion with exp (λKh ) ∈
λ
:= h(D) is a Sobolev p2p
, 2pλ L1loc (R2 ) for some λ > 0 large enough. Then
λ −1 pλ +1
extension domain for some 1 < pλ < ∞.
onto

However, we have not obtained the best Sobolev extension property for bounded images
of the unit disk under global homeomorphisms of finite distortion whose distortions are
locally exponentially integrable.

2 Preliminarily
The notation always means a domain in the Euclidean plane R2 . R2 := R2 ∪ {∞} is the
one-point compactification of the plane R2 . B(z, r) is a disk with the center z ∈ R2 and
radius 0 < r < ∞. D := B(0, 1) means the unit disk in R2 . For 0 < r < R < ∞, we
denote A(r, R) := B(0, R) \ B(0, r) to be an annulus. Typically, C will be a constant that
depends on various parameters and may differ even on the same line of inequalities. For a
, uA is the integral
measurable subset A ⊂ with 0 < |A| < ∞ and a function u ∈ L1loc
average defined by setting
1
uA := – u(z)dz =
u(z)dz.
|A|
A
A
Let us give the definition of Sobolev spaces first.
Definition 2.1 Let 1 ≤ p ≤ ∞ and ⊂ R2 be a domain. we say a function u ∈ L1loc
if it is weakly differentiable and its
belongs to the homogeneous Sobolev space Ẇ 1,p
weak derivative satisfies |∇u| ∈ Lp
. The homogeneous Sobolev space Ẇ 1,p
is
equipped with the semi-norm
u

Ẇ 1,p

:=

|∇u(z)|p dz

1
p

.

If u ∈ Lp
at the same time, we say u is contained in the Sobolev space W 1,p
is equipped with the norm
Sobolev space W 1,p
u

W 1,p

:=

|u(z)| + |∇u(z)| dz
p

p

. The

1
p

.

Next, we define Sobolev extension domains and homogeneous Sobolev extension
domains.
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Definition 2.2 Let 1 ≤ q ≤ p ≤ ∞. A bounded domain ⊂ R2 is said to be a Sobolev
(p, q)-extension domain, if for every u ∈ W 1,p
there exists an extension function
E(u) ∈ W 1,q (R2 ) with E(u) ≡ u and
E(u)

W 1,q (R2 )

≤C u

W 1,p

for a constant C that is independent of u. Replace W 1,p
by Ẇ 1,p
and replace
W 1,q (R2 ) by Ẇ 1,q (R2 ) in above, we get the definition of homogeneous Sobolev (p, q)extension domains.
In [19], authors proved that for all 1 ≤ p < ∞ a bounded domain is a homogeneous
Sobolev (p, p)-extension domain if and only of it is a Sobolev (p, p)-extension domain.
Their argument also implies that a bounded homogeneous Sobolev (p, q)-extension domain
is also a Sobolev (p, q)-extension domain for 1 ≤ q ≤ p < ∞. For the convenience of
readers, we present this observation here. We only give the proof on the plane. However, it
can be extended to high dimensional Euclidean spaces trivially.
Lemma 2.1 Let 1 ≤ q ≤ p < ∞. A bounded homogeneous Sobolev (p, q)-extension
domain is also a Sobolev (p, q)-extension domain.
Proof Let
⊂ R2 be a bounded homogeneous Sobolev (p, q)-extension domain for
1 ≤ q ≤ p < ∞. And let B ⊂ R2 be a large enough disk with
⊂⊂ B. Fix
u ∈ W 1,p
⊂ Ẇ 1,p
. Since is a homogeneous Sobolev (p, q)-extension domain,
we have an extension function E(u) ∈ Ẇ 1,q (R2 ) with E(u) ≡ u and
E(u)

Lq (R2 )

≤C

u

LP

for a constant C that is independent of u. Since the planar disk B supports (1, q)-Poincaré
inequality, we have E(u) B ∈ W 1,q (B). Then, as claimed in [19, Lemma 4.1], by combining
results in [20, Section 2.3] and [14, (7.45)], we obtain
|E(u)(z) − u | dz
q

1
q

B
1
q

|B|
≤ 2 diam(B)
| |
n

≤C

|∇E(u)(z)| dz
q

1
q

B

|∇u(z)|p dz

1
p

.

(2.1)

By (2.1), the triangle inequality and the Hölder inequality, we obtain the desired inequality
that
|E(u)(z)| + |∇E(u)(z)| dz
q

q

1
q

B
1
p

+C

|B|
| |

≤C

|∇u(z)|p

≤C

|u(z)|p dz + |∇u(z)|p dz

1
q

|u(z)|q dz

1
q

1
p

.

(2.2)
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Let us define homeomorphisms of finite distortion and Lp -quasidisks.
−→
has finite distortion if h ∈
Definition 2.3 We say a homeomorphism h :
1,1
2
R ) and there is a measurable function K : → [1, ∞] with K(z) < ∞ almost
Wloc
everywhere such that
onto

|Dh(z)|2 ≤ K(z)Jh (z) for almost all z ∈

.

For a homeomorphism of finite distortion, we define the optimal distortion function by
setting
|Dh(z)|2
for z ∈ {Jh > 0},
Jh (z) ,
(2.3)
Kh (z) :=
1,
for z ∈ {Jh = 0}.
Definition 2.4 Let 1 ≤ p ≤ ∞. A bounded simply connected domain ⊂ R2 is said to be
onto
a Lp -quasidisk, if there exists a global homeomorphism of finite distortion h : R2 −→ R2
p
2
with
= D and Kh ∈ Lloc (R ).
Let ⊂ R2 be a bounded simply connected domain. A self homeomorphism h : R2 −→
is called a reflection over the boundary
if
= R2 \ and h(z) = z for every
z∈
. Based on the homeomorphism of finite distortion in Theorem 1.2, we can construct
onto
a reflection Rh : R2 −→ R2 over
which can induce a bounded linear extension operator
onto

R2

from Ẇ

2p
1, p+1

to Ẇ

2q
1, q−1

(R2 ) and a bounded linear extension operator from Ẇ

2p
1, p−1

2q
1, q+1

(R2 \

to Ẇ
(R2 ). We say a reflection R : R2 −→ R2 over
induces a bounded linear
Sobolev (p, q)-extension operator for with 1 ≤ q ≤ p < ∞, if there exists a bounded
Lipschitz domain U containing
such that, for every function u ∈ Ẇ 1,p
, the function
v defined by setting v = u on U ∩ and v = u ◦ R on U \ has a representative which
belongs to the Sobolev space Ẇ 1,q (U ) and we have
onto

v

Ẇ 1,q (U )

≤C u

Ẇ 1,p

(2.4)

with a positive constant C that is independent of u. Similarly, we say the reflection R
induces a bounded linear Sobolev (p, q)-extension operator for R2 \ with 1 ≤ q ≤ p <
∞, if for every u ∈ Ẇ 1,p (R2 \ , the function ṽ defined by setting ṽ = u on U \ and
ṽ = u ◦ R on U ∩ has a representative which belongs to the Sobolev space Ẇ 1,q (U ) and
we have
v Ẇ 1,q (U ) ≤ C u Ẇ 1,p (R2 \
with a positive constant C that is independent of u. By using a suitable cut-off function, it
is easy to see or R2 \ is a homogeneous Sobolev (p, q)-extension domain. Here the
introduction of the bounded open set U is a convenient way to overcome the non-essential
difficulty that functions in Ẇ 1,p (G) do not necessarily belong to Ẇ 1,q (G) when 1 ≤ q <
p < ∞ and G has infinite volume. The following technical lemma justifies our terminology.
Proposition 2.1 Let ⊂ R2 be a bounded domain with | | = 0 and R : R2 → R2 be
a reflection over
. If R induces a bounded linear extension operator from Ẇ 1,p
to
1,q
2
to Ẇ 1,q (R2 ), respectively) for some
Ẇ (R ) in the sense of (2.4) (from Ẇ 1,p (R2 \
1 < q ≤ p < ∞, then (R2 \ , respectively) is a homogeneous Sobolev (p, q)-extension
domain with a linear extension operator.
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Proof We only consider the case of , since the case of R2 \ is analogous. Let U ⊂ R2 be
the corresponding Lipschitz domain which contains
. For a given function u ∈ Ẇ 1,p
,
we define a function ER (u) by setting
⎧
⎨ u(R(z)), for z ∈ U \
ER (u)(z) := 0,
(2.5)
for z ∈
⎩
u(z),
for z ∈ .
Then ER (u) has a representative that belongs to Ẇ 1,q (U ) with
ER (u)

≤C u

Ẇ 1,q (U )

Ẇ 1,p

.

R2

Since U ⊂
is a bounded Lipschitz domain, by the result due to Jones [24], for every
1 < q < ∞, there exists a bounded linear extension operator L : Ẇ 1,q (U ) → Ẇ 1,q (R2 ).
For every function u ∈ Ẇ 1,p
, we define an extension function ẼR (u) ∈ Ẇ 1,q (R2 ) by
setting
(2.6)
ẼR (u) := L(ER (u)).
Then, we have ẼR (u) ≡ u with
ẼR (u)

Ẇ 1,q (R2 )

≤C u

Ẇ 1,p

for a constant C independent of u.
A strictly increasing function ρ : [0, ∞) −→ [0, ∞) of class C 1 (0, ∞) ∩ C[0, ∞) is
called a cuspidal function if ρ(1) = 1, ρ is increasing in (0, ∞) and
onto

lim ρ (x) = 0.

x→0+

The corresponding inward and outward cuspidal domains are defined by setting
i
ρ

:= B(0, 1) \ {(x, y) ∈ [0, 1] × R : |y| < ρ(x)}

and
o
ρ

:= B((2, 0),

√

(2.7)

2) ∪ {(x, y) ∈ (0, 1] × R : |y| < ρ(x)}

(2.8)
4
3

respectively. See the Figure below for the exemplary cuspidal function ρ(x) = x Fig. 1.
If the cuspidal function is ρ(x) = x s for some 1 < s < ∞, the corresponding inward
and outward cuspidal domains are called polynomial inward and outward cuspidal domains

Fig. 1 Inward and outward cuspidal domains
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with the degree s. The following result about Sobolev extension property of polynomial
inward and outward cuspidal domains is doe to Maz’ya and Poborchi [32–35].
Proposition 2.2 The polynomial outward cuspidal domain ots is a Sobolev (p, q)extension domain for 1 ≤ q < p < ∞ if and only if s < 2p
q − 1. The polynomial inward
cuspidal domain it s is a Sobolev (p, q)-extension domain for 1 < q < p ≤ ∞ if and only
i
if s < pq+p−2q
pq−p . And for every 1 < s < ∞, the polynomial inward cuspidal domain t s is
a Sobolev (1, 1)-extension domain.
By combining Theorem 1.2 and Proposition 2.2, we can give a new and simpler proof to
the necessary part of the following proposition which is the main result in [22]. The proof
of the sufficient part comes from the construction of desired homeomorphisms of finite
distortion in [22].
Proposition 2.3 Let it s ⊂ R2 be a polynomial inward cuspidal domain with the degree
onto
1 < s < ∞. Then there exists a homeomorphism of finite distortion h : R2 −→ R2 with
i ) = D and K ∈ Lp
i )∩Lq (B(0, 2)\ i ) for 1 < p, q ≤ ∞ with min{p, q} < ∞
h
ts
ts
ts
pq+p+2q
if and only if s < pq−p .
Combining Propositions 2.2 and 2.3, we can also obtain the sharpness of Theorem 1.2.
The polynomial inward cuspidal domain it s shows that there exists a bounded simply
connected domain
⊂ R2 which satisfies assumptions of Theorem 1.2, such that we
can not hope that we can obtain a better Sobolev extension property than is a Sobolev
2p
2q
2q
2p
2
is a Sobolev q−1
, p+1
-extension domain.
p−1 , q+1 -extension domain and R \

3 Proofs of Theorems 1.1 and 1.2
3.1 Proof of Theorem 1.1
By [22, Theorem 1.8], every simply connected Jordan domain with a rectifiable boundary
is a L1 -quasidisk. Hence, an outward cuspidal domain oρ with cuspidal function ρ(x) =
e/ exp x1 is a L1 -quasidisk. By Proposition 2.2,
domain for any 1 ≤ q ≤ p < ∞.

o
ρ

cannot be a Sobolev (p, q)-extension

3.2 Proof of Theorem 1.2
Let ⊂ R2 be a bounded simply connected domain with ⊂⊂ B(0, R) for a large enough
onto
R > 0. Suppose there exists a homeomorphism of finite distortion h : R2 −→ R2 with
= D and
p

Kh (z)dz +

q

B(0,R)\

Kh (z)dz < ∞.

The circle inversion map R : R2 −→ R2 ,
onto

R(z) :=

z
,
|z|2

∞,

if z = 0,
if z = 0.

(3.1)
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is an anticonformal reflection over the unit circle ∂D, which means that at every point it
onto
preserves angles and reverses orientation. Then a self-homeomorphism R : R2 −→ R2
defined on every z ∈ R2 by setting

R(z) := h−1 ◦ R ◦ h(z)
is a reflection over the boundary
.
With respect to different domains and R2 \ , we divide the full proof of Theorem 1.2
into two parts. First, let us prove the Sobolev extension property of the bounded domain .
Theorem 3.1 Under the assumption of Theorem 1.2,
domain.

Proof By Lemma 2.1, it is sufficient to show that
1,

2p
2q
p−1 , q+1

2p
2q
p−1 , q+1

is a Sobolev

-extension

is a homogeneous Sobolev

2p

be arbitrary. We define an extension
-extension domain. Let u ∈ Ẇ p−1
function ER (u) on B(0, R) by setting
⎧
⎪
⎨u(R(z)), if z ∈ B(0, R) \
(3.2)
ER (u)(z) := 0,
if z ∈
⎪
⎩
u(z),
if z ∈ .
By Proposition 2.1, it suffices to prove that ER (u) ∈ Ẇ
inequality that

B(0,R)

|DER (u)(z)|

2q
q+1

q+1
2q

dz

≤C

for a positive constant C independent of u. Since 1 <
inequality implies
2q

|DER (u)(z)| q+1 dz
By [18, Theorem 4.13],

≤C

(B(0, R)) with the following

|Du(z)|
2q
q+1

2p
p−1

≤2≤

p−1
2p

dz

(3.3)

2p
p−1

< ∞, the Hölder

2p

|Du(z)| p−1 dz

p−1
2p

.

must be of measure zero. Hence, we only need to prove
2q

B(0,R)\

q+1
2q

2q
1, q+1

|DER (u)(z)| q+1 dz

q+1
2q

≤C

2p

|Du(z)| p−1 dz

p−1
2p

.

(3.4)

We define a function v on D by setting v(z) := u ◦ h−1 (z) for every z ∈ D and define an
extension function ER (v) on h(B(0, R)) with z = (x, y) by setting
⎧
⎪
⎨v(R(z)), if z ∈ h(B(0, R)) \ D,
ER (v)(z) := 0,
(3.5)
if z ∈ ∂D,
⎪
⎩
v(z),
if z ∈ D.
By the definitions of functions and reflections, for every z ∈ B(0, R), we have
ER (u)(z) = ER (v)(h(z)).
We divide the remaining argument into three steps.

Sobolev Extension on L p -quasidisks

Step 1: We would like to show v ∈ Ẇ 1,2 (D) with
1
2

|Dv(z)| dz
2

D

≤C

|Du(z)|

2p
p−1

p−1
2p

(3.6)

dz

for a positive constant C that is independent of u. By [18, Theorem 1.6 and Theorem 2.24],
h−1 ∈ W 1,1 (D, R2 ) and it is differentiable almost everywhere on D. Hence, there exists a
measurable subset G ⊂ D with |G| = |D| and h−1 is differentiable on every point z ∈ G.
By the chain rule, for every z ∈ G, we have
|Dv(z)| ≤ |Du(h−1 (z))| · |Dh−1 (z)|.

(3.7)

Set A ⊂ G to be the subset such that Jh−1 (z) > 0 for every z ∈ A. Then by [18, Theorem
1.6], |Dh−1 (z)| = 0 for almost every z ∈ G \ A. Hence, we have
D

|Dv(z)|2 dz =

|Dv(z)|2 dz

(3.8)

G

|Du(h−1 (z))|2 · |Dh−1 (z)|2 dz.

≤
A

If p = ∞, then h is quasiconformal. By the fact that the inverse of a quasiconformal
mapping is also quasiconformal, we have
|Du(h−1 (z))|2 · |Dh−1 (z)|2 dz
A

=
A

|Du(h−1 (z))|2 Jh−1 (z)

≤ C
A

|Dh−1 (z)|2
dz
Jh−1 (z)

|Du(h−1 (z))|2 Jh−1 (z)dz.

(3.9)

If 1 < p < ∞, the Hölder inequality implies
|Du(h−1 (z))|2 · |Dh−1 (z)|2 dz
A
p−1

=
A

p
|Du(h−1 (z))|2 Jh−1
(z)

−1

≤

|Du(h
A

×
A

(z))|

2p
p−1

|Dh−1 (z)|2
p−1

dz

p
Jh−1
(z)
p−1
p

Jh−1 (z)dz

|Dh−1 (z)|2p
Jh−1 (z)dz
p
Jh−1 (z)

1
p

.

(3.10)

For every 1 < p ≤ ∞, the change of variables formula implies
2p

A

|Du(h−1 (z))| p−1 Jh−1 (z)dz ≤

2p

h−1 (A)

|Du(z)| p−1 dz.

(3.11)

By [18, Lemma A.29], h is differentiable on every w ∈ h−1 (A) with Dh(w) =
(Dh−1 (z))−1 for w = h−1 (z). Hence, for every z ∈ A with w = h−1 (z), we have
Kh−1 (z) =

|Dh(w)|2
|Dh−1 (z)|2
=
= Kh (w).
Jh−1 (z)
Jh (w)
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Hence, the change of variables formula implies

A

|Dh−1 (z)|2p
Jh−1 (z)dz ≤
p
Jh−1 (z)

p

Kh (z)dz.

(3.12)

By combing inequalities (3.8), (3.9), (3.10), (3.11) and (3.12), we obtain the desired
inequality (3.6).
Step 2: We prove ER (v) ∈ Ẇ 1,2 (h(B(0, R))) with
h(B(0,R))

|DER (v)(z)|2 dz ≤ C

D

|Dv(z)|2 dz

(3.13)

for a positive constant C that is independent of v. By Lemma 2.1, v ∈ Ẇ 1,2 (D) = W 1,2 (D).
Since C ∞ (R2 ) ∩ W 1,2 (D) is dense in W 1,2 (D), we can find a sequence of functions vk ∈
C ∞ (R2 ) ∩ W 1,2 (D) with
lim vk (z) = v(z)
k→∞

for almost every z ∈ D, and
lim vk − v

k→∞

Ẇ 1,2 (D)

= 0.

(3.14)

By passing to a subsequence if necessary, we can also assume the sequence of weak gradients {Dvk } converges to Dv almost everywhere on D. For every vk ∈ C ∞ (R2 ) ∩ W 1,2 (D),
we define the extension function ER (vk ) as in Eq. 3.5. Since vk ∈ C ∞ (R2 ) ∩ W 1,2 (D), by
resetting the definition of ER (vk ) on the measure-zero set ∂D, we can show that ER (vk ) is
ACL on h(B(0, R)). By definition (3.5) and the fact that R is anticonformal, it is easy to
see that we have
h(B(0,R))

|DER (vk )(z)|2 dz ≤ C

D

|Dvk (z)|2 dz,

(3.15)

for a positive constant C independent of k. Since vk converges to v almost everywhere on
D, by (3.5), ER (vk ) converges to ER (v) almost everywhere on h(B(0, R)). Since {Dvk }
converges to Dv almost everywhere on D, by the definitions of ER (vk ) and ER (v) in
Eq. 3.5, {DER (vk )} converges to DER (v) almost everywhere on h(B(0, R)). By Eqs. 3.14
and 3.15, we have
lim

k→∞ h(B(0,R))

|DER (vk )(z) − DER (v)(z)|2 dz = 0.

(3.16)

Then by Theorem 1 in [31, Section 1.1.13], ER (v) ∈ Ẇ 1,2 (h(B(0, R))) with the weak
gradient DER (v). Combine (3.14), (3.15) and (3.16), we obtain
h(B(0,R))

|DER (v)(z)|2 dz ≤ C

D

|Dv(z)|2 dz,

(3.17)

with C a positive constant that is independent of u.
Step 3: We prove ER (u) ∈ Ẇ

2q
1, q+1

(B(0, R)) and we have

B(0,R)\

|DER (u)(z)|

≤ C

2q
q+1

dz

|DER (v)(z)| dz
2

h(B(0,R))

q+1
2q

1
2

(3.18)

for a positive constant C that is independent of u. As we know, ER (u)(z) = ER (v)(h(z))
for every z ∈ B(0, R). By [18, Theorem 1.7 and Theorem 2.24], h is differentiable almost
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everywhere on B(0, R)\ with positive determinant value. Hence, there exists a measurable
subset G ⊂ B(0, R) \ with |G| = |B(0, R) \ | and h is differentiable on every point in
z ∈ G with Jh (z) > 0. By the chain rule, for every z ∈ G, we have
|DER (u)(z)| ≤ |DER (v(h(z)))| · |Dh(z)|.
If q = ∞, then h restricts to B(0, R) \

B(0,R)\

(3.19)

is quasiconformal. Then we have

|DER (u)(z)|2 dz
≤
B(0,R)\

|DER (v)(h(z))|2 Jh (z) ·

≤C
B(0,R)\

|Dh(z)|2
dz
Jh (z)

|DER (v)(h(z))|2 Jh (z)dz.

(3.20)

If 1 < q < ∞, then we have
2q

B(0,R)\

|DER (u)(z)| q+1 dz =

2q

G

|DER (u)(z)| q+1 dz

2q

≤
G

2q

|DER (v)(h(z))| q+1 · |Dh(z)| q+1 dz.

(3.21)

The Hölder inequality implies
2q

G

≤
G

2q

|DER (v)(h(z))| q+1 · |Dh(z)| q+1 dz
|DER (v)(h(z))|

≤
G

2q
q+1

q
q+1

Jh

2q

(z)

×
G

q

dz

Jhq+1 (z)

|DER (v)(h(z))|2 Jh (z)dz
|Dh(z)|2
Jh (z)

|Dh(z)| q+1
q
q+1

1
q

q

.

dz

(3.22)

The change of variables formula implies
G

|DER (v)(h(z))|2 Jh (z)dz ≤

h(B(0,R))

|DER (v)(z)|2 dz.

(3.23)

By the definition of distortion function and the integral condition (3.1), we have

G

|Dh(z)|2
Jh (z)

q
q

dz ≤
B(0,R)\

Kh (z)dz < ∞.

(3.24)

Combine inequalities (3.20)-(3.24), we obtain the desired inequality (3.18).
Finally, combine inequalities (3.6), (3.13) and (3.18), we obtain the desired inequality
(3.4) and finish the proof of Theorem 1.2.
Next, we consider the Sobolev extension property of the complementary domain R2 \ .
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Theorem 3.2 Under the assumption of Theorem 1.2, R2 \
extension domain.

is a Sobolev

2q
2p
q−1 , p+1

-

The idea of the proof is very similar with the proof of last theorem. The main difference
is that R2 \ is unbounded here. Hence, we give a sketch proof here.
Proof From the geometrical viewpoint, it is easy to see R2 \ has same Sobolev extension
property with the bounded domain B(0, R) \ . Hence, by Lemma 2.1, it suffices to prove
onto
2q
2p
-extension domain. Since h : R2 −→ R2
B(0, R)\ is a homogeneous Sobolev q−1
, p+1
is a homeomorphism with
= D, there exist two positive constants 1 > 0 and 2 > 0
such that B(0, 1 + 1 ) ⊂ h(B(0, R)) and

R(A(1 −
We define A := h−1 (A(1 −
Ẇ

2q
1, q−1

(R2

\

2 , 1 + 1 ))

2 , 1)),

= A(1 −

2 , 1 + 1 ).

U := (B(0, R) \ ) ∪ A and U := h(U). Let u ∈

be arbitrary. Then
u

B(0,R)\

∈ Ẇ

2q
1, q−1

(B(0, R) \

.

To simplify the notation, we still denote u B(0,R)\ by u. Then we define a function ER (u)
on U by setting
⎧
⎪
⎨u(R(z)), if z ∈ A,
(3.25)
ER (u)(z) := 0,
if z ∈
⎪
⎩
u(z),
if z ∈ B(0, R) \ .
It suffices to prove ER (u) ∈ Ẇ

2p
1, p+1

U

(U) with

|DER (u)(z)|

2p
p+1

p+1
2p

dz
2q

≤ C

|Du(z)| q−1 dz

q−1
2q

.

(3.26)

B(0,R)\

for a positive constant C that is independent of u. By the definition of ER (u), the Hölder
inequality implies
p+1
2p

2p

B(0,R)\

|DER (u)(z)| p+1
2q

≤ C

|Du(z)| q−1 dz

q−1
2q

(3.27)

B(0,R)\

for a positive constant C that is independent of u. By [18, Theorem 4.13],
measure zero. Hence, it suffices to prove the inequality
2p

A

|DER (u)(z)| p+1 dz

≤ C

|Du(z)|
B(0,R)\

2q
q−1

must be of

p+1
2p

q−1
2q

dz

(3.28)
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for a positive constant C that is independent of u. We define a function v ∈ h(B(0, R) \
by setting v(z) := u(h−1 (z)) for every z ∈ h(B(0, R) \ . By a similar argument to the
with
inequality (3.6), we obtain v ∈ Ẇ 1,2 (h(B(0, R) \
1
2

|Dv(z)| dz
2

|Du(z)|

C

h(B(0,R)\

2q
q−1

q−1
2q

(3.29)

B(0,R)\

for a positive constant C that is independent of u. Define an extension function ER (v) on
U by setting
⎧
⎪v(R(z)), if z ∈ A(1 − 2 , 1),
⎨
ER (v)(z) := 0,
(3.30)
if z ∈ ∂D,
⎪
⎩
v(z),
if z ∈ U \ D.
It is easy to see for every z ∈ U, we have
ER (u)(z) = ER (v)(h(z)).
By Eq. 3.29, v A(1,1+ ) belongs to the class Ẇ 1,2 (A(1, 1 + 1 )). To simplify the notation,
1
we still denote v A(1,1+ ) by v. By facts that R(A(1 − 2 , 1 + 1 )) = A(1 − 2 , 1 + 1 ),
1

Ẇ 1,2 (A(1 − 2 , 1 + 1 )) = W 1,2 (A(1 − 2 , 1 + 1 )) and C ∞ (R2 ) ∩ W 1,2 (A(1 − 2 , 1 + 1 ))
is dense in W 1,2 (A(1 − 2 , 1 + 1 )). With a similar argument to the inequality (3.17), we
obtain ER (v) ∈ Ẇ 1,2 (U) with
A(1− 2 ,1+ 1 )

|DER (v)(z)|2 dz

≤C

|Dv(z)|2 dz
A(1,1+ 1 )

|Dv(z)|2 dz

≤C

(3.31)

h(B(0,R)\

for a positive constant C that is independent of u. Then, with a similar argument to the
inequality (3.18), we obtain the inequality
2p

A

|DER (u)(z)| p+1 dz
≤C

p+1
2p

|DER (v)(z)| dz
2

A(1− 2 ,1)

1
2

(3.32)

for a positive constant C that is independent of u.
Finally, by combining inequalities (3.29), (3.31) and (3.32), we obtain the desired
inequality (3.28).

4 Sharpness and applications of Theorem 1.2
4.1 Sharpness of Theorem 1.2
In this section, we discuss the sharpness of Theorem 1.2. Let
= it s ⊂ R2 be a polynomial inward cuspidal domain with the degree 1 < s < ∞ such that there exists a
onto
homeomorphism of finite distortion h : R2 −→ R2 with
= D, and the distortion
function satisfies the integral condition (3.1). It is easy to see R2 \ it s has a same Sobolev
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extension property with the polynomial outward cuspidal domain ots . By combining Propositions 2.2 and 2.3, we obtain that we cannot obtain a better Sobolev extension result than
2p
2q
2q
2p
, q+1
, p+1
-extension domain and R2 \ it s is a Sobolev q−1
-extension
is a Sobolev p−1
domain. It shows the sharpness of Theorem 1.2.

4.2 A new proof of the necessity of Proposition 2.3
The necessity claim in Proposition 2.3 is proved by combing Theorem 1.2 and Proposition
2.2.

4.3 An application of Theorem 1.2
In this section, we prove Theorem 1.3, which can be regarded as an application of Theorem
1.2.
Proof of Theorem 1.3 By [17, Theorem 1.6], there exists a positive constant 0 < β < 2
onto
such that for every homeomorphism of finite distortion h : R2 −→ R2 with exp (λKh ) ∈
onto
pλ
1
2
2
Lloc (R ) with λ > 0, we have Kh−1 ∈ Lloc (R ) with pλ = βλ. Let h : R2 −→ R2 be
a homeomorphism of finite distortion with exp (λKh ) ∈ L1loc (R2 ) for some large enough
λ > 0 with pλ = βλ > 1. Then by Theorem 1.2, := h−1 (D) is a Lpλ -quasidisk and is a
λ
, 2pλ -extension domain.
Sobolev p2p
λ −1 pλ +1
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20. Hurri, R.: Poincaré domains in Rn . Ann. Acad. Sci. Fenn. Ser. A I Math. Diss. 71, 1–42 (1988)
21. Iwaniec, T., Martin, G.: Geometric Function Theory and Non-linear Analysis, Oxford Mathematical
Monographs. Oxford University Press, Oxford (2001)
22. Iwaniec, T., Onninen, J., Zhu, Z.: Singularities in P Lp -quasidisks. Annales Fennici Mathematici 46(2),
1053–1069 (2021)
23. Iwaniec, T., Onninen, J., Zhu, Z.: Bi-Sobolev boundary singularities, submitted (2020)
24. Jones, P.: Quasiconformal mappings and extendability of functions in Sobolev spaces. Acta Math. 147(12), 71–88 (1981)
25. Koskela, P., Takkinen, J.: Mappings of finite distortion: formation of cusps. Publ. Mat. 51(1), 223–242
(2007)
26. Koskela, P., Takkinen, J.: Mappings of finite distortion: formation of cusps. III. Acta Math. Sin. (Engl.
Ser.) 26(5), 817–824 (2010)
27. Koskela, P., Takkinen, J.: A note to Mappings of finite distortion: formation of cusps II. Conform Geom.
Dyn. 14, 184–189 (2010)
28. Koskela, P., Ukhlov, A., Zhu, Z.: The volume of the boundary of Sobolev (p, q)-extension domains.
Preprint (2020)
29. Koskela, P., Zhu, Z.: Sobolev extension via reflections, arXiv:1812.09037 (2020)
30. Martio, O., Sarvas, J.: Injectivity theorems in plane and space. Ann. Acad. Sci. Fenn. 4, 383–401
(Unknown Month 1978)
31. Maz’ya, V.G.: Sobolev Spaces. Translated from the Russian by T.O. Shaposhnikova. Springer Series in
Soviet Mathematics. Springer, Berlin (1985)
32. Maz’ya, V.G., Poborchi, S.V.: On extension of functions in Sobolev classes to the exterior of a domain
with the vertex of a peak on the boundary. Dokl. Akad. Nauk SSSR 275:5 (1984) 1066-1069 (Russian).
English translation: Soviet Math. 29, 361–364 (1984)
33. Maz’ya, V.G., Poborchi, S.V.: Extension of functions in Sobolev classes to the exterior of a domain with
the vertex of a peak on the boundary I. Czech. Math. Journ. 36(111), 634–661 (1986). (Russian)
34. Maz’ya, V.G., Poborchi, S.V.: Extension of functions in Sobolev classes to the exterior of a domain with
the vertex of a peak on the boundary II. Czech. Math. Journ. 37(112), 128–150 (1987). (Russian)
35. Maz’ya, V.G., Poborchi, S.V.: Differentiable functions on bad domains. World Scientific Publishing Co.
Inc, River Edge (1997)

Z. Zhu
36. Ukhlov, A.D.: On mappings that generate embeddings of Sobolev spaces, (Russian) Sibirsk. Mat. Zh.
34(1), 185–192 (1993). Translation in Siberian Math. J. 34(1993), no 1 165–171
37. Ziemer, W.P.: Weakly differentiable functions. Sobolev Spaces and Functions of Bounded Variation
Graduate Texts in Mathematics, vol. 120. Springer, New York (1989)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

