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Abstract: Sami Léhdeméiki, About mean-variance hedging with basis risk, Master’s
Thesis of mathematics, 52p., University of Jyvéskyld, Deparment of Mathematics and
Statistics, autumn 2021.

In this thesis we introduce a mean-variance hedging problem in an incomplete
market. As a main source we follow X. Xue, J. Zhang and C. Weng article Mean-
variance Hedging with Basis Risk. We assume a time interval [0, 7] for some 7" > 0,
an arbitrage free financial market, and consider one risk-free asset and (m + 1) risky
assets. The dynamics of the assets are given by stochastic differential equations with
deterministic and Borel-measurable coefficients. One risky asset is connected to the
pay-off function which we want to hedge. We assume that this connected asset can not
be used in hedging and this makes the market incomplete. Because of incompleteness
perfect hedging is not possible.

We define a profit-and-loss random variable by using the difference between the
value of the hedging portfolio and the pay-off function. A mean-variance criterion is
used to this random variable and by that the solution is a hedging strategy which
maximizes the difference between the expected value and variance of the profit-and-
loss random variable.

To find a solution we start by recalling some important results from probability
theory and stochastic analysis. We introduce shortly multiple stochastic integrals
and properties of them. These integrals are used to define the Malliavin derivative.
The mean-variance hedging problem is solved by using Linear-Quadratic theory. We
consider an auxiliary problem and show that by solving the auxiliary problem we
are able to solve the original problem. The solving method with Linear-Quadratic
theory is connected to the backward stochastic differential equations (BSDE) and in
the thesis we see also the connection of the BSDEs to the Malliavin derivative. We
compute an explicit formula for the Malliavin derivative of a forward contract and an
European put and call option.

The pay-off function in this thesis is assumed to be Malliavin differentiable and
hence we are able to give an explicit solution for the problem. As a main theorem
we formulate an explicit hedging strategy which solves the mean-variance hedging
problem in the incomplete market.
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Tiivistelmi: Sami Lihdeméki, About mean-variance hedging with basis risk, matema-
tiikan pro gradu -tutkielma, 52 s., Jyvaskylan yliopisto, Matematiikan ja tilastotieteen
laitos, syksy 2021.

Téssé tutkielmassa perehdytddn odotusarvo-varianssi -suojausongelmaan (engl.
mean-variance hedging problem) epétéydellisilld sijoitusmarkkinoilla. P4éldhteend seu-
raamme X. Xuen, J. Zhanging ja C. Wengin artikkelia Mean-variance Hedging with
Basis risk. Oletamme aikavilin [0, 7] jollekin 7" > 0, arbitraasivapaan sijoitusmarkki-
nan, yhden riskittomén sijoituskohteen ja (m + 1) riskillisté sijoituskohdetta. Naiden
kohteiden arvon oletetaan noudattavan stokastisia differentiaaliyhtdloitéa, joissa ker-
toimet ovat deterministisia ja Borel-mitallisia. Yksi néisté riskillisisté sijoituskohteista
oletetaan liittyvén vaateeseen, jolle haluamme rakentaa suojaussalkun. Téta kyseis-
ta sijoituskohdetta ei voida kéyttdd suojaussalkun rakentamisessa, mikéd aiheuttaa
sijoitusmarkkinan epétaydellisyyden. Taméan vuoksi myos taydellisen suojaussalkun
rakentaminen ei ole mahdollista.

Madrittelemme voittoa/tappiota kuvaavan satunnaismuuttujan kayttaméalld suo-
jaussalkun arvon ja vaateen erotusta. Odotusarvo-varianssi -kriteeria kaytetéadn tdhén
satunnaismuuttujaan ja tdmén johdosta ratkaisu on suojaussalkku, joka maksimoi
erotuksen voittoa/tappiota kuvaavan satunnaismuuttujan odotusarvon ja varianssin
valilla.

Ratkaisun 16ytamiseksi aloitamme kertaamalla térkeité ja tarpeellisia tuloksia to-
dennékoisyysteoriasta ja stokastisesta analyysistd. Tamén jélkeen esittelemme lyhyes-
ti moninkertaiset stokastiset integraalit ja niiden ominaisuuksia sekéd kdytdmme néi-
td Malliavin derivaatan madrittelyyn. Odotusarvo-varianssi -ongelman ratkaisun 16y-
tamiseksi kaytdmme “Linear-Quadratic” -teoriaa. Oletamme apuongelman ja 0soi-
tamme, ettd ratkaisemalla apuongelman on mahdollista ratkaista myos alkuperéinen
ongelma. Kéayttamamme "Linear-Quadratic” -teoria on yhteydessé takaperoisiin sto-
kastisiin differentiaaliyhtél6ihin ja tutkielmassa ndemme néiden yhteyden Malliavin
derivaattaan. Johdamme myos eksplisiittiset ratkaisut suoran sopimuksen ja Euroop-
palaisen myynti- ja osto-option Malliavin derivaatalle.

Tassa tutkielmassa vaateen oletetaan olevan Malliavin derivoituva ja tdmé& mah-
dollistaa eksplisiittisen ratkaisun loytamisen. Pddteoreemana muotoilemme eksplisiit-
tisen suojaussalkun, joka ratkaisee odotusarvo-varianssi -ongelman tilanteessa, jossa
sijoitusmarkkina on epatédydellinen.
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Introduction

In this thesis we are interested in optimal hedging strategies for a given pay-off,
that means we try to determine a trading strategy which replicates the pay-off. We
assume that the financial market is arbitrage free and consists of one risk-free asset
earning by constant rate and (m + 1) risky assets with dynamics given by stochastic
differential equations. In a complete market it is always possible to find a hedging
strategy which replicates a given pay-off, and this possibility is actually given as a
definition of completeness in [11]. However, in the setting of this thesis the asset
which is connected to our hedging objective is not allowed to be used in hedging. So
we only can use other assets which are stochastically dependent on the one which we
can not trade with. This causes the market to be incomplete. So our aim here is
to determine trading strategies such that the outcome is close to the given pay-off in
some sense.

We use a mean-variance criterion to measure the closeness. The portfolio selection
using this criteria has been proposed by Markowitz [17], where the variance is assumed
to be a measure for risk. We define a profit-and-loss random variable at terminal time
T > 0 by setting

VUT) = XU(T) = G(So; T),

where X? is the value of the hedging portfolio using the hedging strategy 6, and G
is the pay-off function. By the mean-variance criterion the aim is to find a strategy
which solves the problem

0 g 0
maxc {E[V/(T)] — JVar[V*(7)]}
where v > 0 can be interpreted by [16] as the weight which the investor puts on the
variance.

To solve this problem we use stochastic Linear-Quadratic theory as a tool. This
method is used in [26] and [16] for example. Both papers assume a complete market
where all assets are possible to use for hedging. So we can only use the idea. The
main source for us which we follow is [24].

In Linear-Quadratic theory solving the mean-variance problem is connected to
solving two different equations. In our case these are a backward differential equation
and a backward stochastic differential equation. It is shown that if these two equations
are solvable, then also our problem can be solved.

We will see that solving the backward stochastic differential equation has a con-
nection to Malliavin derivatives so we also shortly introduce Malliavin calculus by
using [19]. Also the Malliavin derivative of the pay-off function is needed in the opti-
mal hedging strategy so we compute the Malliavin derivatives of a forward contract,
a European put and call option and an Asian option.
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INTRODUCTION 2

As a main result we are able to prove an explicit formula for the hedging strategy
which solves the mean-variance hedging problem in an incomplete market where the
basis risk follows from the setting.

The thesis is organized as follows: In Chapter 1 we recall some important results
from Probability theory and Stochastic analysis which are needed later. In Chapter 2
the basics of Malliavin calculus is given and at the end of the chapter the reader gets
some useful tools for calculating Malliavin derivatives. Chapter 3 is used to formulate
our hedging problem. In Chapter 4 we give the basic idea of stochastic Linear-
Quadratic problems and derive important results concerning our problem. Chapter 5
concludes the thesis and contains the main result, the optimal solution to our mean-
variance hedging problem. In Appendix A is a collection of results needed in this
thesis, and Appendix B contains a list of notations.



CHAPTER 1

Probability theory and stochastic analysis

Here we will give some basic definitions and tools from probability theory and
stochastic analysis. In this chapter we will use basically [7], [10], [13] and [15].

1.1. Probability space and random variables

DEFINITION 1.1.1. Let € be a non-empty set. Then a system F of subsets A C €2
is called o-algebra on € if the following holds
1) 0,2 ed
(2) if A€ Fthen A€ F
(3) if A17A2, ... € J then UzoilAz S

In this situation the pair (2, F) is called a measurable space.
For later use we give a definition of the Borel o-algebra.

DEFINITION 1.1.2 ([25]Definition 1.4(ii)). Let B(R?) be the system of all open
subsets in R? for all d € N. Then it is called Borel o-algebra on RY.

DEFINITION 1.1.3. Let (2, F) be a measurable space. Then a map p: F — [0, <]
is called measure if the following two properties holds

(1) p® =0
(2) for all Ay, Ay, ... € Fwith A;NA; =0 for i # j it holds

(U2, 4) = Z p(As).

Then (Q, F, ) is called measure space.

DEFINITION 1.1.4. Let (Q,F) be a measurable space. If for a measure p : F —
[0, 00] it holds that w(£2) = 1 then we denote u = P and the measure space (2, F,P)
is called probability space.

A special probability space, called a complete probability space, is used in many
cases.

DEFINITION 1.1.5. Let (2,F,P) be a probability space. Let A € F such that
P(A) = 0. If B C A implies that B € F, then probability space is called complete.

To define random variables we start with simple functions.

DEFINITION 1.1.6. Let (€2,F) be a measurable space. A function f : Q — R is
called simple function if there exists aq,...,a, € R and Ay,..., A, € F such that

flw) = Z%M(w),

3
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where 15 (w) =1 if w € A and 0 otherwise.

DEFINITION 1.1.7. Let (£2,F) be a measurable space and f : Q@ — R. If there is
a sequence of simple functions (f,,)°; such that

f(w) = lim fu(w)

for all w € Q, then function f is called measurable. If the measurable space has a
probability measure P, then the measurable function is called random variable.

We do not always have to show that a function is a random variable by using
simple functions. For a measurable function there exists an equivalent condition
which is often more useful.

PROPOSITION 1.1.8 (7] Proposition 3.1.3). Let (2, F) be a measurable space and
let f:Q — R be a function. Then f is measurable if and only if

f(a,b) ={weN:a< fw) <beTF},
for all —o00o < a < b < .

An important concept in probability is the independence of random variables. It
will be needed later.

DEFINITION 1.1.9. Let (Q2, F,P) be a probability space and f; : 2 — R be random
variables for all t = 1,2,... n. If for all By,..., B, € B(R) one has

P(fy € By,...,fn € B,) =P(f1 € By)...P(f, € By),

then the random variables fi,..., f, are called independent.

1.2. Lebesgue integral

We assume that the reader is familiar with the Lebesgue integral and recall only
some important tools. As a reference we recommend [7]. Our first tool is Dominated
convergence.

PROPOSITION 1.2.1 (Dominated convergence, ([7] Proposition 5.4.5)). Let (Q,F, p)
be a measure space and g, f1, fa, -+ : @ — R be measurable functions such that | f,| < g
for all n € N. Assume that g is integrable and lim,,_,, f, = f. Then f is integrable
and

lim fndu:/fdu.
Q Q

n—oo

Another tool that gives a possibility to calculate integrals and especially expecta-
tions explicitly is the Change of variable formula which we formulate for a probability
space.

PRrROPOSITION 1.2.2 (Change of variable, ([7] Proposition 5.6.1)). Let (2, F,P)
be a probability space, (R,B(R)) measurable space, f : Q@ — R a random variable
and ¢ : R — R Borel-measurable function. Assume that Py is the distribution of f,
meaning

P¢(B) =P({w € Q: f(w) € B}) =P(f~'(B)),

for all B € R. Then
[ o= [ s
B f=1(B)
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for all B € R.

1.3. Stochastic processes

Families of random variables play an important role in stochastic analysis and in
our case we will give a definition for a continuous time interval [0, 7], where 7" > 0.

DEFINITION 1.3.1. Let 7" > 0 and [0,7]. Then a family of random variables
X = (Xy)epor) with Xy : © — R is called stochastic process with a continuous
interval [0, 7).

We can think a o-algebra as all information what we have. Next we introduce a
definition which tells about the information what we have at some time point.

DEFINITION 1.3.2. Let (Q2,F,P) be a probability space. Then the family of o-
algebras (JF})cjo,r) is called filtration if I, € F, € Fforall 0 < s < ¢ < T and
(€, 7, P, (F1)tepo,n) is called stochastic basis.

Using a filtration one can say something about types of measurability of stochastic
processes.

DEFINITION 1.3.3. Let (2, F, P, (F})scj0,1) be a stochastic basis and X = (X¢)se(017
X; : 0 — R a stochastic process. Then

(1) The process X is called measurable if the function (w,t) — X;(w) seen as a
map between Q x [0,7] and R is measurable with respect to F ® B([0,77])
and B(R).

(2) The process X is called progressively measurable with respect to ()07 if
for all s € [0, 7] the function (w,?) — X;(w) seen as a map between €2 x [0, s]
and R is measurable with respect to Fy ® B([0, s]) and B(R).

(3) The process X is called adapted with respect to (F¢)sepo,r if for all ¢ € [0, 7]
the random variable X; is F;-measurable.

Between these three different kinds of measurability one has the following connec-
tions.

PRrROPOSITION 1.3.4 ([I0] Propositions 2.1.10. and 2.1.11.). The following holds

(1) A progressively measurable process is measurable and adapted.
(2) An adapted process with left- or right-continuous paths is progressively mea-
surable.

Next we look at one famous stochastic process. It was first observed by Robert
Brown when he was looking at pollen in water by a microscope. He realized that
particles move incessant and irregular and published papers 1928 and 1929 about this
movement. After this observation 1905 Albert Einstein gave a correct explanation for
this phenomenon. From the perspective of mathematics in 1900 Louis Bachelier gave
a first, but not rigorous, definition for Brownian motion when he studied fluctuation
of stock prices. This was without a connection to Brownian motion in physics. The
first rigorous mathematical construction was given by Norbert Wiener in 1923.

DEFINITION 1.3.5 (Brownian motion, (J20] Definition 1.2.1)). Let (Q,J,P) be a
probability space.
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(1) A process W = (Wy)sejo,r) with Wy = 0 is called standard Brownian motion
if
(a) (Wi)tepo,r is continuous.
(b) For alln € Nand 0 < t; <ty < --- <t, = T the increments W, —
Wi, ..., Wy, — W, are independent.
(c¢) For all 0 < s <t <T it holds W;,_s ~ N(0,t — s).
(2) An R%valued stochastic process W = (Wy)iejory, Wi = (W}, ..., W), where
W1, ...,W% are Brownian motions independent from each other, is called a
d-dimensional Brownian motion.

Information from Brownian motion can be collected to a special o-algebra.

DEFINITION 1.3.6. Let W = (W,)icpo,r) be a Brownian motion which generates
o-algebra for all ¢ € [0, T]

TV =0(W,:0<s<t).
It
N = {A CQ: there exist a B € F} such that A C B and P(B) =0},
then (F;)ieor) with F; = F}¥ V N is called augmentation of (F}")iejo7-

1.4. Conditional expectation and martingales

Assume a probability space (Q2,F,P), a random variable f : Q@ — R and another
o-algebra G which is included in F. Then if the random variable f is F-measurable it
is not always G-measurable. The following proposition and definition introduce the
concept of conditional expectation.

PROPOSITION 1.4.1 ([7] Proposition 7.3.1). Let (2, F,P) be a probability space,
G C T be a sub-o-algebra and f a random variable such that f € L(Q,F,P). Then

(1) There exists a random variable g € L(2,G,P) such that

/ fdP = / gdP, for all B € §.
B B
(2) If there is g and g’ such that for both above hold, then
P(g #4¢') = 0.
DEFINITION 1.4.2 ([7] Definition 7.3.2). The random variable g € L(€2,G,P) in
Proposition is called conditional expectation of f given G. It is denoted by
g9 = E[f18].

It is good to notice that the conditional expectation can be changed on sets with
probability zero so it is unique only almost surely. The conditional expectation has
many properties which are listed below. For later use especially the property called
tower property is useful for us.

PropPOSITION 1.4.3 (7] Proposition 7.3.3 (1)-(9)). Let (2,F,P) be a probability
space and H C G C F sub-o-algebras of F. Assume f,g € L(Q, F,P). Then we have
the following properties almost surely:
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(1) Linearity: Let A, € R. Then
E S+ nflS] = AE[f]S] + uE [g]S]
(2) Monotonicity: Let g < f almost surely. Then E[g|G] < E[f|9].
(8) Positivity: Let f > 0 almost surely. Then E[f|G] > 0.
(4) Conveity: |E[f|S]| < E[|f][S].
(5) Projection property: Let f be G-measurable. Then E[f|G] = f.
(6) Tower property: B [E[f[S][H] = E[E [f|H]|F] = E [f]H].
(7) Let h: Q@ — R be G-measurable and fh € L(Q,F,P). Then

E[fhlS] = RE[f|S].

(8) Let G = {0,Q}. Then E[f|G] = E[f].
(9) Let f be independent from G. Then E|[f|G] = E[f].

For the conditional expectation we have a similar property as Proposition [1.2.1
states for the Lebesgue integral. It is called Dominated convergence for conditional
expectation.

ProprosSITION 1.4.4 ([I] Equation (15.14)). Let (2, F,P) be a probability space,
G C F be a sub-o-algebra and (X, )nen a sequence of random wvariables such that
| X| <Y for alln € N and for some integrable random variable Y. Assume also that
X, = X almost surely when n — oo. Then

Jim E[X,5] = E[X]5].

The conditional expectation is used in the definition of martingales, which are
important processes in the field of stochastics.

DEFINITION 1.4.5. Let (2,3, P, (F})ci0,r1) be a stochastic basis. A stochastic

process M = (M;);cjo.r) is called martingale with respect to a filtration (F%).cpo,7y if

(1) M, is F-measurable for all ¢ € [0, T]

(2) E|M,| < oo for all t € [0,T]

(3) E[M|Fs] = Mg forall 0 < s <t <T.
Moreover, a martingale M = (M;)cjo,r] belongs to Mg if

(1) E|M;|* < oo for all ¢ € [0,T]

(2) the paths t — M,;(w) are continuous for all w € Q.
The space M5 consists of all M € M§ with My = 0.

Sometimes the set M is not large enough, so we need also a definition for a larger
set of processes. For that a map called stopping time is needed.

DEFINITION 1.4.6. Let (£2,J) be a measurable space with filtration (J%).e(0.17-
Then the map 7 : Q — [0,7] is called stopping time with respect to the filtration
<§t)te[0,T] if

{r <t} ey, forallte0,T].

DEFINITION 1.4.7. Let M = (M);cjo,r] be a continuous and adapted process
with My = 0. If there exists an increasing sequence (7,)32, of stopping times with
lim,, o0 Tn(w) = oo for all w € Q such that M™ = (M;ar, )ecjo,r) is martingale for
all n € N, then the process M is called local martingale. Moreover, the set of local
martingales is denoted by M

loc*
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We have a sufficient condition for a local martingale to be a martingale.

LEMMA 1.4.8. Let (M;)icpo,r) be a (continuous) local martingale and G such that
sup |M;| < G and EG < co.

t€[0,T]
Then (My)icpo,r is martingale.

PROOF. Let (7y)n>1 be a localizing sequence. Now we have for 0 < s <t < T
that

E [Mt/\TN |:}~s] = MS/\’TN'
By dominated convergence for conditional expectation (Proposition |1.4.4]) we get

lim E[Mjp|Fs] = E [ lim MMTN|3"5]
N—oo N—oo
= E[M,|F].
On the other hand we have
lim Mgpry, = M.
N—oo

So we conclude
E [M|Fs] = M.

1.5. Ito integral and Ito’s formula

In this section we recall the Ito integral. We assume the usual conditions meaning
that we have a complete probability space (€2, F,[P) and a right continuous filtration
(F¢)tejo,r) which means NesoFyye = Ty for all £ € [0,7]. We also assume that all sets
of probability zero are included in Fy and W = (W), is a standard Brownian
motion. We give only the definitions and main properties of the Ito integral. For
more information for example [10] is recommend. First we need simple stochastic
processes and a stochastic integral for them.

DEFINITION 1.5.1. Let L = (L;)cjo,r] be a stochastic process. It is called simple
if there exist

(1) a sequence of time points such that 0 =ty <t; <--- <t, =T and
(2) F;,-measurable bounded random variables v; : 2 — R,

such that L has a representation

Lt(w) = Zvi—l(w)ﬂ(chtA (t)

The set of all simple processes is denoted by Lg.

DEFINITION 1.5.2. Let L € £y and ¢ € [0,T]. Then stochastic integral is defined
as

L(L)(w) = Z vie (W) (Whne(w) = Wiy, (@) -

The stochastic integral of a simple process is a continuous, square integrable mar-
tingale as the next proposition states.
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PROPOSITION 1.5.3. Let L € Ly. Then I(L) = (I,(L)icp.1)) € M5".

Stochastic integrals of simple processes can be extended to a larger set of inte-
grands.

DEFINITION 1.5.4. The set of all progressively measurable stochastic processes
L = (Lt)tE[O,T]7 Lt . Q — R Wlth

1
t 2
IL]|gs = (E/ Lidu) < oo for all t € [0, T,
0

is denoted by L.

PROPOSITION 1.5.5 ([10]Proposition 3.1.12 (i)-(v)). The map I : Lo — M3° can
be extended to J : Lo — J\/[;’O with properties:
(1) Linearity: Let a, 5 € R and L, K € Ly. Then
Ji(aL + K) = aJy(L) + BJy(K) a.s. fort € [0,T).

(2) Extension property: Let L € Ly. Then I;(L) = Jy(L) a.s. fort € [0,T].
(8) Ité isometry: Let L € Ly. Then

(B [J(L)2])* = (E/Ot Lidu); for t € 0, 7).

(4) Continuity property: Let (K™)%, be a sequence where K™ € Ly for all
neN. Let L€ Ly, Ifd(K™,L) =% 27 min {1, |K™ — L|[zym} — 0

when n — oo, then

E | sup |J,(L) —Jt(K(”))|2] -0
te[0,T]
as n — oo. R
(5) Uniqueness: If J : Ly — J\/[;’O is another mapping for which above properties
hold, then

P (Jt(L) — J/(L),t € [0,T]> _1,
for all L € L.

For L € Ly we have that J(L) is a square integrable martingale. But this property
is vanishing in the next extension.

DEFINITION 1.5.6. (1) The set of progressively measurable stochastic process
L= (Lt)tE[O,T] with

T
P(wEQ:/ Lu(w)2du<oo):1
0

is denoted by Le.
(2) Let (7,,)52, be a sequence of stopping times. It is called localizing for L =
(Lt)tefo,r) € £5° if
(a) 0 < 7p(w) < 7(w) < -+ < T with lim,, o 7, = T for all w € Q and
(b) L™ = Lily<,, € Lo foralln=0,1,2,...

The next lemma states the existence of a stochastic integral for processes in £4°.
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LEMMA 1.5.7 ([10] Lemma 3.1.19). Let L € LY¢. Then there is a unique and
adapted process X = (Xi)ieo,r) with Xo = 0 such that

P(J,(L™) = X, t €0,7,]) =1,
for all localizing sequences (1,)°2, of L and for alln =1,2,....

REMARK 1.5.8. The uniquenes in Lemma [1.5.7] means that if there is a ¥ =
(Y:)tepo,m with the same properties, then P (X, =Y;,t € [0,7]) = 1.

DEFINITION 1.5.9. Let L € £¢. Then the process X in Lemma is called Ito

integral and it is denoted by
t
X = ( / Luqu) .
0 te€[0,7

For integrands from L¥¢ the It6 integral is a local martingale:

PROPOSITION 1.5.10 ([10]Proposition 3.1.23 (i)). Let L € £¥°. Then one has that
(fy Lud) € MG

t€[0,7] foct

In many situations the task is to show that the integrand is in £, implying that the
Ito integral is a martingale. As a notation we get for the Ito isometry in Proposition

1 1
(E {(/Ot Luqu)2D2 = <E/0t Lgdu)2 for ¢ € [0,T).

A very useful tool in stochastic analysis is called 1t6’s formula which allows us
to write stochastic processes in different form. To recall this we need first some
definitions.

DEFINITION 1.5.11. Let A = (A¢)tco,r), At : © — R be a stochastic process such
that

sup sup Z |A, (w) — Ay, (w)| < oo as. for all t € [0,T].
k=1

neN 0=to<t1 <. <tp=t | _
Then the process A is said to be of bounded variation.

DEFINITION 1.5.12. Let X = (Xy):cj0,77 be a continuous and adapted stochastic
process. If there exist zop € R, L € LY and a progressively measurable process
a = (at)te[o,ﬂ with

t
/ |ay (w)|du < oo
0

for all t € [0, 7] and w € € such that X can be represented as

t t
X, =9+ </ Luqu> (w) + / aydu a.s. for all t € [0,T],
0 0

then X is called It6 process.
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DEFINITION 1.5.13. Let X = (X¢):ejo,7] be a continuous and adapted process. If
there exist 7o € R, M € M¥¢ and a process A of bounded variation with Ay = 0 such
that

Xt:I0+Mt+At,
then X is called a continuous semi-martingale.

REMARK 1.5.14. Especially [to processes are continuous semi-martingales since

k—1 n tk
sup ] / aydu — / aydu| = sup E ] / aydul
0=to<ti <...<tp=t § O=to<t1<..<tn=t 1=y Jtp_,

n tr
< s S e
te—1

O=to<ti<..<tn=t

t
= / lay|du < oo.
0

We give a version of [t6’s formula which is for continuous semi-martingales.

PROPOSITION 1.5.15 ([10]Proposition 3.4.3). Let f € C*(R?) and X; = (X}, ..., X?)
be a vector of continuous semi-martingales. Then almost surely

F(X0) = f(Xo) +Z/ 6@ DdXE + = Z/ 89589:] (Xa)d (M7, M),

where dX! = dM} + dAi, and (M, M7), = 2 [(M"+ M7), — (M" — M) ] is called

cross-variation.

To make it possible to use explicitly above It6’s formula, we need also the following
proposition.

PROPOSITION 1.5.16 ([10]Proposition 4.4.3.). Let L € LY¢. Then

- t
< / Luqu> = / L2du,
0 t 0

for all t € [0,T] almost surely.

We had before the Lemma [I.4.§ which provided a condition when a local martin-
gale is a martingale. We are able to give a similar condition called Novikov’s condition
for the exponential martingale.

PROPOSITION 1.5.17 ([10]Proposition 4.4.8). Let L € LY¢ and t € [0,T]. Then

oo LudWu—3 [5 Lidu

18 a martingale if
E [e% Iy Lid“} < 00.
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1.6. Stochastic differential equations

In this section we focus on stochastic differential equations, also called SDEs, and
state a proposition about existence and uniqueness of solutions. For more informa-
tion about solving SDEs we recommend for example [I3]. We assume again that the
usual conditions hold as in the previous section but now we assume (Wt>te[0,T]7 W, =
(Wl ..., W) to be a d-dimensional standard Brownian motion adapted to the filtra-
tion (gjt)te[O,T}

Let b be a d-dimensional vector of functions and ¢ be a d x k-dimensional matrix
of functions. For b; and oy, j € {1,2,...,d}, i € {1,2,...,k} we assume that

(1) b]',O'ij : [O,T] X Rd x Q2 — R.
(2) b; and o;; are B([0,T]) x B(RY) x F-measurable.
(3) For all ¢t € [0,T7], b;(t,-,-) and oy(t,-,-) are measurable with respect to
B(RY) x F;.
DEFINITION 1.6.1. Let 2y € R%. Then

dXt = b(t, Xt)dt + U(t, Xt)th
(1.1)

XO = 29
is called stochastic differential equation. The d-dimensional stochastic process X =
(Xt)tepo,r) is called a strong solution if the following holds:

(1) X is F; -adapted and has continuous sample paths.

(2) fOT (|6(t, Xy)| + |o(t, X;)|*) dt < oo a.s. where || denotes both the d-dimensional
norm and the norm of a matrix.
(3) For all t € [0,T]

t t
X; = xg +/ b(s, Xs)ds +/ o(s, Xs)dWy a.s.
0 0

Does an SDE always have a solution? We provide a property when there exist a
unique strong solution.

PROPOSITION 1.6.2 ([I3] Theorem 6.2.1). Assume SDE (L.1)). If for b and o the
following holds
(1) [b(t,2)|> + |o(t,2)|? < K(1+ |z]?) as.
(2) b(t, ) = bt y)* + |o(t,2) — o(t,y)|* < K|z —y* a.s.
for all t € [0,T], z,y € R? and some constant K > 0, then the SDE has a unique
strong solution X = (Xi)icpo,17-

REMARK 1.6.3. Uniqueness in the above proposition means that if there exists
another strong solution Y = (Y;)¢cpo,r) then

P(X, =Y, t € [0,T]) = 1.
REMARK 1.6.4. From [13] (proof of Theorem 6.2.1) we get that
E

te[0,7

sup ]Xt|2] < 00.

We conclude this section with some useful inequalities called Burkholder-Davis-
Gundy inequality and Hoélder inequality.
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PRrROPOSITION 1.6.5 (Burkholder-Davis-Gundy, ([I0]Theorem 4.3.1)). Let L €

Lle. Then for any 0 < p < oo there exist constants oy, 3, > 0 such that

t T
/ LdW,|| <a, / L2dt
0 0
p

P
Moreover, ay, < cy/p for 2 < p < oo and for some constant ¢ > 0.

sup
t€[0,T]

T
By [ i) <
0

The Holder inequality we state for a probability space.

PropoSITION 1.6.6 (Holder, ([7] Proposition 5.10.5)). Let (2, F,P) be a proba-
bility space and X,Y : Q — R random variables. If 1 < p,q < oo and 1—1) + % =1,

then

Q=

E[XY[] < (E[X?)r (E[Y))r.



CHAPTER 2

Malliavin calculus

2.1. A multiple stochastic integral
Next we will follow Nualart [I8] and give the basics of Malliavin calculus.

DEFINITION 2.1.1. Let (€, 3, P, (F¢)eo,77) be a filtered probability space and H
a real and separable Hilbert space with scalar product (-,-)y and norm || - ||z. We
consider a stochastic process indexed by the elements of H:

W = {W(h);h € H)}.

We say that this process is an isonormal Gaussian process if W is a Gaussian family
of random variables such that for all h,g € H

E[W(h)W(g)] = (h,9)u

and
E[W(h)] = 0.

In this thesis we realize such an isonormal Gaussian process as follows. We assume
a probability space (2, F,P) carrying a Brownian motion W = (W;)co,r) and a special
Hilbert space with

L*([0,T),B([0,T]), \) = {f 0, 7] = R; </0 f(t)2d)\(t)>2 < oo}.

Forall f,g € L*([0,T7]), welet W(f) = fOT f(s)dWgand (f, g) L2017 = E[W ()W (9)].
Moreover, for all A € B([0,7]), we let W(A) = W(1l,). In this way, we have an
isonormal Gaussian process as we defined above.

Next we define a set of special elementary functions, which will vanish on diago-
nals.

DEFINITION 2.1.2. Let Ay, ..., A, € B([0,T7) such that A,NA; =0 for all k # [,
where k,1 € {1,...,n}. Then we define

8 _ { f : [O7T]m _)R>f(t177tm) = ZZ im=1 a’il"'imﬂAilx---xAim (tla"'atm) }

.....

where a; € R and a;,..;,, = 0, if 4 = ¢, for some k # j.

We define a multiple stochastic integral first for these elementary functions and
after that for all functions in L2([0, T]™).

DEeFINITION 2.1.3. For f € &, given as above a multiple stochastic integral is
defined as

n

In(f) = Y i WA (A,

14
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REMARK 2.1.4. One can easily check that this definition is independent from the
representation of f. Hence I, is well-defined.

This defined multiple stochastic integral has three important properties. Before
we state the properties, we introduce the symmetrization f of a function f. This is

1
Pt tm) = — > Fltoqys - - togm),

’ O'GSm

where S,, is the set of all permutations of {1,...,m}.

PROPOSITION 2.1.5. A multiple stochastic integral with integrands from &,, has
the following properties

(i) Let f,g € &, and a, f € R. Then
(11) If f is symmetrization of f, then

(i) If f € &€, and g € &, then for the product of multiple stochastic integrals it

holds
0 ifm+#n
E[L.(f)I, = ;o ‘
L (f)1n(9)] { m!<f79>L[20,T]m if m=n.
PROOF. (i) We can assume that f and g have the same partition Ay,..., A,,
because if not, we can make it to be the same by using intersections of sets.
Now

aln(f)+Bln(g) = o > i, WAL W (A

(ii) Because of ({if) we can assume a function
Fltie e tn) = Lag xexas, (B ).
For this we have by definition
Ln(f) = W(A;) ... W(A;,),

and for the symmetrization we have

FaF) = 37 W (Ao) - T (Ao

’ UGSm
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Now for all permutations ¢ we can change order in the product such that we
always get

W(As)) .- W(Agmy)) = W(A;) ... W(A;,).
By that we have

~ 1
I,(f) = %m!W(Ail) WAL = La(f).
(iii) Let f € &, and g € €. Because of () and (i), we can assume that both
functions are symmetric and have the same partition Ay, ..., A,. We have now

n

flt, o tm) = Z Wiy vy LAy o x gy, (B3 Em)

and
g(tl,...,tk> == Z bjl"'jk]]‘Ajlx"'XAjk<t17"’7tk)'

Because the functions are symmetric, we have for all permutations

@iy vy, = Qo (ir)-o(im) AN jioji = Do) o (in)
and because we have m! permutations for the function f and k! for g, we get
Ln(f)=m! ) ., W(A;,)... W(A;,)
11 < <im

and

I(g) =k > b W(A;) ... W(A).

J1<<Jk

With these we get

E(L(f)I(g)] = Elm! Y ai,.,W(A,)... W(4,;,)

11 < <im

x k! Z bjl"'jkW(Ajl) ... W(A]k)

J1<<Jk

= mlkl D> ahinbiig,

11 <<l J1 < <Jk

XE[W(Ay) .. W(A, )W (Ay,) ... W(A,)].

By Definition we have A; N A; = ) for all ¢ # j so this implies that W(A;)
and W (A;) are independet for all ¢ # j. We have now two possibilities:

E[W (A;,)?].. . EW(A;,)?], if m=k
E[W(A;,).. W(A;, ) W(Aj,)..W(A4;,)] = and i, = j, for all ¢ € {1,2,...,m},
0, all other cases.

So we conclude if m # k

E [1(f)1x(g)] = 0.
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And for m = k we get by It0’s isometry and the fact that
E(W(Aq) ... W(A,)W(A,,) ... W(4;,)] = 0
unless i, = j, for all ¢ € {1,2,...,m} the following:

E [Ln( ) In(9)]
= E |m! Z ail...imW(Ail) e W(Alm)m' Z bjl"'ij(Ajl) e W(Ajm)

= E (m‘)2 Z ai1-~-imbi1~--imW(Ai1>2 ce W(A1m>2

L i1 <o <im
= (m')2 Z ail...imbil...im]E [W(A“)ﬂ L E [W(Azm)Q]
1< <im
= (m)? D iy bisein MAL) - AMA)
1< <lm

= m! Z ail...imbil...im)\(Ail) R )\(Azm)

= ml [ ft ) gt )N - AN (E)
0 0

= mi[f, g)r2qomm)-

And because we assumed the functions f and g to be symmetric, we have
E [ (/) n(9)] = E [In(F)En(3)| = mF, ) 201y
O

We also notice that if we have a symmetric function f € &,,, it holds for all
permutations o € S,,

/ Ut ) PAN™ = / Fotys e o) 2N,
[0,7]™ [0,7]m

and thanks to the triangle inequality, this gives us

~ 1
1 fllzzqompmy = H% Z fllzzqo.rm)

’ O'ESm
1
S Z 1N 220, 29m)
O'ESm
= [Ifllc2qorm)-
By that we conclude the inequality

(2.1) 1Nl z2qo.mmy < (1 fllz2o,mpm)-

Our next step is to extend the multiple stochastic integral to all functions in
L*([0,T]™).

PROPOSITION 2.1.6. The set &, is dense in L*([0, T|™,B([0, T]™), A™).
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ProOF. We do the proof in three steps.

Step 1: Let ¢ > 0. First we show that we can approximate every 1,4, where
A=A x---x A, and A; € B([0,T)) for all i € {1,...,m}, by functions from &,,.
Because the Lebesgue measure A has no atoms, we can find for all A € B([0,T]™) a
measurable set B C A such that

0 < A(B) < AA).

Now let B ={By,...,B,} € B([0,T]), where B;N B, = 0 if j # k and \(B;) < ¢
for all i = 1,...,n. We choose B such that we can express every A; as union of
B; € B. Since A € [0,T]™, we let A\ (A) = I A\(A;) = a and put €. ;, be 0 or 1.
In this case we can write

n

]].A — E Gil,"',imﬂBqX'"XBim‘

If we define a set I which includes all (i1, .. .,4,,) where iy, ..., i, are all different and
put I¢ = J, we get

Ip= E eil,-~~,imﬂB,-1><--~><Bim

and also 1g € &,,. Because in the set J are at least two of the iq,...,1%,, equal, we
get
114 — 13”%2([0,T}m) = | Z €i1,---,imﬂBi1X---xB¢m |%2([0,T]m)
(i1 ..... im)EJ
= Z €y '7im)\(Bil> )‘(Blm)
(ll ..... im)EJ
< > ABu)ABL)
(31,im )EJ

IN

IA

O/\/\S/\
)

S~
P :
<
o
Nt
3

Step 2: Next we show that every bounded function f € L?*([0,7]™) can be
approximated by simple functions which are defined by using the sets of the form
A=A x---x A,. We use the Monotone class theorem for functions (Proposition
1.0.3). First let H be the set which includes all bounded and measurable functions f
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such that || f — fullz2(jo.79m) — 0, when n — oo and

Nn
(2.2) fo= aplap cxap .

k=1
We define a set A = {A; x --- x A,,,, A; € B([0,T]) for all i € {1,...,m}}. Now we
check the properties of the Monotone class theorem for functions.

(i) It is clear that 14 € H for all A € A by taking f, = 1 4.

(i) If we take f,g € H and a,b € R, we find for f and g simple functions f, and
gn such that f, — f and g, — ¢ in L*([0,T]™). Then af, + bg, is a simple
function, and af, + bg, — af + bg in L*([0, T]™). By this we have af + bg € H.

(iii) Let ()2, C JH such that 0 < g, T h, where h is bounded. Because g, € H
for all n € N, there exists a sequence (f}')52; of simple functions like such
that ||g, — fi'llL2(o,rpm) < 5= for some k(n) € N. Now we get

1A = femllzzqormy = 1= gn + 9n — Frimll 20,177
1A = gnllz2qo,rm) + 1190 — Frm 22 0.17m)

IN

€
1A = gnllz2o,1pm) + on

IN

1

0, when n — oc.

This means that h € H.

With all this we conclude by the Monotone class theorem for functions (Proposi-

tion [1.0.3) that H contains all o(A) = B([0, 7)™)-measurable and bounded functions.

Step 3: We show that every function f € L?([0,7]™) can be approximated by
bounded functions from L?*([0,7]™). Now let N € N. We take a function f¥ =
(—=N)V f AN which is bounded for any square integrable f and limy_,o, f~ = f. By
Dominated convergence (Proposition we get

li N 2 o= i N _ r123\ym
Aim L = Fllz2o,rym) Jim [Oﬂm\f fIPdA
< lim | f|2d\m
N=roo J{ (0,117 £(£)|> N}
= 0.

g

This above proposition means, if we take f € L*([0,T]™) there exist f, € &,, for
all n = 1,2,... such that f, — f as n — oo in L?([0,7]™). By that, Proposition

and inequality (2.1)) we get

E []m(fn) - Im<fk)]2 = E [Im(fn - fk:)]Q
m!| fo — fellZ2qo.zpm)
m!| fo = fell 22 qo.0pm)

ml|| f — f”%?([O,T]m)) =0,

IN

1
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when n,k — oo. This means that the sequence (Im( f">)n>o is Cauchy sequence in

the space L*(Q),F,P). Because I,, is linear and continuous operator, by Proposition
[1.0.1] we can extend the operator ,, uniquely to the space L?([0,7]™) with the same
properties as given in Proposition [2.1.5] Moreover, if f € L2([0, 7)™, B([0,T]™), \™),
then we denote the multiple stochastic integral by

/ /’fm,“, VAW, ... dW,, = L (f).

PROPOSITION 2.1.7. Let f € L*([0,T|™) and g € L*([0,T]"), where n,m € N.
Then the following holds almost surely

(i) Let m =n and o, 5 € R. Then
(ii) If f is the symmetrization of f, then

(11i) For product of multiple stochastic integrals it holds
0 ifm+#n

E[L.(f)I, = r ‘
mlF)1n(9)] { m!(f. ) r2(o;rpmy  if mo=n.

We can use instead of the multiple stochastic integral the iterated stochastic in-
tegral.

PROPOSITION 2.1.8. For symmetric f € L*([0,T]™) it holds almost surely

m'// /(/ Pt ot th1>...thm.

PROOF. Let S, be the set of all permutations of {1,...,m}. Since f is a sym-
metric function and by Proposition [2.1.6) we can first assume that the function f is
zero on diagonals. In this situation we get

/ /‘fh,“, VAW, ... dW,,

- / / Z f t17 e ’ ﬂ{tﬂ(l)< <t7‘r(m)}th1 c thm

TESm
frnd Z / / f tl,. . ., I]-{t >< <t x(m )}th ) - dVVtﬂ(m)
TESm
7(3) 7(2)
— Z / / / flt, o tn)dWe o dW
TESm
7(3) 7r(2)
= Z / / / tﬂ'(m))thﬂ'(l) T thﬂ'("b)
TESm

= m'/ / / ftl,..., thl' .thm.

Now we use It6’s isometry to extend the result to all symmetric f € L*([0,T]™).
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U

We finish the multiple stochastic integral section with a theorem stating that
every square integrable random variable which is ' -measurable can be expressed by
a series of multiple stochastic integrals.

THEOREM 2.1.9 ([18] Theorem 1.1.2). Let F € L*(2, FV ), where the o-algebra
FW is generated by the Brownian motion W = (Wi)eepor)- Then every F can be

uniquely expressed as
m=0

where f,, € L*([0,T]™), and f,, is a symmetric function, for all m € N.

2.2. The Malliavin derivative

Multiple stochastic integrals can be used to define Malliavin derivatives. First we
let

o (R = f:R" >R, % exists for all |a] = a; + -+ + ay,
P with o; € Ny, f and % have polynomial growth
1 n

We also need a set of smooth random variables, so we let
hi,... h, € L*([0,T]™),n > 1 '

DEFINITION 2.2.1. For F' € S the Malliavin derivative is a stochastic process
(DtF)tE[O,T] with

D,F = Z 38:2 (W (h), ..., W (hy))hi(t).

This Malliavin derivative is a linear operator from the space S C L?(Q,F,P) to
the space L2(Q2 x [0, T],F @ B([0,T]),P® \). Next we introduce for all p € N a norm
1
1Flhy = (E(FP) + EDE|20.19)) -
The next proposition states that the Malliavin derivative is a closable operator.

PROPOSITION 2.2.2 ([19] Proposition 1.2.1). The Malliavin derivative D : S C
LP(Q,F,P) = LP(Q x [0,T],F@B([0,T]),PR A) is a closable operator for all p > 1.

Now we define (D, D, ,,) as an extension of (D, S) where

D _JT€ LP(Q, F,P); there exists a Cauchy sequence
Y2 (z0)32, C S such that z, — 2 in || |1,

and p > 1. By defining (D, Dlm) in this way we have a closed operator since if (x,,)22
is a Cauchy sequence in || |[[1, and 2, — 2 in || ||;,, this means that there exists
for a given € > 0 an n(e) € N such that for all m,n > n(e)

ya
2

T
E|z, — x,|P + E </ |Dyx,, — Dta:m|2dt> < e.
0
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Hence there exist y € LP(2 x [0,7],F ® B([0,T]),P ® A) such that Dz, — y in
LP(Q x [0,T],F @B([0,7]),P® \). Then x € Dy, and Dx = y.
We use again D instead of D and get the Malliavin derivative (D, ;). Especially
we will consider D 5 i.e. the case p = 2, and Dy o := Npy>1D; ,. Notice that we have
Do CDyyo.

We collect here for later use properties of the Malliavin derivative. The proofs can
be found in Nualart [18] and [19].

PROPOSITION 2.2.3 ([18] Proposition 1.2.1). Let F € L*(Q, F,P) have the repre-
sentation F =Y I,(fn), where fn, € L*([0,T]™), and fn, are symmetric for all
m € N. Then F' € Dy 5 if and only if

Z mm'||fm\|%z([0ﬂm) < Q.
m=1

And for these F, we have DF € L*(Q x [0,T],F @ B([0,T]),P® \) with
DyF = iy (fm(-1)).
m=1

PROPOSITION 2.2.4 ([18]Proposition 1.2.2). Let the function f : R — R be contin-
wously differentiable such that |f'| < M for some M € N and assume that F' € D 5.
Then it holds

(1) f(F) € Dy,
(1) Di(f(F)) = [/(F)D:F.

The above assertion extends to Lipschitz functions.

PROPOSITION 2.2.5 ([18]Proposition 1.2.3). Let f : R — R be a Lipschitz function
and F' € Dy 5. Then 1t holds

(i) f(F) € Dyy
(i1) There ezists a random variable G bounded by the Lipschitz constant M € N of
fand

Dt(f(F>> = GD,F.
We want to apply the Malliavin derivative also to solutions of SDEs. Therefore
we assume a stochastic differential equation
. Xo =X € R

such that for the coefficients the following two properties hold:

(a) [f(t,x) = f(t.y)l +|g(t,x) —g(t,y)| < K|z —y| for all 2,y € R and t € [0, T]
(b) t = f(¢,0) and t — g(t,0) are bounded for ¢ € [0, T].
Then the solution is Malliavin differentiable as it is stated in the following proposition.

PROPOSITION 2.2.6 ([19]Theorem 2.2.1). Let and (b)) hold. Then there exists
a solution (Xy)iep,r for (2.3) and Xy € Dy o for allt € [0,T]. Moreover,

D, X; = f(r, X) + /t f(8)D.(X,)dW, + /tg(s)Dr(Xs)ds forr <t a.e.
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and
D, (X;)=0 forr>ta.e.,

where f(s) and g(s) are uniformly bounded and adapted processes. If the coefficents
in (2.3)) are continuously differentiable, then

Fls) = $h (5,
and p
(s) = =2L(s, X,).



CHAPTER 3

Mean-variance hedging with basis risk:
Formulation of the problem

3.1. Continuous financial market

Before formulating our problem we recall some definitions for a continuous fi-
nancial market on the time interval [0,7], for some 7" > 0, by using [4]. Let
(2, F,P, (Fy)eepo,m) be a stochastic basis which satisfies the usual conditions i.e. the
probability space is complete and the filtration (F;)¢cpo,r is right-continuous with the
sets of probability zero included in Fy. Assume that the financial market consists of
one riskless asset {B(t),t € [0,T]} which has a constant interest rate r > 0 and m
risky assets {S;(t),t € [0,T]}, i = 1,2,...,m which are F; -adapted stochastic pro-
cesses with S;(0) = s; > 0 for all i = 1,2,...,m. Let 6(t) = (0o(t),0:(t), ..., 0m(t)T
be the F; -adapted investment strategy at time ¢ € [0,7]. With this we denote the
capital of investor which follows from strategy 6 by

XO(t) = 0o(t)B(t) + 01(t)S1(t) + - - - + 0 (t) S (t)
at time ¢ € [0, T]. At time t = 0 the investor has some initial capital X%(0) = zy > 0.
DEFINITION 3.1.1. Let the capital have a representation

Xo(t):X9(0)+/t«90(u)dB(u)+/t01(u)d51(u)+---+/0t9m(u)dSm(u)

0 0
with almost surely conditions

t
/ |0o(u)|dB(u) < oo
0
and .
/ [0; (1) S;(u)]” du < oo for i=1,2,... m.
0
Then the strategy € is called self-financing.

DEFINITION 3.1.2. Let 0 be a self-financing strategy. If there exists a constant
C' > 0 such that
P(X°(t) > -C,t€[0,T)) =1,
then the strategy 6 is called admissible.
By using admissible strategies we can define an arbitrage-free market which is
needed later.
DEFINITION 3.1.3 ([4] Definition 1). Let 6 be an admissible strategy such that
(1) X°(0) <0
(2) XUT)>0
24
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(3) P(X%(T) > 0) >0,
then it is called an arbitrage. If there exists no arbitrage in the market, then the
market is called arbitrage-free.

3.2. Formulation of the problem

We will follow [24] and start formulating the setting. We assume a complete
probability space (£2, F,P) and a time interval [0, T'| for some T' > 0. For t € [0, 7], we
assume W = {(WO(¢), ..., W™(t))", ¢ € [0,T]} to be an (m+ 1)-dimensional standard
Brownian motion. We denote the transpose of a vector or a matrix M by M7T. Let
F = (F)tejo,r) be the augmented filtration generated by the Brownian motion W and
(FD)tepo, ) be the augmented filtration generated by W°.

We assume also an arbitrage free financial market with a risk-free asset earning
with a constant rate r > 0 and m + 1 risky assets {S;(¢),t € [0,T]} i =1,2,...,m.
We let {Sy(t),t € [0,7]} be the asset connected to the pay-off function with dynamics

{dso@) = So(t)[Ho(t)dt + oo (t) AW (t)]

<31) So(t) = Sg > 0,

where po(t) is the expected return rate and ogo(t) is the volatility.
We consider G(Sp;T) be the pay-off function at maturity 7" > 0 and assume the
following;:
ASSUMPTIONS 3.2.1. G(Sy;T)
(1) G(So;T) € Dy 5.
(2) The asset Sy can not be used to hedge the pay-off G.

REMARK 3.2.2. As a consequence from the above we have to use the risky assets
{Si(t),t € [0,T]},i=1,2,...,m and the risk-free asset for hedging.

The price processes of the risky assets we consider are given by the stochastic
differential equations

(3.2) {dSz‘(t) = Si(t)[ps(t)dt + E;‘ﬂzo Oij (t)de (t)]

fori =1,2,...,m. Here p;(t) is the expected return rate and (o (t), 01 (t), - . ., Oim(t))
is the volatility vector of the i-th asset. We will also write

O'Z(t) = (0’2‘0<t>, .. 7Uim(t))T,

for all : = 1,...,m, and use matrix notation for
a1 ()"
o2(t)" mx(m
o(t) = : = (03 ())mx (m1) € R™ ™D
Um(t)T

The following is assumed throughout the thesis.

ASSUMPTIONS 3.2.3. p; : [0,7] - R and 0y : [0,7] — R

(1) The functions p; and o;; are bounded and Borel-measurable for all i,j =
0,1,...,m.
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(2) There exists a constant p such that o(t)o(t)? > pI for all t € [0, T], where I
denotes the (m x m) identity matrix.

The value of our hedging portfolio at time ¢ is denoted by X?(¢), where 6 denotes
the used hedging strategy. This hedging strategy is specified as a vector 6(t) =
(01(1),05(t), ..., 0m(t))T where every 6;(t) is the amount which is invested in the risky
asset S;(t). This holds for all @ = 1,...,m. The amount which is invested in the
risk-free asset, we get by X9(t) — > 0:(t).

For the value process of the hedging portfolio, we have the following SDE

{dXe(t) = [rX0(t) +b(t)T0(t)]dt + 0(t)To(t)dW (t)

(3:3) X%(0) = 2 > 0

where b(t) denotes the expected excess return vector in form

b(t) = (/Ll(t) - /L2(t) - 7. 7,um(t) - T)T7
and zp is the initial value. We will denote our hedging strategy shortly by {X%(¢),0(t)}

at time t € [0,7]. We can measure the hedging error at terminal time 7" by G(Sy; T') —
XO(T). Instead of this, we define

(3.4) VAT) = X(T) = G(Sy: T),

which we call profit-and-loss random variable. This will measure the closeness of our
hedging strategy to the pay-off, and negative values indicate a hedging error. We will
use a mean-variance criterion whose pioneer was Markowitz [17]. By that we try to
find an optimal hedging strategy which we denote by 6*. We assume v > 0 be the
weight which the investor give for the variance. This strategy will be found by solving

0 7 0
(3.5) max {E[V (T)] - S VarlV (T)]} ,
where O is the set of all admissible hedging strategies, meaning
0= {0 10 e £2},

and L, was defined in Definition|1.5.4, So we aim to maximize E[V?(T")] and minimize
Var[V9(T)).

REMARK 3.2.4. We assume that the set of admissible hedging strategies consists
of progressively measurable and square integrable hedging strategies which differs
from [24] where they assume square integrable and F; -adapted strategies.



CHAPTER 4

The hedging strategy as stochastic linear-quadratic problem

For information about the general stochastic linear-quadratic theory, also called
LQ theory, we recommend the reader to [2] and especially to Chapter 6 in [25]. Our
aim is to find a hedging strategy 6* such that it maximizes the difference, that is

(4.1) E [V (T)] - %Var V(1)) = sup (E Vo(T)] - %Var [V"(T)D .

This question was treated in [24] where they refer to Section 3 in [26] for constructing
a problem which can be solved by using the technique from Section 3 in [16].
Solving (4.1)) is the same as if we try to find a hedging strategy 6* which solves

(4.2) mln {J1(9 V) = %Var V(D) - E [VG(T)}}

where v > 0 is the Welght which the investor puts on the variance. By Section 3 in
[26] this problem can be solved using an auxiliary problem which is defined as

(4.3) min {J2(9 A =E [%W(T)2 - AV"(T)} }
with the parameters v > 0 and —oco < A < co. The next lemma states that we can
find any optimal solution for (4.2)), if it exists, by solving (4.3]).

LEMMA 4.0.1 ([24] Lemma 1). If 6*(-) is the solution to (4.2)), then it is the optimal
control for the auziliary problem (4.3]) when X is given by

A=1+E[V?].

PROOF. Let 6*(-) be the solution for the problem (4.2). Let us assume that 6*(-)
is not the optimal control for (4.3). This means that there exists a 6(-) such that for
the corresponding V(-) it holds

Jg(e )\) - J2(‘9*777 >‘)
- 7113 [VO(T)?] — AE [V(T)] — ( SE[VI(T)] - AE [Ve*(T)D

(1) = TEI@?-EVO@P]) -AE VD) - BV D)
< 0.

Now we define the function

(4.5) flz,y) = %l’ - %yQ —y

for z,y € R. It is easy to check that this function is concave. If we plug E [V‘Q(T)ﬂ
and E [V?(T)] into the function f, we get

FEV@EV(T)]) = 2BV -2 E[V(D)) -E[V(T)]

27
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gl
= g Var (V1)) —E [VU(T)],

which is the same expression as in . Since v > 0 and the only second partial

derivative of | . which differs from 0 is 2 g;gyy) = —v we get by Taylor approximation
([5] Theorem 2.8.3) that

Fla) = ) + 5o = a0) = (1 0)ls =) = | (1= 01ty =)

< fl(xo,y0) + z@ —w0) — (1 +7%0) (¥ — vo)-

2
By that and using we have
f(E VD)7 E[VI(T)])
< FEVT@EVT D))+ €[V -E [V (1))
— (1+AE V(D)) (E[VU(T)] —E [V"(T)])
< JEMT@?TEVT)]).
This is a contradiction, since #*(+) is the optimal control to .

O
Now, if we do some manipulations for the expression in (4.3))
[ 2
E [%V"(T)Q - AV"(T)} - E % (vf’(T)2 - %V%T))]
- ) )
- E|5 ((V%T)—é) —%)]
2 gl g
- ) )
_ k|2 (VQ(T) — é) — )‘_]
2 g 2y
- ) )
= E Z(Ve(T)—é) ] A
2 v 2y
we can re-formulate our auxiliary problem (4.3)) as
: ’_792_9]_- 19_52_)‘_2
ggg{E [21/ (T)? — \VO(T) } = min {]E [Q(V (1)-2) H o
Using the notation from (3.4) we can write
(4.6)
2 2 2 2
min dE |2 (Vo) - 2 A i dE | (x0T — sy ) - 2 A
0€0 2 ¥ 2y 0e€6 0 2y
By putting

(4.7) €= G(ST) + %
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we get a new stochastic LQ problem
. . o 0 2

(4.8) min { (02, 7) = E | (X(T) - €)°| }.
So after all manipulations and because of Lemma [£.0.1] this means that we can solve
the original problem by solving .

We will follow [24] to solve (4.8). The method used there originates from Section
3 in [16]. We remark here that the variable £ in problem depends from G(Sy; T)
and especially on Sy. In Section 3 from [16] the problem uses instead of £ a constant
d € R. This makes the difference between [16] and [24].

First we introduce some notation. Recall that ¢ and b were used for the value
process of the hedging portfolio (3.3)).

Let
(4.9) S(t) = a(t)a(t)"
and
K(t) = b(t)"S(t)~"b(t)
(4.10) {C(t) =b(t)TE(t)to(t)ey,

where e; = (1,0,...,0)T.
Solving problem (|4.8)) is connected to the following two equations: the backward
differential equation

(4.11) {f}ilzj(f)) :: 1[m(t) — 2r]P(t)dt,

and the backward stochastic differential equation

(4.12) dip(t) = {[(t) = rlo(t) + C()vo(t) Yt + o (t)dWO(t),
o(T) = —¢.
The next proposition shows that (4.11)) and (4.12) have unique solutions in the

space where we have an augmented filtration generated by the Brownian motion.

PROPOSITION 4.0.2 ([10] Theorem 5.3.3). Let (Q,FV, P, (F}" )icp.r)) be a filtered
probability space with Brownian motion and let f be a function such that f :[0,7T] X
QxR xR —R. Assume that

(1) £ € L*(Q,F,P).
(2) f(,-,y,2) is progressively measurable for all y,z € R
(3) There exists an Ly > 0 such that .
[f(tw,y,2) = f(tw, §,2)| < Ly (ly — gl + [z = 2])
for all (t,w) € [0,T] x Q and y,9, 2,2 € R.
(4) E [\ f(t,0,0)%dt < co.
Then

Y (t) :§+/t f(s,Y(s), Z(s))ds —/t Z(s)dW (s)

has a unique solution (Y, Z) € 85 x Ly, where 8y is the set of all adapted and contin-
uous processes (Y;)icpo,r) with Esupgc,«p X7 < 00.
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Since (4.11)) and (4.12)) are linear equations, they can be solved explicitly.
PROPOSITION 4.0.3. Fquations (4.11) and (4.12)) have solutions

(4.13) P(t) = ek r=r(s)lds

and

(4.14) p(t) = e K (RO [ _gem I <V 3]
respectively.

PROOF. Let t € [0,7]. We first solve (4.11]). Interpreting (4.11) as a backward
stochastic differential equation we may apply Proposition £.0.2] and conclude that it
has a unique solution. Hence it suffices to check that P(t) given in (4.13]) solves (4.11)):

dP(t) deftT[Qr—ff(s)]ds

dt dt
d€f0 )—2r]ds ,— fo [2r—k(s)]ds

dt
o efOT[ern(s)]dsef fg[Qer(s)}ds (/ﬁ?(t) . 27,)

= el R (54) _ 9p)

with -
P(T) _ efT 2r—r(s)ds _ 1.

So P(t) = eli 2r=r(s)ds ig the unique solution for (4.11)).
Now we consider (4.12)) with solution (p,1y). We use solving method from [6].

First let
{\I/(t) = —W(t)[k(t) — r]dt — V(t)C(t)dWO(t)
v(0) =1.

This is a linear stochastic differential equation which has a unique solution (see for
example [13] or [14]) given by

U(t) = elo ~(x(&)=)=5C(s) ds— 5 C()aWO(s)

By we have
o(T) = olt) / [5(s) — rlols) + C(s)o(s)ds — / bo(s)dWO(s),

and we can use It0’s formula

WT)AT) = Vel + " w(s)dpls) + / " o()du(s) + / 1w )
— vt - | ") ([5) — 7] p(5) + Cls)en(s)) ds
-/ " W($)ols)a () + / ()W) () — rlds
¥ /tho<s>\v<> $AW(s / Yo(s) V() (5)ds
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— W()p(t) + / ()T ()C(5) — W(5) () dIV°(s).

It can be shown similarly as in the proof of Theorem [£.16] which comes later,
by using Lemma [1.4.8] the Burkholder-Davis-Gundy inequality (Proposition [1.6.5]),
Remark [1.6.4] and Holder’s inequality (Proposition |1.6.6)) that the stochastic integral
is a martingale. We get by taking the conditional expectation with respect to F?
U(t)p(t) = E[U(T)p(T)|5] -

Dividing this equation by W(t) gives us
o(t) = e~ I KO+ (Pag [_567 S ¢@awe(s)) g:?} ,

U

If we assume that G is a European option we can use the notation & = G(So(T)) +
%, and ¢ can be interpreted as the price. Let

d]P) —e fo (s)dWO(s) ——fo 2d8dP,

where o= Jo C(£)AW ()= [5 ¢(s)%ds jg 4 martingale by Novikov’s condition (Proposition
1.5.17)) since C is bounded. By Girsanov’s Theorem [[10] Proposition 4.4.6] we have
that the process

W= {W(t),te [O,T]},

where W () t)+ fo s)ds for t € [0, T] is a Brownian motion under the measure
P. Using thls we can rewrite the SDE for Sy as follows

dSO(t> = [ dt + 000 )dWO(t>]
10(D)dt — gooC(t)dt + aoo(t)dW(t)]

= [ (t)dt + oo )dVT/(t)},

1

where fig(t) = pio(t) — ooo(t)¢(t) and So( ) = so. For this we have a solution
So(t) = sgeo Po()=3000()*ds [ oo (s)dW (s)
By the above we get for ¢
o(t) = —e S w(e)=r+3¢(s)%ds g [56— ST C(s)dWO(s)w;?]

= —¢ f K(s)— TdSE

- —e ft r(s) Tds( B t]_{_i)

v

soefo fio(s)— "00(5)2d3+f0TUOO(S)dW(S)) ‘Tt)] + é>
Y

ft #0 —10'00 st—l-ft 0'00(5 dW(S ) |:‘Tr'0j| + )
¥

%

- —e ft k(s)—rds

—rds

I

ro
/—\ A

'ﬁz

C}
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Because ¢y and fig are deterministic we have that
T 1 T R
/ fio(s) — 5000(5)2ds+/ oo0(8)dW (s)
t t

follows normal distribution with mean ftT fio(s) —2000(s)ds and variance ftT ooo(8)?ds

(see [10] Example 3.1.13). Also Sy(t) is F0-measurable and e/i fio(s)=3000(s)*ds+ [ ono(s)dW (s)
is independent from F?. This means that it is possible to use the Black-Scholes for-
mula to calculate the price of an European option. For more information about the
Black-Scholes formula we recommend for example Section 4 in [11].

For ease of the presentation, let

(4.15) L(t) = b(t)(t) + o(t)extho(t).
The following theorem shows the connection between problem (4.8]) and equations
(4.11) and (4.12)).

THEOREM 4.0.4 ([24] Theorem 1). Let P € C([0,T]) and (¢,10) € 82 x Lo be
the solutions of (4.11)) and (4.12). Then the problem (4.8)) is solvable and the unique

feedback control is given by

(4.16) O(t) = —3(t)"! [b(t)XgA () + #F(zﬁ)} |
The associated optimal value is
(417)  Jy(0x; \) = P(0)2 + 20(0)zo + 2E[€?] — E [ /0 %F(t)TZ(t)lF(t)dt |

PROOF. Let € © and X? the solution to (3.3 corresponding to §. We can write
the function of problem (4.8]) as

(4.18)  J5(0;\) =E [(X"(T) - 5)2} —E [(X%T)ﬂ —2F [¢X°(T)] + E [¢?].

Now we get by [to’s formula

(X)) = x§+/0 2X%(5)0(s) o (s)dW (s)

+ /t 2X%(s) (rX?(s) +b(s)"0(s)) + 0(s)" a(s)o(s)"0(s)ds.
0
Recall that we used notations
S(t) = a(t)a(t)"

and

k(t) = b(t)TS(t)~to(t)

() =b(t)" () o (t)er.
By using and Ito’s formula again, we get

P(t) (X°()" = P(0)z2+ /0 P(s)d (X°(s))" + /0 (X°(s))” dP(s)

= P(O)x(2)+/0 P(5)2X%(5)0(s) o (s)dW (s)
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t
+/ P(s) [2X%(s) (rX%(s) + b(s)"0(s))] + 0(s)"2(s)0(s)ds
0

+ /0 (X%(s))” (k(s) — 2r) P(s)ds
(4.19) = P(0)z2 + / 2P(5)X%(s)0(s) o (s)dW (s)

0
2

+ /0 P(s) [2){"(3)5(5)%(3)+9(3)T§3(s)9(s)+ (X°(s))

We want to show that

{/Ot 2P(5)X%(5)0(s) o (s)dW (s); te [O,T]}

KJ(S)P(S)} ds.

is martingale. We use Lemma(l.4.8] Let G = supo<,<r | [y 2P(s)X%(5)0(s) o (s)dW (s)].
Now it is clear that G is a bound for the martingale and by the Burkholder-Davis-
Gundy inequality (Proposition |1.6.5) and Hélder inequality (Proposition [1.6.6)) we
get

E|G] < oE

([ erextems o)) 1

IA

20 | sup |P(O)X°(1)o(t)] (/0T<9(3)T)2d5>$]

g ([ worva) |

< 2a sup [P(t)o(t)] <E sup |X9(t)|2); (H'Z/OT(G(S)T)QdJé

0<t<T 0<t<T
< 00,

= 2a sup |P(t)o(t)|E

0<t<T

where the last inequality follows by Remark and assumptions of P, o and 0. By
Lemma|1.4.8 the Ito-integral {fot 2P(s5)X%(s)0(s) o (s)dW (s);t € [0, T]} is a martin-

gale and

E [ / t 2P(3)X9(s)&(s)Ta(s)dW(s)] 0.

0
So by setting ¢t = T and taking expectation of (4.19)), we get

E[P(1) (X(1)’] = E[(X"(1)’]
(4.20) = P(0)2 +]E{ /T [P(t) (2X0(1)b(t)70(t) + 6(t)"2(t)0(t))

+ (X)) m(t)P(t)]dt}.
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Similarly, we use It6’s formula to ¢(#)X?(¢) and get

(421)  o(O)X°(t) = 90(0)évo+/0 XG(S)dSO(S)Jr/O p(s)dX"(s)

o [ [weavee, o)

For the cross-variation we have

< / o(2)d (), / .G(Z)Ta(z)dW(z)>s

— </¢0 )W (= ZZ/&; 2)ow(2)dW(z )>

1=0 k=1
- </ Vo(2)dWO(2), Z/ Hk(z)akl(z)dWl(z)> :
1=0 0 k=1 0 s
Because of independence of the Brownian motions W° W1, ..., W™ we get

</0. %(z)dWO(z),Z/O. Hk(z)akl(z)dWl(z)> =0, ifl#0.

By the above computations

</o‘ wo(z)dWO(z),/O'H(Z)TU(Z)dW<Z)>S
- </ wo(z)dWO(z),i/O. ek(z)Oko(Z)dWO(Z)>
— / Yo(z z)erdz.

Substituting this into and using for p and (3.3)) for X? yields

SBX() = p(O)zo + / X?(s)do(s) + / o(5)dX(s)

+ /0 1 < /0 ol(2)aW(2), /0 | 0<z>To<z>dW<Z>>s

— (0o + / X*(s)do(s) + / o(5)dX(s)

/ ¢0 0' €1d8

= (0o + / XY(s ) i(s) + C(s)uo(s)] ds
/ XO(s)aho(s)dW (s /0 @(s) [rX?(s) +b(s)"0(s)] ds

34
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+/Ot<ﬂ( / Yo(s s)eids

= ¢(0)xg +/ XO(s)o(s) + @(5)0(s) o (s)dWO(s)

/ X7(s )+ X7(5)C(3)o(s) + o()b(s)T0(s)
Fo(s)0(s >Ta< Jerds
= ©(0)xg +/ XO(s)ibo(s) 4+ ¢(5)0(s) T o (s)dW°(s)

/ X9(s “h(s)p(s) + X (5)b(s)TS() Mo (s)erth(s)
o(5)b(5)70(5) + to()8() o (s)exds
= o(0)zo+ / XO(s)60(s) + 9()0(s) o (5)dW ()

/ X%(s b(s)p(5) + o(s)ertols)
+0(s)" [b(s)e(s) + o(s)extho(s)] ds
(4.22) = (0 xo—i-/o X(s)o(s) + @(5)0(s) a(s)dW(s)

+ [ X)) R0) T (s) + 00 T s) .

where (4.15])) was used for the last equality. It can be shown similarly as before that

{/o [Xe(s)wo(s) + @(8)9(S)TJ(S)} dW°(s);t € [O,T]}

is a martingale and hence

| [ X)) + pl)006) o)) a(s)| =
By choosing t = T" and taking expectation, we get
E[o(T)X(T)] = —E[¢X°(T)]
(4.23) = ¢0)zg+E {/0 [b(s)"S(s) ' T(s) X (s) + 0(s) T (s)] ds} .

We write (4.18)) by using (4.20) and (4.23]) for some 6 € ©. We separate the terms
which depend on 6 and from those which do not. Then we notice that if we put (4.16))

instead of 6 we get the inequality
B0:0) = E[(X(T))°] - 2B [¢X()] +E [¢?]
= P(0)aj + 2¢p(0)zo + E[¢’]

+E [ /0 ' P(t) [2X9(t)b(t)9(t) O S(1)0() + (X(1) m(t)] dt]
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T
2R [ / ()T S(8) T ()X (¢) + 0(t)T(2)] dt}
0

= P(0)ag 4+ 2¢(0)zg + E [¢*] — E { /0 %t)l“(t)TZ(t)_ll“(t)dt]

+]E/O (Xg(t)b(t) + 2(1)0(t) + %F(?ﬁ))

x () (Xe(t)b(t) +X(t)0(t) + %t)r(t)) P(t)dt

> P(0)xf + 2¢(0)zo + E [€7] —EUO %r() E(t)ll“(t)dt}
= J3(0x; M),

where one can see the third equality by multiplying the terms. This calculation shows
that is the optimal control for and the associated optimal value is given
by J3(0x;A). Our inequality can be an equality only when 6 = 6, so (4.16]) is also
unique.

O

We have the explicit formula for ¢ but as we see above, the optimal #, depends
also on I' and in that way on 1)y. Assume a backward stochastic differential equation

(4.24) Y{t) = € + /t £(s,Y(s), Z(s))ds — /t Z(5)dW (),

such that it has a solution. The next proposition shows the connection between the
Malliavin derivative and the solution (Y, 7).

PROPOSITION 4.0.5 ([6] Proposition 5.3. and [9] Theorem 3.12). Let the BSDE
) have a solution (Y, Z). Assume the following

(1)56]1))12, fo [|Du&l?]du < oo, E[¢Y] < 0o
(2) f: Qx[0,T] x R xR — R is continuously differentiable in (y,z) with
uniformly bounded and continuous derivatives
(8) for each (y,z) € R x R
(a) f(-,y,z2) is progressively measurable
(b) f(7 Y, Z) € Dl,Q
(C) Df('ayaz) S LQ([OaT])
(d) E [fOT f(t,y, 2)%dt + fOT fOT Duf(t,y,z)2dudt] < 00
(4)1[3]0 f(t,0,0)*dt < oo

(3) 7B [(Duf(t, Y (0), Z(1)"] du < o
(6) for allt € [0,T] and y,y,2,2 € R

[ Duf(t,w,y,2) = Duf(t,w, 9, 2)| < Ku(t,w) (ly — 9l + |z = 2]),

where K, : [0,T] x Q@ — [0,00) is adapted process with fo [| Ky|P]du < oo
for some p > 0.

Then (Y,Z) € Dy 5 x Dy 5 and
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(i) f(t,Y (), Z(t)) € D1y
((HﬁDY() D, Z(t)=0for0<t<u<T
DY (t) = Dut+ /t [j—‘é(s,Y{s),Z(s))DuY( b

&5,V (), Z()DuZ(5)

T
DL, Y9, 2D ds - [ DLz (),
foru <t <T. Moreover, Z(t) = DY (t), for0 <t <T.

REMARK 4.0.6. The assumption fOT [K!]du < oo from [6] Proposition 5.3 can
be relaxed to f E[|K,P]du < oo for some p > 1. This is shown in [9]. Also a proof
of (f]) one can find in [9].

In our case we get a simplified version as a corollary:

COROLLARY 4.0.7 ([24] Proposition 2.). Let (4.12)) have the solution (v, 10) and
assume that & € Dy o with E[¢Y] < co. Then

(1) Dup(t) = Dyibo(t) =0, for0 <t <u<T,
(ii) Dup(t) = =D& — [ [5(s) = r1Dup(s) + C(s) Dutbo(s)ds — [, Dutbo(s)dW(s),
foru <t <T. Moreover, 1y(t) = Dyp(t), for 0 <t <T.

By the above corollary, we are able to give an explicit formula for 1y. For later
use, we give also explicit formulas for the expectations of ¢ and 1)y.

PROPOSITION 4.0.8 ([24] Proposition 3.). Let (¢, 10) be the solution to the BSDE
(4.12)). Then

(425)  dolt) = Dyp(t) = e I (O HIKOFYog [ I p, 9]
(4.26) Ep(t)] = e J¢ (e =r+3lGs )dsE[ &fffc(s)dw%s)]’
427)  E[o(t)] = E[Dyp(t)] = e~ (@-r+3L()2)dsg [_e—fh(s)czwws) Dtﬁ}.
PROOF. To show ({.25) we put Y (t) = Dyp(t) and Z(t) = Dytby(s) in
)= D¢ - / ) — 11Dusp(s) + C(s) Dutin(s)ds - / D.o(s)dW(s).

Then we have

(4.28) =—-D,§ — / Y(s)+¢(s)Z(s )ds—/t Z(s)dW? (s)

which is a backward stochastic differential equation. Defining a linear stochastic
differential equation

dVU(t) = =U(t)[k(t) — r]dt — U (t)dWO°(t)
U(T) =1,

we can use the same method as in the proof of Proposition to get the solution.
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To show we take the expectation of the formula from Proposition and
use tower property for the conditional expectation. It can be done similarly also for
(14.27)).

O

We introduced the notation & = G(Sy; T) —i—% in to get formula (4.8)). By the
above proposition we see that 1y depends on D;{ so we have to find a formula also
for that. By Assumptions we have G(Sy;T) € D; 5 and we can use Proposition
to get D& = DG (Sp;T). We are able to find this Malliavin derivative explicitly
for some common financial instruments.

LEMMA 4.0.9. Assume a forward contract with a payoff G(So;T) = So(T), where
So has the dynamics from (3.1). Then

DtG(SO; T) = DtSO(T) = SO(T)UOQ(t).
PROOF. By Proposition [2.2.6] we have that

DuSo(T) = So(t)ouolt) / Dy(So(s))00(s)dW(s / Di(o0(s))So(s)dW(s)
4 / Dy(Sols))o(s) + Di(uol))So(s)ds

= So(t)ooo(t) /Dt (So(s))aoo(s)dW° (s /Dt (So(s))po(s)ds.

Since ogg and pg are deterministic, hence their Malliavin derivative is zero. By putting
Y (T) = DiSo(T') we get a linear stochastic differential equation

(4.29) Y(T) = So(t)oo(t) + /t Y ()00 (s)dW(s) + /t Y ()p10(5)ds

which we are able to solve. The solving method can be found for example in [13]. We
get as a solution

(4.30) Y(T) = So(t)aoo(t)eftT 000 (8)dWO(s)+f," o(s)— o (s)ds
Similarly we can solve (3.1]) and this gives us
(431) S()(t) — Soefg Cfoo(s)dWO(s)—&-f(;f uo(s)—%ago(s)ds'

By substituting to we get
Y(T) = DiSo(t) = sgedo 700 AW ()4 g po(s)=3 o8y (s)ds
Xgoo(t)eft a00(8)dW O (s)+ [} po(s)— 302y (s)ds
00 (t)soefoT 00(s)dWO (s)+ [} po(s)— 02y (s)ds
= 00o(t)So(T).
O

LEMMA 4.0.10. Assume European put and call options with payoffs G(So;T) =
(K — So(T))+ and G(So; T) = (So(T') — K)4 respectively. Then
(1) Dy(K = So(T))s = ~LisoinrcsySo(T)ow(t)
(2) Di(So(T) = K) 4 = Tso(r)=350(T) 00 (1)
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PROOF. (1) Let K € [0,00) and F': [0,00) — R with F(z) = (K — z),. To
use Proposition [2.2.4] we need to have a continuously differentiable function.
Let n € N and
-1, ifz <K-1
1
(4.32) fulw) =0 K —l<a<K 41

0, if x> K+1.

With f,, we get a continuously differentiable and bounded function

=i [

By Lemma and Proposition 2

Fo(So(T )) € Do
and

I (So(T)) = [u(So(T))DeSo(T)
= fu(So(T))S0(T)o00(t).
Now we want to show that
Fu(So(T)) = F(So(T) in Dy

Let us recall that for all G € D; » we have

=

IGll12 = (E[G®] + ElDGI[L,01) * < oo

We will show the convergence in two parts:

(i) Since F' and F,, are bounded, and for all x € R it holds F,(z) —
F(z), when n — oo, we get by the Dominated convergence (Proposition
T.2.1)

lim E|F,(So(T)) — F(So(T))[* =0.
n—o0
(i) Recall that D is a closed operator. Now
E|D.F.(So(T)) + Lispmy<x3So(T)o0ol 7, 0.1

= E/o | fa(So(T))So(T)o00(t) + Lisycry<iySo(T)ooo(t)|dt
= B [ 1T + Lisanyer)So(Thom(t)

— B [|£a(So(T) + Tgsyiry<icy|>So(T )]/0 a0 (t)%dt.

We use ([4.32)) for f,, and estimate by using the inequality (a+b)? < 2a®+20?
and |f,(x)] <1 forall z € R

E Ufn(So(T)) + l{So(T)SK}‘ZSO(T>2]

2

So(T) = (K = 3)
= Bl \~Lsym<r-2y + = 1) Tk 1csymy<rt iy T Lisom<ky

2
n
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X SO(T)Q]

2

So(T) — (K —3)
E { ‘ ( 2 = 1) Ty s cqumy<rr iy + L2 esymy<iy | So(T)?

2E [H{K—$<SO<T>SK}SD(T)4} +2E [E{K—%gso@)smi}so(ﬂﬂ :
By Change of variable (Proposition |1.2.2)) we have

2E [1{K7%<SO(T)§K}SO(T)4} +2E [H{Kf%}SSO(T)SKJr%SO(T)ﬂ

_ / P dPgy () + 2 / dPg, 1) ().
{(K—L<a<k} {K— ) <e<K+.}

If we take intersections of sets we get
1
n
and . .
ME{K -~ <0< K++}={K}.
n n

Now because S is a geometric Brownian motion (exponential Brownian mo-
tion), Sy has a continuous distribution which has all moments and

2/~T4dPSO(T) (l’) + 2/ x4d]P>So(T) (QZ) = 0.
0 {K}

By (i) and (ii) F,(So(T")) — F(So(T")) in Dy » and since the operator D
is closed we conclude that

DiF(So(T)) = ~Tgsycryry So(Tow(t).

(2) We get from the put-call parity by writing (v — K); = (z — K)1 >k and
(K =) = (K — 2)Tgacr)

(z-K)y —(K—-2)y = (v~ K)]l{mzK} — (K — I)]l{ng}
= ek — Kk — Klecky + 2lp<r
= r— K.
By putting z = So(7T") we get
(So(T) = K)p — (K = So(T))+ = So(T) = K
which can be written as
(50(T) = K)1 = So(T) — K 4 (K — So(T))+-
Since (So(T) — K); = (K — So(T))+ = 0, when Sy(T) = K, we get
Dt(S[)(T) - K)+ == DtSO(T) - DtK + Dt(K - SO(T))+
= So(T)ooo(t) — Lisyry<iySo(T)o0o(t)
= Lsyr)=x1So(T)o0o(t).
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LEMMA 4.0.11. Assume an Asian option with payoff G(So; T ( fo So(r)dr — K)

Then . " i
! _ 000 t
Dy (T/O So(r)dr — K)+ = 1{%IOTSo(r)dr2K}T/t So(r)dr

ProoF. This can be done similarly as the proof of Lemma 4.0.10 The only thing
we need is the Malliavin derivative

1 [T
D, (T/o So(r)dr)
which we get by Proposition [2.2.6]

/ So(r = JOOT(t)/tT So(r)dr

+



CHAPTER 5

The optimal hedging strategy

The aim of this chapter is to find the optimal hedging strategy which solves the
mean-variance hedging problem. For this we need an explicit formula for .

PROPOSITION 5.0.1. Assume the optimal hedging strategy 0y as given in Theorem

[4.0-4 Then
1

_ . . for K(t
A = {1 GS T)] + el 0 |

v [t )
_ —r(T—t
x| cmtuoe o
7 T 2 T 0
+N/ /{(t)Z( ) 1 —ft K(s)+5¢(s) dsE [G(SO;T)G_L ¢(s)daw (s)i| dt,
0

if N =1— [l s()s(t) el gt > 0,

PROOF. Let 0, be a hedging strategy given in (4.16]). We plug this into (3.3) and
get

¢ t
X (t) =z + / r X% (s) 4 b(s)"0x(s)ds +/ Ox(s) o (s)dW (s).
0 0
Since 6, € © and ¢ is bounded,

{/Ot Ox(s)o(s)dW (s);t € [O’T]}

e[ [ aeans) <o

for all ¢ € [0, 7). Let ¢ = T. Taking the expectation and using (£.16]) and (4.10] leads
to

is a martingale and

E[X"] = x4+ ]E/T r X% (s) + b(s)T0\(s)ds

= x0+]E/0 rX%(s) —b(s)T2(s) ™! lb(S)XGA(s) + PL)HS) ds

_ x0+/0 (r — r(s)) E [X%(s)] _b(s)TXXS)_leS)

This can be seen as a differential equation by putting y(7T) = E[X(T')]. For this we
get the solution

E[I'(s)] ds.

G1) BT =aell 0 = [T Rl s

42
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We use the explicit formula for P which was given in Proposition and get
T
E[X(T)] = el m=r)ds _ / b(s)X(s) "B [[(s)] els Muds
0
. T
— $0€f0 r—r(s)ds _ / b(S)E(S)ilE [F(S)] efr(Tfs)dS.
0

Using first the notation (4.15) and then (4.10) leads to

E[X%(T)] = zoelo mr)s — /0 ' b(s)S(s) B [[(s)] e 7T ds
= xoefoT r—r(s)ds __ /0 5(5)2(5)*11@ [b(s)gp(s) 4 0(8)611/10(5)] efr(Tfs)dS

= el 0 [ KB 9] 7T 4GB o)) e
0

By Lemma, we know that the solution for (4.2)) can be found by using the solution
of (4.3)) with

(5.2) A=1+1E[VXTD)].
So by (3.4)), (4.7) and the above calculations for E [X GA(T)] we get
A = 14+9E[XT) — G(Sp; T)]

T
(53) = 1+ yzgelo T _ 7/ k(s)5(s) " Ep(s)] e T ds
0

—v / C(S)E [ols)] e T ds — 1E [G(So: T)]

In order to find an expression for A we need to make sure which terms on the right-
hand side of depend on A. Since D¢ = Dy(G(So; T) + %) = Ds(G(Sp; T)) in the
formula for E[¢] given in Proposition , we can see that the only part depending
on X is E[p(s)] which is given in Proposition 4.0.8] By using we get

Elp(s)] = e Jo rw-rtaciug [_ﬁe*ffqu)dwf)(u)}
= e J A [G(So; T)e™ Ir C(u)dwo(u)]

_ﬂe— ST v —r+5¢(w)?dup [e‘ Jr g(u)dwo(u)] '
f)/

Now we notice that by Novikov’s condition (Proposition [1.5.17]) we have an exponen-
tial martingale with

(5.4) E [e’ ST C(u)dWO(u)fég(u)2du:| _ 1
With this we get E[p(s)] simplified to

E[SD(S)] = —e_fsT H(u)—r+%C(u)2duE |:G(SO7T)6_ fST ((u)dWO(u)] . ie_ fST H(u)—rdu.
v
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Substituting this into ([5.3)) leads to

T
A= 1— ny [G(So, T)] + fyxoefo r—rk(s)ds __ ,7/ <(S)E [¢O(S>] efr(Tfs)dS
0
T
—7/ m(s)Z(s)leT(TS){ _ eSS sw)—r+5¢(u) dupg [G(SO;T)e’fs C(u)dWO(u)]
0

A
L fST n(u)—rdu}ds
~

T
= 1= E[G(Sy;T)] + yoel % — / C(8)E [tho(s)] e " T~9)ds
0
T
+y / R(s)D(s) e I MR | G5 T ANV g
0

T
—1—)\/ k(s)X(s) e S w(uydug g
0
By moving all terms depending on A to the left-hand side we get

T T
A — )\/ k(8)D(s) e Js Kwdugg
0 ) .
= 1—1E[G(Sy; T)] + yaoel "% — / C(S)E [wo(s)] e " T)ds
0

Sty / ' K(s)D(s) " Lem i R3¢ du [G( So; T)e™Je S@aw° @) g,
0
Now taking A\ as common divisor and dividing the equation with
N:=1- /T K(S)Z(s)_le_ﬁ”(“)d"ds
0
we get provided that N > 0

1 T
A= {1 RIS T)] 4+ el g, |

- /O C(s)Elo(s)]e 7T ds

T
- / R(s)5(s) e Ii A G5y T)em <0 )] g
0

O

Before we formulate our main result let us recall the setting and summarize the
outcome we have so far. We assumed a complete probability space (Q,F,P), a time
interval [0,7] for some 7" > 0 and an arbitrage free financial market with one risk-
free asset earning with constant rate r > 0, (m + 1) risky assets {S;(¢),t € [0,7]}
for i = 1,2,...,m with dynamics given in and an asset {Sy(t),t € [0,7]} with
dynamics . The asset Sy was assumed to be not allowed to use in hedging. The
expected return rates and volatilities were assumed to be deterministic and Borel-
measurable.
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The object for which we wanted to find the hedging strategy was the pay-off
function G(Sp; T') with maturity 7" > 0. The assumptions for G are given in Assump-
tion m The value process of the hedging portfolio was denoted by X?, and the
dynamics for this was given by the SDE (3.3) where 6 was our hedging strategy.

We consider a profit-and-loss random variable

(5.5) VIT) = X(T) = G(So; T)

to describe our hedging error at terminal time 7. The mean-variance criterion was
used to determine an optimal hedging strategy, meaning that we tried to find a
strategy which solves the problem

0 v 0
(5.6) max {E v - §Var (VT } :

where v > 0 is assumed to be the weight which the investor give for the variance.
This is the same as solving

: A = T 0 0

(5.7) min {Jl(e, 7) = S Var [V/(T)] - E V(D) }

and finding a solution for this was connected to the auxiliary problem
. . _ TVi0m2 0

(5.8) min {JQ(Q, v ) =E [Qv (T)? — AV (T)} }

where 7 > 0 and —oo < A < 0o. The connection between the solutions of these two
problems was shown in Lemma
We re-formulated the auxiliary problem to

(5.9) min {J5(0; . 7) = E [(X*(T) = §)*] },

where £ = G(So; T') + % Solving ((5.9) was connected to equations for P and ¢ given
in (4.11) and (4.12)). These had explicit solutions

(510) P(t) — eftT 2r—k(s)ds
(5.11) o(t) = e S (5(e)=r+5¢(s)? )dsg [—feftT g(s)dWO(s)|3r?]
(5.12) Wolt) = e S (R(e)=r+3K )2 )ds g [_6— I C(s)dwo(s)Dtﬂ&ﬂ ‘

Especially we got for the expectation of 1(t)

(5.13)  Elglt)] = o (O HOR)ieg [ I oo pye).

With the above solutions, Theorem showed that ([5.9) is solvable with the solu-
tion

(5.14) Or(t) = =S (t) " [b(O) X (t) + P(H)T(¢)]

and in Proposition [5.0.1] we derived the explicit formula for the A connected to the
optimal hedging strategy.

Collecting all above together we are able to formulate the optimal hedging strategy
which solves the mean-variance hedging problem:
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THEOREM 5.0.2. Assume the above setting and consider the mean-variance hedg-
ing problem

max {E (V1)) — % Var [V(T)] } ,

where v > 0, VY(T) = X%(T) — G(So; T) is the profit-and-loss random variable at
terminal time T > 0 with the hedging portfolio X° and a Malliavin differentiable
pay-off function G(Sy; T) € Dy 5. Then the optimal hedging strategy is

0°(-) = 0r(-) = =X() 7 D)X () + P()y()] s

where P is given in (5.10), ¢ in (5.11), E[tho] in (5.13]) and
1
A= N {1 —yE[G(So; T)] + ”yefoT ’”*”(“)d“xo}

v T
2 [ Bl
0
Y 4 T 1 2 T 0
+N/ K(t)z(t)flef Ji w(u)+5¢(u) duE [G(SO;T)(E*L ¢(u)dW (u)i| dt
0

with N =1~ [ k(t)S(t) el —@dsqt > 0,

PROOF. The result will follow by Theorem Lemma and Proposition

.01
U

REMARK 5.0.3. By varying the weight v we get a family of solutions.



APPENDIX A

Here we collect some results which are needed in the calculations of this thesis.

PROPOSITION 1.0.1 ([22]Theorem 4.2.14). Let Z be a normed linear space and Y
a complete normed linear space. Assume a linear set X such that X C Z and let
A: X =Y be a bounded linear operator. If X is dense in Z, then A can be extended
to space Z with preserving the norm.

DEFINITION 1.0.2. Let  # (). Then non-empty system P of subsets of 2 is called

m-system if
ANBePforall A,Be3F.

The following proposition states a powerful tool called Monotone class theorem
for functions.

ProOPOSITION 1.0.3 (Monotone class for functions, ([7] Proposition 9.3.13)). Let
A C 2% be a w-system which contains Q and assume H C {f; f :  — R} such that

(1) 14 € H for all A€ A,
(2) linear combinations of elements of H are also in H,
(3) if (fn)o2, € H such that f, T f and f is bounded, this implies f € H.

Then H contains all bounded functions f, which are o(A)-measurable.

Next we assume spaces X,Y to be Banach spaces and an operator A to be linear.
We denote the domain of A by D(A) C X and the image set by R(A) C Y. Then we
have next definition adapted from [23] (where only the case X =Y was considered):

DEFINITION 1.0.4. A linear operator A with D(A) C X and R(A) C Y is called a
closed operator if for every Cauchy sequence (z,)22, C D(A) such that z,, — = and
Ax,, — y it follows that z € D(A) and Az = y.

DEFINITION 1.0.5 ([8], Definition 1.3.5). Let X and Y be Banach spaces and let
S C X be a linear subspace. A linear operator A : S — Y is called closable if for any
()22, C S such that z,, — 0 and Az,, — y it follows that y = 0.

A closable linear operator can be extended in the following way:

PROPOSITION 1.0.6. If a linear operator A : D(A) — Y is closable, then it does
have a closed extension A: D(A) — Y such that A= A on D(A) and D(A) C D(A).

PrRoOOF. We define an extension
D ={z € X : there exists (z,);>; C D(A) with x, - x and Az, — y}

and A: D — Y by Az — y. We show that (A, D) is well-defined, linear and closed.
47



A

48

(1) A is well-defined: Let us assume that z,, — 2 and Az, — y and another
sequence (z,)2, € D(A) which also converges to z, but Az, — w. Then
T, — 2z, — 0 and A(z, — z,) — y — w. Since A is closable we have that

y —w = 0 which is equal to y = w

(2) Ais linear: Let a, 8 € R and z,, z». By definition of D there exists sequences

(n)

(2™, and (25”)°2, such that z

(n)

1

— 27 and xé") — x5 with Azcgn) — Az

and Az{"” — Ax,, when n — co. Now

aAzx, + Az,

n—oo

since A is a linear operator.
(3) A is closed: Assume that (z,)%°

n=1

We show that then z € D and Ax

(2,)22, € D(A) with

a lim Axgn) + 4 lim Aa:én)
n—o0 n—o0

lim A(az'™ + g™

Aoz, + fr,),

C D such that z, — = and Az, — v.
y. If (2,)5%, € D then there exists

|z — znllx — O

and

| Az, — Az,|ly — 0

when n — oo. Now since

Iz = znllx - <

[ = znllx + llzn = 2nllx

— 0, asn — o0

and
ly — Aznlly <

ly — Axn”Y + HAxn — Azp|ly

— 0Qasn— o0

it follows that € D and Az = y.



APPENDIX B

Notations
L3([0,T]™) The set of Borel functions f : [0, T]™ — R with HfHZLQ([O’T}m) =
f[o TIm f2d\™ < oo, also denoted by L2([0, T|™,B([0,T]™), \™).

Lo The set of simple stochastic processes given in
Definition L = (Li)epo,r, Le : @ — R™.

Lo The set of progressively measurable stochastic processes

1
L= (L)wpay, L : Q — R™ with (E s det) < .

Lloe The set of progressively measurable stochastic processes
L= (L, Lot @ = R™ with P (w € Q¢ [ Ly(w)?du < o0)
=1.

LP(Q2,F,P) The space of random variables f : Q@ — R with (]E[fp])% < oo for
p =1

M5 The set of continuous martingales M = (Mt)te[O,T}a

M, : Q — R with E [M?] < oo.

MS° The set of continuous martingales M = (M;):cjo,17,
M; : Q — R with My = 0 and E[M?] < co.

M,ﬁ;ﬂ The set of continuous local martingales given in Definition .

Em The set of elementary functions f : [0, 7]™ — R of the form
f(tl, ceey tm) = ZZ ..... im=1 a‘il'“im]lAilxmxAim (tl, ey tm> where
a; € Rand a;,..;, =0, if iy = ¢; for some k # j and A, NA; =0
for all k # 1 with k,l € {1,2,...,n}.

So The set of all adapted and continuous stochastic processes

L= (L)), L : @ = R, with E [supg<,<p L7] < 0.
C([0,7])  The set of continuous functions f : [0,7] — R.

Cr(R") The set of functions f : R" — R such that # exists for all

aq Y
T dagmn

la| = a1 + ... + ap, where a; € Ny, f and 5 4

W have polynomlal
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growth.

The set of smooth random variables of the form
F=f(W(hi),...,W(h,)) where f € C;*(R") and hy, ..., hy,
e L*([0,T]™).

The domain of the Malliavin derivative operator in space

P(Q, F,P).

The set of hedging strategies 0 : [0, 7] — R™, 0(t) = (61(t), ..., ()",
with 0 S Lg.
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