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We develop a numerical method to nonperturbatively study scattering and gluon emission of a quark
from a colored target using a light-front Hamiltonian approach. The target is described as a classical color
field, as in the color glass condensate effective theory. The Fock space of the scattering system is restricted
to the jqi þ jqgi sectors, but the time evolution of this truncated system is solved exactly. This method
allows us to study the interplay between coherence and multiple scattering in gluon emission. It could be
applied both to studying subeikonal effects in high-energy scattering and to understanding jet quenching in
a hot plasma.
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I. INTRODUCTION

The general picture of a high-energy dilute probe
scattering off a color field is a commonly used approach
for many different processes in QCD phenomenology.
Scattering processes that probe the color glass condensate
(CGC) [1] state of small-x gluons inside a high-energy
hadron or nucleus are described in terms of infinitely
energetic partons passing through an infinitesimally thin
color field sheet, using the eikonal approximation. In order
to study the phenomenon of jet quenching and radiative
energy loss, one studies the situation when a high-energy
parton passes through an extended colored medium and
loses energy by gluon emission [2–7]. In both cases, one
often performs analytical calculations in a kinematical
approximation, where the probe has an infinitely large
energy. For realistic collider phenomenology in both
physical situations, it is important, however, to be able
to relax this approximation. For scattering off a CGC color
field, subeikonal effects [8,9] can be important at realistic
collider energies, such as at the upcoming Electron-Ion
Collider [10]. This is the case, in particular, for the physics
of spin at high energies [11–15]. Also for jet quenching,

understanding the interplay between the coherence time of
the emission and the timescales of the scattering centers of
the medium is an area of active study [16–20]. Here, we
address this problem using a nonperturbative approach.
We consider the scattering of a highly energetic quark off
a strong classical background field, and we treat the quark in
a Fock space consisting of jqi and jqgi sectors.We explicitly
solve the time evolution of this system with the light-front
Hamiltonian formalism, using the time-dependent basis
light-front quantization approach (tBLFQ) [21].
The tBLFQ approach is a nonperturbative computational

method to investigate time-evolution problems. It is based
on light-front quantum field theory and the Hamiltonian
formalism. The implementation of the basis function
representation allows one to choose a basis with the same
symmetries of the system under investigation and is
therefore advantageous for carrying out efficient numerical
calculations. This method has been previously applied to
nonlinear Compton scattering [21,22], to the interaction of
an electron with intense electromagnetic fields [23], and to
quark-nucleus scattering [24].
In the earlier treatment of quark-nucleus scattering with

tBLFQ presented in Ref. [24], the Fock space of the quark
was truncated to the leading sector jqi. In this limit, the
subeikonal effect was revealed in the transverse coordinate
distribution of the quark. In this work, we extend the Fock
space to jqi þ jqgi, thus including gluon emission and
absorption in the process. We treat the target nucleus as a
classical SU(3) color field given by the McLerran-
Venugopalan (MV) model [25–27]. In the usual CGC
treatment, the scattering only depends on the field inte-
grated over the longitudinal coordinate. The method
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introduced here, however, can be applied to a more general
situation, where the process can be sensitive to the structure
of the field in the longitudinal direction. We explicitly solve
for the time evolution of the quark as a quantum state inside
the target color field. The time dependence is sensitive to all
three parts of the Hamiltonian of our system: the interaction
with the background field, gluon emission and absorption,
and phase rotation with the light-front energy of the state.
The phase rotation is neglected in the eikonal limit usually
used in CGC calculations, and it encodes the physics of the
formation time of the radiated gluon. In our full non-
perturbative treatment, we can smoothly vary the magni-
tudes of these three effects separately.
We study the evolution of the quark by looking into its

distribution in phase space, including the longitudinal
momentum, the transverse momentum, light-front helicity,
and color. Our focus in this paper is on presenting and
testing the numerical method and demonstrating it in
different physical regimes. For clarity, we use an initial
condition of a pure jqi state with a specific color and
helicity so that the jqgi components are generated only by
the interactions. The only exception is when studying the
sole effect from the interaction with the background field,
where we also include a jqgi component in the initial state.
In the future, we aim to apply this numerical method to
different physical situations, such as a high-energy scatter-
ing with subeikonal effects, which requires choosing initial
conditions and measured observables corresponding to the
physical process of interest. The layout of this paper is as
follows. We first introduce the formalism of tBLFQ for the
case of a quark emitting/absorbing a gluon and scattering
on a color field in Sec. II. We then present and discuss
numerical results in Sec. III, highlighting the effects of the
three different parts of the Hamiltonian separately and
together. We conclude the work in Sec. IV.

II. METHODOLOGY: TIME-DEPENDENT BASIS
LIGHT-FRONT QUANTIZATION (tBLFQ)

The basic physical situation in our study is a high-energy
quark moving in the positive z direction, scattering on a
high-energy nucleus moving in the negative z direction, as
shown in Fig. 1. The quark has momentum Pμ with
Pþ ≫ P−; P⊥, whereas the nucleus has momentum Pμ

A,
with P−

A ≫ Pþ
A; PA;⊥. We treat the quark state at the

amplitude level and the nucleus as an external background
field. The quark state is a superposition of the jqi and the
jqgi states. The quark interacts with the nuclear field over a
finite distance in light-front time 0 ≤ xþ ≤ Lη. The light-
front quantization formalism is manifestly boost invariant
in the z direction. Thus, the same physical process can be
described in different Lorentz frames with equivalent
results. In practice, this means that the change of the Pþ
momentum of the incoming quark can be compensated by a
corresponding Lorentz contraction of the xþ dependence of

the target (both its size and internal structure). The
physically genuinely different regimes correspond to differ-
ent relative timescales of coherence and the background
field interactions. For practical simulations, however, we
choose specific numerical values, expressed here in GeV
for concreteness.

A. The light-front Hamiltonian

The Lagrangian for the process we are considering is the
QCD Lagrangian with an external field,

L ¼ −
1

4
Fμν

aFa
μν þ Ψ̄ðiγμDμ −mqÞΨ; ð1Þ

where Fμν
a ≡ ∂μCν

a − ∂νCμ
a − gfabcCμ

bC
ν
c is the field

strength tensor, Dμ ≡ ∂μ þ igCμ the covariant derivative,
and Cμ ¼ Aμ þAμ the sum of the quantum gauge field Aμ

and the background gluon field Aμ.
The light-front Hamiltonian is derived from the

Lagrangian through the standard Legendre transformation
[28] in the light-cone gauge of the quark, i.e., Aþ ¼
Aþ ¼ 0, and we show the detailed derivation in the
Appendix B 1. Here, we focus on the Hamiltonian in the
truncated Fock space that we are actually working with.
The interacting quark state admits an infinite Fock space

expansion in terms of the bare states. The dimensionality of
this Fock space grows with the number of basis states

FIG. 1. The quark is moving along the positive z direction, and
it scatters on the nucleus which moves along the negative z
direction. The dashed line is the worldline of the quark, z ¼ βqt,
with βq the speed of the quark. The quark state is a superposition
of the jqi and the jqgi states. The quark line is dressed by helical
lines representing the gluon in the jqgi state. The band represents
the worldlines of the target nucleus, bounded by z ¼ −βAt and
z ¼ −βAtþ d0. Here, βA is the speed of the nucleus, and
d0 ¼ d

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2A

p
, with d the width of the nucleus in its rest frame.

In the ultrarelativistic limit of βA → 1, the red band in the diagram
shrinks to a single line aligned with xþ ¼ 0.

MEIJIAN LI, TUOMAS LAPPI, and XINGBO ZHAO PHYS. REV. D 104, 056014 (2021)

056014-2



(color, helicity, and momentum states) to the power of the
number of particles. This growth makes it intractable when
numerically going beyond higher orders in the Fock state
expansion. Here, we truncate this expansion to the leading
two sectors, jqi and jqgi,

jqidressed ¼ ψqjqi þ ψqgjqgi þ � � � ; ð2Þ

where ψq (ψqg) is the probability amplitude of the jqi (jqgi)
sector, and “� � �” includes all the other Fock sectors with
gluons and sea quarks, such as jqggi and jqqq̄i, which are
not considered in this work. In the truncated Fock
space, the light-front Hamiltonian consists of two parts,
P−ðxþÞ ¼ P−

KE þ VðxþÞ, where P−
KE is the kinetic energy

and VðxþÞ the interaction. Note that we do not consider the
kinetic energy of the background field. The kinetic energy
part of the Hamiltonian is a sum of single particle energies,

P−
KE ¼

Z
dx−d2x⊥

�
−
1

2
Aj
aði∇Þ2⊥Aa

j

þ 1

2
Ψ̄γþ

m2
q −∇2⊥
2i∂−

Ψ
�
: ð3Þ

The interaction part of the Hamiltonian consists of two
terms, VðxþÞ ¼ Vqg þ VAðxþÞ, and its diagrammatic rep-
resentation is illustrated in Table I. The first term Vqg is the
interaction between the quark and the dynamical gluon,

Vqg ¼
Z

dx−d2x⊥gΨ̄γμTaΨAa
μ: ð4Þ

It accounts for gluon emission and absorption inside the
dressed quark state. The second term VAðxþÞ includes the
interaction of the background field with the quark and that
with the dynamical gluon, VAðxþÞ¼VA;qðxþÞþVA;gðxþÞ,
with

VA;qðxþÞ ¼
Z

dx−d2x⊥gΨ̄γþTaΨAaþðxþÞ;

VA;gðxþÞ ¼
Z

dx−d2x⊥gfabc∂þAi
bA

c
iA

aþðxþÞ: ð5Þ

It admits an explicit time dependence introduced by the
background field. Note that for an infinitesimal time step, the
quark and the gluon interactingwith the background field are
separate interaction terms. The usual CGCpicture of both the
quark and gluon being rotated by the shockwave field of the
target arises after iterating these interactions over several
time steps.
The background field Aμ accounts for the target, and we

describe it using the MV model [25,26,29]. This is a
classical field satisfying the reduced Yang-Mills equation,

ðm2
g −∇2⊥ÞA−

a ðx⃗⊥; xþÞ ¼ ρaðx⃗⊥; xþÞ; ð6Þ

and it has only one nonzero component A−. In the MV
model, one assumes that the target field is independent of
x− (the light-front time for a left-moving target). This is
justified by the probe’s large momentum Pþ, which means
that the x− dependence of the probe is larger than the x−

scales of the target. The consequence of this approximation
is that the longitudinal momentum Pþ of the probe is
preserved in the interaction. The gluon mass mg is
introduced to regularize the infrared (IR) divergence in
the field, which simulates color neutrality on the source
distribution [30]. We take mg ¼ 0.1 GeV in the numerical
simulations. The background field can be expressed in
terms of Green’s function as

A−
a ðx⃗⊥; xþÞ ¼

Z
d2z⊥G0ðx⃗⊥ − z⃗⊥Þρaðz⃗⊥; xþÞ; ð7Þ

where

G0ðx⃗⊥ − y⃗⊥Þ ¼
Z

d2k⊥
ð2πÞ2

e−ik⃗⊥·ðx⃗⊥−y⃗⊥Þ

m2
g þ k⃗2⊥

: ð8Þ

The color charges are treated as Gaussian stochastic
variables that are uncorrelated between different points in
the transverse plane and between different points in light-
front time. They satisfy the correlation relation

hρaðx⃗⊥; xþÞρbðy⃗⊥; yþÞi ¼ g2μ̃2δabδ2ðx⃗⊥ − y⃗⊥Þδðxþ − yþÞ:
ð9Þ

Note that the parameter μ̃2 has dimensions of GeV3,
consisting of GeV2 for the transverse dimension x⃗⊥ and
GeV for the target’s longitudinal dimension xþ. This
corresponds to the transport coefficient q̂ in jet quenching
[16]. For a high-energy scattering process, what matters is
the charge density ðg2μ̃Þ2 integrated over the extension of
the field along xþ [31,32]. This integrated quantity,
corresponding to the typical transverse momentum trans-
ferred by the target color field, is known as the saturation
scale Q2

s . For a field with constant charge density, it can be
obtained, up to logarithmic corrections, from the product of

TABLE I. The interaction matrix VðxþÞ for a dressed quark in
the Fock space jqi þ jqgi. The matrix elements are represented
by diagrams. The straight line represents the quark, the black
curled line the gluon, and the red curled line the background field.

Fock sector jqi jqgi
hqj

hqgj
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ðg2μ̃Þ2 and the duration of the field Lη [33]. The con-
ventions regarding factors of π and 2 differ between
different sources in the literature. Here, we use the
fundamental representation saturation scale, which we take
to be given by the relation

Q2
s ¼ CF

ðg2μ̃Þ2Lη

2π
; ð10Þ

neglecting the logarithmic corrections. Here, CF ¼
ðN2

c − 1Þ=ð2NcÞ ¼ 4=3 is the second-order Casimir invari-
ant in the fundamental representation.

B. Time evolution of the state

The evolution of quantum states is governed by the time-
evolution equation on the light front. Since we are
interested in how the quark evolves under the interaction,
it is natural to use the interaction picture (denoted by the
subscript I),

i
∂

∂xþ jψ ; xþiI ¼
1

2
VIðxþÞjψ ; xþiI: ð11Þ

In the interaction picture, the interaction Hamiltonian is
VIðxþÞ ¼ ei

1
2
P−
KEx

þ
VðxþÞe−i12P−

KEx
þ
, and the interaction pic-

ture state is related to the Schrödinger picture state by
jψ ; xþiI ¼ ei

1
2
P−
KEx

þjψ ; xþi.
The solution of Eq. (11) describes the state of the

investigated system at any given light-front time xþ,

jψ ; xþiI ¼ T þ exp

�
−
i
2

Z
xþ

0

dzþVIðzþÞ
�
jψ ; 0iI; ð12Þ

where T þ denotes light-front time ordering. In perturbative
calculations, the time-ordered exponential is written as an
expansion in powers of VIðzþÞ and is approximated by
retaining the leading terms in the series. However, in cases
where the external fields are strong, a perturbative treat-
ment may not be sufficient.
One possible nonperturbative treatment is decomposing

the time-evolution operator into many small steps of the
light-front time xþ, then solving each time step in the
sequence numerically,

T þ exp

�
−
i
2

Z
xþ

0

dzþVIðzþÞ
�

¼ lim
n→∞

Yn
k¼1

T þ exp

�
−
i
2

Z
xþk

xþk−1

dzþVIðzþÞ
�
: ð13Þ

The step size is δxþ ≡ xþ=n, and the intermediate time is
xþk ¼ kδxþðk ¼ 0; 1; 2;…; nÞ, with xþ0 ¼ 0 and xþn ¼ xþ.
This product sequence is equivalent to the time-ordered
exponential in the continuum limit n → ∞.

In practice, the calculation is carried out in a finite-
dimensional basis space, where the state becomes a column
vector, and the interaction operator is in matrix form. The
choice of the numerical method, to some extent, depends on
the basis representation of the system. Here, we consider
two typical treatments for general purposes, and we discuss
the numerical method in solving this problem after intro-
ducing the basis in the next section.
Knowing that Eq. (11) is an ordinary differential

equation, one primary group of numerical methods is the
finite-difference method (FDM). FDM approximates the
derivatives with finite differences in each small time step.
Typical methods of the group include the Euler method, the
second-order difference scheme MSD2 [34], and Runge-
Kutta methods [35]. For example, with the most straight-
forward method, the forward Euler, one would treat the
evolution in each time step as

lim
δxþ→0

T þ exp

�
−
i
2

Z
xþk þδxþ

xþk

dzþVIðzþÞ
�

→

�
1 −

i
2
VIðxþk Þδxþ

�
: ð14Þ

This method is, however, not numerically stable since the
formula is not invariant under time reversal. For practical
use, stable methods such as MSD2 and the fourth-order
Runge-Kutta methods are recommended. The Runge-Kutta
methods propagate a solution over each step by combining
the information from several smaller Euler-style steps and
eliminating lower-order errors. Thus, it has the advantage
of simulating the time dependence even inside each time
step. One could adjust the step size δxþ to achieve a desired
accuracy in the calculation. There are also implicit meth-
ods, such as the Crank-Nicholson method, which uses the
backward difference in time and is always stable. However,
in these cases, one might need to pay the price of inverting
the interaction matrix in a large basis space, which is not
always an easy task, especially when the interaction matrix
is complicated.
Another treatment is to compute the exponential directly,

which is automatically unitary. When the time step is
sufficiently small, the interaction during every single step
can be considered as constant in time, and the evolution
operator reduces to an ordinary exponential,

lim
δxþ→0

T þ exp

�
−
i
2

Z
xþk þδxþ

xþk

dzþVIðzþÞ
�

→ exp

�
−
i
2
VIðxþk Þδxþ

�
: ð15Þ

However, this way, one loses the time dependence of
VIðzþÞ within each time step. This method would be
favorable if the matrix exponential is straightforward to
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evaluate, which is the case especially when the interaction
matrix is diagonal.
These introduced methods all simulate the time evolution

by computing the interaction in a sequence of time steps,
and they provide a nonperturbative solution. Our algorithm
is a combination of the Runge-Kutta method for the gluon
emission and absorption and the matrix exponentiation for
interaction with the background field, as is explained in
detail in Sec. II C 4.

C. Basis representation

1. Constructing the basis

We are interested in how the momentum states, i.e.,
eigenstates of the kinetic energy part of the Hamiltonian
P−
KE, evolve due to gluon emission/absorption and inter-

actions with a background field. Therefore, we choose
the basis state jβi as the eigenstates of the free Hamiltonian
P−
KE,

P−
KEjβi ¼ P−

β jβi; ð16Þ

i.e., the “bare” 1- and 2-particle Fock states. The quark state
is a sum over the basis states,

jψ ; xþiI ¼
X
β

cβðxþÞjβi; ð17Þ

where cβðxþÞ≡ hβjψ ; xþiI are the basis coefficients. The
initial state at xþ ¼ 0 can be specified by assigning values
of cβð0Þ, and the information of a state at xþ is encoded in
the column vector cðxþÞ.
In each Fock sector, the many-particle basis states are

direct products of single particle states. The basis state in
the jqgi sector is in the format of jβqgi ¼ jβqi ⊗ jβgi. Each
single particle state carries five quantum numbers,

βl ¼ fkþl ; kxl ; kyl ; λl; clg; l ¼ q or g: ð18Þ

The first quantum number, kþl , labels the longitudinal
momentum of the particle. For this degree of freedom,
we employ the usual plane-wave basis states, i.e., eigen-
states of the longitudinal momentum operator Pþ, with
corresponding eigenvalues pþ

l . In this paper, we compac-
tify x− to a circle of length 2L (i.e., xþ to a circle of length
L). We impose (anti-)periodic boundary conditions on
(fermions) bosons. As a result, the longitudinal momentum
pþ
l in the basis states takes discrete values as

pþ
l ¼ 2π

L
kþl ; ð19Þ

with the dimensionless quantity kþg ¼ 1; 2; 3;… for bosons
(neglecting the zero mode) and kþq ¼ 1=2; 3=2; 5=2;… for
fermions.

For each Fock state, let K ¼ P
l k

þ
l be the total kþ of all

the l particles in that state. Since the background field that
we are considering does not provide extra longitudinal
momentum to the state, the total pþ of the system andK are
conserved. In the jqi sector, the quarks in all basis states
have kþq ¼ K. In the jqgi sector, there are a number of
(K − 0.5) K-segments, where in each K-segment, the
quark and the gluon have definite values of kþq and
kþg . For example, with K ¼ 8.5, the quark in the jqi
sector has kþ ¼ K ¼ 8.5, and the jqgi sector comprises
eight K segments, each with fkþq ¼ 0.5; kþg ¼ 8g,
fkþq ¼ 1.5; kþg ¼ 7g,…, fkþq ¼ 7.5; kþg ¼ 1g, respectively.
The next two quantum numbers, kxl and kyl , label the

momentum components in the transverse directions. The
two-dimensional transverse space is a lattice extending
from −L⊥ to L⊥ in each direction with periodic boundary
conditions. The number of transverse lattice sites in each
dimension is 2N⊥, so the lattice spacing is a⊥ ¼ L⊥=N⊥.
Thus, the transverse coordinate vector r⃗⊥ ¼ ðrx; ryÞ is
discretized as

ri¼nia⊥ði¼x;yÞ; ni¼−N⊥;−N⊥þ1;…;N⊥−1: ð20Þ

The corresponding momentum space is also discrete with
periodic boundary conditions. The transverse momentum
vector p⃗⊥ ¼ ðpx; pyÞ on the momentum grid reads

pi¼kidpði¼x;yÞ; ki¼−N⊥;−N⊥þ1;…;N⊥−1; ð21Þ

where dp ≡ π=L⊥ is the resolution in the transverse
momentum space, which effectively acts as an IR cutoff
λIR ¼ dp. The ultraviolet (UV) cutoff from the transverse
momentum grid is λUV ¼ N⊥dp ¼ π=a⊥. The transverse
coordinate and the transverse momentum spaces are related
through the Fourier and the inverse Fourier transforma-
tions. For the interaction with the background field, we go
to transverse coordinate space, where the basis states are
characterized by the quantum numbers

β̄l ¼ fkþl ; nxl ; nyl ; λl; clg; l ¼ q or g: ð22Þ

The fourth quantum number, λl, labels the light-front
helicity [36]. The quark helicity takes the values λq ¼
�1=2 (also represented as λq ¼ ↑;↓), and the gluon
helicity takes the values λg ¼ �1 (also represented as
λg ¼ ↑;↓). The last quantum number, cl, labels the
particle’s color index. For the quark, cq ¼ 1, 2, 3, and
for the gluon, cg ¼ 1; 2;…; 8.
The basis states are eigenstates of the kinetic energy

operator P−
KE. For each Fock state, the total kinetic energy

sums over all the constituent particles l in that state,
P−
β ¼ P

l p
−
l . The kinetic energy of the quark is p−

q ¼
ðp⃗2⊥;q þm2

qÞ=pþ
q and that of the gluon is p−

g ¼ p⃗2⊥;g=p
þ
g .
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The number of basis states Ntot for the Fock space jqi þ
jqgi is therefore

Ntot ¼ ð2N⊥Þ2 × 2 × 3þ ðK − 0.5Þ × ð2N⊥Þ4 × 4 × 24:

This is the number that controls the overall numerical
complexity of the calculation.
In the numerical simulation, we take L⊥ ¼ 50 GeV−1

ð¼9.87 fmÞ andN⊥ ¼ 16. Exceptions are separately noted.
This translates into a rather large lattice spacing a⊥ in
physical units. In order to stay safe from lattice effects, we
must use rather small values of g2μ̃ andmg in physical units
to stay close enough to the continuum, i.e., with Qsa⊥ ≲ π.
However, since the actual physical behavior of the system
only depends on dimensionless combinations of the
parameters, one can directly reinterpret our results as valid
for larger values (in physical units) of g2μ̃ on a correspond-
ingly smaller (in physical units) lattice size L⊥. The main
purpose of this paper is the development of the numerical
method, and while we quote values for the parameters in
physical units for convenience, the exact values of the
parameters should not be interpreted as precisely matching
a specific collision system.

2. Gluon emission and absorption matrix elements

In the basis space, the quark state is represented as a
column vector cðxþÞ. The interaction operator VIðxþÞ is
represented as a matrix, which we denote as VðxþÞ. Each
matrix element encodes the transition amplitude between
two basis states,

Vββ0 ðxþÞ≡ hβjVIðxþÞjβ0i

¼ hβjVðxþÞjβ0i exp
�
i
2
ðP−

β − P−
β0 Þxþ

�
: ð23Þ

Recall that the interaction operator contains two terms,
VðxþÞ ¼ Vqg þ VAðxþÞ (see discussions in Sec. II A). In
constructing the basis representation, we have discretized
the transverse and the longitudinal spaces, and the light-
front Hamiltonian is quantized on the same discrete space
(see further details in Appendix B 3). We write out the
matrix element of Vqg in the basis representation in this
section, and we discuss that of VAðxþÞ in the next section.
The Vqg operator acts between the jqi and the jqgi

sectors. In the following expressions, pl ¼ ðpþ
l ; p

x
l ; p

y
l Þ is

the three momentum of particle l. The symbol βl denotes
the collective quantum numbers defined in Eq. (18), and the
relation between the integer (half-integer) momentum
quantum numbers kl and their associated momenta pl
are given by Eqs. (19) and (21). The interaction operator is

Vqg ¼
X

β1;β2;β3

gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
1 p

þ
2 p

þ
3 2Lð2L⊥Þ2

p
× b†β2 ūðp2; λ2ÞγμTc3

c2;c1bβ1uðp1; λ1Þ
× ½aβ3ϵμðp3; λ3Þδkþ

2
;kþ

1
þkþ

3
δkx

2
;kx

1
þkx

3
δky

2
;ky

1
þky

3

þ a†β3ϵ
�
μðp3; λ3Þδkþ

1
;kþ

2
þkþ

3
δkx

1
;kx

2
þkx

3
δky

1
;ky

2
þky

3
�: ð24Þ

The matrix element for a transition from a jqi state to a
jqgi state reads

hβqgðkþq ; kxq; kyq; λq; cq; kþg ; kxg; kyg; λg; cgÞjVqg

× jβqðkþQ; kxQ; kyQ; λQ; cQÞi
¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pþ
Qp

þ
q pþ

g 2Lð2L⊥Þ2
q ūðpq; λqÞγμTcg

cq;cQuðpQ; λQÞ

× ϵ�μðpg; λgÞδkþQ;kþq þkþg δkxQ;kxqþkxgδkyQ;k
y
qþkyg ; ð25Þ

and that for a gluon absorption process is the Hermitian
conjugate

hβqðkþQ; kxQ; kyQ; λQ; cQÞjVqg

× jβqgðkþq ; kxq; kyq; λq; cq; kþg ; kxg; kyg; λg; cgÞi
¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pþ
q p

þ
Qp

þ
g 2Lð2L⊥Þ2

q ūðpQ; λQÞγμTcg
cQ;cquðpq; λqÞ

× ϵμðpg; λgÞδkþQ;kþq þkþg δkxQ;kxqþkxgδkyQ;k
y
qþkyg : ð26Þ

Here, uðp; λÞ is the spinor of the fermion, and ϵμðp; λÞ is the
polarization vector of the vector boson. Their expressions
can be found in Appendix B 2. We use the subscripts “Q”
and “q” to distinguish between the quark in the jqi state and
that in the jqgi state. For convenience, let us define the
longitudinal momentum fraction of the gluon as
z≡ pþ

g =p
þ
Q, so that pþ

g ¼ zpþ
Q and pþ

q ¼ ð1 − zÞpþ
Q. Let

us also define the momentum difference between the quark
(gluon) in the jqgi state and the quark in the jqi state as

Δ⃗q ≡ p⃗⊥;q − p⃗⊥;Q; Δ⃗g ≡ p⃗⊥;g − p⃗⊥;Q: ð27Þ

The spinor-polarization vector contraction parts of the
matrix elements in Eqs. (25) and (26) are summarized in
Table II in Appendix B 2. They depend on the relative
center-of-mass momentum,

Δ⃗m ≡ −ð1 − zÞΔ⃗q þ zΔ⃗g; ð28Þ

instead of separately on the single particle transverse
momenta p⃗⊥;l. The energy difference from the phase factor
in Eq. (23) also depends on Δm ¼ jΔ⃗mj,
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p−
qg − p−

Q ¼ Δ2
m þ z2m2

q

zð1 − zÞpþ
Q
: ð29Þ

Thus, the matrix element of Vqg does not depend separately
on the individual momenta of the particles but on the
transferred momentum.
The periodic boundary condition implemented on the

transverse momentum grid should also apply to the
determination of the momentum conservation δ2ðp⃗⊥;Q −
p⃗⊥;q − p⃗⊥;gÞ on the lattice and the calculation of the

transferred momenta Δ⃗q and Δ⃗g. Due to the periodicity,
pi
Q and pi

q þ pi
g (i ¼ x, y) are equal if either they have the

same value or they are different by a period in the transverse
momentum space, 2λUV. Consequently, a transition process
on the lattice could correspond to more than one different
physical process, so one must decide which copy of the
periodical momentum space lattice should be used to
evaluate the momentum differences Δ⃗q and Δ⃗g that
determine the matrix element. For example, a jqgi state
with the quark and the gluon each carrying a transverse
momentum close to the boundary λUV can merge to a jqi
state with a large total transverse momentum close to 2λUV,
which is outside of the fundamental Brillouin zone.
However, on a periodic lattice, we could interpret the same
gluon as having a transverse momentum just beyond the
opposite boundary−λUV, merging with a quark close to λUV
into a quark with a momentum close to zero. With the first
interpretation, the momentum difference vectors Δ⃗q and Δ⃗g

point in the same direction, whereas for the second one,
they are opposite. Thus, the relative center-of-mass

momentum Δ⃗m ¼ −ð1 − zÞΔ⃗q þ zΔ⃗g that determines the
matrix element and light-front energy difference will be
very different with the two interpretations.
To get rid of ambiguities due to the periodicity, we

choose the following prescription. We always use the value
of p⃗⊥;Q within the fundamental Brillouin zone as p⃗⊥;Q in
calculating the quark momentum transfer Δ⃗q. We then use
the value of the momentum sum p⃗⊥;q þ p⃗⊥;g (which might
lie outside of the fundamental Brillouin zone) as p⃗⊥;Q in

calculating the gluon momentum transfer Δ⃗g. For the
configuration discussed above, this corresponds to the
second interpretation of a back-to-back jqgi state merging
into a small momentum jqi state. The reason for this choice
is precisely to maintain this interpretation of back-to-back
splitting and merging, which is the physically most relevant
process for the physical situations we are interested in. We
discuss the periodic boundary condition and explain our
prescription in detail in Appendix C.

3. Background field interaction matrix elements

The VAðxþÞ term is introduced by the chosen back-
ground field, and it contains two parts, one acting on the
quark and the other on the gluon,

VAðxþÞ ¼
X
β1;β2

Z
d2x⊥
ð2L⊥Þ2

δkþ
2
;kþ

1
δλ1;λ2e

iðp⊥
2
−p⊥

1
Þ·x⊥

× gAaþðx⃗⊥; xþÞð2Ta
c2;c1b

†
β2
bβ1 − i2fac1c2a†β2aβ1Þ:

ð30Þ

Here, the symbol βl denotes the collective quantum
numbers defined in Eq. (18), and the relation between
the integer (half-integer) momentum quantum numbers kl
and their associated momenta pl are given by Eqs. (19) and
(21). The VAðxþÞ term does not contain the quantum gauge
field and therefore does not directly connect different Fock
sectors, so matrix elements of the type hqgjVAjqi and
hqjVAjqgi are zero. The background field does not change
the particle’s longitudinal momentum pþ

l either, so the
matrix elements between two jqgi states from different K
segments are also zero.
The background field is local in coordinate space, so it is

convenient to evaluate the matrix element in the coordinate
basis. The matrix element for a transition from a jqi basis
state to another jqi basis state reads

hβ̄q0 ðkþq0 ; nxq0 ; nyq0 ; λq0 ; cq0 ÞjVAðxþÞjβ̄qðkþq ; nxq; nyq; λq; cqÞi
¼ 2gAaþðr⃗⊥;q; xþÞTa

cq0 ;cqδλq;λq0 δkþq ;kþq0
δnxq;nxq0

δnyq;nyq0
: ð31Þ

The collective basis number β̄l is defined in Eq. (22), and
the relation between the basis numbers (kþl , n

x
l , and n

y
l ) and

their associated momenta/locations (pþ
l , r

x
l , and ryl ) are

TABLE II. Spinor-polarization vector contraction for different
helicity configurations. For any transverse two-dimensional
vector, p⃗⊥¼ðpx;pyÞ, define pR≡pxþipy, and pL≡px−ipy.
As defined in Sec. II C 2, z≡ pþ

g =p
þ
Q is the longitudinal

momentum fraction of the gluon, and Δ⃗m is the relative
center-of-mass momentum defined in Eq. (28).

Helicity
configurations
(λQ, λq, λg)

ūðpQ; λQÞ
γμuðpq; λqÞ
ϵμðpg; λgÞ

ūðpq; λqÞ
γμuðpQ; λQÞϵ�μ

ðpg; λgÞ
↑↑↑

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ΔR

m

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ΔL

m

↑↑↓
ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ð1 − zÞΔL

m

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ð1 − zÞΔR

m

↑↓↑
ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ðz2mqÞ

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ð−z2mqÞ

↑↓↓ 0 0
↓↑↑ 0 0
↓↑↓

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ð−z2mqÞ

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ðz2mqÞ

↓↓↑
ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ð1 − zÞΔR

m

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ð1 − zÞΔL

m

↓↓↓
ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ΔL

m

ffiffiffiffiffiffiffiffiffiffi
2ð1−zÞ

p
zð1−zÞ ΔR

m
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given by Eqs. (19) and (20). The matrix element for a
transition from a jgi basis state to another jgi basis state
reads

hβ̄g0 ðkþg0 ;nxg0 ;nyg0 ;λg0 ;cg0 ÞjVAðxþÞjβ̄gðpþ
g ;nxg;n

y
g;λg;cgÞi

¼−i2gfacgcg0Aaþðr⃗⊥;g;xþÞδλg;λg0 δkþg ;kþg0 δnxg;nxg0 δnyg;nyg0 : ð32Þ

The background field Aaþð¼A−;a=2Þ is generated from
the sampled color charges on the same discretized trans-
verse lattice of the Fock state. The longitudinal dimension
of the color charge in xþ (note that this is the light-front
time of the incident quark) is taken to consist of Nη

independent layers [33]. The color charge, as well as the
generated background field, extend from 0 to Lη along xþ.
Thus, each layer has a thickness of τ ¼ Lη=Nη, with the
nτ-th (nτ¼1;2;…;Nη) layer spanning xþ¼½ðnτ−1Þτ;nττ�.
The correlation relation of the color charge as defined in
Eq. (9) now takes a discrete form,

hρaðnx; ny; nτÞρbðn0x; n0y; n0τÞi ¼ g2μ̃2δab
δnx;n0xδny;n0y

a2⊥
δnτ ;n0τ
τ

:

ð33Þ

The Kronecker delta dividing the discrete resolution would
become the Dirac delta in Eq. (9) in the continuous limits of
a⊥ → 0 and τ → 0. For generality, we allow the time step
δxþ to be smaller than the layer thickness τ; this allows one
to continuously go from scattering off a large coherent
(independent of xþ) background field to scattering off
independent scattering centers represented by separate
layers in xþ.

4. Time evolution in the basis

We now look at the time evolution in this basis
representation. The solution of the time-evolution equation,
Eq. (12), acquires a matrix form. In each time step, the
evolution reads

cðxþ þ δxþÞ ¼ T þ exp

�
−i

1

2

Z
xþþδxþ

xþ
dzþVðzþÞ

�
cðxþÞ;

ð34Þ

where VðxþÞ is the interaction matrix in the basis repre-
sentation, and we have already discussed its matrix element
Vββ0 ðxþÞ in Secs. II C 2 and II C 3. We could now select a
suitable numerical method that takes advantage of the
interaction matrix’s structure.
First, we notice that since our interaction matrix is a sum

of two terms, VIðxþÞ ¼ Vqg;IðxþÞ þ VA;IðxþÞ, we can
decompose the evolution over an infinitesimally short
interval into two successive operations,

T þ exp

�
−
i
2

Z
xþþδxþ

xþ
dzþVIðzþÞ

�

≈ exp

�
−
i
2

Z
xþþδxþ

xþ
dzþVqg;IðxþÞ

�

× exp

�
−
i
2

Z
xþþδxþ

xþ
dzþVA;IðxþÞ

�
: ð35Þ

Then, we use different numerical methods for the two
different kinds of interactions.
The gluon emission/absorption operator Vqg is off

diagonal in the Fock space and is thus challenging to
exponentiate. Therefore, we use the fourth-order Runge-
Kutta (RK4) method to calculate its contribution in the time
evolution,

Mqgðxþ; δxþÞ≡URK4

�
−
i
2
Vqg;I; xþ; xþ þ δxþ

�
: ð36Þ

The explicit form of the RK4 operatorURK4 can be found in
Appendix. D. In terms of computational complexity, the
RK4 method on the basis space is, in principle,OðN2

totÞ, but
it is more like OðNtotÞ for Vqg. That is because the gluon
emission/absorption interaction is nonzero only when the
momentum is conserved, so the matrix Vqg is very sparse.
In practice, we organize the numerical computation to
iterate over only the matrix elements allowed by momen-
tum conservation, which achieves this OðNtotÞ complexity.
On the contrary, the interaction with the background

field VAðxþÞ is diagonal in the Fock space: it does not
cause transitions between jqi and jqgi sectors. Moreover,
the background field in our simulation is eikonal, meaning
that the interaction is diagonal in coordinate space and in
helicity space. One only needs to exponentiate a Nc × Nc
color matrix to achieve a unitary evolution over a time step,
which can be calculated analytically with the Cayley-
Hamilton theorem [37]. Therefore, it is feasible to do
the calculation in the exponential form by Fourier trans-
forming the wave function into coordinate space and then
back again as

MAðxþ; δxþÞ
≡ ei

1
2
P−
KEx

þ½F−1e−i
1
2
VAðxþÞδxþF �e−i12P−

KEx
þ
: ð37Þ

Here, F ¼ F ðp⃗⊥ → r⃗⊥Þ and F−1 ¼ F−1ðr⃗⊥ → p⃗⊥Þ are
the Fourier and the inverse Fourier transformation oper-
ators, respectively (see further details in Appendix B 3).
Note that the kinetic energy operator is diagonal in
momentum, not coordinate space. Thus, the kinetic energy
phase part of the interaction picture interaction needs to be
evaluated in momentum, not coordinate space. The com-
putational complexity of the kinetic energy part is OðNtotÞ.
The (inverse) Fourier transform is carried out through the
fast Fourier transform algorithm, which has a complexity of
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OðNtot logNtotÞ, and the interaction in coordinate space is
OðNtotÞ. Thus, the overall complexity of the background
field interaction is OðNtot logNtotÞ.
The full evolution for each time step combines the two

contributions as

cðxþ þ δxþÞ ¼ MAðxþ; δxþÞMqgðxþ; δxþÞcðxþÞ: ð38Þ

The total computational complexity of each time step is,
therefore, OðNtot logNtotÞ, much more efficient than the
OðN2

totÞ operations that a momentum space interaction with
the background field would be. Thus, splitting the inter-
action into two successive steps by Eq. (35) and using a
Fourier transform for the background field allow for a very
efficient time-evolution algorithm.

III. RESULTS

By carrying out the explicit time evolution of the state,
we are able to access the information about its time
development as a function of xþ. In this section, we study
the time evolution of the quark state by looking into its
longitudinal momentum, transverse momentum, helicity,
and color.
We simulate three different cases. In the first case, the

interaction contains just the gluon emission/absorption
term V ¼ Vqg. In the second case, the interaction contains
just the background field term V ¼ VA. Finally, we
consider the full interaction V ¼ Vqg þ VA.
In the cases with nonzero transitions between the jqi and

the jqgi sectors, we start with an initial condition as a single
quark state with a definite color, helicity, and momentum.
When studying the effect just from the background field,
i.e., no transitions between the jqi and the jqgi sectors, we
choose a superposition of a single jqi and a single jqgi state

as the initial state to study their respective evolutions under
the interaction. These initial states do not correspond
exactly to those in a physical high-energy scattering
process, where the quark would have already developed
a gluon cloud before the interaction. However, it enables us
to test the physical effects of the different parts of the
Hamiltonian, and our numerical method, in a cleaner and
more tractable setup.

A. Gluon emission and absorption

The interaction Vqg excites transitions between the jqi
and the jqgi sectors. This effect is intertwined with the
phase rotation generated by the free part of the Hamiltonian
P−
KE, which in the interaction picture is manifested by the

time evolution of the interaction matrix Vqg;IðxþÞ ¼
ei

1
2
P−
KEx

þ
Vqge−i

1
2
P−
KEx

þ
. This phase factor leads to a

decoherence between emissions separated by a long
enough light-front time. To understand the effects from
the gluon emissions/absorptions and the phase factor
separately, we run the simulations in two cases: with the
phase factor, in which we take VIðxþÞ as Vqg;IðxþÞ, and
without the phase factor, in which we take VIðxþÞ as Vqg.
We first study the evolution of the quark state in the

longitudinal momentum pþ phase space. Figure 2 shows
the evolution of the probabilities of different pþ states,
including the jqi sector and the K segments of the jqgi
sector characterized by the gluon longitudinal momentum
fraction z. The probability of each pþ state sums over all
states in the transverse momentum space, helicity space,
and color space. The initial state of the quark is a single
quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ

Q ¼ Pþ ¼ 8.5 GeV, light-
front helicity λQ ¼ 1=2, and color cQ ¼ 1. In Fig. 2(a), in
the absence of the phase factor, the system oscillates

FIG. 2. The evolution of the probabilities of different pþ states, including the jqi sector and the K segments of the jqgi sector
characterized by the gluon longitudinal momentum fraction z. The interaction contains just the gluon emission/absorption term
VðxþÞ ¼ Vqg, (a) without the phase factor and (b) with the phase factor. The initial state of the quark is a single quark state with

p⃗⊥;Q ¼ 0⃗⊥, pþ
Q ¼ Pþ ¼ 8.5 GeV, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1. Parameters in the two simulations: N⊥ ¼ 16,

L⊥ ¼ 50 GeV−1, Lη ¼ 50 GeV−1, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV, K ¼ 8.5. The duration of each time step in the simulation is
δxþ ¼ 0.39 GeV−1.
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between the initial jqi state and all the pþ states in the jqgi
sector. In addition, those different pþ states oscillate
with the same frequency but with different amplitudes.
In Fig. 2(b), with the phase factor restored, the probability
for each pþ state behaves as a damped oscillation.
To understand the oscillational patterns observed in the

simulation via Fig. 2, we study a simplified two-mode
problem analytically. Let us consider the state in a two-
dimensional vector space, corresponding to the two Fock
sectors. The state vector reads

jψ ; xþiI ¼
�
ψqðxþÞ
ψqgðxþÞ

�
: ð39Þ

The interaction operator Vqg;IðxþÞ ¼ ei
1
2
P−
KEx

þ
Vqge−i

1
2
P−
KEx

þ

in the matrix form reads

Vqg ¼
�
0 u

u� 0

�
; P−

KE ¼
�
p−
q 0

0 p−
qg

�
: ð40Þ

By solving the time-evolution equation as Eq. (11), we
obtain the probabilities of the states as sinusoidal functions
of the evolution time,

jψqðxþÞj2 ¼
�
1 −

4w2

η2
sin2

�
ηxþ

4

��
jψqð0Þj2

þ 4w2

η2
sin2

�
ηxþ

4

�
jψqgð0Þj2;

jψqgðxþÞj2 ¼
4w2

η2
sin2

�
ηxþ

4

�
jψqð0Þj2

þ
�
1 −

4w2

η2
sin2

�
ηxþ

4

��
jψqgð0Þj2: ð41Þ

For convenience, we have defined w≡ juj, Δ≡ p−
q − p−

qg,

and η≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4w2

p
. The parameter w corresponds to the

magnitude of the gluon emission and absorption term, and
Δ is the energy difference arising from the phase factor. The
oscillation frequency depends on both the matrix element
and the energy difference, as seen in the expression of η.
The oscillation amplitude depends on the ratio of the two
terms w2=η2. This two-mode process is essentially the Rabi
oscillation, with a Rabi frequency of 2w and a detuning
of Δ [38,39].
The solution of the two-mode problem in Eq. (41) helps

understand the evolution of the extended jqi þ jqgi state in

FIG. 3. The probability of the quark staying in the jqi sector at (a) various N⊥ (Pþ ¼ 8.5 GeV) and (b) various Pþ (N⊥ ¼ 16). The
interaction contains just the gluon emission/absorption term VðxþÞ ¼ Vqg, and phase factor is not included. The initial state of the quark

is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ
Q ¼ Pþ, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1. Parameters in these simulations:

L⊥ ¼ 50 GeV−1, Lη ¼ 50 GeV−1, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV, K ¼ 8.5. The duration of each time step in the simulation is
δxþ ¼ 0.39 GeV−1.

FIG. 4. The probability of the quark state at different pþ
configurations after the evolution, with various quark masses.
The interaction is VðxþÞ ¼ Vqg, and the phase factor is not
included, i.e., VIðxþÞ ¼ VðxþÞ. The initial state of the quark is
a single quark state with p⃗⊥;Q ¼ 0⃗⊥,pþ

Q ¼ Pþ, light-front helicity
λQ ¼ 1=2, and color cQ ¼ 1. Parameters in these simulations:
L⊥ ¼ 50 GeV−1, Lη ¼ 50 GeV−1,mg ¼ 0.1 GeV, K ¼ 8.5. The
duration of each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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the basis space, which is essentially an Ntot-mode problem.
Let us consider the transition between one jqi state
and n different jqgi states, and the interaction operator
is given by

Vqg ¼

2
666666664

0 u1 u2 � � � un
u�1 0 0 � � � 0

u�2 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

u�n 0 0 � � � 0

3
777777775
; ð42aÞ

P−
KE ¼

2
666666664

p−
q 0 0 � � � 0

0 p−
qg;1 0 � � � 0

0 0 p−
qg;2 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 � � � 0 p−
qg;n

3
777777775
: ð42bÞ

The simulation without the phase factor corresponds
to only considering the part Vqg of the Hamiltonian. In
this case, there are only two nonzero eigenvalues,
w� ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ju1j2 þ ju2j2 þ � � � þ junj2

p
, which are opposite

to each other. Thus, the situation is very similar to the

FIG. 5. The evolution of the transverse momentum distributions of (a) the quark in the jqi sector, (b) the quark in jqgi sector, and
(c) the gluon in jqgi sector. The interaction contains just the gluon emission/absorption term VðxþÞ ¼ Vqg, and the phase factor is not

included. The initial state is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ
Q ¼ Pþ ¼ 8.5 GeV, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1.

From left to right, the transverse momentum distributions of the particle are shown at increasing light-front time instances. The number
at the bottom of each panel is the total probability of the plotted states. Parameters in the simulation: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1,
mg ¼ 0.1 GeV, and mq ¼ 0.02 GeV. The duration of each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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two-mode problem. As a result, each basis state oscillates
with the same frequency w ¼ jw�j, although the amplitudes
of those oscillations could be different, depending on the
values of the interaction matrix elements ui. The proba-
bility for each pþ state, summing over different transverse
momentum modes, therefore also oscillates with the same
frequency.
In the full calculation, uis are the matrix elements of Vqg

in Eqs. (25) and (26), and they depend on the transferred
momentum. The frequency w is dominated by the most
significant transition mode, so it is approximately
w ∝ λ2UV=P

þ, where Pþ is the total longitudinal momenta
of the state, and λUV is the largest allowed transverse
momentum on the lattice. Figure 3 shows the evolution of
probability of the jqi sector at different λUVð¼N⊥π=L⊥Þ by
taking different N⊥ at a fixed L⊥ and at different Pþ. The

dependence of the oscillation frequency on Pþ and λUV
indeed agrees with the expectation w ∝ λ2UV=P

þ.
When the phase factor is restored, this corresponds to

including both the Vqg and the P−
KE terms in the

Schrödinger picture light-front Hamiltonian P−. Unlike
in the case without the phase factor, there are now nþ 1
different eigenvalues. Each basis state is, in essence, a
superposition of different eigenstates. The summation
over these states leads to decoherence, which appears in
Fig. 2(b) as a damped oscillation. The probability of each
pþ state approaches an asymptotic value, which is related
to the matrix elements of the Hamiltonian.
We present the probability distribution of the quark state

in the pþ space after the evolution in Fig. 4. The initial state
is a single quark state, and those jqgi states with different
pþ configurations emerge during the evolution. As we see

FIG. 6. The evolution of the transverse momentum distributions of (a) the quark in the jqi sector, (b) the quark in jqgi sector, and
(c) the gluon in jqgi sector. The interaction contains just the gluon emission/absorption term VðxþÞ ¼ Vqg, and the phase factor is

included. The initial state is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ
Q ¼ Pþ ¼ 8.5 GeV, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1.

From left to right, the transverse momentum distributions of the particle are shown at increasing light-front time instances. The number
at the bottom of each panel is the total probability of the plotted states. Parameters in the simulation: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1,
mg ¼ 0.1 GeV, and mq ¼ 0.02 GeV. The duration of each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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from the result, the gluon emission/absorption process
favors jqgi states with either small or large z, the gluon
longitudinal momentum fraction. The dependencies on z
and the quark mass can be understood by examining
the spinor-polarization vector contractions in the matrix
elements of Vqg, as in Table. II in Appendix B 3. Quark
light-front-helicity-conserving transitions to both gluon
polarization states, ½λQ → λqλg� ¼ ½↑ → ↑λg�; ½↓ → ↓λg�
(λg ¼ ↑;↓), are enhanced at small gluon momentum
fraction z. Overall, emissions in this soft gluon limit,

where the emission matrix element is independent of the
gluon polarization, are the most likely ones. For large gluon
momentum fraction z, on the other hand, the only surviving
quark light-front-helicity-conserving emissions are the
ones where also the gluon has the same helicity as the
quark, ½λQ → λqλg� ¼ ½↑ → ↑↑�; ½↓ → ↓↓�. The quark hel-
icity flip transitions, ½λQ → λqλg� ¼ ½↑ → ↓↑�; ½↓ → ↑↓�,
are proportional to the quark mass and heavily weight large
values of z, which can be seen in a comparison of the
different mass results in Fig. 4.

FIG. 7. The evolution of the quark transverse momentum distribution in the jqgi sector. The simulations run with the interaction
containing just the gluon emission/absorption term V ¼ Vqg, with and without the phase factors, at various Pþ. Left panels (a,c,e): The
probabilities as a function of p⊥ ¼ jp⃗⊥j (arg p⃗⊥ ¼ 0; π) at a sequence of xþs. The evolutions with (without) phase factors are in the solid
(dashed) lines. Right panels (b,d,f): The ratio of the probability with the phase factor over that without the phase factor. From the top row
to the bottom, Pþ ¼ 85GeV; 8.5GeV; 4.25GeV for (a,b), (c,d), and (e,f), respectively. The initial state is a single quark state with
p⃗⊥;Q ¼ 0⃗⊥, pþ

Q ¼ Pþ, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1. Parameters in these simulations: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1,
mg ¼ 0.1GeV, and mq ¼ 0.02GeV. The duration of each time step in the simulation is δxþ ¼ 0.39GeV−1.
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Next, we study the evolution of the quark state in the
transverse momentum space. Figures 5 and 6 demonstrate
the probability distributions in the transverse momentum
plane for successive times. The transverse momentum
distributions are shown separately for the quark in the
jqi sector and the quark and the gluon in the jqgi sector.
Now that we do not have a background field, the total
transverse momentum is conserved. Thus, the quark in the
jqi sector stays in its initial momentum state p⃗⊥;Q ¼ 0⃗⊥.
The quark and the gluon in the jqgi sector are back-to-back
in momentum and have distributions that are symmetric
around the origin, apart from the edges of the discrete
transverse momentum lattice, where rotational invariance is
lost. The distributions without the phase factor are shown in
Fig. 5. Here, the emitted quark and gluon both favor large
transverse momentum modes, as we see in the sequential
distributions in Figs. 5(b) and 5(c). The probabilities of

different transverse momentum modes in the jqgi sector
oscillate coherently, so they maintain their relative magni-
tudes while rising and falling as functions of xþ through the
evolution, as seen in Fig. 2(a). When the phase factor is
included, the emitted quark and gluon show a changing
concentric circular pattern in transverse momentum
space, as we see in the sequential distributions in
Figs. 6(b) and 6(c). As we have discussed earlier in the
context of the evolution of different pþ states, here,
different transverse momentum states in the jqgi sector
are also different superpositions of the eigenstates. Thus,
the probabilities of different transverse momentum modes
in the jqgi sector do not oscillate coherently, and their
relative magnitudes change through the evolution.
Additionally, the oscillation frequency of each eigenstate
depends on the change of the light-front energy and the
value of Vqg, both depending on the transferred momentum

FIG. 8. Evolution of the quark state in color space. The interaction contains just the gluon emission/absorption term VðxþÞ ¼ Vqg,
(a) without the phase factor and (b) with the phase factor. The color configuration in the jqi sector is labeled by the quark color index
cQ ¼ 1, 2, 3. The color configuration in the jqgi sector is labeled by the color index cqg ¼ ðcq − 1Þ8þ cg, where the quark color index
cq ¼ 1, 2, 3 is the outer iterator and the gluon color index cg ¼ 1;…; 8 is the inner iterator. The initial state of the quark is a single quark

state with p⃗⊥;Q ¼ 0⃗⊥, pþ
Q ¼ Pþ ¼ 4.25 GeV, light-front helicity λQ ¼ 1=2, and color cQ ¼ 2. Parameters in these panels: N⊥ ¼ 16,

L⊥ ¼ 50 GeV−1, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV, and K ¼ 8.5. The duration of each time step in the simulation is
δxþ ¼ 0.39 GeV−1.

MEIJIAN LI, TUOMAS LAPPI, and XINGBO ZHAO PHYS. REV. D 104, 056014 (2021)

056014-14



squared. This explains why the pattern reflecting the
relative magnitudes among different transverse momentum
states is azimuthally symmetric and centered at the initial
momentum mode of the quark. The states at later times
exhibit artificial effects from the periodic boundaries, and
they are not presented here.
To see the effect of the phase factor more clearly,

we take the ratio of the probability distribution with the
phase factor over that without the phase factor. Since both
the Vqg interaction and the phase factors are azimuthally
symmetric in the transferred p⃗⊥ plane, we analyze
the evolution of the p⃗⊥ distribution at p⊥ ¼ jp⃗⊥j,
arg p⃗⊥ ¼ 0; π. We set the initial state as a single quark
state with p⃗⊥;Q ¼ 0⃗⊥ and run the simulations with and
without the phase factors at various Pþ. The results are
shown in Fig. 7.
In the left panels, Figs. 7(a), 7(c), and 7(e), the

probability distributions of the quark in the jqgi sector
are shown as a function of p⊥ ¼ jp⃗⊥j (arg p⃗⊥ ¼ 0; π) at a
sequence of xþ ’s, with Pþ ¼ 85, 8.5, 4.25 GeV, respec-
tively. The distributions with the phase factor, as in the
solid lines, show oscillational patterns, compared to those
without the phase factor, as in the dashed lines. In the
plots of the ratio of the probability with the phase factor
over that without the phase factor, as in Figs. 7(b), 7(d),
and 7(f), there is a peak around zero momentum transfer,
and it gets narrower over time. (One exception is the
xþ ¼ 25 GeV curve at Pþ ¼ 4.25 GeV in Fig. 7(f): there
is a dip instead of a peak in the center. But this is caused
by artificial reflections from the periodic boundary, so we
should neglect it for the purpose of this discussion.) By
comparing the three different Pþ cases, one can see that
the peak narrows faster at a smaller Pþ. Moreover, the
peak develops at a rate inversely proportional to Pþ,

which can be seen by comparing the xþ ¼ 12.5 GeV
(xþ ¼ 25 GeV) curve in Fig. 7(d) to the xþ ¼ 6.25 GeV
(xþ ¼ 12.5 GeV) curve in Fig. 7(f). This is because a
smaller Pþ leads to a larger kinetic energy P−

KE ∝ 1=Pþ,
making the decoherence faster. This behavior is a dem-
onstration of the familiar effect leading to Fermi’s
golden rule. At late times xþ → ∞, the only allowed
transitions are the ones that conserve the light-front
energy P−. This energy conservation is enforced by the
phase factor, canceling the energy nonconserving tran-
sitions, even when they are favored by large transition
matrix elements.
We then look at the evolution of the quark state in color

space, as in Fig. 8. The initial state here is a single quark
with color index cQ ¼ 2. Only six of the jqgi color states
are allowed in the transitions due to color conservation.
Without the phase factor, the probabilities of those states
oscillate over time, as in Fig. 8(a). The oscillation is
suppressed when the phase factor is restored, as in
Fig. 8(b). This oscillation and its suppression have the
same reason as in the pþ distribution shown in Fig. 2.
Without the phase factor, the probability of each momen-
tum mode oscillates coherently, so the probability of each
color state, which is a summation over all the momentum
modes, also oscillates coherently. However, with the phase
factor, different momentum modes oscillate with different
frequencies, eventually going out of phase. Thus, the
probability of a color state, which sums over all the
momentum modes, even acquiring an oscillation initially,
could not maintain it.
Lastly, we examine the evolution of the quark state in

helicity phase space. The results are presented in Fig. 9. As
the evolution time increases, states in the jqgi sector appear.
Since the initial state is a single quark state with λQ ¼ 1=2,

FIG. 9. Evolution of the quark state in light-front helicity phase space. The interaction contains just the gluon emission/absorption
term VðxþÞ ¼ Vqg, (a) without the phase factor and (b) with the phase factor. The helicity configuration in the jqi sector is labeled by the
quark helicity λQ ¼ ↑;↓. The helicity configuration in the jqgi sector is labeled by the quark helicity λq ¼ ↑;↓ and the gluon helicity

λg ¼ ↑;↓. The initial state of the quark is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ
Q ¼ Pþ ¼ 4.25 GeV, light-front helicity λQ ¼ 1=2, and

color cQ ¼ 2. Parameters in the two simulations: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV, and K ¼ 8.5. The
duration of each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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the produced jqgi states favor the fλq ¼ 1=2; λg ¼ �1g
configurations in which the quark helicity is preserved. The
transition to the fλq ¼ −1=2; λg ¼ 1g state is weighted by
the quark mass, which is relatively small in this case. The
fλq ¼ −1=2; λg ¼ −1g state is not allowed. Very much like
the evolution of probability distribution in the color space,
the probabilities of those helicity states oscillate over time
when the phase factor is not included, as in Fig. 9(a), and
the oscillations are suppressed when the phase factor is
restored, as in Fig. 9(b).

From the above results and discussions, we see that the
evolution with the gluon emission/absorption interaction
contains two contributions: the transition between the jqi
and the jqgi sectors by Vqg and a phase rotation by P−

KE.
This interaction preserves the system’s total momentum,
and it changes the distribution of the state in both the pþ
and the p⃗⊥ spaces, as well as in color and helicity spaces.
Without the phase factor, the transitions happen as coherent
oscillations between different states, but the phase factor
causes the transitions to decohere.

FIG. 10. The evolution of the transverse momentum distributions of (a) the quark in the jqi sector, (b) the quark in jqgi sector, and
(c) the gluon in jqgi sector. The interaction contains just the background interaction term VðxþÞ ¼ VAðxþÞ, and phase factor is included.
The initial state is a superposition of a jqi state with pþ

Q ¼ Pþ ¼ 8.5 GeV, p⃗⊥;Q ¼ 0⃗⊥, helicity λQ ¼ 1=2, color index cQ ¼ 1, and a

jqgi state with pþ
q ¼ 0.5 GeV, pþ

g ¼ 8 GeV, p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, helicity λq ¼ 1=2; λg ¼ 1, color index cq ¼ 1, cg ¼ 1. The basis

coefficient for each of the two is 1=
ffiffiffi
2

p
. From left to right, the transverse momentum distributions of the particle are shown at increasing

light-front time instances. The number at the bottom of each panel is the total probability of the plotted states. Parameters in the
simulation: mg ¼ 0.1 GeV, N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, g2μ̃ ¼ 0.018 GeV3=2, mq ¼ 0.02 GeV. The duration of each background field
layer is τ ¼ 12.5 GeV−1 and that of the each time step in the simulation is δxþ ¼ 0.39 GeV−1. For the rightmost panels, which are at the
last of the evolution, the total evolution time is Lη ¼ 25 GeV−1; the value of the dimensionless quantityQsa⊥ [Qs is defined in Eq. (10)]
is 0.13.
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B. Interaction with background field

In this section, we study the effect from the background
field without gluon emission or absorption. The back-
ground field interacts with the jqi and the jqgi sectors
separately and does not in itself cause transitions between
them. The interaction with just the jqi sector was pre-
viously studied with the tBLFQ approach in Ref. [24]. The
background field in the simulation has Pþ

A ¼ 0, so it does
not change the pþ configuration of the system. The
nonzero component of the background field is A−, which
couples to the Jþ current of the fermion field, so the

light-front helicity of the quark state is not affected either.
The background field only affects the distributions in
transverse momentum space and in color space.
We present the evolution of the quark state in transverse

momentum space in two cases: one with a relatively weaker
field with g2μ̃ ¼ 0.018 GeV3=2 in Fig. 10 and the other
with a relatively stronger field with g2μ̃ ¼ 0.108 GeV3=2 in
Fig. 11. In both cases, the initial state is a superposition of a
jqi state with pþ

Q ¼ Pþ ¼ 8.5 GeV, p⃗⊥;Q ¼ 0⃗⊥, helicity
λQ ¼ 1=2, color index cQ ¼ 1, and a jqgi state with

pþ
q ¼ 0.5 GeV, pþ

g ¼ 8 GeV, p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, helicity

FIG. 11. The evolution of the transverse momentum distributions of (a) the quark in the jqi sector, (b) the quark in jqgi sector, and (c) the
gluon in jqgi sector. The interaction contains just the background interaction term VðxþÞ ¼ VAðxþÞ, and phase factor is included. The
initial state is a superposition of a jqi state with pþ

Q ¼ Pþ ¼ 8.5 GeV, p⃗⊥;Q ¼ 0⃗⊥, helicity λQ ¼ 1=2, color index cQ ¼ 1, and a jqgi state
with pþ

q ¼ 0.5 GeV, pþ
g ¼ 8 GeV, p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, helicity λq ¼ 1=2; λg ¼ 1, color index cq ¼ 1, cg ¼ 1. The basis coefficient for

each of the two is 1=
ffiffiffi
2

p
. From left to right, the transverse momentum distributions of the particle are shown at increasing light-front time

instances. The number at the bottom of each panel is the total probability of the plotted states. Parameters in those panels:mg ¼ 0.1 GeV,
N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, g2μ̃ ¼ 0.108 GeV3=2,mq ¼ 0.02 GeV. The duration of each background field layer is τ ¼ 12.5 GeV−1 and
that of the each time step in the simulation is δxþ ¼ 0.39 GeV−1. For the rightmost panels, which are at the last of the evolution, the total
evolution time is Lη ¼ 25 GeV−1; the value of the dimensionless quantity Qsa⊥ [Qs is defined in Eq. (10)] is 0.78.
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λq ¼ 1=2; λg ¼ 1, and color index cq ¼ 1, cg ¼ 1. The

basis coefficient for each of the two is 1=
ffiffiffi
2

p
. The total

evolution time of the presented results is Lη ¼ 25 GeV−1.
The typical transverse momentum that the particles
obtained from the background field is characterized by
the saturation scale Qs, as defined in Eq. (10). In both
simulations, the values ofQs are far below the UV cutoff of
the grid λUV ¼ π=a⊥ so that the calculated result is close to
the continuum limit and away from the lattice effects. The
values of the dimensionless quantity Qsa⊥ in the two cases
are 0.13 and 0.78, respectively, both sufficiently smaller
than π. As we see in Figs. 10 and 11, the majority of the
occupied momentum modes are still away from the
boundary of the transverse momentum lattice by the end
of the evolution.

Under the interaction with the background field, both the
initial jqi state and the initial jqgi state transfer to other
momentum modes within their Fock sector. This momen-
tum transfer is more obvious with the stronger field in
Fig. 11 compared to that in Fig. 10. The circular pattern
resulting from the phase factor appears in the transverse
momentum distribution. Because of its relatively small
longitudinal momentum pþ

q ¼ 0.5 GeV, compared to the
total Pþ ¼ 8.5 GeV of the system, the quark in the jqgi has
a more significant phase rotation from the phase factors.
Thus, the circular pattern is most noticeable for the quark in
the jqgi sector when the background field is weak, as in
Fig. 10(b). By comparing the transverse momentum dis-
tribution of the gluon and that of the quark, one sees,
especially with the stronger field in Fig. 11, the effect of

FIG. 12. Evolution of the quark state in color space. The interaction contains just the background interaction term VðxþÞ ¼ VAðxþÞ,
(a) without the phase factor and (b) with the phase factor. The color configuration in the jqi sector is labeled by the quark color index
cQ ¼ 1, 2, 3. The color configuration in the jqgi sector is labeled by the color index cqg ¼ ðcq − 1Þ8þ cg, where the quark color index
cq ¼ 1, 2, 3 is the outer iterator and the gluon color index cg ¼ 1;…; 8 is the inner iterator. The initial state is a superposition of a jqi
state with pþ

Q ¼ Pþ ¼ 4.25 GeV, p⃗⊥;Q ¼ 0⃗⊥, helicity λQ ¼ 1=2, color index cQ ¼ 1, and a jqgi state with pþ
q ¼ 0.25 GeV,

pþ
g ¼ 4 GeV, p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, helicity λq ¼ 1=2; λg ¼ 1, color index cq ¼ 1, cg ¼ 1. The basis coefficient for each of the two is

1=
ffiffiffi
2

p
. Parameters in these panels: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, mg ¼ 0.1 GeV, g2μ̃ ¼ 0.144 GeV3=2, mq ¼ 0.02 GeV,

Pþ ¼ 4.25 GeV, K ¼ 8.5. The duration of each background field layer is τ ¼ 12.5 GeV−1 and that of each time step in the
simulation is δxþ ¼ 0.39 GeV−1.
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Casimir scaling; because CA > CF, the gluon gets a
stronger momentum kick from the background field than
the quark.
Then, we look at the evolution of the quark state in color

space, as in Fig. 12. The initial state is a superposition of a
jqi state with color cQ ¼ 1 and a jqgi state with color
cq ¼ 1, cg ¼ 1. The basis coefficient for each of the two is

1=
ffiffiffi
2

p
. The interaction VA carries out a color rotation

within the jqi and within the jqgi sector, separately. In
the two cases with and without the phase factor, as in
Figs. 12(a) and 12(b), all color states emerge during the
evolution, and the state approaches a uniform color dis-
tribution in each Fock sector.

1. Cross sections

The interaction of a particle with the background field is
usually quantified in terms of the cross section for scatter-
ing off the field. The study in Ref. [24] calculated the cross
section of a pure jqi state under the CGC background field.
In this work, we study the cross section of a pure jqgi state.
These studies would get us prepared for calculating the
cross section of a QCD eigenstate in the jqi þ jqgi Fock
space in the future.
The cross section of a process is defined as the sum of the

squares of the transition amplitudes,

dσ
d2b

¼
X
ϕf

jMðϕf;ψ iÞj2¼
X
ϕf

jhϕfjSjψ ii− hϕfjψ iij2: ð43Þ

Here, ψ i stands for the initial state and ϕf the final state;P
ϕf

sums over the phase space of the final state. The S in

the equation is the evolution operator from the initial state
to the final state.
In the usual case corresponding to a physical scattering

experiment, the time evolution happens over an infinite
interval from xþ ¼ −∞ to xþ ¼ ∞. For a finite-size target,
this allows for an incoming quark to develop a cloud of
gluons before the target and for the Fock states of the
scattered particle to reorganize after the target through the
Vqg interaction. In our explicit numerical time-evolution
procedure, such an infinite time evolution would not be
feasible. Instead, we initialize our system in a specific Fock
state at the time xþ ¼ 0 and study the evolution within the
target color field for a finite time Lη. Thus, the calculation
we are doing here does not actually correspond to scatter-
ing, and the quantity defined by Eq. (43) should not be
interpreted as a usual cross section. Studying a physical
scattering process is possible with the same time-evolution
algorithm. However, it requires using initial conditions at
xþ ¼ 0 with a Fock state with a fully developed gluon
cloud that corresponds to an incoming quark at xþ ¼ −∞,
projecting out to similar scattering states at the end of the
target. In this paper, we focus on understanding the
interaction within the target and leave the description of
the correct asymptotic states to future work. Note that this
issue did not concern the earlier tBLFQ calculation with the
bare quark in Ref. [24], since in the absence of gluon
radiation the time development between xþ ¼ �∞ and
the target is trivial; thus, the results of that work could
indeed be understood as quark-nucleus scattering cross
sections.
In evaluating the total cross section, one should average

over the color charge density ρ of the target as in Eq. (9),

FIG. 13. The total cross sections of the jqgi state, as functions of g2μ̃, evaluated at various N⊥. (a) The background field interacts with
just the quark, i.e., VðxþÞ ¼ VA;qðxþÞ, and the solid line is the eikonal prediction as calculated from Eq. (45). (b) The background field
interacts with just the gluon, i.e., VðxþÞ ¼ VA;gðxþÞ, and the solid line is the eikonal prediction as calculated from Eq. (46). The initial

state is a single quark-gluon state with p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, light-front helicity λq ¼ 1=2; λg ¼ 1, and color cq ¼ 1, cg ¼ 1. The phase
factor is not included in these simulations, i.e., VIðxþÞ ¼ VðxþÞ. Each data point of the total cross section is calculated according to the
definition in Eq. (44) by averaging over 50 configurations, and the standard deviation is taken as the uncertainty. Parameters in these
simulations: N⊥ ¼ 2, 4, 8, 16, L⊥ ¼ 50 GeV−1, Nη ¼ 4, Lη ¼ 50 GeV−1, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV. The duration of each
background field layer is τ ¼ 12.5 GeV−1 and that of each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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dσtot
d2b

¼
	X

ϕf

jMðϕf;ψ iÞj2


: ð44Þ

Here, the h…i stands for a configuration average of the
background field. The total cross section includes a

projection to the final state at the amplitude level and a
summation over all possible states at the cross section level
[31,40,41]. Using the unitarity of the S-matrix, i.e., the
optical theorem, the total cross section can also be
expressed in terms of the expectation value of the diagonal
elements of the scattering amplitude, i.e., in terms of the
imaginary part of the forward elastic amplitude.
Since the background field interacts with both the quark

and the gluon in the jqgi state, we first study their
respective effects. In the eikonal limit of pþ ¼ ∞, both
the single quark cross section dσq=d2b and the single gluon
cross section dσg=d2b reduce to traces of Wilson lines and
can be written in terms of the charge density g2μ̃, the
interaction duration Lη, and the IR cutoffmg [31]. The total
cross section of a single quark interacting with the back-
ground field is (see Appendix E for detailed derivations of
Wilson line expectation values)

dσq;tot
d2b

����
pþ¼∞

¼ 2

�
1 −

1

Nc
RehTrUFð0; Lη; x⃗⊥Þi

�

¼ 2

�
1 − exp

�
−
CFðg2μ̃Þ2Lη

8πm2
g

��
ð45Þ

and that of a single gluon is

dσg;tot
d2b

����
pþ¼∞

¼ 2

�
1 −

1

N2
c − 1

RehTrUAð0; Lη; x⃗⊥Þi
�

¼ 2

�
1 − exp

�
−
CAðg2μ̃Þ2Lη

8πm2
g

��
; ð46Þ

FIG. 14. The total cross sections of the jqgi state, as functions of g2μ̃, evaluated at various N⊥. (a) Quark and gluon interact with
different background fields, i.e., VðxþÞ ¼ VA;qðxþÞ þ VA0;gðxþÞ, in whichA andA0 are independently generated background fields for
each simulation. (b) Quark and gluon interact with the same background field, i.e., VðxþÞ ¼ VA;qðxþÞ þ VA;gðxþÞ. In both panels, the
solid line is the uncorrelated eikonal prediction as calculated from Eq. (48). The initial state is a quark-gluon state with
p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, light-front helicity λq ¼ 1=2; λg ¼ 1, and color cq ¼ 1, cg ¼ 1. The phase factor is not included in these
simulations, i.e., VIðxþÞ ¼ VðxþÞ. Each data point of the total cross section is calculated according to the definition in Eq. (44)
by averaging over 50 configurations, and the standard deviation is taken as the uncertainty. Parameters in these simulations: N⊥ ¼ 2, 4,
8, 16, L⊥ ¼ 50 GeV−1, Nη ¼ 4, Lη ¼ 50 GeV−1, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV. The duration of each background field layer is
τ ¼ 12.5 GeV−1 and that of each time step in the simulation is δxþ ¼ 0.39 GeV−1.

FIG. 15. The total cross sections of the jqgi state, as functions
of g2μ̃, with four different setups of the interaction, VðxþÞ ¼
VA;qðxþÞ, VðxþÞ ¼ VA;gðxþÞ, VðxþÞ ¼ VA;qðxþÞ þ VA;gðxþÞ,
and VðxþÞ ¼ VA;qðxþÞ þ VA0;gðxþÞ. The data points in this
figure are taken from the N⊥ ¼ 16 results of the four panels
in Figs. 13 and 14, leaving out the uncertainties. The red solid,
blue dashed, and yellow dotted lines are the eikonal predictions as
calculated from Eqs. (45), (46) and (48), respectively. The initial
state is a single quark-gluon state with p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, light-
front helicity λq ¼ 1=2; λg ¼ 1, and color cq ¼ 1, cg ¼ 1. The
phase factor is not included in these simulations, i.e.,
VIðxþÞ ¼ VðxþÞ. Parameters in these simulations: N⊥ ¼ 16,
L⊥ ¼ 50 GeV−1, Nη ¼ 4, Lη ¼ 50 GeV−1, mg ¼ 0.1 GeV,
mq ¼ 0.02 GeV. The duration of each background field layer
is τ ¼ 12.5 GeV−1 and that of each time step in the simulation is
δxþ ¼ 0.39 GeV−1.
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where CF ¼ ðN2
c − 1Þ=ð2NcÞ ¼ 4=3 and CA ¼ Nc ¼ 3.

Here, one uses the representation in terms of the forward
elastic amplitude, which in this case is the expectation value
of a single Wilson line. Note that in the CGC picture, this
means that the total cross section is the expectation value of
a nonsinglet Wilson line operator, and as a consequence, it

very strongly depends on the IR cutoff provided by mg.
Thinking differentially in terms of the momentum transfer
from the target, it includes, besides the finite-k⃗⊥ cross
section, which results from the Fourier transform of the
color singlet dipole operator, the part at k⃗⊥ ¼ 0⃗⊥ that is not
singlet (see similar considerations in, e.g., Refs. [42,43]).

FIG. 16. The probability of the quark staying in its initial state and the transition probabilities to other states during the evolution. The
initial state of the quark is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ

Q ¼ Pþ ¼ 8.5 GeV, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1.
The probability of the quark in its initial state is in the yellow solid line, that of the other states also in the jqi is in the blue dashed line,
and that of the jqgi states is in the red dotted line. From top to bottom: (a) without background field, i.e., g2μ̃ ¼ 0, (b) with a relatively
weak background field, g2μ̃ ¼ 0.018 GeV3=2, and (c) with a relatively strong background field, g2μ̃ ¼ 0.144 GeV3=2. The simulations in
the left panels do not include the phase factors, and those in the right panels do. Parameters in these panels: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1,
Lη ¼ 50 GeV−1, Nη ¼ 4, mg ¼ 0.1 GeV, mq ¼ 0.02 GeV. The duration of each background field layer is τ ¼ 12.5 GeV−1 and that of
the each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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Now, let us look at the cross section of a jqgi state. The
same background field would interact with the quark and
the gluon, and the total cross section in the eikonal limit
reads

dσqg;tot
d2b

����
pþ¼∞

¼ 2

�
1−

1

NcðN2
c−1ÞRehTrUFð0;Lη; x⃗⊥Þ

⊗UAð0;Lη; y⃗⊥Þi
�

¼ 2

�
1−exp

�
−
g4μ̃2Lη

8πm2
g
ðCFþCAÞ

�

×fqg

�
g4μ̃2Lη

4πmg
jx⃗⊥− y⃗⊥jK1ðmgjx⃗⊥− y⃗⊥jÞ

��
:

ð47Þ
The calculation of this product of quark and gluon Wilson
lines is discussed in Appendix E. Here, fqgðξÞ is a
correlation function between the quark and the gluon
fqgðξÞ ¼ ½7 cosðξ=2Þ þ cosð3ξ=2Þ�=8 (see derivation in
Appendix E). In the argument of fqg as in Eq. (47), K1

is the modified Bessel function of the second kind, and x⃗⊥
and y⃗⊥ are the transverse coordinates of the quark and the
gluon. Unlike the cross sections of the single particle,
which are independent of the transverse coordinates, the
quark-gluon cross section has a nontrivial dependence on
their difference jx⃗⊥ − y⃗⊥j. In the limit jx⃗⊥ − y⃗⊥j → ∞, the
Wilson lines seen by the quark and the gluon become
uncorrelated. In this limit, the Bessel function K1

approaches zero, and with fð0Þ ¼ 1, the quark-gluon cross
section reduces to

dσ̃qg;tot
d2b

����
pþ¼∞

¼2

�
1−exp

�
−
ðCFþCAÞðg2μ̃Þ2Lη

8πNcm2
g

��
: ð48Þ

This is just the product of the single quark and the single
gluon cross sections, i.e., the case where the quark and
the gluon interact with uncorrelated background fields
separately.
We ran the simulations with a single jqgi initial state

under the interaction with the background field at various
g2μ̃, and we calculated the total cross sections according to
Eq. (44). Following the above discussions, we studied four
different cases of the interaction: (1) the background field
interacts with just the quark, i.e., VðxþÞ ¼ VA;qðxþÞ,
(2) the background field interacts with just the gluon,
i.e., VðxþÞ ¼ VA;gðxþÞ, (3) the same background field
interacts with both the quark and the gluon, i.e.,
VðxþÞ ¼ VA;qðxþÞ þ VA;qðxþÞ ¼ VAðxþÞ, (4) different
background fields interact with the quark and the gluon,
i.e., VðxþÞ ¼ VA;qðxþÞ þ VA0;gðxþÞ, where A and A0 are
independently generated background fields in the simu-
lation. We present the results in Figs. 13, 14, and 15.
In these simulations, the initial state is a single quark-gluon
state with p⃗⊥;q ¼ p⃗⊥;g ¼ 0⃗⊥, light-front helicity λq ¼ 1=2;
λg ¼ 1, and color cq ¼ 1, cg ¼ 1. The phase factor is not
included, which is equivalent to taking Pþ ¼ ∞. As
studied in Ref. [24], for the evolution of a single quark
state with the chosen background field, the total cross
sections at finite Pþ do not show noticeable differences
from the Pþ ¼ ∞ case. We find it also true for the quark-
gluon state by running simulations with various Pþ.
Figure 13 shows the calculated cross sections for the first

two cases. The result of the background field interacting
with just the quark (gluon) in the jqgi state agrees with the
eikonal expectation of a single quark (gluon) separately
scattering on the background field in Eq. (45) [Eq. (46)], as
one would expect. These calculations help check the
correctness of our numerical calculations, and they might

FIG. 17. The evolution of the probabilities of different pþ states, including the jqi sector and the K segments of the jqgi sector
characterized by the gluon longitudinal momentum fraction z. The interaction contains both the gluon emission/absorption term and the
background interaction VðxþÞ ¼ Vqg þ VAðxþÞ, (a) without the phase factor and (b) with the phase factor. The initial state of the quark
is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, pþ

Q ¼ Pþ ¼ 8.5 GeV, light-front helicity λQ ¼ 1=2, and color cQ ¼ 1. Parameters in these
panels: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, Lη ¼ 50 GeV−1, Nη ¼ 4,mg ¼ 0.1 GeV,mq ¼ 0.02 GeV, K ¼ 8.5, g2μ̃ ¼ 0.018 GeV3=2, and the
duration of each time step in the simulation is δxþ ¼ 0.39 GeV−1.
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also be helpful to study processes involving a single quark
or gluon.
Figure 14 shows the calculated cross section for the latter

two cases. InFig. 14(a), the total quark-gluon cross sectionof
the quark and the gluon interacting with different back-
ground fields agrees with the eikonal prediction of the
uncorrelated scattering in Eq. (48), as one would expect.
However, even in the case where the quark and the gluon
interactwith the same background field,which ismore likely
to happen in a dressed quark scattering process, the total
cross section agrees with this uncorrelated prediction in
Eq. (48) as well. In other words, the correlation between the
quark and the gluon through interacting to the same

background field is too small to be noticeable in the total
cross section. To see this quantitatively, at the strength g2μ̃
where the correlation is strong, the cross section is already
close to its black disc limit of σtot → 2, so the correlation is of
little account (see more discussions in Appendix E).
To get an impression of the relative magnitude of the four

cases discussed above, we put them together in Fig. 15 for
comparison. The cross section as a function of g2μ̃ saturates
most rapidly for a jqgi state, second for a gluon state, and
last for a quark state, also seen from their corresponding
eikonal expectation in Eqs. (45), (46), and (48).
From the above results and discussions, the physical

picture is that the interaction with the background field

FIG. 18. The evolution of the transverse momentum distributions of (a) the quark in the jqi sector, (b) the quark in jqgi sector, and
(c) the gluon in jqgi sector. The interaction contains both the gluon emission/absorption and the background interaction term
VðxþÞ ¼ Vqg þ VAðxþÞ, and the phase factor is included. The initial state of the quark is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, light-front
helicity λQ ¼ 1=2, color index cQ ¼ 1. From left to right: the transverse momentum distributions of the particle are shown at increasing
light-front time instances. The number at the bottom of each panel is the total probability of the plotted states. Parameters in the
simulation: mg ¼ 0.1 GeV, N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, g2μ̃ ¼ 0.018 GeV3=2, mq ¼ 0.02 GeV. The duration of each background field
layer is τ ¼ 12.5 GeV−1 and that of the each time step in the simulation is δxþ ¼ 0.39 GeV−1. For the rightmost panels, which are at the
last of the evolution, the total evolution time is Lη ¼ 25 GeV−1; the value of the dimensionless quantityQsa⊥ [Qs is defined in Eq. (10)]
is 0.13.
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changes the distribution in transverse momentum space
and color space. We also see that the cross section of
a jqgi state agrees with the eikonal expectation, and
the correlation between the quark and the gluon is signifi-
cantly suppressed in the total cross section defined
by Eq. (43).

C. Emission, absorption, and background field

Having studied the gluon emission/absorption and the
background field separately in the Secs. III A and III B, we
now put the two together to have the full interaction
VðxþÞ ¼ Vqg þ VAðxþÞ.

We consider the initial state of the quark as a single quark
state with p⃗⊥;Q ¼ 0⃗⊥, light-front helicity λQ ¼ 1=2, and
color cQ ¼ 1. The transition probabilities of the quark to
other states are shown in Fig. 16. The probability of the
quark in its initial state is in the yellow solid line, that of
the other jqi states is in the blue dashed line, and that of the
jqgi states is in the red dotted line. When the background
field is absent, the probabilities of the states in the jqi sector
that are different from the initial state are always 0, as
shown in Fig. 16(a). With the full interaction, the result
shows the combined effects from the gluon emission/
absorption and the interaction with the background field.
When the background field is relatively weak, the result

FIG. 19. The evolution of the transverse momentum distributions of (a) the quark in the jqi sector, (b) the quark in jqgi sector, and
(c) the gluon in jqgi sector. The interaction contains both the gluon emission/absorption and the background interaction term
VðxþÞ ¼ Vqg þ VAðxþÞ, and phase factor is included. The initial state of the quark is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, light-front
helicity λQ ¼ 1=2, color index cQ ¼ 1. From left to right: the transverse momentum distributions of the particle are shown at increasing
light-front time instances. The number at the bottom of each panel is the total probability of the plotted states. Parameters in the
simulation: mg ¼ 0.1 GeV, N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, g2μ̃ ¼ 0.144 GeV3=2, mq ¼ 0.02 GeV. The duration of each background field
layer is τ ¼ 12.5 GeV−1 and that of the each time step in the simulation is δxþ ¼ 0.39 GeV−1. For the rightmost panels, which are at the
last of the evolution, the total evolution time is Lη ¼ 25 GeV−1; the value of the dimensionless quantityQsa⊥ [Qs is defined in Eq. (10)]
is 1.04.
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resembles the case with emission and absorption only, but
different jqi states also emerge [see Fig. 16(b)]. With a
stronger background field, the probability of different jqi
states is larger [see Fig. 16(c)].
The evolution of the quark state in the pþ phase space is

shown in Fig. 17. The result is very similar to that without
the background field in Fig. 2, since the change in pþ
results from Vqg and not from the background field
interaction.
The evolution of the quark state in the transverse

momentum space is shown in Fig. 18 at g2μ̃ ¼
0.018 GeV3=2 and in Fig. 19 at g2μ̃ ¼ 0.144 GeV3=2.
Circular patterns appear as a result of the phase rotation,
similar to those in the cases with the gluon emission/
absorption in Fig. 6 and those with the background field
in Figs. 10 and 11. In addition, transitioning to other

momentum modes in both the jqi and the jqgi sectors
appear, resulting from the interaction with the background
field. This effect is more obvious with the stronger field in
Fig. 19 compared to that in Fig. 18.
The evolution of the quark state in the color phase space

is shown in Fig. 20. The initial state is a bare quark with
color index cQ ¼ 2. The Vqg interaction allows the tran-
sition to six of the jqgi color states, as we have seen in
Fig. 8. The VA interaction allows the color transitions
within the jqi sector and within the jqgi sector, as we have
seen in Fig. 12. As a result, all color states emerge during
the evolution in Fig. 20. Similar to the evolution with just
the Vqg interaction, the probabilities of those states oscillate
in the simulation without the phase factor, as in Fig. 20(a),
and the oscillation is suppressed when the phase factor is
restored, as in Fig. 20(b).

FIG. 20. Evolution of the quark state in color space. The interaction contains both the gluon emission/absorption and the background
interaction term VðxþÞ ¼ Vqg þ VAðxþÞ, (a) without the phase factor and (b) with the phase factor. The color configuration in the jqi
sector is labeled by the quark color index cQ ¼ 1, 2, 3. The color configuration in the jqgi sector is labeled by the color index
cqg ¼ ðcq − 1Þ8þ cg, where the quark color index cq ¼ 1, 2, 3 is the outer iterator and the gluon color index cg ¼ 1;…; 8 is the inner

iterator. The initial state of the quark is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, light-front helicity λQ ¼ 1=2, color index cQ ¼ 2.
Parameters in these panels: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, mg ¼ 0.1 GeV, g2μ̃ ¼ 0.144 GeV3=2, mq ¼ 0.02 GeV, Pþ ¼ 4.25 GeV,
K ¼ 8.5. The duration of each background field layer is τ ¼ 12.5 GeV−1 and that of each time step in the simulation is
δxþ ¼ 0.39 GeV−1.
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The evolution of the quark state in helicity space is
shown in Fig. 21. The result is very similar to that in the Vqg
evolution in Fig. 9, since the change in helicity results from
Vqg and not from the background field interaction.
To sum up this section, we have studied the evolution

with the full interaction Vqg þ VA, where the former is in
charge of gluon emission/absorption, and the latter term
controls the transitions within each of the jqi and the jqgi
sector. By adjusting the relative magnitude of the two,
one could access different physics regimes. From the
nonperturbative time evolution, we investigate the com-
bined effects from the full interaction in the quark
phase space, including the longitudinal momentum, the
transverse momentum, helicity, and color spaces. By
adjusting the strength of the background field, one is
able to change the relative importance of the gluon
emission and absorption and the color decoherence and
momentum broadening due to the background field.
Our results overall are consistent with the expectations
from having the two different kinds of interactions
separately.

IV. CONCLUSIONS AND OUTLOOK

In this work, we developed a numerical implementation
of the time-evolution Hamiltonian formalism, tBLFQ, for
the interactions of a jqi þ jqgi system with a target color
field. Our formulation enables us to access the wave
function of the quark at any intermediate time during the
evolution and to continuously tune the relative importance
of the interaction with the target field, and of the gluon
emissions and absorptions, without taking any parametric
limits.

We carried out explicit time evolutions of the quark as a
quantum state inside the background color field. Our
calculation enables us to access explicitly the time evolu-
tion of the transverse and longitudinal momentum and
color and helicity of the scattering partons. The light-front
Hamiltonian of our system consists of three parts: the
kinetic energy term, which leads to a phase rotation of
the state, the interaction with the background field, and the
gluon emission/absorption. We studied these effects both
individually and in combination. The simulations were
done for three different cases: the gluon emission/absorp-
tion alone, the interaction with the background field alone,
and the full interaction that combines the previous two
terms. We also compared the processes with and without
the phase rotation from the kinetic energy term. Overall, in
the limiting cases, the results correspond qualitatively and
quantitatively to what one could expect based on general
physical arguments or explicit calculations. We therefore
believe that our numerical method is now well tested and
robust to be applied to several different physical situations.
In this paper, we have focused on developing and testing

the numerical method. In the future, as discussed in the
Introduction, our goal is to apply this numerical method to
different physical situations, such as jet quenching in a hot
plasma and a high-energy scattering with subeikonal
effects. In this work, we use a single jqi state or a single
jqgi state with definite momentum to study the dynamical
process in a simplified yet clean picture. Specific physical
applications require initial conditions that are matched to
the studied physical system and calculations of the physical
observables that are of interest. For the case of high-energy
scattering, one needs as an initial condition a dressed quark
state formulated in a way that is consistent with our

FIG. 21. Evolution of the quark state in light-front helicity phase space. The interaction contains both the gluon emission/absorption
and the background interaction term VðxþÞ ¼ Vqg þ VAðxþÞ, (a) without the phase factor and (b) with the phase factor. The helicity
configuration in the jqi sector is labeled by the quark helicity λQ ¼ ↑;↓. The helicity configuration in the jqgi sector is labeled by the

quark helicity λq ¼ ↑;↓ and the gluon helicity λg ¼ ↑;↓. The initial state of the quark is a single quark state with p⃗⊥;Q ¼ 0⃗⊥, helicity
λQ ¼ 1=2, color cQ ¼ 2. Parameters in these panels: N⊥ ¼ 16, L⊥ ¼ 50 GeV−1, mg ¼ 0.1 GeV, g2μ̃ ¼ 0.144 GeV3=2,
mq ¼ 0.02 GeV, Pþ ¼ 4.25 GeV, K ¼ 8.5. The duration of each background field layer is τ ¼ 12.5 GeV−1 and that of each time
step in the simulation is δxþ ¼ 0.39 GeV−1.
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truncation of the Fock space. In addition to the perturbative
calculation of this state, another possibility would be to
solve the eigenvalue equation with the QCDHamiltonian in
our truncated Fock space. In this work, we take the
background field of the nucleus as the MV model and
keep the dominant field component at high energy (A−) in
our calculation. For the purposes of understanding sub-
eikonal effects and the role of spin in high-energy scatter-
ing, it would be interesting to generalize this to a
background field with transverse components [44]. In a
separate physical situation from that of high-energy scat-
tering, our calculation provides a systematic way to study
the interactions of an energetic parton in a colored medium,
which is the situation in jet quenching, when a highly
energetic parton interacts with a colored medium. Many
calculations of jet quenching are done in the approximation
of independent static scattering centers. We hope that our
formulation would provide for a way to generalize this and
enable an understanding of jet quenching in a more general
nonperturbatively strong gluonic field configuration, such
as the one provided by the pre-equilibrium glasma fields in
the initial stage of a heavy ion collision.
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APPENDIX A: CONVENTIONS

The light-front coordinates are defined as
ðxþ; x−; x1; x2Þ, where xþ ¼ x0 þ x3 is the light-front time,
x− ¼ x0 − x3 the longitudinal coordinate, and x⃗⊥ ¼
ðx1; x2Þ the transverse coordinates. In this paper, we also
use “x” and “y” as the transverse indices, and they should
be understood the same as the indices “1” and “2”

introduced here. The nonvanishing elements of the metric
tensor are

gþ−¼g−þ¼2; gþ−¼g−þ¼1

2
; g11¼g22¼−1: ðA1Þ

The Dirac matrices are four unitary traceless 4 × 4matrices,

γ0 ¼ β ¼
�
0 −i
i 0

�
; γþ ¼

�
0 0

2i 0

�
;

γ− ¼
�
0 −2i
0 0

�
; γi ¼

�
−iσ̂i 0

0 iσ̂i

�
; ðA2Þ

where

σ̂1 ¼ σ2 ¼
�
0 −i
i 0

�
; σ̂2¼−σ1¼

�
0 −1
−1 0

�
: ðA3Þ

APPENDIX B: THE LIGHT-FRONT
HAMILTONIAN

1. Derivation of the light-front QCD Hamiltonian
with a background field

In this section, we derive the light-front QCD
Hamiltonian according to Ref. [28] but with an additional
background field. The QCD Lagrangian with a background
field is given in Eq. (1),

L ¼ −
1

4
Fμν

aFa
μν þ Ψ̄ðiγμDμ −mqÞΨ: ðB1Þ

The equation of motion for the gauge field gives the
color-Maxwell equation,

∂λFλκ
s ¼ gJκs; ðB2Þ

with the current density Jκs ≡ fsacFκμ
a Cc

μ þ Ψ̄γκTsΨ. In the
light-cone gauge of Aþ

a ¼ Aþ
a ¼ 0, the κ ¼ þ component

of Eq. (B2) does not contain time derivatives and can be
written as

gJþa ¼ ∂λFλþ
a ¼ −∂þ∂−C−

a − ∂þ∂iCi
a: ðB3Þ

By disregarding the zero modes [45], one inverts the
equation to

1

2
A−
a ¼ −g

1

ð∂þÞ2 J
þ
a −

1

∂þ ∂iCi
a −

1

2
A−

a : ðB4Þ

We define the free solution Ãμ
a such that limg→0 A

μ
a ¼ Ãμ

a.
According to Eq. (B4), the free field reads
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Ãμ
a ¼ ð0; Ã−

a ; Ai
aÞ; with

1

2
Ã−
a ≡ 1

2
A−
a þ g

1

ð∂þÞ2 J
þ
a : ðB5Þ

The equation of motion for the fermion field gives the
color-Dirac equation,

½iγμð∂μ þ igCμÞ −mq�Ψ ¼ 0: ðB6Þ

We now separate the dynamical component of the fermion
field by introducing projectors Λ� ¼ γ0γ�=2. The pro-
jected spinors are thereby Ψ� ¼ Λ�Ψ, and we obtain a
coupled set of spinor equations from Eq. (B6),

2i∂þΨþ ¼ ð−iαiDi þmqβÞΨ− þ 2gCþΨþ; ðB7Þ

2i∂−Ψ− ¼ ð−iαiDi þmqβÞΨþ þ 2gC−Ψ−: ðB8Þ

Equation (B8) does not contain time derivatives and can be
written as a constraint relation,

Ψ− ¼ 1

2i∂−
ðmqβ − iαiDiÞΨþ: ðB9Þ

By substituting Eq. (B9) into Eq. (B7), we get

2iDþΨþ ¼ ðmqβ − iαiDiÞ
1

2i∂−
ðmqβ − iαiDiÞΨþ: ðB10Þ

In analogy to the free solution Ã, we define the free spinor
Ψ̃ ¼ Ψ̃þ þ Ψ̃− with

Ψ̃þ ¼ Ψþ; Ψ̃− ¼ 1

2i∂−
ðmqβ − iαi∂iÞΨþ: ðB11Þ

It is also easy to see that Ψ̃� ¼ Λ�Ψ̃. The conjugate
momenta are

Πλ
As
κ
¼ −Fλκ

s ; Πλ
Ψ ¼ i

2
Ψ̄γλ; Πλ

Ψ̄ ¼ i
2
γλΨ: ðB12Þ

We now turn to the construction of the canonical
Hamiltonian density through a Legendre transformation,

Pþ¼ð∂þAs
κÞΠþ

As
κ
þð∂þΨÞΠþ

Ψþð∂þΨ̄ÞΠþ
Ψ̄−L

¼−Fþκ
s ∂þAs

κþ
i
2
½Ψ̄γþ∂þΨþH:c:�þ1

4
Fμν

aFa
μν: ðB13Þ

It is convenient to add a total derivative −∂κðFκþ
s AsþÞ to the

Hamiltonian P− ¼ 2Pþ,

P− ¼ 2

Z
dxþd2x⊥Pþ

¼
Z

dx−d2x⊥ − Fþκ
s ∂þAs

κ þ
i
2
½Ψ̄γþ∂þΨþ H:c:�

þ 1

4
Fμν

aFa
μν − ∂κðFκþ

s AsþÞ: ðB14Þ

We eliminate the light-front time derivatives of the fields by
applying the equations of motions in Eqs. (B2) and (B6)
and rewrite the full light-front Hamiltonian in terms of only
the “tilde” variables defined in Eqs. (B5) and (B11). We
introduce the current density of free fields solution J̃μa in

analogy to Jμa, as J̃μs ≡ fsacFμκ
a C̃c

κ þ ¯̃ΨγμTsΨ̃ and notice
that their “þ” components are the same,

Jþs ¼ fsac∂þCi
aCc

i þ ¯̃ΨγþTsΨ̃ ¼ J̃þs : ðB15Þ

Finally, we get the light-front Hamiltonian with the back-
ground field as

P− ¼
Z

dx−d2x⊥
�
−
1

2
Cj
aði∇Þ2⊥Ca

j þ
1

2
¯̃Ψγþ

m2
q −∇2⊥
2i∂−

Ψ̃

− gfabc∂iCj
aCb

i C
c
j þ gJ̃þa Ãaþ þ gJ̃þaAaþ þ g ¯̃ΨγiCiΨ̃

−
1

2
g2J̃þa

1

ð∂þÞ2 J̃
þ
a þ g2

4
fabcCi

bC
j
cfaefCe

i C
f
j

þ g2

2
¯̃ΨγiCi

γþ

2i∂−
γjCjΨ̃

�
: ðB16Þ

The two terms in the first line are the kinetic energy for the
gauge field, the background field, and the fermion field.
The four terms in the second line can be written collectively
as gJ̃μaCa

μ, which include the three-gluon interaction and the
vertex interaction; the latter is responsible for the gluon
emission and quark-antiquark-pair-production processes.
The two terms in the third line are the instantaneous-gluon
interaction and the four-gluon interaction, respectively. The
last line contains the instantaneous-fermion interaction. For
each interaction involving the gluon field, it also involves
the background field. Since we are interested in the
interactions introduced by the background field to the
quark but not the dynamics of the background field itself,
we thereby neglect the kinetic energy of the background
field and its self-interaction in this work. In the text, we
drop the tilde on all variables to simplify the notations, but
their meanings are not changed.

2. Spin and polarization

We use the following spinor representation. The u, v
spinors are defined as
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u

�
p;λ¼ 1

2

�
¼ 1ffiffiffiffiffiffi

pþp ðpþ;0; imq;ipx−pyÞ⊺;

u

�
p;λ¼−

1

2

�
¼ 1ffiffiffiffiffiffi

pþp ð0;pþ;−ipx−py;imqÞ⊺;

ū

�
p;λ¼ 1

2

�
¼ 1ffiffiffiffiffiffi

pþp ðmq;px− ipy;−ipþ;0Þ;

ū

�
p;λ¼−

1

2

�
¼ 1ffiffiffiffiffiffi

pþp ð−px− ipy;mq;0;−ipþÞ; ðB17Þ

and

v

�
p;λ¼ 1

2

�
¼ 1ffiffiffiffiffiffi

pþp ðpþ;0;−imq;ipx−pyÞ⊺;

v

�
p;λ¼−

1

2

�
¼ 1ffiffiffiffiffiffi

pþp ð0;pþ;−ipx−py;−imqÞ⊺;

v̄

�
p;λ¼ 1

2

�
¼ 1ffiffiffiffiffiffi

pþp ð−mq;px− ipy;−ipþ;0Þ⊺;

v̄
�
p;λ¼−

1

2

�
¼ 1ffiffiffiffiffiffi

pþp ð−px− ipy;−mq;0;−ipþÞ: ðB18Þ

The polarization vectors for gluon are defined as

eðk; λ ¼ �1Þ ¼
�
0;
2ϵ⊥λ · k⃗⊥

kþ
; ϵ⊥λ

�
; ðB19Þ

where ϵ⊥� ¼ ð1;�iÞ= ffiffiffi
2

p
.

The spinor-polarization vector contraction part
ūðpQ; λQÞγμuðpq; λqÞϵμðpg; λgÞ and its complex conjugates
are summarized in Table II for different helicity
configurations.

3. Quantization in a discrete space

We consider that the system is contained in a box of
finite volume Ω ¼ 2Lð2L⊥Þ2. We have introduced two
artificial length parameters, L, in the longitudinal direction
and L⊥ in transverse directions. In the longitudinal direc-
tion, −L ≤ x− ≤ L, we impose periodic boundary condi-
tions for bosons and antiperiodic boundary conditions for
fermions such that the longitudinal momentum space is
discretized as

pþ ¼
�2π

L k
þ; with kþ ¼ 1

2
;3
2
;…;∞ for fermions;

2π
L k

þ; with kþ ¼ 1;2;…;∞ for bosons:
ðB20Þ

In the transverse dimension, −L⊥ ≤ x1; x2 ≤ L⊥, we
impose the periodic boundary conditions and discretize
the space into 2N⊥ × 2N⊥ grids. The corresponding
momentum space is also discrete with periodic boundary
conditions,

pi ¼ 2π

2L⊥
ki; with k1; k2 ¼ −N⊥;−N⊥ þ 1…; N⊥ − 1:

ðB21Þ

The conversion of the integration is

Z
d2p⃗⊥
ð2πÞ2 →

1

ð2L⊥Þ2
X
k1;k2

;
Z

d2r⃗⊥ → a2⊥
X
n1;n2

: ðB22Þ

The Dirac delta is converted to the Kronecker delta as
follows:

Z
d2r⃗⊥e−ip⃗⊥·x⃗⊥ ¼ ð2πÞ2δ2ðp⃗⊥Þ

→
X
n1;n2

a2e−iðn1k1þn2k2Þπ=N⊥

¼ ð2L⊥Þ2δk1;0δk2;0; ðB23Þ

and

Z
d2p⃗⊥eip⃗⊥·x⃗⊥ ¼ ð2πÞ2δ2ðr⃗⊥Þ

→
X
k1;k2

1

ð2L⊥Þ2
eiðn1k1þn2k2Þπ=N⊥

¼ 1

a2⊥
δn1;0δn2;0: ðB24Þ

The (inverse-)Fourier transformation becomes

fðn1; n2Þ ¼
1

ð2L⊥Þ2
X
k1;k2

eiðn1k1þn2k2Þπ=N⊥ f̃ðk1; k2Þ;

f̃ðk1; k2Þ ¼
X
n1;n2

a2e−iðn1k1þn2k2Þπ=N⊥fðn1; n2Þ: ðB25Þ

The mode expansion for field operators on such a
discrete momentum basis is

ΨBox
c ðxÞ ¼

X
ᾱ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ2Lð2L⊥Þ2

p
× ½bᾱ;cuðp; λÞe−ip·x þ d†ᾱ;cvðp; λÞeip·x�; ðB26Þ

ABox
μ;a ðxÞ¼

X
ᾱ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ2Lð2L⊥Þ2

p
× ½aᾱ;aϵμðp;λÞe−ip·xþa†ᾱ;aϵ

�
μðp;λÞeip·x�; ðB27Þ

where p · x ¼ pþx−=2 − p⃗⊥ · x⃗⊥ is the 3-product for the
spatial components of pμ and xμ. Each single particle state
is specified by five quantum numbers, ᾱ ¼ fkþ; k1; k2; λg
and c (a), where λ is the light-front helicity, and c (a) is the
color index. Note that this is the samewith the basis number
β ¼ fᾱ; cg defined in our basis representation. The creation
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operators b†ᾱ;c, d
†
ᾱ;c, and a†ᾱ;a create quarks, antiquarks, and

gluons with their corresponding quantum numbers, respec-
tively. They obey the following commutation and anti-
commutation relations:

fbᾱ;c; b†ᾱ0;c0g ¼ fdᾱ;c; d†ᾱ0;c0 g ¼ δᾱ;ᾱ0δc;c0 ;

½aᾱ;a; a†ᾱ0;a0 � ¼ δᾱ;ᾱ0δa;a0 : ðB28Þ

The fields obey the standard equal-light-front-time com-
mutation relations, and here, we write it out for the
dynamical fields,

fΨBoxþ;c ðxÞ;Ψ†Box
þ;c0 ðyÞgxþ¼yþ

¼ Λþδðx− − y−Þδ2ðx⃗⊥ − y⃗⊥Þδc;c0 ; ðB29Þ

in which Λþ ¼ γ0γþ=2 is the same light-front projector
introduced in Appendix B 1, and

½ABox
i;a ðxÞ; A†Box

j;b ðyÞ�xþ¼yþ

¼ −
i
4
ϵðx− − y−Þδ2ðx⃗⊥ − y⃗⊥Þδi;jδa;b; ðB30Þ

with i, j ¼ 1, 2, and ϵðxÞ is the sign function.
A single quark basis state is defined as

jβqðkþq ; k1q; k2q; λq; cqÞi ¼ b†
kþq ;k1q;k2q;λq;cq

j0i: ðB31Þ

The basis in the transverse coordinate space that is related
to it through Fourier transformation is defined as

jβ̄qðkþq ; n1q; n2q; λq; cqÞi
¼

X
k1q;k2q

eiðn1qk1qþn2qk2qÞπ=N⊥b†
kþq ;k1q;k2q;λq;cq

j0i: ðB32Þ

We define single gluon basis states as

jβgðkþg ; k1g; k2g; λg; cgÞi ¼ a†
kþg ;k1g;k2g;λg;cg

j0i ðB33Þ

and

jβ̄gðkþg ; n1g; n2g; λg; cgÞi
¼

X
k1g;k2g

eiðn1gk1gþn2gk2gÞπ=N⊥a†
kþg ;k1g;k2g;λg;cg

j0i: ðB34Þ

APPENDIX C: MOMENTUM TRANSFER
ON THE PERIODIC LATTICE

In our calculation, we are working on a discretized
transverse lattice in coordinate space. This means that we
have a finite momentum space lattice with periodic boun-
dary conditions. The interaction matrix elements for gluon

emission and absorption depend on momentum differences
between particles. The periodicity of the lattice means that
there are several ways to calculate the sum or difference
between two momentum vectors, depending on which copy
of the periodic lattice one uses. One option for resolving
this ambiguity would be to fully embrace the lattice
discretization and write down the light-front Hamiltonian
in discrete space, imposing periodic boundary conditions.
This would, however, lead to the presence of high trans-
verse momentum, low-energy fermion doubler modes
[46–48]. Since the dynamics of our system crucially
depends on the phase factors determined by the single
particle light-cone energies, which we treat in momentum
space for numerical efficiency as discussed in Sec. II C 4,
such doublers would be unacceptable. Making the doubler
modes energetic, e.g., by adding a Wilson term [49], would
be an interesting avenue of investigation for the future.
Here, we instead pursue an approach where we evaluate the
interaction matrix elements in the continuum. We then
choose a physically motivated prescription for calculating
the value of the transverse momentum differences that these
matrix elements depend on from the momenta of the three
partons participating in the splitting or merging. Our
prescription is based on the principle that we want to
maintain an accurate description of the physics at small
momenta near the center of the Brillouin zone, acknowl-
edging that the interactions of the modes near the transverse
UV cutoff will in any case be affected by the discretization
and cannot be treated as accurately as the low momentum
ones. In this Appendix, we specify how this treatment of
the periodicity is defined.
Due to the periodicity, a particle with a transverse

momentum quantum number kilði ¼ x; yÞ is equivalent to
that with kil � 2N⊥. On the lattice, which is inside the
fundamental Brillouin zone, the allowed modes are
kil ¼ −N⊥;−N⊥ þ 1;…; N⊥ − 1. This artifact in potential
brings ambiguities when dealing with large momentum
modes near the boundaries. The concrete question is, for
example, how to deal with the situation when the two
momenta of particles in the jqgi state, each within the
fundamental Brillouin zone, add up to a momentum for the
jqi state outside it. In such a situation, one must decide
which copy of the quark and gluon momenta to use to
calculate the momentum difference in the matrix elements
of the splitting/merging processes.
For simplicity, we discuss the one-dimensional case in

the following. The same procedure is applied separately to
both the x and the y dimensions in the transverse plane.
Consider the transition between a jqi state and a jqgi state.
To distinguish the two quarks in the initial and in the final
states, we use “Q” to denote the quark in the jqi state and
“q” to denote the quark in the jqgi state. In addition, we use
“g” to denote the gluon in the jqgi state. The transverse
momentum quantum numbers of the three particles are kQ,
kq, and kg, respectively, and each of them is within the
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lattice range ½−N⊥; N⊥ − 1�. The total momentum of the
jqgi state, kq þ kg, is therefore in the range of
½−2N⊥; 2N⊥ − 2�, exceeding the fundamental Brillouin
zone. Considering the periodic boundary condition, the
momentum conservation is satisfied if either kq þ kg ¼ kQ
or kq þ kg ¼ kQ � 2N⊥. As a consequence, a process on
the lattice specified by the values of kq, kg, kQ could
represent two or more different physical processes.
The transition amplitude depends on the transferred

momenta, Δq ≡ kq − ktot and Δg ≡ kg − ktot, where ktot
is the total momentum quantum number. The ambiguity
rises when choosing ktot either as kq þ kg or as kQ, with kq,
kg, and kQ always in the fundamental Brillouin zone. We
resolve this ambiguity by making consistent choices in
matching the physical process and the process calculated
on the lattice. Let us first look into each of the three
momentum-conserved cases of the qg ↔ Q transition, i.e.,
kqþkg¼kQ, kqþkg¼kQþ2N⊥, and kqþkg¼kQ−2N⊥,
separately.
(1) kq þ kg ¼ kQ. Since the sum kq þ kg is already

inside the lattice range ½−N⊥; N⊥ − 1�, we take
ktot ¼ kq þ kg ¼ kQ directly and calculate the trans-
ferred momenta as Δq≡kq−ktot and Δg ≡ kg − ktot.
An example is shown in Fig. 22.

(2) kq þ kg ¼ kQ þ 2N⊥. In this situation, the sum
kq þ kg exceeds the positive boundary of the lattice.
This could happen when both kq and kg are large and
positive, as the example illustrated in Fig. 23(a).
There could be more than one choice in applying the
periodic boundary conditions to the momentum
quantum numbers. We choose to bring the gluon
to the opposite direction as kg → kg − 2N⊥. There-
fore, we calculate the transferred momenta as Δq ≡
kq − kQ and Δg ≡ kg − ðkq þ kgÞ. This prescription
is shown in Fig. 23(b). The corresponding physical
process is a quark and a gluon carrying large but
opposite momenta transforming into/from a quark
carrying a small momentum. There could be alter-
native ways in applying the periodic boundary
conditions, as shown in Figs. 23(c) and 23(d).
The process shown in Fig. 23(c) is obtained by
bringing the quark q one period below,
kq → kq − 2N⊥. In this interpretation, a quark and
a gluon, carrying opposite momentum, transfer into/
from a quark carrying a small momentum. Differ-
ently, the process shown in Fig. 23(d) is obtained
by bringing the quark Q one period above,
kQ → kQ þ 2N⊥. In this interpretation, a quark

FIG. 22. An example of a quark (denoted as “q”) and a gluon (denoted as “g”) transferring into/from a quark (denoted as “Q”) with
their momenta satisfying kq þ kg ¼ kQ. This is a nonproblematic case when we do not need to worry about the periodicity. The grids
inside the fundamental Brillouin zone, i.e., those with momentum numbers in the range of ½−N⊥; N⊥ − 1�, are in solid lines. The grids
outside this range are in dashed lines. In (a), particles are marked at their momentum quantum numbers assigned on the lattice. In (b),
particles are marked at their momentum quantum numbers used to calculate the transferred momenta Δq and Δg.

FIG. 23. An example of a quark (denoted as “q”) and a gluon (denoted as “g”) transferring into/from a quark (denoted as “Q”) with
their momenta satisfying kq þ kg ¼ kQ þ 2N⊥. The grids inside the fundamental Brillouin zone, i.e., those with momentum numbers in
the range of ½−N⊥; N⊥ − 1�, are in solid lines. The grids outside this range are in dashed lines. In (a), particles are marked at their
momentum quantum numbers assigned on the lattice. In (b), particles are marked at their momentum quantum numbers used to calculate
the transferred momenta Δq and Δg. In (c) and (d), two other choices in applying the periodic boundary conditions are shown.
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and a gluon, each carrying a positive momentum,
transfer into/from a quark carrying a larger positive
momentum.

(3) kq þ kg ¼ kQ − 2N⊥. This is very similar to the
previous situation where kq þ kg ¼ kQ þ 2N⊥. This
could happen when both kq and kg are large and
negative, as the example illustrated in Fig. 24(a). We
choose to bring the gluon to the opposite direction as
kg → kg þ 2N⊥ [see Fig. 24(b)]. Therefore, we
calculate the transferred momenta as Δq≡kq−kQ
and Δg ≡ kg − ðkq þ kgÞ. Two alternative ways in
applying the periodic boundary conditions are
shown in Figs. 24(c) and 24(d).

Our choices for all three cases discussed above can be
summarized into one as

Δq ¼ kq − kQ; Δg ¼ kg − ðkq þ kgÞ:

It is generalized to the two-dimensional transverse space in
Eq. (27). With this prescription, we could, on the lattice of
one fundamental Brillouin zone, maintain the interpretation
of back-to-back splitting and merging, which is physically
the most significant process in the qg ↔ Q transition.

APPENDIX D: THE FOURTH-ORDER
RUNGE-KUTTA METHOD

In solving initial value problems for ordinary differential
equations, the Runge-Kutta method takes “trial” steps
between the beginning and the ending points, then uses
the values at those “trial” points to compute the “real” step
across the whole interval. The fourth-order Runge-Kutta
(RK4) method uses symmetrization to cancel out errors up
to OððδxþÞ4Þ. In this section, we write out the RK4
simulation in Eq. (36) explicitly. Note that Eq. (36) is in
the matrix form of the basis representation, and here, we
take its operator form, Vqg;I in place of Vqg;I,

jψ ; xþ þ δxþiI ¼ URK4

�
−
i
2
Vqg;I; xþ; xþ þ δxþ

�
jψ ; xþiI;

ðD1Þ

where Vqg;IðxþÞ ¼ ei
1
2
P−
KEx

þ
Vqge−i

1
2
P−
KEx

þ
. The URK4 opera-

tion consists of a sequence of evaluations,

k1 ¼ δxþ½−iVqg;IðxþÞ=2�jψ ; xþiI;

jψ ; xþ þ δxþ=2i1I ¼ jψ ; xþiI þ
1

2
k1;

k2 ¼ δxþ½−iVqg;Iðxþ þ δxþ=2Þ=2�jψ ; xþ þ δxþ=2i1I ;

jψ ; xþ þ δxþ=2i2I ¼ jψ ; xþiI þ
1

2
k2;

k3 ¼ δxþ½−iVqg;Iðxþ þ δxþ=2Þ=2�jψ ; xþ þ δxþ=2i2I ;
jψ ; xþ þ δxþi1I ¼ jψ ; xþiI þ k3;

k4 ¼ δxþ½−iVqg;Iðxþ þ δxþÞ=2�jψ ; xþ þ δxþi1I ;

jψ ; xþ þ δxþiI ¼ jψ ; xþiI þ
k1
6
þ k2

3
þ k3

3
þ k4

6
: ðD2Þ

Here, the states with the superscript 1 or 2 are the “trial”
states that are evaluated at the midpoint and the end point.
In the high-energy limit of Pþ → ∞, Vqg;IðxþÞ loses its

dependence on the light-front time and reduces to Vqg.
In this case, we could write URK4 in a collective form.
By defining λ≡ −i=2Vqg, the Runge-Kutta algorithm
reduces to

URK4ðλδxþÞ

¼ 1þλδxþþ1

2
ðλδxþÞ2þ1

6
ðλδxþÞ3þ 1

24
ðλδxþÞ4: ðD3Þ

To see the stability of this method, we can plot
jURK4ðλδxþÞj in the complex plane of λδxþ. The stability
boundary defined by the contour jURK4ðλδxþÞj ¼ 1 is

FIG. 24. An example of a quark (denoted as “q”) and a gluon (denoted as “g”) transferring into/from a quark (denoted as “Q”) with
their momenta satisfying kq þ kg ¼ kQ − 2N⊥. The grids inside the fundamental Brillouin zone, i.e., those with momentum numbers in
the range of ½−N⊥; N⊥ − 1�, are in solid lines. The grids outside this range are in dashed lines. In (a), particles are marked at their
momentum quantum numbers assigned on the lattice. In (b), particles are marked at their momentum quantum numbers used to calculate
the transferred momenta Δq and Δg. In (c) and (d), two other choices in applying the periodic boundary conditions are shown.
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shown in Fig. 25. Note that in this case λ is effectively
purely imaginary, and one sees from the plot that the
method is very close to unitary for a large range of ℑ½λδxþ�.

APPENDIX E: THE EIKONAL LIMIT OF THE
WILSON LINE

In this Appendix, we derive the Wilson line of a quark-
gluon state in the eikonal limit and discuss its behavior with
regard to the total scattering cross section.
To begin with, consider a quark or a gluon propagating

through the background of a classical color field. In
the eikonal limit, the momentum of the particle is
approximated as Pμ ¼ ðPþ ≈

ffiffiffi
s

p
; P− ¼ 0; P⊥ ¼ 0Þ and

likewise for the background field Pμ
A ¼ ðPþ

A ¼ 0;
P−
A ≈

ffiffiffi
s

p
; PA;⊥ ¼ 0Þ. In such circumstances, the interac-

tion Hamiltonian in the interaction picture is equivalent to
that in the Schrödinger picture, VIðxþÞ ¼ VðxþÞ, since the
phase factor e�i=2P−xþ reduces to 1. The evolution of the
quark interacting with the background field for a finite
distance in light-front time, xþ ¼ ½0; Lη�, is written in terms
of a fundamental Wilson line,

UFð0; Lη; x⃗⊥Þ≡ T þ exp

�
−ig

Z
Lη

0

dxþA−
a ðx⃗⊥; xþÞta

�
;

ðE1Þ
where Aμ ¼

P
a t

aAa
μ and ta are the SU(3) generators in

the fundamental representation. Similarly, the evolution of
the gluon in the eikonal limit is described by the adjoint
Wilson line,

UAð0; Lη; x⃗⊥Þ≡ T þ exp

�
−ig

Z
Lη

0

dxþA−
a ðx⃗⊥; xþÞTa

�
;

ðE2Þ

where Aμ ¼
P

a T
aAa

μ and ðTaÞbc ¼ −ifabc are the SU(3)
generators in the adjoint representation.
Next, we consider the scattering of a quark-gluon state,

in which the quark and the gluon interact with the same
background field simultaneously. The scattering amplitude
is simply the tensor product of the quark and the gluon
Wilson lines,

Uqgð0;Lη; x⃗⊥; y⃗⊥Þ¼UFð0;Lη; x⃗⊥Þ⊗UAð0;Lη; y⃗⊥Þ: ðE3Þ
Physical observables such as the cross section could be

determined from the Wilson line averaged over the back-
ground field configurations, which is essentially the scat-
tering amplitude. Note that the dimension of the Wilson
line is the same as that of the particle’s color space. In
calculating the total scattering cross section of the particle
state l, one should sum over the final color states and
average over the initial color states,

dσl
d2b

¼
	

1

Nl

XNl

f¼1

XNl

i¼1

jUljfi−δfij2


¼2½1−RehTrUli�; ðE4Þ

where Ul is the Wilson line, i, f the color indices, and Nl
the dimension of the color space of particle l. The trace Tr is
over the color indices. The h…i stands for a configuration
average of the background field.
The configuration average of a single Wilson line in the

R representation (e.g., the fundamental and the adjoint
representations) is

hURð0; Lη; x⃗⊥Þβαi ¼ ŪRð0; Lη; x⃗⊥Þδβα

¼ exp

�
−g4μ̃2Lη

8πm2
g

CR

�
δβα; ðE5Þ

where CR is the second-order Casimir invariant in the R
representation. In deriving the above expression of the
Wilson line, one uses the correlation relation of the color
sources in Eq. (9) to contract the multiple color sources in
the time-ordered exponential. After the contraction, each
term in the Wilson line is then recollected into an
exponential, as in Eq. (E5). A detailed calculation can
be found in Ref. [32].
For a quark, the corresponding Wilson line is in the

fundamental representation, CF¼ðN2
c−1Þ=ð2NcÞ¼4=3, so

ŪFð0; Lη; x⃗⊥Þ ¼ exp

�
−g4μ̃2Lη

6πm2
g

�
: ðE6Þ

For a gluon, the corresponding Wilson line is in the adjoint
representation, CA ¼ Nc ¼ 3, so

ŪAð0; Lη; x⃗⊥Þ ¼ exp

�
−3g4μ̃2Lη

8πm2
g

�
: ðE7Þ

FIG. 25. jURK4ðλδxþÞj plotted as a function λδxþ on the complex
plane. The contour jURK4ðλδxþÞj ¼ 1 is plotted in the white line,
and it is the stability boundary for the RK4 algorithm.
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For a quark-gluon state, the scattering amplitude is a two-point function of the Wilson lines. Here, we make the derivation
for a more general case, the tensor product of two Wilson lines with one in the R1 representation and the other in the R2

representation. The tensor element reads explicitly as

hUR1
ð0;Lη;x⃗⊥Þβ1α1UR2

ð0;Lη;y⃗⊥Þβ2α2i

¼
X∞
n¼0

ð−igÞn
Z �Yn

i¼1

d2zi⊥G0ðx⃗⊥− z⃗i⊥Þ
�Z

Lη

0

dzþ1

Z
Lη

zþ
1

dzþ2 ���
Z

Lη

zþn−1

dzþn
X∞
n¼0

ð−igÞn
Z �Yn

i¼1

d2wi⊥G0ðy⃗⊥−w⃗i⊥Þ
�

×
Z

Lη

0

dwþ
1

Z
Lη

wþ
1

dwþ
2 ���

Z
Lη

wþ
n−1

dwþ
n T þhρa1ðzþ1 ;z1⊥Þρa2ðzþ2 ;z2⊥Þ���ρanðzþn ;zn⊥Þρb1ðwþ

1 ;w1⊥Þρb2ðwþ
2 ;w2⊥Þ���ρbnðwþ

n ;wn⊥Þi

×ta1R1
ta2R1

���tanR1
jβ1α1tb1R2

tb2R2
���tbnR2

jβ2α2 : ðE8Þ

where tR is the SU(3) generator in the R representation. As in calculating the single Wilson line, we use the correlation
relation of the color sources in Eq. (9) to contract the multiple color sources. The difference is that here the contraction
happens not only along each Wilson line but also between the two. We rewrite Eq. (E8) into the integral equation form [32],

hUR1
ð0; Lη; x⃗⊥Þβ1α1UR2

ð0; Lη; y⃗⊥Þβ2α2i

¼ hUR1
ð0; Lη; x⃗⊥Þβ1α1ihUR2

ð0; Lη; y⃗⊥Þβ2α2i þ ð−igÞ2
Z

Lη

0

dzþ1

Z
Lη

0

dzþ2 hUR1
ðzþ1 ; Lη; x⃗⊥Þiβ1λ1hUR2

ðzþ2 ; Lη; y⃗⊥Þiβ2λ2

×
Z

d2z1⊥G0ðx⃗⊥ − z⃗1⊥Þ
Z

d2z2⊥G0ðy⃗⊥ − z⃗2⊥Þhρaðz⃗1⊥; zþ1 Þρbðz⃗2⊥; zþ2 Þi

× taR1;λ1γ1
tbR2;λ2γ2

hUR1
ð0; zþ1 ; x⃗⊥Þγ1α1UR2

ð0; zþ2 ; y⃗⊥Þγ2α2i

¼ ŪR1
ð0; Lη; x⃗⊥ÞŪR2

ð0; Lη; y⃗⊥Þ
�
δβ1α1δβ2α2 − g4

Z
Lη

0

dzþtaR1;β1γ1
taR2;β2γ2

μ̃2ðzþÞLðx⃗⊥; y⃗⊥Þ

×
hUR1

ð0; zþ; x⃗⊥Þγ1α1UR2
ð0; zþ; y⃗⊥Þγ2α2i

ŪR1
ð0; zþ; x⃗⊥ÞŪR2

ð0; zþ; y⃗⊥Þ
�
: ðE9Þ

The solution is

hUR1
ð0; Lη; x⃗⊥Þβ1α1UR2

ð0; Lη; y⃗⊥Þβ2α2i

¼ ŪR1
ð0; Lη; x⃗⊥ÞŪR2

ð0; Lη; y⃗⊥Þ exp
�
−g4

mgjx⃗⊥ − y⃗⊥jK1ðmgjx⃗⊥ − y⃗⊥jÞ
4πm2

g

Z
Lη

0

dzþμ̃2ðzþÞtaR1
⊗ taR2

�
β1β2;α1α2

: ðE10Þ

For a quark-gluon state scattering on a background field with constant μ̃, Eq. (E10) becomes

hUFð0; Lη; x⃗⊥Þβ1α1UAð0; Lη; y⃗⊥Þβ2α2i ¼ exp

�
−
g4μ̃2Lη

8πm2
g
ðCF þ CAÞ

�

× exp

�
−
g4μ̃2Lη

4πmg
jx⃗⊥ − y⃗⊥jK1ðmgjx⃗⊥ − y⃗⊥jÞta ⊗ Ta

�
β1β2;α1α2

: ðE11Þ

In calculating the total cross section, it is the real part of the trace of the averaged Wilson line that matters as in Eq. (E4),
so we are interested in the following expression:

Ūqgð0; Lη; x⃗⊥; y⃗⊥Þ ¼
1

NcðN2
c − 1ÞReTrhUFð0; Lη; x⃗⊥ÞUAð0; Lη; y⃗⊥Þi

¼ ŪFð0; Lη; x⃗⊥ÞŪAð0; Lη; y⃗⊥Þfqg
�
g4μ̃2Lη

4πmg
jx⃗⊥ − y⃗⊥jK1ðmgjx⃗⊥ − y⃗⊥jÞ

�
: ðE12Þ
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In the second equation, ŪFŪA is the product of the
averaged Wilson lines of the quark and the gluon [see
Eqs. (E6) and (E7)]. Here, fqg is the contribution from the
correlation between the quark’s and the gluon’s Wilson
lines and acts as a correction factor to the ŪFŪA term. The
functional form of fqg reads

fqgðξÞ≡ 1

NcðN2
c − 1ÞReTr expð−ξt

a ⊗ TaÞ

¼ 1

8
½7 cosðξ=2Þ þ cosð3ξ=2Þ�; ðE13Þ

and it is plotted in Fig. 26. It is a periodic function with a
period of 4π and oscillates between 1 and −1. In Eq. (E12),
this term depends on the dimensionless quantity
g2μ̃

ffiffiffiffiffi
Lη

p
=mg, just as the ŪFŪA term, but it also depends

on the separation between the quark and the gluon,
r≡ jx⃗⊥ − y⃗⊥j. The smaller the value of r is, the faster
fqg deviates from 1 as a function of g2μ̃

ffiffiffiffiffi
Lη

p
=mg,

suggesting that the correlation is stronger when the quark
and the gluon are closer. One could also see this in the limit
of infinite separation, where r ¼ ∞, the correlation
becomes fqgð0Þ ¼ 1.
The contribution from fqgðξÞ as a correction to the

ŪFŪA term inside Ūqg is actually very small. Even in the
strongest correlation case where mgr ¼ 0, the first node of
fqg ¼ 0 occurs at g2μ̃

ffiffiffiffiffi
Lη

p
=mg ¼ 2π, where the value

of ŪFŪA already reduces to 0.0011. We present the plots of
ŪFŪA and the correlated Wilson line Ūqg as functions of
the dimensionless quantity g2μ̃

ffiffiffiffiffi
Lη

p
=mg at various mgr in

Fig. 27. Those Ūqg curves barely deviate from ŪFŪA, even
in the zero separation case. Indeed, the influence from the
correlation function fqg is not very noticeable in Ūqg, as we
have discussed. From here, one could expect that fqg has

little influence in the total cross section of a jqgi state
interacting with the background field.
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