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a b s t r a c t
We address challenges of decision problems when managers need to optimize several conflicting objectives simultaneously under uncertainty. We propose visualization tools to
support the solution of such scenario-based multiobjective optimization problems.
Suitable graphical visualizations are necessary to support managers in understanding,
evaluating, and comparing the performances of management decisions according to all
objectives in all plausible scenarios. To date, no appropriate visualization has been suggested. This paper fills this gap by proposing two visualization methods: a novel extension
of empirical attainment functions for scenarios and an adapted version of heatmaps. They
help a decision-maker in gaining insight into realizations of trade-offs and comparisons
between objective functions in different scenarios. Some fundamental questions that a
decision-maker may wish to answer with the help of visualizations are also identified.
Several examples are utilized to illustrate how the proposed visualizations support a
decision-maker in evaluating and comparing solutions to be able to make a robust decision
by answering the questions. Finally, we validate the usefulness of the proposed visualizations in a real-world problem with a real decision-maker. We conclude with guidelines
regarding which of the proposed visualizations are best suited for different problem
classes.
Ó 2021 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY
license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
In many real-world optimization problems, decision- or policy-makers are faced with several (typically conflicting) criteria or objectives that should be optimized simultaneously. When satisfying all the conflicting objectives is not possible,
decision support tools may help in finding a satisfactory balance between them. Because of the conflicting nature of the
objectives, we do not usually have a single optimal solution but several so-called Pareto optimal ones with different
trade-offs. Over the years, many multiobjective optimization methods have been designed to help and support the
decision-maker (DM) to find their most preferred Pareto optimal solution.
Besides multiple conflicting objectives, real-life problems are characterized by uncertainty. It is desirable to make robust
decisions that are not too sensitive to the consequences of uncertainty, i.e., they perform relatively well in a wide range of
future states or events [25], like in long-term strategic planning problems. The term scenario is used in the literature for various purposes, but usually, it refers to a framework to capture uncertainty in the absence of reliable probability distributions.
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For example, a case study of the 2015 Nepal earthquake response considered seven scenarios- based on different uncertain
parameters such as demands and various types of transportation [2]. Scenario-based multiobjective optimization approaches
can be powerful tools in supporting decision-making processes in practice.
When we have a multiobjective optimization problem to be solved in the presence of uncertainty, we seek to find solutions that are sufficiently good in all scenarios from the DM’s perspective. There are various terms like satisfactory or acceptable that one may use to describe such solutions. However, for consistency henceforth, we will utilize the term satisfactory,
referring to this concept. Recently, authors from different disciplines have studied multiple scenarios in multiobjective optimization (although they may have utilized the term scenario in different ways) in real applications such as design problems
[11], energy [48], portfolio optimization [13], maritime disruption management [8], berth allocation scheduling [52],
location-allocation models for disaster response [2], bridge management [34], and water resources planning and management [12,50]. Scenarios provide a way to consider uncertainty and prepare oneself for different futures. Besides, even if scenarios represent ‘‘different loading or operating conditions” and not uncertainty, as described in [11], solutions must have
satisfactory performances in all scenarios.
In scenario-based multiobjective optimization problems, the number of scenarios is finite and, possibly, small. Scenariobased multiple criteria decision analysis problems often consider 4–6 scenarios [42] or some tens of scenarios at most [38].
However, the number of scenarios in some real-world problems may increase to a few hundred (e.g., [40]).
In multiobjective optimization without scenarios, suitable graphical visualizations are often used to understand and compare different Pareto optimal solutions in the objective space, thus helping a DM to observe, learn and evaluate trade-offs
between objectives and eventually choose one’s most preferred solution [29,31]. In scenario-based multiobjective optimization problems, the performance of a decision should be evaluated regarding each objective under conditions of different scenarios [40,42]. This way of scenario consideration brings an additional dimension to the performance evaluation and
complicates the task of the DM. Therefore, our goal is to help a DM understand and compare trade-offs between different
objective functions and evaluate and analyze trade-offs between the performances of a solution in various scenarios (we
refer to it as trade-offs between scenarios hereinafter).
As one of this paper’s contributions, we first enumerate possible questions that a DM may ask when facing a scenariobased multiobjective optimization problem. Existing visualization methods for multiobjective optimization fail to capture
trade-offs between scenarios. Thus, we propose specific visualization methods for different cases of scenario-based multiobjective optimization, which are the main contribution of our study. In particular, we adapt ideas from the visualization of
empirical attainment functions and heatmaps and propose three visualizations based on adapted empirical attainment functions. We also report encouraging feedback from a real DM on the usefulness of the proposed visualizations in a real-world
production problem. Finally, we provide recommendations for applying different visualizations depending on the number of
objectives, scenarios, and solutions considered.
This paper is organized as follows. After a brief description of scenario-based multiobjective optimization problems and
some visualization approaches in Section 2, we formulate in Section 3 examples of questions that a DM may wish to be
answered with the help of visualizations when dealing with scenario-based multiobjective optimization problems. In Section 4, we propose appropriate visualization methods for various needs followed by different examples in Section 5. In Section 6, we collect feedback from a real DM on the usefulness of the proposed visualizations in a real-life problem. Finally,
after further discussion and suggesting guidelines for applications in Section 7, we conclude and mention future research
directions in Section 8.

2. Background
2.1. General concepts in multiobjective optimization
Before concentrating on scenario-based problems, let us consider the following deterministic multiobjective optimization
problem (following, e.g., [30]):

minimize

ff 1 ðxÞ; . . . ; f k ðxÞg

ð1Þ

subject to x 2 S;

where k P 2 is the number of objective functions f i : S ! R (i ¼ 1; . . . ; k), x ¼ ðx1 ; . . . ; xn ÞT is a vector of n decision variables in
T

the feasible region S in the decision space Rn (S # Rn ) defined by constraint functions, and z ¼ fðxÞ = ðf 1 ðxÞ; . . . ; f k ðxÞÞ is
called an objective vector in the objective space Rk .
A decision vector x 2 S is called Pareto optimal if there does not exist another x 2 S such that for all i, f i ðxÞ 6 f i ðx Þand
f j ðxÞ < f j ðx Þ for at least one index j. Furthermore, for any two objective vectors z0 ; z00 2 Rk , we say that z0 weakly dominates z00
if and only if for all i; z0i 6 zi 00 and dominates if also z0j < zj 00 for at least one index j. If z0 and z00 do not dominate each other, they
are called mutually nondominated. The image of the set of Pareto optimal decision vectors in the objective space is sometimes
called a Pareto front. In what follows, we refer to objective vectors as solutions, as our focus is on the objective space.
2
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2.2. Scenario-based multiobjective optimization
As mentioned earlier, a scenario-based multiobjective optimization problem involves multiple conflicting objectives
under uncertainty, in which scenarios (representing plausible future states) are utilized to deal with the existing uncertainties. In this paper, we assume that no reliable probabilities related to scenarios are available (called deep uncertainty) [40].
Let us assume that each scenario contains the same number of objective functions with the same meaning, and they are
all to be minimized. We denote the number of plausible scenarios defining the scenario set X by s (and the number of objective functions by k). Given x 2 S # Rn , its image in the objective space with a set of s scenarios is given by Y ¼ ðy1 ; . . . ; ys Þ,
where yp ¼ ðf 1p ðxÞ; . . . ; f kp ðxÞÞ 2 Rk (p 2 f1; . . . ; sg) is the image of x under the conditions of scenario p and f ip ; i ¼ 1; . . . ; k,
are objective functions in scenario p.
A decision vector x is called Pareto optimal with respect to the scenario set X, if there does not exist any x 2 S such that
for all i; p; f ip ðxÞ 6 f ip ðx Þ (i.e., weakly dominated in all scenarios) and f jq ðxÞ < f jq ðx Þ for at least one objective j in at least one
scenario q (i.e., dominated in one of them). In other words, by solving scenario-based multiobjective optimization problems,
we mean finding a decision vector that is feasible in all scenarios, and there does not exist another feasible decision vector
with better values in one objective function in one scenario without losing in another objective function in any scenario.
Note that, even in theory, it is hardly possible to find a decision vector that is Pareto optimal in every scenario (i.e., the image
of this decision vector lies on the Pareto front in all scenarios), except in a particular class of problems [21]. Therefore, here
we assume it is sufficient that the decision vector is Pareto optimal for at least one scenario; i.e., the image of the decision
vector lies on the Pareto front in the objective space of at least one scenario.
Accordingly, in this paper, a solution to a scenario-based multiobjective optimization problem refers to a set of images of
a Pareto optimal decision vector in the objective spaces of all scenarios. The task of a DM is to compare trade-offs between
objectives in different scenarios and choose the most preferred one based on his/her preferences. However, as our focus in
this paper is on developing visualization methods, we do not concern ourselves from where the solutions come from. Different types of preferences can be found in the multiobjective optimization literature. An example of that is a reference point
consisting of aspiration levels that represent objective values that are desirable for a DM.
With a best-case scenario(s), we refer to the scenario(s) in which the best possible values for at least one objective function can be reached. Conversely, the scenario(s) in which the worst possible values, for at least one objective, can be achieved
is (are) called the worst-case scenario(s).

2.3. Multiobjective visualizations
There are many ways to visualize high-dimensional data [26]. In the context of multiobjective optimization without scenarios, there are many visualization methods proposed in the literature [29,31]. For example, glyph plots1 and parallel coordinate plots2 have been used for visualizing trade-offs between objectives in problems with more than three objectives. In
addition, dimensionality reduction techniques map the objectives into lower dimensions for visualization purposes (see, e.g.
[6,14,35,44]). However, some relevant information, including dominance relationships between solutions, will be lost in such
a mapping [10].
Other methods are used for specific purposes besides supporting a DM. For example, in multiobjective evolutionary algorithms (MOEAs), visualizations can be utilized to approximate the range, location and the shape of the set of Pareto optimal
vectors in the objective space, or to monitor the progress and convergence of optimization [24]. Two critical reviews of visualization in MOEAs are given in [46,47].
In principle, the above visualizations could be used for scenario-based multiobjective optimization problems by plotting
each scenario separately. [50] utilized both glyph and parallel coordinate plots to show that optimizing under varying conditions of uncertainty (different scenarios) yields different trade-offs. They performed five optimizations, one for each scenario, and generated a Pareto front for each scenario. Then, they displayed all the solutions in a glyph plot to compare the
trade-offs between solutions in various scenarios. These trade-offs, together with decision variables, were also shown in a
parallel coordinate plot. In addition, they compared the performances of all five solution sets under conditions of two scenarios separately. However, even for few scenarios, utilizing a series of separate plots in a scenario-based multiobjective
optimization problem becomes challenging for a DM since there is much information to digest and combine.
In environmental modeling (e.g., water resource planning and management), multidimensional visualizations like glyphs,
parallel coordinate plots, and scatter plot matrices have been used for modeling and/or scenario analysis [12,22,23,50] in
which the objective values of generated solutions, obtained from different models or scenarios, are evaluated and compared
to find a suitable model and/or robust solutions. However, these visualizations do not illustrate trade-offs of a solution in
different scenarios in a way that is easy to comprehend since they visualize individual solutions for different scenarios.
Further uses of visualizations in multiobjective optimization in a scenario-based context (although not particularly suited
for simultaneous comparison of many solutions) include scatter plot matrices for visualizing a few solutions of biobjective
1
In general, any symbol utilized in the visualization of data to describe a characteristic or an attribute is called a glyph [49]. Glyphs can simultaneously
represent multiple attributes of multivariate data [31].
2
Parallel coordinate plots can show many dimensions at once [15,51].
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problems with a few scenarios in theoretical studies in robust multiobjective optimization [7,21]. However, for problems
with more objectives and/or more solutions, such visualizations get messy and hard to read, and then, extracting information
(like trade-offs) and getting insights are extremely difficult, if even possible.
Separate scatter plots were also used in [11] for different scenarios to compare the results in bi-scenario, biobjective
design problems. In addition, a scatter plot matrix (also called a pairwise scatter plot) was utilized in some environmental
applications [12]. However, separate scatter plots and a scatter plot matrix are only useful for problems with few scenarios
and few solutions. They are not suitable for other scenario-based multiobjective optimization problems. A real DM also
brings this issue up in our real-world evaluation (discussed in Section 6).
In summary, scatter plot matrices, parallel coordinate plots, and glyph plots are simple to use and understand. They may
be applied to each scenario separately if the number of scenarios is small, and it becomes the task of a DM to compare different plots to understand trade-offs between scenarios. Other visualization methods reduce any additional dimensions to a
2D space via some mapping, requiring some training to understand and interpret. They may be applied to a scenario-based
context by considering scenarios as additional dimensions to be reduced; however, scenarios and objectives are two different types of dimensions, and the interpretation of such visualizations becomes even more complex. Although various dimensionality reduction techniques have been proposed in the literature for multiobjective optimization problems, we did not
find any scenario-based examples. Given the above summary, we believe that, in order to support a DM in comparing solutions according to trade-offs between objectives and scenarios, the existing visualizations need to be adapted and/or utilized
in a different way, which is not straightforward. For example, in [26], uncertainty in high-dimensional data visualization is
mentioned as an emerging area deserving future research.
In the next sections, we describe two approaches (heatmaps and visualizations of an empirical attainment function). They
will form the basis of our proposed visualizations for scenario-based multiobjective optimization.
2.3.1. Heatmap
Heatmaps were used in [36] for simultaneously visualizing both objective and decision spaces in population-based multiobjective optimization methods. A heatmap is a 2D matrix, where rows are related to different solutions, and columns
express corresponding objective function values. The magnitudes of the values of different objectives are represented by different colors/shades of the cells. One of the advantages of heatmaps, in addition to simplicity and scalability, is that they are
a direct representation of the original data [46] instead of summarising it, except for limitations of the human eye in identifying shades/colors. Furthermore, trade-offs between the objectives can also be explained through the heatmap visualization [36,45].
Although heatmaps are more suitable for clustering solutions, they have also been utilized for comparing solutions [29].
Heatmaps have also been utilized to compare different algorithms in multiobjective optimization problems [1,18]. Later, in
this paper, we extend heatmap visualizations and describe a new way of utilizing them in scenario-based problems.
2.3.2. Empirical attainment function
Given several mutually nondominated sets of objective vectors in the traditional (i.e., not scenario-based) context of multiobjective optimization, the empirical attainment function (EAF) [20] calculates how many of these sets weakly dominate
(attain) each point of the objective space. If these sets are produced by some stochastic process, such as independent runs of
a stochastic multiobjective metaheuristic algorithm [27], the EAF, in this traditional context, represents the estimated probabilistic distribution of the output of such algorithm in the objective space [16,17]. With two objectives, the visualization of
the EAF is rather straightforward and helps to understand the expected output of such algorithms [28]. Visualizing differences between the EAFs of two different algorithms helps to analyze which regions of the objective space are more easily
attained by each algorithm [27].
With three objectives, computation of an EAF is still straightforward. However, visualization must be done in three
dimensions (3D) or somehow projected into 2D [45], preferably in some interactive fashion. Visualizations of an EAF in
higher dimensions are rarely discussed in the literature since they are much more challenging, both computationally and
cognitively. In this paper, we adapt the concepts behind EAF visualization to the context of scenario-based multiobjective
optimization.
3. Perspectives to decision making in scenario-based multiobjective optimization
In this section, as the first contribution of this study, we raise possible questions that a DM may ask when facing a
scenario-based multiobjective optimization problem. We do not claim that these questions cover all possible cases of relevance. However, these are aspects that either are found in the relevant literature, as we will show next, or have been faced in
our practical experiences.
As mentioned, in scenario-based multiobjective optimization, evaluating decisions in terms of all objectives in all scenarios means that a DM has to analyze a lot of information. In general, the objective function values corresponding to a decision
must be satisfactory for a DM in all scenarios. However, in some particular cases, when no feasible solution with satisfactory
performances in all scenarios exists, a DM may be satisfied with a solution that performs better in sufficiently many scenarios. In this case, achievable performances in a given number (or percentage) of scenarios or, in some particular or critical
4
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scenarios, may be in the interest of the DM. Indeed, a DM’s expectations may change during the decision-making process
when (s)he gains a better understanding of the problem, the feasibility of desires, and trade-offs between objectives in different scenarios. Visualizations can help a DM in various ways. We assume that we have generated Pareto optimal solutions
to different scenarios. In what follows, we discuss examples of questions that a DM may wish to answer with the help of
visualizations.
Question 1. ‘‘How does a solution perform in different objectives under the conditions of all scenarios?” This question means
that a DM should be able to compare trade-offs among objective function values in different scenarios, both for an individual
solution and for several solutions. The overall aim of a DM is to understand what kind of trade-offs there are among objectives in different scenarios. Some authors have indirectly or explicitly mentioned a similar question in various practical
applications (e.g., [34,38]).
Even in the case of two objectives (f 1 and f 2 ) and two scenarios (s1 and s2 ), choosing the preferred solution is not apparent. For example, assume there are only two feasible solutions, if a solution z1 has satisfactory values for f 1 in s1 , but the
value is unsatisfactory in s2 , and another solution z2 has a satisfactory value for f 1 in s2 but its objective value in s1 is unsatisfactory (this describes trade-offs between scenarios s1 and s2 ), which of these solutions is more desirable? In problems with
more objective functions, scenarios, and solutions to compare, the task of a DM is even more challenging. However, visualizations can support a DM in choosing the most preferred solution.
Question 2. ‘‘How many (or what percentage of) scenarios can reach the desired objective function values?” In this case, a DM
must provide objective function values of interest called aspiration levels. Here, the aspiration levels do not depend on the
scenarios as we are studying achievable performances in all considered scenarios. In this question, a DM faces a situation
where it is impossible to satisfy all the preferences in all scenarios. Examples of this are real-life problems facing deep uncertainty, such as environmental planning problems. Because of the higher number of scenarios (typically hundreds or thousands), it is impossible to find an optimal solution for all scenarios, even for a single objective. Therefore, in these
problems, a DM is looking for solutions that perform relatively well in most scenarios [5,12,22,23,25,50]. In this case, a
DM must understand how achievable the desires are by analyzing the number of scenarios where the desires can be met.
Depending on the findings, visualizations can support a DM in revising the aspiration levels or finding a solution that is
acceptable in a sufficient number of scenarios. If it is not possible to have satisfactory values in all scenarios, one can set
the percentage and also study the effects of different percentages. This concept is also called domain criterion and has been
utilized as a robustness measure in the literature [3,37].
Alternatively, a DM may have some important scenarios where the objective functions should reach the desired objective
function values. In such a case, paying particular attention to these scenarios should be prioritized.
Question 3. ‘‘Which objective function values can be reached in all or selected scenarios?” A DM may want to see the best and
worst objective function values that can be reached in all scenarios or scenarios that (s) he has selected (as described above).
With this information about the ranges of the objectives, a DM can adjust one’s expectations on a realistic level, if needed.

4. Proposed visualization methods
In this section, we propose different visualizations to be used in scenario-based multiobjective optimization. First, we
adapt the concept of EAF to the scenario-based context and propose three new ways of using the adapted EAF in
decision-making problems with two objectives. Then, we propose a novel way of utilizing heatmaps for problems with more
than two (or three) objectives.
4.1. Scenario-based EAF
We can adapt the definition of the first-order EAF [19,20, Def. 5.8] to scenario-based multiobjective optimization as follows. Given a decision vector x to a problem with k objectives and s scenarios, where yp ¼ ðf 1p ðxÞ; . . . ; f kp ðxÞÞ, is the objective
vector corresponding to evaluating x on scenario p, we can define

ax ðzÞ ¼

s
X
Ifyp 6 zg;

ð2Þ

p¼1

where Ifg : Rk ! f0; 1g is an indicator function. The scenario-based EAF (SB-EAF) can be understood in the following way: SB-EAF indicates the number of scenarios in which a given decision vector x attains (dominate or equal) each point z 2 Rk in
the objective space. If the number of scenarios is very large, it may be useful to describe the SB-EAF in terms of percentiles,
that is, the value 100
 ax ðzÞ gives the percentage of scenarios that attain z.
s
There are some conceptual differences between the classical EAF and this scenario-based counterpart. The classical EAF is
computed from several random nondominated sets of objective vectors, typically sampled from some stochastic process,
where the number of sets is equivalent to the sample size and the cardinality of each set is itself a random number. By contrast, the SB-EAF for a given x is constructed from exactly s objective vectors, and each of them corresponds to a different
scenario. In a sense, the SB-EAF is a special case of the EAF where the number of samples is exactly s, and each sample
5
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has cardinality 1. However, under deep uncertainty, there is no probability associated with each scenario. Thus the SB-EAF
does not represent a probability distribution, unlike the classical EAF.
The region of the objective space where the SB-EAF takes a particular value, that is, the region that may be attained by a
given number of scenarios 0 < t 6 s, is completely characterized by a finite set of objective vectors given by:

Lt ¼ minfz 2 Rk : ax ðzÞ P tg;

ð3Þ

where each Lt can be understood as the best possible objective vectors that are attained by at least t scenarios. When
 t, then Lj% is called the j%-attainment surface. For example, the median
expressed as a j% percentage of scenarios, j ¼ 100
s
attainment surface (Ld2s e or L50% ) describes the best possible objective vectors attained by at least 50% of the scenarios. In
other words, the j%-attainment surface is the best (in terms of Pareto optimality) set of objective vectors that may be
attained under the conditions of j% of the scenarios. However, each of those objective vectors may by attained by different
combinations of scenarios.
) corresponds to the best possible objective vectors
From the above definition, the best attainment surface (L1 or L100
s %
attained by at least one scenario, in other words, the nondominated set that is only reachable under the conditions of the
best-case scenario(s). Each point in this set may be attained by a different best-case scenario. Conversely, the worst attainment surface (Ls or L100% ) describes the best possible objective vectors attained by all scenarios, i.e., the nondominated set
that is reachable in the worst-case scenario(s). The worst-case may correspond to a different scenario for each solution in
this front, yet we can guarantee to attain these objective function values under all conditions, i.e., for any scenario realization
if z is the solution chosen by a DM.
In the case of the SB-EAF, an attainment surface separates the objective space into two regions. On one side, we have the
best possible objective vectors attainable by a number of scenarios and, on the other side, we have those objective vectors
that are not attainable under the conditions of some scenarios. Therefore, a DM can simply observe the best possible objective vectors attainable under selected scenarios for a given decision vector. This would answer Question 3 identified in Section 3. Moreover, by simultaneously portraying the attainment surfaces of different solutions in one graph, a DM is able to
compare different solutions and choose the most preferred one.
If the best possible objective vectors cannot satisfy a DM’s preferences in all scenarios, (s) he can set some aspiration
levels and observe in how many scenarios these values can be reached. A DM can also choose to track the attainments of
different objective vectors in selected scenarios if desired. All of these actions can be performed in the presence of more than
one solution for comparison purposes and choosing the most preferred one. Accordingly, SB-EAFs are also helping a DM in
answering Question 2.
Trade-offs between objective functions in different scenarios are also tractable in this visualization, both for an individual
solution and several solutions. This can help a DM to learn about different options and limitations in various scenarios and
support in making the final decision. Thus, Question 1 is also answered.
When comparing two solutions with corresponding decision vectors x1 and x2 , it is also possible to visualize the differences between their SB-EAFs (ax1 ðzÞ  ax2 ðzÞ 2 ½s; s), that is, in how many more scenarios a given point z in the objective
space is attained by a solution corresponding to decision vector x1 than by a solution corresponding to x2 . Such a visualization (referred to as SB-EAF differences from now on) can help a DM focus on the actual differences between the two
solutions.
Finally, it is also possible to visualize the combination of the SB-EAFs of multiple solutions with corresponding decision
vectors X ¼ fx1 ; x2 ; . . .g in one single plot by computing their combined SB-EAFs as follows:

aX ðzÞ ¼ max axi ðzÞ

ð4Þ

xi 2X

that is, by considering the maximum value of their individual SB-EAFs at each point. We call this visualization all-in-one SBEAF. In this manner, a DM is able to visualize at a glance the feasibility of attaining a certain vector in the objective space
within the desired number of scenarios given the solutions visualized. Moreover, objective vectors that correspond to some
decision vector but do not belong to an attainment surface Lt of X (having (3) with X instead of x) are dominated by some
other solution in at least t scenarios.
In total, we introduced three ways of applying the proposed SB-EAFs. Although they are powerful tools, unfortunately,
practical visualization is limited to biobjective optimization problems. SB-EAF visualizations of a large number (e.g., hundreds) of solutions simultaneously can be nonintuitive for a DM due to the large amount of information. However, the
SB-EAF can still be computed and, smaller subsets of solutions can be visualized according to filters set interactively by
the DM. Nonetheless, SB-EAFs are useful, especially when many scenarios are to be considered. In Section 5, we illustrate
the use of SB-EAFs in various examples.
4.2. Heatmaps for scenarios
In this section, we propose an adapted version of the heatmap visualization for scenario-based problems. The main idea is
to utilize a 2D (k  p) matrix representing normalized values of the k objective functions in p scenarios. In other words, rows
are related to objective functions, columns describe scenarios, and each matrix refers to a solution (see Fig. 1 for an example).
6
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Fig. 1. Visualizing a solution with k objectives and p scenarios by proposed heatmaps.

It is also possible to utilize some indices describing the values of each objective function under conditions of each scenario.
For example, one may consider distances between attainable values of a relevant objective function and an ideal point consisting of best individual objective function values under conditions of different scenarios. Then, different levels of colors/
shades in cells can display the variation. For example, for the distance of zero (the best-case) and one (the (normalized)
worst-case) use black and white, respectively, while different levels of gray can be utilized for intermediate values. Moreover, using different colors with various shades may increase the readability of the heatmaps, especially when there are
many scenarios, although, in this paper, we only use different levels of gray as an example.
A DM is able to compare heatmaps for different solutions (as long as they are not too many) and evaluate them from both
dimensions (i.e., objectives and scenarios): the darker the color, the better the solution. An ideal solution would be a full
black matrix, while a white matrix would describe the worst possible values. Accordingly, when comparing solutions, darker
solutions would be preferred. Different levels of shades/colors in each solution can help a DM to observe how this solution
performs in different objectives in various scenarios and study trade-offs. Therefore, we are able to answer the DM’s Question 1.
Moreover, it is also possible to display numerical objective function values in each cell of the matrices in heatmap visualizations. This allows a DM to perceive and compare the performances of different objective functions in various scenarios.
Thus, one can simply identify the highest objective values achieved in all selected scenarios (Question 3) or scenarios in
which the desires are achievable (Question 2).
One of the most important advantages of using heatmaps in scenario-based problems is the applicability in problems
with more than two objectives and quite a large number of scenarios. However, the number of objectives and scenarios cannot be arbitrarily large. Another advantage of applying heatmaps is that they enable a DM to compare the performance of a
solution for different objectives in various plausible scenarios, which is important.
Although comparing arbitrarily many solutions is not convenient with this visualization method, heatmaps (in integration with a small multiple design3) can help a DM in comparing the objective values of quite many solutions in different scenarios and choose the preferred one. On the other hand, regarding the cognitive limits of human judgment [33], comparing
a higher number of solutions may need a different way of utilizing the heatmaps or other visualizations. In that case, for example, solutions can first be clustered, with or without the use of heatmaps, and one can interactively ask a DM to compare some
selected solutions until the DM is satisfied with the final choice.
In all heatmaps shown in this paper, the range of gray levels is defined according to the maximum and minimum values
shown for each objective (hence, there is always the worst value in white and the best value in black). However, it is possible
to configure the gray levels relative to the given maximum or minimum values known for the problem or given by a DM and/
or focus on specific regions of the objective space. Also, if many solutions are available and a DM wishes to compare a small
subset of them, we can first use all solutions to derive the gray levels and then only display the solutions of interest. In this
way, the gray levels reflect the objective values relative to the best/worst values possible, although the heatmap only shows
a subset of solutions. Similarly, in the SB-EAF plots, the minimum and maximum ranges can be configured if there is a priori
knowledge available.

5. Examples of proposed visualization methods
In this section, we demonstrate the use of the proposed visualization methods through various examples. The examples
have been selected to illustrate the use of visualizations in different types of scenario-based problems. Moreover, relevant
data is available in this section, so the examples are fully reproducible. We classify the examples according to the number
of objective functions, scenarios, and solutions to be compared. We also discuss how the visualizations in different classes
can address the questions presented in Section 3.
3
Representing multiple charts/graphs side by side or in a matrix-based form is known as small multiples in multi-dimensional data and information
visualization [43].
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Example 5.1 (Biobjective, 5 scenarios, 1 solution). Let us consider a problem (originally introduced in [40]) minimizing two
objective functions f i (i ¼ 1; 2) in five scenarios sp (p ¼ 1; . . . ; 5). Objective function values for a given solution in different
scenarios are shown in Table 1.
Fig. 2 visualizes this solution using the proposed SB-EAF. As shown in the figure, the performance of the solution in different scenarios is clearly observable to answer Question 1. One can also compare the achievable values in each objective
function for any scenario as well as the best and the worst attainment surfaces to answer Question 3. In this figure, the area
in dark purple ( ) bounded by s3 corresponds to the worst attainment surface, and it is guaranteed to be attained by the
solution in all five scenarios, whereas the area in yellow ( ) bounded by fs1 ; s5 g corresponds to the best attainment surface
attained in at least one scenario. Finally, if a DM determines a reference point of desired aspiration levels, it is easily possible
to recognize how many scenarios can reach the desired values to answer Question 2. For example, the point ð15; 11:78Þ,
which corresponds to the intersection of s4 and s5 , is attained in 4 scenarios, which is not obvious by looking at Table 1.
Example 5.2 (Biobjective, 3 scenarios, 5 solutions). We revisit the farming example proposed in [40], considering only the
first two objectives to get a biobjective problem. The objective functions f 1 (costs) and f 2 (liquidity) are to be minimized and
maximized, respectively. We have three scenarios. The objective function values for five solutions obtained with the twostage scenario-based framework (see [40]) are given in Table 2.
A simple visualization of the solutions, as shown in Fig. 3, can help a DM to gain insight about the robustness of the solutions across scenarios. That is, the Pareto fronts in different scenarios are closer to each other on the left side (solutions 4 and
5) than on the right side (solutions 1–3) of the objective space. Moreover, solutions 1–3 show the same trade-off across scenarios and across objectives: (1) solutions in scenario s3 dominate the corresponding solutions in s2 which dominate the ones
in s1 ; and (2) moving from solution 1 to solution 3 implies, in every scenario, trading off, i.e., losses in f 2 for improvements in
f 1.
Table 1
Objective function values of Example 5.1 in five scenarios.
Scenario (sp )
p¼1

p¼2

p¼3

p¼4

p¼5

f 1p

7.80

5.87

20.80

15.00

8.50

f 2p

5.25

9.20

14.20

11.40

11.78

Fig. 2. SB-EAF visualization of Example 5.1. Points denote the objective vectors evaluated on different scenarios. Colored areas show regions of the objective
space that can be attained by a particular number of scenarios. (see online version for color figures)

Table 2
Five solutions in three scenarios for Example 5.2.

Scenario p

Solution 1
ðf 1p ; f 2p Þ

Solution 2
ðf 1p ; f 2p Þ

Solution 3
ðf 1p ; f 2p Þ

Solution 4
ðf 1p ; f 2p Þ

Solution 5
ðf 1p ; f 2p Þ

p¼1
p¼2
p¼3

(4.3, 9.98)
(4.5, 7.262)
(4.7, 6.65)

(3.9, 9.04)
(4.08, 6.89)
(4.33, 6.4)

(3.45, 7.89)
(3.607, 6.411)
(3.857, 6.09)

(2.5, 5.44)
(2.6, 5.36)
(2.85, 5.4)

(2.4, 5.14)
(2.5, 5.216)
(2.75, 5.297)
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Fig. 3. Pareto fronts of scenarios s1 ; s2 ; s3 for Example 5.2. Point shapes denote different solutions; colors denote different scenarios. (see online version for
color figures)

On the other hand, trade-offs are not so obvious in the case of solutions 4 (4) and 5 (5). In this case, a DM may compare
trade-offs between objectives in different scenarios by visualizing the SB-EAF differences between solutions in that specific
region, e.g., as shown in Fig. 4 for solutions 4 and 5, and choose the preferred one to answer Question 1. The SB-EAF differences show that solution 4 would be generally preferable, except in two regions of the objective space where solution 5
offers a slight advantage. Note that, without analyzing the differences as represented via SB-EAF differences, we can only
say that solution 5 provides better performances for f 1 in all scenarios. In contrast, solution 4 is better than solution 5 when
the second objective is concerned in all scenarios. An alternative is to visualize the SB-EAFs of each solution separately sideby-side, as shown in Fig. 5.
Furthermore, a DM may identify the scenarios in which desired aspiration levels can be reached, the best and the worst
attainment surfaces, and achievable values for each objective function in every scenario, which allow answering Question 2
and Question 3. By connecting the related performances (objective values) of each solution in different scenarios, tracking
and comparing the variation of the performances of the solutions in different scenarios can be much easier in some problems
(see Example 5.5).
On the other hand, the solutions in Table 2 can also be visualized by the proposed heatmap approach, as shown in Fig. 6.
Since we assume here that darker colors in heatmaps represent better objective values, a full black matrix would be the ideal.
A DM can study trade-offs between objectives in different scenarios by comparing the shades of different solutions in heatmaps. For example, solution 5 provides the best values (identifiable by the darkest cells) for the first objective function in
each scenario, while it has the worst values (recognizable by the lightest cells) for the second objective function in each scenario. It means that solution 5 provides the extreme objective values in each scenario (the best values for the first and the
worst values for the second objective functions). The opposite is true for solution 1, which provides the best (darkest) per-

Fig. 4. Visualization of the SB-EAF differences between solutions 4 and 5 within the region ð2:0; 5:0Þ  ð3:0; 6:0Þ of Example 5.2. Regions in red are attained
in more scenarios if solution 4 is chosen, whereas regions in blue are attained in more scenarios if solution 5 is chosen. (see online version for color figures)
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Fig. 5. SB-EAFs corresponding to solutions 4 (left) and 5 (right) of Example 5.2. Points denote the objective vectors evaluated on different scenarios. Colored
areas show regions of the objective space that can be attained by a particular number of scenarios. (see online version for color figures)

Fig. 6. Heatmap visualization for five solutions of Example 5.2. (the darker, the better)

formances for the second objective and the worst (lightest) performances for the first objective function in all scenarios.
Therefore, if a DM was only interested in the performances in one of the objectives, (s) he would select one of these two
solutions.
According to Fig. 6, if a DM is looking for the most balanced solution, solution 3 (the most neutral) will be the most preferred one. Therefore, a DM can answer Question 1. Besides, the numerical values of the objective functions, shown in every
cell of the matrices, allow a DM to simply recognize the highest/lowest objective values achieved in all or selected scenarios
(Question 3) or find scenarios in which the desires are achievable (Question 2).
Example 5.3 (3 objectives, 3 scenarios, 5 solutions). We now consider the original version behind Example 5.2 from [40] with
three objective functions: investment costs (f 1 ) to be minimized and liquidity at the end of the year (f 2 ), and environmental
benefits (f 3 ) to be maximized. We have three scenarios (for different weather conditions). Table 3 shows the objective
function values for five solutions in different scenarios. The solutions are visualized by the proposed heatmaps in Fig. 7. In
this figure, different shades in each solution demonstrate trade-offs between the objectives in different scenarios (Question
1), and the objective function values can be helpful in identifying extreme attainable values in all or selected scenarios
(Question 3) and comparing them with the desires (Question 2). For example, suppose that a DM has aspiration levels of
minimum 6 (millions of South African Rand [40]) for the second objective (the liquidity at the end of the year) and maximum
4 (millions of South African Rands) for the first objective function (investment costs). Then, first, a DM can ignore solutions 3
and 5. Furthermore, among the remaining solutions (1, 2, and 4), only solution 2 satisfies the investment limitation of 4
million Rands in all scenarios. On the other hand, if a DM intends to see the most attainable values of each objective function,
solutions 3, 4, and 5 provide the best values for the first, second and third objectives, respectively. However, if the most
balanced solution is desired, it can be identified by comparing the first two solutions.

Table 3
The objective values of five solutions in three scenarios for Example 5.3.

Scenario p

Solution 1
ðf 1p ; f 2p ; f 3p Þ

Solution 2
ðf 1p ; f 2p ; f 3p Þ

Solution 3
ðf 1p ; f 2p ; f 3p Þ

Solution 4
ðf 1p ; f 2p ; f 3p Þ

Solution 5
ðf 1p ; f 2p ; f 3p Þ

p¼1
p¼2
p¼3

(3.92, 9.01, 130.2)
(4.12, 6.86, 138)
(4.39, 6.27, 145)

(3.45, 7.89, 128.9)
(3.61, 6.41, 130)
(3.86, 6.09, 131)

(2.4, 5.14, 140)
(2.5, 5.22, 130)
(2.75, 5.3, 120)

(4.3, 9.98, 120)
(4.5, 7.26, 130)
(4.75, 6.6, 140)

(3.47, 8.17, 159.95)
(4.06, 6.42, 173.94)
(4.41, 5.41, 183.94)
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Fig. 7. Heatmap visualization for five solutions of Example 5.3. Darker values are better. (f 1 is to be minimized, whereas f 2 and f 3 are to be maximized)

Example 5.4 (Biobjective, 324 scenarios, 1–3 solutions). We revise a sugarcane problem [41] by considering only the first two
objectives. The objective functions are total profit and CO2 emissions to be maximized and minimized, respectively. These
objective functions need to be evaluated in 324 different scenarios. By applying a revised version of the models proposed
in [41] for two objectives, three different solutions are obtained. Fig. 8 visualizes these solutions as a scatter plot. Although
a careful examination of the plot may reveal that solution 1 is different from solutions 2 and 3, which are more similar to
each other, simply plotting such a large number of points does not help a DM to understand which objective values may
be attained by each solution in all, most or some scenarios; nor the actual differences between these solutions. The need
for a more informative visualization is often faced in real-world problems (like this example), highlighting the importance
of using the visualization methods proposed in this study.
Plotting the SB-EAF values of each solution (Fig. 9) precisely summarizes which objective values are attained by each
solution in a given number of scenarios. In cases like this, where the number of scenarios is large, it is better to plot the
SB-EAF values as percentages of the total number of scenarios and consider a small number of intervals. The separate SBEAF visualizations can help a DM to answer Question 1 and Question 3 by comparing solutions and observing trade-offs from
various aspects such as the best and the worst attainable values for different objective functions, as shown by the lower
bounds of the regions colored in yellow ( ) and dark purple ( ), respectively. For answering Question 2, a DM may set
the desired aspiration level and observe in what percentage of scenarios the level may be reached for each solution. Neither
of these answers is obtainable from Fig. 8. As an example, a DM may be interested in solutions satisfying f 1 P 0 and
f 2 6 7e þ 8 in more than 50% of scenarios. Looking at the top-left regions of Fig. 9, a DM can see that only solution 1 satisfies
this requirement. The DM may then relax the aspiration level to f 1 P 0 and f 2 6 9e þ 8, but require that this level is reached
in all scenarios. Again, looking at the darkest regions in Fig. 9, it is trivial to see that solution 3 is the only one satisfying the
DM’s preferences.
Finally, comparing the differences between SB-EAFs of two solutions at a time helps a DM to assess the actual differences
between solutions in terms of the number of scenarios attained at each region of the objective space. Fig. 10 shows SB-EAF
differences between solutions 1 and 2 and between solutions 2 and 3. The left-side plot shows that solution 1 is better than 2
only in the region where f 1 < 0:5e þ 10, while there are some small differences in favor of solution 2 when f 2 > 9e þ 8. The
difference in the number of scenarios that attain any other region of the objective space is not larger than 10% for solutions 1
and 2. This answers Question 2. The location of these differences is not evident in the simple scatter plot (Fig. 8). Solution 1
has a much better CO2 emission level (f 2 ). However, if differences in profit (f 1 ) are worth generating extra pollution, a DM
may choose solution 2. Furthermore, comparing the differences between solutions 2 and 3, as shown on the right-side plot in
Fig. 10, explains that solution 3 is better in almost every region. We could not conclude any of these facts from classical scatter plots, highlighting the usefulness of the proposed visualizations.

Fig. 8. Objective vectors corresponding to three solutions in 324 scenarios in Example 5.4. Point shapes and colors denote different solutions. (see online
version for color figures)
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Fig. 9. SB-EAFs corresponding to solutions 1 (top), 2 (left) and 3 (right) of Example 5.4. Points denote solutions evaluated on different scenarios. Colored
areas show regions of the objective space that can be attained by the solution in a particular percentage of the 324 scenarios. (see online version for color
figures)

Fig. 10. Visualization of the SB-EAF differences between solutions 1 and 2 (left) and between solutions 2 and 3 (right) in Example 5.4. More intense colors
denote larger differences in terms of the percentage of scenarios that attain that region of the objective space if the corresponding solution is chosen by a
DM. (see online version for color figures)

Example 5.5 (Biobjective, 3 scenarios, 12 solutions). Here, we reconsider Example 5.2 with a more significant number of
solutions. Table 4 describes the objective values for 12 solutions in three scenarios. Fig. 11 shows a classical visualization of
this example. Again, comparing (or even distinguishing) the performances of different solutions in various scenarios is not an
easy task for a DM.
In this case, comparing 12 separate SB-EAF plots would not be convenient. Instead, a DM may visualize the combined SBEAFs of all solutions in a single plot (all-in-one SB-EAF), as shown in Fig. 12. An interactive interface may easily take
advantage of this visualization by enabling a DM to hide/show specific solutions and their associated SB-EAF regions. With
such a visualization, a DM may observe at a glance the best and worst cases possible (best and worst attainment surfaces),
12
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Table 4
Example 5.5 with 12 solutions, 2 objectives and 3 scenarios.
Scenario

Scenario

Solution

s1
ðf 11 ; f 21 Þ

1

(3.451, 7.890)

(3.607, 6.410)

(3.857, 6.094)

7

(4.292, 9.955)

(4.494, 7.250)

2

(3.917, 9.013)

(4.124, 6.868)

(4.392, 6.271)

8

(4.300, 9.980)

(4.500, 7.262)

(4.750, 6.604)

3

(3.609, 8.296)

(3.772, 6.580)

(4.022, 6.204)

9

(3.861, 8.558)

(4.155, 6.604)

(4.484, 5.664)

4

(3.044, 6.854)

(3.178, 5.973)

(3.428, 5.811)

10

(3.680, 8.490)

(3.850, 6.660)

(4.100, 6.260)

5

(2.560, 5.618)

(2.668, 5.454)

(2.918, 5.471)

11

(4.110, 9.380)

(4.350, 6.980)

(4.640, 6.210)

6

(2.400, 5.137)

(2.500, 5.185)

(2.750, 5.296)

12

(2.540, 5.230)

(2.760, 5.200)

(3.080, 4.820)

s2
ðf 12 ; f 22 Þ

s3
ðf 13 ; f 23 Þ

Solution

s1
ðf 11 ; f 21 Þ

s2
ðf 12 ; f 22 Þ

s3
ðf 13 ; f 23 Þ
(4.745, 6.587)

Fig. 11. Objective vectors for solutions in scenarios s1 ; s2 ; s3 of Example 5.5. Point shapes denote different solutions; colors denote different scenarios. (see
online version for color figures)

Fig. 12. All-in-one SB-EAF visualization of 12 solutions in 3 scenarios in Example 5.5. Points connected by a line denote solutions evaluated on different
scenarios. Colored areas show regions of the objective space that can be attained within a particular number of scenarios by some solution (see Eq. (4)). (See
online version for color figures)

answering Question 3, and achievable values for each objective function in every scenario that can satisfy DM’s desires,
answering Question 2. Also, those solutions for which there is another solution that dominates it in a particular scenario will
appear within a colored region instead of at the border of the region (e.g., solutions 12 and 9 in scenario s3 ). Furthermore,
connecting the relevant performances of a solution with lines is useful in identifying and comparing different solutions as
well as tracking trade-offs between objectives in different scenarios (to answer Question 1). These connected lines are shown
in Fig. 12 for all solutions, although they could also be applied in Fig. 11. The shaded regions in Fig. 12 represent not only
different attainment surfaces but are also helpful in identifying solutions that are Pareto optimal in all scenarios.
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Moreover, some solutions may be dominated by others in some scenarios while they are nondominated in other
scenarios. For example, the ninth ( ) and twelfth ( ) solutions are dominated in the second and third scenarios, while they
both are nondominated in the first scenario. Also, the second ( ) and the eleventh ( ) solutions are nondominated in the first
two scenarios, while they both are dominated in the last one. Table 5 shows all the dominated and nondominated solutions
in different scenarios, where a check-mark (U) and cross symbol ( ) indicate a solution being nondominated and dominated,
respectively, within that scenario. Finally, if a DM selects a smaller subset of solutions for further analysis, the visualizations
discussed above based on SB-EAF differences and heatmaps will be useful.

6. Real-world evaluation and comments from the DM
In this section, we provide some empirical evidence about the usefulness of the proposed visualization techniques in a
real-life scenario-based multiobjective optimization problem. We evaluated the visualizations with real data and a real
DM to examine the strengths and limitations of the proposed visualizations in practice as a proof of concept. It is crucial
to show how the proposed visualizations can support a DM in gaining insight into different aspects of a complex problem
and making better decisions. We consider a production allocation problem of a Finnish forest-based bioindustry company.
This company operates on a global platform for manufacturing sustainable and innovative products and has production
plants in 12 countries. Their 2019 sales were around 10.2 billion euros.
The company gave the problem and the data. The problem has two objective functions: maximize profit (f 1 ) and minimize emissions (f 2 ). Depending on different uncertain parameters such as demand, sales price, and machine operation rates,
seven scenarios are considered. The DM selected six different solutions. The solutions were calculated by relaxing 0%–10% of
the optimal values for the sales margin. They are ordered as solutions 1–6 representing 0%, 0.5%, 1%, 2.5%, 5% and 10%
decrease in sales margin, respectively. Therefore, the DM had prior knowledge about the problem, scenarios, and solutions.
He also had used different visualizations such as bar graphs and pie charts and found them inefficient, particularly in the case
of multiple scenarios, even in a single objective optimization problem. Thus, he was looking for more suitable visualization
techniques to compare the results in various scenarios.
To record his first impressions about the proposed visualizations, we did not provide him any information about the visualizations before the experience. The experience was started by a brief description of the elements, colors, and symbols used
for objectives, scenarios, and solutions in the visualizations. Then, different visualizations were shown to the DM in the following order: heatmaps, SB-EAF for each solution separately (similar to Figs. 2, 5, and 9), all-in-one SB-EAF (similar to
Fig. 12), and SB-EAF differences for each pair of solutions (similar to Figs. 4 and 10). The DM’s feedback related to each visualization can be summarized as follows.
Heatmaps (Fig. 13): In general, the DM found heatmaps informative, intuitive, and useful compared to the numbers in
tables they usually use. The DM mentioned that ‘‘very big trends are visible”, meaning that the best and the worst objective
values can be recognized (Question 3). He then set an aspiration level of 2 million euros for the first objective function
(profit) and examined how well it can be achieved in different scenarios (Question 2). He also found it easy to compare
the trade-offs between solutions across scenarios by looking at the levels of gray (Question 1). Therefore, he was able to
answer all three questions raised earlier in this paper. In addition, from a different perspective, the DM was able to observe
the effects of scenarios in each objective function. He mentioned that ‘‘in the profit row there is a lot of variation among scenarios and profit sensitivity is high in scenarios but emissions do not vary that much and are rather evenly colored – scenario does
not matter that much to emissions.” The DM felt that more insight might be gained if he could rearrange some rows and/or
columns, which suggests that an interactive variant of the heatmap visualization would be even more useful.
SB-EAF for each solution: Here, again, the DM was able to answer all three questions in a similar manner as with heatmaps. However, he found trade-off comparisons ‘‘easier here than in heatmaps”. The DM also observed that the best/worst
attainment surface could be changed in different solutions, so there is no single scenario that could be called the best/
worst-case scenario. For the sake of conciseness, we do not show these plots here.

Table 5
Nondominated (U) and dominated ( ) solutions in different scenarios for Example 5.5.
Scenario

Scenario

Solution

s1

s2

s3

Solution

s1

s2

s3

1

U

U

U

7

U

U

U

2

U

U

8

U

U

U

U

3

U

U

U

9

U

4

U

U

U

10

U

U

5

U

U

U

11

U

U

6

U

U

U

12

U
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Fig. 13. Heatmaps of the real-world evaluation: the darker, the better.

All-in-one SB-EAF (Fig. 14): The DM was impressed by this visualization. He liked the way that all the elements (i.e.,
objectives, scenarios, and solutions) have been ‘‘fitted together”. The DM mentioned that ‘‘assessing solutions one at a time
is a natural choice but not necessarily enough”. This supports our claim about the DM’s challenges in comparing a series of
separate plots in scenario-based multiobjective optimization problems. In summary, the DM found separate plots useful
to compare details of particular trade-offs; nevertheless, the DM found all-in-one SB-EAF more beneficial to obtain an overall
view. In addition, the DM gained particular insights into the problem that, as he pointed out, were not available earlier without the help of this visualization.
SB-EAF differences: The DM reported that he found this visualization more different than what he is used to thinking and
less easy to understand how it works. He got the idea but will need more time to get used to it. He felt that it could be useful
for considering certain pairs that have been first selected. For the sake of conciseness, we do not show these plots here.
General: Thereafter, when asked to give his overall impression of the visualizations, the DM stated that ‘‘I would select the
all-in-one SB-EAF (Fig. 14)) to present the big picture and take the key elements and understanding of the system as a whole. Then I
would use heatmaps as there are many aspects that are easiest to see in heatmaps”. The DM also mentioned that ‘‘people want to
see the same thing in multiple ways” and having different visualizations can complement each other. Overall, he found various
benefits in all the proposed visualizations, even in the SB-EAF differences. However, it is better first to find key details from
other visualizations (all-in-one SB-EAF and heatmaps) and then use SB-EAF differences for specific pairs.
To conclude, heatmaps and all-in-one SB-EAF can complement each other in biobjective scenario-based multiobjective
optimization problems from two perspectives: (1) observing the same facts from different views and (2) getting various
insights (big picture thinking vs. detail-oriented). Besides, developing a flexible and interactive visualization platform
including different visualizations with the ability to switch between visualizations, rearranging the objectives, scenarios,
and solutions and/or choosing some of them for a closer look can be helpful in practice.

7. Discussion and guidelines for applications
We have proposed different visualizations to be applied in scenario-based multiobjective optimization problems. However, because of the complexity of these kinds of problems and various perspectives of a DM, one method may be more suitable than another one to be utilized in different cases or classes of problems. In this section, following the examples of the
previous sections, we discuss different classes of problems in more general terms and discuss how our visualizations could
have supported studies reported in the literature. To this end, we borrow some other examples from the literature where the
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Fig. 14. All-in-one SB-EAF of the real-world evaluation. Points that represent the same solution evaluated in different scenarios are connected with a line.
(see online version for color figures)

proposed techniques could be applied. However, as not all the details are available to reproduce the visualizations, we can
only discuss them on a general level.
Table 6 compares the proposed visualizations with those found in the literature based on their capability to answer the
three DM’s questions raised in this paper (Q1–Q3). The tick sign (U) shows that the corresponding visualizations, applied in
the particular example considered in that paper, can completely answer the relevant question, while the cross sign ( ) represents the opposite. The sign () means that the assigned visualization can answer the question, but only in some limited
problems or with some difficulties in large cases. According to this table, amongst the visualizations utilized in the literature
for some scenario-based context, only scatter plots could answer all three questions for biobjective problems with very few
scenarios and solutions.
According to this table, amongst the visualizations utilized in the literature for some kind of scenario-based context, only
scatter plots could answer all three questions for biobjective problems with very few scenarios and solutions. Therefore, as
discussed earlier, its application is mostly limited to theoretical studies to describe the theory in an elementary example as a
proof of concept, and not in a real-life problem. Furthermore, in biobjective problems, SB-EAFs provide extra valuable information, such as dominance relations between solutions in different scenarios and differences between solutions, in addition
to answering all three questions. Let us note that the papers mentioned in Table 6 did not consider all these three questions
in the same way we have formulated them. Some of them (e.g., [2]) did not look at trade-offs between scenarios, even though
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Table 6
Visualizations applied for scenario-based multiobjective optimization in the literature in comparison with the proposed ones.
Visualization method

Authors

Num. of obj.

Num. of scen.

Num. of sol.

Q1

Q2

Q3

Multiple bar

[32]
[52]
[50]
[50]
[12]
[12]
[34]
[2]
[52]
[7]
[21]
[39]

3
1
5
6
4
4
2
2
2
2
2
2

3
3
5
5
4/5
2
5/6
7
3/4⁄
2
2
3

1
4
many
many
many(6–16)
many(<50)
1
2–4
4/5
2
3/4
3




U
U

U


U
U

U
U




U
U

U
U
U

U
U
U

U
U
U

This paper
This paper

2–10
many(finite)

<10
many(finite)

<10
<10

U


U


U


2
2
2
2

<10
many(finite)
<10
many(finite)

<10
<10
many
many

U
U
U
U

U
U
U
U

U
U
U
U

3D glyph
Parallel coordinate plot

Scatter plot(s)

Heatmaps for scenarios
SB-EAFs

⁄

This
This
This
This

paper
paper
paper
paper

Each scenario is shown as a separate scatter plot.

they did plot objective values in different scenarios in a single scatter plot. We will discuss it in more detail in the following
subsections.
Further discussion and some suggestions on where the proposed visualizations are best suited to be used as a guideline
for real applications are accomplished in the following subsections. As mentioned earlier, we classified problems based on
the number of objective functions, scenarios, and solutions. Accordingly, we discuss different cases separately in this section.
7.1. Biobjective problems
As discussed earlier, the proposed SB-EAF is well-suited for biobjective optimization problems. It can handle many scenarios and solutions (although visualizing many solutions in a single plot may need further attention as discussed at the end
of Section 4.1) while providing a clear overview of the best and worst possible values of each objective in any or all scenarios
for those solutions. In many real applications, hundreds or thousands of scenarios are simulated, and many solutions are
compared to find the best one. In this case, a visualization technique should handle quite many scenarios and/or solutions.
The proposed SB-EAFs can be applied to perform analysis in a wide variety of applications such as bridge management
[34], location-allocation models for disaster response [2], and berth allocation scheduling [52]. For example, biobjective
models for optimizing bridge adaptation strategies under multiple future climate scenarios were proposed in [34]. Columbia
and Mississippi Rivers in the United States were studied in five scenarios, and Pareto optimal solutions were presented by
separate scatter graphs. Applying SB-EAFs visualization could enable comparing trade-offs between objectives in all scenarios and make the decision-making process easier and more accurate.
Furthermore, a biobjective case study of the 2015 Nepal earthquake response was studied in [2]. The minimization of the
total logistics costs and response time were considered. Separate sensitivity analyses were conducted considering seven scenarios for various uncertain parameters such as demands, number of available ground transportation, air and ground transportation costs, the weight of delivered relief packages, number of available air transportation, and recurring and human
resource costs. The results were visualized in several separate scatter plots (using lines to connect solutions within each scenario). Utilizing SB-EAFs in this work could help to visualize the results of such a sensitivity analysis more appropriately. SBEAFs could also be helpful to study the large number of scenarios resulting from all the uncertain parameters.
A berth allocation problem for container terminals was studied in [52], where a biobjective optimization model was proposed for cost minimization and maximizing the robustness of schedules. Although the method was not applied in a real
problem, the problem formulation is generic enough to be applied to realistic environments. Instead of presenting the performances of schedules under different scenarios in a long table or separately displaying the average costs of schedules for
each scenario, the proposed SB-EAFs visualization could be applied to help a DM compare trade-offs between objectives in all
scenarios. The authors had to portray only 4 or 5 out of 9 solutions (also referred to analyzed schedules in the paper) in separate scenarios to be able to visualize them with different line graphs, while our proposed SB-EAFs could visualize all the
results clearly in one figure.
Naturally, the applicability of the proposed methods is not limited to the above-mentioned papers. Furthermore, as discussed earlier, all the DM’s questions of Section 3 can be addressed by SB-EAFs in biobjective problems. Besides, as in the
previous section, if the number of scenarios and solutions is lower than 10 (or a DM wants to concentrate on some specific
scenarios and/or solutions), heatmaps can also be utilized to compare details and, thus, visualizations can complement each
other.
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Table 7
Visualization appropriate for various cases (k is the number of objectives).

a
b
c

>10 solutions

Scenarios

1–10 solutions

1–10

Scatter plot ðk ¼ 2Þa
SB-EAFs (k ¼ 2)
Heatmaps (k P 2)

SB-EAFs (k ¼ 2)
Heatmaps ðk P 2Þ b

>10

SB-EAFs (k ¼ 2)
Heatmaps ðk P 2Þb

SB-EAFs (k ¼ 2)
Heatmaps ðk P 2Þc

Only for few scenarios and solutions.
Difficulties with very large set of solutions.
For selected solutions and not with very large set of scenarios and objectives.

7.2. Moderate number of objectives, scenarios and solutions
As discussed in Section 4.2, the proposed heatmap visualization is suitable (i.e., it addresses the DM’s questions discussed
in Section 3) for problems with more than two objectives if the number of solutions is not too high. In this case, comparing
the performances in different objectives and diverse scenarios is possible. Even in the case of too many scenarios and/or solutions, comparing the performances in some selected scenarios and solutions is meaningful and applicable in real-life applications. For example, a water resources problem in [50] (in the Lower Rio Grande Valley of Texas, USA) had six objective
functions and five scenarios, and 3D glyph and parallel coordinate plots were used to illustrate objectives and decision values. Nevertheless, as individual solutions for each scenario were visualized, trade-offs between scenarios were not traceable.
The performances of six selected solutions were also compared in five scenarios. However, the comparisons were made with
separate plots for only two out of five scenarios. Thus, again, studying trade-offs between scenarios was not supported, even
for only five scenarios. In this case, the proposed heatmap visualization could help and support performance evaluations and
trade-off comparisons in various scenarios, as well as the analysis in scenario effects and finding more adaptable and robust
solutions.
Moreover, the proposed visualizations can also be utilized to compare different solutions in scenario-based multiple criteria decision analysis problems and strategic planning. For example, the proposed heatmaps could easily be used to compare the performances of five strategic options in [38] involving food security in Trinidad and Tobago. Three criteria in 12
(reduced) plausible scenarios were considered while, originally, there were 108 possible scenario combinations. No visualizations were used to compare the performances of different alternatives (strategic options) in different scenarios, and only a
plot of the regret values was used. Instead of multiple tables to present results, heatmaps proposed here would help a DM
track and compare the overall performances of applying each strategic option (alternative) in different scenarios as well as
the best and the worst-case scenarios. Heatmaps could also help in regret analysis and in finding the most robust option.
7.3. More than two objectives with many scenarios and/or solutions
Because of the complexity of problems with several objectives and many scenarios and/or solutions, getting an overview
is very challenging. Usually, we need to either reduce the dimensions and visualize results in lower dimensions or perform
separate comparisons (e.g., pairwise comparisons). Decreasing the dimensions can be done by either reducing the number of
scenarios or limiting the number of solutions considered. As mentioned in [38], reducing the number of scenarios regarding
the DM’s preferences does not breach the philosophy of scenario planning. Similarly, the number of solutions can also be
decreased to reflect the DM’s preferences. Therefore, if we can reduce the number of scenarios and/or solutions in problems
with more than two objective functions, the proposed heatmaps will be applicable and can address the DM’s questions raised
in Section 3 for the reduced problem.
Nevertheless, if the number of scenarios and/or solutions to be compared is considerably higher than, heatmap visualizations may not help much in comparisons and analysis. In this case, a 3D version of the SB-EAFs may be useful in getting an
overview of the attainable values of objective functions in various scenarios, although not as intuitively as in biobjective
problems.
Table 7 summarizes our discussion and recommendations as a quick guideline in applying the proposed visualizations in
different cases of problems. We have separated cases with less or more than 10 scenarios and solutions. The numbers in
parentheses refer to the number of objective functions.
8. Conclusions
In this paper, we have proposed visualizations to support managers in understanding, evaluating, and comparing the performances of management decisions in scenario-based multiobjective optimization problems. First, we identified some fundamental questions that a DM may want to answer by employing a suitable visualization. Then, we proposed the concept of
scenario-based empirical attainment function (SB-EAF), which summarises the number of scenarios that may attain a par18
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ticular point in the objective space. Then, we proposed three visualization methods based on SB-EAFs. In addition, we proposed an adapted version of heatmaps. We illustrated via various examples how they can support a DM in evaluating and
comparing solutions, making a robust decision, and answering their questions.
SB-EAFs can be applied in almost all biobjective scenario-based problems without any limitation in the number of scenarios or solutions from the computational point of view. However, in the case of many solutions, interactive filtering
and visualizing a smaller subset of solutions is recommended to reduce the cognitive load. It also provides a clear overview
of the best and worst possible values of each objective in any or all scenario(s). The main advantage of using SB-EAFs is the
ability to treat quite a large number of scenarios and/or solutions. Such a need is often faced in real applications. This capability makes SB-EAFs applicable in a wide variety of applications. However, unfortunately, their applicability is limited to
biobjective problems, and a different visualization is needed in problems with more than two objectives.
Therefore, we proposed an adapted version of heatmaps, which is suitable for problems with more than two objectives if
the number of objectives, scenarios, and solutions is not too high (say less than 10). Even in the case of too many scenarios
and/or solutions, comparing the performances in some selected scenarios and solutions can still be meaningful and applicable in real-life applications. The proposed visualizations can help a DM both understand and compare trade-offs between
different objective functions and evaluate and analyze trade-offs under conditions of various scenarios. This was also clearly
confirmed in an evaluation involving a real DM. He also recommended an order of showing visualizations to support
decision-making in his case.
Furthermore, we classified scenario-based multiobjective optimization problems into three different classes: (1) biobjective problems; (2) problems with more than two objectives and a moderate number of scenarios and/or solutions; and (3)
problems with more than two objectives and many scenarios and/or solutions. The proposed SB-EAF and heatmap visualizations are useful in the first two cases, respectively. Our suggestions can be used as a guideline in applying the proposed visualizations in real applications.
The third case is open for future directions of research, but the proposed heatmaps can be utilized in some kinds of
reduced problems, and there are proposals in the literature for visualization of multi-dimensional EAFs [45,46] that may
be adapted to the SB-EAFs proposed here. Developing these and other novel visualizations for scenario-based multiobjective
optimization problems, converting the ideas proposed into interactive visualizations that DMs can conveniently tailor and
getting additional feedback from real DMs are our future research interests. Another important future direction is conducting
a behavioral study.
Reproducibility. Source code and data to reproduce the visualizations in this research can be found at https://doi.org/10.
5281/zenodo.5040421.
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and Evolutionary Approaches, Springer, Heidelberg, 2008, pp. 213–243.
[30] K. Miettinen, Nonlinear Multiobjective Optimization, Kluwer Academic Publishers, Boston, 1999.
[31] K. Miettinen, Survey of methods to visualize alternatives in multiple criteria decision making problems, OR Spectrum 36 (1) (2014) 3–37.
[32] K. Miettinen, J. Mustajoki, T.J. Stewart, Interactive multiobjective optimization with NIMBUS for decision making under uncertainty, OR Spectrum 36
(1) (2014) 39–56.
[33] G.A. Miller, The magical number seven, plus or minus two: Some limits on our capacity for processing information, Psychological Review 63 (2) (1956)
81–97.
[34] A. Mondoro, D.M. Frangopol, L. Liu, Multi-criteria robust optimization framework for bridge adaptation under climate change, Structural Safety 74
(2018) 14–23.
[35] S. Obayashi, D. Sasaki, Visualization and data mining of Pareto solutions using self-organizing map, in: C.M. Fonseca, P.J. Fleming, E. Zitzler, K. Deb, L.
Thiele (Eds.), Evolutionary Multi-Criterion Optimization, Proceedings, EMO 2003, Springer, Heidelberg, 2003, pp. 796–809.
[36] A. Pryke, S. Mostaghim, A. Nazemi, Heatmap visualization of population based multi objective algorithms, in: S. Obayashi et al. (Eds.), Evolutionary
Multi-Criterion Optimization, Proceedings, EMO 2007, Springer, Heidelberg, 2007, pp. 361–375.
[37] J.D. Quinn, P.M. Reed, K. Keller, Direct policy search for robust multi-objective management of deeply uncertain socio-ecological tipping points,
Environmental Modelling & Software 92 (2017) 125–141.
[38] C. Ram, G. Montibeller, A. Morton, Extending the use of scenario planning and MCDA for the evaluation of strategic options, Journal of the Operational
Research Society 62 (5) (2011) 817–829.
[39] M. Schmidt, A. Schöbel, L. Thom, Min-ordering and max-ordering scalarization methods for multi-objective robust optimization, European Journal of
Operational Research 275 (2) (2019) 446–459.
[40] B. Shavazipour, T.J. Stewart, Multi-objective optimisation under deep uncertainty, Operational Research (2019)..
[41] B. Shavazipour, J. Stray, T.J. Stewart, Sustainable planning in sugar-bioethanol supply chain under deep uncertainty: A case study of South African
sugarcane industry, Computers & Chemical Engineering 143 (2020) 107091.
[42] T.J. Stewart, S. French, J. Rios, Integrating multicriteria decision analysis and scenario planning: Review and extension, Omega 41 (4) (2013) 679–688.
[43] E.R. Tufte, The Visual Display of Quantitative Information, second ed., Graphics Press, Cheshire, CT, 2001.
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