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1 Introduction

I start by introducing the key concepts of the paper. A Radon measure p on
R is called s-regular, s > 0, if there exists a constant Co > 1 such that

Co'r® S u(B(r.r) < Cor'.  xesptp, 0 <r < diam(sptpo).

A set E C R? is called s-regular if E is closed, and the restriction of s-
dimensional Hausdorff measure 7* on E is an s-regular Radon measure. An n-
regular set E C R< has big pieces of Lipschitz graphs (BPLG) if the following
holds for some constants 6, L > 0: for every x € E and 0 < r < diam(FE),
there exists an n-dimensional L-Lipschitz graph I' ¢ R?, which may depend
on x and r, such that

H'(B(x,r)NENT) > 6r". (1.1

By an n-dimensional L-Lipschitz graph, I mean a set of the form I' = {v +
f() : v e V), where V. C R is an n-dimensional subspace, and f: V —
V-1 is L-Lipschitz. Sometimes it is convenient to call ' = {v+ f(v) : v € V}
an L-Lipschitz graph over V. The BPLG property is stronger than uniform
n-rectifiability, see Sect. 1.1 for more discussion.

Let G(d, n) be the Grassmannian of all n-dimensional subspaces of R4,
equipped with a natural metric which is invariant under the action of the
orthogonal group O(d). See Sect. 2 for details. For V € G(d, n), let wy be the
orthogonal projection to V. It is straightforward to check, see [22, Proposition
1.4], that if E C R? is an n-regular set with BPLG, then E has many projec-
tions of positive H" measure: more accurately, if I" in (1.1) is an L-Lipschitz
graph over Vy € G(d, n), then there is a constant 6 > 0, depending only on
d, L, 0, such that

H"(my(B(x,r)NE)) = H"(my(B(x,r)NENT)) = ér",
V € BGa,n (o, ).

David and Semmes asked in their 1993 paper [13] whether a converse holds:
are sets with BPLG precisely the ones with plenty of big projections? The
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Plenty of big projections imply BPLG

problem is also mentioned in the monograph [12, p. 29] and, less precisely, in
the 1994 ICM lecture of Semmes [31].

Definition 1.2 (BP and PBP) An n-regular set E C R? has big projections
(BP) if there exists a constant § > 0 such that the following holds. For every
x € Eand 0 < r < diam(E), there exists at least one plane V = V, , €
G(d, n) such that

H'(wy (B(x,r)NE)) > 8r". (1.3)

The set E has plenty of big projections (PBP) if (1.3) holds for all V €
B(Vy,r, 8).

In [13, Definition 1.12], the PBP condition was called big projections in plenty
of directions. As noted above Definition 1.2, sets with BPLG have PBP. Con-
versely, one of the main results in [13] states that even the weaker “single big
projection” condition BP is sufficient to imply BPLG if it is paired with the
following a priori geometric hypothesis:

Definition 1.4 (WGL) An n-regular set E C R satisfies the weak geometric
lemma (WGL) if for all € > O there exists a constant C(¢) > 0 such that the
following (Carleson packing condition) holds:

R d
/ H"({x € EN B(xo, R) : B(B(x,1)) > €}) < C(e)R,
0 r
xp € E, 0 < R < diam(E).
In the definition above, the quantity 8(B(x, r)) could mean a number of differ-

ent things without changing the class of n-regular sets satisfying Definition 1.4.
In the current paper, the most convenient choice is

B(B(x,r)) := Bi1(B(x,r)) inf : dist, V) du(y)
X, r)) = x,r)):= inf — _—
! VeAld,n) r’ B(x,r) r R
with u := H"|g, and where A(d, n) is the “affine Grassmannian” of all

n-dimensional planes in R?. The B-number above is an “L!-variant” of the
original “L°°-based B-number” introduced by Jones [20], namely

dist(y, V
Boo(B(x,r)) :=  inf Sup -
VeAd.n) yeEnBx,ry T

If E ¢ R? is n-regular, then the following relation holds between the two
B-numbers:

Boo(B(x, 1)) < B(B(x,2r)V/D  x € E, 0 < r < diam(E).
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For a proof, see [11, p. 28]. This inequality shows that the WGL, a condition
concerning all € > 0 simultaneously, holds for the numbers 8(B(x, r)) if and
only if it holds for the numbers B (B(x, r)).

After these preliminaries, the result of David and Semmes [13, Theorem
1.14] can be stated as follows:

Theorem 1.5 (David—Semmes) An n-regular set E C R¢ has BPLG if and
only if E has BP and satisfies the WGL.

The four corners Cantor set has BP (find a direction where the projections
of the four boxes tile an interval) but fails to have BPLG, being purely 1-
unrectifiable. This means that the WGL hypothesis cannot be omitted from
the previous statement. However, the four corners Cantor set fails to have
PBP, by the Besicovitch projection theorem [5], which states that almost every
projection of a purely 1-rectifiable set of o -finite length has measure zero. The
main result of this paper shows that PBP alone implies BPLG:

Theorem 1.6 Let E C R? be an n-regular set with PBP. Then E has BPLG.

To prove Theorem 1.6, all one needs to show is that
PBP — WGL.

The rest then follows from the work of David and Semmes, Theorem 1.5.

1.1 Connection to uniform rectifiability

The BPLG property is a close relative of uniform n-rectifiability, introduced
by David and Semmes [11] in the early 90s. An n-regular set E C R is uni-
formly n-rectifiable, n-UR in brief, if (1.1) holds for some n-dimensional
L-Lipschitz images I' = f(B(0,r)), with B(0,r) C R”", instead of n-
dimensional L-Lipschitz graphs. As shown by David and Semmes in [11,12],
the n-UR property has many equivalent, often surprising characterisations: for
example, singular integrals with odd n-dimensional kernels are L?-bounded
on an n-regular set E C R if and only if E is n-UR. Since its concep-
tion, the study of uniform (and, more generally, quantitative) rectifiability has
become an increasingly popular topic, for a good reason: techniques in the area
have proven fruitful in solving long-standing problems on harmonic measure
and elliptic PDEs [2,3,18,29], theoretical computer science [26], and metric
embedding theory [27]. This list of references is hopelessly incomplete!
Since n-dimensional Lipschitz graphs can be written as n-dimensional Lip-
schitz images, n-regular sets with BPLG are n-UR. In particular, Theorem 1.6
implies that n-regular sets with PBP are n-UR. The converse is false: Hrycak
(unpublished) observed in the 90s that a simple iterative construction can be
used to produce 1-regular compact sets K, C R?, € > 0, with the properties

@ Springer



Plenty of big projections imply BPLG

(a) H'(K.) = 1 and H' (mp (K.)) < € forall L € G(2, 1),
(b) K is 1-UR with constants independent of € > 0.

This means that UR sets do not necessarily have PBP, or at least bounds
for n-UR constants do not imply bounds for PBP constants. The details of
Hrycak’s construction are contained in the appendix of Azzam’s paper [1],
but they can also be outlined in a few words: pick n := [e~!]. Sub-divide
Iy :=1[0, 1] x {0} c R inton segments Iy, ..., I, of equal length, and rotate
them individually counter-clockwise by 2 /n. Then, sub-divide each /; into
n segments of equal length, and rotate by 2 /n again. Repeat this procedure
n times to obtain a compact set K,, = K, consisting of n” segments of length
n~". It is not hard to check that (a) and (b) hold for K. In particular, to check
(b), one can easily cover K. by a single 1-regular continuum I' C B(0, 2) of
length H!(I") < 10.

1.2 Previous and related work

It follows from the Besicovitch—Federer projection theorem [5,17] that an n-
regular set with PBP is n-rectifiable. The challenge in proving Theorem 1.6 is
to upgrade this “qualitative” property to BPLG. For general compact sets in
IR? of finite 1-dimensional measure, a quantitative version of the Besicovitch
projection theorem is due to Tao [34]. It appears, however, that Theorem 1.6
does not follow from his work, not even in R2. Another, more recent, result for
general n-regular sets is due to Martikainen and myself [22]: the main result of
[22] shows that BPLG is equivalent to a property (superficially) stronger than
PBP. This property roughly states that the 7y -projections of the measure H" | g
lie in L2(V) on average over V € Bg(4,2)(Vo, §). One of the main proposi-
tions from [22] also plays a part in the present paper, see Proposition 6.4.
Interestingly, while the main result of the current paper is formally stronger
than the result in [22], the new proof does not supersede the previous one: in
[22], the L2-type assumption in a fixed ball was used to produce a big piece of
a Lipschitz graph in the very same ball. Here, on the contrary, PBP needs to
be employed in many balls, potentially much smaller than the “fixed ball” one
is interested in. Whether this is necessary or not is posed as Question 1 below.

Besides Tao’s paper mentioned above, there is plenty of recent activity
around the problem of quantifying Besicovitch’s projection theorem, that is,
showing that “quantitatively unrectifiable sets” have quantifiably small pro-
jections. As far as I know, Tao’s paper is the only one dealing with general
sets, while other authors, including Bateman, Bond, Laba, Nazarov, Peres,
Solomyak, and Volberg have concentrated on self-similar sets of various gen-
erality [4,6-8,21,28,30]. In these works, strong upper (and some surprising
lower) bounds are obtained for the Favard length of the kth iterate of self-
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similar sets. In the most recent development [10], Cladek, Davey, and Taylor
considered the Favard curve length of the four corners Cantor set.

Quantifying the Besicovitch projection theorem is related to an old problem
of Vitushkin. The remaining open question is to determine whether arbitrary
compact sets E C R? of positive Favard length have positive analytic capacity.
It seems unlikely that the method of the present paper would have any bearing
on Vitushkin’s problem, but the questions are not entirely unrelated either: I
refer to the excellent introduction in the paper [9] of Chang and Tolsa for more
details.

Finally, Theorem 1.6 can be simply viewed as a characterisation of the
BPLG property, of which there are not many available—in contrast to uni-
form rectifiability, which is charaterised by seven conditions in [11] alone! I
already mentioned that BPLG is equivalent to BP+WGL by [13], and that with
Martikainen [22], we characterised BPLG via the L?-norms of the projections
vy H" | . Another, very recent, characterisation of BPLG, in terms of conical
energies, is due to Dabrowski [14].

1.3 An open problem

An answer to the question below does not seem to follow from the method of
this paper.

Question 1 Forall § > 0 and Cy > 1, do there exist L > 1 and 6 > 0 such
that the following holds? Whenever E C R? is an n-regular set with regularity
constant at most Cy, and

H'(wy(B(O, 1) NE)) =238, V€ Bgan(Vo,9d), (1.7)

then there exists an n-dimensional L-Lipschitz graph T C RY such that
HYENT) > 6.

In addition to the “single scale” assumption (1.7), the proof of Theorem 1.6
requires information about balls much smaller than B(0, 1) to produce the
Lipschitz graph I'.

1.4 Notation

An open ball in R? with centre x € R? and radius » > 0 will be denoted
B(x,r). When x = 0, I sometimes abbreviate B(x,r) =: B(r). The nota-
tions rad(B) and diam(B) mean the radius and diameter of a ball B C R¥,
respectively, and AB := B(x, Ar) for B = B(x,r) and A > 0.

For A, B > 0, the notation A ), ..., B means that there exists a constant
C > 1, depending only on the parameters py, ..., pg, such that A < CB.
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Very often, one of these parameters is either the ambient dimension “d”, or
then the PBP or n-regularity constant “6” or “Cp” of a fixed n-regular set
E C R having PBP, that is, satisfying the hypotheses of Theorem 1.6. In these
cases, the dependence is typically omitted from the notation: in other words,
A Sa.s,c, Bisabbreviatedto A S B.Thetwo-sidedinequality A S, B S, A
is abbreviated to A ~, B, and A 2, B means the same as B <), A.

2 Preliminaries on the Grassmannian

Before getting started, we gather here a few facts of the Grassmannian G (d, n)
of n-dimensional subspaces of R, Here 0 < n < d, and the extreme cases
are G(d,0) = {0} and G(d, d) = {R%}. We equip G(d, n) with the metric

d(VI, VZ) = ||7TV1 - an”a Vla VZ € G(d7 n)a

where || - || refers to operator norm. That “d” means two different things
here is regrettable, but the correct interpretation should always be clear from
context, and the metric “d” will only be used very occasionally. The metric
space (G(d,n),d) is compact, and open balls in G(d, n) will be denoted
BG(a.n)(V, r). An equivalent metric on G(d, n) is given by

d(Vi, Vs) := max{dist(vy, V») : v; € Vj and |v{| = 1}.

For a proof, see [25, Lemma 4.1]. With the equivalence of d and d in hand,
we easily infer the following auxiliary result:

Lemma 2.1 Let 0 < n < d, and let Wi, W, € G(d,n + 1), and let V| €
G, n) with Vi C Wy. Then, there exists Vo € G(d, n) such that Vo C W
and d(Vy, Va) S d(Wy, Wa).

Proof By the equivalence of d and d,wehaver := J(Wl, Wa) < d(Wy, Wh).
We may assume that r is small, depending on the ambient dimension, otherwise
any n-dimensional subspace Vo, C W satisfies d(Vy, V) < diam G(d, n) <

r.Now, let {eq, ..., e,} be an orthonormal basis for Vi, and foralle; € V| C
Wy, pick some e; € W, with [e; —e;| < r.If r > 0 is small enough,
the vectors ey, ..., e, are linearly independent, hence span an n-dimensional

subspace V, C W,. Since |ej —ej| < rforall 1 < j < n, an arbitrary unit
vector vy = )_ Bje; € Vi lies at distance < r from vy := ) Bje; € V2, and
consequently

d(Vi, Va) ~d(Vy, Vo) = max{dist(vy, V2) : v; € Vi and |vg| = 1} <7

This completes the proof. O
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We will often use the standard “Haar” probability measure y; , on G(d, n).
Namely, let 6; be the Haar measure on the orthogonal group O(d), and define

Yan(V) :=04({g € Od) : gVo €V}, VCGW,n),

where Vy € G(d, n) is any fixed subspace. The measure y, , is the unique
O(d)-invariant Radon probability measure on G(d, n), see [23, §3.9]. At a
fairly late stage of the proof of Theorem 1.6, we will need the following
“Fubini” theorem for the measure G(d, n):

Lemma22 Let0 < n <d. For W € Gd,n+ 1), let G(W,n) :={V €
G(d,n) : V. C W}. Then G(W,n) can be identified with G(n + 1, n), and
we equip G(W, n) with the Haar measure yw n+1,n ‘= Vn+1.n, COnstructed as
above. Then, the following holds for all Borel sets B C G(d, n):

Van(B) = / VWm0 (B) dansr (W), 23)
G(d,n+1)

Proof This is the same argument as in [23, Lemma 3.13]: one simply checks
that both sides of (2.3) define O(d)-invariant probability measures on Yy ,,
and then appeals to the uniqueness of such measures. |

We record one final auxiliary result:

Lemma 2.4 Forall0 <n <d,§ > 0, there exists an “angle” o = «a(d, §) >
0 such that the following holds. If z € R, and V € G(d, n) satisfy |y (z)| <
a|z|, then there exists a plane V' € G(d,n) with d(V, V') < & such that
my(z) =0.

Proof The proof of [22, Lemma A.1] begins by establishing exactly this claim,
although the statement of [22, Lemma A.1] does not mention it explicitly. O

3 Dyadic reformulations
3.1 Dyadic cubes

It is known (see for example [13, §2]) that an n-regular set E C R4 supports
a system D of “dyadic cubes”, that is, a collection of subset of E with the
following properties. First, D can be written as a disjoint union

D=]JD;.

JEZ

where the elements Q € D; are referred to as cubes of side-length 27/ . For
J € Z fixed, the sets of D; are disjoint and cover E. For Q € D;, one writes
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2(Q) :==27/.The side-length £( Q) is related to the geometry of Q € D; inthe
following way: there are constants 0 < ¢ < C < oo, and pointscg € Q C E
(known as the “centres” of Q € D) with the properties

B(cg,cl(Q))NE C Q C B(cg, CL(Q)).

In particular, it follows from the n-regularity of E that u(Q) ~ £(Q)" for all
Q € D. The balls B(cp, C£(Q)) containing Q are so useful that they will
have an abbreviation:

Bg = B(cg, CL(Q)).

If we choose the constant C > 1 is large enough, as we do, the balls By have
the property

QCQ = BpCBy.

The “dyadic” structure of the cubes in D is encapsulated by the following
properties:

e Forall O, Q' € D, either Q C Q',or Q' C Q,or on Q' =40.
e Every Q € D; has as parent Q € Dj_ with Q C Q.

If O € Dj, the cubes in D; | whose parent is Q are known as the children of
0, denoted ch(Q). The ancestry of Q consists of all the cubes in D containing
0.

A small technicality arises if diam(E) < oo: then the collections D; are
declared empty for all j < jo, and D, contains a unique element, known as
the top cube of D. All of the statements above hold in this scenario, except
that the top cube has no parents.

3.2 Dyadic reformulations of PBP and WGL

Let us next reformulate some of the conditions familiar from the introduction
in terms of a fixed dyadic system D on E.

Definition 3.1 (PBP) An n-regular set E C R? has PBP if there exists § > 0
such that the following holds. For all Q € D, there exists aball Sg9 C G(d, n)
of radius rad(S¢) > 6 such that

H'(wy(E N Bg)) > 6u(Q). V€ Sg.

It is easy to see that the dyadic PBP is equivalent to the continuous PBP: in
particular, the dyadic PBP follows by applying the continuous PBP to the ball
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Bp = B(cg, C€(Q)) centred at cgp € E. Only the dyadic PBP will be used
below.

Definition 3.2 (WGL) An n-regular set E C R satisfies the WGL if for all
€ > 0, there exists a constant C(¢) > 0 such that the following holds:

Y Q) < COuQp), Qo eD.

0eD(Qo)
B(Q)=>e

Here u :="H"|E, B(Q) := B(Bp), and D(Qo) :={Q € D : Q C Qo}.

It is well-known, but takes a little more work to show, that the dyadic WGL is

equivalent to the continuous WGL; this fact is stated without proof in numerous

references, for example [13, (2.17)]. I also leave the checking to the reader.
One often wishes to decompose D, or subsets thereof, into trees:

Definition 3.3 (Trees) Let E C R? be an n-regular set with associated dyadic
system D. A collection 7 C D is called a tree if the following conditions are
met:

e 7 has a top cube Q(T) € 7T with the property that 0 C Q(7) for all
QeT.

e 7 is consistent: if Q1,03 € 7, Q> € D,and Q1 C Q» C Qs3, then
Q2 eT.

e If O € 7, theneither ch(Q) C 7 orch(Q)NT = 4.

The final axiom allows to define the leaves of 7 consistently: these are the
cubes Q € 7 such that ch(Q) N7 = (. The leaves of 7 are denoted
Leaves(7). The collection Leaves(7) always consists of disjoint cubes, and
it may happen that Leaves(7) = .

Some trees will be used to prove the following reformulation of the WGL.:

Lemma 3.4 Let E C RY be an n-regular set supporting a collection D of
dyadic cubes. Let p := H"|g. Assume that for all € > 0, there exists N =
N (¢) € N such that the following holds:

u{x € Q:card{Q e D:x e Q' C Qand B(Q') =€} = N})
<3u(Q), Q€D (3.5)

Then E satisfies the WGL.

Remark 3.6 Chebyshev’s inequality applied to the set {x € Q :
ZQ/CQ’ﬂ(Q/»E 1p/(x) > N} shows that the WGL implies (3.5). Therefore
(3.5) is equivalent to the WGL.
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Proof of Lemma 3.4 Fix Qg € D and € > 0. We will show that

> 1w(Q) < 2Nu(Qo). (3.7)

0CQo
B(Q) =€

Abbreviate D := {Q € D : Q C Qp}, and decompose D into trees by the
following simple stopping rule. The first tree 7 has top Q(7p) = Qo, and its
leaves are the maximal cubes Q € D (if any should exist) such that

card{Q' € D: Q0 C Q' C Qpand B(Q') > €} =

Here N = N(e) > 1,asin (3.5). All the children of previous generation leaves
are declared to be new top cubes, under which new trees are constructed by the
same stopping condition. Let 7y, 77, ... be the trees obtained by this process,
with top cubes Qo, Q1, ... Note that D = UJ->0 7;, and

card{Q € 7; : x € Qand B(Q) > €} <N, x€0;.
Further, (3.5) implies that
1(ULeaves(7;)) < su(Q;),  j = 0.

On the other hand, the sets E; := Q; \ ULeaves(7;) are disjoint. Now, we
may estimate as follows:

S w0 = Z/ S 1 dr

0CQo Qj 0€7;
B(Q)>e B(0)>e

o
<N Q) 2NZM(E) 2N (Qo)-
— =
This completes the proof of (3.7). O

By Theorem 1.5, the PBP condition together with the WGL implies BPLG,
and the condition in Lemma 3.4 is a reformulation of the WGL. Therefore,
our main result, Theorem 1.6, will be a consequence of the next proposition:

Proposition 3.8 Assume that E C R? is an n-regular set with PBP. Then, for
every € > 0, there exists N > 1, depending on d, €, and the n-regularity and
PBP constants of E, such that the following holds. The sets

Eg:=Eg(N,¢€)
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={xeQ:card{Q' €eD:x e Q C QandB(Q) >¢€} = N}

satisfy w(Eg) < %,u(Q)for all Q € D.

Proving this proposition will occupy the rest of the paper.

4 Construction of heavy trees

The proof of Proposition 3.8 proceeds by counter assumption: there exists a
cube Q¢ € D, a small number € > 0, and a large number N > 1 of the form
N = KM, where also K, M > 1 are large numbers, with the property

1(Egy) = 31(Q0). 4.1)

This will lead to a contradiction if both K and M are large enough, depending
on d, €, and the n-regularity and PBP constants of E. Precisely, M > 1
gets chosen first within the proof of Proposition 4.2. The parameter K > 1
is chosen second, and depends also on M. For the details, see the proof of
Proposition 3.8, which can be found around (4.3).

From now on, we will restrict attention to sub-cubes of Q¢, and we abbre-
viate D := D(Qp). We begin by using (4.1), and the definition of Eg,, to
construct a number of heavy trees 1y, T, ... C D with the following proper-
ties:

(T1) w(Eg, N Q(T})) > $u(Q(T;)) forall j > 0.
(T2) Eg, N Q(7j) C ULeaves(7;) forall j > 0.
(T3) Forevery j > 0and Q € Leaves(7;) it holds

card{Q" € 7;: Q C Q' C Q(7;) and B(Q') > €} = M.

(T4) The top cubes satisty }; u(Q(7;)) > %M(Qo).

Before constructing the trees with properties (T1)—(T4), let us use them,
combined with some auxiliary results, to complete the proof of Proposition 3.8.
The first ingredient is the following proposition:

Proposition 4.2 [fthe parameter M > 1is large enough, depending only ond,
€, and the n-regularity and PBP constants of E, then width(7;) > tu(Q(7;)),
where T > 0 depends only on d, and the n-regularity and PBP constants of E.

Here width(7;) = ZQ T width(Q)u(Q) is a quantity to be properly intro-
duced in Sect. 5. For now, we only need to know that the coefficients width(Q)
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satisfy a Carleson packing condition, depending only on the n-regularity con-
stant of E:

width(D) := Z width(Q)u(Q) < n(Qo)-
0CQo

We may then prove Proposition 3.8:

Proof of Proposition 3.8 Let N = KM, where M > 1 is chosen so large
that the hypothesis of Proposition 4.2 is met: every heavy tree 7; satisfies
width(7;) > tu(Q(7;)). According to (T4) in the construction of the heavy
trees, this implies

Width(D) > 3 width(T) > v Y0 u(0(T) > T

Jj=0 j=0

n(Qo).  (4.3)

Now, the lower bound in (4.3) violates the Carleson packing condition for
width(D) if the constant K > 1 is chosen large enough, depending on the
admissible parameters. The proof of Proposition 3.8 is complete. O

The rest of this section is spent constructing the heavy trees. We first con-
struct a somewhat larger collection, and then prune it. In fact, the construction
of the larger collection is already familiar from the proof of Lemma 3.4, with
notational changes: the first tree 7g has top Q(7g) = Qo, and its leaves consist
of the maximal cubes Q € D with the property that

card{Q' € D: Q C Q' C Q(7p) and B(Q') > €} = M. 4.4)

The tree 7y itself consists of the cubes in D which are not strict sub-cubes of
some Q € Leaves(7y). It is easy to check that 7y is a tree.

Assume then that some trees 7y, . . ., 7x have already been constructed. Let
0 < j < k be an index such that for some Q € Leaves(7;), at least one
cube Qi1 € ch(Q) has not yet been assigned to any tree. The cube Q4
then becomes the top cube of a new tree 741, thus Qryr1 = QO(Zg+1). The
tree 71 is constructed with the same stopping condition (4.4), just replacing
Q(7p) by Qk+1 = Q(Tx+1)-

Note that if Leaves(7;) = @ for some j € N, then no further trees will be
constructed with top cubes contained in Q(7;). As a corollary of the stopping
condition, we record the uniform upper bound

card{Q € 7; : x € Qand B(Q) > €} < M, xe Q(T), j=0. 45)

We next prune the collection of trees. Let Top be the collection of all the top
cubes Q(7;) constructed above, and let Topx C Top be the maximal cubes
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with the property
card{Q" e Top: Q C Q' C Qo) =K.

We discard all the trees whose tops are strictly contained in one of the cubes
in Topg, and we re-index the remaining trees as 7y, 71, 72, ... Thus, the
remaining trees are the ones whose top cube contains some element of Topg .
We record that

card{j > 0:x € Q(7))} < K, x € Qo. (4.6)
We write 7 := U7; for brevity. We claim that
card{Q €7 :xe€ Qand B(Q) > €} =N, x € Eg,. 4.7)
Indeed, fix x € Eg,, and recall that
card{Q e D:xe Qand B(Q) =€} > N (4.8)

by definition. We first claim that x is contained in > K + 1 cubes in Top. If x
was contained in < K cubes in Top, then x would be contained in < K — 1
distinct leaves, and the stopping condition (4.4) would imply that

card{Q €eD:x e Qand B(Q) =€} < (K — DM+ M =N, (4.9)

contradicting x € Eg,. Therefore, x is indeed contained in K + 1 cubes in
Top. Let the largest such top cubes be Q9 D Q1 D -+ D Ok—1 D Ok, S0
Ok -1 € Topg. Now, it suffices to note that whenever x € Q;,1 < j < K,
then x is contained in some element of Leaves(7;_;), which implies by the
stopping condition that

cardfQ e7j_1:x € Qand B(Q) > €} =M. (4.10)

Since 7,1 C T for 1 < j < K, the claim (4.7) follows by summing up
(4.10) over 1 < j < K and recalling that KM = N.

We next verify that Eg, N Q(7;) C ULeaves(7;) forall j > 0, as claimed
in property (T2). Indeed, if x € Eg, N Q(7;) for some j > 0, then (4.8)
holds, and Q(7;) is contained in < K elements of Top. This means that if
x € Q(7;) \ ULeaves(7;), then x is contained in < K — 1 distinct leaves, and
hence satisfies (4.9). But this would imply x ¢ E¢,. Hence x € Leaves(7;),
as claimed.

The properties (T2)—(T3) on the list of requirements have now been verified
(indeed (T3) holds by the virtue of the stopping condition). For (T1) and
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(T4), some further pruning will be needed. First, from (4.7), (4.5), and the
assumption u(Eg,) = %,u(Qo), we infer that

N (4 7
Nu(Qo) T 1o(ds
2 Eg
0 QeT
B(Q)>e

= Z/ > 1p()dx

E0,NQ(7)) Q€T;
B(Q)=>e

45 X
< MY u(Eg, N Q(T))).

j=0

Recalling that N = K M, this yields

K u(Qo)

D MEg,NO(T)) > ——

j=0

Now, we discard all light trees with the property w(Eg, N Q(7;)) <
A%/L(Q(Tj)). Then, by the uniform upper bound (4.6), we have

Ku(Qo)

> m(EgNQ(T) <3 ) m(Q(T) < ——

J:7j is light j=0

Hence, the heavy trees with

w(Eg,n 0(Tp) > )
satisfy
> ey > HA20

J:Tjis heavy

By definition of the heavy trees, the requirements (T1) and (T4) on our list are
satisfied (and (T2)—(T3) were not violated by the final pruning, since they are
statements about individual trees). After another re-indexing, this completes
the construction of the heavy trees 7, 71, . ..
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We have now proven Proposition 3.8 modulo Proposition 4.2, which con-
cerns an individual heavy tree 7;. Proving Proposition 4.2 will occupy the rest
of the paper.

5 A criterion for positive width

Let E C RY be a closed n-regular set, write 1 := H"| g, and let D be a system
of dyadic cubes on E. I next discuss the notion of width, which appeared in the
statement of Proposition 4.2. Width was first introduced in [16] in the context
of Heisenberg groups, and [16, §8] contains the relevant definitions adapted to
R", but only in the case n = d — 1. I start here with the higher co-dimensional
generalisation.

Definition 5.1 (Measure on the affine Grassmannian) Fix 0 < m < d, and let
A := A(d, m) be the collection of all affine planes of dimension m. Define a
measure A := A4, on A via the relation

/ JV)di(V) 1=/ / £y {w)) dH" (w) dyaa-m(V),
A G(d,d—m) JV
f e C.(A.

The definition above is standard, see [23, §3.16]. We are interested in the
case m = d — n, since we plan to slice sets by the fibres of projections to
planes in G(d, n).

Definition 5.2 (Width) For Q € D and a plane W € A(d, d — n), we define
widthp (E, W) :=diam(Bp N EN W),

where we recall that Bp = B(cg, C£(Q)) is a ball centred at some point
cp € Q C E containing Q. Then, we also define

widtho (E, W)
u(Q) J A, d—n) £(Q)

: -1
_ ;/ / widthg (E, 7, {w}) AH () dyg n (V).
w(Q) JGwn Jv

width(Q) := drg,a—n(W)

Q)
(5.3)
Finally, if 7 C D is an arbitrary collection of dyadic cubes, we set
width(F) := > width(Q)u(0Q). (5.4)

QeF
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The w(Q)-normalisation in (5.3) is the rlght one, because for V € G(d, n)
fixed, it is only possible that widthg (E, 7\, {w}) #0ifw eny(Bg) CV,
and H" (v (Bg)) ~ u(Q). As shown in [16 Theorem 8.8], width satisfies a
Carleson packing condition. However, the proof in [16] was restricted to the
case d = n— 1, and a little graph-theoretic construction is needed in the higher
co-dimensional situation. Details follow.

Proposition 5.5 There exists a constant C > 1, depending only on the I-
regularity constant of E, such that

width(D(Qo)) < Cu(Qo), Qo €D, (5.6)

where D(Qp) :={0 € D: QO C Qp}.
Proof Fix Q¢ € D. By definitions,

width(D(Qo))

_ —1
_ / / Z diam(Bg f; ENmy, {w)) dH" (w)dyg (V).
Gd.m) IV 5ep0g) ©

5.7

The main tool in the proof is Eilenberg’s inequality
/ card(A Ny, Yw)) dH (w) <, H'(A), VeGd,n), (5.38)
1%

where A C R? is Borel, see [23, Theorem 7.7]. In particular, we infer from
(5.8) that

qv.w = card(Bg, N E Ny, {w}) < 00
forall V € G(d, n) and for H" a.e. w € V. We continue our estimate of (5.7)
for a fixed plane V € G(d, n), and for any w € V such that g := gy, < oo.
If g € {0, 1}, then
diam(Bp N E Ny, {w}) diam(Bo, N E N7y, {w}) =0, Q e€D(Qy),

so these pairs (V, w) contribute nothing to the integral in (5.7). So, assume
that g > 2, and enumerate the points in Bp, N E N 7, Hw) as

Bo, ﬂEﬂn‘jl{w} ={x1,...,x4}.

We will next need to construct a “spanning graph” whose vertices are the
points xp, ..., x4, and whose edges “£” are a (relatively small) subset of the
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~ ¢? segments connecting the vertices. More precisely, we need the following
properties from &:

(E1) card € <4 q.
(E2) Forevery 1 <i < j < g, there is a connected union of edges in € which
connects x; to x; inside B (x;, 2|x; — x;|).

Property (E2) sounds like quasiconvexity, but is weaker: there are no restric-
tions on the length of the connecting £-path, as long as it is contained in
B(x;, 2|x; — x;|). Let us then find the edges with the properties (E1)—(E2). Let
§1,....6, C $9-1 be a maximal }T—separated set on S9!, with p ~q 1, and
let

Cj:={re:ee BE,Hns""andr >0}, 1<,j<p,
be a directed open cone around the half-line {r§; : r > 0}. By the net property
of &1,...,&p,

p
RN\ {0y c [ ¢y (5.9)
j=1

We claim that the following holds: if y € x + C}, then
B(x,|x —yD) N (x+Cj) C B(y, |x — y]. (5.10)
First, use translations and dilations to reduce to the case x = Oand [x —y| = 1:
yeC,ns™!' — B)NC; C By, 1).

To check this case, one first verifies by explicit computation that if y € S¢~1,
then the set Cy := {re : e € B(y, 1) N S9=1and 0 < r < 1} is contained in
B(y, 1). Consequently,
yeC;ins" B3 = B3 CBG,D
= B()NC; CCyC By, ).

We are then prepared to define the edge set £. Fix one of the points x;,
1 <i <gqg.Foreveryofl < j < p,draw an edge (that is, a segment) between
x; and one of the points closest to x; in the finite set

{x1, ..., xg} N (x5 +Cj) CHlxp, oo xg) \ {xi}s

if the intersection on the left hand side is non-empty; this is the case for at least
one j € {1,..., p} by (5.9). Thus, for every x;, one draws ~,4 1 edges. Let £
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be the collection of all edges so obtained. Then card £ ~; ¢, so requirement
(E1) is met.

To prove (E2), fix 5o := x; and 7 := x; with 1 <i < j < ¢. The plan is
to find, recursively, a collection of segments /; := [s;j_1,s;] € £, 1 < j <k,
whose union is connected, contains {sg, 7} (indeed s; = ) and is contained in

B(t, |so —t]) C B(s, 2|so — t]).

By (5.9), there is a half-cone C;j, witht € so+C},.Let I = [so, s1] € £ be the
edge connecting sq to one of the nearest points 51 € {x1, ..., x4} N (so+Cj).
Evidently [so — s1| < [so — £], since ¢ € {x1,...,x4} N (so + C},) itself is
one of the candidates among which s7 is chosen. Hence, applying (5.10) with
x = sp and y = ¢, we find that

s1 € B(so, Iso — t]) N (so + Cj,) C B(t, |so — ). (5.11)
In particular,
ls1 — 2| < [so —7]. (5.12)

Also, we see from (5.11) that 31, = {so,s1} C B(t, |so — t]), and hence
I C B(t, |so — t|) by convexity. We then replace “so” by “s;” and repeat the
procedure above: by (5.9), there is a half-cone C j, with the property ¢ € 51+C},
(unless s1 = t and we are done already), and we let I, = [s1, s2] € £ be the
edge connecting s; to the nearest point s2 € {x1,..., x4} N (s1 + C}j,). Then
|s1 — s2| < |s1 — t]| (otherwise we chose  over s7), SO

- 5.10) 5.12) -
52 € B(sy, s —thN(s1+Cj) C B, [s1—t)) C  B(t,]so —t]).
From the inclusions above, we infer that I, C B(t, |so — t|), and also

5.12)
|so —t] < |s1—¢t] < " |s—t.

We proceed inductively, finding further segments [s;, s;+1] € &£, which are
contained in B(¢, |so — |), and with the property that [s; 1 — ] < |s; — | <

- < |so — t|. Since the points s; are drawn from the finite set {xy, ..., x4},
these strict inequalities eventually force s = t for some £ > 1, and at that
point the proof of property (E2) is complete.
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Let us then use the edges £ constructed above to estimate the integrand in
(5.7). I claim that

diam(Bg N E N7y, Hw)) Y Y 1]
> < —.  (5.13)
0€D(Qp) Ho) izt 0epioy (@)

IC4Bg

To see this, fix O € D(Qp),andletx;, x; € BQﬂEﬂn;l{w} C{x1,.... x4}
be points such that

lx; —x;| = diam(Bg N E N7y, Hw}).

According to property (E2) of the edge family £, there exists a connected union
of segments in £ which is contained in

B(x,-, 2|xi — le) C 4BQ

and which contains {x;, x;}. Since the union is connected, the total length of
the segments involved exceeds |x; — x;|:

diam(Bg N E Ny Hw)) = |x; — x| < Z |1].

le€
IC4Bg

Swapping the order of summation proves (5.13). To complete the proof of the
proposition, fix I € &, and consider the inner sum in (5.13). Note that the
inclusion / C 4B is only possible if £(Q) 2 |I]. On the other hand, for a
fixed side-length 2=/ > |I|, there are < 1cubes Q € D(Qo) with£(Q) =27/
and I C 4B. Putting these observations together,

Y g s
0€D(Qo)
ICc4Bg

From this, (5.13), and the cardinality estimate card £ <, ¢ from (E1) it follows
that

Z diam(Bp N E N7y, H{w))

14
0€D(Qo) (@)
Scard€ Sq g = card(Bg, N E N n;l{w}).
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Plugging this estimate into (5.7) and using Eilenberg’s inequality (5.8), one
finds that

width(D(Qo)) <4 / card(Bg, N EN n;l {wh) dH" (w) dyg (V)
G(d,n) JV
S r(Qo).
This completes the proof of the proposition. O

Recall that our objective, in Proposition 4.2, is to prove that each heavy
tree 7; satisfies width(7;) 2 n(Q(7;)) if the parameter M > 1 was chosen
large enough. To accomplish this, we start by recording a technical criterion
which guarantees that a general tree 7 C D satisfies width(7) 2 w(Q(7)).
Afterwards, the criterion will need to be verified for heavy trees.

Proposition 5.14 Foreveryc,§ > 0 and Co > 1 there exists N > 1 such that
the following holds. Assume that the n-regularity constant of E is at most C.
Let T C D be atree with top cube Qo := Q(7). Assume that there is a subset
G C Leaves(7) with the following properties.

e Allthe cubes in G have PBP with common plane Vy € G(d, n) and constant
3:

H'(wv(ENBg)) >2éu(Q), Qeg, VeBVd. (515

e Write fy = ZQeg an(BQ) for V.e€ B(Wy, ). Assume that there is
a subset S¢ C B(Vy, 8) such that the “high multiplicity” sets Hy :=
{x e V:Mfy(x) > N} satisfy

fr(x)dx = cN7'u(Qo), Ve Sq. (5.16)
Hy

Here M fy is the (centred) Hardy-Littlewood maximal function of fy. Then

width(T) 2 ¢8N ' 1u(Q0) - va,n(S6),

where the implicit constant only depends on “d” and the n-regularity constant
of E.

The proof of Proposition 5.14 would be fairly simple if all the leaves in G
had approximately the same generation in D. In our application, this cannot
be assumed, unfortunately, and we will need another auxiliary result to deal
with the issue:
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Lemma 5.17 Fix M,d,y > 1 and ¢ > 0. Then, the following holds if A =
Ag > 1is large enough, depending only on d (as in “R¢”), and

N > AV+D? v 42, (5.18)

Let B be a collection of balls contained in B(0, 1) C R4, and associate to
every B € B a weight wg > 0. Set

f= Z wplpg,

BeB

and write Hy := {Mf > N}, where M f is the Hardy-Littlewood maximal
function of f. Assume that

f(x)dx = cN77,
Hy

Then, there exists a collection Rhueavy of disjoint cubes such that the “sub-
functions”

fr = Z wplp, R € 7?rheavy,
BeB
BCR

satisfy the following properties:

D Mfrl =2 2YFONT and | fglli > MIR], R € Rheavy-

R€eRneavy

The lemma is easy in the case where the balls in B have common radius,
say r. Then one can take Rpeavy to be a suitable collection of disjoint cubes of
side-length ~ r. In the application to Proposition 5.14, this case corresponds
to the situation where £(Q) ~ £(Q’) for all Q, Q" € G. In the general case,
the elementary but lengthy proof of Lemma 5.17 is contained in Appendix A.

We then prove Proposition 5.14, taking Lemma 5.17 for granted:

Proof of Proposition 5.14 The plan is to show that

: 1
Z/ widthg (E, 7y {w}) dH"(w) 2 8N~ '1u(Qo), V € Sg. (5.19)
Sordv Q)

The proposition then follows by recalling the definitions of width(Q) and
width(7") from (5.3)—(5.4) and integrating (5.19) over V € Sg.
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To prove (5.19), we assume, to avoid a rescaling argument, that £(Qg) = 1.
Then, we begin by re-interpreting (5.16) in such a way that we may apply
Lemma5.17. Namely, we identify V € Sg with R”, and consider the collection
of balls

B:= (nv(Bg): Q € G).

More precisely, let B be an index set for the balls 7y (Bg) such that if some
ball B = my(Bg) arises from multiple distinct cubes Q € G, then B has
equally many indices in B.

Note that the balls in B are all contained in

By :=my(Bg,),

since Bg C By whenever Q, Q" € D and Q C Q'. We then define f :=
Y peglpand Hy :={x € V : M f(x) > N}. It follows from (5.16), and the
assumption £(Qg) = 1, that

fw)dw 2 cN~L
Hn

In other words, the hypotheses of Lemma 5.17 are met with y = 1. We fix
M := C8~!, where C > 1 is a large constant to be specified soon, depending
only on the n-regularity constant of E. We then assume that N > AM?/c,
in accordance with (5.18). Lemma 5.17 now provides us with a collection
R = Rhpeavy of disjoint cubes in R” = V such that

Y lifrli ZeN~' and | fglli > M|R|for ReR.  (5.20)

ReR
In this proof we abbreviate | - | := H"|y. We recall that
frR = Z wplp = Z 17y(By)>
BeB Qeg
BCR BoCT(R)

where T(R) 1= m,, ! (R). Therefore, the conditions in (5.20) are equivalent to

Y. 2 w@zeNhand ) u(@Q MRl RER,

ReR Qe€g Qeg
BoCT(R) BoCT(R)

(5.21)
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where the implicit constants depend on the n-regularity constant of . We
now make a slight refinement to the set G: for R € R fixed, we apply the
5r-covering theorem to the balls {2Bp : Q € G and By C T(R)}. As aresult,
we obtain a sub-collection Gg C G with the properties

2Bp N2Bgy =0, 0,0 €Gr, Q#0, (5.22)

and

LJ oc | 108
Qeg 0eGr
BoCT(R)

In particular, by (5.21),

XY w@z) > w@) zeN! (5.23)

ReR QeGr ReR  Qe€g
BoCT(R)
and
> (@)~ Y u(10Bg) Z M|R| (5.24)
Q€gr 0<€gr

by (5.21). We also write Bg := {my(Bp) : Q € Gr}, R € R,s0o Br C Bisa
collection of balls contained in R satisfying

> IBIZMIR. ReR. (5.25)
BeBg

Just like B, the set By should also, to be precise, be defined as a set of indices,
accounting for the possibility that B = my (Bg) arises from multiple cubes
QO € Gg. Next, recall a key assumption of the proposition, namely that all the
cubes in G have PBP with common ball B(Vy, §) C G(d, n). In particular, for
our fixed plane V € Sg C B(Vp, §), we have

H'(wv(Bo NE)) >6éu(Q), Qeg. (5.26)

Since the balls By, Q € G, are all contained in By := B, the ball associated
with the top cube of the tree, the conclusion of (5.26) persists if we replace
Bo N E by Bop N EN By. For B = my(Bg) with Q € G, write Ep =
my(Bo N E N By), so (5.26) implies that | Eg| 2 8| B|. Then, for R € R fixed,
we infer from (5.25) that
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| X teywrdw= Y 14125 3 1B 0MIR| = CIRI

BeBg BeBg BeBR

We now choose the constant C > 1 so large that

/ > 1, (w)ydw = 2|R|. (5.27)
R

BeBg
Then, if we consider the “set of multiplicity < 17,
Lg={weR: Y 1gw) <1 CR,
BeBpg

we may infer from (5.27) that

[ > teman<iri< [ 3 tg,wdw

R BeBg BeBgr

Consequently, if P := R \ Lg is the “positive multiplicity set”, we have

),

Fix w € Pg C R, and write

1
> teydw >3 [ 3 g, dw 20 Y w@). 628

BeBg BeBg Q€egr

m = my = Z 1g,(w) > 2.
BeBg

(If the sum happens to equal oo, pick m > 2 arbitrary; eventually one will
have to let m — oo in this case). Unraveling the definitions, the (d — n)-
plane W := Wy, := 7, 1{w} contains m points of E N By inside m distinct
balls Bp, with Q € Gg. Let P C E N W be the set of these m points, and
define the following set £ of edges connecting (some) pairs of points in P: for
every point p € P, pick exactly one of the points ¢ € P \ {p} at minimal
distance from p, and add the edge (p, ¢) to £. Note that card £ = m, since £
contains precisely one edge of the form (p, ¢) for every p € P. We have now
used the assumption m > 2: otherwise we could not have drawn any edges in
the preceding manner! Note that the edges in the graph (P, £) are directed:
(p,q) € € does not imply (¢, p) € £.

Now that the edge set £ has been constructed, define the following relation
between edges / € £ and the cubes Q € 7: write I < Q if I C By, and
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[I] = p€(Q). Slightly abusing notation, here [ also refers to the segment
[p, q], for an edge (p, q) € £. The choice of the constant p > 0 will become
apparent soon, and it will only depend on the n-regularity constant of E. We
now claim that

> Z (Q> > card € = m. (5.29)

1e€E QeT
1<Q

We already know that card £ = m, so it remains to prove the first inequality.
Fix I = (p,q) € &, with p,q € P. Then, by the definition of P, the points
p and g are contained in two balls B, := By, and B, := By, respectively,
with O, O, € Gg and Q, # Q. In particular, we recall from (5.22) that
2B, N 2B, = (. Hence p ¢ 2B,, and |I| 2 £(Qg4). On the other hand,
P.q € Bo,so |I| S £(Qo). Let Q" D Q, be the smallest cube in the ancestry
of Q4 suchthat p, g € By. Then Q, C Q' C Qo, hence Q' € T, and

L(Q"H < II. (5.30)
Since p,q € By, by convexity also I C Bg. If the constant “p” in the
definition of “<” was chosen appropriately, we infer from I C By’ and (5.30)
that I < Q’. This proves the lower bound in (5.29).
Next, we claim that

widthg (E, 7, ' {w}) = diam(EN B N W) 24 Y _|I|. QeT.

=
1<Q

(5.31)

Indeed, fix Q € 7 and assume that there is at least one edge / € £ such that
I < Q.Thenl C BpNW,andboth endpoints of / licin E, so diam(EN By N
W) > |I|. Thus, (5.31) boils down to showing thatcard{l € £ : [ < Q} <4 1.
Let Pp :={p e P :(p,q) € £and (p,q) < Qforsomeq € P \ {p}}.
Then

card{/ € £ : I < Q} < card Py,

since £ contains precisely one edge of the form (p, ¢) for all p € P, i.e. the
map I = (p,q) — pisinjective {I € £ : I < Q} — Pg. So, it remains to
argue that card Pg Sg 1. Otherwise, if card Pg >4 1, there exist two distinct
points pi, pa € Pg with |p1 — p2| < p€(Q). However, if ¢ € P is such that

= (p1,q) < O, then |I| > pl(Q), and since (p1, g) € &, the point ¢ must
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be one of the nearest neighbours of p in P \ {p}. This is not true, however,
since |p; — p2| < |p1 — q|. We have proven (5.31).
A combination of (5.29) and (5.31) leads to

Z —— 2 m =my, wE Pg.
QeT E(Q) le€ QGTK(Q)

1<Q

(5.32)

Here Pg is the subset of R introduced above (5.28). Integrating over w € R
next gives

5.32
/ Z widthg (E, 7}, Hw) w( 2 )f o dw
() e

(5.28)
/P S twdw 2 8 Y w©).

R BeBp 0eGr

Finally, summing the result over the (disjoint) cubes R € R, and using (5.23),
we find that

_ ~1
oy LA L)
& £Q)

This completes the proof of (5.19), and the proof of the proposition. O

6 From big 8 numbers to heavy cones

Proposition 5.14 contains criteria for showing that width(7) 2 u(Q(7))).
To prove Proposition 4.2, these criteria need to be verified for the heavy trees
7;. The selling points (T1)—(T4) of a heavy tree 7; were that all of its leaves
are contained in M cubes in 7; with non-negligible -number (see (T3)), and
the total u measure of the leaves is at least }‘ w(Q(7T;)) (see (T1)—(T2)). We
will use this information to show that if a reasonably wide cone is centred at
a typical point x contained in one of the leaves of 7}, then the cone intersects
many other leaves at many different (dyadic) distances from x.
We first need to set up our notation for cones:

Definition 6.1 (Cones) Let Vo € G(d,n), « > 0, and x € R?. We write

X(x,V,a)={y e R : |my(x — )| < alx — y|}.
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For 0 < r < R < 00, we also define the truncated cones
X(x,V,a,r,R) :=X(x,V,a)NB(x,R) \ B(x,r).

Note the non-standard notation: X (x, V, «) is a cone with axis V+ € G(d, d —
n)! The next proposition extracts “conical” information from many big S-
numbers:

Proposition 6.2 Leta,d,€,0 > 0and Cy, H > 1. Then, there exists M > 1,
depending only on the previous parameters, such that the following holds.
Let Ey C RY be a n-regular set with regularity constant at most Co, and let
E C EoN B(0, 1) be a subset of measure H"(E) > 6 > 0 with the following
property: for every x € E, there exist M distinct dyadic scales 0 < r < 1
such that

B(B(x,r)) := Bg,(B(x,r))
1 dist(x, V
inf — wd?‘[”(x) > e.
VeA(d,n) r't B(x,r)NEy r

Then, there exists a subset G C E of measure H'(G) > 6/2 such that for all
x e G,

card{j > 0: X(x,V,a,27 /7 27)\NE £ @} > H forall V € G(d, n).
(6.3)

The key point of Proposition 6.2 is that information about the g-numbers
relative to the “ambient” set E is sufficient to imply something useful about
cones intersecting the subset E. The proof is heavily based on [22, Proposition
1.12], which we quote here:

Proposition 6.4 Let o, d, 0 > 0 and Co, H > 1. Then, there exist constants
T > 0and L > 1, depending only on the previous parameters, such that the
following holds. Let Eg C RY be an n-regular set with regularity constant at
most Cg, and let B C EqgN B(0, 1) be a subset with H"(B) > 0 satisfying the
following: there exists V € G(d, n) such that for every x € B,

card{j > 0: X(x,V,a,27/71,27Yn B £ ¢} < H.

Then, there exists a subset B" C B with H"(B') > 1 which is contained on
an L-Lipschitz graph over V. In fact, one can take L ~ 21 /o,

We may then prove Proposition 6.2.
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Proof of Proposition 6.2 1t suffices to show that the subset B C E such that
(6.3) fails has measure H"(B) < 6/2 if M > 1 was chosen large enough.
Assume to the contrary that H"(B) > 6/2. By definition, for every x € B,
there exists an plane V, € G(d, n) such that

card{j > 0: X(x, Ve, o, 27771, 27/YNE # 0} < H. (6.5)

We observe that the dependence of V, on x € B can be removed, at the cost
of making B and « slightly smaller. Indeed, choose an 5-net Vi, ..., Vx C
G(d, n) withk ~4 4, 1, and note that for every x € B, thereexists 1 < j <k
such that

card{i > 0: X(x,V;, 4,277 27 NE #0) < H.

By the pigeonhole principle, there is a subset B° C B of measure
H"(B") Za,a,n H"(B) = 6/2 such that the choice of V := V; is common for
x € B’. It follows that (6.5) holds for this V, for all x € B’, with % in place of
a. We replace B by B’ without altering notation, that is, we assume that (6.5)
holds for all x € B, and for some fixed V € G(d, n).

Now Proposition 6.4 can be applied to the set B, and the plane V. The
conclusion is that there is a further subset B’ C B of measure

H"(B') ~q.d.co0.u 1, (6.6)

which is contained in I' N B(0, 1), where I' € R? is an L-Lipschitz graph
over V for some L ~ 2% Ja ~q 1. We will derive a contradiction, using
that B’ C E and, consequently,

BEy(B(x,r)) > € 6.7)

forall x € B’, and for M distinct dyadic scales 0 < r < 1 (which may depend
on x € B’). For technical convenience, we prefer to work with a lattice D of
dyadic cubes on Eg. As usual, we define

BEy(Q) = BEy(Bo), QeD.

Then, reducing “M” by a constant factor if necessary, it follows from (6.7) that
every x € B’ is contained in > M distinct cubes Q € D of side-length 0 <
2(Q) < lsatistying Bg,(Q) > €. Moreover, since B C E C EgNB(0, 1), we
may assume that By C B(0, C) for all the cubes Q € D, for some C ~¢, 1.

The main tool is that since I' is an n-dimensional L-Lipschitz graph in R?, it
satisfies the WGL with constants depending only on L and d. This follows from
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a more quantitative result—a strong geometric lemma for Lipschitz graphs—
of Dorronsoro [15, Theorem 2] (or see [11, Lemma 10.11]). As a corollary of
the WGL, the subset I'y,q of points x € ' N B(0, 1) for which

Br,co(B(x,r)) = ce (6.8)

for > M /2 distinct dyadic scales 0 < r < 1 has measure H" (I'pyq) < 1, and
in particular H"(T'paq) < H"(B’)/2, assuming that M > 1 is large enough,
depending only on L, ¢, Co,d, H, €, and 6. In (6.8), c > 0 is a constant so
small that

Bo C B(x,c'(Q)/100) forallx € Q. (6.9)

In particular, ¢ only depends on the n-regularity constant of E. Further, in
(6.8), the quantity Br o (B(x, r)) is the L°°-type f-number

- dist(y, V)
Br.oo(B(x,r)) = inf T
VeA(d,n) yel'NB(x,r) r

As pointed out after Definition 1.4, the WGL holds for the L°°-type S-numbers
if and only if it does for the Ll—type B-numbers Br(B(x, r)) (Dorronsoro’s
strong geometric lemma holds for the latter, hence implies the WGL for the
former).

We then focus attention on B” := B’ \ T'hag C I' N B(0, 1), which still
satisfies

H"(B") = YH"(B") ~a.d.co0.1 1, (6.10)

recalling (6.6). Comparing (6.7) and (6.8), we find that every point x € B”
has the following property: there exist M /2 cubes Q € D such thatx € Q,

BEy(Q) =€ and Br.oo(B(x,c”'£(0)/100)) < ce. (6.11)

Consider now a cube Q € D containing at least one point x € B” such

that (6.11) holds. In particular, recalling the choice of ¢ > 0 from (6.9), the
intersection

' NBg c T'NBx,c4(Q)/100)

is contained in a slab T C RY (a neighbourhood of an n-plane) of width
< cc_lef(Q)/IOO = €£(Q)/100. Since Bg,(Q) = €, however, we have

H'({y € EoN By : y ¢ 2T}) 2 €H"(Q).
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In other words, for every Q € D containing some x € B” such that (6.11)
holds, there exists a subset Eg C Eg N By C B(0, C)

e of measure H"(E ) 2 € H"(Q) which is contained
e in the ~ £(Q)-neighbourhood of I, yet
e outside the ~ €£(Q)-neighbourhood of I".

The collection of such cubes in D will be denoted G. As observed above (6.11),
we have

D 1o(x)>M/2, xeB (6.12)
Qeg

On the other hand, the sets £ have bounded overlap in the sense

Y 1, () Sl yeRY (6.13)
Qeg

since y € RY can only lie in the sets E o associated to cubes Q € D with
£(Q) ~¢ dist(y, I'). Combining (6.12)—(6.13), we find that

12 H"(EoN BO,C) =H" | | Eog
0eg

Ze > H'(Eg) ~e Y H"Q)
Qeg 0eg

> / > lo@)dH"(x) 2 MH"(B").
0eg

We have shown that H"(B"”) <. M~!. This inequality contradicts (6.10) if

M > 1 is large enough, depending on «, d, €, Co, 8, and H. The proof of
Proposition 6.2 is complete. m|

7 Heavy trees have positive width

We are equipped to prove Proposition 4.2. Fix a heavy tree 7 := 7, and recall
from the heavy tree property (T3) that if O € Leaves(7), then

card{Q' € 7:0Cc Q c Q(T)and B(Q') > €} =M,
Moreover, by (T1)—(T2), the total measure of Leaves(7) is

p(ULeaves(T)) > 3,(Q(T)). (7.1)
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Based on this information, we seek to verify the hypotheses of Proposition 5.14,
which will eventually guarantee that width(7) = 1 and finish the proof of
Proposition 4.2. We split the argument into three parts.

7.1 Part I: finding heavy cones

Abbreviate Qg := Q(7) and L := Leaves(7). To avoid a rescaling argument
later on, we assume with no loss of generality that

n(Qo) ~ £(Qo) = 1.

For every Q e L, the PBP condition implies the existence of a plane Vp €
G (d, n) such that

H'(ry(Bo NE)) = 8u(Q). V e B(Vg, ). (7.2)

We would prefer that all the planes Vp are the same, and this can be arranged
with little cost. Namely, picka 3-net{Vy, ..., V,,} C G(d, n) withm ~5 4., 1,
and note that for all Q € L, there is some V; such that §; := B(Vj, %) C
B(Vg, 8) =: Sp. Therefore, by the pigeonhole principle, there is a fixed index
1 < j < m with the property

> w0z Y w@) Wi

QeL QGC
S;CSp

Let L be the good leaves satisfying S; C S¢ for this j, and write § := §;
and Vp := V;. We have just argued that . (ULg) ~s,4,, 1, and (7.2) holds for
all O € Lg, for all

Ve S=BsunVo, 3.

From this point on, I cease recording the dependence of the “<” notation on
the n-regularity and PBP constants Cyp and 4.

For technical purposes, let us prune the set of good leaves a little further.
Namely, apply the S5r-covering theorem to the balls 10Bg, Q € L. As a
result, we obtain a sub-collection of the good leaves, still denoted L, with
the separation property

10BoN10By =0, Q.Q €Ls. Q# Q' (7.3)

and such that the lower bound ©(ULg) ~ 1 remains valid.
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Next we arrive at some geometric arguments. We may and will assume,
with no loss of generality, and without further mention, that the radius of the
ball § = Bga,n) (Vo %) is “small enough”, in a manner depending only on d.

For every Q € Lg, pick an n-dimensional disc Dy C Bg which is parallel
to the plane V and which satisfies

Hn(DQ) ~ u(Q) and Hn(DQ NE)=0.

Such discs are pairwise disjoint by the separation property (7.3). We will
also use frequently that the restrictions v [p,: Do — V are bilipschitz for
all Q € Lgand V € § = Bgu,n(V, %) if § > 0 is small enough, as
we assume. Therefore, the projections 7wy (Dg) C V are n-regular ellipsoids
which contain, and are contained in, n-dimensional balls of radius ~ rad(Dg).

We then consider the slightly augmented set £, where we have added the
discs corresponding to all good leaves:

Ey:=EU | ] Dg='EUED.
QeLls

The point behind the set Ep can already be explained. Compare the two state-
ments

(a) The Hardy—Littlewood maximal function of mwyy(H"|g) is large at x €
Ves,

(b) The Hardy-Littlewood maximal function of 7y .:(H"|g,) is large at x €
V es.

Statement (b) contains much more information! Statement (a) could e.g. be
true because a single cube Q € L satisfies ry (Q) = {x}. Butsince 7y [p,, is

bilipschitz forall Q € Lg and V € S, statement (b) forces 7, ! {x} to intersect
many distinct balls Bop D Dg. Recalling Proposition 5.14, this is helpful for
finding a lower bound for width(7).

Let us verify that E is n-regular, with n-regularity constant < 1. We leave
checking the lower bound to the reader. To check the upper bound, fix x € E
and a radius r > 0. Since E itself is n-regular, it suffices to show that

> H'(DgNB(x.r) S (7.4)
0eLlg

Write
LS :=1{Q € Ls:DoNB(x,r) #@andrad(Dg) < r}
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and
LG :={0 € Ls:DpNB(x,r)#@Pandrad(Dy) > r}.

For every Q € Eé we have Q C B(x, C'r) for some constant C’ ~ 1, so

Y H'DeNB,NS Y Q) < Bk, C'r) S,

<
QEEG QEL‘,,
QCB(x,C",r)

Here we used that the leaves £ consist of disjoint cubes. To finish the proof of
(7.4), we claim that card £ < 1. Assume to the contrary that Do, Do € L
with Q # Q'. Then certainly 2By N B(x, r) # () # 2Bo' N B(x, r), and both
Bg, By have diameters > r. This forces 10Bp N 10By: # ¢, violating the
separation condition (7.3). This completes the proof of (7.4).

Let uy = H"|gug, = n + ZQGLG H”IDQ, and define the associated
B-numbers

. 1 dist(y, V)
B(x,r)):= inf — —d , xeEyl,r>0.
B+ (B(x,7)) verim  Jown 7 m+(y) +

We next claim that for every x € Ep there exist 2 M distinct dyadic radii
0 < r < 1 such that B+ (B(x, r)) = €. This follows easily by recalling that if
x € Do with Q € Lo C L, then

card{Q' € T:QC Q C Qoand B(Q) =€} =M

by the definition of good leaves, but let us be careful: let x € Dy, and let
Q' € T be one of the ancestors of Q with

1 / dist(y, V)

i f d = ! 2 .
Ved(dn rad(Bg)" 5y 1ad(Bg) n(y) =p(Q) > e

Since x € Dy C Bg C By, we have Bpr C B(x, r) for some (dyadic)
r ~rad(Bg) < 1. Then, if V € A(d, n) is arbitrary, we simply have

1 dist(y, V) 1 dist(y, V)
— ;dm(y) > —/ ;du(y) 2 €,
r B(x,r) r

" JBxr) "

which proves that B4 (B(x, r)) 2 €. A fixed radius “r” can only be associated
to < 1 cubes Q' in the ancestry of Q, so = M of them arise in the manner
above. The claim follows.
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We note that

n+(Ep) 2 w(ULg) ~ 1. (7.5)

We aim to apply Proposition 6.2 to the set Ep, but we will perform a final
pruning before doing so. Let ¢ > 0 be a small constant to be determined soon,
and let Lg 1ight C L consist of the good leaves with the following property:
there exists a point xg € D¢ and aradius 0 < rp < 1 such that

w+(Ep N B(xg,rg)) < cr’é. (7.6)

Evidently Dg C B(xg,rp/5) if ¢ > 0 is small enough, since if Dy ¢
B(XQ, I’Q/S), then

u+(Ep N B(x,rp)) = u+ (Do N B(x,rg/5)) ~ ré.

We also observe that since xg € Dg C Bg C Bg,,andrg < 1 = £(Qo), we
have B(xp,rg) C 2By, for all Q € Lg light- Now, use the 5r covering theo-
rem to find a subset £’ C Lg, light such that the associated balls B(xg, ro/5)
are disjoint, and

U Dg C U B(xg, %I’Q) C U B(xg,ro).

0€LG light 0€LG light Qer’

It follows from (7.6), and the n-regularity of w, that

u+( U DQ) <e Y rpSe ) ni(Bxg, ") <cuy(2Bg,) S
0€LG light Qer’ Qer’

Comparing this upper bound with (7.5), we find that if ¢ > 0 was chosen small
enough, depending only on the PBP and n-regularity constants of E, then

Y. Do) 21,

QGLG,heavy

where LG heavy = £6 \ LG light- Let Ep dense be the union of the discs D¢
with Q € LG heavy. We summarise the properties of Ep gense C Ep C E4:

(D ,Uv—l—(ED,dense) ~1,
(2) If x € Ep dense, there are = M dyadic scales 0 < r < 1 such that

B+(B(x,r)) Z €,
(3) If x € Ep dense> then uy (Ep N B(x,r)) 2 rforall0 <r < 1.

@ Springer



T. Orponen

We then apply Proposition 6.2 to the set Ep dense With a “multiplicity” param-
eter H > 1 to be chosen later. As usual, the choice of the parameter H
will eventually only depend on the n-regularity and PBP constants of E.
The parameters o and 6 in the statement of the proposition are set to be
such that o« ~4 s 1 (specifics to follow later), and & ~ 1 is so small that
H"(ED.dense) = 0, which is possible by (1) above. As a good first approx-
imation of how to choose «, recall from Lemma 2.4 that if x € R? and
|y, (x)| < a|x|, where @ = a(d, §) > 0 is small enough, then there exists a
plane V € Bg,n) (Vo, %) = S such that 7y (x) = 0. In symbols, the previous
statement is equivalent to

X0, Vo, a) C U vt =:¢(). (7.7)
VeS

In fact, in the case n = d — 1, this would be a suitable definition for «, and
the reader may think that « is at least so small that (7.7) holds. In the case
n < d — 1, additional technicalities force us to pick « slightly smaller.

Proposition 6.2 then states that if M > 1 is chosen large enough, in a
manner depending only on «, H, d, §, €, 6, and the n-regularity constant of E,
the following holds: there exists a subset G C Ep dense Of measure

1 2H(G)Z0~1 (7.8)
with the property

card{(j > 0: X(x, V0. %2777 27 ) NEpaense 0} > H, x€G
(7.9

(The upper bound in (7.8) follows from G C Ep and diam(Ep) <

~

£(Qp) = 1). We next upgrade (7.9) to a measure estimate, using the defi-
nition of Ep gense- Namely, recall from (3) above that if y € Ep gense, then
u+(Ep N B(y,r)) 2 r" forall 0 < r < 1. By definitions and a few applica-
tions of the triangle inequality,

yeX(x, Vo, %2777 27) = B(y, 027719 € X(x, Vo, 0, 27772, 270 Fh,
and hence

H"(Ep N X (x, Vo, @, 27772, 2774y >y (Ep N B(y, a27/710)) 2 277"
(7.10)

for all those scales 27/ such that X (x, Vo, %, 21 2_j) contains some y €
ED dense. (Here we used that o ~4 5 1.) For x € G, the number of such scales
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“27J” is no smaller than H, by (7.9), for every such “27J” it follows from
(7.10) that at least one of the three scales 2~/ € {2=/=1 27 2-/+1} satisfies
H"(Ep N X (x, Vo, o0, 27171 277)) > ¢27" Here ¢ ~ 1 is a constant which
records for the implicit constants in (7.10). Therefore, replacing “H” by “H /3”
without altering notation, we have just proven the following:

card{j > 0: H"(Ep N X(x, Vo, ,27 /71, 27/)) > 277"y > H, x€G.
(7.11)

7.2 Part II: Besicovitch-Federer argument

By following the classical argument of Besicovitch and Federer, we aim to use
(7.11) to show that the projections of Ep to planes close to Vj have plenty of of
overlap. This part of the argument will be quite familiar to readers acquainted
with the proof of the Besicovitch—-Federer projection theorem.

ForV € § = Bga,n)(Vo, %), write

fV = Z lﬂv(BQ)v

Q€L

interpreted as a function on R”, and let M fy stand for the centred Hardy—
Littlewood maximal function of fy. We will prove the following claim:

Claim 7.12 For every x € G, there exists a subset S, C S of measure
va.n(Sx) 2 1/~ H with the following property:

Mfy(y(x) > ~VH, V€S, (7.13)

As usual, the implicit constants here are allowed to depend on d, and the
n-regularity and PBP constants of E. During the proof of the claim, we use
the abbreviation

Ejy:=EpNX(x, Vo,a,27/7 127y, j>o. (7.14)

By (7.11), there exist H distinct indices j > 0 such that H"(E; ;) > c27in,
The proof of the claim splits into two cases: either there is at least one of these

[T3EE 2]

indices “j” such that E; , meets only a few planes 7, Yy ()} V € S, or

then E; , meets fairly many of the planes 7y, Yy (), V € 8, for every one
of the H indices “j”.

Case 1. Fix x € G, assume with no loss of generality that x = 0. This has
the notational benefit that 7, ! {ry(x)} = V+ for V € G(d, n). Assume that
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there exists at least one index j > 0 such that H"(E; ;) > c27J" and

1
Van((V€S:VENE;j o #0) < —. (7.15)

vVH

Fix such an index j > 0, and abbreviate E; o := E¢. Then (7.15) will imply
that most of the (non-negligible) " mass of Eg C X (0, Vp, ) is contained
in narrow slabs around (d — n)-planes with “high density”. As in the classical
proof of the Besicovitch-Federer projection theorem, the case n < d — 1
requires integralgeometric considerations, whose necessity will only become
clear at the very end of Case 1. Fortunately, they also make technical sense in
the case n = d — 1 (they just become trivial), so the case n = d — 1 does not
require separate treatment. As in Sect. 2, we define

GW,n):={VeGd,n:VCcW}=Gn+1,n), WeGd,n+1),

and we write yw 1., for the O(d)-invariant probability measure on G(W, n).
The metric on G(W, n) is inherited from G (d, n). Recall the Fubini formula
established in Lemma 2.2:

yd,n(B) = / VW,n+1,n(B) dVd,n—H(W) (7-16)
G(d,n+1)

for B C G(d, n) Borel. We will need to find a Borel set W C G(d,n + 1), in
fact a ball, which may depend on j and x, with the following properties:

(WD) Yan+1OV) ~a5 1,

(W2) For every W € W, the set S N G(W,n) contains a ball Sy =
Boow.my (V. ),

(W3) There exists a subset Eyy o C Ep of measure H" (Eywy o) = €27 with
the property

Ewo C U vt W e W.
VeSw

The “c” appearing in property (W3) may be a constant multiple (depending on
8, d) of the constantin H" (Eg) > ¢27/". Finding WV with the properties (W1)-
(W3)iseasyifn = d — 1, solet us discuss this case first to get some intuition.
Simply take W := G(d, d) = {R?}. Note that in this case G(W, n) = G(d, n).
Evidently (W1)—(W2) are satisfied, even with Sy := §. Also, (W3) is satisfied
with Eyy o := Eoby (7.7), whichimplies that Eg C X (0, Vo, o) C Uy g v+t

We then treat the general case. In the process, we also finally fix the angu-
lar parameter @ ~4s 1. Recall that Eg C X (0, Vp, «, -1 2_1), that is,
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|y, (2)| < ofz| and |z]| ~ 27/ for all z € Eg. Start by choosing a point
zo € Ep such that

H"(Eo N B(z0, p277)) 254 277", (7.17)

where 0 < p < min{ %, o, 6} is a parameter to be chosen momentarily (we
will have p ~5 4 1). We then define

Ew.0 := Eo N B(zo, p277),

so at least the measure estimate in (W3) is satisfied by (7.17). Write Wy :=
span(Vp, zo) € G(d,n + 1) (evidently zg ¢ Vj since |my,(z0)| < |zol), and
set W := B(Wy, p). Then y; n,41(W) ~g4.s 1, so property (W1) is satisfied.

We next verify (W2). Let W € W, that is, d(W, Wp) < p. Then, since
Vo € Wy, Lemma 2.1 implies that there exists a plane Vi € G(W, n) with
d(Vw, Vo) < p. In particular, Viy € Bga.n)(Vo, %) if p is chosen small
enough, and consequently

Sw = Bow.m(Vw. §) C 8.

This completes the proof of (W2).

To prove (W3), we need to check thatif W € W and z € Eyy o, then there
exists a plane V € Sw with my(z) = 0. This will be accomplished by an
application of Lemma 2.4 inside W = R"*!, First, since z € Ey, o C Eo,
Vw € W,and d(Vw, Vo) < p < «, we have

vy (Tw ()] = |y, ()] < d(Vw, Vo) - |z] + |y, (2)] S alz]. (7.18)
Second,
lTw (2)| = |mw, (z0)| — d(W, Wo) - |z0| — |z — 20l 2 |zl (7.19)

using that zo € Wo,and z € B(z0, p277) C B(zo, |z0l/2),andd(W, Wp) < p.
Combining (7.18)—(7.19), and setting zw := 7w (z) € W, we find that

[Ty (@w)l S alzwl. (7.20)

Finally, the estimate (7.20) allows us to apply Lemma 2.4 to the point zyy € W
inthe space G(W, n) = G(n+1, n). The conclusion s thatif « is small enough,
depending only on 8, n, then there exists a plane V € Bgw,n)(Vw, %) = Sw
such that 7y (zw) = 0. Butnow V C W, and nw(z — zw) = 0, so also
ny(z) = ny(zw) + vy (z — zw) = 0. This is what we claimed, so the proof
of (W3) is complete.

@ Springer



T. Orponen

After the preparations (W1)—(W3), we can get to the business of verifying
Claim 7.12 in Case 1. Recall from the main assumption (7.15) that y; ,({V €
S:VLNEy+#¥})) < 1/+H.Combined with the Fubini formula (7.16), this
implies that the set of planes W € G(d, n + 1) such that

C
Ywatrta({V € Sw: VINEy £ 0} > — (7.21)

N

has y4 ,+1-measure at most C —1 for C > 1. Choose C ~; 1 here so large that
the planes W € G(d, n + 1) in question have total measure < %yd,,H_ 1OWV).
After discarding these “bad” planes from V, we may assume that the opposite
of (7.21) holds for all W € W:

C
YWatin({V € Sw 1 VENEy # 0} < —. (7.22)

JH

Fix W € W, so (7.22) holds, and abbreviate yw ,+1.n =: Yn+1.n- Then, let S
be a system of dyadic cubes on the (n-regular) ball Sy C G(W, n), with top
cube Sw. Then, cover the set

Sw:={V e Sy:VNEy+£0)
by a disjoint collection @ C S of these cubes such that

2C

> Yar1.a(Q) NI

0eQ
For Q € Q, write C(Q) = UiVJ- : V. € (@}, generalising the notation
C(S) introduced in (7.7). Since Sy is covered by the cubes Q € O, the set

Ew,o C EgN UVESW V= is covered by the cones C(Q), O € Q. Now, let
Qlight be the cubes O € Q satisfying

H"(C(Q) N Ew,0) < 3oVH - 279" yui10(Q). (7.23)

Then,

Y HUNC(Q)NEw0) < 5=VH 27" > yuia(Q) < 5277
Q€ Qlight 0eQ

Recalling from (W3) that H" (E)y.0) > ¢27/", and that E w0 is covered by the

union of the cones C(Q), O € Q, we infer that there is a subset Eyy o C Eyy
of measure H" (Eyy,0) = 5 - 27/" which is covered by the union of the cones
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C(Q), QO € @\ Qjgnt. Every cube Q € Q \ Qjigne satisfies the inequality
reverse to (7.23), and is consequently contained in some maximal cube in
S with this property. Let Qpeavy be the collection of such maximal (hence
disjoint) cubes. Then, since Q C Q' implies C(Q) C C(Q’), we see that Eyy g
is also covered by the union of the cones C(Q), O € Qheavy, and consequently

Y HUC(Q)NEwg) > 527" (7.24)
QEQhedvy

We moreover claim that the union of the heavy cubes, denoted Hyy, satisfies

Yarta(HW) = Y var1a(Q) 2
Q€ Oheavy

> (7.25)
\/_

Indeed, if Sy € Qpeavy, there is nothing to prove, since ¥, u41(Sw) ~s,q 1.1,
on the other hand, Sy ¢ Qheavy, then the parent Q of every cube O € Qheavy

satisfies (7.23), byAthe maximality of Q. Of course (7.24) remains valid if we
replace “Q” by “Q”. Putting these pieces together, we find that

Z Vn—l—l,n(Q)Z Z Vn—l—l,n(Q)

Q€ Oheavy Q€ OQheavy
C .2Jjn+2 . _ 124 1
> —F H'(CQ)NEW0 =2 ——.
cvH QEQZheavy ’ H

This completes the proof of (7.25).
We are now ready to prove Claim 7.12 in Case 1, that is, define the set
Sy = So C S such that (7.13) holds for all V € Sy. Define

=JaWwCc | swes. (7.26)

Wew wew

Then, by the Fubini formula (7.16), and the uniform lower bound (7.25), we
have

(7.25)
Yd,n+1(WV) <w1> 1
ya',n(SO) 2/;\} VW,n—I—l,n(HW)dVd,n—I—I(W) Z n\—;ﬁ \/—

as required by Claim 7.12. It remains to establish the lower bound (7.13),
namely that if V € So(= Sy), then M fy (y (x)) = M fy(0) > /H. Fix
V e So, let first W € WV be such that V € Hy, and then let Q € Qw heavy =
Oheavy be the unique cube with V' € Q (we do not claim, however, that
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the choice of W would be unique). By definitions, especially recalling that
Ew,o C Eg C EpNB(Q277) \ B27/~1), we have

H'(C(Q, 27771, 27/y N Ep) = H"(C(Q) N Ew,o)

=
> oVH 27y (Q), (7.27)
where of course C(Q,r, R) := C(Q) N E(R) \ B(r), and we recall that
C(Q) = {V1 : V e Q). Note that C(Q,2/~1,27/y ¢ T = Ty, where
T c R4 is a slab of the form

T =7, '[BO, C277¢(Q))]

of width ~4 277¢(Q) around the plane V+ € G(d,d — n). Indeed, if x €
C(Q,27771,27J), then my:(x) = O for some V' € Q. Then d(V, V') <4
£(Q), and |ty (x)| < d(V, V') - |x| < 277¢(Q), which means that x € T if
the constant C > 1 is chosen appropriately.

Write By = B(0,C27/¢(Q)) C V. With this notation, recalling that
Do C By, and using that the projections 7y |p,: Dg — V are bilipschitz
for Q € Lgand V € Sy C S, we infer that

1
M fy(0) > —/ 1, d
fv(0) wad(By)" I, Q;:G v(D)(¥) dy

1
= —— H"(By N D
rad(By )" Q;:G v nrvbe)
> H'T N Dg)
Q€eLle
BT NEp) TZD (c/HVH 27" - yuiin( @) i
rad(By )" rad(By)"

1
- rad(By)"

In final estimate, we used that y,,4+1.,(Q) ~ €(Q)". This is the whole point
of the integralgeometric argument: without splitting G(d, n) into a “prod-
uct” of G(d,n + 1) and G(W, n), we could have, more easily, reached the
penultimate estimate with “yy ,(Q)” in place of “y,4+1.,(Q)”. But vz ,(Q) ~
Q)" =M « ¢(Q)" if n < d — 1, and the final estimate would have failed.
We have now proved Claim 7.12 in Case 1.

Case 2. Again, fix x € G, assume with no loss of generality that x = 0, and
let ji, ..., jg = 0 be distinct scale indices such that H"(Ej, o) > c27Ji" for
all 1 <i < H, recall the notation from (7.14). This time, we assume that

Van(S0,i) = 1<i<H, (7.28)

=l
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where S ; :={V € S: VLN Ej o # 0}. It follows from (7.28) that

H
[ 15, vanv) = VAL (729)
i=1
Let

H
Sy 1= Sp = {V es:y 13 (V)>VH

i=1

Then, it follows by splitting the integration in (7.29) to S \ Sp and Sy, that

VH <NVH - yg,(S\ So) + H - Yan(S0).

Recalling that y; ,(S) < % (thatis, S = Bga,n)(Vo, %) is a fairly small ball),
we find that v ,(So) 2 1/ V'H, as required by Claim 7.12. It remains to check

that M fy (y (x)) = M fy(0) > v/ H whenever V € .
F1X1ng V € So, it follows by definition that there are > +/H indices i €
{1, ..., H} with the property that V € Sp ;, which meant by definition that

VENEp DVENE; o #0.

For each of these indices i, the plane V= intersects at least one of the discs
Do with Q € L, whose union is Ep. Moreover, since the sets E;j o C
B(Q277) \ B2/~ are disjoint for distinct indices j > 0, we conclude
that V- meets > «/H distinct discs Dg. Consequently, recalling also that
Do C Bg forall Q € Lg,

0 =Y Lry(sy)(0) >card{Q € Li: VN Dy # 0} > VH.

QeLle

A similar lower bound for M fy follows easily from the special structure of
fv: whenever V € Sy C S and fy(0) > VH, we may pick the i := VH
largest balls By, ..., By of the form wy (Bg) C V, Q € L, which contain
0. Writing r := min{rad(By) : 1 <k < h},

h
1 1
M fy(0) > r—,,/B O > S By 1 B 2 V.
vir k=1

as claimed. This completes the proof of (7.13), and Claim 7.12, in Case 2.
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7.3 Part III: conclusion

We then proceed with the proof of Proposition 4.2. Recall from (7.8) that
H*(G) ~ 1.InClaim 7.12, we showed that to every x € G we may associate a
setof planes S, C S of measure y; ,(Sy) 2 1/ V'H such that M fy (ry (x)) >
VH holds forall V € S,. Writing Gy :={x e G : V € S;}forV € §,it
follows that

1
H' (Gv)dys ,(V) = 2 (S dH" P
/S (Gv) dyan(V) /Gyd,m 02

Recalling from (7.8) that H*(Gy) < H*(G) < 1 forall V € S, we infer that
the subset

Sg:={VeS:H(Gy)>1/VH}

has measure y; ,(Sg) 2 1/ V/H. The plan is now to verify that the hypotheses
of Proposition 5.14 are valid for the subset S¢ C S, and with parameter
N ~ /H (this “N” has nothing to do with N = K M). Consider V € Sg. By
definition, H"(Gy) > 1/+/H, and

Mfy(y(x)) > ~H=H, xeGy. (7.30)
Write Hy := ny (Gvy). Then, (7.30) is equivalent to

Hy C {Mfy = H'}. (7.31)

Moreover, recalling that Gy C G C Ep is covered by the discs Dy, Q € Lg,
and using the inequality (based on Dy C By and the bilipschitz property of
JTv|DQZ DQ —> V)

H"(Gy N Dg) ~H"(y(Gy N D)) < H"(wy(Gy) Nmy(Bg)),
Qelg, Ves,

we find that

f fv(@)dH" (1) > f fv () dH" (1)
(M fy=H') Hy

= Y H'(v(Gy) Nmv(Bg))
0eLle

> Y MGy nDg)=H"(Gy)
0€eLlg
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>1/¥H=1/H, VeSg. (7.32)

Now, (7.32) says that the hypothesis (5.16) of Proposition 5.14 is satisfied for
the set of leaves G := L, the set of planes Sg C S, and with the constant
“H" in place of “N”. Moreover, by their definition below (7.2), all the cubes
0 € L satisfy the PBP condition with common plane Vj:

H"(wy(E N Bg)) > 8u(Q), Q€ Lo, VeS=BsunVo, ).

Consequently, Proposition 5.14 states that if the parameter H' is chosen large
enough, depending only on C¢ and §, then

width(T) = ¢8(H) ™" - yan(Sg) ~ 1/H. (7.33)

As explained above (7.8), choosing H' = «+/H this big means forces us to
choose the parameter M > 1 large enough in a manner depending on

a~gsl, Co, H~cys5l,d,8,¢€, 0~cpasl.

So,in fact M ~cya.s,e 1, as claimed in Proposition 4.2. Since the lower bound
for width(7') in (7.33) only depends on the n-regularity and PBP constant of
E, the proof of Proposition 4.2 is complete.

Since Proposition 3.8 follows from Proposition 4.2, and the construction of
heavy trees in Sect. 4, we have now proved Proposition 3.8. As we recorded
in Lemma 3.4, this implies that n-regular sets £ C R? having PBP satisfy the
WGL, and then the BPLG property follows from Theorem 1.5. This completes
the proof of Theorem 1.6.
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Appendix A: A variant of the Lebesgue differentiation theorem

Here we prove Lemma 5.17, which we restate below for the reader’s conve-
nience:

Lemma A.1 Fix M,d,y > 1 and ¢ > 0. Then, the following holds if A =
Ag > 1is large enough, depending only on d (as in “R?”), and

N > AVTD pr+2. (A.2)

Let B be a collection of balls contained in [0, l)d C R4, and associate to
every B € B aweight wg > 0. Set

f= Z wplpg,

and write Hy := {Mf > N}, where M f is the Hardy-Littlewood maximal
function of f. Assume that

f(x)dx > cN77, (A.3)
Hy

Then, there exists a collection Ryeayy of disjoint cubes such that the “sub-
functions”

fR = Z wB]-B’ R € Rheavy»

BeB
BCR

satisfy the following properties:

> Afrlh =2 2YONTY and | frlli > MIR|, R € Rieavy.
ReRnheavy

(A4)

Remark A.5 Comparing with (A.3), the first property in (A.4) states a non-
negligible fraction of the L'-mass of f is preserved in the functions fg, R €
Rheavy- In conjunction with (A.2), the second property in (A.4) states that the
functions fg can be arranged to have arbitrarily high L!-density in R, at the
cost of choosing the parameter N large.
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Remark A.6 While proving Lemma A.l, we will apply the well-known
inequalities

f If(X)Idxsk-l{Mf>k}I§f ) ldx, (A7)
{(M[f>Cr} {f>1/2}

valid for f € Ll(Rd), every A > 0, and a certain constant C = C4 > 1.
The first inequality in (A.7) is stated in [32, (6)], but we provide the short
details. Let C = C4 > 1 be a constant to be specified in a moment. Write
Qp = {Mf > h} for h > 0. For every x € Qc,, choose a radius r, > 0
such that, denoting By := B(x, ry), we have

CA <

< |f ()| dx < 2Ca. (A.8)
|Bx| J B,

This is possible, since f € L'(R?). For example, one can take r, > 0 to be
the supremum of the (non-empty and bounded set of) radii such that the left
hand inequality in (A.8) holds. The radii “r,” are uniformly bounded, again by
f € L' (R?). We then apply the Sr-covering lemma to the balls %Bx to obtain
a countable sub-sequence {B;};eN C {By}xeq., With the properties that (i) the
balls %Bi are disjoint, and (ii) the balls B; cover U{%Bx 1x € Qe D Qe

We observe that if C = C4 > 1 is large enough, it follows from (A.8) that
%Bi C @, forall i € N. Consequently,

o (A8 1
EIEDNIED NTRENE S 3y MICIT:
ieN ieN ieN B
e / f)ld
Z 30k Jg,, TN

as desired. For the second inequality in (A.7), see [33, (5), p. 7].

Proof of Lemma A.1 We begin with an initial reduction. If f ¢ L'([0, 1)%),
there is nothing to prove: then Rheavy := {[0, l)d } satisfies the conclusions
(A.4). So, assume that f € L' ([0, 1)?), and hence f € L'(R?), since spt f C
[0, D?. Let C = C4 > 1 be the constant from (A.7). Choosing N/(2C) <
A < N/C, and combining the inequalities (A.7) with the main assumption
(A.3), we find that

/ f(x)dx =z f(x)dx > cN77.
{fZN/2C)} Hy
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With this in mind, we replace N by N/(2C), and we re-define Hy to be the
set Hy := {x : f(x) > N}. As we just argued, the hypothesis (A.3) remains
valid with the new notation, possibly with slightly worse constants.

Fix N > 1 and abbreviate

6 :=cN7V >0.

It would be helpful if the elements in B were dyadic cubes instead of arbitrary
balls, so we first perform some trickery to reduce (essentially) to this situa-
tion. There exist d + 1 dyadic systems D1, D», ..., Dj41 with the following
property: every cube Q C [0, 1)¢, and consequently every ball B C [0, 1)¢,
is contained in a dyadic cube R € Dy U --- U Dy41 with |R| < Cyq| Q| (resp.
|R| < Cq4|B)). The constant “d + 17 is not crucial—any dimensional constant
would do. The fact that d 4 1 systems in R? suffice was shown by Mei [24],
but such “adjacent” dyadic systems can even be produced in metric spaces,
see [19].

In particular, forevery B € B, we may assignanindexi = ip € {l,...,d+
1}, possibly in a non-unique way, such that B C Q' for some Q' € D;
with |Q’| < Cy4|B|. We let B; be the set of balls in B with fixed index i €
{1,...,d + 1}, and we write

fi=Y wplg, ie{l,....d+1}.
BeB;

We claim that there exists i € {1,...,d + 1} such that if Hli\//(d+1) = {x:
fi(x) > N/(d + 1)}, then

/A filx)dx > (A.9)
Hl

N/(d+1)

d+ 12

Indeed, one notes thatif x € Hy is fixed, then fi(x)+-- -+ far1(x) = f(x) >
N,and hence thereexistsi = iy € {I,...,d+1}suchthat fi(x) > f(x)/(d+
1) > N/(d + 1). In particular x € HIIV/(a’—i-l)‘ Then IH}Q/<d+1)(x)ﬁ(x) >

f(x)/(d + 1) for this particular i, and
d+1 d+1

; / N ) fiteydx = /HN ; 1H}§/(d+1> (x) fi (x) dx

0
z— | fdx>—_—-.
d+1Jy, d+1

This implies (A.9). We now fix i € {1,...,d + 1} satisfying (A.9). Then f;
satisfies the hypothesis (A.3) with the slightly worse constants “0/(d + 1)”

@ Springer



Plenty of big projections imply BPLG

and “N/(d +1)”. Also, it evidently suffices to prove the claimed lower bounds
in (A.4) for “f;” and its “sub-functions”

in place of f and the “sub-functions” fx. Let us summarise the findings: by
passing from B to B; and from f to f; if necessary, we may assume that every
ball in the original collection “B” is contained in an element “R” of some
dyadic system “D” with |R| < C4|B|. We make this a priori assumption in
the sequel.

For every dyadic cube R € D, we define the weight

op = Z wp.

BeB
B~R

Here the relation B ~ R means that B C R, and |R| < Cy4|B|. By the previous
arrangements, for every B € B3 there exist ~; 1 dyadic cubes R € D such that
B ~ R. It is worth pointing out that

fo) =Y wplp(x) < Y wrlr(x),  x €0, 17

BeB ReD

because if x € B € B, then B ~ R for some R € D. It follows that x € R,
and wp is one of the terms in the sum defining tog.

We now begin the proof in earnest. If || f||; > M there is nothing to prove:
then we simply declare Rpeayy := {[0, 1)4}, and (A.4) is satisfied. So, we may
assume that

Il < M. (A.10)

We will next perform k£ € N successive stopping time constructions, for some
1 < k < y + 1, which will generate a families R1, Ra,..., Ry C D of
disjoint dyadic cubes. The cubes in R4 will be contained in the union of the
cubes in Ry. A subset of one of these families will turn out to be the family
“Rheavy” Whose existence is claimed.

Let’R| C D be the maximal (hence disjoint) dyadic cubes with the property

Y wrlg(x) = Ni=|N/2], xeR. (A.11)
R’ eD
R'DR
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Note that the definition is well posed, since the sum on the left hand side of
(A.11) is constant on R. We first record the easy observation

Hyc |J R (A.12)
ReR,

Indeed, if x € Hy, then

Y wplpx) = f(x) =N

BeB

It then follows from the definition of the coefficients tog (and the fact that

every B € Bis contained in some R € D) that there exist dyadic cubes R € D

containing x such that (A.11) holds, and in particular x € R for some R € R;.
Next, we calculate that

DRI Y+ / Z to g Lgr(x) dx

ReRy ReRy
R’DR
Z wr ) IRI< Z we Rl (A3)
R/eD ReR, R eD
RCR’

since the cubes in R | are disjoint. Moreover, by (A.10),

D wplR|Sa Y > walB

R'eD R'eD BeB
B~R’

= Y wp|Blcard{R": B~ R} Za | fl1 < M.
BeB

SO

AM
D RIS —— (A.14)
1

ReR,

for some constant A = A; > 1. The precise relation between this “A” and
the dimensional constant appearing in the main assumption (A.2) is that, in
the end, we will need N > (2A)V+13(V+1)2MV+2/C. Next, we claim that if
x € R € Ry, then

> wplp(x) < Y wrdg(x) < Ny < NJ2. (A.15)
BeB R’ eD
B¢ZR R'DR
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The second inequality follows directly from the definition of the maximal
cubes R € Ri. Regarding the first inequality, note that if B € B is a ball
satisfying x € BN R and B ¢ R, then B C R’ for some strict ancestor
R’ € D of R. Then the coefficient w g appears in the sum defining to g for this
ancestor R 2 R. As a corollary of (A.15), and recalling that f(x) > N for
all x € Hy, we record that

fROO) =Y wplp(x) = f(x) = Y wplp(x)

BeB BeB
BCR B¢R
> 1fx), xeRNHy, ReR,. (A.16)

The proof now splits into two cases: in the first one, we are actually done,
and in the second one, a new stopping family R, will be generated. The case
distinction is based on examining the following “heavy” cubes in R:

7?'l,heavy ={R e Ry :|lfrll1 > M|R|}.

Case 1 Assume first that

0
> / feodx > . (A.17)
ReR| heavy RNHy
Then
(A.16) | 0
> 25 Y [ pwanz
ReRl,heavy ReRl,heavy RNHy
In this case, we set Rheavy := R1 heavy, and the proof terminates, because

(A.4) is satisfied.
Case 2 Assume next that (A.17) fails, and recall from (A.12) that Hy is con-
tained in the union of the cubes in R . Therefore,

Z/ f(x)dx>/ fwdr-2=20 (aas)
Hy 272

ReR | light ROHy
where Ry jight = R1 \ Ri heavy-

We now proceed to define the next generation stopping cubes R,. Fix Ry €
R1,1ight> and consider the maximal dyadic sub-cubes R C Ry with the property

> wrlp(x)>Ny:=[N/4], xeR, (A.19)
RCR/'CRy
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Again, the left hand side of (A.19) is constant on R, so the stopping condition
is well-posed. The cubes so obtained are denoted R>(Rp), and we set

Ry = U Ra(Rp). (A.20)

Ro€R 1 light

We claim that the (fairly large) part of Hy covered by cubes in Ry jight 18
remains covered by the cubes in R». Indeed, fix x € Rg N Hy, where Ry €
Ri,ight C R1. Then

Y wrlg@) < Ni <N/2
R'eD
R'2Rg

by definitions of R| and Ny, so

> wrlg(x) = N/2,
R'eD
R'CRy

and hence x is contained in some (maximal) dyadic cube R C Ry satisfying
(A.19).
Arguing as in (A.15), we infer the following: if x € R € R, then

3N
D wslp(0) < ) wrplp) <Ni+M <m0 (A2D)
BeB R'eD
BZR R'DR

Indeed, the first inequality follows exactly as in (A.15). To see the second
inequality, split the cubes R’ 2 R into the ranges R C R’ C Rp and Ry C
R C [0, 1)¢, where Ry € Ry. Then, use the definitions of the stopping cubes
R1 and R,. As a corollary of (A.21), we infer an analogue of (A.16) for
R € Ry:

fRO) =" wplp(x)

BeB
BCR
=f@)— ) wplg() > 3f(). x€RNHy, ReRy.
BeB
B¢R

(A22)
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We next estimate the total volume of the cubes in R». Fix Ry € R light, and
first estimate

SR Y [ X welemde< g Y welkl

ReR, ReR, RCR'CRy R'eD
RCRy RCRy R'CRo

Of course, this computation was just a repetition of (A.13). Also the next
estimate can be carried out in the same way as the estimate just below (A.13):

> wrlR| < Al frylli < AM|Rol.  Ro € Ryjight.
R'eD
R'CRy

Combining the previous two displays, the stopping cubes in R, (R() have total
volume < AM|Ry|/N> for every Ry € R jight. Therefore,

AM A2 M?
D IRI= D ) RIS ) RIS o

2
ReR, Ro€R 1 1ight RER2(Ro) Jo€J1 light

(A.23)

recalling (A.14). Since N > max{A, M}, this means that the total volume of
the stopping cubes tends to zero rapidly as their generation increases.

We are now prepared to make another case distinction, this time based on
the heavy sub-cubes in R;:

7zZ,heavy ={R € Ry : |l frll1 > M|RI}.

Case 2.1
Assume first that
0
Z / f)dx = T (A.24)
ReR2 heavy ROHy
Then,
(A22) 1 0
Z I frlli = 1 Z / f(x)dx}E. (A.25)
Retheavy RGRZ,heavy RNHN

In this case, we declare Rheavy := R2 heavy, and we see that (A.4) is satisfied.
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Case 2.2 Assume then that (A.24) fails. Since the part of Hy contained in the
R1,1ight-cubes is also contained in the R;-cubes (as established right below
(A.20)), we deduce from (A.18) that

> [ swarz Y[ pwa-Gsg

ReR tight ROHy ReR | light ROHy

Here of course Rz jight := R2 \ R2 heavy- S0, we find ourselves in a situation
analogous to (A.18), except that the integral of f1p, over the light cubes has
decreased by half.

Repeating the construction above, we proceed to define—inductively—new
collections of stopping cubes. The stopping cubes R are contained in the the
union of the stopping cubes Ry 1, light, and they are defined as the maximal
sub-cubes “R” of Ry € Ry—1,light satisfying

> wrlp@x)=Ng:=[N/2"), xeR
RCR'CRy

Repeating the argument under (A.20), this definition ensures that the part of
Hy covered by the cubes in Ry 1 jight Temains covered by the union of the
cubes in Ry. Moreover, induction shows that

> fe)dx =279, k>1. (A.26)

RERk_1 light RNHy

The general analogue of the inequality (A.22) is
fr@) =27 f(x),  xeRNHy, ReRy, (A.27)
and the total volume of the cubes in R satisfies
Ak p*
IR ——. (A.28)
Ni...Ng

ReRy

in analogy with (A.23). Once the cubes in R have been constructed, we split
into two cases, depending on whether

dx >27% / dx > 2.
>/ @ or Y foodx

RERE heavy RERL light RNHy
(A.29)
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One of these cases must occur because of (A.26), and the covering property
stated above (A.26). In the first case, (A.27) shows that

> odsrhi=27t Y / f(x)dx >27%p,

RERk heavy ReRk heavy RNHy

and the proof of (A.4) concludes if £ < y + 1. So, the only remaining task
is to show that the first case must occur for some £ < y + 1. Indeed, if the
second case of (A.29) occurs for any k > 1, we have

(A.28) Akppk+!

27kNTY = 27kp < <M Rl < —.
c < >0 dflh > IR NN
ReRy light ReRy

Recalling that Ny = [N /2| > N /3%, hence Nj ... Ni > N¥37%° this yields

3k2 (2A)kMk+1
P i
C

Nk—Y

Assuming that N > 3412 (2A)Y I MY*2 /¢ (in agreement with (A.2)), the
inequality above cannot hold for k = y + 1. Thus, the “heavy” case of (A.29)
occurs latest at step k = ¢ + 1. The proof of the lemma is complete. O
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