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We study coherent diffractive photon and vector meson production in electron-proton and electron-
nucleus collisions within the Color Glass Condensate effective field theory. We show that electron-photon
and electron-vector meson azimuthal angle correlations are sensitive to nontrivial spatial correlations in the
gluon distribution of the target, and perform explicit calculations using spatially dependent McLerran-
Venugopalan initial color charge configurations coupled to the numerical solution of small x JIMWLK
evolution equations. We compute the cross-section differentially inQ2 and jtj and find sizeable anisotropies
in the electron-photon and electron-J=ψ azimuthal correlations (v1;2 ≈ 2–10%) in electron-proton collisions
for the kinematics of the future Electron-Ion Collider. In electron-gold collisions these modulations are
found to be significantly smaller (v1;2 < 0.1%). We also compute incoherent diffractive production where
we find that the azimuthal correlations are sensitive to fluctuations of the gluon distribution in the target.

DOI: 10.1103/PhysRevD.103.094026

I. INTRODUCTION

Revealing the internal structure of protons and nuclei is
one of the central motivations behind the future Electron-
Ion Collider (EIC) in the US [1–3] and similar projects
proposed at CERN [4] and in China [5]. These high energy
deeply inelastic scattering experiments provide access to
hadron and nuclear structure at small Bjorken-x, where
nonlinear effects [6,7] tame the growth of gluon densities
and generate an emergent semihard scale known as the
saturation momentumQs. The existence of this scale allows
for a weak coupling description of the gluon dynamics in
this high density regime of quantum chromodynamics
(QCD) in a semiclassical effective field theory (EFT)
framework known as the color glass condensate (CGC)
[8–17].

Proton and nuclear structure in terms of fundamental
quark and gluon constituents can be described in terms of
parton distribution functions (PDFs). For the proton these
are well known from precise structure function measure-
ments at the HERA electron-proton collider [18]. In case
of nuclei, the partonic content is not as precisely known
due to the lack of nuclear DIS experiments in collider
kinematics [19].
To move beyond one dimensional PDFs that describe

the parton density as a function of longitudinal momentum
fraction, one can define, for instance, the transverse
momentum dependent (TMD) parton distributions
[20–23] that also include the dependence on the intrinsic
transverse momentum carried by the partons, and describe
their orbital angular momentum within the hadron (see,
e.g., [24]). Similarly, generalized parton distributions
(GPDs) [25–27] describe the spatial distribution of partons
inside the hadron or nucleus [28–30] (see Refs. [31–33] for
reviews on the subject). An ultimate goal in mapping the
proton and nuclear structure is to determine the Wigner
distribution [34–36] that encodes all partonic quantum
information. To access these distributions, differential
measurements such as two-particle or two-jet correlations
are needed. These measurements have been shown to allow
access to the elliptic part of the gluonWigner distribution at
small x [37–39], the Weizsäcker-Williams unintegrated
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gluon distribution [40], multigluon correlations [41] and
gluon saturation [42–45].
Exclusive processes are powerful probes of partonic

structure, since at lowest order in the QCD coupling an
exchange of two gluons is necessary, rendering the cross-
section approximately proportional to the squared parton (or,
at small x, gluon) distributions [46]. Additionally, as the total
momentum transfer can be measured, these processes
provide access to the spatial structure of the target, because
the impact parameter is the Fourier conjugate to the
momentum transfer. Measurements of exclusive vector
meson production in (virtual) photon-hadron scattering at
HERA [47–53] and in ultra peripheral collisions [54,55]
at the LHC [56–59] have been used to probe nonlinear
QCD dynamics in nuclei [60,61] and to determine the event-
by-event fluctuating shape of protons and nuclei, see
Refs. [62–70] and Ref. [71] for a review. Similarly, exclusive
photon production, or deeply virtual Compton scattering
(DVCS) processes, have been measured at HERA [72–75]
and were shown to be particularly sensitive to the orbital
angular momentum of quarks and gluons [25–27,76].
The study of azimuthal correlations between the pro-

duced photon and the scattered electron in DVCS is
sensitive to the gluon structure of the target. The first
theoretical studies within the dipole framework in the
small-x regime have been considered in Ref. [77] featuring
cosðϕÞ and cosð2ϕÞmodulations; the latter being generated
by the elliptic gluon Wigner distribution (see also Ref. [78]
for azimuthal correlations in electron quasielastic scattering
on a large nucleus). The authors in Ref. [77] also showed
the consistency of the dipole framework with the standard
collinear factorization approach. In the present work,
we evaluate the azimuthal correlations in DVCS and
J=ψ production in the CGC EFT. In addition, we study
incoherent diffractive production and demonstrate that at
moderate values of jtj the azimuthal correlations are
sensitive to event-by-event fluctuations of the spatial gluon
distribution in the target.
This paper is organized as follows. First, in Sec. II, we

review the calculation of exclusive cross sections, and
express the lepton-vector particle azimuthal correlations in
terms of the hadronic scattering amplitudes for the pro-
duction of a vector particle with polarization λ0 in the
scattering of an unpolarized nucleus with a virtual photon
with polarization λ.
In Sec. III, we compute these amplitudes for DVCS and

exclusive J=ψ production following the CGC EFT momen-
tum space Feynman rules. We begin by considering the
off-forward γ�A → γ�A amplitude, we work in the dipole
picture, in which the virtual photon fluctuates into a quark-
antiquark pair, scatters eikonally with the dense gluon field
of the nucleus, and then recombines into a virtual photon.
We express our results in terms of convolutions of light-
cone wave-functions with the impact parameter dependent
dipole-target scattering amplitude. We then present the

explicit expressions for DVCS in Sec. III B and for
exclusive vector meson production in Sec. III C. The
modifications needed to compute incoherent diffraction
are discussed in Sec. III D.
Our numerical setup is presented in detail in Sec. IV. We

introduce both a simple impact parameter dependent Golec-
Biernat-Wüsthoff (GBW) model [79] with angular corre-
lations, and a more realistic CGC dipole computed from the
spatially dependent McLerran-Venugopalan (MV) [8–10]
initial color charge configurations coupled to small x
JIMWLK1 evolution [11–13,80–83]. Our numerical results
with predictions for the azimuthal angle correlations at the
EIC are shown in Sec. V. As a baseline study, we present
the numerical results using the GBW model in Sec. VA.
Our numerical predictions for electron-proton and electron-
gold collisions from the impact parameter dependent CGC
dipole amplitude are shown in Secs. V B and V C for
different values of virtualityQ2 and momentum transfer jtj.
We also present predictions for the nuclear suppression

factor for DVCS and exclusive J=ψ production at t ¼ 0. In
Sec. V D, we study incoherent diffraction with and without
substructure fluctuations. We summarize our main results
in Sec. VI and include multiple Appendixes (A–E) that
include supplemental details.

II. EXCLUSIVE VECTOR PARTICLE
ELECTROPRODUCTION

In this section we review general aspects of the compu-
tation of the vector particle (V) electroproduction cross
section in the exclusive process

eðkÞ þ AðPAÞ → eðk0Þ þ VðΔÞ þ AðP0
AÞ; ð1Þ

shown in Fig. 1, where A can be a hadron or nucleus target
with initial and final state momenta PA and P0

A, respec-
tively. We begin by specifying the reference frame and
defining the kinematic variables of interest (see Table I for a
complete list of kinematic quantities). We will express the

FIG. 1. Exclusive electroproduction of a vector particle V at
small x. The produced particle can be a photon or a vector meson.

1JIMWLK is an acronym for Jalilian-Marian, Iancu, McLerran,
Weigert, Leonidov, Kovner.
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amplitude squared in the usual way, as a product of lepton
and hadron tensors, and then decompose these in a basis
spanned by the longitudinal and transverse circular polari-
zation vectors of the virtual photon exchanged in the
scattering process. The advantage of using this basis is
that (besides the lepton and hadron tensors having only 6
independent components, instead of 10) there is a direct
connection between the polarization changing and helicity
flip amplitudes and the modulations in the azimuthal angle
between the electron and vector particle.
We next evaluate the components of the lepton tensor in

this basis, and use symmetry arguments to deduce the
generic structure of the hadron tensor and the associated
amplitude for the hadronic subprocess. Using these ele-
ments, we derive a general expression for the differential
cross section of coherent diffractive vector particle electro-
production at small x, with matrix elements to be evaluated
within the CGC EFT. In particular, the cross section is
differential in the azimuthal angle between the electron and
the produced vector particle. The study of modulations of
the cross section in this angle is the main goal of this work.

A. Reference frame and kinematics

We work in a frame in which the virtual photon and
nucleon have large − and þ light-cone2 momentum

components, respectively, and have zero transverse
momenta:

Pμ ¼
�
Pþ;

m2
N

2Pþ ; 0⊥
�
; ð2Þ

qμ ¼
�
−

Q2

2q−
; q−; 0⊥

�
; ð3Þ

where mN is the nucleon mass. The momentum of the
produced vector particle V is

Δμ ¼
�
M2

V þ Δ2⊥
2Δ− ; Δ−;Δ⊥

�
: ð4Þ

In this frame, the incoming and outgoing electron carry
transverse momentum k⊥ that satisfies the relation

k2⊥ ¼ ð1 − yÞ
y2

Q2; ð5Þ

where y and Q2 are the inelasticity of the collision and
virtuality of the exchanged photon, respectively.
Note that requiring the form of Eqs. (2) and (3) does not

uniquely define the reference frame, due to the residual
azimuthal symmetry. To completely fix the frame, we
specify the azimuthal angle for the incoming electron:

k⊥ ¼ ðk⊥ cosϕk; k⊥ sinϕkÞ: ð6Þ

To characterize the collision, we introduce two invariant
quantities xP and t (see Table I). At high energies, the
momentum transfer squared t, from the target to the
projectile is mostly transverse:

t ¼ −
Δ2⊥ þ xP2m2

N

1 − xP
≈ −Δ2⊥: ð7Þ

Here xP describes the longitudinal momentum fraction
of the nucleon carried by the effective color neutral
Pomeron exchange in the infinite momentum frame (IMF):

xP ¼ Q2 þM2
V − t

W2 þQ2 −m2
N
: ð8Þ

B. Lepton and hadron tensor decomposition:
Virtual photon polarization basis

The amplitude for the production of a vector particle V in
electron-nucleus scattering is given by

hP0
AjMeA;V

λ0 jPAi ¼ ½ieūðk0ÞγμuðkÞ�

×
iΠμαðqÞ
Q2

hP0
AjMV;α

λ0 jPAi; ð9Þ

TABLE I. Kinematic variables.

PAðP0
AÞ Incoming (outgoing) nucleus four-momentum

PðP0Þ Incoming (outgoing) nucleon four-momentum
kðk0Þ Incoming (outgoing) electron four-momentum
q ¼ k − k0 Virtual photon momentum
Δ Outgoing four-momentum of produced vector

particle V
s ¼ ðPþ kÞ2 Nucleon-electron system center of momentum

squared
W2 ¼ ðPþ qÞ2 Nucleon-virtual photon system center of

momentum squared
m2

N ¼ P2 Nucleon invariant mass squared
M2

V ¼ Δ2 Invariant mass squared of produced particle V
t ¼ ðP − P0Þ2 Momentum transfer squared
Q2 ¼ −q2 Virtuality of exchanged photon
y ¼ P:q

P:k Inelasticity: in P⃗ ¼ 0 frame the fraction of the
electron momentum carried by the virtual
photon

xP ¼ ðP−P0Þ:q
P:q Pomeron-x: in IMF fraction of the nucleon

longitudinal momentum carried by the
exchanged “Pomeron”

2We define light-cone coordinates as: x� ¼ 1ffiffi
2

p ðx0 � x3Þ. Four
vectors are expressed as v ¼ ðvþ; v−; v⊥Þ where v⊥ is the two
dimensional transverse vector with components v1 and v2. The
magnitude of the 2D vector v⊥ is denoted by v⊥. The metric
contains the following nonzero entries gþ− ¼ g−þ ¼ 1 and gij ¼
−δij for i, j ¼ 1, 2, so that the scalar product reads
a · b ¼ aþb− þ a−bþ − a⊥ · b⊥.
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where λ0 labels the polarization of the produced vector
particle. The nuclear matrix element hP0

AjMV;α
λ0 jPAi repre-

sents the amplitude for the hadronic subprocess producing
a vector particle.
In light-cone gauge3 A− ¼ 0, the tensor structure of the

photon propagator has the form:

Πμα ¼ −gμν þ qμnα þ nμqα

q−
; nμ ¼ δμþ: ð10Þ

By squaring the amplitude, averaging over the spin of the
incoming electron, and summing over the spin of the
outgoing electron and the polarizations of the particle V,
we obtain the well-known decomposition for the unpolar-
ized amplitude squared4:

1

2

X
spins
pol λ0

jhP0
AjMeA;V

λ0 jPAij2 ¼
1

Q4
LμνXμν; ð11Þ

where the lepton and hadron tensors are defined by

Lμν ¼ 2e2
�
k0μkν þ kμk0ν − gμν

Q2

2

�
; ð12Þ

Xμν ¼
X
λ0
hPAjMV;μ†

λ0 jP0
AihP0

AjMV;ν
λ0 jPAi: ð13Þ

1. Polarization basis

It is convenient to express the decomposition in Eq. (11)
in the basis of the polarization vectors of the virtual photon.
In A− ¼ 0 gauge (and for q⊥ ¼ 0) they read

ϵμðλ ¼ 0; qÞ ¼
�
Q
q−

; 0; 0⊥
�
;

ϵμðλ ¼ �1; qÞ ¼ ð0; 0; ϵλ⊥Þ: ð14Þ

with two-dimensional transverse vectors ϵ�1⊥ ¼ 1ffiffi
2

p ð1;�iÞ.
Here λ ¼ 0 refers to the longitudinal polarization, and
λ ¼ �1 denote the two transverse circular polarization
states of the virtual photon. The polarization vectors satisfy
the following completeness relation:

ΠμαðqÞ ¼
X
λ

ð−1Þλþ1ϵ�μðλ; qÞϵαðλ; qÞ; ð15Þ

where Πμα was defined for A− ¼ 0 gauge in Eq. (10). We
can now insert5 Eq. (15) on the r.h.s of Eq. (11) and
apply the Ward identity (qαXαβ ¼ qβXαβ ¼ 0) to obtain an
alternative expression for the unpolarized amplitude
squared as

1

2

X
spins
pol λ0

jhP0
AjMeA;V

λ0 jPAij2 ¼
1

Q4

X
λλ̄

ð−1Þλþλ̄Lλλ̄Xλλ̄; ð16Þ

where we define the lepton and hadron tensor in the
polarization basis as6

Lλλ̄ ¼ Lμνϵμðλ; qÞϵ�νðλ̄; qÞ; ð17Þ

Xλλ̄ ¼ Xαβϵ�αðλ; qÞϵβðλ̄; qÞ: ð18Þ

An immediate advantage of this relation is that it reduces
the number of independent components of the lepton and
hadron tensors from 10 to 6, which follows from the
application of the Ward identities in deriving Eq. (16). In
the remainder of the section we will see that the lepton-
hadron tensor decomposition in this basis has a clear
connection to the azimuthal angle correlations between
the electron and the vector particle V.

2. Lepton tensor in the polarization basis

The lepton tensor in the polarization basis is obtained
from Eqs. (12) and (17):

Lλλ̄ ¼ 2e2ϵμðλ; qÞϵ�νðλ̄; qÞ
�
k0μkν þ kμk0ν − gμν

Q2

2

�
: ð19Þ

In our choice of reference frame and because of the choice
of the circularly polarized basis, the lepton tensor acquires a
phase dependence on the azimuthal angle of the electron,
defined in Eq. (6):

Lλλ̄ ¼ e2L̃λλ̄e
iðλ−λ̄Þϕk ; ð20Þ

where the elements L̃λλ̄ are given by

L̃00 ¼
4Q2ð1 − yÞ

y2
; L̃�1�1 ¼

Q2½1þ ð1 − yÞ2�
y2

;

L̃0�1 ¼ L̃�10 ¼
ffiffiffi
2

p
Q2ð2 − yÞ ffiffiffiffiffiffiffiffiffiffiffi

1 − y
p

y2
;

L̃�1∓1 ¼
2Q2ð1 − yÞ

y2
: ð21Þ

3This is the light-cone condition with respect to the left moving
projectile [84]. The conventional choice of light-cone gauge
Aþ ¼ 0, defined for the right moving target allows for the number
density interpretation of PDFs.

4We have used here the Dirac equation and the Ward identity
qαXαβ ¼ qβXαβ ¼ 0.

5One can think of this as a resolution of the identity in terms of
a sum over a complete set of states.

6From now on, unless otherwise specified, we will only work
with the lepton and hadron tensor in the polarization basis.
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Note that these phase structures depend on the difference
between the polarization states of the virtual photon in the
amplitude and the complex conjugate amplitude.

3. Hadron tensor in the polarization basis

The hadron tensor in the polarization basis follows from
Eqs. (13) and (18):

Xλλ̄ ¼
X
λ0
hPAjMγ�A;V†

λ;λ0 jP0
AihP0

AjMγ�A;V
λ̄;λ0 jPAi; ð22Þ

where we define

hPAjMγ�A;V
λ;λ0 jP0

Ai ¼ ϵαðλ; qÞhPAjMV;α
λ0 jP0

Ai: ð23Þ

The expression in Eq. (23) is the amplitude for the
production of a vector particle V with polarization λ0 in
the collision of a nucleus with mass number A and a virtual
photon with polarization λ.
In order to obtain an explicit expression for the hadron

tensor, we must compute the 9 amplitudes corresponding to
the different polarization states ðλ; λ0Þ of the virtual photon
and the produced vector particle. This will be the subject of
the next section.
However, it is possible to deduce, without explicit

computation, the phase structure of the hadron tensor
Xλλ̄. Requiring the azimuthal rotational invariance of the
decomposition in Eq. (16) and noticing the phase structure
of the lepton tensor in Eq. (20), we conclude that the hadron
tensor in the polarization basis decomposition must have
the form:

Xλλ̄ ¼ ðq−Þ2e−iðλ−λÞϕΔX̃λλ̄; ð24Þ

where ϕΔ is the azimuthal angle of the produced vector
particle. For convenience we have also factored ðq−Þ2.
Furthermore, by requiring the phase structure of

Eq. (24), one can deduce from Eq. (22) that the amplitude
must have the form

hP0
AjMγ�A;V

λ;λ0 jPAi ¼ q−eiðλ−λ0ÞϕΔhP0
AjM̃γ�A;V

λ;λ0 jPAi: ð25Þ

such that

X̃λλ̄ ¼
X
λ0
hPAjM̃γ�A;V†

λ;λ0 jP0
AihP0

AjM̃γ�A;V
λ̄;λ0 jPAi ð26Þ

The matrix elements on the right-hand side of Eq. (25) are
independent of ϕΔ.

C. Cross section, CGC average,
and azimuthal correlations

We will now use the results derived in the previous
subsections to obtain a general expression for the

unpolarized cross section for the electroproduction of a
vector particle V, and in particular the azimuthal angle
correlations between the electron and the vector particle.
Our discussion thus far has been very general in terms of

the nuclear matrix elements. In the coming section, we will
compute these matrix elements in the CGC EFT. In the
CGC one describes the target state jPAi in terms of large x
stochastic classical color sources, characterized by a charge
density ρA, which generate the small x dynamical color
fields. For a given operatorO, one calculates the observable
quantity in the CGC EFT via a double averaging procedure:

1. Compute the quantum expectation value of the oper-
ator O for a given configuration of color sources ρA:

O½ρA� ¼ hOiρA : ð27Þ

We will see in the next section that this amounts to
using modified momentum space Feynman rules that
embody the effects of strongly correlated gluons inside
the target at small x.

2. Perform a classical statistical average over the differ-
ent color source configurations using a gauge invari-
ant weight functional WY ½ρA�, at a certain rapidity
scale Y. The resulting quantity is the CGC average of
the observable, formally defined as [11,13]

hOiY ¼
Z

½DρA�WY ½ρA�O½ρA�: ð28Þ

The rapidity scale Y ¼ lnð1=xÞ controls the separa-
tion of the small x and large x degrees of freedom,
where x is typically chosen to be the longitudinal
momentum fraction probed by the process (see also
the discussion in Ref. [85]); we choose x ¼ xP.

Using the following normalization for the initial and
final states of the target

hP0
AjPAi ¼ ð2Pþ

A Þð2πÞ3δðP0þ
A − Pþ

A Þδð2ÞðP0
A⊥ − PA⊥Þ;

ð29Þ

it is easy to identify the correspondence between the
nuclear matrix elements entering the amplitude squared
in Eq. (16) [see also Eq. (25)] and the CGC averaged
amplitude7:

hP0
AjMγ�A;V

λ;λ0 jPAi
hP0

AjPAi
↔ hMγ�A;V

λ;λ0 i
Y
: ð30Þ

Note that this prescription [86–89] of performing the CGC
averaging at the level of the amplitude is specific to the case
when the target remains intact after the scattering.

7Note the use of M instead of M to denote the counterparts of
the general amplitude definitions in the CGC EFT.
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With these definitions in mind, it can be shown that the
differential cross section is given by

dσeA→eAV ¼1

2

X
spins
polλ0

jhMeA;V
λ0 iY j22πδðq−−Δ−Þ

˜dk0 ˜dΔ
F

; ð31Þ

where hMeA;V
λ0 iY follows from Eqs. (9), (15), (23), (25),

and (30) as

hMeA;V
λ0 iY ¼ −

eūðk0ÞγμuðkÞ
Q2

X
λ

ð−1Þλþ1ϵ�μðλ; qÞ

× q−eiðλ−λ0ÞϕΔhM̃γ�A;V
λ;λ0 iY: ð32Þ

Above F ¼ 2k− is the electron flux factor, fdk0 and fdΔ are
the phase space measures of the scattered electron, and
produced vector particle, respectively, defined as

fdk0 ¼ dk0−d2k0⊥
ð2πÞ32k0− ;

fdΔ ¼ dΔ−d2Δ⊥
ð2πÞ32Δ− : ð33Þ

Recall that in our choice of reference frame k⊥ ¼ k0⊥.
It is useful to express the phase space measure of the

electron in terms of the DIS invariants:

fdk0 ¼ y
xP

dxPdQ2dϕk

4ð2πÞ3 : ð34Þ

Typically, this expression is given in terms of xBj. Here we
used d ln xP ¼ d ln xBj.
The delta function ð2πÞδðq− − Δ−Þ is a manifestation of

the eikonal approximation used to describe the high-energy
scattering process.
Integrating the cross section over the overall azimuthal

angle and Δ− using the delta function, we obtain

dσeA→eAV

djtjdϕkΔdxPdQ2
¼ y2

xP

1

ð4πÞ4ðq−Þ2
1

2

X
spins
polλ0

jhMeA;V
λ0 iY j2; ð35Þ

where ϕkΔ ¼ ϕk − ϕΔ is the azimuthal angle of the
produced particle V with respect to the scattered electron.
Using the results for the lepton tensor in the polarization
basis derived in Sec. II B 2, we finally obtain the differential
cross section for exclusive vector particle production
correlated with the scattered electron (or electron plane):

dσeA→eAV

dxPdQ2djtjdϕkΔ
¼ αem

32π3Q2xP

X
λ0¼0;�1

�
ð1 − yÞjhM̃γ�A;V

0;λ0 i
Y
j2 þ 1

4
½1þ ð1 − yÞ2�

X
λ¼�1

jhM̃γ�A;V
λ;λ0 i

Y
j2

−
ffiffiffi
2

p

2
ð2 − yÞ

ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p X
λ¼�1

ReðhM̃γ�A;V
0;λ0 i

Y
hM̃γ�A;V

λ;λ0 i�
Y
Þ cosðϕkΔÞ

þ ð1 − yÞReðhM̃γ�A;V
þ1;λ0 iYhM̃

γ�A;V
−1;λ0 i�YÞ cosð2ϕkΔÞ

�
ð36Þ

Here αem is the QED fine structure constant and Re
stands for the real part of the products of the CGC averaged
amplitudes in the second and third lines. The explicit
expressions for hM̃γ�A;V

λ;λ0 iY will be obtained using the CGC
EFT in Sec. III.
The expression for the differential cross section above

has been previously obtained at small x for DVCS in [37],
and a similar expression for vector meson production in
terms of its spin density matrix and helicity amplitudes has
been known [90].

III. DVCS AND J=ψ PRODUCTION
AT SMALL x IN THE CGC

In this section we compute the amplitudes M̃γ�A;V
λ;λ0 for

DVCS and for J=ψ production in virtual photon-nucleus
collisions at small x within the CGC EFT.
It is convenient to visualize the electroproduction of a

particle V at small x in the dipole picture, in which the

virtual photon γ� fluctuates into a color neutral quark-
antiquark dipole qq̄, which subsequently scatters eikonally
with the dense gluon field of the nucleus, and finally
recombines into the observed final state particle V ¼ γ, J=ψ
(see Fig. 1). In the CGC EFT, the eikonal interactions
(parametrically of Oð1Þ in the QCD coupling) with the
strong background classical color field are resummed into a
“dressed” quark propagator, which is diagrammatically
represented in Fig. 2, and can be written in momentum
space as

Sijðp; p0Þ ¼ S0ikðpÞT klðp; p0ÞS0ljðp0Þ; ð37Þ

where the free Feynman propagator for a quark with flavor
f and momentum p is given by

S0ijðpÞ ¼
ið=pþmfÞ

p2 −m2
f þ iϵ

δij: ð38Þ
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Here mf is the mass of the quark, and i, j denote the color
indices in the fundamental representation of SUðNcÞ. The
effective vertex for this interaction has the following
expression in momentum space [91,92]:

T ijðp; p0Þ ¼ ð2πÞδðp− − p0−Þγ−signðp−Þ

×
Z

d2z⊥e−iðp⊥−p
0⊥Þ·z⊥Vsignðp−Þ

ij ðz⊥Þ; ð39Þ

with lightlike Wilson lines defined as

Vijðz⊥Þ ¼ P−

�
exp

�
−ig

Z
∞

−∞
dz−

ρaAðz−; z⊥Þ
∇2⊥

taij

��
; ð40Þ

where ρAðz−; z⊥Þ is the charge density of the large x color
sources, ta’s represent generators of SUðNcÞ in the funda-
mental representation and P− denotes the path ordering of
the exponential along the–light-cone direction. The super-
script signðp−Þ in Eq. (39) denotes matrix exponentiation:
Vþ1ðz⊥Þ ¼ Vðz⊥Þ and V−1ðz⊥Þ ¼ V†ðz⊥Þ, where the latter
follows from the unitarity of Vðz⊥Þ. The eikonal nature of
the interaction is manifest in the conservation of the
longitudinal momentum p− and the diagonal nature of
the effective vertex in transverse coordinate space.
We start by computing the off-forward virtual photon-

nucleus amplitude Mγ�A;γ�
λ;λ0 (see Fig. 3) and note that:

1. We recover the DVCS process by taking the vir-
tuality of the final state photon equal to zero.

2. We obtain the results for J=ψ production by sub-
stituting the light-cone wave-function of the final
state photon by that of the J=ψ (following the
procedure in [93]).

A. The off-forward γ�A → γ�A amplitude

Let the 4-momentum vector of the outgoing virtual
photon be

Δμ ¼
�
−Q02 þ Δ2⊥

2Δ− ;Δ−;Δ⊥
�
; ð41Þ

where we define the Q02 ¼ −Δ2. Recall that in our choice
of frame, the virtual photon has zero transverse momentum
q⊥ ¼ 0, while the outgoing virtual photon has nonzero
transverse momentum Δ⊥.
The polarization vectors for the outgoing virtual photon

are then:

ϵμðλ ¼ 0;ΔÞ ¼
�
Q0

Δ− ; 0; 0⊥
�
;

ϵμðλ ¼ �1;ΔÞ ¼
�
ϵλ⊥ · Δ⊥
Δ− ; 0; ϵλ⊥

�
: ð42Þ

The momentum space expression for the virtual photon-
nucleus scattering matrix at small x can be written as

Sλ;λ0 ½ρA� ¼ ðeqfÞ2
Z
l;l0

Tr½S0ðlÞ=ϵðλ; qÞS0ðl − qÞ

× T ðl − q; l0 − ΔÞS0ðl0 − ΔÞ=ϵ�ðλ0;ΔÞ
× S0ðl0ÞT ðl0; lÞ�; ð43Þ

where λ and λ0 are the polarizations of the initial and final
state photon. The trace Tr is performed both over spinor
and color indices, and qf denotes the fractional charge of
the quark in the loop.
In writing Eq. (43) we introduced the short-hands:

Z
l
¼

Z
l⊥

Z
lþ

Z
l−
;

Z
l⊥
¼

Z
d2l⊥
ð2πÞ2 ;

Z
l�
¼

Z
dl�

2π
:

ð44Þ

The amplitude Mγ�A;γ�
λ;λ0 is obtained by subtracting the

nonscattering contribution ðρaA ¼ 0Þ and factoring out an
overall longitudinal momentum conserving delta function:

ð2πÞδðq− − Δ−ÞMγ�A;γ�
λ;λ0 ¼ Sλ;λ0 ½0� − Sλ;λ0 ½ρaA�: ð45Þ

The amplitude can be written as follows:

Mγ�A;γ�
λ;λ0 ¼ ð2q−ÞNc

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
Dðr⊥; b⊥ÞAλ;λ0 ðr⊥Þ;

ð46Þ

where we introduce the dipole and impact parameter
vectors:

FIG. 2. Dressed quark propagator in the CGC EFT. The
effective vertex represented by a crossed dot embodies all
possible scatterings with the dense target including the case of
“no scattering.” Color indices i and j are in the fundamental
representation of SUðNcÞ.

FIG. 3. Leading order (in the QCD coupling αs) Feynman
diagram for the off-forward scattering of a virtual photon with a
nucleus. The crossed circles indicate the dressed quark and
antiquark propagators as defined in Eq. (37) with the effective
vertex given by Eq. (39).
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r⊥ ¼ x⊥ − y⊥; b⊥ ¼ 1

2
ðx⊥ þ y⊥Þ: ð47Þ

In writing Eq. (46) we used the short-hands:Z
b⊥

¼
Z

d2b⊥;
Z
r⊥

¼
Z

d2r⊥: ð48Þ

The impact parameter dependent Wilson line operator in
Eq. (46) is given by

Dðr⊥;b⊥Þ¼1−
1

Nc
Tr

�
V

�
b⊥þ

r⊥
2

�
V†

�
b⊥−

r⊥
2

��
; ð49Þ

and the color-independent subamplitude reads

Aλ;λ0 ðr⊥Þ ¼ −2πðeqfÞ2
Z
l;l0

ð2q−Þδðl− − l0−Þeiðl⊥−l0⊥þ1
2
Δ⊥Þ·r⊥Aλ;λ0 ðl; l0Þ

½l2 −m2
f þ iϵ�½ðl − qÞ2 −m2

f þ iϵ�½l02 −m2
f þ iϵ�½ðl0 − ΔÞ2 −m2

f þ iϵ� ; ð50Þ

with Dirac structure

Aλ;λ0 ðl; l0Þ ¼
1

ð2q−Þ2 Tr½ð=lþmfÞ=ϵðλ; qÞð=l − =qþmfÞ

× γ−ð=l0 − =ΔþmfÞ=ϵ�ðλ0;ΔÞð=l0 þmfÞγ−�:
ð51Þ

Performing the l− integration with the help of the delta
function, and the lþ and l0þ via contour integration (see
Appendix D), we obtain the simpler expression:

Aλ;λ0 ðr⊥Þ ¼ ðeqfÞ2
Z
z

Z
l⊥;l0⊥

eiðl⊥−l0⊥þ
1
2
Δ⊥Þ·r⊥Aλ;λ0 ðl⊥; l0⊥; zÞ

N1ðl⊥ÞN2ðl0⊥Þ
;

ð52Þ

where we introduce the light-cone longitudinal momentum
fraction z ¼ l0−=q−, and the denominators:

N1ðl⊥Þ ¼ zz̄Q2 þm2
f þ l2⊥;

N2ðl0⊥Þ ¼ zz̄Q02 þm2
f þ ðl0⊥ − zΔ⊥Þ2; ð53Þ

where we define z̄ ¼ 1 − z.
Furthermore, following [93] we adopted the

normalization8:

Z
z
¼

Z
1

0

dz
4π

: ð54Þ

The result of the transverse integration over l⊥ and l0⊥ will
depend on the Dirac structure Aλ;λ0 .
Let us consider the case λ ¼ þ1, λ0 ¼ −1, where the

evaluation of the Dirac structure results in (see
Appendix C):

Aþ1;−1ðl⊥; l0⊥; zÞ ¼ −8zz̄li⊥ðl0m⊥ − zΔm⊥Þϵþ1;i
⊥ ϵ−1;m�

⊥ : ð55Þ

Inserting Eq. (55) into Eq. (52), and evaluating the
corresponding transverse integrals (See Appendix D) we
find the subamplitude

Aþ1;−1ðr⊥Þ ¼ −8
�
eqf
2π

�
2
�Z

z
e−ið

z−z̄
2
ÞΔ⊥·r⊥zz̄

εfri⊥
r⊥

× K1ðεfr⊥Þ
ε0fr

m⊥
r⊥

K1ðε0fr⊥Þ
�
ϵþ1;i
⊥ ϵ−1�;m⊥ ;

ð56Þ

where ε2f ¼ zz̄Q2 þm2
f, ε02f ¼ zz̄Q02 þm2

f and K1 is a
modified Bessel function of the second kind. Using the

contraction ri⊥ϵ
λ;i
⊥

r⊥ ¼ 1ffiffi
2

p eiλϕr , we obtain

Aþ1;−1ðr⊥Þ ¼ −4
�
eqf
2π

�
2
Z
z
e−ið

z−z̄
2
ÞΔ⊥·r⊥e2iϕrzz̄

× εfK1ðεfr⊥Þε0fK1ðε0fr⊥Þ: ð57Þ

Finally inserting Eq. (57) into Eq. (46) and factoring out the
corresponding phase in ϕΔ we obtain the amplitude

Mγ�A;γ�
þ1;−1 ¼ −8ðq−ÞNc

�
eqf
2π

�
2

e2iϕΔ

�Z
b⊥
e−iΔ⊥·b⊥

×
Z
r⊥
Dðr⊥; b⊥Þ

Z
z
e−ið

z−z̄
2
ÞΔ⊥·r⊥e2iϕrΔzz̄

× εfK1ðεfr⊥Þε0fK1ðε0fr⊥Þ�; ð58Þ

where ϕrΔ ¼ ϕr − ϕΔ. Note that this amplitude has the
phase factor structure deduced in Sec. II B 3.
The calculations for the remaining amplitudes corre-

sponding to the other polarizations states follow a similar
pattern. Factoring out the corresponding phases in ϕΔ and a
factor of q−, we find explicit expressions for M̃γ�A;γ�

λ;λ0 ,
introduced in Eq. (25):

8Note that the integration over the light-cone fraction z is
restricted to values between 0 and 1; otherwise, the result of the
lþ and l0þ is identically zero due to the location of the poles (See
Appendix D).
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Helicity preserving amplitudes9:

M̃γ�A;γ�
0;0 ¼ 16Nce2q2f

ð2πÞ2
Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
Dðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥z2z̄2QK0ðεfr⊥ÞQ0K0ðε0fr⊥Þ; ð59Þ

M̃γ�A;γ�
�1;�1 ¼

4Nce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
Dðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥ ½ζεfK1ðεfr⊥Þε0fK1ðε0fr⊥Þ þmfK0ðεfr⊥ÞmfK0ðε0fr⊥Þ�: ð60Þ

Polarization changing amplitudes (T=L → L=T):

M̃γ�A;γ�
�1;0 ¼ 4

ffiffiffi
2

p
iNce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e�iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥zz̄ξεfK1ðεfr⊥ÞQ0K0ðε0fr⊥Þ; ð61Þ

M̃γ�A;γ�
0;�1 ¼ −

4
ffiffiffi
2

p
iNce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e∓iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥zz̄ξQK0ðεfr⊥Þε0fK1ðε0fr⊥Þ: ð62Þ

Helicity flip amplitude (T� → T ∓):

M̃γ�A;γ�
�1;∓1 ¼ −

8Nce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e�2iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥zz̄εfK1ðεfr⊥Þε0fK1ðε0fr⊥Þ; ð63Þ

wherewe define the short-hands ζ ¼ z2 þ z̄2, ξ ¼ z − z̄, and
introduce the off-forward transverse vector δ⊥ ¼ ðz−z̄

2
ÞΔ⊥.

To obtain the matrix elements hM̃γ�A;γ�
λ;λ0 iY needed to

compute the differential cross section in Eq. (36), we need
to apply the CGG average [introduced in Eq. (28)] to the
expressions above. This amounts to replacing the dipole
operator DYðr⊥; b⊥Þ by the dipole correlator:

DYðr⊥;b⊥Þ¼hDðr⊥;b⊥ÞiY;

¼1−
1

Nc

	
Tr

�
V

�
b⊥þ

r⊥
2

�
V†

�
b⊥−

r⊥
2

��

Y
;

ð64Þ

with the operation h…iY defined in Eq. (28).

1. Accessing correlations: Kinematic vs intrinsic

Equations (59)–(63) contain phases eiðλ−λ0ÞϕrΔ that arise
from the mismatch in the polarization λ of the incoming and
the polarization λ0 of the outgoing photon states. These
phases pick up different modes in the angular correlations
between the dipole vector r⊥ and the transverse momentum
Δ⊥. There are two sources for these correlations:

1. the intrinsic correlations between the dipole vector
r⊥ and the impact parameter vector b⊥ in the
correlator DYðr⊥; b⊥Þ, combined with the Fourier
phase e−iΔ⊥·b⊥ ,

2. the off-forward phase e−iδ⊥·r⊥ .
We refer to the contribution originating from the angular

correlations in DYðr⊥; b⊥Þ as intrinsic, because they are
generated as a result of the target’s small x structure.
Due to the even symmetry of DYðr⊥; b⊥Þ under the

exchange r⊥ → −r⊥, the dipole has only even harmonics10:

DYðr⊥;b⊥Þ¼DY;0ðr⊥;b⊥Þþ2DY;2ðr⊥;b⊥Þcosð2ϕrbÞþ���
ð65Þ

The intrinsic angular correlations start only at the second
angular mode, and their contribution is dominant for the
helicity flip term in Eq. (63).
In the absence of intrinsic r⊥; b⊥ correlations, it is

possible to have nonzero polarization changing and helicity
flip amplitudes due to the presence of the off-forward
phase. In this case, it is possible to show that in the dilute
limit the polarization changing amplitudes are suppressed
by ðΔ⊥=QÞ, and the helicity flip amplitude by ðΔ⊥=QÞ2
relative to the helicity preserving amplitudes. These scal-
ings can also be obtained by considering the overlap
between the photon and produced vector particle polari-
zation vectors, noticing that the propagation axis for the

9Note that in the forward limit Δ⊥ ¼ 0, these amplitudes
coincide with inclusive DIS cross section as expected from the
optical theorem.

10In principle, one could also have a odd harmonics. However,
this would require the operator DYðr⊥; b⊥Þ to have an odd
component in the exchange r⊥ → −r⊥. This contribution corre-
sponds to the exchange of a parity-odd “Odderon”, which would
be important in exclusive production of pseudoscalar mesons
such as ηc [94] and π [95] (see however Ref. [96], where it is
demonstrated that the high energy evolution suppresses the
Odderon).
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produced particle is different from the direction of the
incoming photon; therefore, we call these correlations
kinematical.
We note that in the absence of the off forward transverse

vector δ⊥, the polarization changing amplitudes vanish due
to the anti-symmetry of the integrand around z ¼ 0.5,
unlike the helicity preserving and helicity flip amplitudes
which are symmetric around z ¼ 0.5.

2. Connection to gluon GPDs

In Ref. [77] it was shown that at small x, the isotropic F0
Y

and elliptic Fϵ
Y modes of the dipole correlator in momentum

space

FYðq⊥;Δ⊥Þ ¼
Z
r⊥

Z
b⊥

eiq⊥·r⊥

ð2πÞ2
eiΔ⊥·b⊥

ð2πÞ2 ð1 −DYðr⊥; b⊥ÞÞ

¼ F0
Yðq⊥;Δ⊥Þ þ 2Fϵ

Yðq⊥;Δ⊥Þ cosð2ϕqΔÞ;
ð66Þ

are related to the unpolarized gluon GPD xHg, and the
gluon transversity GPD xETg through

xHgðx;Δ⊥Þ ¼
2Nc

αs

Z
d2q⊥q2⊥F0

Yðq⊥;Δ⊥Þ; ð67Þ

xETgðx;Δ⊥Þ ¼
4NcM2

αsΔ2⊥

Z
d2q⊥q2⊥Fϵ

Yðq⊥;Δ⊥Þ; ð68Þ

where Y ¼ lnð1=xÞ, and M is a normalization mass scale.
More generally, the Fourier transform of the dipole corre-
lator FY can also be related to the gluonWigner distribution
at small x [37].
In the collinear limit the helicity preserving and the

helicity flip amplitudes of DVCS are proportional to xHg

and xETg, respectively, as shown in Ref. [77]; thus,
offering the possibility to probe gluon GPDs in exclusive
particle production at small x. We emphasize that the
intrinsic contribution discussed above results in a nonzero
elliptic mode Fϵ

Y , and consequently a nonzero trans-
versity xETg.
In this work we do not take the collinear limit, and instead

calculate the cross section in general (small x) kinematics.
Consequently, more general structures than the two GPDs
mentioned above enter in the scattering amplitudes.

B. Deeply virtual Compton scattering amplitude

The amplitudes for DVCS are easily obtained by setting
the virtuality of the final state photon Q02 ¼ 0 in Eqs. (59)
through (63).
Note that this immediately sets the amplitudes M̃γ�A;γ

0;0 ¼
M̃γ�A;γ

�1;0 ¼ 0, since the real final state photon can not be
longitudinally polarized. The nontrivial amplitudes are
given below.
Helicity preserving amplitudes:

M̃γ�A;γ
�1;�1 ¼

4Nce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
Dðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥ ½ζεfK1ðεfr⊥ÞmfK1ðmfr⊥Þ þmfK0ðεfr⊥ÞmfK0ðmfr⊥Þ�: ð69Þ

Polarization changing amplitudes (T=L → L=T):

M̃γ�A;γ
0;�1 ¼ −

4
ffiffiffi
2

p
iNce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e∓iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥zz̄ξQK0ðεfr⊥ÞmfK1ðmfr⊥Þ: ð70Þ

Helicity-flip amplitudes (T� → T ∓):

M̃γ�A;γ
�1;∓1 ¼ −

8Nce2q2f
ð2πÞ2

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e�2iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥zz̄εfK1ðεfr⊥ÞmfK1ðmfr⊥Þ: ð71Þ

The results above are consistent with those obtained in
Ref. [77] in the massless quark limit ðmf → 0Þ, and when
the dipole contains only isotropic and elliptic modulations.
We will include contributions from the light quarks u, d,

s and use mf ¼ 0.14 GeV when calculating the DVCS
cross section.
The exclusive photon production cross section consists

of the DVCS process computed above, the process of

elastic electron-nucleus scattering followed by photon
emission off the electron (Bethe-Heitler (BH) process),
and the interference terms. In this work we only consider
the DVCS process. Experimentally it is possible to at least
partially distinguish the different contributions. For in-
stance, the interference term is charge odd and can be
suppressed by performing the same measurement with both
electron and positron beams if sufficient precision is
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achieved in the experiment. The DVCS process dominates
at small xP, but at the EIC energy range the BH contri-
bution may still be non-negligible. At much smaller xP
value accessible at the LHeC/FCC-he [4], the DVCS
contribution should be more dominant. We also note that
the two processes have a different dependence on the
inelasticity y, which can further be used to enhance the
DVCS signal. For a more detailed discussion related to
separation of DVCS and BH contributions at the EIC, the
reader is referred to Ref. [97].

C. Exclusive vector meson production

Following the discussion11 in Ref. [93], the amplitudes
for vector meson production can be obtained by the
following replacements in Eqs. (59)–(61):�

eqf
2π

�
zz̄K0ðε0fr⊥Þ → ϕLðr⊥; zÞ; ð72Þ

2Q0 → MV þ δ
m2

f −∇2⊥
zz̄MV

; ð73Þ

for the outgoing longitudinal polarization, whereMV is the
mass of the vector meson, and δ is a dimensionless constant
(not to be confused with the off-forward vector δ⊥).
We also need to perform the following replacements in

Eqs. (60), (62), and (63)

�
eqf
2π

�
zz̄ε0fK1ðε0fr⊥Þ → −∂⊥ϕTðr⊥; zÞ; ð74Þ

�
eqf
2π

�
zz̄K0ðε0fr⊥Þ → ϕTðr⊥; zÞ; ð75Þ

for outgoing transverse polarization. Here, we have assumed
that the vector meson has the same helicity structure as the
virtual photon, and introduced scalar functions ϕT;Lðr⊥; zÞ
that describe the vector meson structure.
With these changes we obtain the following amplitudes:
Helicity preserving amplitudes:

M̃γ�A;V
0;0 ¼ 8Nceqf

ð2πÞ
Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
Dðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥zz̄QK0ðεfr⊥Þ

�
MV þ δ

m2
f −∇2⊥
zz̄MV

�
ϕLðr⊥; zÞ; ð76Þ

M̃γ�A;V
�1;�1 ¼

4Nceqf
ð2πÞ

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
Dðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥

1

zz̄
½−ζεfK1ðεfr⊥Þ∂⊥ϕTðr⊥; zÞ þm2

fK0ðεr⊥ÞϕTðr⊥; zÞ�: ð77Þ

Polarization changing amplitudes (T=L → L=T):

M̃γ�A;V
�1;0 ¼ i2

ffiffiffi
2

p
Nceqf

ð2πÞ
Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e�iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥ξεfK1ðεr⊥Þ

�
MV þ δ

m2
f −∇2⊥
zz̄MV

�
ϕLðr⊥; zÞ; ð78Þ

M̃γ�A;V
0;�1 ¼ i4

ffiffiffi
2

p
Nceqf

ð2πÞ
Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e∓iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥ξQK0ðεr⊥Þ∂⊥ϕTðr⊥; zÞ: ð79Þ

Helicity-flip amplitudes (T� → T ∓):

M̃γ�A;V
�1;∓1 ¼

8Nceqf
ð2πÞ

Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e�2iϕrΔDðr⊥; b⊥Þ

Z
z
e−iδ⊥·r⊥εfK1ðεfr⊥Þ∂⊥ϕTðr⊥; zÞ: ð80Þ

The precise form of ϕL;T depend on the vector meson in
the final state and on the model used for the vector meson
structure. In this work, we follow Ref. [93] and use the
boosted Gaussian ansatz

ϕL;T ¼ N L;Tzz̄ exp
�
−
m2

fR
2

8zz̄
−
2zz̄r2

R2
þm2

fR
2

2

�
: ð81Þ

The parametersR andN L;T in the above equation and δ in
Eq. (73), in case of J=ψ production are determined in
Ref. [93], and we use mf ¼ mc ¼ 1.4 GeV.
We note that the use of phenomenological vector

meson wave functions introduces some model uncertainty
in the calculation. In addition to the phenomenological

11Note that there was a mistake in the off-forward phase in
Ref. [93], which was identified and corrected by the authors in
Ref. [77].
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parametrizations such as the boosted Gaussian model used
in this work, there are also other approaches to describe the
vector meson wave function. For example, in Ref. [98] the
heavy meson wave function is constructed as an expansion
in quark velocity based on nonrelativistic QCD (NRQCD)
matrix elements without the need to assume an identical
helicity structure with the photon. Another recent approach
is to solve the meson structure by first constructing a light
front Hamiltonian consisting of a one gluon exchange
interaction and an effective confining potential [99,100]. As
shown in Ref. [98], results for the J=ψ production calcu-
lated using the phenomenological boosted Gaussian para-
metrization are close to those obtained using these more
systematic approaches. We note that this parametrization
includes both S and D wave modes in the rest frame wave
function; however, the D wave contribution results in a
negligible contribution.
Exclusively produced J=ψ is experimentally measured

through the dilepton channel. Similarly to the Bethe-Heitler
contribution discussed in case of DVCS above, there are
also QED processes with exactly the same final state (for
example, elastic ep scattering, and a subsequent emission
of virtual photon decaying into two leptons). We do not
include this contribution in this work, but it may affect a
precise extraction of the azimuthal modulations in exclu-
sive J=ψ production.

D. Incoherent diffraction

The cross section obtained in Eq. (36) corresponds to the
processes where the target proton or nucleus remains in the
same quantum state, and the cross section is sensitive to
the amplitudes hM̃γ�A;V

λ;λ0 i
Y
, averaged over the target con-

figurations. The second class of diffractive events, where
the target nucleus goes out in a different quantum state A�
than the initial state, is referred to as incoherent diffraction.
The cross section for eA → eA�V scattering can be
obtained by first calculating the total diffractive cross
section, i.e., averaging over the target configurations at
the cross section level, and then subtracting the coherent
contribution [101–104]. Consequently, the cross section
will depend on the covariances of amplitudes

hM̃γ�A;V
λ;λ0 ðM̃γ�A;V

λ̄;λ0 Þ�i
Y
− hM̃γ�A;V

λ;λ0 i
Y
hM̃γ�A;V

λ̄;λ0 i�
Y
; ð82Þ

and thus it is proportional to

Dð2;2Þ
Y ðr⊥; b⊥; r0⊥; b0⊥Þ −DYðr⊥; b⊥ÞDYðr0⊥; b0⊥Þ; ð83Þ

where the double dipole correlator is defined as

Dð2;2Þ
Y ðr⊥; b⊥; r0⊥; b0⊥Þ ¼ hDðr⊥; b⊥ÞDðr0⊥; b0⊥ÞiY: ð84Þ

Unlike the dipole correlator in Eq. (64), there is no
straightforward connection of the double dipole to

well-known objects in the collinear framework of QCD.
Yet, it provides interesting information, as it is sensitive to
the small x gluon fluctuations and event-by-event fluctua-
tions in the color density geometry inside the nuclear target
[41,65,66,104,105]. See also Ref. [71] for a review.

IV. NUMERICAL SETUP

The necessary ingredient needed to evaluate the DVCS
and exclusive J=ψ production cross sections is the dipole
scattering amplitude DYðr⊥; b⊥Þ introduced in Eq. (64).
We perform two separate calculations to evaluate the
dipole amplitude, the first using a simple GBW para-
metrization, the second a more realistic CGC setup. The
CGC will also allow us to compute the double dipole

operator Dð2;2Þ
Y ðr⊥; b⊥; r0⊥; b0⊥Þ that appears in the incoher-

ent cross sections.

A. GBW

To study how the angular modulations in the dipole
amplitude affect the observable angular correlations, we
use a GBW model [79] inspired parametrization as in
Refs. [39,106], where angular modulation can be controlled
by hand:

DYðr⊥; b⊥Þ ¼ 1 − exp

�
−
r2⊥Q2

s0

4
e−b

2⊥=ð2BÞCϕðr⊥; b⊥Þ
�
;

ð85Þ

with

Cϕðr⊥; b⊥Þ ¼ 1þ c̃
2
cosð2ϕrbÞ: ð86Þ

Here ϕrb is the angle between the impact parameter vector
b⊥ and the dipole vector r⊥. We set c̃ ¼ 0.5 to include a
certain amount of angular dependence, or c̃ ¼ 0 when we
compare with the standard GBW dipole parametrization
with no dependence on the dipole orientation. The satu-
ration scaleQ2

sðb⊥Þ, defined asDYðr2⊥ ¼ 2=Q2
sðb⊥Þ; b⊥Þ ¼

1 − e−1=2, and transverse size of the target proton are
controlled by (implicitly Y dependent) Q2

s0 and B, respec-
tively. As we use the GBW parametrization only to study
the effect of azimuthal modulations, we do not attempt
to fit the parameters precisely to HERA data, but use
Q2

s0 ¼ Q2
sðb⊥ ¼ 0Þ ¼ 1.0 GeV2 and B ¼ 4.0 GeV−2.

The cosð2ϕrbÞ modulation in (85) (in case of c̃ ≠ 0)
results in a nonzero gluon transversity GPD, Eq. (68), and
consequently also an intrinsic contribution to the helicity
flip amplitude M̃γ�A;V

�1;∓1 as discussed in Sec. III A. A
particular disadvantage of this ad hoc parametrization is
that very large dipoles (compared to the target size) can
have unrealistic modulations, e.g., when both of the quarks
miss the target. Additionally, the modulation does not
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vanish in the homogeneous regime of small r⊥ or b⊥. For a
more sophisticated analytical treatment of the angular
dependence in the dipole scattering amplitude, see
Refs. [44,107].

B. CGC

Our main results are obtained using the CGC EFT
framework that describes QCD at high energies. A
particular advantage of the CGC EFT is that it is possible
to calculate how the dipole scattering amplitude depends
on the dipole orientation (angle ϕrb), and as such the
effect of the elliptic gluon distribution is a prediction.
For a calculation of the elliptic gluon Wigner distribution
from the CGC framework, see Ref. [39]. Additionally,
it is possible to calculate the energy (xP) dependence
perturbatively.
The CGC framework used in this work is similar to the

framework used in Ref. [63] (see also Ref. [108]), and is
summarized here. The target structure is described in terms
of fundamental Wilson lines Vðx⊥Þ [see Eq. (40)], that
describe the eikonal propagation of a quark in the strong
color fields of the target. As discussed in Sec. III, the dipole
amplitude DY is obtained as an expectation value of the
correlator of Wilson lines, see Eqs. (49) and (64). Note that
when evaluating the incoherent cross sections, expectation

values for the double dipole operator Dð2;2Þ
Y from Eq. (84)

are also needed as discussed in Sec. III D (see also the
discussion in Ref. [41]).
The Wilson lines at the initial xP ¼ 0.01 are obtained

from the MV model [8], in which one assumes that the
color charge density of large x sources ρA, is a local random
Gaussian variable with expectation value zero and has the
following expression for the 2-point correlator (see also
Ref. [109] for recent developments)

g2hρaAðx−; x⊥ÞρbAðy−; y⊥ÞiY
¼ g4λAðx−Þδab × δð2Þðx⊥ − y⊥Þδðx− − y−Þ: ð87Þ

Here a, b are color indices in the adjoint representation.
Following Ref. [108], the local color charge density μ2 ¼R
dx−λAðx−Þ is assumed to be proportional to the local

saturation scale Qs, extracted from the IPsat parametriza-
tion [110] fitted to HERA structure function data [111,112].
We note that the IPSat model, and with that our initial
condition at x ≈ 0.01, includes leading order DGLAP
evolution for gluons.
We useQs ¼ 0.8g2μ, where the coefficient is matched in

order to reproduce the normalization of the HERA J=ψ
production data at xP ≈ 10−3. (see also [113] for a more
detailed discussion relating the color charge density and the
saturation scale)
Given the color charge density ρaA, one obtains the

Wilson lines Vðx⊥Þ as a solution to the Yang-Mills
equations as shown in Eq. (40). In the numerical

implementation we include an infrared regulator m̃ to
screen gluons at large distance, and write the Wilson
lines as

Vðx⊥Þ ¼ P−

�
exp

�
−ig

Z
∞

−∞
dz−

ρaðx−; x⊥Þta
∇2 − m̃2

��
: ð88Þ

We use m̃ ¼ 0.4 GeV for the infrared regulator as deter-
mined in Ref. [65].
In the IPsat parametrization, the local saturation scale

hQ2
si is proportional to the nucleon transverse density

profile Tp. When nucleon shape fluctuations are not
included, a Gaussian profile is used

Tðb⊥Þ ¼
1

2πBp
e−b

2⊥=ð2BpÞ; ð89Þ

where Bp parametrizes the proton size. When shape
fluctuations are included following Refs. [65,66], the
density is written as

Tpðb⊥Þ ¼
1

2πBqNq

XNq

i¼1

e−ðb⊥−bi⊥Þ2=ð2BqÞ; ð90Þ

where the proton density profile is a sum of Nq ¼ 3 hot
spots whose size is controlled by Bq. The hot spot positions
bi⊥ are sampled from a Gaussian distribution with width
Bqc. After sampling, the hot spot positions are shifted such
that the center-of-mass is at the origin. Additionally, the
density of each hot spot is allowed to fluctuate following
the prescription presented in Ref. [65] (based on Ref. [114])
as follows. The local saturation scale of each hot spot Q2

s is
obtained by scaling hQ2

si for each hot spot independently
by a factor sampled from the log-normal distribution

P

�
ln

Q2
s

hQ2
si
�

¼ 1ffiffiffiffiffiffi
2π

p
σ
exp

�
−
ln2 Q2

s
hQ2

si
2σ2

�
: ð91Þ

The sampled values are scaled in order to keep the average
saturation scale intact (the log-normal distribution has an
expectation value eσ

2=2).
Heavy nuclei are generated by first sampling the nucleon

positions from the Woods-Saxon distribution. Then, the
color charge density in the nucleus is obtained by adding
the color charge densities of individual nucleons at every
transverse coordinate.
As originally presented in Refs. [65,66], the parameters

controlling the proton and hot spot sizes can be determined
by fitting the coherent and incoherent diffractive J=ψ
production data from HERA (see also Ref. [115] for the
description of collective dynamics observed in proton-lead
collisions at the LHC using the constrained fluctuating
proton shape). In this work, we parametrize the proton
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shape at the initial xP ¼ 0.01, requiring that after the
JIMWLK evolution discussed below to smaller xP ≈ 10−3,
a good description of the HERA data is obtained.12 When
no proton shape fluctuations are included, we use Bp ¼
3 GeV−2, and the fluctuating proton shape is described by
Bq ¼ 0.3 GeV−2, Bqc ¼ 3.3 GeV−2 and σ ¼ 0.6. Note that
shifting the center-of-mass to the origin effectively shrinks
the proton, and as such both parametrizations result, on
average, approximately in protons with the same size. The
resulting coherent J=ψ production spectra shown in Fig. 4
that are sensitive to the average interaction with the target are
almost identical. On the other hand, the incoherent cross
section from the calculation where no substructure fluctua-
tions are included clearly underestimates the HERA data,
which suggests that significant shape fluctuations are
required to produce large enough fluctuations in the scatter-
ing amplitude.
The energy evolution of the Wilson lines (and conse-

quently that of the dipole amplitude) is obtained by solving
the JIMWLK evolution equation separately for each of
the sampled color charge configuration. For numerical
solutions the JIMWLK equation is written in the
Langevin form following Ref. [116]

dVðx⊥Þ
dY

¼Vðx⊥ÞðitaÞ
�Z

d2z⊥εab;ix⊥;z⊥ξz⊥ðYÞbi þσax⊥

�
: ð92Þ

The random noise ξ is Gaussian and local in spatial
coordinates, color, and rapidity with expectation value
zero and covariance

hξax⊥;iðYÞξby⊥;jðY 0Þi ¼ δabδijδ
ð2Þðx⊥ − y⊥ÞδðY − Y 0Þ: ð93Þ

The coefficient of the noise in the stochastic term is

εab;ix⊥;z⊥ ¼
�
αs
π

�
1=2

Ki
x⊥−z⊥ ½1 −U†ðx⊥ÞUðz⊥Þ�ab; ð94Þ

where

Ki
x⊥ ¼ mx⊥K1ðmx⊥Þ

xi

x2⊥
: ð95Þ

The deterministic drift term reads

σax⊥ ¼ −i
αs
2π2

Z
d2z⊥

1

ðx⊥ − z⊥Þ2
Tr½TaU†ðx⊥ÞUðz⊥Þ�:

ð96Þ

Here Uðx⊥Þ is a Wilson line in the adjoint representation of
SU(Nc) and can be obtained from Eqs. (40) and (88) by
replacing ta with the adjoint generators Ta. For the details
of the numerical procedure, in particular, related to the
elimination of the deterministic drift term and expression of
the Langevin step in terms of fundamental Wilson lines
only, see the discussion in Refs. [63,117]. The JIMWLK
kernel in Eq. (95) includes an infrared regulator m, first
suggested in Ref. [118], which exponentially suppresses
gluon emission at long distances ≳1=m. In this work we
use m ¼ 0.2 GeV, along with a fixed strong coupling
constant αs ¼ 0.21, as constrained in Ref. [63].
As discussed above, the free parameters of the frame-

work are constrained by the HERA J=ψ production data
at W ¼ 75 GeV [53], which corresponds to xP ≈ 10−3 (or
approximately Y ¼ 2.3 units of JIMWLK evolution from
our initial condition; the jtj dependence of xP is neglected).
The agreement of the calculated J=ψ photoproduction
(Q2 ¼ 0) cross sections with HERA data is demonstrated
in Fig. 4, where results with and without proton shape
fluctuations are shown. Note that here we consider J=ψ
production in γ� þ p scattering. Later we will study eþ p
scattering where azimuthal correlations with respect to the
outgoing lepton can be accessed.
In addition to vector meson production, HERA has also

measured the (coherent) DVCS cross section [72–75]. The
CGC framework also provides a good description of the
HERA DVCS data as demonstrated in Fig. 5. When
comparing J=ψ and γ production cross sections to the
HERA data, we have included an approximately 45%
skewness correction [119] from Ref. [64], which takes
into account the fact that in the two-gluon exchange limit,
the exchanged gluons carry very different fractions of the
target longitudinal momentum, and the cross section can be
related to collinearly factorized parton distribution func-
tions. The same constant factor is included in all cross

FIG. 4. Coherent (thick) and incoherent (thin lines) J=ψ
photoproduction cross sections computed from the CGC setup
with and without proton shape fluctuations, compared with H1
data [53] at W ¼ 75 GeV.

12Note that here, unlike in Ref. [63], we have evolution over
approximately 2.3 units of rapidity from the initial condition
before we compare with the HERA J=ψ data.
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sections shown in this work. The energy dependence of the
total cross section and t slope has been studied in [63].

V. NUMERICAL RESULTS

In this section we present numerical results for azimuthal
modulations in DVCS and J=ψ production in electron-
proton and electron-nucleus scattering, calculated in the
energy range accessible at the future high-energy EIC. In
case of electron-proton collisions, our results are shown atffiffiffi
s

p ¼ 140 GeV, and in case of electron-gold scattering we
use

ffiffiffi
s

p ¼ 90 GeV. We present results at fixed xP, which
results in the inelasticity y to depend on xP, Q2, and jtj. We
note that the azimuthal modulations and the angle inde-
pendent cross section have a different dependence on y, as
apparent from Eq. (36). This y-dependence alone results in
a suppression of azimuthal modulations with decreasing
xP, especially in the case of J=ψ production. We discuss the
separation of this effect from genuine JIMWLK evolution
effects in Appendix B.

A. Effect of angular modulations
in the GBW dipole amplitude

As discussed in Sec. III A, there are two contributions to
the polarization changing and helicity flip amplitudes: a
kinematical contribution due to the off-forward phase
e−iδ⊥·r⊥ , and intrinsic contribution arising from the corre-
lations between r⊥ and b⊥ in the amplitude DYðr⊥; b⊥Þ.
To isolate the intrinsic contribution and demonstrate the

effect of the nonzero gluon transversity GPD, we first study
DVCS using the GBW dipole amplitude as presented in
Sec. IVA (note that as we calculate the cross section in
general kinematics, more general objects than the gluon
GPDs introduced in Sec. III A are probed). This para-
metrization allows us to easily include the intrinsic con-
tribution by introducing the dependence on the dipole

orientation relative to the impact parameter using the
parameter c̃ introduced in Eq. (86).
The exclusive photon production (or DVCS) cross section

computed using the GBW dipole amplitude as a function of
squared momentum transfer jtj ≈ Δ2⊥ is shown in Fig. 6(a)
with no angular dependence in the dipole amplitude (c̃ ¼ 0)
and in Fig. 6(b) when a significant angular modulation is
included with c̃ ¼ 0.5. We show separately the three differ-
ent contributions: Average refers to the total cross section
averaged over ϕkΔ, which is the first line in Eq. (36).
Additionally, the coefficients of cosðϕkΔÞ and cosð2ϕkΔÞ in
Eq. (36) are shown. Note that in DVCS the final state photon
is real and has only transverse polarization states, and as such
M̃γ�A;V

λ;0 ¼ 0 for all λ. As the modulation can change sign, in
the logarithmic plots we show separately the positive and
negative modulations.
The results are shown at Q2 ¼ 5 GeV2, and we have

checked that the qualitative features depend only weakly
on virtuality. We note that as there is no heavy mass scale
in DVCS, this process is only marginally perturbative at
moderate Q2 especially in the limit z → 0; 1 (the so called
aligned jet configuration), where there is no exponential
suppression for the photon splitting into nonperturbatively
large dipoles. In the GBW model, asymptotically large
dipoles scatter with probability one, even when the quarks
completely miss the target. Large dipoles also have a large
elliptic modulation if c̃ ≠ 0, and consequently our GBW
model calculation likely overestimates the cross section
and the intrinsic contribution to the modulations. Later
when we use a CGC proton or nucleus as a target,
nonperturbatively large dipoles (larger than the size of
the target) do not contribute significantly. However, it is
not clear which one of these setups includes a more
realistic effective description of confinement scale effects.
Consequently, in DVCS at small Q2, there may exist a
nonperturbative contribution not accurately captured in
either of the dipole picture calculations presented here.
For a more detailed discussion of the effective imple-
mentation of confinement scale effects in the dipole
picture, see e.g. Refs. [63,112,120,121].
Without the intrinsic contribution (c̃ ¼ 0, shown in

Fig. 6(a)) the kinematical contribution results in nonzero
cosðϕkΔÞ and cosð2ϕkΔÞ modulations, that exhibit a dif-
fractive pattern. The cosðϕkΔÞ modulation is generically
larger as expected, as it is mostly sensitive to the polari-
zation changing amplitude hM̃γ�A;V

0;�1 iY . On the other hand,
the cosð2ϕkΔÞmodulation probes the helicity flip amplitude
hM̃γ�A;V

�1;∓1iY which in the dilute limit is suppressed by an

additional factor Δ⊥=Q relative to hM̃γ�A;V
0;�1 iY , as discussed

in Sec. III A.
Introducing an elliptic modulation in the GBW dipole

significantly increases the cosð2ϕkΔÞ modulation of the
cross section, and renders it even larger than the cosðϕkΔÞ
modulation at intermediate momentum transfer jtj, as

FIG. 5. Coherent DVCS cross sections in different Q2 bins at
W ¼ 82 GeV computed from the CGC setup (without proton
shape fluctuations) compared to H1 data [75].
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shown in Fig. 6(b). The cosðϕkΔÞ modulation is only
weakly modified by the modulations in the dipole ampli-
tude, except at large jtj ≳ 1.5 GeV2. This can be under-
stood based on Eq. (36). The cosð2ϕkΔÞ contribution is
directly proportional to the transverse helicity flip ampli-
tude hM̃γ�A;V

�1;∓1iY , which is sensitive to the cosð2ϕrbÞ
modulation in the dipole amplitude. On the other hand,
the cosðϕkΔÞ modulation is dominated by
hM̃γ�A;V

0;�1 iYhM̃γ�A;V
�1;�1iY , where neither of the terms are

directly sensitive to the angular modulations in the dipole.
Both modulations again become more important at

higher momentum transfer where the kinematical contri-
bution is more important and the cosðϕkΔÞ modulation
dominates. At large jtj the angular modulations change the
average cross section and the cosϕkΔ modulations because
of two reasons. First, the helicity flip amplitude hM̃γ�A;V

�1;∓1iY
has a small contribution to both of these components.
Additionally, including the angular dependence in the

dipole amplitude also changes the angle averaged inter-
action, due to the nonlinear dependence on cosð2ϕrbÞ
in Eq. (85).
The cross sections with azimuthal modulations in exclu-

sive J=ψ electroproduction at Q2 ¼ 2 GeV2 are shown in
Figs. 6(c) (no angular dependence in the dipole) and 6(d)
(with angular dependence). The large mass of the charm
quark renders the kinematical contribution small as dipoles
are generically smaller, which suppresses the contribution
from the off-forward phase e−iδ⊥·r⊥ . Consequently the
relative importance of the cosϕkΔ modulation is signifi-
cantly smaller than in case of DVCS studied above. The
cosϕkΔ modulation is now negative at small jtj, in contrast
to the DVCS case. The reason for this difference in sign is
that in J=ψ production the final state can be longitudinally

polarized, and terms hM̃γ�A;V
0;0 iYhM̃γ�A;V

�1;0 iY , that are absent
in the DVCS case, give a large negative contribution to the
cosϕkΔ modulation.

FIG. 6. Different contributions to the DVCS and J=ψ production cross section using the GBW dipole at Q2 ¼ 5 GeV2 (DVCS) or
Q2 ¼ 2 GeV2 (J=ψ ) with and without angular dependence. (a) DVCS, no angular dependence. (b) DVCS, with angular dependence.
(c) J=ψ , no angular dependence. (d) J=ψ , with angular dependence.
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Similar to cosϕkΔ, the cos 2ϕkΔ modulation is also small
at small momentum transfers. If the angular modulations
are included in the dipole amplitude, the cos 2ϕkΔ modu-
lation is significant in the jtj≳ 1 GeV2 region, similar to
the DVCS case studied above. The smallness of the cosϕkΔ
component compared to cos 2ϕkΔ can potentially render the
experimental extraction of the cos 2ϕkΔ modulation more
precise in J=ψ production compared to the DVCS case.
We have checked (within the GBW model) that the

dependence of the azimuthal anisotropies on charm mass
and the saturation scale Qs is weak for moderate values of
jtj. We expect this to hold true in the full CGC computation
that we outline next.

B. Proton target in the CGC

We now use a proton target described within the CGC
framework, and study coherent DVCS followed by coher-
ent J=ψ production in the EIC energy range. As discussed
in Sec. IV B the initial condition for the JIMWLK evolution
is constrained such that the coherent J=ψ production cross
section at W ¼ 75 GeV (xP ≈ 10−3) is compatible with the
HERA data. Here we do not include the proton shape
fluctuations as we consider the coherent cross section,
which is only sensitive to the average interaction. The
incoherent cross section, which is sensitive to fluctuations,
e.g., of the proton shape, is discussed in Sec. V D.
As discussed in Sec. IV B, the dependence on the dipole

orientation is calculated from the CGC framework (assum-
ing an impact parameter dependent MV model initial
condition). Consequently, the intrinsic contribution to the
azimuthal correlations is a genuine prediction, unlike in
the GBW model calculation presented above. Additionally,
the dependence on xP is a result of the perturbative
JIMWLK evolution.

1. DVCS

The coherent DVCS production cross section and
angular modulations as a function of squared momentum
transfer jtj at xP ¼ 0.01 are shown in Fig. 7(a). The results
are shown again at moderateQ2 ¼ 5 GeV2. The qualitative
features of our results depend weakly on Q2 (note that our
framework is not applicable in the dilute regime of largeQ2

whose dynamics is governed by linear evolution equations,
namely the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) equations [122–125]).
The intrinsic contribution predicted from the CGC

calculation results in a sizeable cosð2ϕkΔÞ modulation in
the DVCS cross section, similar to the presented GBW
model calculation with an artificial angular modulation in
the dipole. The cosðϕkΔÞ modulation, where the intrinsic
contribution is subleading, is large in the small jtj region,
and suppressed strongly relative to the cosð2ϕkΔÞ contri-
bution at larger momentum transfers.
The extracted modulation coefficients v1 and v2,

defined as

vn ¼
R
2π
0 dϕkΔeniϕkΔdσeþp→eþpþV=dtdϕkΔdQ2dxPR

2π
0 dϕkΔdσeþp→eþpþV=dtdϕkΔdQ2dxP

; ð97Þ

are shown in Fig. 7(b). Here V refers to the produced
particle, in this case V ¼ γ. The results are shown at the
initial condition xP ¼ 0.01, and after the JIMWLK evolu-
tion over approximately 2.3 units of rapidity to xP ¼ 0.001
at fixed

ffiffiffi
s

p ¼ 140 GeV in the EIC kinematics.
Both v1 and v2 are found to be sizeable, up to 5%–10%

in the jtj region where the coherent contribution should be
more easily measurable (at very large momentum transfers
the incoherent contribution will dominate and render the
measurement of the coherent cross section challenging).

FIG. 7. Different contributions to the DVCS production at Q2 ¼ 5 GeV2, and the modulation coefficients vn as defined in Eq. (97).
The vn’s are shown both at the initial condition (xP ¼ 0.01, black lines) and after the JIMWLK evolution (xP ¼ 0.001, blue lines). The
bands show the statistical uncertainty of the calculation resulting from averaging over the fluctuating color charge configurations.
(a) Spectra. (b) Modulation coeffcients.
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The elliptic modulation v2 is suppressed approximately by a
factor 2 when going from xP ¼ 0.01 to xP ¼ 0.001, mostly
due to the JIMWLK evolution (the increase in inelasticity y
with decreasing xP has a negligible effect here, as demon-
strated in Appendix B). This is expected as the small x
evolution results in a larger proton with smaller density
gradients. In the CGC framework, these density gradients
result in cos 2ϕrb modulation in the dipole-target scattering
amplitude (see Appendix E), and consequently contribute to
hM̃γ�A;V

�1;∓1iY defined in Eq. (63), which dominates v2.
Similarly, a small decrease in the magnitude of v1 at small
jtj is expected, as the helicity flip amplitude hM̃γ�A;V

�1;∓1iY also
contributes to v1. As a result of the small x evolution, the dip
in the cosϕkΔ spectrum moves to larger jtj which explains
why v1 increases with decreasing xP at large jtj.
Dependence on the exchanged photon virtuality is

illustrated in Fig. 8, where the v1 and v2 coefficients are

computed at the initial condition and after JIMWLK
evolution as a function of Q2. The results are obtained
by using spectra integrated over 0.2 < jtj < 0.4 GeV2 in
Eq. (97). The elliptic modulation is reduced at high
virtualities. This is because the characteristic dipole size
scales as r2⊥ ∼ 1=Q2, such that large dipoles, which are
most sensitive to the density gradients on the proton size
scale, are suppressed at high Q2. These large dipoles also
provide the dominant part of the intrinsic contribution
to hM̃γ�A;V

�1;∓1iY .
The v1 modulation depends weakly on Q2, and both v1

and v2 are suppressed as a result of small x evolution in the
studied jtj range at allQ2. At larger jtj theQ2 dependence is
more difficult to interpret because of the presence of a sign
change in the cosϕkΔ modulation. At xP ¼ 0.001, the
increase in inelasticity y as a function of Q2 dominates the
virtuality dependence in the Q2 ≳ 10 GeV2 region. We
note that the modulations vanish at the kinematical boun-
dary where y ¼ 1. In DVCS at xP ¼ 0.001, this boundary
is at Q2 ¼ 19.6 GeV2.

2. Exclusive J=ψ production

We now move to the discussion of J=ψ production. Here,
the heavy mass of the charm quark suppresses the kin-
ematical contributions as already discussed in case of the
GBW dipole in Section VA.
The coherent J=ψ production cross section and different

azimuthal modulation contributions are shown in Fig. 9(a)
at xP ¼ 0.01, corresponding to the initial condition, and in
Fig. 9(b) at xP ¼ 0.001 after the JIMWLK evolution, both
for Q2 ¼ 2 GeV2. As a result of the growing proton size,
the location of the first diffractive minimum in the angle
independent coherent cross section (and in the cosð2ϕkΔÞ
modulation) moves toward smaller jtj. As mentioned
above, the heavy quark mass suppresses the kinematical

FIG. 8. Azimuthal modulation coefficients v1 and v2 integrated
over 0.2 < jtj < 0.4 GeV2 in DVCS as a function of photon
virtuality for xP ¼ 0.01 (black lines) and xP ¼ 0.001 (blue lines).

FIG. 9. Different contributions to the coherent J=ψ production cross section at the initial condition xP ¼ 0.01 and after JIMWLK
evolution to xP ¼ 0.001. Results are shown at Q2 ¼ 2 GeV2. (a) xP ¼ 0.01. (b) xP ¼ 0.001.
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contribution to the modulation, leading to a negligible
cosðϕkΔÞ modulation. On the other hand, the cosð2ϕkΔÞ
modulation remains sizeable, of the order of a few percent,
as it is dominated by the intrinsic contribution.
The vn coefficients defined in Eq. (97) as a function

of the squared momentum transfer jtj are shown in
Fig. 10. The v2 modulation is now approximately one
half of the one seen in case of DVCS. The smaller elliptic
modulation compared to DVCS is expected for the same
reason that larger Q2 suppresses the modulation, as
discussed above.
The v2 modulation is again strongly suppressed with

decreasing xP. Now in the J=ψ production case, the change
in inelasticity y as a function of xP affects the modulation
coefficients more compared to DVCS, and approximately
one half of the total xP dependence seen in Fig. 10 is
explained by the change in y. The other half is a result of
the perturbative JIMWLK evolution resulting in a larger
proton with smaller density gradients. For a detailed
comparison between the JIMWLK effects and the effect
of changing y, see Appendix B. The v1 coefficient is found
to be at the per mill level.
The virtuality dependence of v2 (not shown) is qualita-

tively similar in J=ψ production and in DVCS. Contrary to
the DVCS results shown in Fig. 8, the v1 in J=ψ production
is negative and has a smaller magnitude as already observed
above. At xP ¼ 0.001, we note that the kinematically
allowed region in J=ψ production is Q2 < 10 GeV2.
In the following, let us briefly address existing exper-

imental data, that can be compared to our results. The H1
and ZEUS collaborations have measured [47,126] spin
density matrix components in J=ψ electroproduction, that
can be directly related to the vn coefficients studied here.
The H1 data [47] is compatible with the s-channel helicity
conservation (SCHS) assumption, in which case contribu-
tions from the polarization changing and helicity flip
amplitudes are zero. For the t integrated vn coefficients

in J=ψ electroproduction at low Q2, the H1 data corre-
sponds to jv2j≲ 5% and jv1j≲ 10%, compatible with
our results.
The H1 collaboration has also measured the spin

density matrix elements in exclusive ρ production, with
the results reported in Ref. [127]. As the ρ meson is
much lighter, it is sensitive to larger dipoles and
especially the kinematical contribution to vn is larger.
The spin density matrix elements measured by H1
correspond to t-integrated v1 ¼ 3… − 15% at low and
moderate Q2. When ρ production is calculated within our
CGC framework using the wave function of Ref. [93], we
find a comparable magnitude for the modulation but with
an opposite (negative) sign. The t integrated v2 is on the
order of a few percent, which can not be accurately
compared with the HERA data due to the large exper-
imental uncertainties.

C. Large nucleus target in the CGC

Let us next consider large nuclear targets, where density
gradients are generally smaller compared to the proton,
which suppresses the intrinsic contribution of the azimuthal
modulations.
The average DVCS cross section in eþ Au scattering

at
ffiffiffi
s

p ¼ 90 GeV, Q2 ¼ 5 GeV2, and the cosðϕkΔÞ and
cosð2ϕkΔÞ modulations are shown in Fig. 11(a) (see also
Ref. [128], where this process is studied in the EIC
kinematics, without considering angular correlations).
The v2 modulation is found to be extremely small due
to the small density gradients, except at very large
jtj > 1=R2

A where RA is the nuclear radius. However, in
this region the incoherent contribution dominates, render-
ing the coherent process difficult to measure. The v1
modulation, which is dominated by the kinematical con-
tribution, is an order of magnitude larger than v2 at small
jtj, but still at a few percent level.
The cross section for coherent J=ψ production off gold

nuclei at xP ¼ 0.01 and Q2 ¼ 2 GeV2 is shown in Fig. 11
(b). As a result of having a small intrinsic contribution and a
large quark mass rendering also the kinematical contribu-
tion small, both the cosðϕkΔÞ and cosð2ϕkΔÞ modulations
are negligible, at the per mill level. In both DVCS and J=ψ
production, the azimuthal modulation coefficients exhibit
the same diffractive pattern as the average coherent cross
section. In contrast to eþ p scattering studied previously,
the signs of the modulation terms do not change at the
diffractive minima.
As exclusive processes are especially powerful in

resolving nonlinear effects that are enhanced in heavy
nuclei, we also compute the nuclear suppression factor at
small jtj, defined as

ReA ¼ dσeþA→eþAþV=dtdQ2dxP
A2dσeþp→eþpþV=dtdQ2dxP

����
t¼0

; ð98Þ

FIG. 10. Angular modulations in the coherent J=ψ production
cross section at Q2 ¼ 2 GeV2 with proton targets.
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where V ¼ γ; J=ψ . The nuclear suppression factors as a
function of xP computed at Q2 ¼ 2 GeV2 in case of J=ψ
production and at Q2 ¼ 5 GeV2 in DVCS are shown in
Fig. 12. The results are shown in the xP range accessible at
the EIC with

ffiffiffi
s

p ¼ 90 GeV. Note that the coherent cross
section scales as A2 at t ¼ 0 in the dilute limit [46,129], and
consequently ReA ¼ 1 in the absence of nonlinear effects.
As discussed in Appendix A, the polarization changing
terms have a negligible contribution to the azimuthal angle
independent cross sections entering in ReA.
We predict a significant nuclear suppression in the EIC

kinematics, down to ReA ≈ 0.5 in case of DVCS at the
smallest reachable xP values. ReA for coherent J=ψ pro-
duction is approximately 0.05 above the values for DVCS
in the considered kinematics where Q2 values are different.
The obtained suppression is comparable to what was found

in Ref. [112] for J=ψ production using the IPsat para-
metrization, where the xP dependence is parametrized and
not a consequence of the perturbative small x evolution (see
also Ref. [129]). The J=ψ photoproduction data from LHC
suggests slightly stronger suppression ReA ∼ 0.4…0.6 in
this kinematical domain [130].
As small jtj also dominates the t integrated coherent

cross section, we expect nonlinear effects of similar
magnitude in that case too (see also discussion in
Ref. [112]). The advantage of examining the ratio at
t ¼ 0 is that in that case there is no need for (xP dependent)
proton and nuclear form factors used in the impulse
approximation to transform the photon-proton cross section
to the photon-nucleus case in the absence of nonlinear
effects. This would be particularly complicated here, as the
effective proton form factor includes a larger contribution
from the effective projectile size in the DVCS case
compared to the J=ψ production.

D. Incoherent scattering

The incoherent channel is interesting for two reasons.
First, as incoherent processes are sensitive to the fluctua-
tions of the scattering amplitude, angular modulations in
the incoherent cross sections can be sensitive to the details
of the fluctuating target geometry. Second, the incoherent
cross section dominates at large jtj where kinematical
contributions to the azimuthal modulations are more
important, and as such simultaneous analysis of coherent
and incoherent cross sections can potentially be used to
distinguish intrinsic and kinematical contributions. In order
to access fluctuations at different length scales, we consider
both J=ψ and DVCS processes.
The cross section and its modulations for the incoherent

DVCS process eþ p → eþ p� þ γ at
ffiffiffi
s

p ¼ 140 GeV and
xP ¼ 0.01 are shown in Fig. 13. Here, the proton shape
fluctuations constrained by the J=ψ production data are

FIG. 11. Different contributions to DVCS (at Q2 ¼ 5 GeV2) and J=ψ (at Q2 ¼ 2 GeV2) production off gold nuclei at xP ¼ 0.01.
(a) DVCS. (b) J=ψ .

FIG. 12. Nuclear suppression factor as a function of xP for
exclusive electroproduction of J=ψ (Q2 ¼ 2 GeV2) and γ
(Q2 ¼ 5 GeV2) in the EIC kinematics (

ffiffiffi
s

p ¼ 90 GeV) at t ¼ 0.
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included. Similar to coherent DVCS, especially the
cosð2ϕkΔÞ modulation is sizeable, and the cosðϕkΔÞ modu-
lation changes sign at jtj ∼ 2 GeV2.
To study the evolution of incoherent v1 and v2 coef-

ficients, and quantify the effect of proton shape fluctuations,
these coefficients are shown in Figs. 14(a) and 14(b) at two
different xP values within the EIC kinematics, calculated
with and without fluctuating proton substructure. We recall
that in DVCS the change in y as a function of xP has a
negligible effect on modulations as shown in Appendix B.
At small jtj≲ 0.5 GeV2, where the intrinsic contribution

arises from fluctuations in the angular dependence of the
dipole scattering amplitude at long distance scales, the
substructure fluctuations have only a small effect on the vn
coefficients. At large jtj where one is sensitive to fluctua-
tions in the amplitudes M̃γ�A;V

λ;λ0 at short length scales, there

are significant fluctuations in the angular dependence of the
dipole-target scattering amplitude when proton substruc-
ture is included, which render incoherent v2 large as shown
in Fig. 14(b). Smoother density gradients obtained as a
result of small x evolution suppress the dependence on the
dipole orientation of fluctuations, which results in decreas-
ing v2 with decreasing xP.
If proton substructure is not included, the nonzero

incoherent cross section and its azimuthal modulations
shown in Figs. 14(a) and 14(b) are consequences of the
color charge fluctuations in the target proton. These
fluctuations take place at a distance scale ∼1=Q2

s , which
decreases with decreasing x. Consequently, since at large jtj
these appearing short scale structures can be resolved by
the scattering dipole, they result in larger fluctuations in the
dependence on the dipole orientation and lead to increasing
vn with decreasing xP (see also the related discussion
in Ref. [62]).
Next we consider incoherent J=ψ production in

eþ p → eþ p� þ J=ψ . The cross section and its azimu-
thal modulations are shown in Fig. 15(a) (with the spherical
proton) and in Fig. 15(b) (with proton shape fluctuations) at
the initial xP ¼ 0.01. For comparison we again show the
average coherent cross section studied above. Although the
coherent cross section probes only the average interaction,
it is also slightly altered especially at large jtj by the
substructure fluctuations, as the dependence on the proton
density profile given by Eq. (90) is nonlinear. We emphasize
that this dependence is an artefact resulting from our choice
of the parametrization for the substructure fluctuations,
and in principle it would be possible to also construct a
fluctuating substructure that results in exactly the same
coherent cross section (or average dipole-target interactions).
The substructure fluctuations significantly increase both

the average incoherent cross section and the magnitude of
the azimuthally dependent terms (especially the cosð2ϕkΔÞ
component) in the studied jtj range.

FIG. 13. Incoherent DVCS cross section and its modulations at
Q2 ¼ 5 GeV2 as a function of squared momentum transfer.
Proton shape fluctuations are included, and the average coherent
cross section is also shown for comparison.

FIG. 14. Evolution of the vn coefficients in incoherent DVCS at Q2 ¼ 5 GeV2. (a) Incoherent v1. (b) Incoherent v2.
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Additionally, the fluctuations remove the sign change
from the incoherent cosð2ϕkΔÞ modulation around
jtj ≈ 1 GeV2, and result in an exponential incoherent
spectrum instead of a power law (at jtj≳ 1 GeV2).
The extracted modulation coefficients v1 and v2 in

incoherent J=ψ production with and without proton shape
fluctuations are shown in Figs. 15(c) and 15(d). The large
quark mass in J=ψ production suppresses the kinematical
contribution to the polarization changing amplitudes,
reducing the v1 modulation compared to the DVCS case.
Although J=ψ production is generically sensitive to
shorter length scales (smaller dipoles) compared to
DVCS, we again find that the modulation coefficients
begin to be affected by the substructure at jtj ≈ 0.5 GeV2,
similar to the case of DVCS. This is because the
momentum transfer region where one is sensitive to the

possible substructure fluctuations is mostly controlled by
the size of the substructure.
For jtj ≳ 0.5 GeV2, we predict significantly different v2

with and without substructure fluctuations, even with oppo-
site signs as the substructure fluctuations remove the sign
change in cosð2ϕkΔÞ spectra. A clear effect of energy
evolution is also visible, with the modulation almost dis-
appearing in the xP range accessible at the future EIC (recall
that approximately one half of the xP evolution is a result of
JIMWLK dynamics; see Appendix B). This suggests that a
simultaneous description of the total incoherent cross section
and its v2 modulation could potentially be used to probe
more precisely the details of the event-by-event fluctuating
substructure, including its xP dependence. A more detailed
analysis aimed at constraining the substructure geometry and
its fluctuations is left for future work.

FIG. 15. Upper panel: incoherent J=ψ production cross section and its modulations with and without proton substructure fluctuations.
For comparison the average coherent cross section is also shown. Lower panel: evolution of the vn modulation coefficients. All results
are at Q2 ¼ 2 GeV2. (a) Spectra, no substructure. (b) Spectra, with substructure. (c) Incoherent v1. (d) Incoherent v2.

MÄNTYSAARI, ROY, SALAZAR, and SCHENKE PHYS. REV. D 103, 094026 (2021)

094026-22



VI. CONCLUSIONS

We have calculated cross sections and their modulations
in azimuthal angle ϕkΔ between the exclusively produced
particle and the outgoing electron in DVCS and J=ψ
production in electron-proton and electron-nucleus scatter-
ing. We extracted cosðϕkΔÞ and cosð2ϕkΔÞmodulations and
identified two separate contributions: one of kinematical
origin, and another intrinsic component, which is a result of
nontrivial angular correlations in the target wave function at
small x. By using dipole models with and without intrinsic
contribution to the cross section, we demonstrated that
especially the cosð2ϕkΔÞ modulation is a sensitive probe of
spatial angular correlations in the gluon distribution, which
in the collinear limit can be reduced to the gluon trans-
versity GPD [77].
Using a realistic CGC based setup where the energy

(or xP) dependence of the target can be calculated, we
obtained predictions for the azimuthal modulations in
DVCS and J=ψ production at the future EIC. Especially
for DVCS we predict a significant elliptic modulation, up to
15%, and a clear energy evolution in the EIC energy range.
The modulations in J=ψ production are roughly an order of
magnitude smaller, but potentially still measurable.
We have also studied incoherent DVCS and J=ψ pro-

duction, and demonstrated that the momentum transfer
dependence of the modulation coefficients can potentially
be used to constrain the detailed properties of the target’s
fluctuating substructure. A more detailed analysis of this
possibility is left for future work.
In the scattering of electrons with a heavy nucleus the

modulations were found to be highly suppressed as a result
of smaller density gradients at the probed distance scales,
which strongly suppresses the intrinsic contribution to the
modulation coefficients. On the other hand, the angle
averaged cross sections for these processes with heavy
nuclear targets are sensitive to nonlinear effects, and we
predict significant nuclear suppression factors as low as 0.5
in the realistic EIC kinematics.
Our results provide the first explicit predictions from the

CGC EFT for the azimuthal modulations measurable at the
EIC. To match the expected high precision of future EIC
measurements, the presented leading order calculations
(which do include a resummation of high energy loga-
rithms αs ln 1=x, to all orders) should be promoted to next-
to-leading order (NLO) accuracy. Recently, there has
been tremendous progress in the field toward NLO, with
the photon wave function and vector meson production
impact factors calculated to NLO accuracy [98,131–135].
Similarly, the small x evolution equations are available at
this order in αs [136–140], and first phenomenological
results have been obtained recently, e.g., for the structure
functions [141]. We will explore performing NLO calcu-
lations of the presented processes in future work.
Additionally, it is important to study how the Bethe-
Heitler contribution neglected in this work affects the

azimuthal modulations in DVCS in a realistic EIC setting.
It would also be interesting to compare our results to
predictions based on the collinear framework of GPDs,
which also incorporates DGLAP evolution.
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APPENDIX A: IMPORTANCE OF THE
POLARIZATION CHANGING CONTRIBUTIONS

In this Appendix we determine the importance of the
polarization changing contributions, not included in pre-
vious phenomenological analyses, for the angle averaged
cross sections. To do so, we compute the relative impor-
tance of the contributions in electron-proton scattering
where the produced particle (γ or J=ψ) has a different
polarization than the incoming photon, allowing
λ ¼ 0 → �1, λ ¼ �1 → 0 and λ ¼ �1 →∓ 1 processes.
The results at two different xP are shown in Fig. 16. The
polarization changing contributions are suppressed as a
result of the small x evolution as expected, as the smaller
density gradients in the larger proton suppress the intrinsic
contribution especially in hM̃γ�A;V

�1;∓1iY which contributes to
the angle independent cross section, see Eq. (36). In vector

FIG. 16. Relative importance of the polarization changing
terms in the angle averaged cross section for exclusive J=ψ
production at Q2 ¼ 2 GeV2 and in DVCS at Q2 ¼ 5 GeV2.
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meson production these polarization changing contribu-
tions are negligible when compared to other uncertainties
related to, e.g., model dependence in the vector meson
wave functions. In DVCS, the correction is also moderate,
at most two percent in the studied kinematical domain.

APPENDIX B: SEPARATING GENUINE JIMWLK
EVOLUTION FROM INELASTICITY

DEPENDENCE

The inelasticity y affects the distribution of virtual
photon polarization states, and as such the modulation
coefficients defined by Eq. (97) are a function of y, as is
apparent from Eq. (36). In this work we choose to calculate
the cross section and azimuthal modulations at fixed xP, as
it controls the amount of small x evolution. Then, by fixing
the incoming photon virtualityQ2 and calculating the cross
section as a function of jtj the kinematics becomes fully
determined, and the inelasticity can be written as

y ¼ M2
V þQ2 − t

sxP
; ðB1Þ

where M2
V is the invariant mass of the produced particle.

Thus, when interpreting our results one has to keep in mind
that y depends on both xP and t, and in particular all
modulations vanish in the y → 1 limit. Note that it is not
possible to simply fix y, as that would correspond to a
varying center-of-mass energy

ffiffiffi
s

p
when selecting inde-

pendent t, xP, and Q2.
To demonstrate that the xP and t dependencies observed

in the modulation coefficients in Sec. V are genuine
probes of small x dynamics and not only effects of trivial
y dependence, we study in this Appendix the modulation
coefficients by neglecting the JIMWLK evolution.
The elliptic modulation v2 in DVCS and J=ψ production

in electron-proton collisions at
ffiffiffi
s

p ¼ 140 GeV is shown in
Fig. 17. The results at xP ¼ 0.01 (initial condition for the
JIMWLK evolution) and at xP ¼ 0.001 (after the evolution)
are identical to those shown in Sec. V. For comparison, we
also calculate the same v2 coefficients at xP ¼ 0.001, but
now neglecting the JIMWLK evolution. This corresponds
to using the same dipole-target scattering amplitude as at
the initial condition (xP ¼ 0.01), but evaluating the process
kinematics (namely the inelasticity y) at xP ¼ 0.001.
In case of DVCS, the y values are generically smaller,

and as such the change in y as a function of t or xP in the
studied range only slightly alters the y dependent factors
in Eq. (36). If the JIMWLK evolution is neglected, v2 at
xP ¼ 0.01 and xP ¼ 0.001 are almost identical. Thus,
nearly all the observed xP dependence is a result of the
genuine JIMWLK dynamics.
In exclusive J=ψ production the large invariant mass

renders y larger, and consequently the change in y with
decreasing xP has a numerically larger effect. As illustrated

in Fig. 17, the change in y explains approximately one half
of the xP dependence seen in v2, which suggests that the
effects of JIMWLK evolution should still be visible at
the EIC.

APPENDIX C: EVALUATION OF DIRAC
STRUCTURES

In this Appendix, we provide some useful identities for
the evaluation of Dirac traces and derive Eq. (55). Some
useful standard identities for gamma matrices are

γ−=pγ− ¼ 2p−γ−; ðC1Þ

Tr½γiγjγmγn� ¼ 4ðδijδmn − εijεmnÞ; ðC2Þ

Tr½γi1…γin =pγ−� ¼ p−Tr½γi1…γin �; ðC3Þ

where i1;…; in ¼ 1, 2 are transverse indices.
Another set of useful identities involving contraction

with the transverse vector ϵλ;i⊥ :

Tr½ðϵλ;i⊥ þ c1γiγjϵ
λ;j
⊥ Þ� ¼ 4ð1 − c1Þϵλ;i⊥ ; ðC4Þ

Tr½γiγjγnγm�ϵλ;j⊥ ϵλ
0�;n
⊥ ¼ 4ð1þ λλ0Þϵλ;i⊥ ϵλ

0�;m
⊥ ; ðC5Þ

Tr½ðϵλ;i⊥ þ c1γiγjϵ
λ;j
⊥ Þðϵλ0�;m⊥ þ c2γnγmϵ

λ0�;n
⊥ Þ�

¼ 4½1 − c1 − c2 þ ð1þ λλ0Þc1c2�ϵλ;i⊥ ϵλ
0�;m
⊥ ; ðC6Þ

Tr½=aγiγ−=bγmγ−�ϵλ;i⊥ ϵλ
0�;m
⊥ ¼ −4a−b−ð1þ λλ0Þ: ðC7Þ

In deriving some of these identities we used εjkϵλ;k⊥ ¼ iλϵλ;j⊥ .
We list some useful identities for the computation of

the Dirac structure in Eq. (55). Recall the definition of
polarization vectors in Eqs. (14) and (42).

FIG. 17. Elliptic modulation in DVCS at Q2 ¼ 5 GeV2 and
J=ψ production at Q2 ¼ 2 GeV2 at xP ¼ 0.01 and xP ¼ 0.001
with and without JIMWLK evolution.
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For the longitudinal polarization:

ð=lþmfÞ=ϵðλ ¼ 0; qÞð=l − =qþmfÞγ− ¼ −2Qð1 − zÞ=lγ− þ C1γ
−; ðC8Þ

ð=l0 − =ΔþmfÞ=ϵ�ðλ0 ¼ 0;ΔÞð=l0 þmfÞγ− ¼ 2Q0zð=l0 − =ΔÞγ− þ C2γ
−: ðC9Þ

For the transverse polarization:

ð=lþmfÞ=ϵðλ ¼ �1; qÞð=l − =qþmfÞγ− ¼ −2li⊥=lγ−
�
ϵ�1;i
⊥ þ 1

2z
γiγjϵ�1;j

⊥
�
−mf=qγiγ−ϵ

�1;i
⊥ þ Ci

3γ
iγ− þ C4γ

−; ðC10Þ

ð=l0 − =ΔþmfÞ=ϵ�ðλ0 ¼ �1;ΔÞð=l0 þmfÞγ− ¼ −2ðl0⊥m − zΔm⊥Þ
�
ϵ�1�;m
⊥ þ 1

2z
γnγmϵ�1�;n

⊥
�
=l0γ−

þmf=Δγmγ−ϵ
�1�;m
⊥ þ Cm

5 γ
mγ− þ C6γ

−; ðC11Þ

where C1, C2, Ci
3, C4, Cm

5 , and C6 do not contain any spinor structure. Their precise form is not important as they will not
contribute to the amplitudes of interest.
Let us compute Aþ1;−1. Inserting Eqs. (C10) and (C11) in Eq. (51) we obtain

Aþ1;−1ðl⊥; l0⊥; zÞ ¼
1

ð2q−Þ2
�
4li⊥ðl0m⊥ − zΔm⊥ÞTr

�
=lγ−

�
ϵþ1;i
⊥ þ 1

2z
γiγjϵþ1;j

⊥
��

ϵ−1�;m⊥ þ 1

2z
γnγmϵ−1�;n⊥

�
=l0γ−

�

−m2
fTr½=qγiγ−=Δγmγ−�ϵþ1�;i

⊥ ϵ−1;m⊥
�
; ðC12Þ

where we have repeatedly used ðγ−Þ2 ¼ 0 and that the trace of odd number of gamma matrices vanishes. The second term is
zero in virtue of Eq. (C7), and we use identities in Eqs. (C1) and (C3) to obtain an expression for the first term only using
transverse gamma matrices

Aþ1;−1ðl⊥; l0⊥; zÞ ¼ 2z2li⊥ðl0m⊥ − zΔm⊥ÞTr
��

ϵþ1;i
⊥ þ 1

2z
γiγjϵþ1;j

⊥
��

ϵ−1�;m⊥ þ 1

2z
γnγmϵ−1�;n⊥

��
: ðC13Þ

Finally, we compute the traces of transverse gamma
matrices using Eq. (C4) and obtain

Aþ1;−1ðl⊥; l0⊥; zÞ ¼ −8zð1 − zÞli⊥ðl0m⊥ − zΔm⊥Þϵþ1;i
⊥ ϵ−1�;m⊥ :

ðC14Þ
Other trace structures Aλ;λ0 are computed similarly using the
identities provided in this Appendix.

APPENDIX D: USEFUL INTEGRALS

The following two dimensional Fourier transforms are
useful:

Z
l⊥

e−il⊥·r⊥

ðl⊥ − k⊥Þ2 þ ε2
¼ 1

2π
K0ðεr⊥Þe−ik⊥·r⊥ ; ðD1Þ

Z
l⊥

ðli⊥ − ki⊥Þe−il⊥·r⊥
ðl⊥ − k⊥Þ2 þ ε2

¼ −i
2π

εri

r⊥
K1ðεr⊥Þe−ik⊥·r⊥ : ðD2Þ

The following integral appears when performing the lþ and
l0þ integration in the subamplitude in Eq. (57):

Iðla; lb; zÞ ¼ lim
ϵ→0þ

Z
dlþ

ðlþ − la þ iϵ
zÞðlþ − lb − iϵ

1−zÞ
: ðD3Þ

This integral is easily done via contour integration using
Cauchy’s residue theorem. Note that when z < 0 ðz > 1Þ
both poles sit in the upper (lower) half-plane; and thus the
integral is identically zero, by closing the contour in the
lower (upper) half plane.

Iðla; lb; zÞ ¼
� 2πi

ðlb−laÞ 0 < z < 1;

0 otherwise:
ðD4Þ

APPENDIX E: DIPOLE FOURIER MODES
AND NONFORWARD PHASE CONTRIBUTION

TO THE AMPLITUDE

In order to understand the contributions to the polari-
zation changing and helicity flip amplitudes in exclusive
production, it is useful to decompose the dipole amplitude
in Fourier modes. We do not consider Odderon contribu-
tions, and thus we only have even modes:
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DYðr⊥; b⊥Þ ¼
X∞
k¼0

DY;2kðr⊥; b⊥Þck cosð2kϕrbÞ; ðE1Þ

where c0 ¼ 1 and ck ¼ 2 for k > 0.
Using the following identity:

in

ð2πÞ2
Z
b⊥
e−iΔ⊥·b⊥

Z
r⊥
e−iαΔ⊥·r⊥einϕrΔDYðr⊥; b⊥Þfðr⊥Þ ¼

X∞
k¼0

Z
∞

0

b⊥db⊥J2kðΔ⊥b⊥Þ
Z

∞

0

r⊥dr⊥DY;2kðr⊥; b⊥Þ

×
c2k
2

½Jn−2kðαΔ⊥r⊥Þ þ Jnþ2kðαΔ⊥r⊥Þ�fðr⊥Þ; ðE2Þ

we arrive at alternative expressions for Eqs. (60) through (63), which have been CGC averaged at the amplitude level, as
required for exclusive production:
Helicity preserving amplitudes:

hM̃γ�A;γ�
0;0 iY ¼ 16Nce2q2f

X∞
k¼0

Z
∞

0

b⊥db⊥J2kðΔ⊥b⊥Þ
Z

∞

0

r⊥dr⊥DY;2kðr⊥; b⊥Þ
Z
z
ckJ2kðδ⊥r⊥Þz2z̄2QK0ðεfr⊥ÞQ0K0ðε0fr⊥Þ;

ðE3Þ

hM̃γ�A;γ�
�1;�1iY ¼ 4Nce2q2f

X∞
k¼0

Z
∞

0

b⊥db⊥J2kðΔ⊥b⊥Þ
Z

∞

0

r⊥dr⊥DY;2kðr⊥; b⊥Þ
Z
z
ckJ2kðδ⊥r⊥Þ½ζεfK1ðεfr⊥Þε0fK1ðε0fr⊥Þ

þmfK0ðεfr⊥ÞmfK0ðε0fr⊥Þ�: ðE4Þ

Polarization changing amplitudes (T=L → L=T):

hM̃γ�A;γ�
�1;0 iY ¼ 4

ffiffiffi
2

p
Nce2q2f

X∞
k¼0

Z
∞

0

b⊥db⊥J2kðΔ⊥b⊥Þ
Z

∞

0

r⊥dr⊥DY;2kðr⊥; b⊥Þ
Z
z

ck
2
½J1−2kðδ⊥r⊥Þ þ J1þ2kðδ⊥r⊥Þ�

× zz̄ξεfK1ðεfr⊥ÞQ0K0ðε0fr⊥Þ; ðE5Þ

hM̃γ�A;γ�
0;�1 iY ¼ −4

ffiffiffi
2

p
Nce2q2f

X∞
k¼0

Z
∞

0

b⊥db⊥J2kðΔ⊥b⊥Þ
Z

∞

0

r⊥dr⊥DY;2kðr⊥; b⊥Þ
Z
z

ck
2
½J1þ2kðδ⊥r⊥Þ þ J1−2kðδ⊥r⊥Þ�

× zz̄ξQK0ðεfr⊥Þε0fK1ðε0fr⊥Þ: ðE6Þ

Helicity flip amplitude (T� → T ∓):

hM̃γ�A;γ�
�1;∓1iY ¼ 8Nce2q2f

X∞
k¼0

Z
∞

0

b⊥db⊥J2kðΔ⊥b⊥Þ
Z

∞

0

r⊥dr⊥DY;2kðr⊥; b⊥Þ
Z
z

ck
2
½J2−2kðδ⊥r⊥Þ þ J2þ2kðδ⊥r⊥Þ�

× zz̄εfK1ðεfr⊥Þε0fK1ðε0fr⊥Þ: ðE7Þ

We have conveniently used J−mðzÞ ¼ ð−1ÞmJmðzÞ as
needed.
For Δ⊥=Q≲ 1, J0ðΔ⊥=QÞ ∼ 1 and J2kðΔ⊥=QÞ ∼ 0 for

k > 0. Thus at small to moderate values of transverse
momentum of the produced vector particle, the helicity
preserving and helicity flip amplitudes are most sensitive to
isotropic DY;0ðr⊥; b⊥Þ and elliptic DY;2ðr⊥; b⊥Þ modes of
the dipole amplitude, respectively. In this limit the polari-
zation changing amplitude is zero. At higher momentum
transfers, higher k > 2 modes of the dipole DY;k also start
to contribute.

The dipole modes in the CGC proton are shown in
Fig. 18(a) through 18d, where we normalize the elliptic and
quadrangular modes defining:

v̄n ¼
DY;n

DY;0
; ðE8Þ

with DY;n introduced in Eq. (E1). In Fig. 18(a) the dipole
scattering amplitude averaged over the dipole orientation
hDYi is shown as a function of dipole size r⊥ and impact
parameter b⊥. We emphasize that when convoluted with the
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photon and vector meson wave functions, contributions
from the largest dipole sizes are exponentially suppressed.
As can be seen in Fig. 18(a), this also limits the impact
parameter range that gives numerically important contri-
butions to the cross section.
The elliptic modulation v̄2 at the initial condition and

after the JIMWLK evolution is shown in Figs. 18(c) and 18
(d). Large enough dipoles (compared to the proton size) are
required to resolve the density gradients and result in non-
negligible modulations. At large impact parameters large
dipoles experience strong modulations, as the scattering
amplitude is large when one end of the dipole hits the center
of the proton and the other one is in vacuum, and vanishes
when the dipole is rotated by 90 degrees when both quarks

miss the proton. However, as discussed above, contribu-
tions from this range are suppressed when convoluted with
the wave functions. The modulations also vanish at b ¼ 0
where the average dipole-target interaction does not depend
on the dipole orientation. The JIMWLK evolution signifi-
cantly suppresses the elliptic modulation in the studied r⊥,
b⊥ range, as gradients are reduced for the larger proton at
smaller x [39,118].
As the Odderon contribution is not included, odd

harmonics vanish in our setup. The higher harmonics
that contribute to the cross section at higher momentum
transfers as discussed above, are found to be small, e.g.,
v4 ≲ 1% in the phenomenologically important range
r⊥; b⊥ < 1 fm, as shown in Fig. 18(b).

FIG. 18. Average dipole amplitude for the CGC proton and its spatial modulations as a function of dipole size r⊥ and impact parameter
b⊥. (a) Average dipole DY at x ¼ 0.01. (b) Dipole v̄4 at x ¼ 0.01. (c) Dipole v̄2 at x ¼ 0.01. (d) Dipole v̄2 at x ¼ 0.001.
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