
This is a self-archived version of an original article. This version 
may differ from the original in pagination and typographic details. 

Author(s): 

Title: 

Year: 

Version:

Copyright:

Rights:

Rights url: 

Please cite the original version:

In Copyright

http://rightsstatements.org/page/InC/1.0/?language=en

Magnetic octupole moment of 173Yb using collinear laser spectroscopy

©2021 American Physical Society

Published version

de Groote, R. P.; Kujanpää, S.; Koszorús, Á.; Li, J. G.; Moore, I. D.

de Groote, R. P., Kujanpää, S., Koszorús, Á., Li, J. G., & Moore, I. D. (2021). Magnetic octupole
moment of 173Yb using collinear laser spectroscopy. Physical Review A, 103(3), Article 032826.
https://doi.org/10.1103/PhysRevA.103.032826

2021



PHYSICAL REVIEW A 103, 032826 (2021)

Magnetic octupole moment of 173Yb using collinear laser spectroscopy

R. P. de Groote ,1,* S. Kujanpää ,1 Á. Koszorús ,2 J. G. Li ,3 and I. D. Moore 1

1Department of Physics, University of Jyväskylä, PB 35(YFL) FIN-40351 Jyväskylä, Finland
2Department of Physics, University of Liverpool, Liverpool L69 7ZE, United Kingdom
3Institute of Applied Physics and Computational Mathematics, Beijing 100088, China

(Received 3 December 2020; accepted 27 January 2021; published 22 March 2021)

The hyperfine constants of the 4 f 146s6p 3Po
2 state in neutral Yb have been measured using three different

dipole transitions. This state was recently shown to have a comparatively large hyperfine magnetic octupole split-
ting, and thus a puzzlingly large magnetic octupole moment. The measurement is performed using collinear laser
spectroscopy on a fast atomic beam, which provides a straightforward route to probing long-lived metastable
atomic states with high resolution. From the combined analysis of all three lines we find no significant evidence
for a nonzero octupole moment in 173Yb.
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I. INTRODUCTION

For many decades, measurements of the hyperfine structure
of ions and atoms have been used to extract information on the
electromagnetic moments of atomic nuclei [1,2]. Continuous
developments in the field of radioactive ion beam production
and manipulation, as well as improvements in spectroscopic
methods, have resulted in the measurement of magnetic dipole
moments μ and electric quadrupole moments Q of a wide
variety of atomic nuclei [3]. However, measurements of the
next term in the multipolar expansion of the hyperfine interac-
tion, the magnetic octupole constant C and the corresponding
nuclear moment �, are exceedingly scarce. To our knowledge,
the magnetic octupole splitting has been measured only for
about 18 elements [4–22]. This lack of data renders interpre-
tation of these octupole moments challenging, and meaningful
nuclear-theoretical progress has therefore not been made over
the past half-century.

From the experimental perspective, however, the past few
years have demonstrated promise; a measurement of � in
133Cs was made using precise optical spectroscopy of the D2

line [20], while a measurement on trapped barium ions re-
sulted in the most precise value of � to date [21]. Yet another
example was reported in Ref. [22], where the � of Yb was ex-
tracted from the hyperfine intervals in the 4 f 146s6p 3Po

2 state
of 173Yb (with nuclear spin I = 5/2−). This latter measure-
ment is of particular interest, since a large octupole splitting
was observed, and a correspondingly large value of � was
thus obtained. If verified, the effect would be sufficiently large
that measurements of � on radioactive ions would be within
reach of spectroscopic methods currently in use at radioactive
ion beam facilities [2]. In addition, the value of � obtained
in Ref. [22] is considerably larger than a single-particle shell
model estimate. This implies a puzzling deficiency in our
understanding of the nuclear electromagnetic moments.

Most recently, the singly charged Yb+ ion was suggested to
be better suited for the extraction of higher-order nuclear mo-
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ments such as � using high-precision trapped-ion techniques
[23]. In this work, however, we seek to validate the measure-
ments in Ref. [22] using collinear laser spectroscopy, which is
the standard tool for high-resolution optical spectroscopy of
radioactive beams. A successful measurement of a nonzero
magnetic octupole constant using this method would pave
the way for future measurements on radioactive ytterbium
isotopes. We hope this work will motivate and support future
measurements and theoretical investigations into � of both
stable and radioactive isotopes.

The structure of this article is as follows. First, in Sec. II,
we provide the definitions and procedures which were fol-
lowed to perform atomic structure calculations. Then, in
Sec. III, we describe the experimental apparatus and the data
analysis strategy. In Sec. IV, we discuss our value of � for
173Yb. We will show that with our experimental value and
atomic calculations, the nuclear magnetic octupole puzzle in
173Yb is resolved.

II. THEORY

A. Definitions

Nuclear moments can be extracted from measurements
of atomic hyperfine structure in a nuclear-model indepen-
dent way. The hyperfine shift E (1)

F of a state, with angular
momentum F = I + J (with I the nuclear spin and J the elec-
tronic spin) due to the interaction with the nuclear moments
μ, Q,�, . . ., is given by

E (1)
F =

∑
k

Mk (I, J, F )〈II|T (n)
k |II〉〈JJ|T (e)

k |JJ〉, (1)

where

Mk (I, J, F ) = (−1)I+J+F

{
I J F
J I k

}
(

I k I
−I 0 I

)(
J k J

−J 0 J

) .

2469-9926/2021/103(3)/032826(9) 032826-1 ©2021 American Physical Society

https://orcid.org/0000-0003-4942-1220
https://orcid.org/0000-0002-5709-3442
https://orcid.org/0000-0001-7959-8786
https://orcid.org/0000-0002-9592-4964
https://orcid.org/0000-0003-0934-8727
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.103.032826&domain=pdf&date_stamp=2021-03-22
https://doi.org/10.1103/PhysRevA.103.032826


R. P. DE GROOTE et al. PHYSICAL REVIEW A 103, 032826 (2021)

Defining K = F (F + 1) − I (I + 1) − J (J + 1), this can be written as (truncated at the octupole (k = 3) term):

E (1)
F = AK

2
+ 3B

4

K (K + 1) − I (I + 1)J (J + 1)

(2I (2I − 1)J (2J − 1))

+ 5C

4

K3 + 4K2 + 4
5 K (−3I (I + 1)J (J + 1) + I (I + 1) + J (J + 1) + 3) − 4I (I + 1)J (J + 1)

I (I − 1)(2I − 1)J (J − 1)(2J − 1))
, (2)

with hyperfine constants

A = 1
IJ 〈II|T (n)

2 |II〉〈JJ|T (e)
1 |JJ〉 = μI

IJ
〈JJ|T (e)

1 |JJ〉,

B = 4〈II|T (n)
2 |II〉〈JJ|T (e)

2 |JJ〉 = 2eQ〈JJ|T (e)
2 |JJ〉, (3)

C = 〈II|T (n)
3 |II〉〈JJ|T (e)

3 |JJ〉 = −�〈JJ|T (e)
3 |JJ〉.

Equation (3) illustrates how extracting the nuclear moment
from a measurement of the hyperfine splitting requires either a
reference nucleus in which this moment was measured
through other means, or atomic-structure calculations to eval-
uate the electronic matrix elements for an electronic state
|JMJ〉. For k > 2, i.e., all moments beyond the electric
quadrupole moment, only the latter option is currently avail-
able. Furthermore, extracting the hyperfine constants from
experimental spectra requires evaluation of the second-order
shifts due to mixing of close-lying atomic states. The second-
order shift E (2)

F of a level F due to mixing with another state
α with electronic angular momentum Jα is defined as

E (2)
F =

∑
α

1

EJ − Eα

∑
k1,k2

{
F J I
k1 I Jα

}{
F J I
k2 I Jα

}

×(2I + 1)〈I||T(n)
k1

||I〉〈I||T(n)
k2

||I〉
×(2Jα + 1)〈Jα||T(e)

k1
||J〉〈Jα||T(e)

k2
||J〉, (4)

where we adopt the following definition of the reduced matrix
elements [24]:

〈JJ|Tk|JJ〉 = √
2J + 1

(
J k J

−J 0 J

)
〈J||Tk||J〉. (5)

Restricting these expressions to the M1-M1, M1-E2, and
E2-E2 interaction terms yields

E (2)
F = EM1−M1

F + EM1−E2
F + EE2−E2

F

=
∑

α

∣∣∣∣
{

F J I
1 I Jα

}∣∣∣∣
2

η

+
{

F J I
1 I Jα

}{
F J I
2 I Jα

}
ζ

+
∣∣∣∣
{

F J I
2 I Jα

}∣∣∣∣
2

ξ, (6)

where

η = μ2
I

(I + 1)(2I + 1)

I

∣∣∣√2Jα + 1〈Jα||T(e)
1 ||J〉

∣∣∣2

EJ − EJα

,

ξ = Q2

4

(I + 1)(2I + 1)(2I + 3)

I (2I − 1)

∣∣∣√2Jα + 1〈Jα||T(e)
2 ||J〉

∣∣∣2

EJ − EJα

,

ζ = μI Q
(I + 1)(2I + 1)

I

√
2I + 3

2I − 1

× (2Jα + 1)〈Jα||T(e)
1 ||J〉〈Jα||T(e)

2 ||J〉
EJ − EJα

. (7)

B. Atomic structure calculations

In order to accurately extract the hyperfine C constant and
the nuclear octupole moment � from the hyperfine spec-
tra, the electronic matrix element 〈JJ|T e

3 |JJ〉 [see Eq. (3)]
and corrections for second-order effects due to the per-
turbation of the close-lying 3Po

1 , 3Po
0 and 1Po

1 states have
to be determined. In the framework of the multiconfigura-
tion Dirac-Hartree-Fock method [25,26], we calculated the
hyperfine interaction constants by using the GRASP2018
package [27] and a developed RHFS code [28] based on
HFS92 [29]. In this work, Yb was treated as a divalent
atomic system, that is, 6s and 6p are the valence orbitals
and 1s22s22p63s23p63d104s24p64d105s25p64 f 14 the core. We
started from the Dirac-Hartree-Fock (DHF) calculation, in
which all occupied orbitals were optimized in order to min-
imize the average energy of the of the 6s6p configuration.
Subsequently, the core-valence (CV) correlations between
electrons in the core with n � 4 and the 6s and 6p va-
lence electrons were taken into account. To capture the CV
correlation effects, the configuration state functions (CSFs),
expanding electronic state |JMJ〉 concerned, were generated
by single (S) and restricted double (D) excitations of elec-
trons from certain occupied orbitals to a set of virtual orbitals
(VOs). The restricted double excitation means that only one
electron in the core can be promoted at a time. The VO set
was augmented layer by layer, and each layer is composed
of orbitals with different angular symmetries, for instance, s,
p, d, .... The VOs were also optimized in the self-consistent
field procedures, but only those in the last added layer are
variable. The CV electron correlation effects on the hyper-
fine interaction constants were saturated with eight layers of
VOs. Keeping all orbitals frozen, we further performed the
relativistic configuration interaction computations to account
for the correlations among the n = 5 core electrons. It should
be stressed that triple (T) and quadrupole (Q) excitations were
included in part by the multireference–single-double (MR-
SD) approach [30,31]. In the MR-SD approach, the CSFs
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TABLE I. Magnetic dipole (A in MHz), electric-field gradient
at the nucleus (B/Q in MHz/b) and magnetic octupole [C/� in
kHz/(] hyperfine interaction constants of the 3Po

2 state in 173Yb.
μI = −0.648(3) μN is taken from Ref. [33].

Models A B/Q C/�

DHF −579 231 2.99
CV(n � 4) −826 510 5.45
CC(n = 5) −767 429 4.65
MR(n = 5) −749 434 4.65
Breit −745 432 4.51
Porsev et al. [32] −745 477a

Singh et al. [22] −742.11(2)b 544.6c −15.99c

aThe electric quadrupole moment Q = 2.80 b was used to extracted
the B/Q constant.
bExperimental values.
cTheoretical results.

corresponding to TQ excitations were yielded by replacing
one and two occupied orbitals in the MR configurations
with the VOs. Here, we selected the 5s25p45d26s6p and
5s25p66s6p configurations to form the MR configuration set.
Finally, the Breit interaction was evaluated in RCI as well.
In Table I, we present the calculated A, B/Q and C/� as
functions of the computational model.

The “CC(n = 5)” model stands for the calculation with
inclusion of SD-excitation CSFs from the n = 5 core shell that
capture the core-core (CC) electron correlation in this shell.
As can be seen, the CV and CC correlations make significant
contributions to these constants. Comparing our results with
other recent measurement and calculations by Porsev et al.
[32] and Singh et al. [22], we found an excellent agreement
for the A constant. However, this may be an accidental acci-
dental since μI = −0.648(3) μN from Ref. [33] was adopted
in the present calculation, while Mertzimekis et al. recom-
mend another nuclear dipole moment, μI = −0.67989(3) for
173Yb [3]. Multiplied by the ratio of these two nuclear dipole
moments, the A constant changes to −782 MHz, different
from the experimental value by about 5%. Additionally, the
Bohr-Weisskopf effect [34], which is non-negligible for heavy
atoms, was not taken into account. Consequently, we assessed
our computational uncertainty to be ∼5 − 10% for the hyper-
fine interaction constants under investigation. This estimate
was further confirmed by comparison of the B/Q constant
between ours and Porsev et al.. It was found from Table I
that the present B/Q constant differs from theirs by about 9%,
which is in better agreement than that from Ref. [22]. For the
latter the deviation reaches 14%. The C/� constant might be
more sensitive to electron correlations, thus the computational
uncertainty was roughly enlarged to 20%. However, the dis-
crepancy of almost four times between our C/� constant and
Singh et al. [22] is larger than this uncertainty. In particular,
their C/� constant has an opposite sign. The reason, unfortu-
nately, is unclear at present.

Making use of the “Breit” model, we calculated the off-
diagonal hyperfine interaction constants between the 3Po

2 state
and perturbing states 3Po

1 , 1Po
1 , and 3Po

0 . The results are given
in Table II.

TABLE II. Off-diagonal hyperfine interaction constants and the
second-order hyperfine structure corrections (in MHz) obtained with
the “Breit” model. μI = −0.648(3) μN and Q = 2.80(4) b are
adopted to calculate the second-order hyperfine shifts. The energy
intervals involved are taken from the NIST database [35].

3P1
1P1

3P0

T(e)
1 (MHz/μI ) 4162 −7649 0

T(e)
2 (MHz/b) −670 3 −815

η 3.56 −3.85 0
ζ 3.50 −0.01 0

III. EXPERIMENTAL METHOD

A. Collinear laser spectroscopy of 173Yb

In order to measure the hyperfine intervals of the
metastable 3Po

2 state (located at 19710.388 cm−1), the state
first needs to be populated. Our method of choice is to rely on
a charge-exchange reaction between a fast Yb ion (in our case
with a 30 keV energy) and a neutral K atom. At these higher
beam energies, the cross section for this reaction is quite
high and sufficiently nonselective to allow several states to
be populated. Based on the theoretical calculations presented
in Ref. [36], a useful fraction of the ions should neutralize
into the metastable state of interest, or decay into that state
following the few μs travel time between neutralization and
detection. Furthermore, because of the kinematic compression
of the velocity distribution when accelerating an ion beam
from room temperature to 30 keV, quasidoppler free spec-
troscopy is possible by overlapping the ion beam with a laser
beam collinearly along the ion beam axis.

The experiment was performed using the collinear laser
spectroscopy beamline [37] at the IGISOL facility in the Ac-
celerator Laboratory of the University of Jyväskylä, Finland.
An intense beam of approximately 10 10Yb ions per second
is produced using a glow-discharge spark source. Ions are
extracted from this source at an energy of 30 keV. This beam
is guided into a dipole magnet, which is used to mass select
only one of the stable Yb isotopes. The mass resolving power
m/�m of this magnet was measured to be 350, which is suf-
ficiently high to ensure the separated beams are isobarically
pure. After this mass-selection stage, the ions are injected
into a gas-filled radio-frequency Paul trap (rf cooler), where
the ions are cooled through collisions with room-temperature
helium gas. Ions are extracted from this device as a continuous
beam at an energy of 30192(5) eV, with an energy spread
of less than 1 eV [38]. The method used to determine the
absolute value of this beam energy is detailed in Sec. III C.
Drifts and relative changes in the beam energy were monitored
using a 1:104 voltage divider and a digital multimeter, and
were found to be well below 1 V over the duration of the
measurement.

The ytterbium ions are transported to the collinear laser
beamline as shown in Fig. 1, and through a charge-exchange
cell, which consists of a reservoir of potassium heated to about
120◦C. Through charge-exchange reactions with the potas-
sium vapor inside this cell, the Yb ions are neutralized. This
neutralization process predominantly populates the atomic
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FIG. 1. Schematic figure of the collinear laser spectroscopy beamline at IGISOL. The ion beam is injected from the radiofrequency cooler
(not shown) into the beamline from the right, while the continuous wave laser overlaps in a counterpropagating direction. The beamline consists
of the following components: (1) Microchannel plate detector, (2) MagneToF minidetector, (3) Faraday cup, (4) Electrostatic deflector, (5)
Photomultiplier tube, (6) Charge-exchange cell, (7) Silicon detector, (8) Quadrupole triplet, and (9) XY steerers.

ground state, but a fraction (estimated at 0.01 percent) of the
atoms leaves the charge exchange cell in the 3Po

2 metastable
state. Next, the fast atom beam is overlapped with a counter-
propagating continuous wave laser beam. The laser light is
produced using a Sirah Matisse TS Titanium:Sapphire laser,
frequency locked to a commercial HighFinesse WS10 wave
meter. The output of the laser is frequency doubled by a Sirah
wave train external frequency doubling cavity. By tuning a
voltage applied to the charge exchange cell, the velocity of the
atoms can be changed. The hyperfine structure of the atoms
can thus be measured by doppler shifting the laser wavelength
observed in the rest frame of the atoms. The acceleration
voltage is measured using a 1:103 voltage divider and a digital
multimeter for calibration, which prevents, e.g., nonlinearities
in the voltage scan.

Spectroscopy was performed using three different optical
transitions from the 3Po

2 state, shown in Fig. 2. These lines
were the 399.0890, 390.0855, and 414.9063 nm transitions
(wavelengths in vacuum) to the 4f146p2 3P2, 4f13(2F◦

7/2)
5d(2D)6s6p(3Po) (2D◦

5/2) (J = 2) and 4f146p2 3P1 states at
44760.370 cm−1, 45338.530 cm−1 and 43805.42 cm−1. After
data processing, discussed in the next section, spectra similar
to those shown in Fig. 3 are obtained for the different atomic
lines. We furthermore performed measurements using one
optical transition from the ground state, at 398.7986 nm, to
the 4f146s6p 1Po

1 state at 25068.222 cm−1. From our measure-
ments we estimate the ratio of atoms in the 3Po

2 state to atoms
in the 4f146s2 1S0 ground state is about 1 : 104, in significant
disagreement with the theoretical estimate [36]. Despite this
low number of metastable atoms, clear hyperfine structures
can nevertheless be recorded in a few hours.

B. Analysis procedure

The measurement procedure outlined above yields the
number of photon counts observed by the photomultipler tube
(PMT) for every acceleration voltage in the sweep. Using
this calibrated voltage, the laser frequency as observed in the
rest frame of the atoms can be calculated via the relativistic
Doppler shift formula:

νrest = νlab
1 + β√
1 − β2

, β = v

c
=

√
1 − m2c4

(eV + mc2)2
, (8)

where V is the sum of the cooler platform voltage and the
acceleration voltage V = Vcool + Vacc, and νlab is the laser fre-
quency as measured by the wave meter. Hyperfine constants
can then extracted from the obtained hyperfine spectra. For
this, the SATLAS package [39] was used. The spectra are
fit by using Voigt profiles centered at the resonance locations
predicted from Eq. (1), corrected for second-order shifts given
by Eq. (6).

Optimal values of the hyperfine constants, linewidths, peak
heights and background are then obtained by performing a χ2

minimization. Uncertainties are estimated from the inverse of
the Hessian matrix, and are scaled with

√
χ2

red, where χ2
red

is obtained by dividing χ2 with the number of degrees of

FIG. 2. Atomic levels in Yb I, showing the transitions used in
this work. Wavelengths are given in vacuum.
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FIG. 3. Typical spectra obtained with the three optical transitions from the metastable state of interest used in this work. The red line is the
line of best fit.

freedom. Each fit has seven free parameters related to the
hyperfine structure constants (A, B, and C for each state, and
furthermore a centroid wavelength). Since there are more than
seven resonances for each of the transitions, the fit is overde-
termined, which helps to reduce the statistical uncertainties
and to get precise values of the hyperfine coefficients, de-
spite the somewhat poor signal-to-background for some scans.
Typical linewidths 75 MHz. This width is dominated by the
intrinsic linewidth and power broadening due to the strength
of the optical transitions which were used.

The photon background was observed to vary over the scan
range. The background is dominated by light spontaneously
emitted by the ytterbium atoms following charge exchange.
Scanning over large voltage ranges causes small changes in
the atom trajectories, which changes the number of pho-
tons detected by the PMT. In order to fit this background,
a second-order polynomial was used. Note that this choice
of background shape affected the values of the hyperfine
constants imperceptibly. For some of the spectra, partially
overlapping resonances can be observed. The ratio of ampli-
tudes of such overlapping peaks can be constrained to the ratio
of the following theoretical intensities [2]:

IFF ′ ∝ (2F + 1)(2F ′ + 1){F F ′ 1 J J ′ I}2
. (9)

This helps to ensure convergence of the fit, and prevents
convergence to nonphysically small amplitudes for one of the
components.

C. Systematic Uncertainties

One possible source of systematic uncertainty stems from
the precision with which the ion beam energy can be de-
termined. Assuming an incorrect beam energy during the
analysis will lead to a small stretching of the frequency scale

of the hyperfine structure in the rest frame of the atoms, which
in turn may skew the extracted hyperfine intervals. This is not
expected to strongly influence the value of the hyperfine C
constant, since the presence of a nonzero C only manifests
itself as a minor perturbation on top of the much larger dipole
and quadrupole splittings. Nevertheless, care was taken to
remove this potential systematic effect. This was done via a
beam energy calibration using reference measurements of the
accurately known hyperfine intervals of the ground state of
singly ionized 171,173Yb+ [40].

In order to study the ionic ground state, after collecting
several scans for each of the atomic transitions, the charge-
exhange cell was brought to room temperature. The ion beam
thus was no longer neutralized, and collinear laser spec-
troscopy was performed on the ionic 369.4192 nm line from
4f146s 2S1/2 to the 4f146p 2Po

1/2 state at 27061.82 cm−1. Three
scans were taken for both 171,173Yb+. In the case of the present
measurements, if the assumed beam energy is wrong by 10 eV,
the extracted hyperfine intervals would be offset from litera-
ture values by about 2 MHz. By combining the three scans for
171Yb and 173Yb, we obtain a voltage offset of 34(5) V. This
value was added to the total beam energy during the analysis.
The systematic uncertainty on the hyperfine constants due to
the 5 V uncertainty on the beam energy was also estimated
and found to be negligible.

Care was also taken to optimize the mass resolving power
of the dipole magnet, to make sure no 172,174Yb is present in
the beam when studying 173Yb. Otherwise, if not accounted
for, e.g., a small resonance of the even-even neighbors which
lies close to a 173Yb resonance might affect the hyperfine
constants. No evidence for resonances associated with these
neighboring masses (whose position is well known from sepa-
rate measurements performed prior to measuring the structure
of 173Yb) was seen in the spectra.
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TABLE III. Summary of the hyperfine constants extracted in this work. Uncertainties (one standard deviation) are given in brackets, and
are calculated as the uncertainty on the weighted mean of the values obtained for every separate scan. Values with and without corrections for
second-order hyperfine interactions are given. The bottom row lists the literature values obtained in Ref. [22].

Al [MHz] Bl [MHz] Cl [MHz] Au [MHz] Bu [MHz] Cu [MHz]

399.0890 nm −742.0(1) 1347.2(10) −0.01(7) −123.4(10) −629.8(9) 0.08(7)
390.0855 nm −741.8(2) 1348.9(19) 0.12(13) −347.6(2) 120.0(18) -0.15(14)
414.9063 nm −742.0(3) 1345.4(23) 0.01(17) −0.01(45) 484.0(12) –

All lines −741.98(9) 1347.3(8) 0.02(6) – – –

399.0890 nm (corr) −742.0(1) 1347.2(11) −0.02(9) −123.5(12) −629.9(11) 0.09(7)
390.0855 nm (corr) −741.8(2) 1348.9(19) 0.16(14) −347.6(2) 119.9(18) -0.15(14)
414.9063 nm (corr) −742.0(3) 1345.4(23) 0.01(17) −0.01(45) 484.0(12) –

All lines (corr) −741.98(9) 1347.3(9) 0.03(7) – – –

Literature 769.9487 nm [22] −742.11(2) 1339.2(2) 0.54(2) – – –

As will be shown in Sec. IV, the data extracted for the
three different transitions all yield consistent values. This pro-
vides a measure of confidence in the final hyperfine constants
extracted here. It should be noted, however, that any source
of systematic uncertainty which affects all three lines equally
would remain undetected.

IV. RESULTS AND DISCUSSION

A. Hyperfine constants of the 3Po
2 -state

The hyperfine constants extracted from the measurements
are summarized in Table III. The numbers in round brackets
are statistical and are calculated as the error on the weighted
mean of the results for the individual scans of each transition.
The fourth row and eighth row of the table show the weighted
average of the three preceding rows. Values are presented
with and without taking the second-order shifts discussed
in Sec. II B into account. The impact of the second-order
shifts is rather small given our experimental uncertainties; the
value of the hyperfine C-constant shifts from 0.02(6) MHz
to 0.03(7) MHz, but the average values of A and B do not
change at the present precision. The hyperfine constants are
also compared to literature. Good agreement with literature is
obtained for the hyperfine A coefficient, but the value of both
B and C deviate. Interestingly, the hyperfine A constant of the
4f146p2 3P1 state is zero within our uncertainties.

The hyperfine C constant of the 3Po
2 state is zero within

one standard deviation for every individual line. The weighted
mean of the values of C for this state from all 13 scans is
0.03(7) MHz (at the 68% confidence level), which is signifi-
cantly different from the value of 0.54(2) MHz obtained using
the 769.9487 nm line [22]. This is shown graphically in the
third panel of Fig. 4, which shows the values of A, B, and C
for every individual scan, as well as their weighted average.
Figure 4 serves to illustrate the excellent internal consistency
of our dataset. The χ2

red of the hyperfine constants is about
0.5, suggesting our error bars on the individual datapoints are
somewhat conservative. Given that three different optical tran-
sitions were used to study the hyperfine structure of the 3Po

2
state, this provides confidence in our values of the hyperfine
constants. The origins of the discrepancy between our value
of C and literature are unclear; further investigation using the
769.9487 nm transition in the future might help to resolve this
puzzle. Currently, the wavelength of all light spontaneously
emitted by the atom following the 769.9487 nm excitation lies
outside of the wavelength sensitivity of our photomultiplier
tube, preventing us from making this measurement at the
present time.

In order to extract a value of � from our new value
of C for 173Yb, atomic structure calculations are required.
The value of C/� was reported as −15.99 kHz/(μN × b) in
Ref. [22]. Using this value, we thus obtain -1.9(44) μN ×
b. From the calculations presented in this work (see

FIG. 4. Summary of the hyperfine A, B, and C constants extracted from the 13 measurements performed in this work. The results obtained
with the same transition are grouped together. The caption provides the reduced χ2

ν of all 13 values. The weighted mean is shown with the
shaded areas. For the C constants, our final value is zero within the uncertainties, and significantly different from the literature value.
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TABLE IV. Overview of some of the magnetic octupole hyper-
fine constants C and their corresponding moments. Error bars on the
values of C and � are as quoted in the literature, where available. μN

is the nuclear magneton.

Isotope Z N State C [Hz] �[μN b] Ref.

35Cl 17 18 2Po
3/2 −6.95(1.2) −0.0188 a

37Cl 17 20 2Po
3/2 −5.41(1.2) −0.0146 a

51V 23 27 4D3/2 −1660(140) – [16] b

23 27 4D5/2 −270(80) – [16] b

69Ga 31 38 2Po
3/2 84(6) 0.107(20) [4]

71Ga 31 40 2Po
3/2 115(7) 0.146(20) [4]

79Br 35 44 2Po
3/2 388(8) 0.116 [11]

81Br 35 46 2Po
3/2 430(8) 0.129 [11]

83Kr 36 47 3Po
2 −790(250) −0.18(6) [10]

113In 49 64 2Po
3/2 1728(45) 0.565(12) [6]

115In 49 66 2Po
3/2 1702(35) 0.574(15) [6]

127I 53 74 2Po
3/2 2450(370) 0.167 [5,46]

131Xe 54 77 3Po
2 728(105) 0.048(12) [9]

133Cs 55 78 2Po
3/2 560(70) 0.8(1) [20]

137Ba 56 81 2D3/2 36.546 0.05057(54) [21]
137Ba 56 81 2D5/2 −12.41(77) 0.0496(37) [47]
151Eu 63 88 8,10D◦

J
c – [18]

153Eu 63 90 8,10D◦
J

c – [18]
155Gd 64 91 3D◦

3 −1500(500) −1.6(6) [13]
173Yb 70 103 3Po

2 540(20)·103 −34.4(21) [22]
30(70)·103 +6.7(160) This work

175Lu 71 104 −617(57) – [17]
176Lu 71 105 −1377(302) – [17]
177Hf 72 105 3F2 170(30) – [19]

72 105 3F3 230(90) – [19]
72 105 3F4 500(190) – [19]

179Hf 72 107 3F2 −410(50) – [19]
72 107 3F3 −600(250) – [19]
72 107 3F4 −1190(500) – [19]

197Au 79 118 2D3/2 212(14) 0.0098(7) [12]
79 118 4F◦

9/2 326(10) 0.130 [12]
201Hg 80 121 3Po

2 −1840(90) −0.130(13) [7]
209Bi 83 126 2Po

3/2 19300(500) 0.55(3)d [15]
83 126 4S◦

3/2 16500(100) 0.43 [14]
207Po 84 123 3P2 −12(1) 0.11(1) [8,48]

aJ. H. Holloway, Ph.D. thesis, Department of Physics, MIT, 1956.
Values taken from Ref. [11].
bListing only significantly nonzero C values.
cAverage ratio of C constants provided: C(151Eu)/C(153Eu) =
0.87(6).
dValue and uncertainty obtained as the average of several theoretical
methods.

Table I), we find C/� = 4.51 kHz/(μN× b), yielding
6.7(160) μN × b.

B. Discussion

The value of � = 34.4(21) μN b obtained in Ref. [22]
was found to be many times larger than the simple shell
model, which formed the motivation for the current work. An
overview of the experimental values of � available in the lit-
erature is given in Table IV, which serves to place into context
the size of the value of � of 173Yb obtained in Ref. [22]. An

173Yb
173Yb lit.

I = l + 1/2
I = l - 1/2

FIG. 5. Overview of the currently known magnetic octupole mo-
ments of odd-mass isotopes (listed in Table IV). Full lines are
single-particle estimates of � obtained using Eq. (10), with an orbital
quenching factor of 0.6. Left: odd-proton isotopes, right: odd-neutron
nuclei. The inset shows a zoomed-out scale, to bring the literature
value for 173Yb into view.

overview of the existing experimental values of �/μN 〈r2〉,
where 〈r2〉 is the mean-squared radius of the valence nucleon
orbital, is furthermore shown in Fig. 5. Error bars represent the
total uncertainties as reported in literature. To obtain values of
〈r2〉, in principle, theoretical calculations would be required,
but as an approximation data on the total nuclear charge radius
obtained from [41] were used. Figure 5 also shows theoretical
single-particle estimates of �/μN 〈r2〉 of a nucleus with spin
I containing an odd number of nucleons. These values can be
calculated using [42]

�/μN
〈
r2

〉 = 3

2

2I − 1

(2I + 4)(2I + 2)

×
{

(I + 2)[(I − 3
2 )gl + gs], I = l + 1

2

(I − 1)[(I + 5
2 )gl − gs], I = l − 1

2 ,
(10)

where gl = 1, gs = 3.351414 for free protons and gl =
0, gs = −2.2961127 for free neutrons. From the systematics
of the magnetic dipole moments, it is well known that these
free nucleon values do not provide an adequate description for
the vast majority of nuclei. For this reason, often quenched
values, usually gs,eff = 0.6 · gs,free, are adopted. This is also
the approach we take here for the magnetic octupole moment.

Most values of �/μN 〈r2〉 lie between the curves predicted
using Eq. (10). This is similar to the case for the magnetic
dipole moments, which for nearly all isotopes studied so far lie
between the single-particle Schmidt lines [43]. For �/μN 〈r2〉,
as noted in Ref. [20], the value for 133Cs is markedly larger
than the single-particle estimate without quenching, and the
quenched single-particle estimate. Another example is re-
ported for 155Gd [13], where � is significantly larger than
the quenched single-particle estimate (0.029 μN b) and the
predictions by the strong coupling model (0.044 μN b) [44].
However, the Gd atom has an opened d and half-filled
f subshells. Thus, it poses a significant challenge for atomic-
structure calculations to deal with the extremely complicated
electron correlations and to achieve the required accuracy for
extraction of � from hyperfine splitting measurements.

From Fig. 5, it is clear that our value of � = 6.7(160) μN b
is consistent with the simple shell-model estimate. More pre-
cise measurements of � are required in order to make more
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detailed comparisons with the shell model picture presented
here, or with future large-scale nuclear structure calculations.
For example, advanced large-scale shell model calculations
are nowadays routinely used to accurately investigate the finer
details of the magnetic dipole moments. For magnetic oc-
tupole moments such calculations would also be desirable,
though so far only few attempts have been made [45].

V. CONCLUSION

We reported on the measurement of the hyperfine constants
A, B,C of the 3Po

2 state in neutral Yb. These measurements
were performed using three different transitions with a stan-
dard collinear laser spectroscopy method, where the state of
interest was populated through charge exchange with neutral
potassium. From the data, we find that the hyperfine C con-
stant is zero within experimental uncertainties. The puzzlingly
large value previously reported in literature seemed difficult to
reconcile with simple shell model estimates of the magnetic
octupole moment. Our result significantly deviates from the

literature value and falls in line with the simple theoretical
estimates. The origins of this experimental discrepancy are
not clear; a remeasurement of the hyperfine structure using
the 769.9487 nm would thus be most welcome. Based on the
results presented in this work, future measurements will re-
quire at least an order of magnitude improvement in precision
in order to extract a nonzero magnetic octupole moment. This
could be achieved using, e.g., a collinear laser-rf method, or
another suitably high-precision technique. We also reported
on a set of atomic structure calculations of the second-order
hyperfine shifts and the value of C/� which will be required
to interpret such future, higher-precision measurements.
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M. Godefroid, and C. Froese Fischer, Computer Physics
Communications (2021).

[29] P. Jönsson, F. Parpia, and C. Froese Fischer, Comput. Phys.
Commun. 96, 301 (1996).

[30] J. G. Li, P. Jönsson, M. Godefroid, C. Z. Dong, and G. Gaigalas,
Phys. Rev. A 86, 052523 (2012).

[31] J. Li, M. Godefroid, and J. Wang, J. Phys. B: At., Mol. Opt.
Phys. 49, 115002 (2016).

[32] S. Porsev, Y. G. Rakhlina, and M. Kozlov, J. Phys. B 32, 1113
(1999).

[33] N. J. Stone, At. Data Nucl. Data Tables 90, 75 (2005).
[34] A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950).
[35] A. Kramida, Yu. Ralchenko, J. Reader, and NIST ASD Team

(2020), NIST Atomic Spectra Database (version 5.7) [On-
line]. Available: https://physics.nist.gov/asd (National Institute
of Standards and Technology, Gaithersburg, MD, 2020).

[36] A. Vernon, J. Billowes, C. Binnersley, M. Bissell, T. Cocolios,
G. Farooq-Smith, K. Flanagan, R. G. Ruiz, W. Gins, R. de
Groote, Á. Koszorús, K. Lynch, G. Neyens, C. Ricketts, K.
Wendt, S. Wilkins, and X. Yang, Spectrochim. Acta Part B 153,
61 (2019).

032826-8

https://doi.org/10.1088/0034-4885/66/4/205
https://doi.org/10.1016/j.ppnp.2015.09.003
https://doi.org/10.1016/j.nima.2015.10.096
https://doi.org/10.1103/PhysRev.96.539
https://doi.org/10.1103/PhysRev.94.1798
https://doi.org/10.1103/PhysRev.106.958
https://doi.org/10.1103/PhysRev.119.134
https://doi.org/10.1103/PhysRev.123.198
https://doi.org/10.1103/PhysRev.129.1214
https://doi.org/10.1103/PhysRev.142.53
https://doi.org/10.1103/PhysRev.161.60
https://doi.org/10.1088/0022-3700/2/1/318
https://doi.org/10.1103/PhysRevA.1.685
https://doi.org/10.1103/PhysRevA.1.1330
https://doi.org/10.1103/PhysRevA.19.168
https://doi.org/10.1016/0375-9474(85)90237-4
https://doi.org/10.1103/PhysRevA.44.1523
https://doi.org/10.1103/PhysRevA.52.157
https://doi.org/10.1103/PhysRevLett.91.072501
https://doi.org/10.1364/OE.20.021379
https://doi.org/10.1103/PhysRevA.87.012512
https://doi.org/10.1103/PhysRevA.102.022810
https://doi.org/10.1088/0953-4075/49/18/182004
https://doi.org/10.1016/j.cpc.2018.10.032
https://doi.org/10.1016/0010-4655(96)00057-4
https://doi.org/10.1103/PhysRevA.86.052523
https://doi.org/10.1088/0953-4075/49/11/115002
https://doi.org/10.1088/0953-4075/32/5/006
https://doi.org/10.1016/j.adt.2005.04.001
https://doi.org/10.1103/PhysRev.77.94
https://physics.nist.gov/asd
https://doi.org/10.1016/j.sab.2019.02.001


MAGNETIC OCTUPOLE MOMENT OF 173Yb USING … PHYSICAL REVIEW A 103, 032826 (2021)

[37] L. J. Vormawah, M. Vilén, R. Beerwerth, P. Campbell,
B. Cheal, A. Dicker, T. Eronen, S. Fritzsche, S. Geldhof,
A. Jokinen, S. Kelly, I. D. Moore, M. Reponen, S.
Rinta-Antila, S. O. Stock, and A. Voss, Phys. Rev. A 97, 042504
(2018).

[38] A. Nieminen, P. Campbell, J. Billowes, D. H. Forest, J. A. R.
Griffith, J. Huikari, A. Jokinen, I. D. Moore, R. Moore,
G. Tungate, and J. Äystö, Phys. Rev. Lett. 88, 094801
(2002).

[39] W. Gins, R. P. de Groote, M. L. Bissell, C. G. Buitrago, R.
Ferrer, K. M. Lynch, G. Neyens, and S. Sels, Comput. Phys.
Comm. 222, 286 (2018).

[40] R. de Groote, A. de Roubin, P. Campbell, B. Cheal, C. Devlin,
T. Eronen, S. Geldhof, I. Moore, M. Reponen, S. Rinta-Antila,

and M. Schuh, Nucl. Instrum. Methods Phys. Res., Sect. B 463,
437 (2020).

[41] I. Angeli and K. Marinova, At. Data Nucl. Data Tables 99, 69
(2013).

[42] C. Schwartz, Phys. Rev. 97, 380 (1955).
[43] K. S. Krane, Introductory Nuclear Physics (Wiley, New York,

1987).
[44] S. A. Williams, Phys. Rev. 125, 340 (1962).
[45] B. A. Brown, W. Chung, and B. H. Wildenthal, Phys. Rev. C 22,

774 (1980).
[46] M. J. Amoruso and W. R. Johnson, Phys. Rev. A 3, 6 (1971).
[47] N. C. Lewty, B. L. Chuah, R. Cazan, M. D. Barrett, and B. K.

Sahoo, Phys. Rev. A 88, 012518 (2013).
[48] G. H. Fuller, J. Phys. Chem. Ref. Data 5, 835 (1976).

032826-9

https://doi.org/10.1103/PhysRevA.97.042504
https://doi.org/10.1103/PhysRevLett.88.094801
https://doi.org/10.1016/j.cpc.2017.09.012
https://doi.org/10.1016/j.nimb.2019.04.028
https://doi.org/10.1016/j.adt.2011.12.006
https://doi.org/10.1103/PhysRev.97.380
https://doi.org/10.1103/PhysRev.125.340
https://doi.org/10.1103/PhysRevC.22.774
https://doi.org/10.1103/PhysRevA.3.6
https://doi.org/10.1103/PhysRevA.88.012518
https://doi.org/10.1063/1.555544

