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Abstract

This thesis consists of fourteen publications and an introductory part on
rare beta decays and neutrino-nucleus scattering. The overarching theme of
this work is to provide state-of-the-art theoretical calculations for statistical
inferences related to the existence of eV-scale sterile neutrinos.

The first body of research relates to forbidden beta spectra and the reactor
antineutrino anomaly. As a first application, the theoretical formalism is
applied to several forbidden beta decays in order to study how adopting
quenched values of the weak coupling constants gA and gV affects the shape
of the electron spectrum. Next, the formalism is applied to the first-forbidden
unique decays of argon isotopes 39,42Ar in order to produce high-precision
spectra which could be utilized for modeling background radiation in rare-
event searches. Following this, the mesonic enhancement of the γ5 matrix
element, also known as the axial-charge matrix element, for decays between
neutron-rich nuclei is studied in the A ≈ 95 and A ≈ 135 mass regions. These
include transitions which play a role in reactor antineutrino experiments.
The theoretical spectra are then compared with the experimental results of
COBRA for 113Cd and EXO-200 for 137Xe in order to assess the quality of
the theoretical predictions, and excellent agreement is found. The formalism
is then applied to the 36 most important first-forbidden contributors to the
cumulative β-spectrum from nuclear fission in order to reassess the nuclear
structure uncertainties related to the reactor antineutrino anomaly. The
nuclear structure uncertainties are found to be significantly larger than has
been previously assumed.

The second body of research focuses on charged-current scattering reactions
for neutrinos and nuclei, with special emphasis on the gallium anomaly. Firstly,
new estimates for solar and supernova neutrino cross sections for scattering
off 40Ar are derived. Next, a new estimate for the solar neutrino cross section
of 205Tl, an excellent candidate for radiochemical experiments, is evaluated.
The formalism is then applied to the case of 71Ga in order to re-evaluate the
theoretical cross section and to investigate possible shortcomings of charge-
exchange reactions as a means of evaluating cross sections in the context of
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the gallium anomaly. The statistical significance of the gallium anomaly is
found to be reduced by the new calculations.



Tiivistelmä

Tämä väitöskirja koostuu neljästätoista artikkelista sekä harvinaisia beetaha-
joamisia ja neutriino–ydin-sirontaa käsittelevästä johdanto-osasta. Pyrkimyk-
senä on ollut laskea mahdollisimman tarkkoja teoreettisia arvioita steriilien
neutriinojen olemassaoloon liittyvien kokeellisten tulosten tulkintaa varten.

Työ koostuu kahdesta kokonaisuudesta, joista ensimmäinen liittyy kiellet-
tyihin beetahajoamisiin ja reaktoriantineutriinoanomaliaan. Kiellettyjen siir-
tymien formalismin ensimmäisenä sovelluksena on tutkittu elektronispektrin
herkkyyttä ydinrakennelaskuihin liittyville epävarmuuksille. Toisena sovellus-
kohteena ovat isotooppien 39,42Ar uniikit siirtymät, joiden elektronispektrit on
laskettu pimeän aineen kokeissa esiintyvän taustasäteilyn poisrajaamista var-
ten. Seuraavaksi on tarkasteltu aksiaalivarausmatriisielementin mesoninvaih-
tovirtoihin liittyvän voimistumisen vaikutusta reaktoriantineutriinoanomalian
kannalta olennaisiin siirtymiin. Teoreettisten spektrien laatu varmistettiin ver-
taamalla tuloksia COBRA- ja EXO-200-mittauksiin. Tämän jälkeen formalis-
mia on sovellettu kolmeenkymmeneenkuuteen reaktoriantineutriinoanomalian
kannalta olennaisimpaan siirtymään ydinrakennelaskuihin liittyvien epävar-
muuksien arvioimiseksi. Uudet laskut osoittavat, että teoreettisiin laskuihin
liittyvät epävarmuudet ovat selvästi suurempia kuin aiemmissa tutkimuksissa
on oletettu.

Toisen kokonaisuuden muodostavat neutriino–ydin-sirontaan liittyvät las-
kut ja galliumanomalian tarkastelu. Ensimmäiseksi neutriino–ydin-sirontalas-
kujen kohteeksi on otettu 40Ar, jolle on määritetty uudet teoreettiset arviot
aurinko- ja supernovaneutriinojen siroamistodennäköisyyksille. Seuraavana
kohteena on ollut 205Tl, jota voitaisiin potentiaalisesti hyödyntää radioke-
miallisissa neutriinokokeissa. Lopuksi on laskettu uudet arviot ytimen 71Ga
vaikutusalalle neutriinolähdekokeissa. Uudet teoreettiset laskut osoittavat, et-
tä keinotekoisiin neutriinolähteisiin liittyvät vaikutusalat on saatettu aiemmin
yliarvioida.
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Chapter 1

Introduction

There are several long-standing problems associated with various neutrino-
related experiments. Mismatches between theoretical predictions and experi-
mental results have been reported by LSND [1, 2], GALLEX [3–5], and SAGE
[6], as well as various reactor-based short baseline oscillation experiments [7,
8]. One proposed solution to these problems has been neutrino oscillation to
a sterile neutrino flavor, which would not interact via the weak interaction [9].
However, some of the results contradict each other, favoring different models
for such particles [10].

The so-called reactor antineutrino anomaly (RAA) [7, 8] refers to the
missing antineutrino flux from nuclear reactors as predicted by theoretical
models. In addition to the missing flux, the experimental and predicted
spectral shapes differ from each other. The disagreement is usually described
as a “5 MeV bump” or a spectral shoulder, and persists after years of intense
research [11–14].

The theoretical determination of the antineutrino flux from reactors relies
on the predicted shape of individual β-spectra from the various fission prod-
ucts. In the research articles by Huber and Mueller et al. [15, 16] the predicted
spectral shapes for the involved beta decays were calculated using simplifying
approximations, which could potentially lead to non-trivial systematic errors.
The reason for making such approximations is the complicated formalism
involving a myriad of form factors. A further complication in forsaking such
approximations would have been that using the full formalism requires com-
putationally burdensome nuclear structure calculations in order to evaluate
the relevant nuclear matrix elements.

In the paper [17] by Mougeot, the experimentally-measured shape factors
were found to deviate significantly from allowed shape factors. A significant
mismatch between theoretical and experimental results was seen for most
of the studied transitions including light, medium-heavy, and heavy nuclei.
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The effects of this were considered within the context of the reactor anomaly
by Sonzogni et al. in [18]. The corrections stemming from the forbidden
decays have been discussed in e.g. [19, 20] but actual microscopic calculations
for the individual beta spectra contributing to the cumulative spectrum
have been previously done only for three different nuclei [21]. However,
uncertainties related to these approximations cannot be reliably quantified
without considering the nuclear structure related corrections to the individual
spectra which contribute to the cumulative antineutrino spectrum. Another
problem adding to this issue is the observation that for some forbidden
transitions the spectral shape uncertainties can be extremely large [22, 23].

The incongruity regarding the source experiments with GALLEX and
SAGE relates also to the missing neutrino flux. This so-called gallium anomaly
was first noticed [24–27] when comparing the source experiment results of
GALLEX and SAGE to cross sections estimated by Bahcall [28]. These
cross sections are based on the reduced Gamow–Teller transition probabilities
(BGTs) and their upper limits, which were measured using a charge-exchange
reaction in the 1980’s [29, 30]. While the ground-state-to-ground-state cross
section is quite reliably known, there are vast uncertainties related to the
excited state contributions. A further complication in the case of scattering to
the first excited state at 175 keV relates to tensor contributions in the charge-
exchange reactions, making the reliable determination of the BGT-values
needed for the cross-section calculation incredibly difficult [31]. Another
possible way to estimate the cross section and the uncertainties related to
it would be a large-scale microscopic calculation. Though a shell-model
calculation was performed in [31], significant truncations had to be made in
order to compensate for the limited computational capacity in 1998.

The research papers included in this thesis aim to address the reactor
antineutrino and gallium anomalies by providing updated values for the
theoretical estimates. In order to address the reactor antineutrino anomaly, the
spectral shapes of forbidden beta decays, their uncertainties and their effective
operators as a way to cope with limitations in the theoretical calculations
are investigated. Though the formalism for forbidden beta decays has been
established decades ago [32], its application to the transitions relevant to the
reactor antineutrino anomaly has been limited, as the large-scale calculations
performed in this work have not been computationally feasible. This thesis
also provides a new large scale estimate for the 71Ga cross section relevant
for addressing the gallium anomaly.
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Chapter 2

Theoretical Framework

This chapter provides an overview of the theoretical formalism necessary
to describe the phenomena studied in this work. The nuclear structure
calculations are described in section 2.1, the theory of forbidden beta decays
and their beta spectra in 2.2, and neutrino-nucleus scattering in section 2.3.
The treatment of beta decays follows the formalism of Behrens and Bühring
[32] and neutrino-nucleus scattering the Donnelly–Walecka formalism [33].

2.1 Nuclear structure

The nuclear structure calculations needed for the description of the weak
interaction processes considered in this work have been carried out using two
nuclear models. Most of the calculations have been done using the interacting
nuclear shell model (see e.g. [34]) while some odd-A nuclei have been described
using the microscopic quasiparticle-phonon model (MQPM) [35, 36]. The
shell-model calculations of this work rely on effective Hamiltonians which have
been fitted to specific model spaces. The advantage of the shell model is its
popularity, which has resulted in a wide variety of such effective Hamiltonians
ready to use in shell-model programs, such as NuShellX@MSU [37]. However,
the shell model is mostly limited to nuclei near closed shells. This can be
mainly attributed to the combinatorial nature of the model, due to which the
computational burden grows as a factorial function of the number of valence
particles, which can make describing some open-shell nuclei computationally
too burdensome even for the largest computer clusters. For such open-shell
nuclei it is not feasible to use particle-hole descriptions, but transforming
the problem to a quasiparticle picture will lift the vast majority of the
computational burden. For even-A nuclei such models as the quasiparticle
Tamm–Dancoff approximation (QTDA) and the quasiparticle random-phase
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approximation (QRPA) are based on on this approach [38]. However, the
open shell nuclei described in this work tend to be odd-A, so a model capable
of describing such nuclei, such as the microscopic quasiparticle-phonon model
described in the next section, is needed.

2.1.1 Microscopic quasiparticle-phonon model (MQPM)

The microscopic quasiparticle-phonon model (MQPM) is based on a mean-
field approach, where the nuclear many-body problem is transformed from A
strongly interacting particles to weakly interacting quasiparticles, i.e. linear
combinations of holes and particles, in a mean field which is created by the
other A − 1 nucleons in the nucleus. The states in the odd-A nucleus are
combinations of one-quasiparticle states and QRPA-phonons (both calculated
in the neighboring even-even reference nucleus) coupled with quasiparticles
to create three-quasiparticle-states. The Hamiltonian for the A fermions can
be written in the occupation-number representation as [38]

H =
∑
α

εαc
†
αcα + 1

4
∑
αβγδ

v̄αβγδc
†
αc
†
βcδcγ, (2.1)

where v̄αβγδ = 〈αβ| v |γδ〉 − 〈αβ| v |δγ〉 is the antisymmetrized two-body
matrix element, and c†ι and cι are the creation and annihilation operators
of the Hartree–Fock quasiparticles. The following expressions are simplified
by adopting the notation introduced by Baranger [39]. In this notation the
Latin letter a denotes the principal, orbital, and total angular momenta (na,
la, ja), while the Greek letter α includes the magnetic quantum number mα

in addition to a.
The building blocks of the MQPM states are obtained by the Bardeen–

Cooper–Schrieffer (BCS) theory [40] and the quasiparticle random-phase
approximation (QRPA) [39]. The ground state of the even-even reference
nucleus is approximated using BCS theory. Employing a Bogoliubov–Valatin
transformation [41, 42]

a†α = uac
†
α + vac̃α, (2.2)

ãα = uac̃α − vac†α, (2.3)

where ãα is the time-reversed BCS-quasiparticle annihilation operator and
a†α is the BCS-quasiparticle creation operator, we get the occupation and
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vacancy amplitudes va and ua. Following the transformation the Hamiltonian
operator in Eq. (2.1) can be expressed in the form

H = H11 +H22 +H40 +H04 +H31 +H13. (2.4)

The number of BCS creation and annihilation operators are denoted by the
indices [43]. When the ground-state energy is minimized, the two-quasiparticle
terms vanish, which is why there are no H20 or H02 in Eq. (2.4).

In order to reproduce the semi-empirical pairing gaps, the monopole matrix
elements of the two-body interaction are scaled by the so-called pairing-
strength parameters g(n)

pair and g
(p)
pair. The proton pairing gap ∆p and the

neutron pairing gap ∆n, which appear in the BCS equations (see formulation
in e.g. [38]), can be estimated using the simple three-point formulas [44, 45]

∆p(A,Z) =1
4(−1)Z+1[Sp(A+ 1, Z + 1)

− 2Sp(A,Z) + Sp(A− 1, Z − 1)], (2.5)

∆n(A,Z) =1
4(−1)A−Z+1[Sn(A+ 1, Z)

− 2Sn(A,Z) + Sn(A− 1, Z)], (2.6)

where Sn is the energy needed to separate a single neutron from the nucleus
and Sp is the separation energy for protons.

The H22, H40, and H04 terms of the Hamiltonian (2.4) relate to two-
quasiparticle excitations. These excitations are described using quasiparticle
random-phase approximation (QRPA) phonons of the neighboring even-even
reference nucleus given by the QRPA-phonon creation operator

Q†ω =
∑
a≤a′

[Xω
aa′A

†
aa′(JωM)− Y ω

aa′Ãaa′(JωM)], (2.7)

where ω denotes the angular momentum Jω, parity πω, and the index kω which
denotes the enumeration of the state with respect to other states with the same
spin and parity. The quantityA†aa′(JωM) =

√
1 + δaa′(−1)J/(1 + δaa′)[a†aa

†
a′ ]Jω

is the two-quasiparticle creation operator, and Ãaa′(JωM) =
√

1 + δaa′(−1)J/
(1 + δaa′)[ãaãa′ ]Jω is the corresponding annihilation operator. The diagonal-
ization of the QRPA-matrix (see e.g. [38]) gives the forward-going amplitude
X and the backward-going amplitude Y .

The MQPM basis states are constructed from the BCS-based one-quasiparticle
states and three-quasiparticle states obtained by coupling QRPA-phonons
with quasiparticles. The MQPM creation operator for the states in the odd-A
nucleus is defined by [36]

Γ†i (jm) =
∑
n

Ci
na
†
njm +

∑
aω

Di
aω[a†aQ†ω]jm, (2.8)
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where Ci
n and Di

aω are the amplitudes given by the MQPM matrix equation.
Using equations-of-motion method [46] one ends up with the generalized
eigenvalue problem [35](

A B
BT A′

)(
Ci

Di

)
= Ωi

(
1 0
0 N

)(
Ci

Di

)
, (2.9)

where the sub-matrices A, A′, and B are the matrix elements (for explicit
expressions see [36]) of H11, H22, and H31 of equation (2.4), respectively.

The overlap between a three-quasiparticle state and a one-quasiparticle
state is identically zero, which results in the overlap matrix on the right-hand
side of (2.9) being block-diagonal. For the one-quasiparticle states the overlap
matrix is diagonal while for the three-quasiparticle states the overlap matrix
N is non-diagonal. The resulting eigenvalue problem is non-Hermitian, and
the basis set is usually over-complete and non-orthogonal.

In order to solve the MQPM eigenvalue problem (2.9), it needs to first be
converted from a non-Hermitian eigenvalue problem to a Hermitian one by
transforming it to an orthogonal basis and then solved by using diagonalization.
To begin with, the eigenvalues of the matrix N are solved from the equation∑

j

Niju
(k)
j = nku

(k)
i . (2.10)

The emerging eigenvectors are then written using |i〉 = Γ†i |QRPA〉 as a basis,
in the form [36] ∣∣∣k̃〉 = 1

√
nk

∑
i

u
(k)
i |i〉 . (2.11)

The set of states
∣∣∣k̃〉 with non-zero nk form is both complete and orthonormal.

Using this new set of states as a basis the MQPM Eq. (2.9) can be expressed
as a symmetric and real eigenvalue problem∑

l

〈
k̃
∣∣∣H ∣∣∣l̃〉 g(n)

l = λng
(n)
k , (2.12)

where 〈
k̃
∣∣∣H ∣∣∣l̃〉 = 1

√
nknl

∑
ij

u
(k)∗
i 〈i|H |j〉u(l)

j . (2.13)

The MQPM-based excitation spectrum of the nucleus 87Sr is given in
Fig. 2.1 together with the experimental spectrum taken from [47] as an
example.
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Figure 2.1. The experimental and MQPM-based theoretical excitation spectra
for 87Sr (Originally published in [I]).
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2.1.2 Model spaces and effective Hamiltonians

The shell-model calculations rely on effective Hamiltonians fitted for specific
model spaces. For light nuclei, the model space usually consists of a single
harmonic oscillator shell like the sd-shell or the fp-shell. For these limited
model spaces a significant amount of experimental data is available and thus
for these mass regions there are well-established Hamiltonians such as the
USDB [48] for the sd-shell and GXPF1A [49, 50] for the fp-shell, which have
been fitted to reproduce the excitation spectra and other observables.

The most important calculations in this work relate to beta decays of
fission fragments and neutrino scattering off 71Ga. The fission fragments
cluster around the mass numbers A ≈ 95 and A ≈ 135. In order to describe
first-forbidden transitions in the A ≈ 95 region, it would be preferable to
include the proton orbitals 0f–1p–0g9/2 and the neutron orbitals 0g7/2–1d–
2s–0h11/2. However, the computational burden for such a calculation would
be beyond any modern machinery. For this reason, keeping the 0f7/2 proton
orbital full and the neutron orbitals 0g7/2 and 0h11/2 (which are above the
1d and 2s orbitals in this mass region) empty is necessary. In [51] multiple
interactions were developed in slightly different model spaces to describe
the decay of 96Y. In this work the interactions glepn and glebpn were used.
The single-particle energies have been fitted specifically for the mass region
while the two-body matrix elements have been generated from the G-matrix
potential. The glebpn interaction is a bare G-matrix version, while glepn
includes some manual adjustments. For the A ≈ 135 nuclei and the 71Ga case
modern well-established Hamiltonians are available in model spaces including
all the orbitals between the shell gaps.

The computational burden of MQPM calculations is substantially lower
than that of the shell-model calculations, which permits the use of larger
model spaces. In medium-heavy nuclei, a typical model space would include
two major oscillator shells as well as the lowest orbitals from the next shell.

The single-particle states needed in the calculations of this work were
calculated using a Coulomb-corrected Woods–Saxon potential with Bohr–
Mottelson parametrization [52]. Minor modifications in the order of 1 MeV
were done for some key orbitals based on the low-lying spectra of the odd-A
nuclei, since the lowest states are of dominantly one-quasiparticle type. The
two-body matrix elements were generated from the Bonn one-boson-exchange
potential applying G-matrix techniques [53]. The interaction matrix elements
of the BCS-calculations were scaled to reproduce the phenomenological pair-
ing gaps as described in section 2.1.1. Scaling constants were used in the
QRPA-calculations for the multipoles 0+, 2+, and 4+ separately in order to
reproduce the experimental excitation energies of states excluding known
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two-quasiparticle states, which the MQPM is not able to describe.
While not a concern in the calculations regarding the anomalies, an obvious

advantage of the MQPM approach over the shell model in relation to some of
the transitions considered in this work is that pathological situations where
some matrix elements are identically zero due to model-space restrictions do
not emerge. However, the adjustments are done with the lowest states in
mind, so the contributions from higher oscillator shells are unreliable at best.
On the other hand, the MQPM could be used to estimate the magnitude of
such matrix elements in the future.

2.2 Forbidden beta decays

Like the description of nuclear structure in section 2.1, the description of
β-decay is complicated by the A strongly interacting fermions involved. In
order to move forward with this problem, it is assumed that when the decay
happens, the nucleus undergoing the decay interacts via the weak interaction
only. The other A − 1 nucleons are assumed to not be involved in the
process. This simplification is referred to as the impulse approximation.
In this approximation the leptonic and hadronic currents (the flow lines
of the nucleons and emitted leptons) interact at a weak interaction vertex.
The formalism presented here is for β−-decays since these are the relevant
decays for the reactor antineutrino anomaly. The formalism can be used for
β+-decays with some minor changes outlined in [32].

2.2.1 Renormalization of the axial-vector current

Due to the large mass of the vector boson W− it propagates only a short
distance compared to the size of the nucleus. The propagation distance is so
short that the vertex can be thought of as being point-like with an effective
coupling constant GF, the Fermi constant. At the quark level the hadronic
current can be described as a mixture of axial-vector and vector components
[54–56]

JµH = ū(x)γµ(1− γ5)d(x), (2.14)

where γµ and γ5 are the Dirac matrices. The strong interaction leads to some
renormalization effects, which need to be considered when we move from
quarks to nucleons. For protons (p) and neutrons (n) the hadronic current
becomes [57]

JµH = p̄(x)γµ(gV − gAγ5)n(x), (2.15)
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Table 2.1. Classification of forbidden beta decays based on the difference in
parity πiπf and angular momentum ∆J between the initial and final nuclei. K
denotes the degree to which the transition is forbidden. Transitions for which
∆J = K + 1 are known as unique, while the rest of the decays are non-unique.

K 1 2 3 4 5
∆J 0,1,2 2,3 3,4 4,5 5,6
πiπf -1 +1 -1 +1 -1

where gV is the weak vector coupling constant and gA is the weak axial-vector
coupling constant. For a free nucleon the values gV = 1.0 and gA = 1.27 are
given by the conserved vector-current hypothesis (CVC) and the partially
conserved axial-vector-current hypothesis (PCAC) [58]. However, the value
of gA is affected by many-nucleon correlations within nuclear matter, so for
calculations in nuclei consisting of multiple nucleons the use of the free nucleon
values for the coupling constants might be problematic [38]. Especially when
relying on nuclear structure calculations done in small model spaces, severe
quenching of the axial-vector coupling constant seems to be necessary to
reproduce experimental results [59]. In the phenomenological vector-minus-
axial-vector theory (V −A) of β-decay the Hamiltonian density can be written
as

Hβ(x) = −GF√
2

[p̄(x)γµ(gV − gAγ5)n(x)ē(x)γµ(1− γ5)ν(x) + h.c.]. (2.16)

2.2.2 Beta decay half-life and electron spectrum
In β−-decay, the probability that the electron is emitted with energy (including
rest mass) between We and We + dWe is

P (We)dWe = GF

(~c)6
1

2π3~
C(We)

× pecWe(W0 −We)2F0(Z,We)K(We)dWe, (2.17)

where Z is the proton number of the final nucleus, pe is the momentum of
the electron, F0(Z,We) is the Fermi function, K(We) includes all the various
corrections, such as finite-size corrections and atomic screening, and W0 is
the end-point energy of the electron spectrum. The nuclear structure details
are contained in the shape factor C(we). Integrating over the possible kinetic
energies gives the β-decay half-life, which is given by

t1/2 = κ

C̃
, (2.18)
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where C̃ is the integrated shape function and the constant κ has the value
[60]

κ = 2π3~7ln 2
m5
ec

4(GF cos θC)2 = 6289 s, (2.19)

where θC ≈ 13.04◦ is the Cabibbo angle. For describing β-decays it is
convenient to work with units where me = 1 by introducing unitless kinematic
quantities w0 = W0/mec

2, we = We/mec
2, and p = pec/(mec

2) =
√
w2
e − 1.

The integrated shape factor in the denominator of Eq. (2.18) can be expressed
in these quantities as

C̃ =
∫ w0

1
C(we)pwe(w0 − we)2F0(Z,we)dwe. (2.20)

In Eq. (2.20) the kinematic factors are universal and the nuclear structure
dependent part is included in C(we).

The shape factor is obtained by doing a multipole expansion of the V −A
hadronic current resulting in a complicated expression including momentum-
dependent form factors which are then expanded as power series (see [32] for
details). The shape factor can be then written as

C(we) =
∑

ke,kν ,K

λke

[
MK(ke, kν)2 +mK(ke, kν)2

− 2γkeµke
kewe

MK(ke, kν)mK(ke, kν)
]
, (2.21)

where kν and ke (with values 1,2,3,. . . ) are related to the partial-wave
expansion of the electron and neutrino wave functions, µke ≈ 1, γke =√
k2
e − (αZ)2, and λke = Fke−1(Z,we)/F0(Z,we) is the Coulomb function and

Fke−1(Z,we) is the so-called generalized Fermi function. The terms with a
large change in angular momentum are heavily suppressed, and thus only
the terms with ke + kν = K + 1 and ke + kν = K + 2 are relevant. The
explicit expressions for the quantities mK(ke, kν) and MK(ke, kν) are listed in
e.g. [32]. These expressions include several form factors along with various
kinematic quantities.

The form factors are linked to nuclear matrix elements M(N)
KLs in the

impulse approximation by

RLV F
(N)
KLs = (−1)K−LgVVM

(N)
KLs (2.22)

RLAF
(N)
KLs = (−1)K−L+1gVAM

(N)
KLs, (2.23)
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Table 2.2. The leading-order matrix elements in Kth forbidden decays. The
matrix elements AM(0)

000 and AM(0)
011 are non-zero only for first-forbidden decays

with ∆J = 0. For unique transitions only the matrix element AM(0)
K+1,K,1 is

non-zero simplifying the formalism greatly.

AM(0)
000 Axial-charge, enhanced by mesonic currents

AM(0)
011 –

VM(0)
K,K−1,1 Small relativistic NMEn, related to VM

(0)
KK0 by CVC

VM(0)
KK0 –

AM(0)
KK1 Can cancel out with VM

(0)
KK0 leading to different spectral shapes

AM(0)
K+1,K,1 Unique decay NME

where R is the nuclear radius, and the sign convention is the one used in e.g.
[23]. The nuclear matrix elements can be evaluated using the relation

V/AM(N)
KLs =

√
4π
Ĵi

∑
pn

V/Am
(N)
KLs(pn)(Ψf ||[c†pc̃n]K ||Ψi), (2.24)

where V/Am
(N)
KLs(pn) is the single-particle matrix element corresponding to

the proton orbital p and neutron orbital n, and (Ψf ||[c†pc̃n]K ||Ψi) is the one-
body transition density (OBTD), in which the nuclear structure information
relevant for the transition is encoded. The choice of nuclear model enters the
calculation through the evaluation of the OBTDs. For Kth-forbidden beta
decays the most important nuclear matrix elements are given in Table 2.2. In
addition to these, there also appear multiple Coulomb-corrected versions of
these matrix elements in the shape-factor expression as well. When next-to-
leading-order terms are also included in the expressions, even more matrix
elements are needed. However, these other matrix elements are suppressed
by various small factors [23].

After combining some terms, the shape factor can be decomposed as

C(we) = g2
VCV(we) + g2

ACA(we) + gVgACVA(we) . (2.25)

It is well established that for weak interaction phenomena shortcomings
in nuclear structure calculations can be corrected for to some degree by
quenching the axial-vector coupling constant gA. For forbidden spectra the
ratio gA/gV affects the spectral shape, since the terms Ci(we) in Eq. (2.25)
are all different functions of electron energy. However, the spectral shapes of
pure rank-0 transitions, which are transitions between a 0+ and a 0−-state, as
well as unique transitions in the leading order, correspond to pure axial-vector
transitions and thus do not depend on the coupling constants.
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For transitions with ∆J = 0 the mesonic enhancement of the γ5 matrix
element does play a role in determining the spectral shape. The enhancement
is due to nuclear medium effects mediated by meson-exchange currents, as was
first suggested in [61–63]. The γ5 matrix element is expected to be enhanced
by 40–70% with respect to the value given by the impulse approximation.
There are fundamental reasons for the enhancement, and the existence of
the enhancement was first argued based on chiral-symmetry and soft-pion
theorems [64, 65].

The spectral-shape dependence on the adopted ratio of gA/gV can be
significant if the matrix elements AM(0)

KK1 and VM(0)
KK0 are roughly the same

size and have opposite signs so that, depending on the ratio gA/gV, the
cancellation can be close to perfect or less significant. When the cancellation
is close to perfect, various small terms start dominating, resulting in a myriad
of different spectral shapes.

2.3 Neutrino-nucleus scattering
In this section the streamlined version of the formalism related to calculating
cross sections for charged-current neutrino-nucleus scattering is given. Further
details of the formalism are given in e.g. [66, 67].

The main interest here are solar and other low-energy neutrinos which
interact with nuclei, resulting in an emission of an electron

νe + (A,Z) → (A,Z + 1) + e−, (2.26)

where the final state can be either the ground state or an excited state in the
final nucleus. For low-energy neutrinos (Eν < 50 MeV) the neutrino energies
are too low for the creation of lepton flavors µ and τ . The CC neutrino
scattering is an inverse process to the electron capture in the daughter nucleus

(A,Z + 1) + e− → νe + (A,Z). (2.27)

Due to this symmetry, the ground-state-to-ground-state cross section can be
related to the half-life of the (A,Z + 1)-nucleus. Thus, the ground-state-to-
ground-state cross section is well known in cases where the electron capture
proceeds to the ground state.

The four-momentum transfer in the transitions considered here is much
smaller than the mass of the exchanged gauge boson W±, that is, Q2 =
−qµqµ �M2

W± . Therefore, scattering can be considered in the lowest order
as a point-like vertex with a coupling constant G = GF cos(θC), analogously
to the treatment of beta decays in the previous section. As in beta decay, the
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matrix element of the effective Hamiltonian can be written as a product of
the leptonic and hadronic currents

〈f |Heff |i〉 = G√
2

∫
d3rlµe−q·r 〈f | J µ(r) |i〉 , (2.28)

where lµ = eq·r 〈l| jµ(r) |ν〉 and J µ denotes the hadronic current [66].
When we assume that the initial and final nuclear states have well-defined

spin-parities Jπff , the double-differential cross section for the charged-current
neutrino-nucleus scattering is given by [66, 68, 69][

d2σi→f
dΩdEexc

]
= G2|ke−|Ee−

π(2Ji + 1) F (Zf , Eke− )

×

∑
J≥0

σJCL +
∑
J≥1

σJT

 , (2.29)

where Ee− and ke− are the energy and the three-momentum of the outgoing
electron, respectively, and F (Zf , Eke− ) is the Fermi function. The two quanti-
ties σJCL and σJT are the Coulomb-longitudinal and the transverse components
where the Coulomb-longitudinal component is

σJCL =(1 + a cos θ)|(Jf ||MJ(q)||Ji)|2

+ (1 + a cos θ − 2b sin2 θ)|(Jf ||LJ(q)||Ji)|2

+ Ek − Ek′

q
(1 + a cos θ + c)

× 2Re[(Jf ||MJ(q)||Ji)∗(Jf ||LJ(q)||Ji)], (2.30)

and the transverse component is

σJT =(1− a cos θ + b sin2 θ)
× [|(Jf ||T mag

J (q)||Ji)|2 + |(Jf ||T el
J (q)||Ji)|2]

− Ek − Ek′

q
(1− a cos θ − c)

× 2Re[(Jf ||T mag
J (q)||Ji)(Jf ||T el

J (q)||Ji)∗]. (2.31)

The quantities Ek and Ek′ refer to the energies of the incoming and outgoing
leptons. In Eqs. (2.30) and (2.31) the following shorthand notation is adopted:

a =

√√√√1−
m2
f

E2
k′
, (2.32)
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b = a2EkEk′

q2 , (2.33)

c =
n2
f

qEk′
, (2.34)

where mf is the rest mass of the outgoing lepton (in this case an electron)
and the magnitude of the three-momentum transfer q is given by

q = |q| =
√

(Ek − aEk′)2 + 2aEkEk′(1− cos θ). (2.35)

The definitions of the operators T el
JM , T mag

JM ,MJM , and LJM are given in [67].
As in beta decay, the operator contains axial-vector and vector components
which include nuclear form factors FV

1,2 (vector), FA (axial-vector), and FP

(pseudoscalar). Fermi and Gamow–Teller-type transitions, which proceed via
the operators FV(q)j0(qr)1 and FA(q)j0(qr)σ respectively, are dominant at
energies considered in this work [66]. However, spin-dipole type transitions
mediated by the operator FA(q)[j1(qr)Y1σ]0−,1−,2− also play a role for e.g.
supernova neutrinos and cases where transitions to the low-lying states cannot
proceed via a Fermi or a Gamow–Teller-type transition.

The final-state interactions can be taken into account with the modified
effective-momentum approximation (MEMA) of [70], in which the effective
momentum inside the nucleus is

keff =
√
Eeff −m2

e, (2.36)

where me is the electron mass and Eeff is defined as

Eeff = Ek′ − VC(0). (2.37)

The quantity VC(0) denotes the Coulomb potential produced by the final-state
nucleus at the origin. In the approximation the Fermi function is used for
small values of keff but for large keff the Fermi function is omitted in Eq. (2.29)
and the three-momentum and the energy of the outgoing lepton are replaced
by keff and Eeff .
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Chapter 3

Results and Discussion

The results from the publications are summarized in this chapter. In Section
3.1 the results regarding the shapes of beta spectra are presented. Firstly,
theoretical results regarding the influence of the adopted gA/gV-ratio, mesonic
enhancement of the axial-charge matrix element, and applying symmetries
related to the conserved vector current hypothesis (CVC) on the spectral
shape are discussed. Nuclear structure corrections in unique decays are
also considered. The theoretical considerations are followed by comparisons
between the predicted theoretical spectra and the experimental results from
COBRA and EXO-200. Finally, the formalism is applied to the cumulative
beta spectrum from fission products in order to study the implications to the
reactor antineutrino anomaly.

In Section 3.2 the results regarding the neutrino-nucleus scattering calcu-
lations in the shell-model framework are presented. Firstly, the formalism is
applied to the neutrino-nucleus scattering off 40Ca to reassess background in
dark-matter experiments. Next, solar neutrino scattering off 205Tl is studied.
The long half-life of the final nucleus 205Pb makes it a prime candidate for
radiochemical experiments. Finally, calculations are presented for source
experiments with 51Cr and 37Ar neutrinos scattering off 71Ga. The gallium
anomaly and its statistical significance are reevaluated using the new theoret-
ical estimates for the cross sections.

3.1 Forbidden decays and the spectral shape

High-precision description of forbidden beta decays has two important ap-
plications to new physics searches. Firstly, high-precision description of the
spectral shape is needed in order to characterize background radiation in
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rare-event searches, such as dark matter detection experiments. Secondly,
detecting new physics in reactor experiments requires a good understanding
of the antineutrino spectrum emitted from fission products as they β−-decay
towards stability. A large proportion of these decays are first-forbidden non-
unique, and thus nuclear structure plays a crucial role in determining the
spectral shape.

3.1.1 Weak coupling constants and the spectral shape
Quenching the value of the axial-vector coupling constant seems to be neces-
sary for Gamow–Teller as well as first-forbidden unique decays in order to get
a good agreement between experimental and theoretical half-lives [59]. For
first-forbidden non-unique decays, quenching both the axial-vector coupling
constant gA and the vector coupling constant gV has been used to account for
core-polarization effects [71, 72]. However, it was first pointed out in [22] that
the spectral shape can depend drastically on the ratio of the weak coupling
constants used. Thus, for the prediction of spectral shapes it is crucial to
understand whether both of the coupling constants need to be quenched the
same amount, or whether the optimal renormalization differs for the two
coupling constants. In addition, the renormalization could also depend on
the particular transition and nuclear model involved.

The first papers regarding the gA/gV-dependence by Haaranen et al.
[22, 23] limited the study to two transitions: the fourth-forbidden non-
unique decays of 113Cd and 115In. These two transitions exhibited extreme
dependence on the gA/gV-ratio. The dependence was also discovered to be
largely independent of the adopted nuclear model.

As a first part of this thesis work, investigations were carried out in order
to understand whether this type of dependence is common or not, and whether
it is specific to fourth-forbidden decays. In the article [I] 26 transitions were
investigated using the MQPM, and in [II] 16 transitions were studied in the
shell model. The extreme gA/gV-dependence also manifested itself for some
second-forbidden and third-forbidden transitions. In [V] the first-forbidden
decay of 210Bi was discovered to also exhibit such gA/gV-dependence.

As an example of the results in [I, II] Fig. 3.1 shows the spectra of
four transitions with both the MQPM and shell-model one-body transition
densities. For all transitions the agreement between the MQPM and the shell
model is quite remarkable, even though the half-life predictions seemed to be
quite different (i.e. the absolute value of gA and gV). Both the decay of 99Tc
and the decay of 137Cs to the 3/2+ ground state in barium are second-forbidden
non-unique transitions, but only the 99Tc spectral shape depends remarkably
on the coupling constants. A decay such as 99Tc would be a good candidate
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Figure 3.1. The shell-model and MQPM spectra for the ground-state-to-
ground-state decays of 87Rb, 99Tc , and 137Cs, and the decay of 137Cs to the
isomeric 11/2− state in 137Ba. For 87Rb and 99Tc the color signifies the value of
gA/gV. For 137Cs the spectra are gA-independent (the variation is less than the
line thickness), and the color signifies the microscopic model adopted (Originally
published in [I]).
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for the so-called spectrum-shape method [22], where the experimental and
theoretical spectra are compared to probe the appropriate quenching factors
for the nuclear model, which could then be used in predicting similar spectra
with no experimental data. A transition such as the decay of 137Cs with
gA/gV-dependence so small that it could not be seen with the resolution
of Fig. 3.1, could be used to check the validity of the formalism. A poor
match between the experimental and theoretical results would indicate that
the shape-factor calculation needs to be done to a higher accuracy or that
corrections, such as finite size and atomic exchange-effects, should be included
to a higher precision.

3.1.2 Unique decays
The spectral shapes of unique decays are usually considered to be well under-
stood, since in the first-order approximation the shape is determined purely by
kinematics. However, when searching for rare events or evaluating anomalies,
higher-order corrections come into play. In [III] the spectral shapes of 39,42Ar
were calculated to estimate the magnitude of the nuclear structure corrections
for background radiation in liquid-argon (LAr) experiments DarkSide-50 [73]
and DEAP-3600 [74]. The low-energy end of the 39Ar electron spectrum
shown in Fig. 3.2 is expected to be reduced by approximately 1 % due to
next-to-leading-order corrections. The uncertainty related to the correction
can be estimated by the difference in the MQPM and shell-model calculations
and is of the order 0.5 %. Thus, signals of this magnitude could go unnoticed
if the first-order approximation is used.

3.1.3 Mesonic enhancement in pseudoscalar transitions
The effects of the mesonic enhancement of the γ5 matrix element on the
spectral shape of J+ ↔ J− decays was studied in [VI]. These transitions are
major contributors to the cumulative beta spectrum from nuclear reactors.
The mesonic enhancement is known to be approximately 40–100 % [61].
However, the exact amount is not well understood.

The half-life results from [VI] are listed in Tables 3.1 and 3.2. Based on
the half-life considerations a reasonable half-life agreement can be found for
any level of mesonic enhancement if the value of gA is quenched enough. Based
on these considerations there is no clear evidence for a single preferred value.
Furthermore, the choice of the mesonic enhancement factor εMEC can effect
the shape of some spectra by several per cent as can be seen for 93Y in Fig.
3.3. The clear trend here is that larger values of mesonic enhancement require
a larger quenching of gA. From tables 3.1 and 3.2 one can also extrapolate
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Figure 3.2. The electron spectum of 39Ar in the low-energy range 0–20 MeV
calculated using the nuclear shell model and the MQPM with just the first-
order terms (1st) and with the second-order terms included (2nd). (Originally
published in [III])

that there is a solution with εMEC = 1.0 and gA ≈ 1.0, which would agree
with the experimental data.

Table 3.1. The shell-model based effective values of gA for various levels of
enhancement of the

∫
γ5 (axial-charge) for decays between nuclei with A=92–

97. The initial nucleus is listed in the first column and the gA-values needed to
match the experimental half-life with gV = 1.0 are listed in columns 2–4 for
different enhancement factors εMEC. (Originally published in [VI])

Nucleus gA (Hamiltonian glbepn)
εmec=1.40 1.70 2.00

92Rb 0.74(1) 0.62(1) 0.53(1)
93Y 1.25(15) 1.03(17) 0.85(30)
95Sr 0.88(4) 0.70(4) 0.58(3)
96Y 0.96(1) 0.80(1) 0.69(1)
97Y 0.85(15) 0.70(13) 0.59(12)
Average 0.94± 0.08 0.77± 0.07 0.65± 0.06

3.1.4 Matrix element ratios and the conserved vector
current hypothesis

For Kth-forbidden non-unique contributions, the two main vector form factors
can be related to each other based on the conserved vector current hypothesis
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Table 3.2. The shell-model based effective values of gA for various levels of
enhancement of the

∫
γ5 (axial-charge) for decays between nuclei with A=133–

139. The initial nucleus is listed in the first column and gA needed to match
the experimental half-life with gV = 1.0 are listed in columns 2–7 for different
enhancement factors εMEC. (Originally published in [VI])

Nucleus gA (Hamil. jj56cdb) gA (Hamil. jj56pnb)
εmec=1.40 1.70 2.00 1.40 1.70 2.00

133Sn 0.94(2) 0.80(2) 0.69(2) 0.94(2) 0.80(2) 0.69(2)
134Sb 1.18(6) 0.99(5) 0.85(5) 0.85(4) 0.71(4) 0.62(3)
135Te 0.86(2) 0.74(3) 0.65(2) 0.96(3) 0.84(3) 0.74(3)
137Xe 0.74(2) 0.65(2) 0.58(2) 0.81(3) 0.71(2) 0.64(3)
139Ba 0.68(1) 0.60(1) 0.54(1) 0.72(1) 0.64(1) 0.58(1)
139Cs 1.15(3) 1.00(2) 0.88(2) 0.91(2) 0.79(2) 0.69(2)
Average 0.93± 0.08 0.87± 0.06 0.70± 0.06 0.87± 0.04 0.75± 0.03 0.66± 0.03

(CVC) by [32]

V FK,K−1,1 =− 1√
K(2K + 1)

[
(W0 −Mn +Mp)R + 6αZ

5

]
V FKK0

=− 1√
K(2K + 1)

∆T,T−1R
V FKK0, (3.1)

whereMn−Mp is the mass difference of a neutron and a proton, Z the proton
number of the daughter nucleus, α ≈ 1/137 the fine-structure constant, R the
nuclear radius, W0 the end-point energy, and ∆T,T−1 the excitation energy of
the isobaric analogue state (IAS). However, it should be noted that applying
this formula in the impulse approximation is problematic. While agreement
between the exact calculation and the impulse approximation can be reached
in e.g. the independent-particle model, in more involved nuclear models (like
the shell model), with residual interactions included, the formula cannot be
applied as such [32].

For some model spaces and degrees of forbiddenness K the small matrix
element VMK,K−1,1 is identically zero, which happens for example in the
sd-shell for second-forbidden non-unique decays. In [XIII] a new effective
method for dealing with this problem in cases where the half-life is known
and the spectral shape is of interest was proposed. In this new method gA
is kept at a value which is in agreement with other transitions nearby. For
shell-model calculations in the sd-model space a good choice is gA = 1 [59].
In the spirit of the CVC an unquenched value of gV is used. The small matrix
element is then adjusted until agreement with the experimental half-life is
found. An example of the application of this method is presented in figure
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Figure 3.3. The shell-model based β-spectrum for 93Y obtained with the
Hamiltonian glbepn. The color of the line denotes the effective value of gA and
the dash-coding signifies the mesonic enhancement εMEC. (Originally published
in [VI])

3.4. In this case leaving the matrix element VM211 as zero results in a major
deviation from the experimental shape. Both the approximate expression
(3.1) [75] and the new method are in good agreement with the experimental
shape.

3.1.5 Comparison of theoretical and experimental spec-
tra

In order to assess the quenching of the gA/gV-ratio in theoretical shell-model
calculations for medium-heavy nuclei, a precision measurement of the decay
of 113Cd was carried out with the COBRA-collaboration in [IX]. The experi-
mental results and theoretical spectra for various values of the gA/gV-ratio
are presented in Fig. 3.5. Best fit was found with gA/gV = 0.915 ± 0.007,
suggesting that a the quenching of gA needs to be stronger than that of gV.

Another comparison was done for 137Xe with the EXO-200-collaboration
in [XIV]. The theoretical spectrum shape here is independent of the choice
of gA/gV and εMEC to about 1 % level. Thus, it makes for an excellent test
for the validity of the application of the formalism, since the uncertainties in
the theoretical prediction are tiny. The result of the comparison is shown in
Fig. 3.6. The match is excellent, which is evidence of the good quality of the
theoretical description.
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Figure 3.4. Comparison between the experimental and theoretical shape fac-
tors for the half-life based adjustments. The shape factor of Sadler is based in
the approximate expression of Eq. (3.1) [75]. (Originally published in [XIII])

Figure 3.5. Comparison between a shell-model prediction and an experimental
spectrum from one of the COBRA-detectors for 113Cd . (Originally published in
[IX])
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Figure 3.6. Comparison between theoretical and experimental electron spectra
of 137Xe. (Originally published in [XIV])

3.1.6 Reactor antineutrino anomaly
Insights from the theoretical publications [I, II, III, VI] on spectral shapes
were applied to the transitions relevant for the reactor antineutrino anomaly
in [VII] and [VIII]. In total 36 first-forbidden transitions, listed in Table
3.3, were considered. The calculated shape factors are presented in Fig.
3.7. Most of the decays have shape factors which differ noticeably from the
allowed shape, which corresponds to a straight line at unity. It also turns out
that approximating the non-unique transitions as unique is an equally bad
approximation. Therefore, previous estimates for the cumulative spectrum
should be off as well. Based on the calculations there are some transitions
with shape factors which very strongly deviate from the allowed one. For some
decays, for example that of 136Te, the effective value of the gA/gV-ratio affects
the shape, and thus the uncertainty related to this ratio must be considered.

Spectral shoulder and rate anomaly

In order to address the spectral shoulder, the spectral shape is considered
with the overall normalization factor kept as a free parameter. In Fig. 3.8
the spectral shape changes related to different approximations are shown for
three different nuclear reactors with slightly different fuel compositions.

Both the numerical and the parametrization-based approximations behave
in a similar manner, with the deviation reaching a maximum of about 4
% with respect to the Huber–Mueller results. However, the total observed
difference between the Huber–Muller and experimental results is twice the
size of the theoretical deviation. Given the strongly-correlated nature of the
theoretical errors with the nearby data points, the statistical significance of
the spectral shoulder is decreased by the shell-model results. In the future,
adding precise calculations for the allowed transitions contributing to the
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Table 3.3. Dominant forbidden transitions above 4 MeV. Here Qβ is the
ground-state-to-ground-state Q-value, Eex the excitation energy of the daughter
level, BR the branching ratio of the transition normalized to one decay, and FY
is the cumulative fission yield of 235U from the ENDF database [76]. (Originally
published in [VIII])

Nuclide Qβ Eex BR Jπi → Jπf FY ∆J
(MeV) (MeV) (%) (%)

89Br 8.3 0 16 3/2− → 3/2+ 1.1 0
90Rb 6.6 0 33 0− → 0+ 4.5 0
91Kr 6.8 0.11 18 5/2+ → 5/2− 3.5 0
92Rb 8.1 0 95.2 0− → 0+ 4.8 0
93Rb 7.5 0 35 5/2− → 5/2+ 3.5 0
94Y 4.9 0.92 39.6 2− → 2+ 6.5 0
95Rb 9.3 0.68 5.9 5/2− → 5/2+ 1.7 0
95Sr 6.1 0 56 1/2+ → 1/2− 5.3 0
96Y 7.1 0 95.5 0− → 0+ 6.0 0
97Y 6.8 0 40 1/2− → 1/2+ 4.9 0
98Y 9.0 0 18 0− → 0+ 1.9 0
133Sn 8.0 0 85 7/2− → 7/2+ 0.1 0
135Te 5.9 0 62 (7/2−)→ 7/2+ 3.3 0
135Sb 8.1 0 47 (7/2+)→ (7/2−) 0.1 0
136mI 7.5 1.89 71 (6−)→ 6+ 1.3 0
136mI 7.5 2.26 13.4 (6−)→ 6+ 1.3 0
137I 6.0 0 45.2 7/2+ → 7/2− 3.1 0
142Cs 7.3 0 56 0− → 0+ 2.7 0
86Br 7.3 0 15 (1−)→ 0+ 1.6 1
86Br 7.3 1.6 13 (1−)→ 2+ 1.6 1
87Se 7.5 0 32 3/2+ → 5/2− 0.8 1
89Br 8.3 0.03 16 3/2− → 5/2+ 1.1 1
91Kr 6.8 0 9 5/2+ → 3/2− 3.4 1
95Rb† 9.3 0.56 6.0 5/2− → (7/2+) 1.7 1
95Rb 9.3 0.68 5.9 5/2− → 3/2+ 1.7 1
134mSb 8.5 1.69 42 (7−)→ 6+ 0.8 1
134mSb 8.5 2.40 54 (7−)→ (6+) 0.8 1
136Te 5.1 0 8.7 0+ → (1−) 3.7 1
138I 8.0 0 26 (1−)→ 0+ 1.5 1
140Xe 4.0 0.08 8.7 0+ → 1− 4.9 1
140Cs 6.2 0 36 1− → 0+ 5.7 1
143Cs 6.3 0 25 3/2+ → 5/2− 1.5 1
88Rb 5.3 0 76.5 2− → 0+ 3.6 2
94Y 4.9 0 41 2− → 0+ 6.5 2
95Rb 9.3 0 0.1 5/2− → 1/2+ 1.7 2
139Xe 5.1 0 15 3/2− → 7/2+ 5.0 2
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Figure 3.7. Left panel: shell-model-calculated shape factors for the 36 decays
listed in Table 3.3 for each change in angular momentum ∆J . The values gA =
0.9 and εMEC = 1.4 are assumed [VI, VII]. Right panel: shape factors for the
previously considered 136Te (top) and 140Xe (bottom) for various values of gA.
(Originally published in [VIII])

5 MeV energy region might provide additional information regarding the
spectral shoulder.

The additional uncertainty arising from the forbidden spectral shapes turns
out to be significant compared to the sources of uncertainty considered in the
previous analyses [15, 16]. This suggests that the theoretical uncertainties have
been underestimated in analyses of the rate anomaly. The new calculations
predict that the inverse-beta-decay rate should be 0.8(5)% higher for the three
reactors considered here. When normalization uncertainties are included, the
statistical significance remains unchanged as the estimate and the uncertainties
increase in proportion (about 14%). From these results it is clear that the
theoretical spectra need to be considered in their full complexity in order to
make strong claims regarding the reactor antineutrino anomaly.

3.2 Neutrino-nucleus scattering
The second body of research in this thesis work is on neutrino-nucleus scat-
tering, which provides an excellent probe to validate existing theories and to
search for new phenomena related to neutrinos. In this thesis work neutrino-
nucleus scattering off three isotopes, 40Ar, 71Ga, and 205Tl, was considered.
The reasons for studying these particular isotopes are manifold. For ex-
ample, solar and supernova neutrino scattering off 40Ar are background in

27



5

0

5

10

15

Daya Bay

H-M 1 Num. Param.

5

0

5

10

15

RENO

2 3 4 5 6 7
5

0

5

10

15

Double Chooz

Prompt energy [MeV]

Sp
ec

tra
l c

ha
ng

e 
(%

)

Figure 3.8. The expected shift in the spectral shape of three different reactors
with the observed experimental results compared with the Huber–Mueller esti-
mates. The red bars use the numerical shape factors and the orange bars include
the parametrization of all forbidden decays. (Originally published in [VIII])

argon-based dark-matter searches. 205Tl, on the other hand, could be used
to study the evolution of solar neutrino flux over millions of years through
radiochemical investigations. The isotope 71Ga was used in the solar neutrino
experiments GALLEX and SAGE, but deviations between theoretical pre-
dictions and experimental results in calibration experiments [3–6] need to be
further investigated.
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Figure 3.9. The scattering cross section for 40Ar(ν, e−)40K as a function of
neutrino energy for different multipoles. (Originally published in [IV])

3.2.1 Scattering off 40Ar

Dark matter could be potentially detected in an experiment in which a
nucleus is hit by a dark-matter particle, and the recoil of the nucleus would
be observed. One candidate nucleus for such an experiment is 40Ar, which is
currently used in the large scale experiments DarkSide-50 [73] and DEAP-3600
[74].

The publication [IV] focused on cross-section determinations of 40Ar for
neutrinos and antineutrinos with energies below 60 MeV. This energy region
covers solar and supernova neutrinos as well as some atmospheric neutrinos.
The discussion here is focused on neutrino reactions which dominate over
the antineutrino ones. The reaction threshold for neutrino-nucleus scattering
off 40Ar is 1.5044 MeV, and so the folded cross section is dominated by 8B
neutrinos with small corrections coming from hep neutrinos and the high-
energy end of CNO neutrinos. The flux of hep neutrinos is much smaller than
that of the 8B neutrinos [77], and can thus be neglected in this context.

The cross section of the scattering 40Ar(ν, e−)40K is given in Fig. 3.9 with
multipole decomposition. The total cross section grows in a roughly quadratic
way for low neutrino energies, but above 35 MeV the cross section seems
to grow linearly. For the whole energy range considered here, the allowed
transitions dominate, but the 2− transitions contribute in a non-trivial way
above 30 MeV.

Above 50 MeV other multipoles play a role but the contributions are
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relatively small, in the 1 % range. Based on the RPA-calculation performed
in Ref. [78] the contribution of the multipole 1− should be similar to that
of 2− below 60 MeV, which is not seen in the shell-model calculation. The
linear energy dependency for energies above 35 MeV is an indication that
the limited shell-model space is not able to predict the cross sections for the
higher energies. However, the solar and supernova neutrino distributions
considered here fall almost completely below 35 MeV.

For supernova neutrinos, the averaged cross section 〈σ〉 can be calculated
by folding the total cross section with the neutrino-energy distribution. Here
we assume that supernova neutrinos follow a Fermi–Dirac distribution

FFD(Ek) = 1
F2(αν)Tν

(Ek/Tν)2

1 + exp(Ek/Tν − αν)
, (3.2)

where αν is a pinching parameter and Tν is the effective neutrino temperature.
The average neutrino energy can be related to the temperature and the
pinching parameter by

〈Eν〉/Tν = F3(αν)
F2(αν)

, (3.3)

where

Fk(αν) =
∫ xkdx

1 + exp(x− αν)
. (3.4)

In order to study the contributions from individual states, the normalized
contributions are presented for the reaction 40Ar(ν, e−)40K in Fig. 3.10. For
solar neutrinos the cross section is dominated by the state 1+

3 which accounts
for half of the folded cross section. Other important states are 1+

6 , 1+
10, 1+

15,
and 1+

17 and the IAS state 0+
2 . For supernova neutrinos the results are similar,

except that the domination of the state 1+
3 in not as strong.

A ratio of 12.5 of supernova neutrinos to supernova antineutrinos was
reported in Ref. [79] with no neutrino oscillations included and average
neutrino energies of 〈Eν〉 = 11 MeV and 〈Eν̄〉 = 16. Taking the pinching
parameter value α = 0 we find σν = 14.6×10−42cm2 and σν̄ = 887×10−45cm2,
assuming that the neutrino energies follow a Fermi–Dirac distribution. The
shell-model-based ratio for neutrinos and antineutrinos is therefore 16.5, which
is similar to the RPA-based result given of Ref. [79].

3.2.2 Scattering off 205Tl
Solar neutrinos are usually studied by real-time measurements (e.g. Super-
Kamiokande, the Sudbury Neutrino Observatory (SNO), KamLAND, Borex-
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Table 3.4. Parameter values for supernova neutrino energy distributions. α is
the pinching parameter, T is the effective neutrino temperature, and 〈Eνe/x〉 is
the average neutrino energy. The values are from Ref. [80].

(ανe , Tνe , 〈Eνe〉) (αν̄e , Tν̄e , 〈Eν̄e〉) (ανx , Tνx , 〈Eνx〉) (αν̄x , Tν̄x , 〈Eν̄x〉)
(I) (3.0, 2.88, 11.5) (3.0, 3.41, 13.6) (3.0, 4.08, 16.3) (3.0, 4.08, 16.3)
(II) (0.0, 3.65, 11.5) (0.0, 4.32, 13.6) (0.0, 5.17, 16.3) (0.0, 5.17, 16.3)
(III) (3.0, 2.88, 11.5) (3.0, 3.41, 13.6) (0.0, 5.17, 16.3) (0.0, 5.17, 16.3)

ino) but an alternative method is to use radiochemical experiments. One
promising nucleus for such an experiment would be 205Tl, since it has an
extremely low threshold energy allowing for the capture of pp-neutrinos.

The dominant charged-current neutrino-nucleus reaction considered here
is

νe + 205Tl(1/2+
g.s.)→ e− + 205Pb(1/2−1 ) , (3.5)

where the final state is the low-lying excited state in 205Pb at 2.33 keV. In
contrast the feeding to the 5/2− ground state of 205Pb is much smaller due
to the change in angular momentum. The Q-value for the ground-state-to-
ground-state transition is 50.6 ± 0.5 keV [81], making it the lowest threshold
among the candidates considered for radiochemical experiments. In addition
to the low threshold the long half-life of 1.73(7)× 107 yr of 205Pb [82] makes
205Tl a prime candidate for measuring the average solar neutrino flux over
millions of years.

The neutrino-capture cross sections are extremely tiny, which is why
expressing capture rates in solar neutrino units (SNU), defined as 1 SNU =
10−36 capture / target atom / second makes sense. For the complete solar
neutrino spectrum the capture rate in SNU is given by

R = 1036∑
i

∫
σ(E)φi(E)dE , (3.6)

where E is the neutrino energy, φi(E) the differential neutrino spectra, and
σ(E) is the neutrino-capture cross section. The differential neutrino spectra
are given at a distance of 1 astronomical unit. All eight neutrino components
from the CNO and pp cycles are included in the sum (3.6). The neutrino
cross sections for each individual multipolarity are shown in Fig. 3.11.

The fluxes related to each neutrino component are based on the solar
model BS05(OP) (see [77]). Ignoring neutrino survival probabilities the
capture rates are 132.4 SNU with gA = 1.00 and 100.2 SNU with gA = 0.75.
The dominant contributions come from 1− and 2− transitions, which result in
a non-trivial gA-dependence of the cross section. Based on the paper [83] the
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Figure 3.10. Contributions of individual states to the total cross section (nor-
malized to unity). Panel (a) is folded with the 8B neutrino spectrum, panel
(b) with Fermi–Dirac distribution with parametrization (I), and panel (c) with
parametrization (II). (Originally published in [IV])

survival probabilities of 0.54 for the pp, 7Be, and 13N neutrinos, and 0.50 for
the pep, 15O, and 17F neutrinos, and 0.36 for the 8B neutrinos, are adopted.
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Figure 3.11. The cross section for CC neutrino-nucleus scattering off 205Tl for
the leading transition multipoles assuming gA = 1.00. (Originally published in
[XII])

This results in the estimate

R(205Tl) = 62.2± 8.6 SNU (3.7)

for the solar neutrino capture rate for 205Tl.

3.2.3 Gallium anomaly
The so-called gallium anomaly was first noticed [24–27] when comparing
the source-experiment results of GALLEX and SAGE to the cross sections
of Bahcall [28] given in Table 3.8. These cross sections are based on the
reduced Gamow–Teller matrix elements (BGTs) measured in 1985 utilizing a
charge-exchange reaction ((p,n)-reaction) by Krofcheck et al. [29, 30], given
in Table 3.9. The neutrino-nucleus scattering cross sections can be related to
the BGT values (B1u for the first-forbidden unique decay) with the equation

σ = σgs

(
1 + ξ5/2−

BGT5/2−

BGTgs
+ ξ3/2−

BGT3/2−

BGTgs
+ ξ5/2+

B1u5/2+

BGTgs

)
, (3.8)

with the phase-space coefficients [28] for 51Cr and 37Ar electron neutrinos
given by

ξ5/2−(51Cr) = 0.663 ξ3/2−(51Cr) = 0.221 ξ5/2+(51Cr) = 0, (3.9)
ξ5/2−(37Ar) = 0.691 ξ3/2−(37Ar) = 0.262 ξ5/2+(37Ar) = 0.200, (3.10)
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and [28]

σgs(51Cr) = (5.53± 0.01)× 10−45 cm2 , (3.11)
σgs(37Ar) = (6.62± 0.01)× 10−45 cm2 . (3.12)

Frekers et al. [84] made new measurements in 2011 for BGT5/2− and
BGT3/2− which are listed in Table 3.9, with the charge-exchange reaction
71Ga(3He, 3H)71Ge.

A value for BGT5/2− was measured and it turned out to be close to the
upper limit given by Krofcheck et al. [29, 30]. However, the uncertainties
related to this were large. For the other excited state BGT3/2− Frekers et
al. got a much larger value than Krofcheck et al.. If these Gamow–Teller
strengths are considered to be reliable for the νe–71Ga cross-section calculation
as such, the statistical significance of the gallium anomaly would increase
with respect to the Bahcall cross sections, with the new estimate for the
anomaly at 3.0σ (see Table 3.10).

In the article [X] the cross sections were calculated for the first time
using the full model space 0f5/2, 1p, 0g9/2 for both neutrons and protons with
the effective Hamiltonian JUN45 [85]. In addition to deriving new cross
sections for source experiments, the reliability of charge-exchange reactions
in determining the Gamow–Teller strengths for neutrino-nucleus scattering
was examined. Especially the role of tensor contributions for l-forbidden
decays is an important issue to consider. The shell-model GT and tensor
matrix elements and reduced transition densities are given in Table 3.5. The
cross-section results for individual excited states are given in tables 3.6 and
3.7 for 51Cr and 37Ar neutrinos respectively.

From Table 3.8 it can be seen that the new JUN45 shell-model-based
cross sections are smaller than the previous estimates. With these cross
sections one arrives at an anomaly of 2.3σ which is a remarkable reduction.
It should be noted that the estimation of the statistical significance uses some
approximations (like assuming the systematic errors as independent), which
result in a smaller p-value than a more sophisticated treatment would.

The gallium anomaly is one of the discrepancies between theoretical
predictions and experimental results that have been viewed as a potential
indication of mixing with a sterile neutrino flavor [87–89]. In a model with
3+1 neutrinos with an eV-scale sterile neutrino, the survival probability of an
electron neutrino is

P SBL
νe→νe = 1− 4|Ue4|2

(
1− |Ue4|2

)
sin2

(
∆m2

41L

4E

)
, (3.13)

where U is the unitary 4×4 neutrino mixing matrix, E is the neutrino energy,
L is the source-detector distance, and ∆m2

41 = m2
4 −m2

1 is the squared-mass
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Table 3.5. The matrix elements and reduced transition probabilities for 71Ga
with tensor mixing parameter δ = 0.097. (Originally published in [X])

State 〈f ||OGT||i〉 〈f ||OL=2||i〉 BGTSM
β BGTSM

(p,n)
1/2−g.s. -0.795 0.465 0.158 0.141
5/2−1 0.144 -1.902 0.0052 0.0004
3/2−1 0.100 0.0482 0.0025 0.0027
3/2−2 0.430 -0.0014 0.0462 0.0462
1/2−2 -0.620 0.348 0.0958 0.0857

Table 3.6. Theoretical cross sections (cm2) for 51Cr neutrinos calculated using
the Hamiltonian JUN45 [85]. (Originally published in [X])

State gA = 0.955(6)
1/2−g.s. 5.53± 0.07× 10−45

5/2−1 1.21± 0.61× 10−46

9/2+
1 ≤ 10−56

3/2−1 1.94± 0.97× 10−47

total 5.67± 0.10× 10−45

Table 3.7. Theoretical cross sections (cm2) for 37Ar neutrinos calculated using
the Hamiltonian JUN45 [85]. (Originally published in [X])

State gA = 0.955(6)
1/2−g.s. 6.62± 0.09× 10−45

5/2−1 1.51± 0.76× 10−46

9/2+
1 ≤ 10−56

3/2−1 2.79± 1.40× 10−47

5/2+
1 5.91± 2.96× 10−51

total 6.80± 0.12× 10−45

difference between a heavy, almost sterile, ν4 with mass m4 ∼ 1 eV and the
standard three light neutrinos ν1, ν2, and ν3, with respective masses m1, m2,
and m3 much smaller than 1 eV (hence, ∆m2

41 ' ∆m2
42 ' ∆m2

43 in Eq. (3.13)).
Comparing the JUN45 shell-model calculations to NEOS and DANSS

gives a goodness of fit of 16 % (∆χ2/NDF = 3.6/2), which is a significant
improvement over the value of 4 % reported in in Ref. [10] for the Frekers et
al. cross sections.
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Table 3.8. Cross sections (10−45 cm2) for 37Ar and 51Cr neutrinos and the
ratio to the estimates of Bahcall [28]. The cross sections have been evaluated
with BGTs from Haxton [31, 86] (shell model), Frekers et al. [84, 86] (charge-
exchange), and the JUN45 calculation (shell model). (Originally published in
[X])

σ
51Cr σ

51Cr/σ
51Cr
B σ

37Ar σ
37Ar/σ

37Ar
B

Bahcall 5.81± 0.16 7.00± 0.21

Haxton 6.39± 0.65 1.100± 0.112 7.72± 0.81 1.103± 0.116

Frekers 5.92± 0.11 1.019± 0.019 7.15± 0.14 1.021± 0.020

JUN45 5.67± 0.06 0.976± 0.011 6.80± 0.08 0.971± 0.011

Table 3.9. The reduced Gamow–Teller transition probabilities from Krofcheck
et al. [29, 30], Haxton [31], Frekers et al. [84], and using the JUN45 calculation.
(Originally published in [X])

Method BGT5/2−

BGTgs

BGT3/2−

BGTgs

B1u5/2+

BGTgs

Krofcheck 71Ga(p, n)71Ge < 0.057 0.126± 0.023

Haxton Shell model 0.19± 0.18

Frekers 71Ga(3He, 3H)71Ge 0.040± 0.031 0.207± 0.016

JUN45 Shell model (3.30± 1.66)× 10−2 (1.59± 0.79)× 10−2 (4.46± 2.24)× 10−6

Table 3.10. The ratios of the experimental results and theoretical predictions
for 71Ge event rates in the GALLEX and SAGE experiments and the statistical
significance of the gallium anomaly. (Originally published in [X])

GALLEX-1 GALLEX-2 SAGE-1 SAGE-2 Average Anomaly

RBahcall 0.95± 0.11 0.81± 0.11 0.95± 0.12 0.79± 0.08 0.85± 0.06 2.6σ

RHaxton 0.86± 0.13 0.74± 0.12 0.86± 0.14 0.72± 0.10 0.76± 0.10 2.5σ

RFrekers 0.93± 0.11 0.79± 0.11 0.93± 0.12 0.77± 0.08 0.84± 0.05 3.0σ

RJUN45 0.97± 0.11 0.83± 0.11 0.97± 0.12 0.81± 0.08 0.88± 0.05 2.3σ
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Chapter 4

Summary

In this thesis forbidden beta decays and low-energy neutrino-nucleus scattering
were studied in order to address theoretical uncertainties in spectral-shape
predictions and scattering cross sections. Not only are reliable spectral shapes
with robust uncertainty estimates needed to characterize background radiation
in rare-event searches, but they also play a key role in the reactor antineutrino
anomaly. Accurate estimates for neutrino-nucleus-scattering cross sections are
needed in order to understand the solar neutrino flux. Reliable uncertainties
for theoretical estimates are also crucial in order to make valid comparisons
between theoretical and experimental results in neutrino-source experiments.

The first body of research in this thesis was on β-spectrum shapes in
forbidden decays. The theoretical predictions for the spectral shapes of
forbidden decays were found to depend heavily on the ratio of the adopted
effective values of the weak coupling constants gA and gV for a plurality of
decays, including first-forbidden non-unique decays. An experiment done
for 113Cd in collaboration with COBRA shows that the appropriate ratio
most likely differs from the free-nucleon ratio, and a value of roughly 0.9
should be used in the formalism and nuclear models used in this thesis.
For first-forbidden ∆J = 0 transitions, uncertainties in the strength of
mesonic enhancement of the axial-charge matrix element also propagate to the
spectral shape. The application of the formalism to the first-forbidden decays
was validated by comparing the theoretical predictions to the experimental
spectrum of 137Xe.

The insights from the theoretical spectral shape calculations were applied
to the 36 first-forbidden transitions with the largest contributions to the
cumulative beta spectrum from nuclear reactors. Microscopic calculations
were carried out in the shell-model formalism with wide ranges of values for
the gA/gV ratio and the mesonic enhancement factor εMEC. It was shown
that an oversimplified estimation of the spectral shapes by allowed and
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forbidden unique shape factors underestimates the theoretical uncertainties
which are extremely important for the reactor antineutrino anomaly. Thus,
precise description of the forbidden transitions is crucial for understanding
the spectral shoulder and the rate anomaly.

The second body of research focused on low-energy neutrino-nucleus
scattering off nuclei. New shell-model-based estimates of cross sections for
scattering off 40Ar were found to be larger than the previous RPA-based
results for low-energy neutrinos. This means that the background from 40Ar
neutrino-nucleus scattering could be elevated from previous estimates in
argon-based dark matter searches. New estimates for the solar neutrino cross
section of 205Tl were also derived, in order to assess the feasibility of using
the isotope in radiochemical neutrino detection experiments. A new estimate
for the reaction rate is R(205Tl) = 62.2 ± 8.6 SNU, which is much smaller
than the previous theoretical cross sections.

Finally, the neutrino-nucleus formalism was applied to 71Ga, which was
the detector material for the solar neutrino experiments GALLEX and SAGE.
The possible missing neutrino flux in source experiments was addressed by
deriving new theoretical estimates for scattering cross sections. The new
estimates for the scattering cross sections decrease the gallium anomaly from
3.0σ to about 2.3σ. The new cross sections also agree with the reactor data
from NEOS and DANSS much better, increasing the parameter goodness of
fit from 4% to 16%. Therefore, the new cross sections both promote a model
with no sterile neutrinos and, at the same time, help the models with sterile
neutrinos fit the recent reactor data more consistently.
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Electron spectra in forbidden β decays and the quenching of the weak axial-vector
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Evolution of the electron spectra with the effective value of the weak axial-vector coupling constant gA was
followed for 26 first-, second-, third-, fourth- and fifth-forbidden β− decays of odd-A nuclei by calculating
the involved nuclear matrix elements (NMEs) in the framework of the microscopic quasiparticle-phonon model
(MQPM). The next-to-leading-order terms were included in the β-decay shape factor of the electron spectra.
The spectrum shapes of third- and fourth-forbidden nonunique decays were found to depend strongly on the
value of gA, while first- and second-forbidden decays were mostly unaffected by the tuning of gA. The gA-driven
evolution of the normalized β spectra was found to be quite universal, largely insensitive to the small changes in
the nuclear mean field and the adopted residual many-body Hamiltonian producing the excitation spectra of the
MQPM. This makes the comparison of experimental and theoretical electron spectra, coined “the spectrum-shape
method” (SSM), a robust tool for extracting information on the effective values of the weak coupling constants.
In this exploratory work two new experimentally interesting decays for the SSM treatment were discovered: the
ground-state-to-ground-state decays of 99Tc and 87Rb. Comparing the experimental and theoretical spectra of
these decays could shed light on the effective values of gA and gV for second- and third-forbidden nonunique
decays. The measurable decay transitions of 135Cs and 137Cs, in turn, can be used to test the SSM in different
many-body formalisms. The present work can also be considered as a (modest) step towards solving the gA

problem of the neutrinoless double beta decay.

DOI: 10.1103/PhysRevC.95.044313

I. INTRODUCTION

The observation of the neutrinoless mode of double beta
decay (0νββ) would be groundbreaking since it would prove
that the neutrino is its own antiparticle. The half-life of
0νββ decay is proportional to the fourth power of the weak
axial-vector coupling constant gA [1,2], but it is not quite
clear what value to use for it when calculating theoretical
predictions for the decay rates [3,4]. Theoretical predictions for
the half-lives are crucial when designing optimal experimental
setups to detect 0νββ events. In this context it is crucial to
conceive complementary ways to address the gA problem of
0νββ decay. One alternative is the study of β decays, both
allowed and forbidden, since experimental data is available to
compare with the calculated physical observables. The related
quenching of the computed nuclear matrix elements (NMEs)
was addressed already for the allowed Gamow–Teller [4]
and first-forbidden [3] transitions in medium-heavy even-mass
nuclei. In the present work we extend these studies to first-,
second-, third-, fourth- and fifth-forbidden β− decays of
odd-mass (odd-A) nuclei by studying the shape evolution of
the associated electron spectra and by calculating the involved
nuclear matrix elements (NMEs) in the framework of the
microscopic quasiparticle-phonon model (MQPM). In this
way we hope to shed light on the effective value of gA in
forbidden β transitions, which play also a prominent role in
the virtual transitions mediating the 0νββ decay.

*joel.j.kostensalo@student.jyu.fi
†jouni.suhonen@phys.jyu.fi

The weak interaction is parity nonconserving, which is
reflected in the fact that the hadronic current can be written as
a mixture of vector and axial-vector components [5–7]. The
weak coupling constants gV and gA appear in the theory of
β decay as means to renormalize the hadronic current, when
moving from the quark level to nucleons [8]. The conserved
vector-current hypothesis (CVC) and the partially conserved
axial-vector-current hypothesis (PCAC) of the standard model
can be used to derive the free-nucleon values gV = 1.00
and gA = 1.27 [9]. In nuclear matter, however, the value
of gA is affected by many-nucleon correlations, and so in
practical calculations a quenched effective value could give
results which are closer to experimental results [10]. In the
practical calculations the shortcomings in the treatment of the
many-body quantum mechanics could also be absorbed into
the value of gA [11,12].

In earlier studies the effective value of the weak axial-vector
coupling constant was probed by comparing the experimental
half-lives of Gamow–Teller and first-forbidden unique decays
to those predicted by the proton-neutron quasiparticle random-
phase approximation (pnQRPA) [3,4,13–15]. These studies
show consistently that a quenched value of gA is needed to
reproduce the experimental data. In Ref. [16] a systematic
study of high-forbidden unique decays showed similar features
as the earlier studies supporting the fact that a quenched
effective value of gA might need to be used for the high-
forbidden decay branches as well.

In a recent study (see Ref. [17]) an interesting new feature
was found regarding the weak coupling constants gV and gA.
The shape of the electron spectra of the fourth-forbidden
nonunique ground-state-to-ground-state β− decays of 113Cd
and 115In depend strongly on the value of gV and gA due to

2469-9985/2017/95(4)/044313(11) 044313-1 ©2017 American Physical Society
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TABLE I. Change in angular momentum �J and parity π in
a Kth forbidden β decay. The decays with �J = K (in the case
of K = 1 also �J = 0) are known as nonunique, while those with
� = K + 1 are known as unique.

K 1 2 3 4 5

�J 0,1,2 2,3 3,4 4,5 5,6
πiπf −1 +1 −1 +1 −1

the complicated shape factor featuring vector, axial-vector,
and mixed vector-axial-vector parts containing a number of
different NMEs and phase-space factors. The shapes of the
theoretical and experimental spectra can be compared to find
the effective values of the coupling constants in a new method
called the spectrum-shape method (SSM). The study [17]
used two nuclear models; namely, the MQPM [18,19] and
the nuclear shell model (NSM) [20–22]. When the computed
electron spectra of 113Cd were compared with the experimental
spectrum of Ref. [23], a close match was found by using the
effective values gA ≈ 0.90 and gV = 1.0 (equal to its CVC
value!). This study was extended in Ref. [24] to include also the
NMEs calculated within the microscopic interacting boson-
fermion model (IBFM-2) [25,26]. The remarkable result of this
study was that the three models MQPM, NSM, and IBFM-2
yielded a consistent result of gA ≈ 0.92 by comparison with
the experimental electron spectrum of Ref. [23]. This is the
more surprising when considering the very different theory
frameworks of the three models. The qualitative behavior of the
MQPM, NSM, and IBFM-2 spectra was remarkably similar for
both the 113Cd and 115In decays, suggesting that the details of
the nuclear residual Hamiltonian and the many-body methods
to solve the associated eigenvalue problem do not affect much
the the evolution of the electron spectra and thus the SSM
itself. Based on this, it is reasonable to conjecture that just
one of these models could be used to further explore new,
potentially interesting β decays and their basic features.

In this paper we set out to find if the β spectra of
other forbidden decays depend sensitively on the value of
gA using the MQPM, which can be relatively easily applied
to a large number of odd-A nuclei. We will explore unique
and nonunique first- and second-forbidden decays and third-,
fourth-, and fifth-forbidden nonunique decays. The identifica-
tion of the degree of forbiddeness of a β-decay transition is
presented in Table I. Most of these transitions and the associ-
ated electron spectra can be measured in the present and future
low-background (underground) experiments. Some of the con-
sidered higher-forbidden transitions, with competing allowed
transitions, cannot be easily measured. They were, however,
included to better access the possible systematic features in
transitions of increasing forbiddeness. As in Refs. [17] and [24]
we take into account the next-to-leading-order terms in the
shape factor, and so the spectra of unique-forbidden decays
also depend on the axial-vector coupling constant in a nontriv-
ial way. Based on the conclusions of Ref. [17], we adopt the
CVC value gV = 1.00 in the calculations. In the analyzes we
use the normalized electron spectra (the normalized spectra are
also used when comparing with available experimental data)

for which the integrated area under the spectrum curve is unity.
While the half-life is affected by the absolute values of the
weak coupling constants, the normalized electron spectra de-
pend only on the ratio gA/gV, so varying only gA is sufficient.

The microscopic quasiparticle-phonon model is a fully
microscopic model, which can be used to describe spherical
and nearly spherical open-shell odd-A nuclei. In the MQPM
all three parts of the Hamiltonian, namely the quasiparticle,
phonon, and quasiparticle-phonon terms are treated in an inter-
nally consistent way. The odd-A nucleus is built from a basis
of one- and three-quasiparticle states. The one-quasiparticle
states are obtained by performing a BCS calculation for
the neighboring even-even reference nucleus, and the three-
quasiparticle states by coupling the BCS quasiparticles to the
QRPA phonons of Ref. [18]. Finally, the residual Hamiltonian,
which contains the interaction of the odd nucleon and the
even-even reference nucleus, is diagonalized in the combined
one- and three-quasiparticle basis [19].

This article is organized as follows: In Sec. II we give the
theoretical background behind the MQPM and the β spectrum
shape. In Sec. III we describe the application of the MQPM
to the spectrum shape of forbidden β− decays. In Sec. IV we
present our results, and in Sec. V we draw the conclusions.

II. THEORETICAL FORMALISM

In this section we give the theoretical background behind
the nuclear model MQPM used in the calculations (see
Sec. II A) and present the practical aspects of the theory of
forbidden β− decays and the shape of the electron spectra (see
Sec. II B). The description of the MQPM summarizes the two
original papers describing the model (see Refs. [18] and [19]).
For a more complete description of the theory of β decays, see
Ref. [27].

A. Microscopic quasiparticle-phonon model

The starting point of the MQPM is a realistic A-fermion
Hamiltonian consisting of the mean-field part and the residual-
interaction part. In the occupation-number representation the
Hamiltonian reads [10]

H =
∑

α

εαc†αcα + 1

4

∑
αβγ δ

v̄αβγ δc
†
αc

†
βcδcγ , (1)

where c†ι and cι are the creation and annihilation operators
of the Hartree–Fock quasiparticles and v̄αβγ δ = 〈αβ|v|γ δ〉 −
〈αβ|v|δγ 〉 is the antisymmetrized two-body matrix element.
Here we adopt the notation of Baranger [28], where the
Roman letter a includes the single-particle quantum numbers
na (principal), la (orbital angular momentum), and ja (total
angular momentum) and the Greek letter α, the quantum
numbers a, and the magnetic quantum number ma .

The approximate ground state of the even-even reference
nucleus is obtained by using BCS theory [29]. The occu-
pation and vacancy amplitudes va and ua emerge from the
Bogoliubov–Valatin transformation [30,31],

a†
α = uac

†
α + vac̃α, (2)

ãα = uac̃α − vac
†
α, (3)
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where a†
α is the BCS quasiparticle creation operator and ãα

is the time-reversed BCS quasiparticle annihilation operator.
After the Bogoliubov–Valatin transformation, the Hamiltonian
of Eq. (1) can be written as

H = H11 + H22 + H40 + H04 + H31 + H13, (4)

where the indices correspond to the number of BCS creation
and annihilation operators [32]. The terms H20 and H02 are
missing from Eq. (4), since they vanish when minimizing the
BCS ground-state energy.

When solving the BCS equations (see formulation in, e.g.,
Ref. [10]), the monopole matrix elements of the two-body
interaction can be scaled by pairing-strength parameters g(n)

pair

and g
(p)
pair to reproduce the semi-empirical pairing gaps. The

proton and neutron pairing gaps �p and �n needed for solving
the BCS equations can be calculated by using the three-point
formulas [33,34],

�p(A,Z) = 1
4 (−1)Z+1[Sp(A + 1,Z + 1)

− 2Sp(A,Z) + Sp(A − 1,Z − 1)],

�n(A,Z) = 1
4 (−1)A−Z+1[Sn(A + 1,Z)

− 2Sn(A,Z) + Sn(A − 1,Z)], (5)

where Sp is the proton separation energy and Sn the neutron
separation energy.

Once the one-quasiparticle states have been calculated
by using BCS theory, the next step is to consider two-
quasiparticle excitations, i.e., treat the H22, H40, and H04 terms
of the Hamiltonian (4). In the MQPM, the two-quasiparticle
excitations are the quasiparticle random-phase approximation
(QRPA) [28] phonons of the even-even reference nucleus
defined by the QRPA phonon-creation operator

Q†
ω =

∑
a�a′

[
Xω

aa′A
†
aa′ (JωM) − Yω

aa′Ãaa′ (JωM)
]
, (6)

where ω denotes the angular momentum Jω, parity πω, and
the index kω which identifies the different excitations with
the same J and π . The quantity A

†
aa′ (JωM) = (1 + δaa′ )−1/2

[a†
aa

†
a′ ]Jω

is the two-quasiparticle creation operator, and
Ãaa′ (JωM) = (1 + δaa′ )−1/2[ãaãa′ ]Jω

is the corresponding an-
nihilation operator. The forward- and backward-going ampli-
tudes X and Y are solved by diagonalizing the QRPA matrix
(see, e.g., Ref. [10]).

The basis states of the microscopic quasiparticle-phonon
model are the one-quasiparticle states given by the BCS
calculation and the three-quasiparticle states emerging from
the coupling of QRPA phonons with BCS quasiparticles. The
states of the odd-A nucleus are created by the MQPM creation
operator [19]

�
†
i (jm) =

∑
n

Ci
na

†
njm +

∑
aω

Di
aω[a†

aQ
†
ω]jm, (7)

where Ci
n and Di

aω are the amplitudes determined by the
MQPM matrix equation. The use of the equations-of-motion
method [35] leads to the generalized eigenvalue problem [18](

A B

BT A′

)(
Ci

Di

)
= �i

(
1 0
0 N

)(
Ci

Di

)
, (8)

where the submatrices A, A′, and B are the matrix elements of
H11, H22, and H31 of equation (4), respectively. The explicit
expressions for these submatrices are listed in Ref. [19].
The overlap between a one-quasiparticle state and a three-
quasiparticle state is always zero leading to a block-diagonal
structure of the overlap matrix on the right-hand side of Eq. (8).
The overlaps between one-quasiparticle states lead to the unity
matrix and the overlaps between three-quasiparticle states lead
to the submatrix N of the overlap matrix. The appearance of the
nondiagonal submatrix N in the overlap matrix leads, in turn,
to a non-Hermitian eigenvalue problem in a nonorthogonal,
often over-complete, basis set.

To solve the non-Hermitian eigenvalue problem of Eq. (8),
we turn it into a Hermitian problem by writing it in a new
orthogonal basis and diagonalizing it in the usual way. We
start by solving the eigenvalue problem of the overlap matrix
N , which reads ∑

j

Niju
(k)
j = nku

(k)
i . (9)

The eigenvectors of N can be written in the basis |i〉 =
�
†
i |QRPA〉, where |QRPA〉 is the correlated ground state of

the reference nucleus, as [19]

|k̃〉 = 1√
nk

∑
i

u
(k)
i |i〉 . (10)

The states |k̃〉 with a nonzero eigenvalue nk form an orthonor-
mal complete set. In the orthonormal basis of Eq. (10) the
MQPM matrix equation (8) can be written as a real and
symmetric eigenvalue problem,∑

l

〈k̃|H |l̃〉g(n)
l = λng

(n)
k , (11)

where

〈k̃|H |l̃〉 = 1√
nknl

∑
ij

u
(k)∗
i 〈i|H |j〉 u

(l)
j . (12)

The coefficients Cn
i of the MQPM matrix equation can be

calculated from the coefficients g using the equation [19]

Cn
i =

∑
k

1√
nk

g
(n)
k u

(k)
i . (13)

As an example of the kind of excitation spectrum that the
microscopic quasiparticle-phonon model produces, the exper-
imental and MQPM spectra of 87Sr are presented in Fig. 1.
The experimental spectrum was obtained from Ref. [36].

B. β spectrum shape

To simplify the description of the β− decay, we assume
that at the very moment of decay the decaying nucleus only
interacts via the weak interaction, and the strong interaction
with the A − 1 other nucleons can be neglected. In this scheme,
known as the impulse approximation, the flow lines of the
nucleons, i.e., the hadronic current, and the flow lines of the
emitted leptons, i.e., the leptonic current, interact at a weak-
interaction vertex. Since the vector boson W− has a large
mass, and thus propagates only a short distance, the vertex
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FIG. 1. Experimental and MQPM excitation spectra for the
nucleus 87Sr.

can be considered to be point like with an effective coupling
constant GF, the Fermi constant. The weak interaction is parity
nonconserving, which is reflected in the fact that the hadronic
current can be written at the quark level as a mixture of vector
and axial-vector components as [5–7]

J
μ

H = ū(x)γ μ(1 − γ5)d(x), (14)

where γ μ and γ5 are the usual Dirac matrices. When moving
from the quark level to the nucleon level, one must take into
account renormalization effects of strong interactions. The
hadronic current at the nucleon level (proton p and neutron n)
can then be written as [8]

J
μ

H = p̄(x)γ μ(gV − gAγ5)n(x), (15)

where gV and gA are the weak vector and axial-vector
coupling constants, respectively. The conserved vector-current
hypothesis (CVC) and the partially conserved axial-vector-
current hypothesis (PCAC) of the standard model give the
so-called bare nucleon values gV = 1.0 and gA = 1.27 [9]. In
nuclear matter the value of gA is affected by many-nucleon
correlations, and so the bare nucleon value might not be the
one to use in practical calculations [10].

In the impulse approximation the probability of the electron
being emitted with kinetic energy between We and We + dWe

is

P (We)dWe = GF

(h̄c)6

1

2π3h̄
C(We)pecWe(W0 − We)2

×F0(Z,We)dWe, (16)

where pe is the momentum of the electron, Z is the proton
number, F0(Z,We) is the Fermi function, and W0 is the
endpoint energy of the β spectrum. The shape factor C(we)
encodes the nuclear-structure information.

The half-life of a β decay can be expressed as

t1/2 = κ

C̃
, (17)

where C̃ is the integrated shape factor and κ is a constant with
value [37]

κ = 2π3h̄7ln 2

m5
ec

4(GF cos θC)2 = 6147 s, (18)

with θC being the Cabibbo angle. For convenience, it is com-
mon to introduce unitless kinematic quantities we = We/mec

2,
w0 = W0/mec

2, and p = pec/(mec
2) = (w2

e − 1)1/2. Using
these quantities the integrated shape factor can be written as

C̃ =
∫ w0

1
C(we)pwe(w0 − we)2F0(Z,we)dwe. (19)

In Eq. (19) the kinematic factors are universal and the shape
factor C(we) has a complicated expression including both
kinematic and nuclear form factors. The choice of nuclear
model (in the case of this paper, MQPM) enters the picture
when calculating the one-body transition densities [38] related
to the NMEs of the shape factor. The details of the shape
factor and the constitution of its NMEs can be found from
Refs. [27] and [38]. As in the Refs. [17] and [24] we take into
account the next-to-leading-order terms of the shape function
(for details see Ref. [24]). In the commonly adopted leading-
order approximation the shape of the electron spectrum of
unique-forbidden decays does not depend on the NMEs and
it is just scaled by g2

A. When the next-order terms are taken
into account, the shape factor of these decays depends on
the computed NMEs and through this on gA in a nontrivial
way [24]. This means that, at least in theory, the SSM could
be applied also to unique decays.

The shape factor C(we) can be decomposed into vector,
axial-vector, and vector-axial-vector parts. In this decomposi-
tion the shape factor reads

C(we) = g2
VCV(we) + g2

ACA(we) + gVgACVA(we). (20)

For the integrated shape factor we get the analogous expression

C̃ = g2
VC̃V + g2

AC̃A + gVgAC̃VA. (21)

In should be noted that in Eq. (20) the shape factors Ci are
functions of electron kinetic energy, while the integrated shape
factors C̃i in Eq. (21) are real numbers.

III. NUMERICAL APPLICATION OF FORMALISM

The electron spectra of 26 forbidden β− transitions were
calculated for different values of the coupling constants
gA by using the NMEs produced by the MQPM model.
The application of the MQPM model followed the same
basic steps as the earlier studies regarding the fourth-
forbidden nonunique ground-state-to-ground-state β− decays
of 113Cd, 115In [17,24,38], and 115Cd [39], including the use
of the Bonn one-boson exchange potential with G-matrix
techniques [19].

The single-particle energies needed to solve the BCS
equations were calculated by using the Coulomb-corrected
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Woods–Saxon potential with the Bohr–Mottelson parametriza-
tion [40]. For the protons of the even-even reference nuclei
the valence space spanned 10 single-particle states in the
range 0f7/2–0h11/2. This valence space was also used for
the neutrons of the reference nuclei with A < 90, while
for the heavier nuclei a larger valence space spanning the
single-particle-orbitals 0f5/2–0i13/2 (15 single-particle states)
was used.

The BCS one-quasiparticle spectra were tuned by adjusting
manually some of the key single-particle energies computed
by using the Woods–Saxon potential. This was done to get
a closer mach between the low-lying one-quasiparticle states
and the measured experimental ones. The adjustments were
kept minimal with some changes in the span of spin-orbit
gap(s) close to the proton and/or neutron Fermi surfaces.
The computed pairing gaps were adjusted to fit the empirical
values by tuning the pairing strength parameters g

p
pair and gn

pair
for protons and neutrons, separately. The empirical values
were calculated by using the three-point formulas (5) and
the experimental separation energies given in Ref. [41]. The
QRPA spectra of the reference nuclei were tuned by scaling
the particle-hole matrix elements with the parameter gph in
order to reproduce the excitation energy of the lowest state of
a given multipolarity. In the MQPM calculations a 3.0 MeV
cutoff energy was used for the QRPA phonons to decrease the
formidable computational burden.

IV. RESULTS AND DISCUSSION

Below we present our results: the electron spectra of 26
forbidden β− decays (Figs. 2–9) and their integrated shape
factors (Table II). The electron spectra are discussed in
Sec. IV A and the integrated shape factors in Sec. IV B.

A. Electron spectra and effective value of gA

The electron spectra for the studied first-forbidden decays
are presented in Figs. 2–4 for gA = 0.80–1.20 (the identi-
fication of the decay type is presented in Table I). Similar
figures for second-, third-, fourth-, and fifth-forbidden decays
are presented in Figs. 5–9.

For the nonunique decay of 125Sb, presented in Fig. 2(a),
decreasing the value of gA increases the intensity of electrons
emitted with low energies (0–100 keV), while decreasing
the intensity of electrons with energies 250–350 keV. The
differences in the shapes of the spectra are however very
small—nothing like the dramatic behavior observed for the
fourth-forbidden decays of 113Cd and 115In in Refs. [17]
and [24]. From the other first-forbidden decays very slight
changes in the low-energy spectrum can be seen for the
nonunique decays of 141Ce in Fig. 2(b) and 169Er in Fig. 3(a),
as well as for the unique decay of 79Se below it in Fig. 3(b).
For the other first-forbidden decays the β spectrum seems
to be independent of the value of gA. The slight variation
in the spectrum of 79Se can only be seen when the next-to-
leading-order terms of the shape factor are taken into account.
In the lowest-order approximation the spectrum would be
completely unaffected when gA is varied. The variation is
minimal, but on the other hand, it is also minimal for the
nonunique first-forbidden decays.

FIG. 2. The β spectra for first-forbidden nonunique β− decays of
the ground states of 125Sb, 141Ce, 159Gd, and 161Tb. The color coding
represents the value of the weak axial-vector coupling constant gA.
For the vector coupling constant gV the value 1.00 was adopted.

Another interesting feature for the first-forbidden decays
is the remarkably similar shapes of the 125Sb, 141Ce, 161Tb
[Figs. 2(a), 2(b), and 2(d)], 169Er, 79Se [Figs. 3(a) and 3(b)], and
107Pd [Fig. 4(a)] spectra. For all of these the spectrum shape
can be described as linearly decreasing with a slight downward
bend at approximately 75% of the Q value. This is remarkable,
since the Q values vary from a tiny 34.1(23) keV for 107Pd to
a much larger 580.4(11) keV for 141Ce [36]. Another group of
decays with very similar spectra are the first-forbidden unique
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FIG. 3. The same as Fig. 2, but for the first-forbidden nonunique
decay of 169Er and the unique decays of 79Se, 85Kr, and 89Sr.

decay of 125Sb and 137Cs to the isomeric 11/2− states of the
daughter nuclei presented in Figs. 4(b) and 4(c) and the second-
forbidden unique decay of 129I shown in Fig. 5(a). Common to
this group of decays is that the initial state has spin-parity 7/2+.
For the decays of the first group no such obvious common
feature is seen.

The electron spectra of second-forbidden decays shown
in Fig. 5 differ from each other much more than the first-
forbidden ones. In the case of the second-forbidden unique
decay of 129I the next-to-leading-order terms of the shape
factor do not make the beta spectrum, shown in Fig. 5(a),

FIG. 4. The same as Fig. 2, but for the first-forbidden unique
decays of 107Pd, 125Sb, and 137Cs.

dependent on gA in a noticeable way. Slight bending is seen
for the nonunique decay of 93Zr [Fig. 5(b)], but the only
second-forbidden transition showing heavy gA dependence
is the ground-state-to-ground-state decay of 99Tc presented
in Fig. 5(c). The dependence is similar to that observed in
Refs. [17,24] for 113Cd and 115In: when gA ≈ gV a bell-
shaped spectrum is produced, while otherwise the spectrum is
monotonically decreasing. This decay is an excellent candidate
for SSM. Comparison with experimental spectra could shed
light on the effective value of gA for second-forbidden
nonunique transitions, and even second-forbidden β decays
in general. The shape of 135Cs and 137Cs spectra on the other
hand does not depend on the value of axial-vector coupling
constant at all, as seen from Figs. 5(d) and 5(e). Decays such
as the ground-state-to-ground-state decays of 135,137Cs, which
are practically independent of gA, are also experimentally
important, since they could be used to check the accuracy
of the theoretical spectra predicted by the MQPM as well as
by other nuclear models, such as the nuclear shell model and
the microscopic interacting boson-fermion model.
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FIG. 5. The same as Fig. 2, but for the second-forbidden unique
decay of 129I and the nonunique decays of 93Zr, 99Tc, 135Cs, and 137Cs.

FIG. 6. The same as Fig. 2, but for the third-forbidden nonunique
decays of 85Br and 87Rb.

While doing the MQPM calculation for the 137Cs decay, an
important new feature of the β spectra was discovered. While
the area under the curve depends significantly on the computed
MQPM level scheme (e.g., the one shown in Fig. 1), the shape
of the normalized (to unit area) electron spectrum does not.
Even shifting the single-particle energies enough to change
the ordering of energy levels in the odd-A nucleus did not
change the shape of the normalized spectrum at all. The other
studied nuclei behave similarly, although for some of them
slight changes in the electron spectrum were seen. At the mean-
field level, moving arbitrarily the key single-particle orbitals
at the proton and/or neutron Fermi surfaces by 0.5–1.5 MeV
had very little effect. However, the shape is not completely
independent of the computed level scheme, and large changes
in it can deform the electron spectrum considerably. In terms
of practical calculations it appears that getting the low end of
the level scheme to reasonably agree with data, with the right
ground-state spin-parity and few low-lying states near their
experimental counterparts, is sufficient to produce an electron
spectrum which is largely unaffected by further fine tuning.
On the other hand, the theoretical half-life predictions can
change by orders of magnitude when small changes to the
single-particle energies are made, especially in cases where
the even-even reference nucleus is (semi-)magic [16]. This
stems from the sharp Fermi surface and vanishing pairing
gap, making the BCS-approach sensitive to the details of the
single-particle spectrum at the Fermi surface.

The results for third-forbidden nonunique ground-state-to-
ground-state decays of 85Br and 87Rb are shown in Fig. 6.
The shape factor depends on gA in a very similar manner,
even though the Q value for 85Br is tenfold larger than
the one for 87Rb. Both of these decays are from a 3/2−
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FIG. 7. The same as Fig. 2, but for the fourth-forbidden
nonunique decays of 113Cd, 115Cd, and 115In.

initial state to a 9/2+ final state. The decay of 87Rb is
experimentally measurable and thus another candidate for
application of the spectrum-shape method. Unlike in the case
of 99Tc, the dependence is fairly simple: when gA decreases,
the low-energy intensity increases, and the intensity at larger
energies decreases.

The results for fourth-forbidden decays, all nonunique, are
presented in Figs. 7 and 8. The transitions are split into two
groups according to their basic features. The first one consists
of the decays of 113Cd, 115Cd, and 115In shown in Fig. 7. The
transitions of 113Cd and 115In are experimentally measurable
and have been studied extensively (see Refs. [17,24,38,42]).
The spectra show a distinctive hump when gA ≈ gV. Interest-
ingly, the behavior is similar to that of 99Tc [see Fig. 5(c)].
These decays have one common feature: the 9/2+ state is
either the initial or final state. For 113Cd and 115In the effect
of varying the weak axial-vector coupling constant is in line
with the results of Ref. [24]. However, in the earlier study [17]
the turning point of the MQPM spectrum of 113Cd was found
to be at gA ≈ 0.9 and for 115In at gA ≈ 0.95. It seems that
the use of a larger model space for neutrons in this study and

FIG. 8. The same as Fig. 2, but for the fourth-forbidden
nonunique decays of 97Zr, 101Mo, 117Cd, and 119In.

in Ref. [24] has a notable effect on the shape of the electron
spectrum. In Ref. [42] the electron spectra of these decays
were calculated with the proton-neutron variant of MQPM
with the free-nucleon values gV = 1.0 and gA = 1.25. The
shapes of the resulting spectra are nearly identical, which
further supports the results of this paper.

To see whether the strong dependence of the shape factor on
the weak coupling constants of the fourth-forbidden nonunique
decays is limited to the three neighboring nuclei, 113Cd, 115Cd,
and 115In, four further fourth-forbidden nonunique ground-
state-to-ground-state transitions were studied. These were the
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FIG. 9. The same as Fig. 2, but for the fifth-forbidden nonunique
decay of 123Sn.

ground-state-to-ground-state β− decays of 97Zr, 101Mo, 117Cd,
and 119Cd, for which the spectra are presented in Fig. 8. These
four decays also behave almost identically as functions of gA.
For these decays the spectrum shape is rather similar when
gA = 1.00–1.20, but the shape changes radically when gA is
quenched below unity.

As shown thus far the dependence of the shape factor on the
value of gA seems to increase when the degree of forbiddeness
grows. To test this hypothesis the fifth-forbidden decay of
123Sn to the lowest 1/2+ excited state in 123Sb (see Fig. 9) was
included in this study. This transition is not experimentally

measurable, but the theoretical results are important. As seen
in the figure for this decay the spectrum shape does not depend
on gA in any significant way, thus invalidating the above-
mentioned hypothesis. The sensitivity to gA seems to connect
more to the specific nuclear-structure details [like the almost
magical involvement of a 9/2+ state in all the SSM-sensitive
nuclei of Figs. 7, 8, and 5(c)] rather than to the forbiddeness
of the decay transition.

The observation that the β spectra of many transitions
behave similarly is a strong indication that significant changes
in the MQPM-predicted level schemes do not affect the shape
evolution of the β spectra. Similar conclusions can be drawn
from Ref. [24] where the three nuclear models, MQPM, NSM,
and IBFM-2 were used to study 113Cd and 115In decays. An
obvious conclusion drawn from this is that the SSM seems to be
quite insensitive to the fine details of the nuclear Hamiltonian
and the different approximations adopted to solve the related
eigenvalue problem. This makes the SSM very robust, and thus
a reliable tool for determining the effective value of gA.

B. Integrated shape factor C̃

In Refs. [17] and [24] it was noticed that for the decays
of 113Cd and 115In the components C̃V, C̃A, and C̃VA of
the decomposed integrated shape function C̃ [see Eq. (21)]
have much larger absolute values than C̃. The integrated shape
function and its components are listed in Table II for each of
the presently studied transitions.

TABLE II. Unitless integrated shape functions C̃ of the studied transitions and their vector C̃V, axial-vector C̃A, and mixed components
C̃VA. For the total integrated shape factor C̃ the values of the coupling constants were set to gV = gA = 1.0.

Transition Type C̃V C̃A C̃VA C̃

125Sb(7/2+) → 125Te(9/2−) 1st non-uniq. 1.524 × 10−5 4.734 × 10−6 −1.428 × 10−5 5.696 × 10−6

141Ce(7/2−) → 141Pr(5/2+) 1st non-uniq. 1.906 × 10−1 2.944 × 10−1 −1.494 × 10−1 7.069 × 10−2

159Gd(3/2−) → 159Tb(5/2+) 1st non-uniq. 9.439 × 10−1 2.436 × 10−1 9.563 × 10−1 2.144
161Tb(3/2+) → 161Dy(5/2−) 1st non-uniq. 7.937 × 10−3 3.309 × 10−4 −3.223 × 10−3 5.045 × 10−3

169Er(1/2−) → 169Tm(3/2+) 1st non-uniq. 1.833 × 10−2 3.097 × 10−3 −1.506 × 10−2 6.369 × 10−3

79Se(7/2+) → 79Br(3/2−) 1st unique 2.224 × 10−15 1.161 × 10−12 6.105 × 10−14 1.224 × 10−12

85Kr(9/2+) → 85Rb(5/2−) 1st unique 1.724 × 10−10 2.540 × 10−5 8.921 × 10−8 2.549 × 10−5

89Sr(5/2+) → 89Y(1/2−) 1st unique 2.219 × 10−16 3.366 × 10−11 1.233 × 10−13 3.378 × 10−11

107Pd(5/2+) → 107Ag(1/2−) 1st unique 8.332 × 10−17 1.472 × 10−10 6.432 × 10−14 1.473 × 10−10

125Sb(7/2+) → 125Te(11/2−) 1st unique 1.600 × 10−9 1.397 × 10−4 6.427 × 10−7 1.404 × 10−4

137Cs(7/2+) → 137Ba(11/2−) 1st unique 4.492 × 10−9 3.311 × 10−4 1.617 × 10−6 3.328 × 10−4

93Zr(5/2+) → 93Nb(9/2+) 2nd non-uniq. 2.020 × 10−16 8.460 × 10−15 −2.191 × 10−15 6.471 × 10−15

99Tc(9/2+) → 99Ru(5/2+) 2nd non-uniq. 4.342 × 10−9 4.386 × 10−9 −8.713 × 10−9 1.602 × 10−11

135Cs(7/2+) → 135Ba(3/2+) 2nd non-uniq. 1.133 × 10−8 1.656 × 10−8 2.737 × 10−8 5.526 × 10−8

137Cs(7/2+) → 137Ba(3/2+) 2nd non-uniq. 3.217 × 10−5 2.654 × 10−5 5.822 × 10−5 1.169 × 10−4

129I(7/2+) → 129Xe(1/2+) 2nd unique 8.191 × 10−22 5.634 × 10−17 2.685 × 10−19 5.661 × 10−17

85Br(3/2−) → 85Kr(9/2+) 3rd non-uniq. 1.597 × 10−6 3.022 × 10−7 −1.309 × 10−6 5.902 × 10−7

87Rb(3/2−) → 87Sr(9/2+) 3rd non-uniq. 1.531 × 10−13 2.718 × 10−14 −1.264 × 10−13 5.387 × 10−14

97Zr(1/2+) → 97Nb(9/2+) 4th non-uniq. 6.210 × 10−11 4.995 × 10−11 −1.055 × 10−10 6.588 × 10−12

101Mo(1/2+) → 101Tc(9/2+) 4th non-uniq. 8.370 × 10−11 6.529 × 10−11 −1.399 × 10−10 9.131 × 10−12

113Cd(1/2+) → 113In(9/2+) 4th non-uniq. 1.925 × 10−19 2.094 × 10−19 −4.002 × 10−19 1.385 × 10−21

115Cd(1/2+) → 115In(9/2+) 4th non-uniq. 2.030 × 10−14 2.091 × 10−14 −4.059 × 10−14 6.238 × 10−16

115In(9/2+) → 115Sn(1/2+) 4th non-uniq. 6.503 × 10−18 6.126 × 10−18 −1.256 × 10−17 6.492 × 10−20

117Cd(1/2+) → 117In(9/2+) 4th non-uniq. 7.361 × 10−12 6.610 × 10−12 −1.342 × 10−11 5.545 × 10−13

119In(9/2+) → 119Sn(1/2+) 4th non-uniq. 5.370 × 10−12 4.441 × 10−12 −9.441 × 10−12 3.708 × 10−13

123Sn(11/2−) → 123Sb(1/2+) 5th non-uniq. 3.791 × 10−28 8.323 × 10−30 −9.932 × 10−29 2.881 × 10−28
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For all transitions the C̃V and C̃A components are positive,
but the sign of C̃VA varies. Although the next-to-leading-
order terms are taken into account, C̃ is dominated by the
axial-vector component in the unique decays. The vector
and vector-axial components add small positive corrections,
which are about two orders of magnitude smaller than CA

at their largest. For the nonunique first-forbidden decays
the largest contribution comes from C̃V. The axial-vector
component introduces a small positive correction, while the
C̃VA is negative, and has an absolute value of about 50%–90%
of C̃V. As an exception, the C̃VA component is positive for
159Gd. The second-forbidden nonunique transitions on the
other hand, have very different decompositions from each
other. For 93Zr the axial-vector component dominates, and
the negative correction of C̃VA is about 25%. In the case of
99Tc, C̃V and C̃A have almost identical values, while C̃VA

is twice as large and negative. The resulting total integrated
shape function C̃ is two orders of magnitude smaller than
the absolute values of its components. For 135Cs and 137Cs the
results are rather similar, but C̃VA is positive. For the two third-
forbidden nonunique decays the vector component dominates,
the axial-vector component is small, and the absolute value
of the negative C̃VA is about 80% of the vector component.
The fourth-forbidden decays are divided into the same groups
as suggested by the electron spectra. The decomposition is
similar to 99Tc for 113Cd, 115Cd, and 115In. For the rest of
the fourth-forbidden decays C̃V dominates, C̃A is about 20%
smaller, and C̃VA is negative and has an absolute value of
slightly less than the sum of C̃V and C̃A. The resulting total
integrated shape factor is one order of magnitude smaller than
its components. For the fifth-forbidden transition of 123Sn, C̃ is
dominated by C̃V, and the corrections from other components
are small.

V. CONCLUSIONS

The sensitivity of the shapes of electron spectra for 26
forbidden β− decays of odd-A nuclei were studied by using
the nuclear matrix elements derived from the microscopic
quasiparticle-phonon model (MQPM) and by varying the value
of the axial-vector coupling constant gA. The next-to-leading-
order terms were included in the corresponding β-decay shape
factors. In the spectrum-shape method (SSM) the shapes of
computed electron spectra can be compared with the measured
ones to access the effective value of gA. The shape of the
computed electron spectrum was found to be unaffected by
minor changes in the computed excitation spectra of the
involved nuclei, implying stability against the variations of
the details of the nuclear Hamiltonian. This is supported
by the study [24] where three different nuclear Hamiltonians
were used. The study of Ref. [24] suggests also that the SSM is

not very sensitive to the many-body framework used to solve
the Hamiltonian-related eigenvalue problem since the three
nuclear-structure models produced quite compatible SSM
results despite their completely different theory frameworks.
At the level of the mean field, in turn, in most cases moving
the single-particle energies of the underlying mean field by as
much as 1.5 MeV did not affect the normalized β spectra, even
though the half-life was affected significantly. Furthermore,
transitions of the same type (forbiddeness, uniqueness) in
neighboring nuclei produce similar spectrum shapes regardless
of the Q value. The above features make the SSM a much
more robust method than just comparing the theoretical and
experimental half-lives to extract the effective value of gA.

The electron spectrum of the ground-state-to-ground-state
decays of 99Tc and 87Rb depend significantly on the effective
value of the axial-vector coupling constant gA. Since these
decays are experimentally measurable, they can be used to
gain knowledge on the effective value of gA in second- and
third-forbidden nonunique beta decays by using the spectrum-
shape method. The decays for which the spectrum shape does
not depend on the values of the weak coupling constants, such
as the transitions of 135Cs and 137Cs, could be used to test the
accuracy of the theoretical spectra.

The shape factors of the third- and especially fourth-
forbidden decays depend very sensitively on the value of the
coupling constants. Besides the transitions in this study, there
are no other medium-heavy odd-A nuclei which have a third-
or fourth-forbidden decay branch with a significant branching
ratio. However, for example 50V decays via a fourth-forbidden
nonunique transition and could be a candidate for SSM when
a shell-model type of framework would be used to evaluate the
needed wave functions.

In general, the decomposition of the integrated shape
functions C̃ into vector, axial-vector, and vector-axial-vector
components is similar when the normalized β spectra resemble
each other. However, the decompositions of the studied first-
and third-forbidden nonunique decays are similar, with the
exception of the one of 159Gd, but the normalized β spectra of
these decays are nothing alike.

Finally, the information gained through SSM on the
effective value of gA in forbidden decay transitions could help
in solving the gA problem related to the neutrinoless double
beta decay, which proceeds via virtual transitions, and largely
via the forbidden ones.
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gA-driven shapes of electron spectra of forbidden β decays in the nuclear shell model
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The evolution of the shape of the electron spectra of 16 forbidden β− decays as a function of gA was
studied using the nuclear shell model in appropriate single-particle model spaces with established, well-tested
nuclear Hamiltonians. The β spectra of 94Nb(6+) → 94Mo(4+) and 98Tc(6+) → 98Ru(4+) were found to depend
strongly on gA, which makes them excellent candidates for the determination of the effective value of gA with the
spectrum-shape method (SSM). A strong gA dependence is also seen in the spectrum of 96Zr(0+) → 96Nb(6+).
This decay could be used for determining the quenching of gA in sixth-forbidden decays in the future, when the
measurement of the spectrum becomes experimentally feasible. The calculated shell-model electron spectra of the
ground-state-to-ground-state decays of 87Rb, 99Tc, and 137Cs and the decay of 137Cs to the isomeric 11/2− state
in 137Ba were found to be in excellent agreement with the spectra previously calculated using the microscopic
quasiparticle-phonon model. This is further evidence of the robust nature of the SSM observed in the previous
studies.

DOI: 10.1103/PhysRevC.96.024317

I. INTRODUCTION

At the nuclear level β decay can be considered as a
mutual interaction of the hadronic and leptonic currents
mediated by a massive vector boson W± [1]. The leptonic
and hadronic currents can be expressed as a mixture of both
vector and axial-vector components [2–4]. The weak vector
and axial-vector coupling constants gV and gA enter the theory
when the hadronic current is renormalized at the nucleon
level [5]. The conserved vector-current hypothesis (CVC) and
partially conserved axial-vector-current hypothesis (PCAC)
yield the free-nucleon values gV = 1.00 and gA = 1.27 [6]
but inside nuclear matter the value of gA is affected by
many-nucleon correlations and a quenched value might be
needed to reproduce experimental data [1]. Precise information
on the effective value of gA is crucial when predicting half-lives
of neutrinoless double beta decays since the half-lives are
proportional to the fourth power of gA [7,8].

The effective value of gA has earlier been probed using a
half-life comparison method, in which the predicted and exper-
imental values are compared for different values of gA. This has
been done for Gamow-Teller and first-forbidden decays using
nuclear matrix elements calculated with the proton-neutron
quasiparticle random-phase approximation (pnQRPA) [9–13].
The half-life comparison method predicts that the value of gA

is quenched significantly in these transitions. Also in the old
studies [14–17] of first-forbidden β decays, strong quenchings
were predicted. In a recent shell-model study [18] of r-process
waiting-point nuclei, a strong quenching of gA was confirmed.
The half-life comparison method could be used to find out if
similar quenching of gA is seen in highly forbidden unique
beta decays by using the half-lives calculated in Ref. [19],
once experimental data become available.

In Ref. [20] the spectrum-shape method (SSM) was
introduced as a complementary way to study the effective

*joel.j.kostensalo@student.jyu.fi
†jouni.suhonen@phys.jyu.fi

value of the weak coupling constants. In the SSM the shapes
of computed and experimental (normalized) electron spectra
are compared in order to find the ratio gA/gV for nonunique
forbidden beta β− decays, for which the shape factors depend
on gA/gV in a very nontrivial way. In Ref. [21] the SSM was
applied to the fourth-forbidden ground-state-to-ground-state
transition of 113Cd using the microscopic quasiparticle-phonon
model (MQPM) [22,23], the nuclear shell model (NSM)
[24–26], the microscopic interacting boson-fermion model
(IBFM-2) [27,28], and experimental spectrum of Ref. [29].
The closest match between the theoretical and experimental
spectra was found when gA/gV ≈ 0.92 for all three nuclear
models. The half-life comparison method, on the other hand,
gave very different results when different nuclear models
were used. In Ref. [30] it was noticed that the shape of the
spectrum was largely unaffected by modest changes in the
MQPM wave function, even though the predicted half-life
was affected significantly. The observations of these previous
studies suggest that the SSM is very robust, quite insensitive to
the details of the adopted nuclear mean field and Hamiltonian.
It is thus a reliable tool for probing the ratio gA/gV.

The gA-driven evolution of the shapes of several exper-
imentally measurable forbidden nonunique decay spectra in
medium-heavy odd-A nuclei was studied using the MQPM in
Ref. [30]. Only four good candidates for the application of the
spectrum-shape method have been found thus far. These are
the ground-state-to-ground-state decays of 87Rb, 99Tc, 113Cd,
and 115In [20,30]. In the present paper we set out to find
potential new candidates for the application of the SSM in
light to medium-heavy nuclei using the nuclear shell model.
We also compare the NSM and MQPM β spectra of 87Rb,
99Tc, and 137Cs to see if the model independence observed in
Ref. [21] applies for these decays as well. The decays of 137Cs
to the 3/2+ ground state and the 11/2− isomeric state of 137Ba
are particularly interesting for comparing the differences in
the MQPM and NSM spectra, since the MQPM calculations
predict a gA-independent spectrum shape for these decays.

This article is organized as follows. In Sec. II we give
the theoretical background behind the β spectrum shape. In

2469-9985/2017/96(2)/024317(7) 024317-1 ©2017 American Physical Society
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Sec. III we describe the application of the nuclear shell model
to the spectrum shape of forbidden β− decays. In Sec. IV we
present our results and in Sec. V we draw the conclusions.

II. THEORETICAL FORMALISM

We begin the description of the β− decay by making the
so-called impulse approximation, in which at the exact moment
of decay the decaying nucleon only interacts via the weak
interaction and the strong interaction with the other A − 1
nucleons can be ignored. Since the vector boson W− has a
large mass and thus propagates only a short distance, the flow
lines of the nucleons, i.e., the hadronic current, and the flow
lines of the emitted leptons, i.e., the leptonic current, can be
considered to interact at a pointlike weak-interaction vertex
with an effective coupling constant GF, the Fermi constant.
The parity nonconserving nature of the weak interaction is
reflected in the fact that the hadronic current can be written
at the quark level (up u and down d quarks) as a mixture of
vector and axial-vector components as [2–4]

J
μ

H = ū(x)γ μ(1 − γ5)d(x), (1)

where γ μ are the usual Dirac matrices and γ5 = iγ 0γ 1γ 2γ 3.
Renormalization effects of strong interactions must be taken
into account when moving from the quark level to the hadron
level. The hadronic current at the nucleon level (neutron n and
proton p) can then be written as [5,6]

J
μ

H = p̄(x)γ μ(gV − gAγ5)n(x), (2)

where gV and gA are the weak vector and axial-vector
coupling constants, respectively. The conserved vector-current
hypothesis of the standard model (CVC) gives the free-nucleon
value gV = 1.0 for the weak vector coupling constant and the
partially conserved axial-vector-current hypothesis (PCAC)
gives the free-nucleon value gA = 1.27 for the weak axial-
vector coupling constant. Inside the nuclear matter the value
of gA is affected by many-nucleon correlations and so the
free nucleon value might not be the one to use in practical
calculations [6]. The present paper is a step towards solving
the problem of what value to use for gA inside finite nuclei.

In the impulse approximation the probability of the electron
being emitted with kinetic energy between We and We + dWe

is

P (We)dWe = GF

(h̄c)6

1

2π3h̄
C(We)

×pecWe(W0 − We)2F0(Z,We)dWe, (3)

where pe is the momentum of the electron, Z is the proton
number, F0(Z,We) is the Fermi function, and W0 is the
end-point energy of the β spectrum. The nuclear structure
information is buried in the shape factor C(we).

The half-life of a β decay can be written as

t1/2 = κ

C̃
, (4)

where C̃ is the integrated shape factor and the constant κ has
the value [31]

κ = 2π3h̄7ln 2

m5
ec

4(GF cos θC)2
= 6147 s, (5)

θC being the Cabibbo angle. In order to simplify the formalism
it is usual to introduce unitless kinematic quantities we =
We/mec

2, w0 = W0/mec
2, and p = pec/(mec

2) = √
w2

e − 1.
With the unitless quantities the integrated shape factor can be
expressed as

C̃ =
∫ w0

1
C(we)pwe(w0 − we)2F0(Z,we)dwe. (6)

The shape factor C(we) of Eq. (6) contains complicated
combinations of both (universal) kinematic factors and NMEs.
In this paper we use the nuclear shell model to calculate the
one-body transition densities related to the NMEs of the shape
factor. The details of the shape factor and the constitution
of its NMEs can be found from Refs. [32,33]. As in the
previous SSM studies [20,21,30] we go beyond the earlier
studies [32,33] and take into account the next-to-leading-order

FIG. 1. Normalized electron spectra for the second-forbidden
nonunique β− decays of 36Cl [panel (a)] and 60Fe [panel (c)], and
the fourth-forbidden nonunique decay of 50V [panel (b)]. The value
gV = 1.00 was adopted and the color coding represents the value
of gA.
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terms of the shape function. The details of the next-to-leading
order shape factors are discussed in [21].

The shape factor C(we) can be decomposed into vector,
axial-vector, and mixed vector-axial-vector parts. In this
decomposition the shape factor is

C(we) = g2
VCV(we) + g2

ACA(we) + gVgACVA(we). (7)

Integrating Eq. (7) over the electron kinetic energy, we get an
analogous expression for the integrated shape factor

C̃ = g2
VC̃V + g2

AC̃A + gVgAC̃VA, (8)

where the factors C̃i in Eq. (8) are just constants, independent
of the electron energy.

III. ADOPTED MODEL SPACES AND NUCLEAR
HAMILTONIANS

The electron spectra of 16 forbidden β− transitions were
calculated for different values of the coupling constant gA

using the nuclear matrix elements produced by the nuclear
shell model. The calculations were done using the shell model
code NuShellX@MSU [34], with appropriate model spaces
and well established Hamiltonians chosen for each studied
decay individually. No additional truncations, beyond those
used in the original works, were introduced. The calculations
were run on a desktop computer with a 3.3 GHz processor, so
the computational burden had to be taken into account when
choosing the model space.

The adopted model spaces and Hamiltonians are as follows.
sd shell: for the calculation of the wave functions and one-body
transition densities related to the decay 36Cl(2+) → 36Ar(0+)
we adopted the 0d–1s model space and the phenomenological
USDB interaction [35]. pf shell: as in the earlier shell-model
studies regarding the half-lives of the transitions 48Ca(0+) →
48Sc(4+,5+,6+) [36] and 50V(6+) → 50Cr(2+) [37], the 0f –
1p model space with the interaction GXPF1A [38,39] was used

to calculate the electron spectra of these decays. The GXPF1A
interaction is very good at predicting the properties of pf -shell
nuclei. However, since the computational burden increases
dramatically when the number of particles approaches half
of the maximum in the valence space, this interaction could
not be used for the 60Fe(0+) → 60Co(2+) decay transition.
Instead, a model space spanning the π0f7/2, ν1p3/2, ν0f5/2,
and ν1p1/2 orbitals was adopted with the Horie-Ogawa inter-
action [40,41]. pfg9/2 shell: the jj44b interaction developed
by Brown and Lisetskiy for the 0f5/2 − 1p − 0g9/2 model
space (see endnote on Ref. [28] of [42]) was used for the
calculation of the 87Rb(3/2−) → 87Sr(9/2+) transition. For
the decays of the A = 94–99 nuclei, the effective interac-
tion of Gloeckner [43] in the model space spanning the
π1p1/2, π0g9/2, ν2s1/2, and 2d5/2 was used. sdgh11/2 shell:
finally, for the decay transitions 126Sn(0+) → 126Sb(2+) and
137Cs(7/2+) → 137Ba(11/2−,3/2+) the Sn100pn interaction
[44] in the 0g7/22s1d0h11/2 model space was adopted.

IV. RESULTS AND DISCUSSION

Below we present our results: the electron spectra of
16 forbidden β− decays (Figs. 1–5) and their integrated
shape factors (Table I). The electron spectra are discussed
in Sec. IV A and the integrated shape factors in Sec. IV B.

A. Electron spectra and the effective value of gA

The studied spectra fall into three groups.
GROUP 1. The first group, for which the spectra can be

found in Figs. 1 and 2, consists of six transitions for which
the SSM analysis has not been done prior to this study. These
decays are potentially interesting for the practical application
of the spectrum-shape method, since most of them are second-
forbidden nonunique transitions with branching ratios above
90%. The only exception is the undetected fourth-forbidden
β− decay branch of 50V, for which the branching ratio has

TABLE I. Unitless integrated shape functions C̃ of the studied transitions and their vector C̃V, axial-vector C̃A, and mixed components
C̃VA. For the total integrated shape factor C̃ the values of the coupling constants were set to gV = gA = 1.0.

Transition Type C̃V C̃A C̃VA C̃

137Cs(7/2+) → 137Ba(11/2−) 1st uniq. 9.681×10−11 8.322×10−6 3.761×10−8 8.359×10−6

36Cl(2+) → 36Ar(0+) 2nd nonuniq. 6.081×10−9 3.152×10−10 − 2.746×10−9 3.650×10−9

60Fe(0+) → 60Co(2+) 2nd nonuniq. 2.347×10−13 5.232×10−11 − 7.000×10−12 4.556×10−11

94Nb(6+) → 94Mo(4+) 2nd nonuniq. 1.598×10−8 1.469×10−8 − 3.058×10−8 1.029×10−10

98Tc(6+) → 98Ru(4+) 2nd nonuniq. 2.723×10−8 2.544×10−8 − 5.254×10−8 1.207×10−10

99Tc(9/2+) → 99Ru(5/2+) 2nd nonuniq. 2.240×10−9 2.130×10−9 − 4.361×10−9 8.777×10−12

126Sn(0+) → 126Sb(2+) 2nd nonuniq. 1.422×10−8 7.125×10−9 2.011×10−8 4.145×10−8

137Cs(7/2+) → 137Ba(3/2+) 2nd nonuniq. 4.211×10−6 2.836×10−6 6.879×10−6 1.392×10−5

87Rb(3/2−) → 87Sr(9/2+) 3rd nonuniq. 1.185×10−13 2.082×10−14 − 9.734×10−14 4.202×10−14

48Ca(0+) → 48Sc(4+) 4th nonuniq. 8.946×10−28 5.934×10−29 − 4.606×10−28 4.934×10−28

50V(6+) → 50Cr(2+) 4th nonuniq. 1.024×10−23 9.137×10−25 2.131×10−24 1.329×10−23

96Zr(0+) → 96Nb(4+) 4th nonuniq. 3.176×10−27 3.170×10−28 − 2.006×10−27 1.486×10−27

48Ca(0+) → 48Sc(5+) 4th uniq. 2.577×10−30 3.931×10−25 1.334×10−27 3.945×10−25

96Zr(0+) → 96Nb(5+) 4th uniq. 1.765×10−29 1.551×10−24 6.844×10−27 1.558×10−24

48Ca(0+) → 48Sc(6+) 6th nonuniq. 1.124×10−32 3.498×10−34 3.947×10−33 1.554×10−32

96Zr(0+) → 96Nb(6+) 6th nonuniq. 5.811×10−33 7.494×10−33 − 1.318×10−32 1.234×10−34
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FIG. 2. Same as Fig. 1 but for the second-forbidden nonunique
decays of 94Nb [panel (a)], 98Tc [panel (b)], and 126Sn [panel (c)].

been predicted to be ≈2% by a recent shell-model calculation
[36]. An earlier study [30] of the gA-driven evolution of the
electron spectra of odd-A nuclei demonstrated that the second
and especially the fourth-forbidden nonunique β-decay spectra
depend strongly on the effective value of the weak axial-vector
coupling constant.

GROUP 2. The second group consists of the fourth-
to-sixth-forbidden decays 48Ca(0+) → 48Sc(4+,5+,6+) and
96Zr(0+) → 96Nb(4+,5+,6+), for which the beta spectra are
presented in Figs. 3 and 4. The decays of 48Ca and 96Zr
appear to be dominated by the two-neutrino double beta decay
mode [36,45,46], so the study of these decays is somewhat
challenging experimentally. However, they can shed light on
whether the spectra of highly forbidden beta decays are gA

dependent or not.
GROUP 3. The third group consists of four de-

cays: 137Cs(7/2+) → 137Ba(11/2−,3/2+), 99Tc(9/2+) →
99Ru(5/2+), and 87Rb(3/2−) → 87Sr(9/2+). The electron
spectra of these decays was studied previously in [30] using
the MQPM. The spectra of the 137Cs decays were found to

FIG. 3. Same as Fig. 1 but for the decays 48Ca(0+) →
48Sc(4+,5+,6+) [panels (a), (b), and (c)].

be independent of the value of gA, while the dependence was
significant for 87Rb and 99Tc. The shell-model and MQPM
spectra of these decays are compared in order to see if the
previously observed model independence of 113Cd and 115In
spectra [21] holds also for these decays.

The spectra presented in Figs. 1 and 2 (GROUP 1) fall
into two subgroups. The spectra of 36Cl, 50V, and 60Fe
[Fig. 1, panels (a), (b), and (c)], and 126Sn [Fig. 2, panel (c)]
do not exhibit noticeable dependence on the value of the
axial-vector coupling constant. This is very surprising since
the decay of 50V is fourth forbidden, and all the seven studied
fourth-forbidden decays in Ref. [30] depend heavily on gA.
The spectra of the second subgroup, 94Nb and 98Tc [Fig. 2,
panels (a) and (b)], are significantly gA dependent. The gA

driven evolution of the spectra is not only very similar for
these two decays, but also nearly identical to the one of
99Tc, shown in Fig. 5, panel (c), even though the Q value
of these decays varies between 300 keV and 450 keV. A
similar grouping phenomenon was seen for several decays in
[30]: for example the shapes of the spectra of fourth-forbidden
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FIG. 4. Same as Fig. 1 but for the decays 96Zr(0+) →
96Nb(4+,5+,6+) [panels (a), (b), and (c)].

ground-state-to-ground-state β− decays of 97Zr, 101Mo, 117Cd,
and 119In have an almost identical gA evolution.

Decays of GROUP 2, 48Ca(0+) → 48Sc(4+,5+,6+) and
96Zr(0+) → 96Nb(4+,5+,6+), were studied in order to see if
there appears some interesting systematic behavior. Since the
shape of the spectra of fourth-forbidden nonunique decays
of odd-A nuclei depends on gA in a significant way, it
is interesting to see if this holds for the even-A nuclei.
Since the spectrum on 50V is largely independent of the
values of the weak coupling constants, the dependence is not
strong for at least some fourth-forbidden decays. The shape
of the electron spectra of 48Ca(0+) → 48Sc(4+,5+,6+) and
96Zr(0+) → 96Nb(4+,5+) transitions is independent of gA, as
shown in Fig. 3, panels (a), (b), and (c) and in Fig. 4, panels (a)
and (b), revealing a second exception, 48Ca(0+) → 48Sc(4+),
to the gA-dependent fourth-forbidden nonunique decays. The
sixth-forbidden decay 96Zr(0+) → 96Nb(6+) [Fig. 4, panel
(c)], on the other hand, exhibits a strong gA dependence. The
evolution is very different from the one of the 94Nb and 98Tc
[Fig. 2, panels (a) and (b)], and 99Tc [Fig. 5, panel (c)] studied

in the present paper and the fourth-forbidden ones studied
in [30]. The branching ratio is, however, so small that the
measurement of this spectrum is not currently within reach
of experiments. It is somewhat striking that, from the 38
different forbidden decays studied in the present paper and in
Ref. [30], strong gA dependence is seen only in even-forbidden
decays.

In Fig. 5 the shell-model and MQPM spectra of the
experimentally interesting decays found in Ref. [30] are shown
for comparison. For 87Rb [panels (a) and (b)], which is the
best candidate for the determination of the quenching of gA in
third-forbidden decays, the MQPM and shell-model spectra
are practically identical. For 99Tc [panels (c) and (d)] the
evolution predicted by the two models is also similar, but
in the range gA = 0.9–1.1 there is some difference in the
shape, leading to a potential small uncertainty in the value of
gA when comparing to the experimental spectrum, hopefully
available in the (near) future. The two studied decays of 137Cs
[panels (e) and (f)] were found to be gA independent when
using the MQPM model in Ref. [30]. The shell-model spectra
calculated for these decays were not only also gA independent,
but overlap with the MQPM spectra perfectly. Measurements
of these spectra would by very desirable, since they would
shed light on the quality of the calculated spectra, independent
of the chosen nuclear model.

B. Integrated shape factor C̃

The integrated shape factors C̃ and their decomposition to
the components of Eq. (8) are presented in Table I. For all the
studied decays the sign of the vector and axial-vector compo-
nents is positive and the sign of the mixed vector-axial-vector
component varies. For the second-forbidden nonunique decays
of 94Nb and 98,99Tc which have very similar spectrum-shape
evolution, the vector- and axial-vector components are roughly
equal and the vector-axial-vector component is roughly twice
as large, but with a negative sign. The resulting total integrated
shape factor is two magnitudes smaller than its components.
For the sixth-forbidden decay 96Zr(0+) → 96Nb(6+) the axial-
vector component is 30% larger than the vector component and
the vector-axial-vector component is again roughly the sum of
the two other components and negative in sign.

For 87Rb the decomposition is similar to the case of the
MQPM: the vector component C̃V is the largest, the axial-
vector component C̃A is about 20% of C̃V, and the vector-axial-
vector component C̃VA is the smallest and has a negative sign.
However, the components and the total integrated shape factor
are approximately 30% larger for the MQPM. In the case of
99Tc the difference is much larger and the MQPM results are
roughly twice the shell model ones. For the two studied decays
of 137Cs there is no gA dependence. The decay to the isomeric
11/2− state is unique and thus (practically) gA independent. On
the other hand, the decay to the 3/2+ ground state is nonunique
but gA independent since the three components of C̃ have the
same sign and no interference between the components occurs.
For these two decays the normalized shell model and MQPM
electron spectra overlap perfectly but the difference in C̃ is
considerable. Again, the relative fractional decomposition is
almost identical for the two nuclear models, but the absolute
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FIG. 5. Presently calculated shell-model spectra and the MQPM spectra, first published in Ref. [30], for the ground-state-to-ground-state
decays of 87Rb [panels (a) and (b)], 99Tc [panels (c) and (d)], and 137Cs [panel (f)], and the decay of 137Cs to the isomeric 11/2− state in 137Ba
[panel (e)]. The color coding in the spectra of 87Rb and 99Tc refers to the value of gA. The shape of the electron spectra of the two 137Cs decays
is gA independent, and the color coding in these decays refers to the adopted nuclear model. The free-nucleon value gV = 1.00 was used in all
calculations.

value of the MQPM C̃ is 40-fold the shell model one for the
decay to the 11/2− state, and 8-fold for the decay to the 3/2+
state. Due to the C̃−1 dependence of the half-life, the half-lives
predicted by the two models do not agree with each other at
all. This is a strong indication that the spectrum-shape method
is a more robust tool for determining the effective value of gA

than just a simple half-life comparison.

V. CONCLUSIONS

The evolution of the electron-spectrum shapes of 16
forbidden β− decays, driven by the value of the axial-vector
coupling constant gA, were studied using nuclear matrix
elements derived from the nuclear shell model. Established
and well-tested nuclear Hamiltonians were used in these
investigations. In the β-decay shape factors the usually omitted
next-to-leading-order terms were taken into account. The main

objective of the study was to find experimentally detectable
transitions for which the shape of the electron spectra depends
sensitively on the value of the weak coupling constants.
Comparing the calculated and measured spectra the effective
value of gA can be extracted.

The electron spectra of 94Nb(6+) → 94Mo(4+) and
98Tc(6+) → 98Ru(4+) depend significantly on the effective
value of gA and these transitions are thus excellent new
candidates for the spectrum-shape method (SSM). Both
of these decays have almost a 100% branching ratio,
and have been experimentally observed. The shell-model
spectra of the previously found candidates, the ground-
state-to-ground-state decays of 87Rb and 99Tc, agree well
with the microscopic quasiparticle-phonon model predicted
spectra of a previous study, which makes the experimen-
tal measurement of these spectra very desirable. The gA-
independent shell model and MQPM spectrum shapes of the
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137Cs(7/2+) → 137Ba(11/2−,3/2+) transitions overlap per-
fectly. The measurement of these spectra would shed light on
the quality of the calculated spectra.

The transitions for which a heavy gA dependence has been
recorded thus far are all even forbidden. Unlike in the case
of the fourth-forbidden transitions in odd-A nuclei studied in
Ref. [30], which all showed a strong gA dependence, such a
dependence is not seen in the corresponding transitions in the
studied even-A nuclei. Thus far all the found transitions with
a very strongly gA-dependent spectrum shape are in the mass
region A = 94–119. Most of the experimentally accessible
forbidden nonunique transitions in odd-A nuclei with A � 169
and second or higher-forbidden nonunique transitions in even-

A nuclei with A � 98 have now been studied. The potential
new candidates for the spectrum-shape method are heavier,
and the study of these decays requires the adoption of some
other nuclear model due to the large computational burden and
the other problems with shell-model calculations for heavy
deformed nuclei.
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Abstract. The spectral shape of the electrons from the two first-forbidden unique

β− decays of 39Ar and 42Ar were calculated for the first time to the next-to-leading

order. Especially the spectral shape of the 39Ar decay can be used to characterise this

background component for dark matter searches based on argon. Alternatively, due to

the low thresholds of these experiments, the spectral shape can be investigated over a

wide energy range with high statistics and thus allow a sensitive comparison with the

theoretical predictions, in particular at low electron energies where the shape of the

computed β spectrum has a slight dependence on the value of the weak axial-vector

coupling constant.
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1. Introduction

Liquid Argon (LAr) as a detection material is widely used in nuclear and particle physics

with new applications coming in. The range covers calorimetry in high-energy-physics

experiments at LHC all the way to large-scale low-background experiments for rare-

event searches, especially dark matter. In addition, a 40 kiloton scale LArTPC detector

is envisaged for the DUNE [1] long-baseline neutrino program. The GERDA experiment

[2], searching for neutrino-less double beta decay using Ge-semiconductor detectors, is

cooling its detectors with LAr, but uses it also for passive and active shield against

backgrounds.

The focus of this paper is on the low-background section of the potential

experiments, especially dark matter experiments, of which two ongoing LAr experiments

are DEAP-3600 [3] and DarkSide-50 [4]. The question arises whether there are additional

background contributions from the Ar itself. Indeed, Ar has three long-living nuclides,
37Ar, 39Ar and 42Ar, which deserve some attention. First, there is the well-known 37Ar

with a half-life of 35 days, which was the signal of the Homestake experiment for the

radiochemical detection of solar neutrinos using a 37Cl detector [5]. This isotope decays

via electron capture (EC) without emission of gamma rays, but it will produce X-ray

lines below 10 keV. The isotope 37Ar might be produced by thermal neutron captures on
36Ar, but this nuclide has only a small abundance of 0.337 %. More severe contaminants

are the long-living nuclides 39Ar and 42Ar, which we will discuss now in a bit more in

detail.

The decay of both isotopes into the ground state of the corresponding daughter

nucleus is characterised as first-forbidden unique β−-decay: (7
2

+ → 3
2

−
) for 39Ar and

(0+ → 2−) for 42Ar. The β-decay endpoints are given by 565 ± 5 keV (39Ar) and 599

± 6 keV (42Ar), respectively [7]. The measured half-lives for 39Ar are 265 ±30 years

[8] and 269± 3 years [9]. Its content is on the level of 10 mBq/m3 [14] and the specific

activity was measured by the WARP experiment to be 1.01± 0.02± 0.08 Bq per kg of

natural Ar [10]. The current accepted half-life for 42Ar is 32.9 ±1.1 years [9]. A recent

study of the content of 42Ar in LAr was done in the GERDA collaboration [11] and its

activity in the air was measured to be 1.2+0.3
−0.5μBq/m

3 [12].

There is an early measurement of the 39Ar β spectrum [13] and the spectrum is also

shown in [10] ‡. However, in neither reference the spectrum goes below 80 keV which is

the interesting region for the dark-matter experiments. For 42Ar we could not find any

measured or calculated spectrum.

In this paper we study the β-decay spectral shapes of the two isotopes 39Ar and
42Ar. We calculate the shapes using up to date nuclear models. In this way we plan to

predict the expected β-spectrum shape for the Ar-based dark-matter experiments and,

on the other hand, encourage the experimentalists to provide a spectrum which can be

‡ In [10], in its reference [5], a web site is given for a theoretical evaluation of the β spectrum. This

web page, however, is permanently non-functional and the information about the 39Ar β spectrum is

no longer available.
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compared with theory.

2. Calculation of the spectral shape of 39Ar and 42Ar

In order to simplify the nuclear β−-decay theory enough to allow us to do practical

calculations we use the so-called impulse approximation in which at the exact moment

of decay the decaying nucleon only feels the weak interaction [15]. The strong interaction

with the remaining A − 1 nucleons is ignored, and thus the pion exchange and other

many-body effects are neglected. In the impulse approximation a neutron decays into

a proton via emission of a massive W− vector boson which in turn decays into an

electron and an anti-neutrino. Due to the large mass of the W− boson in comparison

to the energy scale of the nuclear beta decay, the W− boson couplings to the baryon

and lepton vertices, with weak-interaction coupling strength gW, can be approximated

as a single effective interaction vertex with effective coupling strength GF, the Fermi

constant. When the decay process is described with the effective point-like interaction

vertex, the probability of the electron being emitted with kinetic energy between We

and We + dWe is

P (We)dWe =
GF

(�c)6
1

2π3�
C(We)

× pecWe(W0 −We)
2F0(Z,We)dWe , (1)

where pe is the momentum of the electron, Z is the proton number, F0(Z,We) is the

Fermi function, andW0 is the end-point energy of the β spectrum. The nuclear-structure

information is in the shape factor C(we). Integrating Eq. (1) over the possible electron

energies gives the total transition probability, and thus the half-life of the β− decay.

The half-life of a β decay can be written as

t1/2 =
ln (2)∫W0

mec2
P (We)dWe

:=
κ

C̃
, (2)

where C̃ is the integrated shape factor and the constant κ has the value [16]

κ =
2π3

�
7ln 2

m5
ec

4(GF cos θC)2
= 6147 s , (3)

θC being the Cabibbo angle. In order to simplify the formalism it is usual to

introduce dimensionless kinematic quantities we = We/mec
2, w0 = W0/mec

2, and

p = pec/(mec
2) =

√
w2

e − 1. With the dimensionless quantities the integrated shape

factor can be expressed as

C̃ =

∫ w0

1

C(we)pwe(w0 − we)
2F0(Z,we)dwe . (4)
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The characteristics of the electron spectrum are encoded in the shape factor C(we),

which can be expressed as [17]

C(we) =
∑

ke,kν ,K

λke

[
MK(ke, kν)

2 +mK(ke, kν)
2

− 2γke
kewe

MK(ke, kν)mK(ke, kν)
]
, (5)

where ke and kν (both running through 1,2,3,. . . ) emerge from the partial-wave

expansion of the electron and neutrino wave functions, γke =
√

k2
e − (αZ)2, and λke =

Fke−1(Z,we)/F0(Z,we) is the Coulomb function where Fke−1(Z,we) is the generalized

Fermi function. The largest contributions to the sum of Eq. (5) come from the terms

with minimal angular-momentum transfer, so in the case of the unique forbidden

decays studied in this work, we only consider the sum that satisfies the condition

ke + kν = K + 2. The quantities MK(ke, kν) and mK(ke, kν) have lengthy expressions

involving kinematic and nuclear form factors. The explicit expressions can be found

from [17] (the expressions were also given in the recent article [18]). The form factors

appearing in these expressions can be expanded as power series of qR/� as

FKLS(q
2) =

∑
N

(−1)N(2L+ 1)!!

(2N)!!(2L+ 2L+ 1)!!
(qR/�)2NF (N)

KLS , (6)

where q = |pe + pν | and R is the nuclear radius. In practical calculations the

quantities MK(ke, kν) and mK(ke, kν) are expanded as a power series of the quantities

η1,2,3,4,5 = αZ, peR/�, qR/�, mecR/�, and WeR/�c. MK(ke, kν) and mK(ke, kν) consist

of terms proportional to
∏

i η
αi
i FKLS, where αi = 0, 1, 2, 3, 4, 5. In the case of the

unique decays the often used leading-order approximation takes into account only the

(peR/�)ke−1(qR/�)kν−1 term, while the here adopted next-to-leading-order treatment

[18] takes into account also the (peR/�)ke−1(qR/�)kν−1ηj terms. The leading-order and

next-to-leading-order expressions of the β-decay shape factor are discussed in detail in

Ref. [18] for a more general framework including also the (more involved) non-unique

forbidden decays.

In the impulse approximation the nuclear form factors can be replaced by nuclear

matrix elements (NMEs) [17]. In the leading-order approximation there is only one NME

contributing to the shape factor for the unique decays. Therefore, the spectrum-shape

and the half-life are proportional to g−2
A , where gA is the weak axial-vector coupling

constant. When the next-to-leading-order terms are taken into account, the number

of contributing NMEs increases to five, with each NME carrying a prefactor gA or gV
(weak vector coupling constant). As a result, the shape factor can be expressed as a

decomposition

C(we) = g2VCV(we) + g2ACA(we) + gVgACVA(we) . (7)

In the here adopted next-to-leading-order theory the dependence on the weak coupling

constants of the spectrum shape for the studied decays of Argon isotopes is, at least

theoretically, non-trivial.
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Figure 1. The excitation spectrum of 39Ar calculated using the MQPM and the shell

model. The experimental excitation spectrum is from [19].

The choice of a nuclear model enters the picture when calculating the one-body

transition densities (OBTDs) needed for the evaluation of the NMEs related to the

transition. In this work t he wave functions of the initial and final states were calculated

using the microscopic quasiparticle-phonon model (MQPM) [20, 21] and the nuclear

shell model. The MQPM is a fully microscopic model which can be used to describe

spherical odd-A nuclei, in the case of this work 39Ar and 39K. In the MQPM the states

of the odd-A nucleus are built from BCS (Bardeen-Cooper-Scrieffer) quasiparticles [15]

and their couplings to QRPA phonons. The quasiparticles and phonons emerge from

the calculations done on the neighboring even-even reference nucleus (here 38Ar). The

MQPM has previously been used in the calculations of forbidden beta-decay spectrum

shapes in Refs. [18, 22, 23].

The practical application of the MQPM model follows the same basic steps as in the

earlier studies (see Refs. [18, 21, 22, 23, 24, 25]) including the use of the Bonn one-boson-

exchange potential with G-matrix techniques [21]. The single-particle energies, used to

solve the BCS equations, were calculated using the Coulomb-corrected Woods-Saxon

potential with the Bohr-Mottelson parametrization [26]. The valence space spanned the

orbitals 0s0p1s0d0f1p0g9/2. The BCS one-quasiparticle spectra were tuned by adjusting

manually some of the key single-particle energies to get a closer match between the low-

lying one-quasiparticle states and the corresponding experimental ones. The empirical
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pairing gaps, computed using the data from [6], were adjusted to fit the computed

ones by tuning the pairing strength parameters gppair and gnpair for protons and neutrons

separately. In the MQPM calculations an extended cutoff energy of 6.0 MeV was used

for the QRPA phonons instead of the 3.0-MeV cutoff energy used in Refs. [22, 23].

Table 1. Leading-order and next-to-leading-order nuclear matrix elements (NMEs)

for the first-forbidden unique ground-state-to-ground-state decays of 39Ar and 42Ar.

The Coulomb-corrected matrix elements are indicated by (ke,m, n, ρ). When only

the leading-order terms are considered, the decay half-life depends only on the matrix

element AM(0)
K+1 K+1 1 greatly simplifying the calculation.

Transition 39Ar →39 K 42Ar →42 K

NME MQPM SM SM

AM(0)
K+1 K 1 3.90427 -0.93180 1.41653

AM(0)
K+1 K+1 0 2.85202 -1.14637 1.43922

(1,1,1,1) 3.35235 -1.37438 1.70248
VM(0)

K+1 K+1 1 1.06393 -0.17889 0.23696

(1,1,1,1) 1.17718 -0.19971 0.25710

The shell-model OBTDs were calculated using the shell-model code NuShellX@MSU

[27] with the effective interaction sdpfnow [28], tuned for the 1s0d0f1p valence space.

Since performing a shell-model calculation in the entire half-filled 1s0d0f1p valence

space would be impossible due to the extremely large dimensions of the shell-model

Hamiltonian matrix, some controlled truncations were made. We limited the protons to

the sd-shell, leaving the fp-shell empty, and forced a complete filling of the sd-shell for

neutrons, leaving the entire fp-shell as the neutron valence space. These truncations

are reasonable since we are only interested in the ground-state wave functions, to which

configurations opening the neutron sd-shell and proton configurations with protons in

the fp-shell have very small contributions due to the considerable energy gap between

the two shells. The adopted shell-model Hamiltonian predicts correctly the spin-parities

of the low-lying states in the studied nuclei. As an example, the energy spectra of 39Ar,

predicted by the MQPM and shell model, are compared with the experimental spectrum

[19] in Fig. 1. In the shell-model spectrum the positive-parity states are missing, since

the odd neutron is restricted to the fp-shell.

The electron spectrum of the 39Ar decay is presented in Fig. 2. Here the next-to-

leading-order terms are taken into account and the values gV = gA = 1 were adopted for

the weak coupling constants. The spectra were calculated also using the gA/gV ratios

0.8−1.2 but the spectra coincided perfectly, meaning that the possible dependence of the

spectrum shape on the weak coupling constants is very weak. The spectra calculated

using the shell model and the MQPM agree also extremely well, suggesting that the

uncertainty related to the wave functions of the initial and final states is tiny. The

difference between the two spectra is largest at the low-energy end, while at the high-
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Figure 2. Electron spectrum of the ground-state-to-ground-state decay of 39Ar

calculated using the MQPM and the shell model with the effective interaction sdpfnow

[28]. The experimental excitation spectrum is from NNDC [19].

Figure 3. Zoom-in of the low-energy end of the electron spectrum of 39Ar calculated

using the shell model (SM) and the microscopic quasiparticle-phonon model (MQPM)

with leading-order (1st) and next-to-leading-order (2nd) terms of the shape factor

C(we) included. The values gA = gV = 1.00 were adopted. Note the range on the

y-axis.

energy end the spectra coincide perfectly. In Fig. 3 a zoom-in of the low-energy part

of the spectrum is presented, with the next-to-leading-order terms of the shape factor

either included or neglected. The difference in the intensities predicted by the two

models, with the next-to-leading-order terms included, is at most 0.5% of the intensity.

When the next-to-leading-order-terms are taken into account, the dependence of the

shape-factor on the ratio gA/gV becomes non-trivial for the unique forbidden decays.

The difference between the 39Ar spectra calculated using different values of gA/gV is

largest at the low-energy end. The magnified low-energy shell-model electron spectrum

is presented in Fig. 4. With larger quenching of gA, the intensity of the low-energy

electrons increase slightly, but the difference is negligible within the accuracy of practical
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Figure 4. Zoom-in of the low-energy end of the electron spectrum of 39Ar calculated

using the shell model. The color/dash coding refers to the ratio gA/gV. Note the range

on the y-axis.

Figure 5. Electron spectrum of 39Ar calculated using the shell model and the

experimental Q-value 656 ± 5 keV [6]. The next-to-leading-order terms are included

and the values gA = gV = 1.00 were adopted.

measurements.

The final source of uncertainty of the spectrum shape is the uncertainty related

to the Q-value. The current experimental Q-value of the 39Ar decay is 565 ± 5 keV.

The shell-model spectra with Q-values 560, 565, and 570 keV are plotted in Fig. 5.

Here a small difference between the spectra can be seen without further magnification.

The uncertainty related to the Q-value seems to be by far the largest contributor to

the uncertainty in the theoretical spectrum-shape. The change in Q-value stretches the

spectrum, but the overall shape does not change.

For the 42Ar ground-state-to-ground-state decay the MQPM cannot be applied.

The uncertainties related to the wave functions were negligible in the case of 39Ar, as

well as in the several other first-forbidden unique decays studied in Ref. [23], so the

application of only one nuclear model should be sufficient. The electron spectrum is
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Figure 6. Electron spectrum of the ground-state-to-ground-state decay of 42Ar

calculated using the shell model with the effective interaction sdpfnow [28]. The

experimental excitation spectrum is from NNDC [19].

presented in Fig. 6. Again, there is no significant dependence on the values of gA and

gV. For the decay of the 42Ar isotope the experimental uncertainty of the Q-value is at 6

keV, similar to that of the 39Ar isotope, and thus the uncertainty of the spectrum-shape

is also of a similar magnitude.

3. Summary and conclusions

In this paper the β spectra of first-forbidden unique decays of 39Ar and 42Ar were

calculated for the first time using a next-to-leading-order weak theory. The involved

nuclear wave functions were computed by using the nuclear shell model and the

microscopic quasiparticle-phonon model. The major uncertainty in studies of the

speactral shapes is related to the uncertainty of the Q-value. Among the different

calculations only very tiny differences could be observed at low energy of the β spectrum,

depending on the value of the weak axial-vector coupling constant. This energy range

can be studied in detail with the running or future LAr dark-matter detectors, as they

are sensitive in this energy range. Our calculations indicate, however, that even this

high sensitivity might not be enough to allow the exploration of the gA/gV ratio of the

weak coupling constants. The higher-energy part of the β spectrum of 39Ar can already

be seen in the released spectra of the GERDA experiment, but the lower-energy part

might be disturbed due to dead-layer effects of the Ge detectors.

To summarise, the calculated β spectra can help to characterise the background

contribution of the two studied isotopes for dark-matter searches based on LAr dark-

matter detectors. On the other hand, these experiments can investigate the presently

predicted spectral shape in detail as the expected decay rate, especially for 39Ar, is

reasonably high in these detectors.



Spectral shapes of forbidden argon β decays as background component for rare-event searches10

4. Acknowledgement

This work was partly supported by the Academy of Finland under the Finnish Center

of Excellence Program 2012-2017 (Nuclear and Accelerator Based Program at JYFL).

References

[1] R. Acciarri et al., arXiv.1512.06148

[2] K. H. Ackermann et al., Euro. Phys. J. C 2013 73, 2330

[3] P. A. Amaudruz et al., Nucl .Part .Phys.Proc. 2016 273− 275, 340

[4] P. Agnes et al., Phys. Lett. B 2015 743, 456

[5] B. T. Cleveland et al., ApJ 1998 496, 505

[6] M. Wang et al., Chin. Phys. C 2012 36, 1603

[7] M. Wang et al., Chin. Phys. C 2017 41, 030003

[8] H. Zeldes et al., Phys. Rev. 1952 86, 811

[9] R. W. Stoenner, O. A. Schaeffer, S. Katcoff, Science 1965 148, 1325

[10] P. Benetti et al., Nucl. Instrum. Methods A 2007 574, 83

[11] M. Agostini et al., Euro. Phys. J. C 2014 74, 2764

[12] A. S. Barabash et al., Nucl. Instrum. Methods A 2016 839, 39

[13] A. R. Brosi et al., Phys. Rev. 1950 79, 902

[14] H. H. Loosli, Earth Plan. Sci. Lett. 1983 63, 51

[15] J. Suhonen, From Nucleons to Nucleus: Concepts in Microscopic Nuclear Theory, Springer, Berlin

(2007)

[16] J. C. Hardy et al., Nucl. Phys. A 1990 509, 429

[17] H. Behrens and W. Bühring, Electron Radial Wave Functions and Nuclear Beta Decay, Clarendon,

Oxdord (1982)

[18] M. Haaranen et al., Phys. Rev. C 2017 95, 024327

[19] National Nuclear Data Center, Brookhaven National Laboratory, www.nndc.bnl.gov

[20] J. Toivanen et al., Journal of Physics G 1995 21, 1491

[21] J. Toivanen et al., Phys. Rev. C 1998 57, 1237

[22] M. Haaranen et al., Phys. Rev. C 2016 93, 034308

[23] J. Kostensalo et al., Phys. Rev. C 2017 95, 044313

[24] M. T. Mustonen et al., Phys. Rev. C 2006 73, 054301

[25] M. Haaranen et al., Euro. Phys. J. A 2013 19, 93

[26] A. Bohr and B. R. Mottelson, Nuclear Structure Vol I, Benjamin, New York (1969)

[27] B. A. Brown et al., Nuclear Data Sheets 2014 120, 115

[28] S. Nummela et al., Phys. Rev. C 2001 63, 044316



 

 
 

 

IV 
 
 

SHELL-MODEL COMPUTED CROSS SECTIONS FOR 
CHARGED-CURRENT SCATTERING OF ASTROPHYSICAL 

NEUTRINOS OFF 40Ar. 
 
 
 
 

by 
 

Kostensalo, J., Suhonen, J., & Zuber, K. 2018 
 

Physical Review C, 97 (3), 034309.  
doi:10.1103/PhysRevC.97.034309 

 
 

Reproduced with kind permission by American Physical Society. 



PHYSICAL REVIEW C 97, 034309 (2018)

Shell-model computed cross sections for charged-current scattering of astrophysical
neutrinos off 40Ar

Joel Kostensalo* and Jouni Suhonen†

University of Jyvaskyla, Department of Physics, P.O. Box 35, FI-40014, Finland

K. Zuber‡

TU Dresden, Institute for Nuclear and Particle Physics, 01069 Dresden, Germany

(Received 3 October 2017; revised manuscript received 8 December 2017; published 6 March 2018)

Charged-current (anti)neutrino-40Ar cross sections for astrophysical neutrinos have been calculated. The initial
and final nuclear states were calculated using the nuclear shell model. The folded solar-neutrino scattering cross
section was found to be 1.78(23) × 10−42 cm2, which is higher than what the previous papers have reported.
The contributions from the 1− and 2− multipoles were found to be significant at supernova-neutrino energies,
confirming the random-phase approximation (RPA) result of a previous study. The effects of neutrino flavor
conversions in dense stellar matter (matter oscillations) were found to enhance the neutrino-scattering cross
sections significantly for both the normal and inverted mass hierarchies. For the antineutrino scattering, only a
small difference between the nonoscillating and inverted-hierarchy cross sections was found, while the normal-
hierarchy cross section was 2–3 times larger than that of the nonoscillating cross section, depending on the adopted
parametrization of the Fermi-Dirac distribution. This property of the supernova-antineutrino signal could probably
be used to distinguish between the two hierarchies in megaton LAr detectors.

DOI: 10.1103/PhysRevC.97.034309

I. INTRODUCTION

The standard model of particle physics is considered not to
be the final theory of the Universe and its constituents. It does
not provide a good candidate for dark matter and also the tiny
asymmetry between matter and antimatter in the Universe is
not understood, not to mention the origin of dark energy. The
first point, dark matter, is massively tackled experimentally, as
it is expected that such a dark-matter particle will collide with
a nucleus, resulting in a measurable recoil energy of a few keV
of the hit nucleus. As is known, cross sections are very small
because they have not been observed yet; hence, large detectors
with very little radioactive contamination (low background)
have to be installed underground to provide the necessary
sensitivity. One approach, among others, are large-scale noble
gas detectors. One material is argon, which has an abundance
of 99.6% of 40Ar and is currently used in the dark-matter
experiments DEAP-3600 [1] and DarkSide-50 [2]. In addition,
there are more applications of argon detectors in neutrino
physics, one example being the 40-kiloton-scale LArTPC
detector envisaged for the planned long-baseline experiment
Deep Underground Neutrino Experiment (DUNE) [3]. Here,
we would like to focus on cross-sectional determinations on
40Ar for astrophysical neutrinos, which would include solar
and supernova neutrinos, neutrinos from the diffuse supernova-
neutrino background, low-energy atmospheric neutrinos, or
general astrophysical neutrinos with energies below 60 MeV.

*joel.j.kostensalo@student.jyu.fi
†jouni.suhonen@phys.jyu.fi
‡zuber@physik.tu-dresden.de

The focus is on νe and ν̄e reactions. Starting with the electron
neutrinos from the sun, the reaction (1) (see the following
section) is possible. Given the fact that the reaction threshold
between the mother nucleus 40Ar and the daughter nucleus 40K
is 1.5044 MeV, only a fraction of the CNO neutrinos and the
8B neutrinos can be captured. The neutrino and antineutrino
scatterings off 40Ar have previously been studied using the
random-phase approximation (RPA) [4,5]. In Ref. [5], the
importance of the scattering to the 1− and 2− final nuclear
states was highlighted. The neutrino scattering 40Ar(ν,e−)40K
has been studied also using the nuclear shell model [6,7] but
these investigations have been limited to Gamow-Teller (GT)
and Fermi transitions. The shell-model calculations have been
complicated by the large number of possible configurations for
sd-pf nuclei.

In Ref. [8], a new effective interaction was presented for
the 1s-0d3/2-0f7/2-1p3/2 model space. This interaction was
created to explain the isomeric shift in 38Km. The model
space for which the interaction is designed is significantly
smaller than the entire sd-pf model space. This allows for
calculations without extra nh̄ω type truncations used in the
previous shell-model calculations. In the present paper, we
have managed to perform shell-model calculations for the
neutrino and antineutrino scatterings off 40Ar for multipoles
up to 3±. We give the averaged cross sections folded with
both solar- and supernova-neutrino energy spectra, which are
of interest from an experimental point of view. In the present
paper, we also take into account the effects of neutrino flavor
conversions in the dense stellar matter.

This article is organized as follows. In Sec. II, we give the
theoretical background behind neutrino-nucleus scattering. In

2469-9985/2018/97(3)/034309(9) 034309-1 ©2018 American Physical Society
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Sec. III, we present our results for the total and averaged cross
sections, and in Sec. IV, we draw the conclusions.

II. THEORETICAL FORMALISM

In this work, we consider charged-current neutrino and
antineutrino scattering off the nucleus 40Ar, i.e., the reactions

νe + 40Ar(0+)g.s. → 40K + e− (1)

and

ν̄e + 40Ar(0+)g.s. → 40Cl + e+, (2)

where the daughter nucleus can be in an excited state. At the
energies considered in this work, the creation of the heavier
lepton flavors, μ and τ , is not energetically possible.

For the solar and core-collapse supernova neutrinos, the
four-momentum transfer is small compared to the mass of
the exchanged gauge boson W±, i.e., Q2 = −qμqμ � M2

W± ,
where the transferred four-momentum is the difference in
the momenta of the outgoing and incoming leptons (due to
energy conservation also the difference of the momenta of the
mother and daughter nuclei is small). Therefore, to a good
approximation the scattering can be considered in the lowest
order as a single effective vertex with a coupling constant
G = GF cos(θC), where GF is the Fermi constant and θC ≈ 13◦
is the Cabibbo angle. The matrix element of this effective
Hamiltonian can be written as

〈f | Heff |i〉 = G√
2

∫
d3rlμe−q·r 〈f |J μ(r) |i〉 , (3)

where J μ denotes the hadronic current and lμ =
eq·r 〈l| jμ(r) |ν〉 [9], where jμ is the leptonic current.

The initial nuclear state in the scatterings of Eqs. (1) and
(2) is the J

πi

i = 0+ ground state of 40Ar. We assume that the
final nuclear states in 40K and 40Cl also have well-defined
spin parities J

πf

f . The double differential cross section for
the charged-current (CC) (anti)neutrino-nucleus scattering is
given by [9–11]

[
d2σi→f

d�dEexc

]
= G2|kl∓|El∓

π (2Ji + 1)
F (±Zf ,Ekl∓ )

×
(∑

J�0

σJ
CL +

∑
J�1

σJ
T

)
, (4)

where kl∓ and El∓ are the three-momentum and energy of
the outgoing lepton (e∓), respectively, and F (±Zf ,Ekl∓ ) is
the Fermi function which accounts roughly for the Coulomb
interaction of the final-state lepton and nucleus. The Coulomb-
longitudinal component σJ

CL and the transverse component σJ
T

in Eq. (4) are defined as

σJ
CL = (1 + a cos θ )|(Jf ||MJ (q)||Ji)|2

+ (1 + a cos θ − 2b sin2 θ )|(Jf ||LJ (q)||Ji)|2

+ Ek − Ek′

q
(1 + a cos θ + c)

× 2Re[(Jf ||MJ (q)||Ji)
∗(Jf ||LJ (q)||Ji)] (5)

and

σJ
T = (1 − a cos θ + b sin2 θ )

× [∣∣(Jf

∣∣∣∣T mag
J (q)

∣∣∣∣Ji

)∣∣2 + ∣∣(Jf

∣∣∣∣T el
J (q)

∣∣∣∣Ji

)∣∣2]

∓ Ek − Ek′

q
(1 − a cos θ − c)

× 2Re
[(

Jf

∣∣∣∣T mag
J (q)

∣∣∣∣Ji

)(
Jf

∣∣∣∣T el
J (q)

∣∣∣∣Ji

)∗]
. (6)

Here Ek and Ek′ refer to the energies of the incoming and
outgoing leptons. The minus sign is used for the neutrino
scattering and the plus sign is for the antineutrino scattering.
The quantities a, b, and c in Eqs. (5) and (6) are

a =
√

1 − m2
f

E2
k′

, (7)

b = a2EkEk′

q2
, (8)

c = n2
f

qEk′
, (9)

where the magnitude of three-momentum transfer q is given
by

q = |q| =
√

(Ek − aEk′)2 + 2aEkEk′(1 − cos θ ). (10)

The final-state interactions are treated in the modified effective-
momentum approximation (MEMA) of Ref. [12]. There the
effective momentum inside the nucleus is given by

keff =
√

Eeff − m2
e, (11)

where me is the electron mass and Eeff is defined as

Eeff = Ek′ − VC(0). (12)

The quantity VC(0) is the value of the Coulomb potential
produced by the final-state nucleus at the origin. According
to MEMA, we use for small values of keff the Fermi function,
whereas for the larger values of keff we omit the Fermi function
in Eq. (4) and replace the energy and three-momentum of the
outgoing lepton by the effective values keff and Eeff .

III. RESULTS AND DISCUSSION

A. Nuclear-structure calculations

The wave functions of the initial and final nuclear states,
and the one-body transition densities (OBTDs), related to the
transitions, were calculated using the nuclear shell model.
The calculations were done using the shell-model code
NUSHELLX@MSU [14] in the 1s-0d3/2-0f7/2-1p3/2 valence
space using the Hamiltonian ZBM2M [8]. In Ref. [8], the
proton and neutron excitations across the N,Z = 20 shell gap
were found to be significant in the 40Ca region. Excitations
across the shell gap are needed to produce the positive-parity
states in 40Cl and 40K with J = 0,1, which are the final
nuclear states for the Fermi and Gamow-Teller type transitions.
The contributions from these multipolarities dominate the
(anti)neutrino-scattering cross sections at energies up to few
tens of MeVs. In this work, we limit the considered final nuclear
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FIG. 1. Experimental and shell-model excitation spectra of 40K.
The observed states with uncertain spin parities or angular momenta
above 4 are not shown. The experimental spectrum is from Ref. [13].

states to the 100 lowest states for each spin parity up to J = 3
(800 states). For 40K, this includes states up to ≈9 MeV and for
40Cl up to ≈7 MeV. For the calculation of excited states with
higher energies, a larger valence space would be needed. The
computational burden of such shell-model calculations is, how-
ever, too large for modern computers. In addition, the effective
interactions used in shell-model calculations are designed only
for low energies. The final nuclear states included here are
enough for solar-neutrino energies, but for supernova energies
higher excited states can probably contribute. In Ref. [5], the
importance of excited states with energies 10–20 MeV for
supernova neutrinos was pointed out. The previous random-
phase approximation calculations have found the contributions
from 0+ → 4± scatterings to be very small for energies below
80 MeV [5], and thus the higher multipole contributions can
be neglected. As in many previous neutrino-nucleus scattering
studies (see, e.g., Refs. [9,15]), in this work we use the
quenched, nuclear-matter value gA = 1.0 for the axial-vector
coupling constant. This is also consistent with the quenching
used in Refs. [6,7]. However, there are indications that for
higher neutrino energies the free-nucleon value gA = 1.27
might be more appropriate [16]. The uncertainties related to
gA are discussed and estimated in Sec. III E.

The experimental and shell-model excitation spectra of 40K
are shown in Fig. 1. The shell model correctly predicts the
spin and parity of the ground state and first two excited states.
The first 1+ state is predicted to be 450 keV lower than the
experimental value. While this increases the contribution of the
state, the effect to the averaged cross section is minuscule, since

FIG. 2. Experimental and shell-model excitation spectra of 40Cl.
The observed states with uncertain spin parities or angular momenta
above 4 are not shown. The experimental spectrum is from Ref. [13].

the contribution of this state is two magnitudes lower than the
dominant contributions (see Fig. 5). The positive-parity state
at 2385 keV and the J = 1 state at 2730 keV are predicted to
be 1+ states. For the 02

+ Isobaric Analog State (IAS) state, the
experimental value 4384 keV was adopted.

For 40Cl, the excitation spectra are presented in Fig. 2.
For this nucleus, the excitation spectrum is not well known
experimentally. The shell model is able to predict the spin and
parity of the ground state correctly but gets the order of the first
1− and 3− states wrong. However, this kind of small deviation
from the experimental energies has only small effects on the
total folded cross section.

B. Total cross sections

The total unfolded cross sections as functions of the energy
of the incident neutrino for the 40Ar(ν,e−)40K scattering and its
decomposition to different multipole contributions is shown in
Fig. 3 and Table I. The total cross section grows quadratically
for energies below 35 MeV and linearly for energies between
35 and 60 MeV. Below 25 MeV, the total cross section is
completely dominated by Gamow-Teller and Fermi transitions.
These transitions contribute the most for energies up to 60 MeV,
but the 2− transitions become significant for the higher ener-
gies. Contributions from other multipoles begin to play a role
above 50 MeV, but contribute still only a few percent. It is to
be expected that the numbers of Table I are realistic up to 40
MeV (see the discussion in Sec. III E 2). The RPA calculation of
Ref. [5] predicted the scatterings to the 1− states to contribute
approximately as much as the scatterings to the 2− states for
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FIG. 3. Unfolded cross sections for the charged-current
40Ar(ν,e−)40K scattering as functions of the energy of the incident
neutrino.

energies below 60 MeV. The present shell-model calculation,
however, predicts the 1− contributions to be much lower.

For the antineutrino scattering 40Ar(ν̄,e−)40Cl, the unfolded
cross sections are presented in Fig. 4 and Table II as functions
of the antineutrino energy. The total cross section grows
quadratically for energies up to 60 MeV. The total cross section
for the antineutrino scattering is only 5% of the neutrino-
scattering cross section for high energies and even less for the
lower energies. This is partially explained by the 6-MeV-higher
Q value for the β− decay of 40Cl [17]. The GT transitions
dominate for energies below 40 MeV but for higher energies the
spin-dipole states (1− and 2−) are the major contributors. The
Fermi transitions do not play a role since there is no isobaric
analog state of 40Ar in 40Cl.

C. Averaged solar-neutrino cross sections

From the experimental point of view, the interesting quan-
tity is the averaged cross section 〈σ 〉 which is found by folding
the total cross section with the appropriate neutrino energy
profile, taking into account the reaction threshold 1.5044 MeV.
For the solar neutrinos, we adopt a 8B profile. The differential
cross section for the solar-neutrino reaction 40Ar(ν,e−)40K as
a function of excitation energy is presented in Fig. 5(a). The
largest contribution in the shell-model calculation comes from
the scattering to the third 1+ state at 2659 keV. This corresponds
to the experimentally observed J = 1 state at 2730 keV. The

FIG. 4. Unfolded cross sections for the charged-current
40Ar(ν̄,e+)40Cl scattering as functions of the energy of the incident
neutrino.

transition to the IAS state contributes only 40% of this. The
other significant contributions come from the transition to the
16

+, 110
+, 115

+, and 117
+ states.

For the solar neutrinos, the total computed cross section
is 1.777 × 10−42 cm2, which is higher than the averaged
cross sections 1.15(7) × 10−42 cm2 of Ref. [6] and 1.405 ×
10−42 cm2 of Ref. [7]. The folded cross sections of the previous
papers have considered only the GT and IAS transitions. Fur-
thermore, in the previous shell-model calculations, the model
space has been chosen as sd-pf with only the (sd)−2(pf )2

type of two-particle–two-hole excitations allowed.

D. Averaged supernova-neutrino cross sections

1. Averaged cross sections without neutrino flavor conversions

The averaged cross section 〈σ 〉 for the supernova neutrinos
we find by folding the total cross section with a Fermi-Dirac
distribution

FFD(Ek) = 1

F2(αν)Tν

(Ek/Tν)2

1 + exp(Ek/Tν − αν)
, (13)

where Tν is the effective neutrino temperature and αν is the
pinching parameter. If the temperature Tν and the value of the
parameter αν are known, the average neutrino energy is given

TABLE I. Total unfolded cross sections for the neutrino-nucleus scattering 40Ar(ν,e−)40K for different neutrino energies, decomposed into
the contributing multipolarities. The cross sections are in the units 10−42 cm2 and the exponents are shown in parentheses.

Eν [MeV] Total 0+ 0− 1+ 1− 2+ 2− 3+ 3−

5.0 1.01(−1) 9.27(−9) 3.02(−5) 1.01(−1) 5.56(−7) 1.37(−7) 3.41(−4) 1.51(−7) 8.96(−11)
10.0 4.56(0) 8.45(−1) 3.25(−3) 3.68(0) 1.55(−3) 9.62(−5) 3.08(−2) 1.19(−4) 1.03(−7)
15.0 1.99(1) 5.85(0) 1.99(−2) 1.37(1) 2.12(−2) 2.34(−3) 2.29(−1) 2.70(−3) 6.93(−6)
20.0 4.68(1) 1.55(1) 5.29(−2) 2.98(1) 1.14(−1) 1.90(−2) 1.27(0) 2.09(−2) 1.36(−4)
25.0 8.43(1) 2.90(1) 1.01(−1) 5.10(1) 3.79(−1) 8.84(−2) 3.64(0) 9.50(−2) 1.24(−3)
30.0 1.31(2) 4.55(1) 1.66(−1) 7.55(1) 9.32(−1) 2.95(−1) 8.22(0) 3.12(−1) 6.99(−3)
40.0 2.38(2) 8.28(1) 3.41(−1) 1.20(2) 3.29(0) 1.78(−0) 2.71(1) 1.85(0) 9.37(−2)
50.0 3.42(2) 1.15(2) 5.72(−1) 1.43(2) 7.25(0) 6.46(0) 6.19(1) 6.57(0) 6.19(−1)
60.0 4.45(2) 1.39(2) 8.50(−1) 1.51(2) 1.13(1) 1.68(1) 1.05(2) 1.67(1) 2.62(0)
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TABLE II. Total unfolded cross sections for the antineutrino-nucleus scattering 40Ar(ν̄,e+)40Cl for different antineutrino energies,
decomposed into the contributing multipolarities. The cross sections are in the units 10−42 cm2 and the exponents are shown in parentheses.

Eν [MeV] Total 0+ 0− 1+ 1− 2+ 2− 3+ 3−

5.0
10.0 1.29(−3) 6.58(−12) 2.73(−5) 8.31(−4) 1.96(−6) 1.10(−8) 4.25(−4) 1.01(−10) 2.52(−9)
15.0 1.17(−1) 3.80(−7) 3.02(−3) 8.05(−2) 1.42(−2) 1.64(−5) 1.90(−2) 4.74(−6) 1.44(−6)
20.0 6.10(−1) 1.11(−5) 1.13(−2) 3.76(−1) 1.07(−1) 3.25(−4) 1.15(−1) 9.19(−5) 3.55(−5)
25.0 1.61(0) 8.94(−5) 2.51(−2) 8.54(−1) 3.58(−1) 2.22(−3) 3.74(−1) 6.12(−4) 3.25(−4)
30.0 3.24(0) 4.02(−4) 4.44(−2) 1.46(0) 8.48(−1) 9.07(−3) 8.81(−1) 2.43(−3) 1.75(−3)
40.0 8.64(0) 3.32(−3) 9.93(−2) 2.82(0) 2.75(0) 6.61(−2) 2.86(0) 1.66(−2) 2.05(−2)
50.0 1.67(1) 1.42(−2) 1.76(−1) 4.17(0) 5.87(0) 2.58(−1) 6.06(0) 5.89(−2) 1.17(−1)
60.0 2.72(1) 4.14(−2) 2.72(−1) 5.56(0) 9.94(0) 6.93(−1) 1.01(1) 1.41(−1) 4.32(−1)

by the relation

〈Eν〉/Tν = F3(αν)

F2(αν)
, (14)

where

Fk(αν) =
∫

xkdx

1 + exp(x − αν)
. (15)

The normalized differential cross sections for the reaction
40Ar(ν,e−)40K as function of the excitation energy are pre-
sented in Figs. 5(b) and 5(c). The largest contribution comes
from the scattering to the third 1+ state and the transition to the
IAS state, both contributing some 50% of the total. The other
significant contributions come from the transition to the 16

+,
110

+, 115
+, and 117

+ states, as in the case of the solar neutrinos.
The differential cross sections for the reaction 40Ar(ν̄,e+)40Cl
as function of the excitation energy are presented in Fig. 6. The
largest contributors are the transitions to 16

+, 2−
g.s., and 16

−

states. There are significant contributions coming also from the
22,4

−, 14
−, and 11,2,8,12,19,28

+ states.
In Ref. [4], the ratio of the supernova neutrino and antineu-

trino cross sections was found to be approximately 12.5 with
no flavor conversions included in a scenario with averaged
energies 〈Eν〉 = 11 MeV and 〈Eν̄〉 = 16 MeV respectively.
Folding the cross sections of the present work using Fermi-
Dirac distributions with these average energies and assuming
α = 0.0, we find that σν = 14.6 × 10−42 cm2 and σν̄ = 887 ×
10−45 cm2 respectively. This gives a ratio of 16.5 for the
neutrino and antineutrino cross sections, which is in good
agreement with the RPA result of Ref. [4].

2. Effects of (anti)neutrino flavor conversions

Because of the large rest masses of both muon and τ lepton,
only electron-flavor (anti)neutrinos are detected in charged-
current solar- and supernova-neutrino detection experiments.
The energy profile of the (anti)neutrinos detected on Earth is,
however, affected by (anti)neutrino flavor conversions (matter
oscillations) which take place when the neutrinos propagate
through the dense stellar matter [18]. We assume that the
muon and τ -neutrino energy profiles are identical, reducing the
problem into a two-neutrino one. In the two-neutrino problem,
we consider flavor changes νx → νe, where νx is a linear
combination of muon and τ neutrinos [19,20]. The energy
profiles of electron neutrinos and antineutrinos reaching Earth

can be written as

Fνe
(Ek) = p(Ek)F 0

νe
(Ek) + [1 − p(Ek)]F 0

νx
(Ek), (16)

Fν̄e
(Ek) = p̄(Ek)F 0

ν̄e
(Ek) + [1 − p̄(Ek)]F 0

ν̄x
(Ek), (17)

where p and p̄ are the survival probabilities of the electron
neutrinos and antineutrinos respectively, and the quantities
F 0

νe/x
(Ek) and F 0

ν̄e/x
(Ek) are the initial energy profiles of the

neutrinos and antineutrinos.
For the survival probabilities p and p̄, we use the values

from Refs. [21,22]. For the normal mass hierarchy, the values
are

p(Ek) = 0, (18)

p̄(Ek) =
{

cos2 θ12, Ek < Ēs,

0, Ek > Ēs,
(19)

where Ēs = 18 MeV [22]. For the inverted mass hierarchy, we
use the probabilities

p(Ek) =
{

sin2 θ12, Ek < Ēs,

0, Ek > Ēs,
(20)

p̄(Ek) = cos2 θ12, (21)

where Ēs = 7 MeV [19]. For the normal hierarchy sin2 θ12 =
0.306 and for the inverted hierarchy sin2 θ12 = 0.312 [23].

For the calculations, we used three sets of parameters (α,
T , 〈E〉) taken from Ref. [24]. The values of the parameters for
neutrinos and antineutrinos are presented in Table III.

The folded cross sections for supernova neutrinos are listed
in Table IV. The neutrino-scattering cross section is increased
roughly three-fold when the neutrino flavor conversions are
taken into account. There is little difference between the cross
sections with normal and inverted mass hierarchies. For the
antineutrino scattering with parameter sets (I) and (II), the
inverted-hierarchy cross section is enhanced by 30% while
the normal-hierarchy cross section is enhanced by roughly
100% relative to the nonoscillating case. For the parameter set
(III), the inverted-hierarchy cross section is 67% larger than the
nonoscillating one, while the normal-hierarchy one is almost
three times larger than the nonoscillating one.
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FIG. 5. Differential cross section for the CC supernova-neutrino
scattering to final nuclear states at excitation energies Eexc. The
total cross section is normalized to unity. Panel (a) is folded with
the solar neutrino spectrum, panel (b) with Fermi-Dirac distribution
with parametrization (I), and panel (c) with parametrization (II) (see
Table III). Here the effects of flavor conversions are not included.

FIG. 6. Differential cross section for the CC supernova-
antineutrino scattering to final nuclear states at excitation energies
Eexc. The total cross section is normalized to unity. Panel (a) with
Fermi-Dirac distribution with parametrization (I) and panel (b)
with parametrization (II) (see Table III). Here the effects of flavor
conversions are not included.

E. Uncertainties

There are many sources of uncertainties for theoretical
estimations of (anti)neutrino-nucleus scattering cross sections,
which makes the estimation of the overall uncertainty difficult.
In a previous shell-model study [6], the uncertainty was
estimated by assuming that each GT strength has a statistical
uncertainty of 10% since generally the uncertainties in the
B(GT) values are of the order 5–10% [25]. Because of the large
number of states in the present study, such statistical uncertain-
ties amount to less than 3%. For the supernova (anti)neutrinos,
there are also uncertainties related to the distribution of
neutrino energies, which cannot be accurately estimated. The
actual supernova-neutrino spectrum is complex, and the details

TABLE III. Values of parameters α, T , and the average neutrino energy 〈Eνe/x
〉 in MeV used for the supernova-neutrino calculations. The

values are adopted from Ref. [24]. The index e refers to electron neutrinos and x = μ,τ to the nonelectron flavors.

(ανe
, Tνe

, 〈Eνe
〉) (αν̄e

, Tν̄e
, 〈Eν̄e

〉) (ανx
, Tνx

, 〈Eνx
〉) (αν̄x

, Tν̄x
, 〈Eν̄x

〉)
(I) (3.0, 2.88, 11.5) (3.0, 3.41, 13.6) (3.0, 4.08, 16.3) (3.0, 4.08, 16.3)
(II) (0.0, 3.65, 11.5) (0.0, 4.32, 13.6) (0.0, 5.17, 16.3) (0.0, 5.17, 16.3)
(III) (3.0, 2.88, 11.5) (3.0, 3.41, 13.6) (0.0, 5.17, 16.3) (0.0, 5.17, 16.3)
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TABLE IV. Folded cross sections in units of cm2 for supernova neutrinos with the quenched value gA = 1.00. The first column refers to
the parameters of the Fermi-Dirac distribution given in Table III. In the second (νe) and fifth columns (ν̄e), cross sections for nonoscillating
neutrinos are given, while the third, fourth, sixth, and seventh columns give the cross sections with matter oscillations included in the normal
mass hierarchy (NH) and in the inverted mass hierarchy (IH).

Parameters νe νNH
ex νIH

ex ν̄e ν̄NH
ex ν̄IH

ex

(I) 13.90 × 10−42 37.08 × 10−42 37.09 × 10−42 322.8 × 10−45 678.1 × 10−45 436.2 × 10−45

(II) 16.63 × 10−42 41.70 × 10−42 42.08 × 10−42 477.7 × 10−45 947.3 × 10−45 624.9 × 10−45

(III) 13.90 × 10−42 41.70 × 10−42 42.06 × 10−42 322.8 × 10−45 948.5 × 10−45 518.3 × 10−45

of the spectrum are not well known. However, there are two
potentially large sources of uncertainty which we can address.
The first one is related to the value of the axial-vector coupling
constant gA, for which the correct effective value is not well un-
derstood. For the sd and pf shells half-life comparisons of GT
transitions suggest a quenched value gA ≈ 1.00 [26,27]. How-
ever, there are indications that for high-energy neutrinos the
free-nucleon value gA = 1.27 should be used [16]. The effects
of gA are discussed in Sec. III E 1. The other potentially large
source of systematic uncertainty is related to the limited va-
lence space used in the calculations. Neutrinos with high ener-
gies excite states which are out of reach for valence spaces used
in the shell-model calculations. The effect of the higher energy
states on the folded cross sections are discussed in Sec. III E 2.

1. Value of gA

Adopting the free-nucleon value gA = 1.27 instead of the
quenched value increases the folded cross section for the solar-
neutrino-nucleus scattering 40Ar(ν,e−)40K to σν = 2.642 ×
10−42 cm2. However, for the solar neutrinos the quenched value
gA = 1.0 is more appropriate, since the neutrino energies are
lower. We assume the uncertainty related to this choice to be
5% (i.e., gA = 1.00(5)), which includes most effective values
obtained in previous shell-model studies in the sd and pf shells
[26,28]. The 3% error related to the nuclear structure can be
assumed to be uncorrelated with the error of gA. With these
assumptions, we end up with a cross section of 1.78(23) ×
10−42 cm2 for the solar-neutrino-nucleus scattering.

For the supernova (anti)neutrinos, the results are listed in
Table V. Since the energies are several MeV higher than for
the solar neutrinos, the appropriate effective value to be used
for gA is not so clear. It is best to consider the results of
Table IV as lower limits and those of Table V as upper limits
for the cross section. Since the GT transitions dominate the
folded cross sections, the cross sections scale roughly ∝g2

A.
Because of this scaling, the ratios between the folded cross
sections corresponding to the nonoscillating case, inverted
mass hierarchy, and normal mass hierarchy are similar for both
the free-nucleon and quenched values of gA.

2. High-energy neutrinos

The shell-model computed supernova-neutrino-nucleus
cross section for the reaction 40Ar(ν,e−)40K is roughly pro-
portional to E2

ν up to 35 MeV, as can be seen from Fig. 7.
Beyond that, the shell model predicts roughly a linear energy
dependence for the cross section. However, the QRPA result
of Ref. [5] predicts larger cross sections and a rough propor-
tionality to E2

ν for neutrino energies between 40 and 80 MeV.
Since we expect the QRPA results be more reliable than the
shell model ones for higher energies, we need to correct for
the missing cross section for the high-energy neutrinos. The
small cross sections for high-energy neutrinos stem from the
use of a too limited valence space for neutrino scattering at
these energies. However, the effects of this on the folded cross
sections are expected to be rather modest, since the tail of
the supernova-neutrino energy distribution above 35 MeV is
quite small and dies out exponentially. The missing strength
can be approximated by assuming that the cross section keeps
growing proportional to E2

ν also for energies above 35 MeV in
a way which reproduces the QRPA cross sections at the higher
energies. In Fig. 7, the total cross section is plotted together
with a quadratic fit function which intersects the origin and
tangents the shell-model cross section at 35 MeV. The resulting
fit function agrees with the QRPA results of Ref. [5] at high
energies, giving roughly σ = 5 × 10−40 cm2 for 60 MeV and
σ = 8 × 10−40 cm2 for 80 MeV. It should be stressed that the
energy dependence of the neutrino cross section is not as trivial
as E2

ν , but the fitted function can be used to estimate the effect
of the missing high-energy states, since it reproduces the 60-
to 80-MeV QRPA results well, as well as agreeing with the
shell-model results for the 35- to 40-MeV energies. For the
lower energies, the shell-model cross section should of course
be used and not that of the fit.

One can estimate the effect of the missing total cross section
beyond 40 MeV (this is where the quadratic fit function and the
shell-model cross section start to depart from each other) on
the folded cross sections. For this, we look at the proportion of
neutrinos with energies above 40 MeV in the neutrino-energy
profile. The proportion of these neutrinos is the largest for the

TABLE V. Same as Table IV but with the free nucleon value gA = 1.27 adopted for the axial-vector coupling constant.

Parameters νe νNH
ex νIH

ex ν̄e ν̄NH
ex ν̄IH

ex

(I) 19.15 × 10−42 50.80 × 10−42 50.81 × 10−42 512.8 × 10−45 1077 × 10−45 693.1 × 10−45

(II) 23.03 × 10−42 56.83 × 10−42 56.87 × 10−42 759.1 × 10−45 1501 × 10−45 993.2 × 10−45

(III) 19.15 × 10−42 56.83 × 10−42 56.87 × 10−42 512.8 × 10−45 1506 × 10−45 823.7 × 10−45
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FIG. 7. The total shell-model cross section and a quadratic fit.

parameters (α = 0,T = 5.17) and it is 1.87%. It then turns out
that calculating the folded cross section with the quadratic fit
function above 35 MeV, instead of the shell-model one, actually
increases the folded cross section by about 0.9%. For parameter
sets with lower average energies, the effect is significantly
reduced from this. For example, for (α = 3,T = 2.88) the
increase is only about 0.01%. Therefore, the lack of computed
strength beyond 35 MeV has no practical effect on the folded
cross sections calculated in the present paper. However, the
numbers of Table I are expected to be realistic only up to
40 MeV. As seen in Fig. 4, the roughly quadratic behavior of
the total antineutrino cross section continues up to 60 MeV and
thus the numbers in Table II should be reliable. Furthermore,
one should point out that the most contribution to the folded
cross sections, both for the solar as well as for the supernova
neutrinos, comes from nuclear excitations at energies that
are best described by the nuclear shell model. In this sense,
the present results for the folded cross sections should be
considered as the best on the market.

IV. CONCLUSIONS

In the present paper, we have calculated cross sections
for the charged-current neutrino and antineutrino scatterings
40Ar(ν,e−)40K and 40Ar(ν̄,e+)40Cl for astrophysical neutrinos
with energies below 60 MeV, especially relevant for both solar
and supernova neutrinos. The initial and final nuclear wave
functions were calculated using the nuclear shell model. The
effects of (anti)neutrino flavor conversions in dense stellar
matter (matter oscillations) were also included.

While the previous shell-model calculations of cross sec-
tions have considered only Gamow-Teller and Fermi types of
transitions, in the present paper we consider also transitions
to the first 100 0±, 1±, 2±, and 3± states. Contributions from
the spin-dipole states (1− and 2−) dominate the total unfolded
antineutrino-scattering cross section for antineutrino energies
above 40 MeV. Especially the lowest two 2− states and the

6th 1− state give significant contributions to the cross section.
For the total unfolded neutrino cross section, the transitions to
2− states in 40K becomes significant above 30 MeV of neutrino
energy. It is therefore clear that the 1− and 2− multipolarities
should not be omitted in the cross-sectional calculations.

For solar neutrinos, with a 8B distribution, the folded
cross section was found to be σν = 1.78(23) × 10−42 cm2.
This cross section is higher than the folded cross sections
1.15(7) × 10−42 cm2 [6] and 1.405 × 10−42 cm2 [7] of pre-
vious theoretical papers, where only Fermi and Gamow-Teller
transitions were taken into account.

We also computed the folded scattering cross sections for
supernova (anti)neutrinos. To test the scope of our calculations,
the cross sections were also folded with the supernova-neutrino
spectra used in the RPA-based calculation of Ref. [4] with no
matter oscillations included. The neutrino-antineutrino cross-
sectional ratio was found to be 16.5, which is in a reasonable
agreement with the ratio 12.5 reported in Ref. [4]. Though the
limited valence space considered in the present paper is unable
to account for giant resonances, the systematic uncertainty
related to this propagates to the folded cross sections at the
level of 1% or less, as verified by our analysis of the previous
RPA results. Since the folded cross sections for both the
solar and supernova neutrinos gather the relevant contributions
from nuclear excitations best described by the nuclear shell
model, the present results for the folded cross sections can be
considered as the most accurate ones available thus far.

For supernova-neutrino scattering, the cross section is in-
creased roughly threefold when the neutrino flavor conversions
are taken into account. The results for normal and inverted
mass hierarchies agreed with 1% accuracy for all three adopted
Fermi-Dirac distribution parameter sets (see Table III). For
parametrizations (I) and (II), the antineutrino-scattering cross
sections in the inverted-hierarchy scenario were enhanced by
30–35% with respect to the nonoscillating ones, while for the
parameter set (III) the inverted-hierarchy cross section was
67% larger. The normal-hierarchy cross section was roughly
twice as large as the nonoscillating cross section for the first two
parameter sets and three times larger for the parameter set (III).
One can then speculate that the strong effects of the neutrino
mass hierarchy on the supernova-antineutrino signal could be
used to distinguish between the two hierarchies in megaton
LAr detectors. On the other hand, if the hierarchy was known,
one could learn about the flavor-conversion processes inside
the supernovae.
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The neutrinoless ββ decay of atomic nuclei continues to attract fervent interest due to its
potential to confirm the possible Majorana nature of the neutrino, and thus the noncon-
servation of the lepton number. At the same time, the direct dark matter experiments
are looking for weakly interacting massive particles (WIMPs) through their scattering on
nuclei. The neutrino-oscillation experiments on reactor antineutrinos base their analyses
on speculations of β-spectrum shapes of nuclear decays, thus leading to the notorious
“reactor antineutrino anomaly.” In all these experimental efforts, one encounters the
problem of β-spectrum shapes of forbidden β decays, either as unwanted backgrounds
or unknown components in the analyses of data. In this work, the problem of spectrum
shapes is discussed and illustrated with a set of selected examples. The relation of the
β-spectrum shapes to the problem of the effective value of the weak axial-vector coupling
strength gA and the enhancement of the axial-charge matrix element is also pointed out.

Keywords: Forbidden beta decays; beta spectrum shapes; double beta decay; direct dark
matter search; reactor antineutrino anomaly; axial-vector coupling strength; axial-charge
matrix element.

PACS numbers: 21.60.Cs, 21.60.Jz, 23.40.Bw, 23.40.Hc

1. Introduction

At the moment, the neutrinoless ββ (0νββ) decay is the only practical means

of accessing the possible Majorana nature of the neutrino. In order to proceed,

the decay requires the violation of lepton-number conservation and a nonzero

neutrino mass. There are a host of different possible mechanisms which mediate

the decay.1 The 0νββ decay is related to nuclear structure via the nuclear

matrix elements (NMEs), calculated in many different theory frameworks (see

the reviews in Refs. 2–5), e.g. the quasiparticle random-phase approximation.6–8

∗Corresponding author.
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Due to its great potential to revolutionize the field of electroweak interactions,

the 0νββ has attracted and continues to attract intense experimental interest.

The presently running 0νββ experiments include AURORA, GERDA, NEMO-3,

COBRA, CUORE, EXO and KamLAND-Zen.9–15 The future experiments include

Majorana, SuperNEMO, MOON, AMoRE, LUMINEU, CUPID, SNO+, NEXT

and PandaX-III.16–24 Some of these second-order processes compete with extremely

retarded first-order processes, namely β decays in the 48Ca–48Sc–48Ti system25,26

and in the 96Zr–96Nb–96Mo system.27,28 Many of the listed experiments are based

on liquid scintillators which have light nuclei as cosmogenic backgrounds. Also, very

heavy nuclei like 214Bi can be a dangerous background in 0νββ experiments.

At present, there are many candidates for the weakly interacting massive par-

ticles (WIMPs). Probably, the most popular one is the lightest supersymmetric

particle (LSP).29–35 The WIMPs are expected to be nonrelativistic and they can

be detected by their scattering on atomic nuclei. There is a vast number of direct

dark matter detection experiments with different target materials: XENON10,

XENON100, XMASS, ZEPLIN, PANDA-X, LUX, CDMS, CoGENT, EDELWEISS,

DAMA, KIMS, PICASSO, ADMX, CDEX, CRESST, DarkSide, DMTPC, DRIFT

and SIMPLE.36–54 Many of these experiments suffer from backgrounds produced

by unknown β-spectrum shapes.

A further interesting application of the β-spectrum studies is the reactor anti-

neutrino anomaly (RAA).55 The antineutrino spectra in the nuclear reactors result

from the long uranium and plutonium α and β− decay chains and the subsequent

fission used as fuel to drive the energy production in the nuclear power plants. In

RAA, the experimentally measured antineutrino flux is lower than what is expected

from the β decays of the nuclear fission fragments deduced from nuclear data with

some approximations.56 The method of virtual β branches57–59 has been used to

aid in the process of collecting the cumulative β spectra responsible for the esti-

mated theoretical antineutrino flux. The involved β decays go partly by forbidden

transitions that cannot be assessed by the present nuclear data, but instead, could

be calculated by the formalism introduced in Refs. 60 and 61. The measured flux

is some 6(2)% lower, making this a rough 3σ deviation.62 Possible shortcomings of

the used analysis methods have been pointed out in Ref. 63.

Beyond the half-life analyses (see, e.g. Refs. 64–68), the β-spectrum shapes

can also be used to pin down the effective value of the weak axial-vector coupling

strength gA in forbidden nonunique β decays. In some β-decay transitions, the shape

of the β spectrum is quite sensitive to the variations in the value of gA. This feature

can be utilized in determining the value of gA for forbidden β transitions. This

method is called the spectrum-shape method (SSM) and was introduced in Ref. 70.

Further systematic studies using the SSM were performed in Refs. 61, 71 and 72.

The status of the effective values of gA in β and ββ decays is summarized in Ref. 73

and the impact of the effective values of gA on the sensitivities of the presently

running and future ββ-decay experiments has been discussed in Ref. 74. The SSM

can also be used to study the enhancement in the axial-charge matrix element
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(for an overview of the problem, see Ref. 73) for the first-forbidden nonunique

J+ ↔ J− transitions.

2. Schematic Outline of the Theory

In the allowed nuclear β− (β+) transitions, the emitted leptons, electron antineu-

trino and electron (electron neutrino and positron) carry away zero units of orbital

angular momentum. The 0 or 1 units of change in the nuclear spin is compensated

by the anti-alignment or alignment of the spins of the leptons. For the forbidden β

decays, the emitted leptons carry away at least one unit of orbital angular momen-

tum, and thus the decay amplitude is suppressed by a factor of qR ∼ 0.01 or its

higher powers. Here, R ∼ few fm is the nuclear radius and q ∼ 1 MeV is the mo-

mentum of the leptons. This means that the decay probability is suppressed by a

huge factor (roughly by 10−4) each time the forbiddenness increases by one unit.

2.1. Forbidden unique β decays

The forbidden unique β transitions are the simplest ones that mediate β decays

between nuclear states of (large) angular-momentum difference ΔJ . In particular,

if one of the states is a 0+ state, then for a Kth forbidden (K = 1, 2, 3, . . .) unique

beta decay, the angular momentum of the other involved state is J = K+1. At the

same time, the parity changes in the odd-forbidden and remains the same in the

even-forbidden decays.75 The change in angular momentum and parity for different

degrees of forbiddenness is presented in Table 1, and they obey the simple rule

(−1)ΔJΔπ = −1 (forbidden unique decays) . (1)

The theoretical half-lives t1/2 ofKth forbidden unique β decays can be expressed

in terms of reduced transition probabilities BKu and phase-space factors fKu. The

BKu is given by the NME, which in turn is given by the single-particle NMEs and

one-body transition densities. Then (for further details, see Ref. 75),

t1/2 =
κ

fKuBKu
; BKu =

g2A
2Ji + 1

|MKu|2 , (2)

where Ji is the angular momentum of the mother nucleus and κ is a constant with

value76

κ =
2π3

�
7 ln 2

m5
ec

4(GF cos θC)2
= 6147 s (3)

Table 1. Change in angular momentum and parity in Kth

forbidden unique β decays with a 0+ state as an initial or final
nuclear state.

K 1 2 3 4 5 6 7

ΔJ 2 3 4 5 6 7 8

Δπ = πiπf −1 +1 −1 +1 −1 +1 −1
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with GF being the Fermi constant and θC being the Cabibbo angle. The phase-space

factor fKu for the Kth forbidden unique β± decay can be written as

fKu =

(
3

4

)K
(2K)!!

(2K + 1)!!

∫ w0

1

CKu(we)pewe(w0 − we)
2F0(Zf , we)dwe , (4)

where CKu is the shape factor for Kth forbidden unique β decays which can be

written as (see, e.g. Refs. 75 and 77)

CKu(we) =
∑

ke+kν=K+2

λkep
2(ke−1)
e (w0 − we)

2(kν−1)

(2ke − 1)!(2kν − 1)!
, (5)

where the indices ke and kν (both k = 1, 2, 3, . . .) come from the partial-wave

expansion of the electron (e) and neutrino (ν) wave functions. Here, we is the total

energy of the emitted electron/positron, pe is the electron/positron momentum, Zf

is the charge number of the daughter nucleus and F0(Zf , we) is the Fermi function

taking into account the Coulombic attraction/repulsion of the electron/positron

and the daughter nucleus.a The factor λke
contains the generalized Fermi function

Fke−1
78 as the ratio

λke
=
Fke−1(Zf , we)

F0(Zf , we)
. (6)

The integration is performed over the total (by electron rest mass) scaled energy of

the emitted electron/positron, w0 being the endpoint energy, corresponding to the

maximum electron/positron energy in a given transition.

The NME in (2) can be expressed as

MKu =
∑
ab

M (Ku)(ab)(ψf ||[c†ac̃b]K+1||ψi) , (7)

where the factors M (Ku)(ab) are the single-particle matrix elements and the quan-

tities (ψf ||[c†ac̃b]K+1||ψi) are the one-body transition densities with ψi being the

initial-state wave function and ψf the final-state wave function. The operator c†a is

a creation operator for a nucleon in an orbital a and the operator c̃a is the corre-

sponding annihilation operator. The single-particle matrix elements are given (in

the Biedenharn–Rose phase convention) by

MKu(ab) =
√
4π

(
a||rK [YKσ]K+1i

K ||b) , (8)

where YK is a spherical harmonic of rank K, σ a vector containing the Pauli

matrices as its components, r the radial coordinate, and a and b stand for the

single-particle orbital quantum numbers. The NME (8) is given explicitly in Ref. 75.

aFor positron emission the change Zf → −Zf has to be performed in F0(Zf , we) and
Fke−1(Zf , we), Eq. (6).
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2.2. Forbidden nonunique β decays

In the forbidden nonunique β decay, the half-life can be given, analogously to (2),

in the form

t1/2 =
κ

C̃
, (9)

where C̃ is the dimensionless integrated shape function, given by

C̃ =

∫ w0

1

C(we)pwe(w0 − we)
2F0(Zf , we)dwe , (10)

with the notation explained in Subsec. 2.1. The general form of the shape factor of

Eq. (10) is a sum

C(we) =
∑

ke,kν ,K

λke

[
MK(ke, kν)

2 +mK(ke, kν)
2 − 2γke

kewe
MK(ke, kν)mK(ke, kν)

]
,

(11)

where the factor λke was given in (6) and Zf is the charge number of the final

nucleus. The indices ke and kν (k = 1, 2, 3, . . .) are related to the partial-wave

expansion of the electron (e) and neutrino (ν) wave functions, K is the order of

forbiddenness of the transition, and γke
=

√
k2e − (αZf )2, α ≈ 1/137 being the

fine-structure constant. The nuclear-physics information is hidden in the factors

MK(ke, kν) andmK(ke, kν), which are complicated combinations of different NMEs

and leptonic phase-space factors. For more information on the integrated shape

function, see Refs. 78 and 79.

The shape factor C(we) (11) can be decomposed into vector, axial-vector and

mixed vector-axial-vector parts in the form70

C(we) = g2VCV(we) + g2ACA(we) + gVgACVA(we) . (12)

The same is true for the shape function of the forbidden unique decays (5) when the

so-called next-to-leading-order terms are added to the leading ones.61,70 Integrating

Eq. (12) over the electron kinetic energy, we obtain an analogous expression for the

integrated shape function (10)

C̃ = g2VC̃V + g2AC̃A + gVgAC̃VA , (13)

where the factors C̃i in Eq. (13) are just constants, independent of the electron

energy.

3. Contaminants in Rare-Event Searches

There is a long list of common background contaminants in dark matter and rare-

event experiments.80 Usually, the β-spectrum shapes of the corresponding β decays

have not been measured or computed. Below, we give few examples of the β spectra

that have also been measured, but quite long time ago (during the 50’s). More such

spectra will be presented elsewhere as a separate compilation.
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Fig. 1. Normalized β spectrum for the third-forbidden unique ground-state-to-ground-state β−
decay of 40K calculated by using two different shell-model interactions. The value gV = 1.00 was
adopted in the calculations.

The long-lived potassium isotope 40K is a common pollutant in the environment

and in many materials. In Fig. 1, the normalized electron spectrum (the superficial

area is normalized to unity) for the β− decay of 40K is presented. The dominant

decay channel (89.28%) is the third-forbidden unique β− decay to the ground state

of 40Ca.81 The electron spectra have been computed by using the interacting shell

model (ISM) with two different effective interactions: sdpfu82 and sdpfk.83 The wave

functions were calculated by restricting the protons to the sd shell and neutrons to

the sdf7/2 valence space, thus permitting configuration mixing for the doubly magic

nucleus 40Ca. An old measurement of the β-spectrum shape has been reported in

Ref. 84.

The β+ decay of 22Na is a common pollutant in the Ge-based experiments.85 In

Fig. 2, the normalized positron spectrum for the second-forbidden unique ground-

state-to-ground-state β+ decay of 22Na is depicted. The spectra have been calcu-

lated in the sd valence space using the ISM with three different interactions, namely

usda, usdb and usde.86 The Q-value of this decay is known quite accurately.87 An

old measurement of the β spectrum has been reported in Ref. 88.

The β− decay of 60Co is a common pollutant in the environment and in Ge-

based experiments.85 In Fig. 3, the normalized electron spectra for the second-

forbidden unique β− decay of 60Co to the first 2+ state in 60Ni are shown for five

different values for gA. The β spectra have been calculated by using the ISM with

the Horie–Ogawa interaction.89,90 Due to the large number of valence nucleons in

the pf shell, the calculations were truncated to the proton-0f7/2–neutron-1p0f5/2
subspace. Though the dominant decay channel is the allowed decay to the first 4+

state in 60Ni, there is a small branching (0.12%) to the first 2+ state in 60Ni.91

The decomposition (12) suggests that the spectrum shape could be gA-dependent.

It can be seen in the figure, however, that the next-to-leading-order corrections
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Fig. 2. Normalized β spectrum for the second-forbidden unique ground-state-to-ground-state β+

decay of 22Na calculated by using three different shell-model interactions. The value gV = 1.00
was adopted in the calculations.

Fig. 3. (Color online) Normalized β spectra for the second-forbidden unique β− decay of 60Co
to the first 2+ state in 60Ni. The value gV = 1.00 was adopted in the calculations and the color
coding represents the different adopted values for gA.

to the β-decay shape factor are not strong enough to make the spectrum shape

gA-dependent. An old measurement of the β-spectrum shape has been reported in

Ref. 92.

4. Reactor Antineutrino Anomaly

While the actual cumulative β spectra leading to the RAA and emerging from the

decays of the fission fragments are numerous, not all of them contribute in equal

amounts. Then, the cumulative β spectra can be nicely fit by just a quite limited

number of virtual β spectra emerging from nonexistent fictional β branches.57–59

A shortcoming of this procedure is that all the virtual branches are assumed to
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Fig. 4. (Color online) Normalized β spectrum for the first-forbidden nonunique ground-state-to-
ground-state β− decay of 140Cs. The value gV = 1.00 was adopted in the calculations and the
color coding represents the different adopted values for gA. The allowed spectrum shape is plotted
for comparison.

be described by the allowed β-spectrum shapes. Also, adding information from

the nuclear database is not accurate enough due to deficiencies in this information.

Out of the several thousand β branches taking part in the cumulative β spectra, the

majority are allowed Fermi and Gamow–Teller decays. Forbidden decays become

increasingly unlikely with increasing degree of forbiddenness.

The most important β branches taking part in the cumulative β spectra of the

RAA were identified in Ref. 93 and they include the first-forbidden decays of 88Rb,
90Rb, 92Rb, 95Sr, 96Y, 100Nb, 135Te, 140Cs and 142Cs from the fission of 235U. The

branchings of these decay transitions are between 33% and 96%. Here, as also in the

analysis of Ref. 63, allowed β spectrum shapes were also assumed for the forbidden

transitions, like the first-forbidden decays listed above. Thus, it is of paramount

importance to compute the shapes of the β spectra associated to the above-listed

key transitions and compare these spectra with the allowed shape to see the error

made in the allowed approximation. The computation of the proper spectral shapes

can be done by using the formalism of Subsecs. 2.1 and 2.2. An example of the

application of the formalism is presented in Fig. 4 where the ISM-computed first-

forbidden nonunique ground-state-to-ground-state β− decay of 140Cs is depicted

and compared with the allowed spectrum shape. The used interaction is jj56pnb69

in the proton 3s–2d–1g7/2 and neutron 3p–2f–1h9/2 valence space. As can be seen,

there is a notable deviation from the spectrum shape of an allowed transition with

the same Q-value. In this case, there is also some dependence of the spectrum

shape on the value of gA and in other key transitions, this could be the case as

well, as suggested by the decomposition (12). The effects stemming from the un-

certainty in the value of gA have also been neglected in the analyses of the RAA

thus far.
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5. Spectral Shapes and the Effective Value of gA

In Ref. 70, it was found that the shapes of β spectra could be used to deter-

mine the values of the weak coupling strengths by comparing the computed spec-

trum with the measured one for forbidden nonunique β decays. This method was

coined the SSM. In this study, the next-to-leading-order corrections to the β-decay

shape factor were also included. In Ref. 70, the β-electron spectra were studied

for the 4th-forbidden nonunique ground-state-to-ground-state β− decay branches
113Cd(1/2+) → 113In(9/2+) and 115In(9/2+) → 115Sn(1/2+) using the microscopic

quasiparticle-phonon model (MQPM)94 and the ISM. It was verified by both nuclear

models that the β spectrum shapes of both transitions are highly sensitive to the

values of gV and gA, and hence the comparison of the calculated spectrum shape

with the measured one opens a way to determine the values of these coupling

strengths.b As a by-product, it was found that for all values of gA, the best fits to

data were obtained by using the canonical CVC value gV = 1.0 for the vector cou-

pling strength. The work of Ref. 70 was extended to other nuclei and nuclear models

in Refs. 61, 70–72. In these studies, it was found that the SSM is very robust, quite

insensitive to the adopted mean field and nuclear model and its model Hamilto-

nian used to produce the wave functions of the participant initial and final nuclear

states.

Examples of possible gA dependencies are given in the previously discussed

Fig. 4 and in Fig. 5 where the ISM-computed first-forbidden nonunique ground-

state-to-ground-state β− decays of 207Tl (top), 210Bi (middle) and 214Bi (bottom)

are depicted. The wave functions related to the decay of 207Tl were calculated using

the interaction khhe96 in a valence space spanned by the proton orbitals 0g7/2, 1d,

2s and 0h11/2, and the neutron orbitals 0h9/2, 1f , 2p and 0i13/2. For the heavier

nuclei, 210Bi and 214Bi, the interaction khpe96 was adopted. For 210Bi, the valence

space was spanned by the proton orbitals 0h9/2, 1f , 2p and 0i13/2, and neutron

orbitals 0i11/2, 1g and 2d5/2. For
214Bi, excitations to the neutron 2d− 3s orbitals

were not allowed to reduce the formidable computational burden.

The β-spectrum shapes of 207Tl and 214Bi are only slightly gA-dependent, but

for 210Bi, the dependence is extremely strong. This makes 210Bi an excellent can-

didate for the application of the SSM. This is so far the only known first-forbidden

β transition with a strong gA-dependence. There is also an old β-spectrum mea-

surement reported in Ref. 97. Other strongly gA-dependent decay transitions are

listed in Table 2. Table 2 summarizes the exploratory works of Refs. 61, 70–72 in

terms of listing the studied β-decay transitions which are potentially measurable in

rare-event experiments. Usually, only the nonunique forbidden β-decay transitions

can be sensitive enough to gA to be measured even when the next-to-leading-order

terms are included in the β-decay shape factor.70

bThis effect was overlooked in the earlier studies in Refs. 79 and 95.
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Fig. 5. (Color online) Normalized β spectra for the first-forbidden nonunique ground-state-to-
ground-state β− decays of 207Tl (top), 210Bi (middle) and 214Bi (bottom). The value gV = 1.00

was adopted in the calculations and the color coding represents the different adopted values for gA.

Table 2. List of forbidden nonunique β−-decay transitions and their sensitivity to the value of

gA. Here, Ji (Jf ) is the angular momentum of the initial (final) state, πi (πf ) the parity of the

initial (final) state, and K the degree of forbiddenness. The initial state is always the ground
state (gs, column 2) of the mother nucleus and the final state is either the ground state (gs) or
the nf : th, nf = 2, 3, excited state (column 3) of the daughter nucleus. The branchings to the
indicated final states are practically 100% in all cases. Column 4 indicates the sensitivity to the
value of gA, and the last column lists the nuclear models which have been used (thus far) to
compute the β-spectrum shape. Here, references to the original works are also given.

Transition J
πi
i (gs) J

πf

f (nf ) K Sensitivity Nucl. model

87Rb → 87Sr 3/2− 9/2+ (gs) 3 Moderate MQPM,71 ISM72

94Nb → 94Mo 6+ 4+ (2) 2 Strong ISM72

98Tc → 98Ru 6+ 4+ (3) 2 Strong ISM72

99Tc → 99Ru 9/2+ 5/2+ (gs) 2 Strong MQPM,71 ISM72

113Cd → 113In 1/2+ 9/2+ (gs) 4 Strong MQPM,70,71 ISM,70 IBFM-261
115In → 115Sn 9/2+ 1/2+ (gs) 4 Strong MQPM,70,71 ISM,61 IBFM-261
210Bi → 210Po 1− 0+ (gs) 1 Strong ISM (this work)
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6. Enhancement of the Axial-Charge Matrix Element

The enhancement of the axial-charge NME γ5 due to nuclear medium effects

in the form of meson-exchange current (MEC) was first suggested nearly four

decades ago.98–100 An enhancement of 40–70% over the impulse-approximation

value was predicted based on chiral-symmetry arguments and soft-pion theorems.

This enhancement seems fundamental in nature and insensitive to nuclear-structure

aspects.101,102 Systematic shell-model studies of the γ5 matrix elements in the

A ≈ 16, A ≈ 40, and A ≈ 208 regions indicated enhancements of 60–100%.103–105

In Ref. 106, the exceptionally large enhancement of the γ5 NME in heavy nuclei,

witnessed in the shell-model studies of Warburton,105 was reproduced by introduc-

ing an effective Lagrangian incorporating approximate chiral and scale invariance

of the QCD.

The γ5 NME is one of the two rank-zero matrix elements contributing to first-

forbidden ΔJ = 0, J+ ↔ J−, transitions. It plays quite an important role in the

decay rates of many of these transitions. Therefore, a significant enhancement of

this matrix element can also affect the shapes of the corresponding beta spectra.

For our discussion, we adopt the expansion of Behrens and Bühring,78 where in

the leading order, the nonrelativistic reduction produces two NMEs that mediate

J+ ↔ J− type of decay transitions, see Ref. 61. These NMEs correspond to the

operators

gA(γ5) σ · pe , (14)

gA σ · r , (15)

where r is the radial coordinate, pe is the electron momentum and σ contains the

Pauli matrices. Here, the enhancement of the γ5 NME (σ · pe in the nonrelativistic

reduction) is included in the coupling strength by

gA(γ5) = (1 + εMEC)gA , (16)

where the enhancement εMEC stems from MEC. In this work, we include also

the next-to-leading-order terms in the Behrens–Bühring expansion.78 The atomic

screening effects and radiative corrections are also included in the shape factor.

Details of the formalism can be found in Ref. 61.

Our ISM calculations were performed in the following valence spaces: For the

decay of 95Sr, a model space including the proton orbitals 0f5/2, 1p3/2, 1p1/2 and

0g9/2, and the neutron orbitals 1d5/2, 1d3/2 and 0s1/2 was used together with the

interaction glbepn.107 The interaction glbepn is a bare G-matrix interaction which

also has an adjusted version glepn, where two-body matrix elements from Gloeck-

ner108 and Ji and Wildenthal109 have been adopted. The decay of 135Te was calcu-

lated using a model space spanned by the proton orbitals 0g7/2, 1d5/2, 1d3/2, 2s1/2
and 0h11/2, and the neutron orbitals 0h9/2, 1f7/2, 1f5/2, 2p3/2, 2p1/2 and 0i13/2
with the effective interactions jj56pnb.110
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Fig. 6. (Color online) Normalized β spectra for the first-forbidden nonunique ground-state-to-
ground-state β− decay of 95Sr. The value gV = 1.00 was adopted in the calculations and the color
coding represents the different adopted values for gA and the enhancement (εMEC) of the axial
charge.

Fig. 7. (Color online) Normalized β spectra for the first-forbidden nonunique ground-state-to-

ground-state β− decay of 135Te. The value gV = 1.00 was adopted in the calculations and the
color coding represents the different adopted values for gA and the enhancement (εMEC) of the
axial charge.

Examples of possible gA and gA(γ5) dependencies of β spectra are given in

Figs. 6 and 7 where the ISM-computed first-forbidden nonunique ground-state-

to-ground-state β− decays of 95Sr and 135Te are depicted. It is seen that neither

the effective value of gA nor the enhancement (16) of gA(γ5) affects the spectrum

shape in an easily measurable way. Hence, in these cases, the comparison with the

experimental half-lives is the only way to pin down the amount of enhancement

(16), and its possible mass dependence, in the axial-charge NME. Only a further

exploratory work could tell if there are nuclear transitions where the β spectra are

sensitive to the value of gA(γ5). It should also be borne in mind that the spectrum

shapes of J+ ↔ J− transitions play an important role in the investigations of the

validity of the RAA.
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7. Conclusions

In this paper, the electron-spectrum shapes are discussed for β-decay transitions

that are important as contaminants in rare-event searches, as integral ingredients

in the RAA and sensitive to the effective value of the weak axial-vector coupling

constant gA and the weak axial charge. Quite little is known experimentally about

β-spectrum shapes, in particular for the forbidden β decays. This is why theoretical

calculations can assist in the identification of dangerous backgrounds in rare-event

searches. Allowed β-spectrum shapes are assumed in the analyses related to the

RAA and calculations of the spectrum shapes for the involved key forbidden β

decays can shed more light to the confidence level of the anomaly. In a promising

new method, the SSM, the comparison of the computed and measured β spec-

tra for forbidden nonunique β decays helps in pinning down the effective value

of gA. The robustness of the method is based on the observations that the com-

puted spectra are relatively insensitive to the adopted mean-field, nuclear models

and model Hamiltonians. The SSM can also be used to pin down the amount of

enhancement in the axial-charge matrix element for the first-forbidden nonunique

J+ ↔ J− transitions. Further exploratory theoretical work has to be done in the

future and measurements of electron spectra for the found potentially interesting

key nonunique β transitions are strongly encouraged.
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The enhancement of the axial-charge nuclear matrix element 
(NME) γ5 due to nuclear medium effects in the form of meson-

exchange currents was first suggested nearly four decades ago 
[1–3]. An enhancement of 40–70% over the impulse-approximation 
value was predicted based on chiral-symmetry arguments and 
soft-pion theorems. This enhancement is fundamental in nature 
and insensitive to nuclear-structure aspects [4,5]. Systematic shell-
model studies of the γ5 matrix elements in the A ≈ 16, A ≈ 40, 
and A ≈ 208 regions indicated enhancements of 60–100% [6–8]. In 
[9] the exceptionally large enhancement of the γ5 NME in heavy 
nuclei, witnessed in the shell-model studies of Warburton [8], was 
reproduced by introducing an effective Lagrangian incorporating 
approximate chiral and scale invariance of the QCD.

The non-trivial dependence of the spectral shapes of the fourth-
forbidden non-unique decays of 113Cd and 115In on the effective 
value of the axial-vector coupling constant gA was first pointed out 
in Ref. [10]. A new method, coined the spectrum-shape method 
(SSM), where theoretical and experimental spectra are compared 
was proposed as a complementary way to the half-life compar-

ison method for extraction of the effective value of gA. Further 
investigations in [11] and [12] found that several other non-unique 
decays exhibit a similar dependence. It was also pointed out in 
[11–13] that the spectral shapes of many studied decays are prac-

* Corresponding author.
E-mail address: joel .j .kostensalo @student .jyu .fi (J. Kostensalo).

tically indifferent to the fine details of the wave functions, making 
the spectrum-shape method a potentially much more robust tool 
than the often used half-life method.

Since the γ5 NME is one of the two rank-zero matrix elements 
contributing to first-forbidden � J = 0 transitions it plays quite an 
important role in the decay rates of many of these transitions. 
Therefore, a significant enhancement of this matrix element can 
also affect the shapes of the corresponding beta spectra. In the 
present Letter we investigate the impact of the γ5 enhancement 
on half-lives and shapes of beta spectra for several first-forbidden 
J+ ↔ J− decay transitions in the A ≈ 95, A ≈ 135, and A ≈ 208

regions. Decays with beta spectra which have a significant de-
pendence on the enhancement of the axial-charge matrix element 
could potentially be used to extract the enhancement in a similar 
way to the extraction of the effective value of gA. The importance 
of the consideration of the meson-exchange-current effects on beta 
spectra used in the reactor-antineutrino analyses and for character-
ization of the background radiation in rare-event searches is also 
pointed out.

The half-life of a forbidden non-unique beta decay can be writ-
ten as

t1/2 = κ/C̃, (1)

where κ = 6147 s [14] and C̃ is the dimensionless integrated 
shape function, given by

https://doi.org/10.1016/j.physletb.2018.02.053

0370-2693/© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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C̃ =
w0∫
1

C(we)pwe(w0 − we)
2F0(Z , we)dwe. (2)

The shape factor C(we) of Eq. (2) contains complicated combi-

nations of both (universal) kinematic factors and nuclear form 
factors. The nuclear form factors can be related to the correspond-
ing NMEs using the impulse approximation. For the first-forbidden 
non-unique decays with J i = J f , considered in this work, the rel-
evant NMEs are those of the transition operators denoted here by 
O(0−), O(1−), and O(2−). We adopt the expansion of Behrens 
and Bühring [15], where in the leading order in the non-relativistic 
reduction there are six matrix elements corresponding to the op-
erators

O(0−) : gA(σ · pe), gA(σ · r) (3)

O(1−) : gVpe, gA(σ × r), gVr (4)

O(2−) : gA[σ r]2, (5)

where r is the radial coordinate and pe is the electron momen-

tum. In this work the enhancement factor of the γ5 NME (σ · pe
in the non-relativistic limit) is denoted by εMEC. In addition to 
these six NMEs, there are three NMEs corresponding to the op-
erators gA(σ · r), gA(σ × r), and gVr with the Coulomb factor 
I(1, 1, 1, 1; r) included in the radial integral. The Coulomb factor 
is given by [15]

2

3
I(1,1,1,1; r) =

{
1− 1

5
r
R , 0< r < R

R
r − 1

5

( R
r

)3
, r > R,

(6)

where R is the nuclear radius. In this work we include also 
the next-to-leading-order terms in the Behrens–Bühring expansion 
[15], which increases the number of NMEs involved in transitions 
up to 21. The NMEs involved in the transitions can be evaluated 
using the relation

V /AM(N)
K LS(ke,m,n,ρ)

=
√
4π

Ĵ i

∑
pn

V /Am(N)
K LS(pn)(ke,m,n,ρ)(� f ||[c†pc̃n]K ||�i), (7)

where V /Am(N)
K LS(pn)(ke, m, n, ρ) is the single-particle matrix el-

ement, and (� f ||[c†pc̃n]K ||�i) is the one-body transition density 
(OBTD), which contains the nuclear-structure information. The 
atomic screening effects and radiative corrections are also included 
in the shape factor. The details of the scope of the formalism can 
be found from Ref. [13].

In the present work the electron spectra of 16 first-forbidden 
� J = 0 β− transitions were calculated using the NMEs produced 
by the use of the nuclear shell model. The spectra were cal-
culated using nine different scenarios including all combinations 
of εMEC = 1.40, 1.70, 2.00 corresponding to 40%, 70% and 100% 
enhancements of the axial-charge matrix element and gA = 0.6, 
1.00, and 1.27 corresponding to the heavily quenched, quenched, 
and free-nucleon values of the axial-vector coupling constant. The 
nuclear-structure calculations were done using the shell-model 
code NuShellX@MSU [16], with appropriate model spaces and 
Hamiltonians chosen for the three mass regions separately.

For the decay transitions in the mass range A = 92–97 a model 
space including the proton orbitals 0 f5/2, 1p3/2, 1p1/2, and 0g9/2
and the neutron orbitals 1d5/2, 1d3/2, and 0s1/2 were used together 
with the interaction glbepn [17]. The interaction glbepn is a bare 
G-matrix interaction which has an adjusted version glepn, where 

Table 1
Decays considered in this study. The references used for the half-lives and branching 
ratios are given in the fourth column.

Transition t1/2 BR(%) Ref.

92Rb(0−
g.s.) → 92Sr(0+

g.s.) 4.492(20) s 95.2(7) [23]

93Y(1/2−
g.s.) → 93Zr(1/2+

1 ) 10.18(8) h 2.7(5) [24]

95Sr(1/2+
g.s.) → 95Y(1/2−

g.s.) 23.90(14) s 55.7(25) [25]

96Y(0−
g.s.) → 96Zr(0+

g.s.) 5.34(5) s 95.5(5) [26]

97Y(1/2+
g.s.) → 97Zr(1/2−

g.s.) 3.75(3) s 40(10) [27]

133Sn(7/2−
g.s.) → 133Sb(7/2+

g.s.) 1.46(3) s 85(3) [28]

134Sb(0−
g.s.) → 134Te(0+

g.s.) 0.78(6) s 97.6(5) [29]

135Te(7/2−
g.s.) → 135I(7/2+

g.s.) 19.0(2) s 62(3) [30]

137Xe(7/2−
g.s.) → 137Cs(7/2+

g.s.) 3.818(13) min 67(3) [31]

138Cs(3−
g.s.) → 138Ba(3+

1 ) 32.5(2) min 44.0(10) [32]

139Ba(7/2−
g.s.) → 139La(7/2+

g.s.) 83.06(28) min 70.0(3) [33]

139Cs(7/2+
g.s.) → 139Ba(7/2−

g.s.) 9.27(5) min 85(3) [33]

142Pr(2−
g.s.) → 142Nb(2+

1 ) 19.12(4) h 3.7(5) [34]

143Pr(7/2+
g.s.) → 143Nb(7/2−

g.s.) 13.57(2) d 100 [35]

211Pb(9/2+) → 211Bi(9/2−) 36.1(2) min 91.32(12) [36]

213Bi(9/2−) → 213Po(9/2+) 45.61(6) min 65.9(4) [37]

two-body matrix elements from Gloeckner [18] and Ji and Wilden-

thal [19] have been adopted. The half-lives calculated using the 
interactions glbepn and glepn agreed for 96Y to 2%, but for ex-
ample for 93Y the modified interaction was unable to reproduce 
the experimental half-life with any physically meaningful value of 
gA and εMEC. The bare G-matrix interaction, on the other hand, 
was able to reproduce the experimental half-lives, ranging from 
less than a second to several days. Therefore the half-life analysis 
was done using this interaction. The decay transitions in the mass 
range A = 133–139 were calculated using a model space spanned 
by the proton orbitals 0g7/2, 1d5/2, 1d3/2, 2s1/2, and 0h11/2 and 
the neutron orbitals 0h9/2, 1 f7/2, 1 f5/2, 2p3/2, 2p1/2, and 0i13/2
with the effective interactions jj56pnb [20] and jj56cdb [21]. For 
the decays of 142Pr and 143Pr the dimensions of the problem were 
so large that truncations became necessary, and no nucleons were 
allowed on the π0h11/2 and ν0i13/2 orbitals. This decay was not 
included in the half-life analysis since rather severe truncations 
were used. For the A = 211–213 nuclei the model space consisted 
of the proton orbitals 0h9/2, 1 f7/2, 1 f5/2, 2p3/2, 2p1/2, and 0i13/2
and the neutron orbitals 0i11/2, 1g9/2, 1g7/2, 2d5/2, 2d3/2, 3s1/2, 
and 0 j15/2 with the corresponding Hamiltonian khpe [22]. Half-
lives of the decays in the A ≈ 95 and A ≈ 135 regions were also 
calculated and compared with the experimental data. The effects of 
the mesonic enhancement on the half-lives of the first-forbidden 
decays in the 208Pb region have been studied in detail in Ref. [8]
and thus we refer to these results for the half-life part. However, 
the beta spectra of these decays have not been previously pub-
lished.

The transitions studied in this work, the corresponding branch-
ing ratios, and the half-lives of the mother nuclei are listed in 
Table 1. In Table 2 are given the values of gA needed to repro-
duce the experimental half-life with εMEC = 1.4, 1.7, and 2.0 for 
decay transitions in the mass range A = 91–97. The uncertainties 
in the obtained gA values stem from the uncertainty in the branch-
ing ratio and the half-life, and is given by the standard deviation 
σ/

√
N . The uncertainty coming from the nuclear-structure calcu-

lations is at least of the same order as the largest half-life errors, 
so the total uncertainty is of the order of 30% uniformly for all the 
decays.

The results for decays in the A ≈ 95 region are listed in Ta-
ble 2. When an enhancement of 40% for the axial-charge matrix 
element is assumed, an effective value close to unity is obtained 
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Table 2
Effective values of the coupling constant gA for different scenarios of the enhance-
ment of the time-like axial-vector matrix element ∫ γ5 for decay transitions in the 
mass range A = 92–97. The mother nuclei are listed in the first column and the val-
ues of gA which reproduce the experimental half-life are given in columns 2–4 for 
each value of εMEC separately. The CVC value gV = 1.00 was adopted in the analysis. 
The error in gA comes from the uncertainty in the branching ratio and the half-life, 
given by the standard deviation σ/

√
N .

Nucleus gA with glbepn interaction

εmec = 1.4 1.7 2.0

92Rb 0.74(1) 0.62(1) 0.53(1)
93Y 1.25(15) 1.03(17) 0.85(30)
95Sr 0.88(4) 0.70(4) 0.58(3)
96Y 0.96(1) 0.80(1) 0.69(1)
97Y 0.85(15) 0.70(13) 0.59(12)

Average 0.94± 0.08 0.77± 0.07 0.65± 0.06

for the axial-vector coupling constant gA. For larger εMEC a more 
quenched value of gA is required to reproduce the experimental 
half-lives. A previous direct calculation by Kirchbach and Rein-
hardt [38] for the enhancement factor resulted in εMEC = 45%. This 
would correspond to gA ≈ 0.90. The gA values obtained for the 
40% enhancement of the γ5 matrix element are in line with pre-
vious shell-model results for Gamow–Teller decays in light and 
medium-heavy nuclei [39–41]. This is also in line with the result 
gA = 0.92 for the fourth-forbidden decay of 113Cd obtained using 
the spectrum-shape method with three different nuclear models 
[13].

For the A ≈ 135 region the results for the effective values of 
gA can be found from Table 3. The general trend is similar as for 
the A ≈ 95 nuclei for both interactions: For larger enhancements 
of the axial-charge matrix element smaller values of gA are needed 
to reproduce the experimental half-lives. The more recent jj56pnb 
interaction gives gA = 0.87 ± 0.04 when εMEC = 1.4 is assumed. 
The result obtained using the interaction jj56cdb is in agreement 
with this result within error limits. For enhancement of 70% the 
jj56pnb agrees excellently with the result for A ≈ 95 nuclei with 
gA = 0.75 ± 3. The jj56cdb result, on the other hand, is notice-
ably higher with gA = 0.87 ± 0.06. For εMEC = 2.0 the shell-model 
results 0.70 ± 0.06 and 0.66 ± 0.03 for the A ≈ 135 region are 
in harmony. This is in an astonishingly good agreement with the 
A ≈ 95 result gA = 0.65 ± 0.06. This suggests that the proper ef-
fective value of gA is the same for both the A ≈ 95 and A ≈ 135

regions. Our calculations suggest that an effective value of gA be-

low unity should be used also for first-forbidden non-unique de-
cays with � J = 0.

Instead of studying the effective value of gA as a function of 
εMEC, we can of course turn this the other way around. Previous 
systematic studies in the A ≈ 16 [6] and A ≈ 208 [8] regions have 
resulted in enhancement factors 1.61 ± 0.03 and 2.01 ± 0.05 re-

spectively. In addition, separate studies for 50K [6] and 96Y [17]
yielded the enhancement factors 1.52 and 1.75 ± 0.30. Calculating 

Fig. 1. The obtained enhancements εMEC of the previous studies and the present 
study as a function of the mass number A. The red squares represent the previous 
systematic studies done in the A ≈ 16 and A ≈ 208 regions and the separate studies 
done for 50K and 96Y. The other points represent the results of this study for differ-
ent effective values of gA. The linear fit is an error weighted fit, where the results 
of the previous studies and the previous study with gA = 0.70 are used. (For inter-
pretation of the colors in the figure(s), the reader is referred to the web version of 
this article.)

εMEC for different set values of gA in the A ≈ 95 and A ≈ 135 re-

gions and comparing to the previous results allows us to see how 
the mesonic enhancement behaves as a function of mass number 
in different scenarios. The results are presented in Fig. 1. For 50K 
the error is assumed to be 0.30 as it is for 96Y. When the free nu-
cleon value 1.27 is adopted, no mesonic enhancement is obtained 
for A ≈ 95 and for A ≈ 135 quenching of the axial-charge matrix 
element is needed to reproduce the experimental half-lives. For 
the unity value of the axial-vector coupling constant the results are 
rather similar: an enhancement of only 0–20%. When gA = 0.70 is 
adopted, a clear linear trend is seen. A fit to the data gives the 
relation

εMEC = 1.576+ 2.08× 10−3 A. (8)

For an even heavily quenched value, gA = 0.60, an enhance-
ment factor well above 2.0 is required to reproduce the experi-
mental half-lives, which is not in line with the previous results. 
The scenario with gA = 0.80, on the other hand, would result in 
enhancements 1.48 ± 0.13 and 1.54 ± 0.09 for the 95 and 135 re-
gions respectively. Based on previous results this kind of scenario 
is also possible. The general trend in this case would not be lin-
early increasing, but roughly constant in the medium-heavy region.

In addition to the half-lives the shapes of the electron spec-
tra and their dependence on gA and εMEC were studied. The most 
interesting spectra are shown in Figs. 2–5. The spectrum related 
to the decay of 93Y to the first 1/2+ state in 93Zr is presented 
in Fig. 2. Not only is there a clear dependence on the effective 
value of the axial-vector coupling constant gA, there is also a no-
ticeable dependence on the value of εMEC. The spectra calculated 
for each scenario of the effective value of gA are clearly dis-
tinct for any chosen εMEC. However, for example the combinations 

Table 3
Same as Table 2 for decay transitions in the mass range A = 133–139 calculated using the Hamiltonians based on the jj56cdb and jj56pnb two-body interactions.
Nucleus gA(γ5) with jj56cdb int. gA with jj56pnb int.

εmec= 1.4 1.7 2.0 1.4 1.7 2.0

133Sn 0.94(2) 0.80(2) 0.69(2) 0.94(2) 0.80(2) 0.69(2)
134Sb 1.18(6) 0.99(5) 0.85(5) 0.85(4) 0.71(4) 0.62(3)
135Te 0.86(2) 0.74(3) 0.65(2) 0.96(3) 0.84(3) 0.74(3)
137Xe 0.74(2) 0.65(2) 0.58(2) 0.81(3) 0.71(2) 0.64(3)
139Ba 0.68(1) 0.60(1) 0.54(1) 0.72(1) 0.64(1) 0.58(1)
139Cs 1.15(3) 1.00(2) 0.88(2) 0.91(2) 0.79(2) 0.69(2)

Average 0.93± 0.08 0.87± 0.06 0.70± 0.06 0.87± 0.04 0.75± 0.03 0.66± 0.03



J. Kostensalo, J. Suhonen / Physics Letters B 781 (2018) 480–484 483

Fig. 2. Electron spectra of 93Y calculated with the interaction glbepn. The color 
coding signifies the value of gA and the dash coding the value of the mesonic en-
hancement εMEC.

Fig. 3. Same as Fig. 2 for the decay of 95Sr.

Fig. 4. Same as Fig. 2 for the decay of 97Y.

Fig. 5. Same as Fig. 2 for the decay of 138Cs calculated with the jj56pnb interaction.

(gA, εMEC) = (1.0, 1.4) and (gA, εMEC) = (0.6, 2.0) produce spec-
tra which are significantly closer. This is also consistent with the 
half-life results, where both combinations (gA, εMEC) ≈ (0.95, 1.4)
and (gA, εMEC) ≈ (0.65, 2.0) reproduced the experimental half-
lives. The branching ratio of this transition is 2.7 ± 5 (see Table 1), 
so in principal this spectrum could be measured experimentally. 
A high-precision measurement of this spectrum would be desir-

able, since it could be used to confirm the need to use quenched 
gA values below unity for forbidden � J transitions.

Noticeable dependence on the used gA and εMEC combinations 
can also be seen in the spectra of 95Sr and 97Y presented in Figs. 3
and 4. Though the dependence is smaller than in 93Y, it is very 
important due to the contribution of the 95Sr spectrum to the cu-
mulative beta spectrum used in reactor-antineutrino analyses [42]. 
Another important contributor is 135Te. The dependence of the 
spectral shape of 135Te is roughly half of that of 95Sr, and is not 
presented here. However, these small effects are crucial when con-
sidering the significance of the reactor-antineutrino anomaly.

In addition to the decays considered in the half-life analysis, 
five more transitions were studied. The decay of 138Cs was ex-
cluded from the half-life analysis, since the dependence of the 
half-life on the value of εMEC was practically non-existent, and 
thus a meaningful extraction of gA with different values of εMEC

was impossible. Naturally, the spectral shape of 138Cs is also in-
dependent on the enhancement factor. The electron spectrum of 
138Cs calculated using different values of gA is shown in Fig. 5. 
For this transition the dependence is significant enough that the 
extraction of the effective value of gA using the spectrum-shape 
method is feasible to at least an accuracy of 0.1–0.2. This would 
be enough to see whether the value of gA is close to unity (imply-

ing εMEC ≈ 1.4), close to 0.6 (implying εMEC ≈ 2.0), or something 
between. The branching ratio for this decay is 44.0 ± 10 and the 
Q -value is close to 3 MeV which makes an accurate measurement 
of the spectrum shape possible, since the experimentally prob-
lematic low-energy part of the beta spectrum is a relatively small 
portion in comparison with beta decays which have a Q -value of 
a few hundred keV.

The decays of 142Pr and 143Pr were also calculated to see if any 
significant dependence on either gA and εMEC is present. For these 
decays, as well as for the decays of 211Pb and 213Bi, the dependen-
cies turned out to be smaller than for example the dependence for 
95Sr and 97Y. Due to the rather severe truncations used for the Pr 
isotopes these decays were not included in the half-life analyses.

In this Letter the significant impact of the enhancement of the 
axial-charge matrix element on the half-lives and spectral shapes 
of first-forbidden J+ ↔ J− decay transitions was pointed out. 
Half-life analyses were carried out in the A ≈ 95 and A ≈ 135

mass regions, extracting effective values of gA corresponding to 
different scenarios of the enhancement of the axial-charge ma-

trix element, characterized by the enhancement factor εMEC. In 
both regions the effective values gA ≈ 0.90, 0.75, and 0.65 cor-
responded to the enhancement scenarios εMEC = 1.4, 1.7, and 2.0. 
On the flip side, a linear dependence of εMEC on the mass number 
was found when gA = 0.70 was adopted. The dependence of the 
beta-spectrum shape of the transition 93Y(1/2−

g.s.) → 93Zr(1/2+
1 )

on both gA and εMEC was pointed out. Similar but less significant 
dependencies were also recorded in the decays of 95Sr and 97Y. 
The spectrum related to the β− decay of 138Cs was found to be 
significantly gA dependent, while simultaneously being indepen-
dent of εMEC. This opens up the possibility for the determination 
of a proper effective value of gA in the A ≈ 135 region for first-
forbidden decays using the spectrum-shape method. This value of 
gA would also imply an appropriate value of εMEC in medium-

heavy nuclei. Accurate values of the weak couplings are needed 
in order to produce accurate spectra to be used in the reactor-
antineutrino analyses as well as analyses of the backgrounds in 
rare-event searches.
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We study the dominant forbidden transitions in the antineutrino spectra of the fission actinides from 4 MeV
onward using the nuclear shell model. Through explicit calculation of the shape factor, we show the expected
changes in cumulative electron and antineutrino spectra. Relative to the allowed approximation this results
in a minor decrease of electron spectra above 4 MeV, whereas an increase of several percent is observed in
antineutrino spectra. We show that forbidden transitions dominate the spectral flux for most of the experimentally
accessible range. Based on the shell model calculations we attempt a parametrization of forbidden transitions
and propose a spectral correction for all first-forbidden transitions. We enforce correspondence with the Institut
Laue-Langevin data set using a summation+conversion approach. When compared against modern reactor
neutrino experiments, the resultant spectral change is observed to be of comparable magnitude and shape as
the reported spectral shoulder.

DOI: 10.1103/PhysRevC.99.031301

For the past years, neutrino physics has seen a flurry of
interest in the so-called reactor anomaly [1–3], a 6% deficit in
the experimentally observed antineutrino count rate relative
to theoretical predictions. Together with more long-standing
anomalies (reported by LSND [4,5] and GALLEX [6] col-
laborations), much theoretical interest has gone toward the
possibility of one or more eV-scale sterile neutrinos [7,8].
Motivated by these findings, several dedicated experiments
worldwide are directly looking for an oscillation pattern at
very short baselines, meaning results are independent of the-
oretical calculations. The explored parameter space is, how-
ever, inspired by theoretical estimates. Many experiments are
in the process of data taking and have published preliminary
results [9–14]. So far, all of these exclude the best theoretical
fit value [8] with �2σ , so a better understanding and control
of the theoretical estimate remains an important goal.

With the availability of precision antineutrino spectra, all
modern long baseline reactor neutrino experiments have ad-
ditionally observed a spectral disagreement with respect to
theoretical predictions between 4 and 6 MeV [15–17]. Up
to now, this so-called shoulder has remained unexplained,
and several possibilities have been proposed for its solution
[18–22]. The role of (first-)forbidden transitions in both the
anomaly and shoulder has so far received limited study, either
in parametrized [23] or microscopic treatments [24]. Based
on the behavior of pseudoscalar (�Jπ = 0−) transitions the
forbidden influence has been estimated as negligible [20],
despite their flux dominance in the region of interest [25].
Here we investigate the influence of first-forbidden β decays
by calculating the shape factor of the dominant transitions in

*leendert.hayen@kuleuven.be

the region of interest using the nuclear shell model, and show
its far-reaching consequences.

We use the formalism of Behrens and Bühring [26] to
describe the spectral shape, taking into account finite-size and
Coulomb corrections at all levels. We write the β spectrum as

dN

dW
= pW (W − W0)2F (Z,W )C(Z,W )K (Z,W ), (1)

where W = E/mec2 + 1 is the total β energy, p = √
W 2 − 1

the momentum, W0 the spectral endpoint, and Z the proton
number of the daughter. Additionally, F (Z,W ) is the Fermi
function, C(Z,W ) the shape factor, and K (Z,W ) additional
higher-order effects [27]. In previous analyses [3,28] forbid-
den transitions were approximated as allowed, either using
C = 1 or including a linear weak magnetism correction so that
dC/dW = 0.67% MeV−1. In the so-called Huber-Mueller
(H-M) case, all forbidden transitions were assumed to have
a unique shape [2]. We compare our findings against the
allowed approximation, and comment on the H-M approxi-
mation.

We write the generalized unique forbidden shape factor of
order L as [29]

CU =
L∑

k=1

λk
p2(k−1)q2(L−k)

(2k − 1)![2(L − k) + 1]!
, (2)

and for illustrative purposes we write the first-forbidden pseu-
doscalar and pseudovector shape factors using their dominant
parts as

C0− = 1 + 2R

3W
b + O(αZR,W0R2), (3)

C1− = 1 + aW + μ1γ
b

W
+ cW 2, (4)

2469-9985/2019/99(3)/031301(6) 031301-1 ©2019 American Physical Society
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TABLE I. Dominant forbidden transitions above 4 MeV. Here
Qβ is the ground-state to ground-state Q value, Eex the excitation
energy of the daughter level, BR the branching ratio of the transition
normalized to one decay, and FY the cumulative fission yield of 235U
from the ENDF database [48].

Nuclide Qβ Eex BR Jπ
i → Jπ

f FY �J
(MeV) (MeV) (%) (%)

89Br 8.3 0 16 3/2− → 3/2+ 1.1 0
90Rb 6.6 0 33 0− → 0+ 4.5 0
91Kr 6.8 0.11 18 5/2+ → 5/2− 3.5 0
92Rb 8.1 0 95.2 0− → 0+ 4.8 0
93Rb 7.5 0 35 5/2− → 5/2+ 3.5 0
94Y 4.9 0.92 39.6 2− → 2+ 6.5 0
95Sr 6.1 0 56 1/2+ → 1/2− 5.3 0
96Y 7.1 0 95.5 0− → 0+ 6.0 0
97Y 6.8 0 40 1/2− → 1/2+ 4.9 0
98Y 9.0 0 18 0− → 0+ 1.9 0
133Sn 8.0 0 85 7/2− → 7/2+ 0.1 0
135Te 5.9 0 62 (7/2−) → 7/2+ 3.3 0
136mI 7.5 1.89 71 (6−) → 6+ 1.3 0
136mI 7.5 2.26 13.4 (6−) → 6+ 1.3 0
137I 6.0 0 45.2 7/2+ → 7/2− 3.1 0
142Cs 7.3 0 56 0− → 0+ 2.7 0
86Br 7.3 0 15 (1−) → 0+ 1.6 1
86Br 7.3 1.6 13 (1−) → 2+ 1.6 1
87Se 7.5 0 32 3/2+ → 5/2− 0.8 1
89Br 8.3 0.03 16 3/2− → 5/2+ 1.1 1
91Kr 6.8 0 9 5/2+ → 3/2− 3.4 1
134mSb 8.5 1.69 42 (7−) → 6+ 0.8 1
134mSb 8.5 2.40 54 (7−) → (6+) 0.8 1
138I 8.0 0 26 (1−) → 0+ 1.5 1
140Cs 6.2 0 36 1− → 0+ 5.7 1
88Rb 5.3 0 76.5 2− → 0+ 3.6 2
94Y 4.9 0 41 2− → 0+ 6.5 2
95Rb 9.2 0 0.1 5/2− → 1/2+ 0.8 2
139Xe 5.1 0 15 3/2− → 7/2+ 5.0 2

where R is the nuclear radius, α is the fine-structure constant,
γ =

√
1 − (αZ )2, q = W0 − W is the (anti)neutrino momen-

tum, and λk is a Coulomb correction function. Here a, b, and
c are (complex) combinations of nuclear matrix elements,
corresponding to powers of W +1,−1, and +2. Note that
we have not used the simplified expressions of Eqs. (3) and
(4), but rather used the complete formulation as can be found,
e.g., in Ref. [30]. As such, we additionally take into account
finite-size effects and Coulomb corrections to the nuclear
matrix elements. As cancellations can occur in the main
matrix elements, the latter can eventually dominate the shape
factor. The importance of these corrections cannot be under-
stated, in particular for the high masses of the actinide fission
fragments [31].

Based on the compilation in Ref. [25] we have selected 29
forbidden transitions, listed in Table I. All transitions have a β

spectrum endpoint above 4 MeV, meaning that all contribute
to the observed spectral shoulder. Using the experimental
results obtained at the Institut Laue-Langevin (ILL) [32–36],
the selected transitions correspond to at least 50% of the
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FIG. 1. Calculated shape factors C vs electron kinetic energy,

categorized according to the spin-parity change of the transition.
For allowed transitions C ≈ 1. Each shape factor was normalized
to its value at E = 0. Results correspond to gA = 0.9 and εMEC =
1.4, where applicable [31,42]. Two cases stand out: 94Y (2− → 2+)
and 86Br (1− → 2+). Both contain strong admixtures of �J = 2
operators, since both 2+ final states identify as vibrational excitations
of the 0+ ground state.

cumulative electron flux in the region of interest (2–8 MeV),
and exceed 65% at 6 MeV for all fission actinides [31].
The shell model calculations were performed using the shell
model code NUSHELLX@MSU [37]. For nuclei with A < 100
the effective interaction glepn [38] was adopted in a full
model space consisting of the proton orbitals 0 f5/2-1p-0g9/2

and the neutron orbitals 1d-2s. The 86Br and 89Br cases were
calculated using the interaction jj45pna [39,40], in the full
model space spanned by the proton orbitals 0 f5/2-1p-0g9/2

and the neutron orbitals 0g7/2-2s-1d-0h11/2. For the nuclei
with A = 133–142 the Hamiltonian jj56pnb [41] was used
in the full model space spanned by the proton orbitals
0g7/2-1d-2s-0h11/2 and neutron orbitals 0h9/2-1 f -2p-0i13/2 for
A < 139, while for the heavier nuclei the proton orbital 0h11/2

and the neutron orbital 0i13/2 were kept empty due to the
enormous dimensions of a full model space calculation. Un-
certainties due to gA quenching and meson exchange currents
(MECs) in pseudoscalar transitions in the fission fragment
region have been reported [31,42–46], and will be briefly
commented upon further in this work.

We have separately used the ENSDF [47] and ENDF
[48] decay libraries. While the former suffers from multiple
cases of the pandemonium effect [49], the latter has been
corrected to obtain improved agreement with experimental
reactor data [50,51]. Unless mentioned explicitly, the results
below are obtained using the ENDF/B-VIII.0 decay library
with spin-parity information from ENSDF. Transitions with
unknown spin change are assumed allowed and unknown
branching ratios are distributed equally from the remaining
intensity [31].

Figure 1 shows the calculated shape factors categorized
according to the change in spin-parity. Clearly almost all
shape factors deviate significantly from unity. The spin change

031301-2



FIRST-FORBIDDEN TRANSITIONS IN REACTOR … PHYSICAL REVIEW C 99, 031301(R) (2019)

0.02

0.00

0.02

0.04
No weak magnetism
Weak Magnetism: 0.67% MeV 1

2 3 4 5 6 7 8
Energy [MeV]

0.05

0.00

0.05

0.10

0.15

Ch
an

ge
 in

 p
re

di
ct

ed
 s

pe
ct

ra

FIG. 2. Top panel: Change in the predicted electron spectra of
the considered transitions compared to the allowed approximation
with an optional weak magnetism correction. Bottom panel: Change
in the predicted antineutrino spectrum compared to the allowed
approximation. Shaded areas correspond to the results multiplied by
the total spectral contribution compared to experimental flux results.
The energy axis refers to the kinetic energy of the electron (top) and
antineutrino (bottom).

is a good predictor of the calculated shape factor, with the ex-
ception of pseudoscalar, �Jπ = 0−, transitions. From Eq. (3)
its behavior should be trivial with |bR| ∼ 10−2, yet large
variations appear. Many of these transitions connect initial and
final states with spins larger than zero, meaning additional
�J = 1, 2 operators contribute non-negligibly. As such, in
many cases the energy dependence is dominated by higher-
order operators. Even though results appear to scatter around
unity, the limited number of contributing branches forbids
simple statistical averaging arguments.

Using the fission yields of the ENDF database [48], Fig. 2
shows the change of both electron and antineutrino spectra
compared to the allowed approximation with an optional weak
magnetism correction. Compared to the weak magnetism cor-
rection typically used [2,3], electron spectra see a modest 2%
decrease in the 4 to 8 MeV region. Cumulative antineutrino
spectra, on the other hand, see a change of up to 5% in
the same region. The parabolic behavior below 4 MeV is
almost entirely attributable to first-forbidden unique decays
(see Fig. 1).

While a significant fraction of the spectral change oc-
curs because of pseudovector (�Jπ = 1−) transitions, inspec-
tion of Fig. 1 should make it clear that even pseudoscalar
transitions carry significant deviations from unity. Previous
arguments for its neglect [20] have used 92Rb and 96Y as
examples for their predictions, even though many important
pseudoscalar transitions are not pure 0− → 0+ decays (see
Fig. 1).

The results presented in Fig. 2 depend on the value used
for the weak magnetism correction in the allowed approxima-
tion. In the formalism by Holstein [52] its electron spectral

dependence is written as(
dN

dW

)wm

∝ 4b

3Mc

(
W − W0

2
− 1

2W

)
, (5)

where b and c are the weak magnetism and Gamow-Teller
form factors, respectively, and M is the nuclear mass, omitting
phase-space factors and additional correction factors [27].
Above a few MeV then, its energy dependence is approx-
imately linear leading to the behavior observed in Fig. 2.
Evaluation of this ratio of form factors can happen through
a combination of the conserved vector current hypothesis
(rendering b) and the f t value (rendering c), or having to rely
on many-particle quantum calculations such as the nuclear
shell model. The former is only possible for decays occurring
within isospin multiplets and is limited to nuclei where N ∼
Z [53]. Previous analyses have taken this approach [3] and
used results extracted from mass A � 28 systems with the
assumption that they are equally valid at high masses, leading
to dC/dW = 0.67% MeV−1 quoted above [2,3]. When one
cannot rely on symmetries, one must attempt to calculate these
by introducing the impulse approximation. Here, the nuclear
current is treated as a sum of noninteracting nucleon currents
and the form factor ratio reduces to

b

Ac
= 1

gA

(
gM + gV

ML

MGT

)
(6)

where gM = 4.706 and ML,MGT are the orbital and Gamow-
Teller matrix elements [52]. An extensive study [54] per-
formed in the fission fragment region found large variations
in ML/MGT compared to simple approximations, but con-
cluded that the latter is sufficiently precise for the considered
allowed transitions. An additional uncertainty lies in the eval-
uation of gA, as nuclear models typically require (heavily)
quenched values compared to the free-nucleon value [45].
Also in several shape factors reported here a dependence on
gA is present. While our nuclear shell model results converge
around geff

A � 0.9 [31,42–44], all shape factors have been
calculated within both a fully correlated and uncorrelated
window for gA ∈ [0.7, 1.27], taking the extremal values per
bin as a 1σ uncertainty [31]. Weak magnetism effects in
allowed transitions are, however, calculated according to the
benchmark analyses [2,3], which allows us to clearly sepa-
rate the effect of forbidden transitions and directly compare
against previously published results.

While several compilations have been produced in the past
[25,55], forbidden decays have typically been pushed to the
background as they only make up about 30% of the total num-
ber of transitions contributing to the total flux. Many of the
large-endpoint transitions are, however, of forbidden nature
due to the parity change of proton and neutron orbitals in the
neutron-rich fission fragments. States of equal parity typically
reside at excitation energies of several MeV with fragmented
branching ratios, thereby pushing them out of the region of in-
terest. To clarify these concerns, Fig. 3 shows the constituents
of the summed full 235U spectrum. It is immediately clear that
allowed transitions, contrary to simple estimates, contribute
less than 50% in the entire experimentally interesting region.
In the observed shoulder, in particular, forbidden transitions
constitute more than 60% of the total electron flux. The
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FIG. 3. Constituents of the summed 235U electron spectrum us-
ing the ENDF database [48]. Here FF stands for first-forbidden
and Other for non-unique transitions with �J � 2. Behavior past
10 MeV is dominated by a low number of branches. Using de-
cay information from ENSDF (not shown here) these features are
strongly amplified, with the contribution of allowed decays reaching
a minimum below 20% around 5 MeV [31].

majority of these are pseudoscalar transitions, which in a
pure 0− ↔ 0+ transition show minimal deviation from an
allowed equivalent. As shown above, however, this situation
is not typical and subject to large higher-order contributions.
Contributions from �J = 1, 2 first-forbidden decays remain
relatively constant throughout the entire spectrum up to
7 MeV, making up around 20%. Given their strongly deviating
shape factor as shown in Fig. 1, their influence cannot be
neglected.

In light of these results and the relatively uniform behav-
ior of the shape factors as calculated by the nuclear shell
model, we attempt a simple parametrization. While the shape
factor of pure pseudoscalar transitions [Eq. (3)] is simple
enough, the influence of higher-order operators prevents a
physically insightful function description. As such, we simply
fit the obtained shape factors with a general description as
in Eq. (4) and analogously for pseudovector transitions. The
shape factor of unique forbidden decays [Eq. (2)] describes
observed spectra within a few percent, which is sufficient for
our purpose.

The parametrization then functions as follows [31]. Each
of the non-unique shape factors calculated by the nuclear
shell model is fit using functions described above. For each
spin change (�J = 0, 1), one obtains distributions of fit pa-
rameters. Their spread is dominated by differences between
transitions rather than individual uncertainties arising from gA

and εMEC ambiguity. Due to limited statistics, we use Gaussian
kernel smoothing [56] where we manually set the bandwidth
to h = 2. Our choice results in fit parameter distributions with
conservative uncertainties where all shape factors of Fig. 1
are contained within a < 2σ window. Full spectra are then
calculated in a Monte Carlo fashion, where for each non-
unique first-forbidden transition, fit parameters are obtained
from the correlated parameter ensemble, with the exception of
the transitions numerically calculated in this work. Repeating
this procedure many times results in a translation of the
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FIG. 4. Spectral change for electron and antineutrino cumula-
tive spectra in the pure summation approach using the forbidden
parametrization. The energy axis shows the kinetic energy of the
electron and antineutrino. Top panel: Comparison against the allowed
transition with a weak magnetism term. Bottom panel: Comparison
against treating all forbidden decays as unique. Uncertainties result
from a Monte Carlo calculation of 100 samples, together with a
theory uncertainty of 1% from the uncertainty in the axial vector
coupling constant gA and pseudoscalar mesonic enhancement [31].

parametrization uncertainty into a spectral uncertainty. The
additional spectrum shape corrections in Eq. (1) are calculated
using Ref. [57].

Figure 4 shows the spectral change and associated un-
certainty for 235U in the summation approach using 100
samples. We have made the comparison against the allowed
approximation and against the Huber-Mueller method where
all forbidden decays are treated as unique. We discuss both in
turn.

As shown in Fig. 2, spectral changes to the electron cu-
mulative spectrum are limited relative to the allowed approx-
imation. The change in the antineutrino cumulative spectrum,
on the other hand, shows significant deviations in the entire
region of interest. Differences reach 5% in the 5–6 MeV
region, showing an increase of the predicted neutrino flux
relative to the allowed approximation. The uncertainty shown
is an uncorrelated combination of a theory uncertainty of 1%
due to the quenching of gA and mesonic corrections [31,42]
and the Monte Carlo uncertainty. Compared to treating all
forbidden decays as unique, on the other hand, significant
deviations in both electron and antineutrino cumulative spec-
tra are observed. Considering the large differences in shape
(shown in Fig. 1) this is hardly surprising. This will be
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FIG. 5. Top panel: Normalized spectral ratios for three modern
experiments relative to the Huber-Mueller predictions [2], and the
normalized forbidden spectrum correction described in this work
using ENDF and ENSDF decay libraries. The prompt energy of
the positron emerging from the inverse β decay is related to the
antineutrino energy via Eprompt ≈ Eν − 0.782 MeV. Bottom panel:
Difference between Daya Bay spectral data and different theoretical
models. Error bars are calculated using experimental, H-M, and
forbidden uncertainties and are assumed uncorrelated. Here Uncor-
rected is relative to the H-M estimate shown in the top panel, and
ENDF and ENSDF are the new results.

the subject of further research with relation to the reactor
normalization anomaly.

The starting point of the usual anomaly and spectral shoul-
der analysis is congruity with the ILL data. To guarantee
this agreement, we employ a mixed summation+conversion
method as in Ref. [2]. Differences in calculated electron
spectra from the summation component using our different
approximations are then compensated by the conversion part
of the procedure. Aside from 235U and 238U, however, summa-
tion predictions overestimate the experimental ILL data. For
the 239,241Pu isotopes, then, the reference electron spectra are
set to the summation calculation in the allowed approxima-
tion. As the implementation of forbidden transitions lowers
the expected electron flux (see Fig. 2), this introduced deficit
can be recovered analogously with the conversion procedure
[31]. The agreement with calculated and reference electron
spectra is better than 1% up to 7 MeV, after which the
uncertainty in the calculated antineutrino spectra is linearly

increased with the observed discrepancy in electron spectra.
By enforcing equivalence between electron spectra in our dif-
ferent approaches, the resultant antineutrino spectral changes
can be directly compared to the experimentally observed
shoulder.

Figure 5 shows the spectral ratios of Daya Bay [15], RENO
[17], and Double Chooz [16] data relative to the Huber-
Mueller prediction with the uncertainty of the latter. Addi-
tionally, we show the correction from forbidden transitions
as described above using a normalized spectrum between 2
and 8 MeV using the Daya Bay reactor composition [58],
as is done for the experimental results. Further, we show the
discrepancy of the Daya Bay spectral data with respect to our
new calculations. The partial mitigation of the spectral shoul-
der and increased uncertainties arising from the treatment of
first-forbidden transitions hint at a reduction in the statistical
significance. The original spectral shoulder appears now to
be compatible with theoretical estimates seeing how nearly
all points agree within 1σ . Strong bin-to-bin correlations are
present, however, to be discussed in a follow-up work [31].

In summary, we have for the first time performed micro-
scopic calculations of the dominant forbidden transitions in
the electron and antineutrino reactor spectra above 4 MeV.
Through the use of a complete theoretical formalism,
Coulomb corrections were taken into account at the appro-
priate level and shape factors strongly deviating from the
usual allowed approximation were found. Using fission yield
information, large changes were observed in the antineutrino
spectrum. It was shown that despite being limited in number,
forbidden transitions are the dominant component of the
electron flux between 2 and 7 MeV. Based on the uniform
behavior in the calculated shape factors, a parametrization of
non-unique first-forbidden transitions was attempted. Using
Monte Carlo methods, a spectral correction was obtained for
all first-forbidden and higher uniquely forbidden transitions
with an associated uncertainty. When compared to spectral
discrepancies reported by all modern reactor neutrino ex-
periments, the correction was shown to be of similar shape
and magnitude. Taking these results at face value, a large
portion of the reactor shoulder appears to be mitigated. Due to
increased theoretical uncertainties arising from an improved
treatment of first-forbidden transitions, the remaining spectral
differences are of decreased statistical significance. Therefore,
forbidden decays are not only non-negligible, but also an es-
sential ingredient in the understanding of reactor antineutrino
spectra and they merit additional research.
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First-forbidden transitions in the reactor anomaly
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We describe here microscopic calculations performed on the dominant forbidden transitions in reactor
antineutrino spectra above 4 MeV using the nuclear shell model. By taking into account Coulomb corrections in
the most complete way, we calculate the shape factor with the highest fidelity and show strong deviations from
allowed approximations and previously published results. Despite small differences in the ab initio electron
cumulative spectra, large differences on the order of several percent are found in the antineutrino spectra. Based
on the behavior of the numerically calculated shape factors we propose a parametrization of forbidden spectra.
Using Monte Carlo techniques we derive an estimated spectral correction and uncertainty due to forbidden
transitions. We establish the dominance and importance of forbidden transitions in both the reactor anomaly and
spectral shoulder analysis with their respective uncertainties. Based on these results, we conclude that a correct
treatment of forbidden transitions is indispensable in both the normalization anomaly and spectral shoulder.

DOI: 10.1103/PhysRevC.100.054323

I. INTRODUCTION

The field associated with short baseline reactor neutrinos
has seen tremendous activity in recent years. Faced both
with long-standing issues (LNSD [1,2] and GALLEX &
SAGE [3,4] collaborations) and more recently the reactor
antineutrino anomaly (RAA) [5,6], phenomenology proposes
the existence of sterile neutrinos in an effort to solve these
issues [7,8]. Besides the normalization anomaly, a spectral
disagreement commonly referred to as the “5-MeV bump”
remains after several years of intense work [9–13]. Due to the
magnitude of the problem in several regards, nuclear theory
is pushing the boundaries in getting to grips with theoretical
predictions and uncertainties [14].

A central element in the theoretical determination of the
antineutrino flux is the theoretical shape of individual β

spectra. The original treatments by Huber and Mueller et al.
[15,16] introduced strong approximations in their treatments
of forbidden transitions. Using a sample of experimentally
measured shape factors, significant deviations from allowed
shape factors were observed throughout the nuclear chart for
the majority of forbidden transitions [17], which were consid-
ered within the reactor anomaly by Sonzogni et al. [18]. In the
years following the Huber and Mueller reports, the influence
of forbidden transitions has, however, been discussed mostly
in general terms [19,20], with microscopic calculations per-
formed only on three nuclei [21]. While both of these studies
showed a significant influence on the final result within the
context of the RAA, its calculational difficulty presents a
serious challenge for a more complete analysis.

*Corresponding author: lmhayen@ncsu.edu; present address: De-
partment of Physics, North Carolina State University, Raleigh, North
Carolina 27695, USA; Triangle Universities Nuclear Laboratory,
Durham, North Carolina 27708, USA.

Following our earlier work [22], we discuss here the result
of a shell model calculation of the dominant forbidden tran-
sitions above 4 MeV. This work represents both a more thor-
ough explanation and discussion of our earlier work and an
extension as more data were included and more sophisticated
methods employed. We start off in Sec. II by revisiting the
used formalism, and describe both the included corrections
in this work and the breakdown of approximations made in
the literature. We review the proper expressions for allowed
shape factors and discuss several terms which are missing in
previous descriptions and note their significance. In Sec. III
we describe our selection and treatment of nuclear databases.
We go on to describe the direct results of these calculations in
Secs. IV and VII B 1, including an estimate of its uncertain-
ties. We compare our findings to common approximations
found in the literature and find strongly diverging results,
which we interpret as the breakdown of approximations in
the formalism of Sec. II. Further, in Sec. VI we attempt an
expansion of the numerical results in a statistical fashion
and perform improved summation calculations. Finally, in
Sec. VIII we report on the consequences on both the reac-
tor normalization anomaly and the spectral shoulder for the
current generation of reactor antineutrino experiments.

II. β DECAY FORMALISM

The treatment of (forbidden) β decays is a complex task,
compounded by the large proton number of the fission frag-
ments of interest. Its final description is an interplay between
kinematic, nuclear, and Coulomb terms with significant poten-
tial for cancellations. This leads to a wide variety of potential
spectrum shapes and it serves one well to go back to the
starting point of the β decay description. Our discussion here
will be relatively extensive since no such overview is currently
present in the literature surrounding the RAA, even though

2469-9985/2019/100(5)/054323(26) 054323-1 ©2019 American Physical Society
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a correct analysis hinges critically on a correct assessment
of all intricacies and moving parts. In the case of forbidden
decays this fact is amplified, as will become clear in later
sections. All results are written in units natural for β decay,
i.e., h̄ = c = me = 1, unless explicitly mentioned.

Employing the usual Fermi contact interaction, the correct
generalization of the tree-level transition matrix element in the
presence of electromagnetic effects is given by [23,24]

M f i =
∫

d3r φ̄e(�r, �pe)γ μ(1 + γ 5)v( �pν̄ )

×
∫

d3s

(2π )3
ei�s·�r 1

2
[〈 f ( �p f + �pe − �s)|Vμ + Aμ|i( �pi )〉

+ 〈 f ( �p f )|Vμ + Aμ|i( �pi − �pe + �s)〉], (1)

where φ̄e is the solution to the Dirac equation in the static
Coulomb potential of the final state and Vμ + Aμ is the usual
weak interaction current. Equation (1) reveals two important,
intertwined contributions: (i) nuclear structure effects encoded
in the weak interaction current in the inner integral; (ii)
Coulomb influences represented by the outer integral through
the use of the electron wave function in the static Coulomb
potential of the final state.

Direct consequences of this form are a renormalization of
the matrix element from extraction of the electron density at
the origin,1 |φe(0, �pe)|2, resulting in the usual Fermi function.
The electron continuum wave function varies significantly
within the nuclear volume, however, so that its radial depen-
dence couples directly to that of the nuclear weak interaction
current. Besides the Fermi function then, the traditional nu-
clear structure terms can be modified significantly for higher
Z through the convolution with the electron continuum wave
function. We will discuss the influence of both of these
separately.

Combining Eq. (1) with the available phase space, the β

spectrum shape is traditionally written as

dN

dW
= G2

V V 2
ud

2π3
pW (W − W0)2

× F (Z,W )C(Z,W )K (Z,W ) (2)

with W = Ekin/mec2 + 1 the total electron energy in units of
its rest mass, W0 the spectral end point, p = √

W 2 − 1 the
electron momentum in units of mec, Z the atomic number
of the final state, F (Z,W ) the well-known Fermi function,
C(Z,W ) the so-called shape factor, and K (Z,W ) higher-order
correction terms [25]. All nuclear structure information re-
sides in the shape factor C, which depends primarily on the
degree of forbiddenness of the decay. The Fermi function
and higher-order corrections are known to a sufficient level
[14,25], making the shape factor C the primary target in this
work.

1Rigorously, it corresponds to the extraction of the large compo-
nents of the j = 1/2 (s1/2 and p1/2) wave functions at the origin.
Small components, higher- j components, radial dependence, etc., are
commonly noted by “finite size corrections” which appear later in
this work and are extensively discussed elsewhere [25].

One can generally write the shape factor as [26,27]

C(Z,W ) =
∑

ke,kν ,K

λke

{
M2

K (ke, kν ) + m2
K (ke, kν )

− 2μkeγke

keW
MK (ke, kν )mK (ke, kν )

}
, (3)

where

λke = α2
−ke

+ α2
+ke

α2
−1 + α2

+1

, (4)

μke = α2
−ke

− α2
+ke

α2
−ke

+ α2
+ke

keW

γke

(5)

are Coulomb functions depending on the so-called Coulomb
amplitudes ακ , which encode the value of the electron wave
function at the origin. The integers ke, kν are defined as
|κe,ν | where κe,ν is related to the angular momenta in the
usual way.2 Contributions from different ke,ν come from the
expansion of the lepton wave functions in spherical waves.
The integer K corresponds to the multipolarity of the relevant
nuclear current, and must form a vector triangle with je and
jν as well as with the nuclear spins Ji and Jf . We have then
|Ji − Jf | � K � Ji + Jf from the nuclear vector triangle. Fi-
nally, MK (ke, kν ) and mK (ke, kν ) contain the convolution of
leptonic wave functions and nuclear structure information
encoded as form factors. Appropriately, the capital letter
contribution contains the dominant terms, so that typically one
neglects the second term in Eq. (3).

In conclusion then, the shape factor C as defined in Eqs. (2)
and (3) depends on three things: (i) the spin change of the
transitions and the corresponding appearance of kinematical
factors (W, p) and form factors; (ii) finite size corrections
proportional to Rn resulting from the integration over the nu-
clear volume; (iii) Coulomb corrections proportional to (αZ )n

resulting from the expansion of the electron wave function.
The final shape factor will be a combination of all three with
various cross terms.

A. Nuclear structure

In contrast to their nomenclature, so-called forbidden tran-
sitions correspond to β decays for which the main Fermi
and Gamow-Teller matrix elements are identically zero due
to spin-parity requirements or internal nuclear structure. As a
consequence, their decays are perpetuated by matrix elements
that are typically strongly suppressed and are consequently
heavily dependent on nuclear structure effects and prone to
accidental cancellations.

We briefly review a scheme to systematically classify
their behavior, the so-called elementary particle treatment.
This entails that initial and final nuclear states are treated as
fundamental particles and all interaction dynamics is encoded
through form factors which obey angular momentum conser-
vation F (q2), with q the momentum transfer between initial

2Here κ is the eigenvalue of the operator K = β(σL + 1), such that
k = |κ| = j + 1

2 , κ = −l − 1 if l = j + 1
2 , and κ = l if l = j − 1

2 .
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and final nuclear states. It shines in the case of nuclear decays
because of the (near-)spherical symmetry of the system at
hand and the smallness of the momentum transfer with respect
to the nuclear mass. The latter means that we are usually only
concerned with the form factors near zero momentum transfer,
F (0) ≡ F . The former implies that through conservation of
angular momentum one can construct a multipole decom-
position of both the nuclear and leptonic currents in terms
of (vector) spherical harmonics for the timelike (spacelike)
component. In the Behrens-Bühring formalism that we follow
here [27], this allows one to label the nuclear structure form
factors using three numbers: K , L, and s, being the total
and orbital angular momentum of the nuclear current and its
timelike (0) or spacelike (1) nature, respectively. The form
factors are denoted by V/AFKLs. The three quantum numbers
form a vector triangle, and the parity requirement can be
summarized as

πiπ f = (−)L+s vector contributions
πiπ f = (−)L+s+1 axial vector contributions

, (6)

where π is the parity of initial and final nuclear state. Con-
servation of angular momentum then limits the number of
contributing form factors for a specific transition with spin-
parity change 
Jπ .

In this work we focus on first-forbidden β transitions,
i.e., 
J = 0, 1, 2 and πiπ f = −1. To first order this limits
the number of form factors to 6. In order to proceed with
an actual calculation, each of these must be translated into
nuclear matrix elements, V/AMKLs. This is commonly done by
introducing the impulse approximation, in which all nucleons
inside a nucleus are treated as independent particles in a
mean-field potential. This neglects multiparticle correlations
and meson exchange effects, the effects of which are put in
manually through effective interactions in the usual shell-
model fashion [28,29]. We briefly report on the expected
shape factors for different 
J .

For a pure pseudoscalar transition (0+ ↔ 0−) only two
form factors contribute. It is dominated by AF000 which
translates into the traditional pseudoscalar matrix element
AM000 = −gA

∫
γ5, and receives first-order corrections from

AF011 −→ AM011 = −gA
∫

i(σ · r)/R. Here R is the nuclear
radius and is O(10−2) in our units. The shape factor can then
be written as

C0− ∝ 1 + 2R

3W
b + O(αZR,W0R2) (7)

after extraction of the main matrix element. Here b =
AM(0)

011/
AM(0)

000 ∼ O(−1) and α is the fine-structure constant.
Moving on to a pure pseudovector transition (1+(−) ↔

0−(+)), three matrix elements contribute significantly and it
is a priori not possible to establish a hierarchy leading to an
analog of Eq. (7). Instead, we write

C1− ∝ 1 + aW + μ1γ1
b

W
+ cW 2, (8)

inspired by the general form of Eq. (3), where a, b, c are free
parameters.

In the case of unique forbidden decays, only one form
factor contributes to first order and Eq. (3) simplifies signif-
icantly, so that one is left with

CU ∝
L∑

k=1

λk
p2(k−1)q2(L−k)

(2k − 1)![2(L − k) + 1]!
, (9)

after extraction of the prefactor, where L is the maximum
angular momentum change.

B. Coulomb corrections

The shape factor of Eq. (3) is a result of the convolution of
the leptonic and nucleonic wave functions written in Eq. (1).
The change due to the leptonic wave function φ̄e resulting
from the Coulomb interaction can be seen as (i) a renormal-
ization at the origin, and (ii) a modified radial behavior inside
the nuclear volume. We discuss both in turn.

1. Static Coulomb renormalization

As noted at the start of this section, one traditionally
extracts the large components of the j = 1/2 electron wave
function at the origin, denoted by ακ in the Behrens-Bühring
formalism. Here κ takes the values −1 (s1/2) or +1 (p1/2) so
that the Fermi function is defined as

F0(Z,W ) = α2
−1 + α2

+1

2p2
. (10)

Corrections from the small components or higher- j com-
ponents then introduce the μke [Eq. (5)] and λke [Eq. (4)]
functions, respectively. In the region of interest, it is safe to
set μke to unity [30] so that we focus our attention instead on
λke . For a point-charge nucleus, it can be written as [27]

λk = Fk−1

F0

k + γk

k(1 + γ1)
, (11)

where k = |κ|, and

γk =
√

k2 − (αZ )2 (12)

is the generalized γ parameter,

Fk−1 = [k(2k − 1)!!]24k (2pR)2(γk−k) exp(πy)

× [|�(γk + iy)|/�(1 + 2γk )]2 (13)

is the generalized Fermi function, and

y = αZW

p
. (14)

While its influence is negligible in allowed decays except
for extreme cases, it features quite prominently in forbidden
transitions. The value of λ2, for example, can exceed 10 for
very low momenta and does not converge to unity at large
momenta like the Fermi function [30]. We explicitly discuss
its influence in the following section in the context of unique
decays.

2. Coulombic convolution distortion

Beyond the renormalization of the electron wave function
at the origin, the radial behavior near the nucleus becomes
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modified due to the Coulomb potential. As the potential
grows deeper with increasing Z , the electron density is greatly
increased within the nuclear volume, so that the shape of
the nuclear charge density also plays a role. One expands
the electron wave function in terms of (meR)a, (W R)b, and
(αZ )c, where the details of the Coulomb potential are encoded
in functions3 I (ke, m, n, ρ). Following the result of Eq. (1)
this requires a generalization of the nuclear form factors and
matrix elements according to the following notation:

M(n)
KLs −→ M(n)

KLs(ke, m, n, ρ), (15)

where now

M(n)
KLs(ke, m, n, ρ) =

∫
dr r2φ f (r)O(n)

KLs

× I (ke, m, n, ρ; r)φi(r), (16)

where O(n)
KLs is the relevant operator and φi. f represent initial

and final nuclear wave functions. The Coulomb shape func-
tions, I (ke, m, n, ρ; r), are tabulated in [26] and depend on
the charge distribution of the nucleus. Terms with large values
for m, n, or ρ are typically strongly suppressed, resulting in
rather slight modifications of the main matrix elements. The
modified matrix elements enter the shape factor of Eq. (3),
however, accompanied by factors of αZ and W0R resulting
from the electron Coulomb-corrected wave function expan-
sion. As such, the additional terms for nuclei in the fission
fragment region are highly non-negligible. In the case of
cancellation effects, these Coulomb terms can even become
the dominant contributions for the shape factor.

C. Breakdown of usual approximations

Some general remarks are essential at this point in order
to both understand previous approximations and their break-
down, discussed below.

(i) Equation (7) was derived assuming a pure pseudoscalar
transition. Many 
Jπ = 0− transitions occur, however, be-
tween higher-spin partners meaning higher-order matrix el-
ements can equally contribute. This can significantly change
the energy dependence. Analogously, pseudovector contribu-
tions can contain contributions from 
J = 2 matrix elements.

(ii) Neglecting the electron mass and Coulomb interac-
tion, Eq. (9) is symmetric when interchanging electron and
antineutrino energies. This has been used as an argument to
neglect forbidden transitions within the context of the RAA
[15,16]. This argument is invalid, however, for nonunique
transitions [Eqs. (7) and (8)] which occur more frequently
than anticipated as we shall see in Sec. VI. Additionally, we
will show explicitly that Coulomb corrections significantly
distort the shape factor, breaking the purported symmetry,
even for unique transitions.

We discuss the breakdown of the usual approximations
both for nonunique transitions and unique transitions, which
typically occur for different reasons.

3Here m = a + b + c represents the total power of mR, W R, and
αZ , n = b + c is the total power of W R and αZ , and ρ is the power
of αZ . One has trivially that I (ke, m, n, 0) = 1.

1. Nonunique forbidden transitions: ξ approximation

In general the shape factor for nonunique decays is gov-
erned by four to six matrix elements for pseudovector and
pseudoscalar transitions, respectively. It has long been known,
however, that only certain linear combinations appear. Some
of these contain the so-called Coulomb energy, αZ/R ≡ 2ξ ,
its large magnitude making it useful as an expansion param-
eter.4 In the so-called ξ approximation, one retains the shape
factor only to order ξ 2 [31,32]. The particular benefit of this
approximation is that it leaves the shape factor mostly energy
independent, as all kinematical terms contain lower powers of
ξ . This leaves all quantities (such as the spectrum shape, the
β-γ correlation, etc.) equal to the results of allowed transitions
up to order 1/ξ ∼ 10%. Based on the general formulation of
Eq. (8), it is a valid approximation when

2ξ = αZ

R
� W0, (17)

where W0 is the end point of the transition. For the relevant
fission fragments, however, this approximation is of question-
able worth in the experimentally accessible regime. Using
typical values for Z encountered in a nuclear reactor one
obtains rather αZ/2R ∼ W0 for end-point energies of a few
MeV. Substantial changes are expected to occur based on
this breakdown alone. It is well known, however, that even
though Eq. (17) might hold, the ξ approximation can fail [33].
This is either due to cancellation effects, or through selection
rules originating from the underlying nuclear structure and
collective behavior. This has been demonstrated explicitly in
Ref. [17] where a large sample of experimentally measured
shape factors were compared to an allowed approximation.
Besides the unique forbidden transitions (discussed in the next
section), the majority of nonunique forbidden β transitions
showed a shape factor significantly deviating from unity. We
will demonstrate several examples of this occurrence in our
discussion of the numerical results in Sec. IV.

2. Unique transitions: Coulomb functions

Unique transitions have a particular simplicity as only one
matrix element contributes to first order. Its shape factor for
first-forbidden transitions is simply

C2− ∝ pν + λ2 p2
e, (18)

where pν = W0 − W is the antineutrino momentum. As men-
tioned before, λ2 [Eq. (4)] is a Coulomb function of order
unity. On the percent level precision, however, setting it to
unity is unsatisfactory for the region of interest for the RAA.
This was also touched upon in Ref. [17]. As an example, we
consider the change in the spectrum shape due to the influence
of these Coulomb functions on first and second unique forbid-
den decays. We consider a fictional transition in the region
of interest, with Z = 50 and end-point energy E0 = 6 MeV.
The relative change in spectral shapes can be seen in Fig. 1,
where we normalize the shape factor to unity at the start of
the spectrum. Here we included, in addition, the results when

4Remember that in our choice of units R ∼ O(0.01).
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FIG. 1. Change in the unique forbidden spectral shape when us-
ing the appropriate λk Coulomb functions instead of approximating
them as unity for a β transition with Z = 50 and E0 = 6 MeV. Full
lines represent unscreened ratios, while dashed lines represent the
screened ratios for the different λk .

introducing screening corrections to the Coulomb functions as
described in Ref. [34].

As can be observed, besides the clear deviation from
allowed shapes in the parabolic expression of Eq. (18), setting
λ2 to unity introduces additional discrepancies rising to 10–
20%. The increased numerical effort in including screen-
ing corrections is not expected to contribute substantially in
cumulative β spectra and will be omitted for the remainder of
this work.

D. On allowed shape factors

Several different expressions have been utilized for al-
lowed shape factors throughout the literature within the con-
text of the reactor antineutrino anomaly. As the results pre-
sented in this work depend not only on the shape factor of
forbidden transitions but equally on its ratio to that of allowed
transitions, we briefly review previous expressions and point
out their deficiencies.

In general, the shape factor is constructed in the rather
opaque way of Eq. (3). A particular advantage of allowed
transitions, however, is their dominance of a single matrix
element which simplifies its form dramatically. Compared to
the main Fermi or Gamow-Teller matrix elements, corrections
are usually on the order of only a few percent. This motivates
one to write down the shape factor in its most crude form,

C ≈ 1. (19)

Within the context of the RAA, the original works by Mueller
et al. [16] and Huber [15] have gone beyond Eq. (19) to
varying degrees. While important differences appear for the
“regular” finite size corrections [Eqs. (8) and (9) in Ref. [15]
and Eq. (8) in Ref. [16]], the correction due to induced cur-
rents is similar, and only takes into account a weak magnetism
correction term:

1 + δwm = 1 + 4

3Mn

b

Ac
W, (20)

where Mn ≈ 1830 is the nucleon mass in our units, A is the
nuclear mass number, and b/c is the ratio of weak magnetism
and Gamow-Teller form factors in the well-known Holstein
formalism [35]. In impulse approximation the latter simplifies
to

b

Ac
= 1

gA

(
gM + gV

ML

MGT

)
. (21)

Here gA = 1.27 is the axial vector coupling constant, gM =
4.706 is the weak magnetism coupling constant, ML =
〈 f |τ±�l|i〉 is the orbital angular momentum matrix element,
and MGT is the main Gamow-Teller matrix element. When
proton and neutron Fermi surfaces are strongly separated, the
ratio ML/MGT is usually approximated as −1/2 [36], so that
b/Ac ≈ 4.2/gA. In previous analyses [15,16], a constant value
was taken so that dN/dE = 0.67% MeV−1, extracted from an
analysis of mirror decays for low masses. While large-scale
calculations show significant variation around this value [36],
we choose to use this value so that effects from forbidden
decays can be cleanly separated.

The above expressions correspond to rather strong approx-
imations. In fact, comparing to the full expressions [e.g., Eqs.
(106a)– (106d) in Ref. [25]], several differences appear which
require some pause. Starting with the weak magnetism cor-
rection, we note that δwm should be written more completely:

δwm = 4

3Mn

b

Ac

(
W − 1

2W
− W0

2
− 3

5

αZ

R

)
. (22)

The last two terms are energy independent but serve to renor-
malize the shape factor. The second term is energy dependent
and of opposite sign to the leading term. Its influence is most
important in the low energy range, where in the context of
the RAA it is unconstrained by the ILL data set. As with any
low energy effect, however, it shows up throughout the entire
antineutrino spectrum and collectively changes the integrated
antineutrino flux.

Further, in the case of allowed transitions the weak mag-
netism correction is not the only effect due to induced cur-
rents, as also the induced tensor term is nonzero for a general
Gamow-Teller transition. One then requires an additional term
which so far has never been taken into account:

δit = 1

3Mn

d

Ac

(
W0 + 6

5

αZ

R
− 1

W

)
. (23)

In general, d/Ac is only identically zero for transitions within
an isospin multiplet such as the mirror decays that were used
for the weak magnetism correction by Huber [15]. For all
remaining Gamow-Teller decays, however, d/Ac is generally
of comparable magnitude as b/Ac and can easily exceed it by
a factor (−)5 on a case-by-case basis.

Finally, allowed decays obtain corrections from another
form factor with a similar structure as several finite size cor-
rection terms. In the Holstein formalism [35], it is related to
the induced pseudoscalar contribution h(q2). Writing only the
dominant term within the context of the RAA, the main terms
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are modified through the appearance of a �′ contribution [25],

δfs ≈ (�′ − 1)

[
21

35
αZW R + 4

9
(W − W0)W R2

]
, (24)

where

�′ =
√

2

3

M121

M101
(25)

is of order unity and can vary substantially on a case-by-case
basis. This �′ contribution has so far never been taken into
account. As such, the finite size corrections applied regularly
in the RAA community [compare, e.g., Eq. (24) with Eq. (9)
of [15]] can easily vanish or even change sign.

It should be clear by now that the shape factors used for
allowed decays in the RAA analysis suffer from missing terms
and an uncertain evaluation of the terms it does include. The
effect on the anomaly itself and its uncertainty estimation will
depend critically on a more careful evaluation and is the topic
of ongoing research.

In order to investigate the effect of the calculated forbidden
shape factors presented here, we compare our results against,
respectively, Eq. (19) and including only the weak magnetism
correction as in Eq. (20). This corresponds, approximately,
to setting �′ equal to 0 and 1, respectively, for Z ∼ 50. The
effects of Eqs. (22)–(24) are commented upon later and will
be investigated in a future work.

III. DATA SELECTION AND HANDLING

The success of the summation approach hinges on the
quality of the nuclear databases for fission yields and decay
information [16,37]. This is particularly true for our discus-
sion here, as the impact of first-forbidden transitions depends
critically on the knowledge of nuclear level schemes with
well-determined spin parities and branching ratios. As such,
we briefly discuss our selection and treatment of database
information in the context of our later results in Secs. IV B,
V, and VI.

A. Database selection

In terms of decay data, there are several evaluated public
databases available. Of these, the Evaluated Nuclear Structure
Data File (ENSDF) database is well known but recent total
absorption gamma spectroscopy (TAGS) [38–43] measure-
ments have identified several discrepancies regarding branch-
ing ratios and level density. Previous measurements suffered
from the so-called pandemonium effect [44], where due to
the rapidly decreasing efficiency of germanium detectors for
high γ energies deexcitations from highly excited states were
missed, thereby overestimating β branching ratios to low-
lying states. This problem was apparent also in the context
of the reactor anomaly in the significant overestimation of the
flux in the high energy part [16,37].

As a consequence, the absolute predictions of the electron
and antineutrino flux based on the ENSDF library are highly
flawed. We have taken several measures here to mitigate this
effect. The first lies in a required correspondence with the
Schreckenbach cumulative electron spectra measured at the

ILL [45–47]. Additionally, we present our results as a relative
difference between the allowed approximation and our more
sophisticated approach. Finally, we choose instead to use a
tuned version of the ENSDF library instead. As such, we
have opted here for the ENDF/B-VIII.0 (ENDF) decay data
library [48]. In the latest version, several TAGS results were
already incorporated. Additionally, consistency with reactor
decay heat and a multitude of additional sources is checked
[49]. We do not, however, include the theoretically calculated
β spectra that are provided with the library, as these are based
on gross theory which does not agree well with recent TAGS
measurements.

For the purpose of this work we are particularly interested
in the spin parities of nuclear levels. As such, we have made
a combination of ENDF and ENSDF data in the following
manner: Nuclear level energies and branching ratios are taken
from ENDF and when a match is found with the ENSDF
data we use the spin-parity information of the latter. This is
because in ENDF, β transitions are labeled explicitly only in
the case of unique (forbidden) decays. In this way we benefit
from pandemonium-corrected data but maintain nuclear level
information.

For the fission yields we have used cumulative yields of the
JEFF3.3 database [50], which are to be preferred over those
of ENDF [51]. This is different compared to our previous
work [22], where the latter were used. For consistency, we
report our results using both JEFF3.3 and ENDF fission
yields together with the decay data of the latter as elaborated
upon above. While differences arise for individual isotopes
[9], overall differences within the context of this work are
minimal.

B. Data treatment

The nuclear databases are known to be incomplete for
some regions of the nuclear chart. For some isotopes no (full)
level schemes or branching ratios are known. If a particu-
lar isotope is populated in the fission process but contains
incomplete or no data at all, we employ the so-called Qβ

approximation. The latter consists of filling the remaining β

branching by dividing it equally among a number of transi-
tions. In the usual case, three branches are artificially created
with end points at {Q, 2Q/3, Q/3} where Q is the Q value of
the β decay. In the case of the ENDF Decay Database, certain
isotopes do not contain “discrete” information of transitions
to specific final states but instead contain continuous spectrum
data [52–54]. Within the context of reactor antineutrinos this
poses a challenge for its inversion. We will treat this point
more extensively in Sec. VII A.

When combining ENDF decay data with ENSDF level
information, we assume the transition to be allowed if spin-
parity determinations are incomplete or uncertain if the re-
ported possibilities allow for it. Besides this, no information
is replaced from the ENDF decay database.

IV. SHAPE FACTOR CALCULATION

We proceed with the explicit calculation of a large sample
of first-forbidden (non)unique transitions using the nuclear
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shell model. Based on the discussion in Sec. II C we expect
significant changes in the spectral shapes due to the break-
down of the usual approximations in the region of interest.
Note that in the numerical results presented here, no approxi-
mations were made in the description of the shape factor, such
as presented in Eqs. (7)–(9).

A. Selected transitions

In the high energy region of the spectrum, i.e., larger than
4 MeV, the electron flux can be largely described using a
limited number of β branches. These have been compiled by
Sonzogni et al. [55], and in the following years several of these
isotopes have been investigated using total absorption gamma
spectroscopy (TAGS) [38–43]. This has for many isotopes
resulted in a correction of branching ratios to high-lying
states which had previously eluded due to the pandemonium
effect [44]. Inspired by the compilation of Ref. [55], we
calculated 36 dominant forbidden transitions with the nuclear
shell model, all of which are first forbidden. Note that we have
included here more transitions than the 29 that were included
in our previously published work [22]. A summary of their
properties is shown in Table I. A large fraction of these are
so-called pseudoscalar 
Jπ = 0− transitions. Additionally,
the initial and final states are either ground states or low-lying
states, for which we can expect the nuclear shell model to
perform adequately.

B. Flux coverage

The transitions of Table I were selected for their large con-
tribution to the total cumulative flux based on the compilation
by Sonzogni et al. [55]. In order to obtain a full spectrum
shape for each transition, we combine the shape factor for-
malism of the previous section with the additional corrections
to the β spectrum shape [25,56] to form the full β spectrum of
Eq. (2). Summing the individual contributions of each of the
transitions weighted by its fission yield and branching ratio
discussed in Sec. III, we obtain a partial cumulative forbidden
spectrum. Figure 2 shows the contribution of the latter relative
to the measured spectra at the ILL for 235U [47].

By including only 36 transitions, we reach 40% of the total
flux in the entire region between 4 and 7 MeV, while the
maximum contribution exceeds 50% around 6 MeV. Com-
paring with the results compiled by Sonzogni et al. [55] we
find that inclusion of the dominant allowed β spectra brings
the total cumulative flux upwards of 80% in this region. In
conclusion, within the region of interest the chosen sample of
transitions corresponds to a significant fraction of the total flux
and our explicit calculation of their shape factor significantly
influences the spectrum shape in this region.

C. Nuclear shell model

The shape factor for each of the transitions was calculated
in the formalism by Behrens and Bühring using the nuclear
shell model. No approximations were made concerning the
formulation of the shape factors, so that the only dominant
uncertainty comes from the shell model calculation of the
nuclear matrix elements. These calculations were performed

TABLE I. Dominant forbidden transitions above 4 MeV. Here
Qβ is the ground-state to ground-state Q value, Eex the excitation
energy of the daughter level, BR the branching ratio of the transition
normalized to one decay and FY the cumulative fission yield of 235U
from the ENDF database [53]. Transitions with small fission yields
shown here contribute substantially more for 238U and 241Pu.

Qβ Eex BR FY
Nuclide (MeV) (MeV) (%) Jπ

i → Jπ
f (%) 
J

89Br 8.3 0 16 3/2− → 3/2+ 1.1 0
90Rb 6.6 0 33 0− → 0+ 4.5 0
91Kr 6.8 0.11 18 5/2+ → 5/2− 3.5 0
92Rb 8.1 0 95.2 0− → 0+ 4.8 0
93Rb 7.5 0 35 5/2− → 5/2+ 3.5 0
94Y 4.9 0.92 39.6 2− → 2+ 6.5 0
95Rba 9.3 0.68 5.9 5/2− → 5/2+ 1.7 0
95Sr 6.1 0 56 1/2+ → 1/2− 5.3 0
96Y 7.1 0 95.5 0− → 0+ 6.0 0
97Y 6.8 0 40 1/2− → 1/2+ 4.9 0
98Y 9.0 0 18 0− → 0+ 1.9 0
133Sn 8.0 0 85 7/2− → 7/2+ 0.1 0
135Te 5.9 0 62 (7/2−) → 7/2+ 3.3 0
135Sb 8.1 0 47 (7/2+) → (7/2−) 0.1 0
136mI 7.5 1.89 71 (6−) → 6+ 1.3 0
136mI 7.5 2.26 13.4 (6−) → 6+ 1.3 0
137I 6.0 0 45.2 7/2+ → 7/2− 3.1 0
142Cs 7.3 0 56 0− → 0+ 2.7 0
86Br 7.3 0 15 (1−) → 0+ 1.6 1
86Br 7.3 1.6 13 (1−) → 2+ 1.6 1
87Se 7.5 0 32 3/2+ → 5/2− 0.8 1
89Br 8.3 0.03 16 3/2− → 5/2+ 1.1 1
91Kr 6.8 0 9 5/2+ → 3/2− 3.4 1
95Rba 9.3 0.56 6.0 5/2− → (7/2+) 1.7 1
95Rb 9.3 0.68 5.9 5/2− → 3/2+ 1.7 1
134mSb 8.5 1.69 42 (7−) → 6+ 0.8 1
134mSb 8.5 2.40 54 (7−) → (6+) 0.8 1
136Te 5.1 0 8.7 0+ → (1−) 3.7 1
138I 8.0 0 26 (1−) → 0+ 1.5 1
140Xe 4.0 0.08 8.7 0+ → 1− 4.9 1
140Cs 6.2 0 36 1− → 0+ 5.7 1
143Cs 6.3 0 25 3/2+ → 5/2− 1.5 1
88Rb 5.3 0 76.5 2− → 0+ 3.6 2
94Y 4.9 0 41 2− → 0+ 6.5 2
95Rb 9.3 0 0.1 5/2− → 1/2+ 1.7 2
139Xe 5.1 0 15 3/2− → 7/2+ 5.0 2

aThe spin-parity designation is uncertain, and shape factors were
calculated for both options. Due to small branching ratios, the effect
on the cumulative spectrum is negligible.

using the shell model code NUSHELLX@MSU [57]. For
nuclei with A < 100 the effective interaction glepn [58] was
adopted in a full model space consisting of the proton orbitals
0 f5/2 − 1p − 0g9/2 and the neutron orbitals 1d − 2s. The 86Br
and 89Br cases were calculated using the interaction jj45pna
[59,60], in the full model space spanned by the proton orbitals
0 f5/2 − 1p − 0g9/2 and the neutron orbitals 0g7/2 − 2s −
1d − 0h11/2. For the nuclei with A = 133–142 the Hamil-
tonian jj56pnb [61] was used in the full model space
spanned by the proton orbitals 0g7/2 − 1d − 2s − 0h11/2
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FIG. 2. Contributions of individual β transitions listed in Table I
and calculated as explained in the text and a comparison to the
measured cumulative spectra measured at ILL for 235U. The upper
panel shows the individual β spectra, while the bottom panel shows
the cumulative contribution of all calculated forbidden transitions
relative to the ILL flux. The chosen transitions exceed 50% of the
flux around 6 MeV.

and neutron orbitals 0h9/2 − 1 f − 2p − 0i13/2 for A < 139,
while for the heavier nuclei the proton orbital 0h11/2 and the
neutron orbital 0i13/2 were kept empty due to the enormous
dimensions of a full model space calculation.

The choice of a proper model space and Hamiltonian is
crucial for meaningful shell model calculations. The region
around A ≈ 95 is especially challenging, since taking full
harmonic oscillator shells is currently not possible due to
the enormous computational burden as well as a lack of a
well tested Hamiltonian. Since a shell model Hamiltonian
is fitted for a particular model space, it is always preferable
to use a small enough model space to make the problem
computationally reasonable without resorting to additional
truncation of the model space. The model space chosen here
for A ≈ 95 is small enough so that additional truncation of the
model space is not necessary. In addition, this Hamiltonian
is the natural choice for the reason that it was originally
developed to describe one of the most important contributors
to the cumulative beta spectrum here, namely the decay of 96Y
[58]. In principle all the decays with A < 100 can be described
using the interaction glepn but moving further away from
96Y the description of the nuclear structure starts to get more
problematic. In the case of this study the lighter cases 86Br
and 89Br turned out to be rather poorly described by this
Hamiltonian, which is why the larger model space associated
with the interaction jj45pna was used. It should be pointed
out that agreement with the experimental half-life was also not
reached with this interaction.

As is typical in the nuclear shell model a renormalization
of fundamental coupling constants was used to account for
meson exchange current and core polarization effects. For
simple Gamow-Teller transitions the value of the axial charge

coupling constant is changed to an effective value below
gA = 1.27. Also for the forbidden beta decays considered
here, a quenching of the coupling constant gA is necessary
[62]. In the case of a pseudoscalar transition there is another
nuance, as here the transition is dominated by the AM(0)

000
nuclear matrix element, better known as the axial charge or
γ5 relativistic operator. Meson exchange current effects are
known to be particularly strong for this operator, resulting in
a well-known enhancement of this operator, which we denote
here by εMEC. For the pseudoscalar transitions, excluding the
few problematic cases such as the bromide decays as well
as the heavier cases where truncations are necessary, the
experimental half-lives are reproduced with reasonable values
of gA and εMEC. For example choices such as gA = 0.9 and
εMEC = 1.4 or gA = 0.75 and εMEC = 1.7 give a good fit.
For the pure 
J = 1 transitions both gA and gV need to be
quenched in order to reproduce the experimental half-lives.
This is a well-known issue which is usually attributed to core-
polarization effects and is in line with previous research [62].
The excellent agreement using the experimental data with the
usual assumptions is strong evidence that our calculations are
indeed accurate for the majority of the decays, especially the
most important ones. Uncertainties due to gA quenching and
meson exchange currents (MECs) in pseudoscalar transitions
in the fission fragment region have been previously reported
on [22,62–66], and will be discussed in the total uncertainty
estimation of Sec. V B.

D. Numerical results

Taking the information of Table I with the formalism of
Sec. II, we calculate the numerical shape factors using a
uniformly charged sphere for the charge density and nuclear
wave functions from the nuclear shell model as described
above. The results are shown in Fig. 3, categorized according
to the spin change in the transition.

Almost all calculated shape factors deviate significantly
from unity, including the pseudoscalar transitions. From
Eq. (7) the behavior of the latter should be trivial as |bR| ∼
10−2, in an apparent contradiction. Many of these transi-
tions connect initial and final states with spins larger than
zero, meaning additional 
J = 1, 2 operators contribute. As
such, in many cases the energy dependence is dominated by
higher-order operators as is evident from the curves. This was
already touched upon in Sec. II C. Additionally, because the
ξ approximation is not expected to hold for transitions with
larger end points, this energy dependence is not suppressed.
The pseudoscalar transition with the lowest end-point energy,
94Y [2−] to the first excited state of 94Zr [2+], is of par-
ticular interest. Despite a reasonable argument in favor of
the validity of the ξ approximation [Eq. (17)], the calculated
shape factor shows a strong parabolic behavior reminiscent
of a unique transition. Upon inspection of the level scheme of
94Zr, the first excited state can be interpreted as a consequence
of collective behavior of the nucleus in terms of a dipole
vibration. Interpreted in the spherical shell model with explicit
vibrational degrees of freedom, the nuclear wave function
can be decomposed into a combination of Slater determinants
and a vibrational wave function [67]. Neglecting higher-order
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FIG. 3. Calculated shape factors C for the 36 first-forbidden
transitions in Table I versus electron kinetic energy, categorized
according the spin-parity change of the transition. For allowed tran-
sitions C ≈ 1, represented by the black dotted line. Each shape factor
was normalized to its value at E = 0. Results correspond to gA = 0.9
and εMEC = 1.4, where applicable [22,63]. Note the difference in
scales on the y axis. A few cases stand out and have been highlighted.
These are discussed in the text.

corrections, the former is the same as that of the 0+ ground
state. The β decay operator acts only on the Slater determi-
nants, so that the nature of the transition—and as a conse-
quence the shape factor—resembles that of the ground-state
(94Y[2−]) to ground-state (94Zr[0+]) unique β decay. Resid-
ual interactions contaminate the vibrational wave functions, so
that the change in vibrational states causes only a slowdown
in the decay rate. This is an excellent example of the failure of
the ξ approximation due to the so-called selection rule effect
[33].

The pseudovector transitions show drastic deviations from
unity for all studied transitions. For all transitions ξ ∼ W0, so
that deviations are not wholly unexpected. Due to the nature
of the fission process, almost all populated nuclei are heavily
neutron rich so that protons and neutrons reside in different
major shells interpreted in the shell model. As a consequence,
proton and neutron Fermi surfaces usually lie in regions of
opposite parity so that many different possibilities arise for a
parity-changing transition including 
J = 2.

We discuss some cases that stand out from the pack. In
the case of the β transition of 86Br [1−] to the first excited
state of 86Kr [2+] the 
J = 2 contribution is clearly seen to
be dominant. While the excited state in 86Kr at 1.5 MeV is
possibly a good vibrational candidate, the higher-order band
structure is not visible. The numerical results hint at a can-
cellation effect in the additional first-order matrix elements.
Besides this, both 140Xe and 143Cs show strongly diverging
shape factors compared to all others calculated. This will have
important consequences in the parametrization described in

FIG. 4. Numerical shape factors calculated with the nuclear shell
model for the first-forbidden pseudovector transitions in 136Te (top)
and 140Xe (bottom) for different values of the axial vector coupling
constant. Comparison with the results by Fang and Brown [21] are
favorable for 140Xe, whereas for 136Te a slope with opposite sign is
found for an equivalent value of gA.

Sec. VI. It is not intuitively clear here why this occurs, as
their results are particularly sensitive to cancellations. This
can occur both due to nuclear structure considerations and
contributions of various single-particle transitions of opposite
sign, but also due to Coulomb effects. In the latter case, some
matrix elements occur accompanied with factors of αZ , so that
changing the proton number has significant consequences.
Because of this, even smaller matrix elements can end up
dominating the shape factor due to cancellations between the
main matrix elements. Regardless, all of these reasons are
examples of an additional breakdown of the ξ approximation.

Corrections to the unique shape factors are typically ob-
served to be on the few percent level or lower when taking
into account the appropriate Coulomb corrections factors as
discussed in Sec. II C. Our numerical results confirm these
findings in the studied transitions.

E. Comparison with existing literature

As mentioned in the previous section, the chosen values
for effective coupling constants gA and εMEC reproduce ex-
perimental half-lives nicely [68]. In addition to these, there
are data that we can compare our calculations to. While there
has been a limited amount of study on the effect of forbidden
transitions within the context of the reactor anomaly and
shoulder [9,18,19,21,55], so far, there has only been a mi-
croscopic study on two nuclei [21]: 136Te and 140Xe. As both
of these are even-even nuclei, investigated decays occur from
the 0+ ground state so that their first-forbidden transitions
correspond to “pure” transitions. In Ref. [21], only 136Te was
studied both in the shell model and the quasiparticle random
phase approximation (QRPA), while 140Xe was computed
only using the latter due to computational constraints [69].
Here we have calculated transitions from both nuclei in the
nuclear shell model using the jj56b model space. Figure 4
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shows the calculated shape factors for different values of
effective gA used.

The shape factor of 140Xe is almost insensitive to the choice
of gA and agrees well with the results by Fang and Brown
[21]. The calculation for 136Te, on the other hand, shows a
strong dependence on the effective value of gA, in particular
in connection with a quadratic component. However, when
trying to replicate the shape factor of 136Te using the same
Hamiltonian as reported in Ref. [17], we find a different slope.
Interestingly, we can reproduce their results when manually
changing the phase convention of either the single-particle
matrix elements or one-body transition densities between
Condon-Shotley (prevalent in shell model calculations) and
Biedenharn-Rose (typical in QRPA codes) conventions. Ad-
ditionally, we found that the shape factor is heavily dependent
on the ratio gA/gV, the proper value of which is not well
established for every Hamiltonian. In the original work, a
value of gA,eff = 0.5 gA was used. Since also gV was quenched
by the same amount, however, their ratio remains unchanged
even though the half-life is naturally reproduced.

V. SPECTRAL CHANGES

Any spectral changes that occur from inclusion of our
numerically calculated forbidden shape factors depend on
the allowed shape factor that it is compared to. Following
the discussion in Sec. II D, we look at the difference in the
spectral shapes of both electron and antineutrino spectra using
both C = 1 [Eq. (19)] and the simplified weak magnetism
correction of Eq. (20).

A. Results

We compare the effects of the forbidden shape factors
taking into account the relative weights of the different tran-
sitions. Three different partial cumulative forbidden spectra
are constructed using the forbidden shape factors of the
previous section, the allowed approximation C = 1, and the
weak magnetism correction of Eq. (20). Results for the ratio
of forbidden to allowed calculations are shown for 235U in
Fig. 5 for both electron and antineutrino spectra. Shaded
areas correspond to the partial spectral ratios weighted by the
contribution of our included transitions to the total flux, as
reported in Fig. 2, to estimate the effective change to the full
spectrum.

Starting with relative changes in the electron spectrum,
several quantitative features become immediately apparent.
The first is the parabolic behavior at energies below 4 MeV,
which originates from the unique forbidden transitions which
dominate our transition selection (see also Fig. 3). Second is
the lowering of the predicted electron flux in the higher energy
window, for which the downward slope of the shape factors
of the calculated pseudovector transitions are mainly respon-
sible. Further, the strong increase at the highest energies is
dominated by very few—or even a single—branch, for which
strong deviations are expected near the end of the spectrum
based on the results of Fig. 3. Finally, the tilt in the comparison
between C = 1 and the weak magnetism correction comes
from the positive linear slope in Eq. (20).
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FIG. 5. Top panel: Change in the predicted partial electron spec-

tra of the considered transitions compared to the allowed approx-
imation and with an optional weak magnetism correction. Bottom
panel: Change in the predicted antineutrino spectrum compared to
the allowed approximation. Shaded areas correspond to the results
multiplied by the total spectral contribution compared to experimen-
tal flux results (Fig. 2). The energy axis refers to the kinetic energy of
the electron (top) and antineutrino (bottom). All results are calculated
using gA = 0.9 and εMEC = 1.4, for which good agreement was
found with experimental lifetimes.

Quantitatively, clear changes are visible compared to the
simple allowed approximation, and a general shift in predic-
tions of roughly −2% is observed when comparing against
the results obtained with a simple weak magnetism term.
Due to the limited selection of the calculated transitions,
contributions to the total flux swiftly recede to zero outside
of the bump energy window, thereby quenching spectral
changes.

The antineutrino spectra in the bottom panel of Fig. 5 show
several interesting features when compared to those of the
electron. The fine structure in the spectrum is the consequence
of the Fermi function, which lifts the β spectrum shape above
zero for near-vanishing electron energy. Besides this, the most
interesting result resides in the magnitude of the induced
discrepancies compared to that in the electron spectrum. For
the antineutrino spectrum, a significant enhancement of the
expected antineutrino flux is observed above 4 MeV. Weighted
results show enhancements of over 5% around 6 and 7 MeV,
whereas changes are limited to 2% in the equivalent electron
window. The reason for this resides in the steep decrease of
the total flux for increasing energy. A downward sloping shape
factor such as those in Fig. 3 pushes more of the flux to lower
electron energies. The change to the total cumulative spectrum
is minimal, however, due to the absolute magnitude of the
spectrum being orders of magnitude larger at lower energies.
The opposite goes for the antineutrino spectrum, resulting in
stronger discrepancies. The downward trend below 4 MeV is
mitigated due to the limited contribution of the considered
forbidden spectra to the total flux.
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B. Uncertainty estimation

A trustworthy determination of the uncertainty of all
sources included in the calculation is of paramount impor-
tance. On the other hand, estimation of theory uncertainties
within nuclear structure calculations presents a tremendous
challenge. Recently, some efforts have been made in the
sd shell, where a Bayesian analysis translated experimental
and fit uncertainties into final uncertainties in nuclear matrix
elements [70]. Given the large model space and number of fit
parameters, this procedure is not currently possible for our
transitions of interest. As such, here we vary the available
parameters used in tuning shell model results to obtain agree-
ment with experimental lifetimes. In the most general case this
corresponds to a modification of the axial coupling constant
gA, whereas for the pseudoscalar transitions meson exchange
currents strongly modify the so-called axial charge [63]. In
order to take into account this effect, we additionally vary gA

for pseudoscalar operators, which we note by εMEC.
The results shown in Fig. 5 were obtained for gA = 0.9

and εMEC = 1.4, for which good agreement was reached with
experimental lifetimes for almost all transitions [22,63]. In
order to get a measure for the uncertainty on our results, we
vary the coupling constants within a window as described be-
low. This is done because for many isotopes the experimental
half-life is the only quantity to which one can compare. When
quenching both gV and gA (as was done by Fang and Brown
[21]), a degeneracy appears in their ratio as the experimental
half-life can always be obtained after suitable quenching.
For the axial vector coupling constant four different values
were used, setting gA/gV ∈ {0.7, 0.9, 1.0, 1.27}. The meson
exchange corrections to the axial charge were picked from the
interval εMEC ∈ {1.4, 1.7, 2.0}.

There is, however, no unique way of choosing effective
couplings for all transitions together. As a consequence, we
choose the uncertainty to be the maximum of the deviation
between fully correlated and random choices of gA and εMEC

for all transitions. We do so only for the partial cumulative
spectrum, as this is the only relevant theoretical input despite
potential large differences in individual shape factors.

Figure 6 shows the spread in the relative change of the
partial cumulative electron and antineutrino spectra for both
allowed approximations as before. In both cases the largest
uncertainty appears in the higher end of the spectrum. The
origin of this can mainly be traced back to the pseudovector
transitions, where the slope of the shape factor is usually a
combination of 
J = 1 and 
J = 2 operators with different
gA dependence. These effects are limited to higher ends of the
spectrum due to the selected transitions and their respective
end points. The lower energy regions are mainly dominated
by unique forbidden transitions, for which any deviations
from Eq. (9) are already constrained to the percent level.
The majority of the uncertainty comes from varying gA.
Effects from varying εMEC are only relevant for pseudoscalar
transitions and are found to be subdominant. The reason for
this can intuitively be understood, as it concerns changes to
the 
J = 0 operators which have limited energy dependence
[Eq. (7)]. A similar conclusion is reached for the antineutrino
partial spectrum. Even so, the total uncertainty in the latter is

FIG. 6. Top (bottom): Uncertainty in the relative change in the
prediction of the electron (antineutrino) spectra when calculating the
transitions using forbidden spectral shapes instead of simple allowed
shapes using different values of gA and εMEC for the former (see text).
The filled regions show the maximal deviations in results. A large
part of this uncertainty comes from setting the axial vector coupling
to the free nucleon value of gA = 1.27.

about a factor 2 larger, putting the theory error at around 1%,
before multiplication with the forbidden flux contribution of
Fig. 2.

The results of Fig. 6 represent a bound rather than a
confidence interval in the statistical sense. For the purpose of
the discussion, however, we will treat the variation around the
central value as a 1σ uncertainty. We shall see that this is not
the dominant uncertainty when we generalize the approach of
first-forbidden transitions for a more complete discussion in
Sec. VI. This is expanded upon in the Appendix.

VI. IMPROVED FORBIDDEN TRANSITION TREATMENT

Over the past several years, a lot of attention has gone
towards an ab initio treatment of the electron and antineu-
trino spectra, fueled by a strong experimental effort in TAGS
measurements (e.g., [39]). Despite a significant number of
uncertainties in nuclear databases, it provides an indepen-
dent analysis path with a much more fine-grained control.
Additionally, it is the only method available that can predict
the electron and antineutrino spectra below 1.8 MeV with
reasonable accuracy. Up to now, the treatment of nonunique
forbidden transitions has proceeded by either approximating
it as an allowed decay [15], or as the shape of an n − 1
unique forbidden decay for forbiddenness n [16]. In the case
of first-forbidden decays, these are of course the same approx-
imation. Based on the results of the previous section and the
discussion of Sec. II C, the validity of these approximations
appear unwarranted.
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TABLE II. Breakdown of the number of β branches participating
in the 235U electron flux. An arbitrary cut was made where the fission
yield must be larger than 1 × 10−6, bringing the total number to
8219. Exact numbers are not of importance, as several intermediate
steps are required as described, e.g., in Sec. III.

Nonunique Unique Total

Allowed 3049 2648 5697 (69%)
1st forbidden 1593 515 2108 (26%)
2nd forbidden 235 97 332 (4%)
3rd forbidden 52 12 64 (0.8%)
Other 33 11 44 (0.5%)

It is the question of this section to investigate the possibility
of generalizing the information of the previous section and
apply it to the remainder of (nonunique) forbidden decays
present in the database. Before we embark on this journey,
however, it is worthwhile to look at the structure of the
electron and antineutrino flux. In doing so, we investigate
the relative importance of forbidden transitions on the total
flux. Following this, we attempt a parametrization of the
results found in Sec. IV. Finally, we discuss how to use this
information of the parametrization to obtain an uncertainty
from the treatment of forbidden decays using Monte Carlo
techniques.

A. Forbidden flux coverage

We investigate the composition of the cumulative electron
spectrum. Table II shows the breakdown of the contributing β

branches following the fission of 235U.
As is well known by now, around 30% of the transitions

are forbidden. While several compilations have been made
of the dominating branches or the number required to reach
a certain flux [55], a closer look at the underlying structure
of the spectrum has been absent. In order to obtain a more
realistic picture, the results of Table II must be adjusted to
account for the branching ratio and fission yield of each
transition. Figure 7 shows the contributions of the various
types of decays in the summed electron spectrum for 235U as
a function of β energy.

It is clear that the dominion of allowed spectra based on
only their number is overestimated. Keeping in mind the
inverse beta decay threshold at 1.8 MeV and steep decrease
in flux after 8 MeV, this conclusion becomes all the more rel-
evant. In the 4–8-MeV region in particular, a clear dominance
of forbidden spectra can be seen. This corresponds to the same
region as the so-called bump or shoulder in the antineutrino
spectra.

Expected consequences for differences in cumulative spec-
trum shapes can be superficially deduced from the results
of Sec. IV. While typically spectra for 
Jπ = 0− closely
correspond to equivalent allowed spectra, Fig. 3 shows that
significant variations can occur as higher-order operators of-
ten also contribute. Interesting to note is how the contribution
of 
Jπ = 1− transitions is reasonably constant around 15%
throughout the entire spectrum. As these decays in partic-
ular bring about a large change in predicted electron and
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FIG. 7. Overview of the spectral composition of the cumulative
electron fluxes of 235U, calculated assuming allowed shape factors.
It’s clear that, despite weight in numbers, the contribution of allowed
decays is greatly diminished in most of the region of interest. Above
the inverse beta decay threshold at 1.8 MeV and below 8.5 MeV—
precisely the experimental range of the ILL campaigns—the cumu-
lative spectrum is dominated by forbidden decays.

antineutrino spectra (see Fig. 3), significant changes can
be expected over the full range. Higher unique forbidden
transitions for which shape factors can be very well calcu-
lated turn out to be negligible over the full range. Higher
nonunique decays are equally insignificant over the full
range.

There is an interesting structure in Fig. 7, which can at
least superficially be understood from an intuitive nuclear
physics point of view. The majority of neutron-rich fission
fragments that are populated have Q values around 4–8 MeV.
Many of the transitions contributing in this window in Fig. 7
correspond then to decays from initial ground states to final
ground states or low-lying excited states. Due to the large
proton-neutron asymmetry, these typically reside in adjacent
major orbital shells. Most of these orbitals have opposite
parity, so that ground state to ground state transitions are
automatically forbidden. As a consequence, these are dom-
inant in the flux in the 4–8-MeV window. Using the usual
Woods-Saxon orbital properties as a reference, the structure
within first-forbidden transitions can additionally be under-
stood. As nuclei decay towards the line of stability, the Q value
decreases as the proton-neutron asymmetry lessens. Valence
protons then populate the πg9/2 orbital, whereas valence
neutrons drop into νd5/2 and νg7/2 orbitals. One expects then
a rise in unique first-forbidden (νd5/2 → π p1/2) and allowed
(νg7/2 → πg9/2) decays, which is reflected in Fig. 7. Transi-
tions to excited states complicate this picture significantly for
higher excitation energies, and here we run into the limits of
our simple picture. Similarly, the behavior at high energies is
dominated by very few branches from isotopes with very high
Q values. For many of the latter, spin parities are unknown,
meaning their β branches are simply approximated to be
allowed.
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B. Parametrization procedure

From the results of Fig. 7, it is clear that the influence of
forbidden transitions is non-negligible throughout the entire
experimentally accessible spectrum. While the dominant con-
tributions come from pseudoscalar transitions for which the
shape factors resemble those of allowed decays, a significant
contribution comes from higher forbidden decays with strik-
ingly different shape factors. Additionally, from Fig. 3 it can
be gleaned that shape factors within the same 
J category
are reasonably similar, warranting a parametrization. It is with
this observation in mind that we attempt to construct an effec-
tive correction to the spectra of both electron and antineutrino
taking into account the underlying forbidden structure. Due
to the larger sample of numerical shape factors presented here
compared to our previous work, the parametrization procedure
has evolved to better reflect the internal structure of the shape
factor distribution. For completeness then, we outline both
the procedure used in the previous work [22] and its current
state.

1. Parametrized forbidden shape factors

The expected shape factor contribution from pseudoscalar
operators is approximately equal to unity [see, e.g., Eq. (7)],
so that nearly all of the deviations observed in Fig. 3 arise
from higher-order operators contributing to the Jπ → J−π

transition. Depending on the sign of these contributions one
arrives at a positive or negative slope. As the number of terms
contributing to the general shape factor is so large, combined
with a near-statistical spread of the deviations from unity, we
make no attempt at a smart parametrization and simply fit
each of the shape factors according to

C = 1 + aW + b/W + cW 2, (26)

inspired by the general form of the shape factor [Eq. (3)].
The behavior of the 
Jπ = 1− shape factors is more

uniform as can be deduced from Fig. 3. As these operators
now also carry a significant energy dependence, any energy-
dependent change is not any more dominated by the influence
of higher-order operators as it was for the pseudoscalar case.
For nearly all transitions calculated, only two nuclear matrix
elements contribute significantly: the time component of the
first moment of the vector current, VM110, and the space
component of the first moment of the axial vector current,
AM111. While these are usually of similar magnitude, the
possibility for cancellations stands in the way of a more
insightful parametrization. The procedure is then analogous
to that of the pseudoscalar transition, where we similarly fit
all shape factors according to Eq. (26). Finally, the unique
forbidden decays are well understood, with a shape factor
that is approximately equal to that of Eq. (9). This result was
obtained assuming the presence of only the dominant nuclear
form factors, and deviations occur only at the percent level. As
this will not appreciatively influence the final uncertainty, we
simply assume the approximate unique forbidden shape factor
of Eq. (9).

Here we distinguish between the approaches followed for
our previous work [22] and the current status. We discuss both
in turn.

(a)

(b)

(c)

FIG. 8. Distribution of fit parameters a, b, and c [Eq. (26)] from
the numerical results of Sec. IV for pseudoscalar and pseudovector
transitions. Full lines represent an expectation of the underlying dis-
tribution using Gaussian kernel density estimation. This corresponds
to the old approach used in Ref. [22].

Old. After fitting all numerically calculated nonunique
first-forbidden shape factors using Eq. (26), one obtains distri-
butions of fit parameters for each 
J , including correlations
between the fit parameters. Results are shown in Fig. 8 for the
fit parameters with an average correlation matrix

ρ =
⎛
⎝ 1 −0.62 −0.98

−0.62 1 0.55
−0.98 0.55 1

⎞
⎠. (27)

Interestingly, the latter is almost identical for 
J = 0 or 1
despite strong differences in the magnitude of the effect. Here
all shape factors were included for the full range of gA and
εMEC. This way, both the uncertainty due to effective coupling
constants and spread in calculated shape factors contributes to
our effective knowledge of first-forbidden shape factors.

We apply one additional step to obtain a useful distribution
to eventually sample from. By employing Gaussian kernel
density estimation [71], one obtains a parameter probability
density function. Doing so eliminates all knowledge one
might have about the particular transition other than its degree
of forbiddenness, so that this parametrization rather becomes a
quantification of uncertainty due to nonunique first-forbidden
transitions in the electron and antineutrino spectra.

In performing this parametrization there is some freedom,
hidden in the bandwidth estimate of the Gaussian kernel
density estimation. While several rule-of-thumb bandwidth
estimators exist in the literature, these are known to perform
poorly for non-Gaussian or heavy-tail distributions. As such,
we determine the bandwidth manually through comparison
of the quantiles in the parametrized shape factors and the
numerically calculated ones. By requiring all explicitly cal-
culated shape factors to fall within 2σ of the procedural set,
one arrives at a bandwidth of h = 2. Using rule-of-thumb
estimators such as “Silverman” or “Scott” [71], one finds
much lower values for h ≈ 0.6 and poor agreement with
numerical results.
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FIG. 9. Distribution of fit parameters a, b, and c [Eq. (26)] and
their correlation projections from the numerical results of Sec. IV
for pseudoscalar (top) and pseudovector (bottom) transitions. The
appearance of heavy tails and multimodal distributions show the need
for the improvement. Plots were made using Ref. [72].

New. Due to the inclusion of additional shape factors
presented in Sec. IV, the old procedure discussed above is
not optimal. One of the main reasons for this lies in the
appearance of shape factors with large positive slopes (see
Fig. 3) for 
J = 1. Fit parameter distributions as shown in
Fig. 8 become multimodal and substantial tails appear. As
such, rather than approximating each parameter distribution
individually as a single Gaussian related via an average corre-
lation matrix [Eq. (27)], we take into account all correlations
without compromise. Figure 9 shows the results for both

FIG. 10. Assessment of the quality of parametrized shape factors
through a comparison with the numerically calculated shapes of
Sec. IV. The top rows shows the normalized shape factors, whereas
the bottom row shows the slope. The left (right) column shows these
for pseudoscalar (pseudovector). Intervals corresponding to 68% and
95% quantiles are shown as 1σ and 2σ , respectively. Numerical
shape factors are plotted using gA = 0.9 and εMEC = 1.4 where
appropriate, as above.

pseudoscalar and pseudovector transitions after application of
Gaussian kernel density estimation using the Scott bandwidth
estimator.

Both the appearance of heavy tails and multimodal dis-
tributions can clearly be seen, showing the necessity of the
new approach. Using the results of Fig. 3 some of the influ-
ences of the new shape factors on the parameter distribution
can clearly be discerned. Using this information, one can
now produce samples stochastically drawn from this three-
dimensional probability distribution. This can be done either
using Markov chain Monte Carlo techniques or using the
properties of Gaussian functions when applying Gaussian
kernel density smoothing. Here, we have opted for the latter
due to its computational simplicity.

In order to gauge how well the parametrization performs,
we compare a generated ensemble against the numerical
calculations of Sec. IV, shown in Fig. 10. As we are mainly
interested in the energy dependence, we additionally plot the
first derivative.

Excellent agreement is obtained for both 
J = 0 and

J = 1, for the normalized shape factors as well as their first
derivatives. The large range of possible shape factors for high
end points, however, is related to the substantial variation in
the quadratic component. In the pseudoscalar case this is, for
example, because of transitions such as 94Y, where a strong
quadratic component arises from a contribution of a 
J = 2
operator despite it being a pseudoscalar transition. In the case
of pseudovector transitions, large ranges are obtained due
to the appearance of both positive and negative slope shape
factors. Using the old approach, it is not possible to achieve
a good agreement as in Fig. 10 without drastically increasing
the width of the Gaussian kernels, voiding the original intent.

In using a simple polynomial fit for all shape factors,
however, the distinctions between the origin of the different
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kinematic terms are not made. This means, for example, that
the quadratic component can be overestimated outside of the
end-point range for which the fit was made. Taking 94Y as an
example once more, its parabolic behavior arises mainly from
the 
J = 2 operator, which will give rise to a parabolic shape
no matter the end point. Due to the “blind” fit of Eq. (26),
however, such behavior is not recognized and only the large
quadratic component is recorded. Due to the limited number
of data points we choose not to go further in this, and keep in
mind that uncertainties could be too conservative in the high
energy range.

As with any parametrization, its quality is only as good as
the input data on which it is based. Following the discussion
of Sec. IV B, we argue that our selected transitions correspond
to a representative sample of forbidden transitions within the
region of interest. The parametrization proposed here thus
corresponds to a generalization of our knowledge and our lack
of it that we perceive to be realistic.

2. Monte Carlo procedure

The jump to a generalized summation calculation taking
into account all first-forbidden transitions is now straightfor-
ward. The summation calculations proceed as normal, with
the exception of forbidden transitions. Here, the spin-parity
change is determined and the corresponding approximate
shape factor is taken as described in the previous section,
with the exception of the transitions described in Sec. IV.
The nuclear-structure dependent change from the approximate
shape factor is then assigned randomly according to the
distribution of fit parameters as described above. Repeating
the procedure many times results in a translation of the
uncertainty of the shape factors into a spectral uncertainty.
This uncertainty will become most apparent in regions where
few branches contribute.

Based on the behavior of the categorized shape factors of
Fig. 3, we expect the deviations from pseudoscalar transitions
to average out within an individual calculation in regions
where many branches contribute. Sampling 
J = 1− shape
factors as observed, we expect a decrease in the predicted
electron flux at high energies and opposite for the antineutrino
flux. Unique forbidden decays, finally, decrease both electron
and antineutrino predictions in its central range, while pro-
viding only small increases at very low energies and their
corresponding end points. This fact becomes increasingly
strong for higher degrees of forbiddenness.

Note that a single summation calculation like this samples
the probability distributions roughly 1600 times (see Table II).
In the results discussed below, 100 Monte Carlo calculations
then correspond to a sampling of the parametrized probability
distributions of 160 000 times.

VII. UPDATED SUMMATION CALCULATIONS

We combine all information from the foregoing sections
into a comprehensive spectral analysis. As it forms the only
experimental data available, we commence the discussion
with a comparison to the ILL data set [47]. We move on to
the spectral changes induced due to the enhanced treatment of

forbidden transitions in the summation approach and continue
to the uncertainty estimate. Finally, we discuss our results
within the context of the reactor spectral bump and the flux
anomaly.

A. ILL spectral reconstruction

Many authors have treated both summation and virtual
branch methods in relation to the ILL data set [6,9,15,16,73].
While progress on the latter has been limited, improved sum-
mation calculations are made possible through an intensive
research program employing total absorption gamma spec-
troscopy (e.g., [39]). Many cases troubled by pandemonium
[44] have been resolved, and very recently state-of-the-art
calculations have achieved a correspondence with the ILL
data set at the few percent level through intricate connections
between a vast array of databases [74]. In this work we employ
a simpler approach to clearly identify the impact of nonunique
forbidden transitions on the antineutrino spectrum.

Considering the identified problems with pandemonium in
the ENSDF and related databases, we outlined three ways
of mitigating this issue with the publicly available nuclear
databases in Sec. III. Here we explicitly demonstrate the
first, i.e., correspondence with the Schreckenbach cumulative
electron spectral measurements. We enforce such a corre-
spondence for both the allowed approximation and our more
sophisticated results, so that we may check relative differences
in the antineutrino spectrum as our second point. Finally,
we choose to work here with a combination of the ENDF
and ENSDF decay libraries, using the branching ratios of the
former and spin parities of the latter. This will be denoted as
“ENDF+ENSDF.”

Additionally, we return to the point of “continuous” data
within the ENDF database for certain isotopes. This is often
the case for isotopes far away from stability with relatively
high Q values [53]. Its influence will then mainly be felt
in the upper half (>5 MeV) of electron and antineutrino
spectra. A proper spectral inversion relies on knowledge of
the underlying structure, however, so that it is essentially a
miniature form of the more general spectral inversion. Due to
the degeneracy in input theoretical shapes [19] and the enor-
mous amount of fitting parameters, we choose not to attempt
individual conversions and use instead only the transitions
for which discrete information is available (ENDF Discrete).
Introducing instead the Qβ approximation (Sec. III), poor
agreement is obtained with the ILL data set with a significant
overestimate of the total flux at energies higher than 5 MeV.
A summary is presented in Fig. 11.

As discussed previously, the omission of isotopes with
continuous spectra (be they experimentally or theoretically
obtained [53,54]) manifests itself as a deficit with respect
to the ILL data sets mainly at higher energies. Additionally,
beyond 7.5 MeV, 235U shows telltale signs of pandemonium
corruption. As this lies outside of the region of interest and
is well under control through the inclusion of TAGS data, we
instead move on with the ENDF+ENSDF discrete data set
(ENDF Discrete in Fig. 11).

In order to obtain correspondence with the ILL data sets,
we extend the analysis using a composite approach. Here,
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FIG. 11. Comparison of different ways of combining the nuclear
databases and the resulting agreement with the ILL experimental
electron spectra. We use the JEFF3.3 database for fission yield, and
the decay library of the ENDF database (see Sec. III). Here ENDF
Discrete takes into account only transitions for which discrete level
data was present.

we fit the residual electron flux between the ENDF+ENSDF
data set and the experimental data using a limited number
of virtual branches. These are then explicitly inverted for
the antineutrino spectrum. A summary is shown in Fig. 12.
Good agreement is obtained for all fission actinides, with
remaining residuals on the percent level. The fine structure
that remains is a consequence of the summation part and
cannot be adequately compensated for using virtual branches.
Since these are limited to the region beyond 7.5 MeV, these
will be of no consequence to our final result.

B. Spectral shape changes

All the pieces are now in play to commence a final compar-
ison of our results to those found in the literature. Throughout
this work we have discussed various approximations made in

FIG. 12. Comparison of the summation and composite approach
when using only discrete spectral information from the ENDF
database as a foundation. For all four isotopes, less than eight
virtual branches were used to obtain percent-level agreement in the
composite approach.

earlier works (Secs. II C and II D) and effects of including
additional corrections in our description of individual and cu-
mulative spectra. Here, we will discuss the influence of these
various effects on the cumulative electron and antineutrino
spectra.

Throughout this section and the next, we will compare
three different approaches to calculating the composite spec-
tra: (i) treating first-forbidden transitions using the 36 calcu-
lated shape factors of Sec. IV, with and without parametrized
results for the remaining forbidden branches; (ii) treating
those forbidden transitions as allowed with C = 1 [Eq. (19)];
(iii) treating those transitions using the weak magnetism cor-
rection of 0.67% MeV−1 [Eq. (20)]. We will report our result
as the relative differences between these approaches, i.e., the
difference between (i) and (ii), and (i) and (iii). Note that in
each of these three approaches the summation contribution
to the total electron flux will vary. As a consequence, the
same applies for the virtual branch contribution in order to
force correspondence with the ILL dataset. For the virtual
branches, we allow the average Z value to change within
the uncertainties of the fit [15], and randomize the end-point
energy of each virtual branch within the bin size. This results
in a statistical uncertainty due to the conversion procedure,
which contributes to the final spectral uncertainty reported in
the Appendix.

1. Numerical shape factors

The central result of this work is the direct effect of includ-
ing the numerically calculated shape factors of Sec. IV into
the summation and composite calculations. For the former, the
results were already demonstrated in Fig. 5, where the shaded
areas correspond to the total difference in both electron and
antineutrino spectra.

The remarkable finding is that the electron spectra can
experience relatively minor changes of 2% and lower, while
the antineutrino spectrum can increase by up to 5% in the
same energy range. This is a coalescence of the steep de-
crease in magnitude of the cumulative electron flux and the
composition profile of the flux as shown in Fig. 7. A down-
ward sloping shape factor for a forbidden transition pushes
electrons towards lower energies, but the relative change in
the cumulative electron flux remains minor due to the flux
being several orders of magnitude larger there. Any quadratic
or energy-inverse component in the shape factor will enforce
this result, as its effects are spread throughout the entire
antineutrino spectrum due to the varying end points of the
transitions. This is the central element common to all of our
results.

Figure 13 shows the difference between cumulative elec-
tron spectra in the different approximations using the compos-
ite approach. Up to at least 7.5 MeV no statistically significant
differences appear, meaning that our composite approach is
able to fit successfully to the ILL spectra both when assuming
the transitions of Table I to be allowed and when using the
forbidden shape factors. This procedure is successful within
the percent level up to ∼7 MeV. We take into account the
remaining residuals in a so-called bias uncertainty, which is
reported in the Appendix.
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FIG. 13. Relative change in the cumulative electron spectra in
the composite approach when treating the transitions in Table I as
allowed and forbidden. The good agreement over the full range
guarantees a good match to the ILL data set for all four actinides.
Residuals from unity are taken into account as a bias uncertainty
reported on in the Appendix.

The good agreement of the electron spectra in the three
different approaches is a necessary requirement for a clean
interpretation of the results in the antineutrino spectrum,
which are shown in Fig. 14.

As anticipated (see Fig. 5), a similar pattern arises where
significant changes occur in the antineutrino spectrum while
the electron flux remains relatively unchanged. In performing
the composite approach the latter is fixed, so that the decrease
in the electron spectrum is compensated for through the virtual
branches. This has then the effect that the change in the
antineutrino spectrum change is even greater, and is approxi-
mately equal to the sum of the differences of antineutrino and

FIG. 14. Relative change to the cumulative antineutrino spectra
in the composite approach when treating the transitions in Table I as
allowed and forbidden. A bump appears between 4 and 7 MeV, with
a magnitude of up to 4.5%.

FIG. 15. Relative change to the cumulative antineutrino spectra
in the composite approach when comparing against a trivial allowed
shape factor and one with a slope roughly four times the weak
magnetism correction. The magnitude of the induced bump reaches
over 8.5%.

electron flux in Fig. 5. As a consequence, a bump appears in
the 4–7-MeV range with a magnitude of up to 4.5% when
comparing against the weak magnetism correction of Eq. (20).
When comparing against setting C equal to unity the effect is
less pronounced and the bump magnitude reaches only 2.5%.

Due to their similar proton-to-neutron ratio, the fission
fragment distributions are very similar for 235U and 239Pu,
leading to near-identical results. For 241Pu, on the other hand,
additional substructure is visible around 6 MeV. This appears
to be an accidental combination of circumstances in the shape
factor results and fission yield distributions.

In the original work by Huber [15] it was noted that the
chosen value for the weak magnetism correction had a strong
influence on the final results of the reactor normalization
anomaly. Further, it was estimated that an increase by a
factor of 4 would be sufficient to eliminate the anomaly
entirely. While a larger-scale study done specifically on weak
magnetism found no such variations [36], from our discussion
in Sec. II D it is clear that such a slope difference can arise
from a variety of other terms which were up to now forgot-
ten. Additionally, we found above that the amplitude of the
bump arising from a proper treatment of forbidden transitions
depends on the magnitude of the slope in the allowed shape
factor. Figure 15 shows the same results as above, but instead
using an allowed shape factor with a slope that is four times
larger than the weak magnetism correction used in the original
analysis.

Unsurprisingly, the magnitude of the bump is larger than
when compared to the normal weak magnetism correction
and now reaches up to 8.5% for all isotopes besides 238U.
Interestingly, the magnitude of the correction now becomes
very similar to that which is observed experimentally. It
appears then that through a combination of proper treatment of
forbidden transitions and a change in average slope of allowed
transitions as discussed in Sec. II D, both the normalization
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FIG. 16. Relative change to the cumulative antineutrino spectra
in the composite approach when treating the transitions in Table I
as allowed and forbidden and using the parametrization as described
in Sec. VI for the remaining forbidden branches. Statistics are based
on 100 Monte Carlo cycles. Uncertainties are a combination of the
virtual branch procedure (see Fig. 14) and the parametrization.

anomaly and the spectral shoulder can be solved at the same
time.

2. Including parametrized forbidden shape factors

Following the discussion of Sec. VI, we go one step
further and use the parametrization derived there to look at
the additional effects of including all other known forbidden
transitions in a stochastic way. Since the explicitly calculated
transitions already constitute a significant part of the total flux
(see Fig. 2), and forbidden transitions take up about 60% of
the flux in the region of interest (see Fig. 7), the inclusion of
the parametrized shape factors will mainly affect the spectral
uncertainty rather than the magnitude. As before, the agree-
ment with the ILL electron flux is required in our composite
approach. While this succeeds, the uncertainty quickly grows
to 10% above 8 MeV due to the large range of parametrized
shape factors at very high energies. For the purposes investi-
gated here, however, this is sufficient. In Fig. 16 we show the
result of the calculation of 100 Monte Carlo samples.

The most apparent change compared to Fig. 14 lies in the
region between 2 and 4 MeV. According to the parametriza-
tion results, an increase in the theoretical flux is predicted over
the whole range, which gives rise to a much wider shoulder.
Whether this is a true verifiable feature or a limitation of
our parametrization remains to be seen. In this region, the
explicitly calculated transitions correspond to only 10–35%
of the total flux, even though according to Fig. 7 about
50% of the flux must originate from forbidden transitions.
Unique transitions occur more prominently here, which could
partially explain this increase.

The uncertainties arising from the parametrization pro-
cedure are substantially larger than those from the conver-
sion procedure of the spectrum residuals as discussed in the
previous section. Depending on the isotope, 1σ uncertainties
range from 1.5% to 3% around the 6-MeV range and quickly

TABLE III. Difference in the integral and IBD flux compared
to the Huber-Mueller results when using only the numerical shape
factors as described in Secs. IV and VII B 1. Positive numbers
indicate a larger calculated flux. Uncertainties quoted come only
from the procedure explained here.

235U 238U 239Pu 241Pu

φ 0.2(2) 0.4(5) 0.2(2) 0.3(2)
RIBD 0.8(5) 2.3(10) 0.7(5) 0.7(6)

grow to more than 10% at 8 MeV. These uncertainties must be
added on top of those already present in the original procedure
[15,16], as well as those originating from the uncertainty in
the explicitly calculated shape factors of Sec. IV. This will be
discussed in more detail in the Appendix.

C. Integrated flux changes

In the previous section we have summarized the changes
to the total cumulative electron and antineutrino spectra. We
will now use the same results to look at the change in the
integrated cumulative and inverse β decay (IBD) flux. For
the cross section of the latter we use the expressions given
by Refs. [14,75–77]. The strong energy dependence of the
cross section forms a small counterweight against the steep
decrease of the antineutrino flux. As a consequence, the
change in theoretically predicted flux of Figs. 14–16 will leave
an imprint. In Table III we show the difference in antineutrino
and IBD flux with respect to the Huber-Mueller predictions.

As the antineutrino flux is dominated by its behavior at
low energies, relative changes to the Huber-Mueller model are
minimal for all isotopes and correspond to a 1σ shift away
from zero. The uncertainties are dominated by the changes
to gA in the description of the shape factors as we consider
them to be fully correlated across bins and isotopes, meaning
deviations remain at the 1σ level even for different fuel
compositions.

The IBD rate, on the other hand, picks up significant
contributions from the expected increase in the bump region.
The total effect is limited, however, to below one percent for
the main contributors and constitutes a ∼1.5σ effect.

Table IV shows an overview of the change in total flux
and IBD rate for the different possibilities of constructing
a forbidden-corrected spectrum. All results are relative to
including only the numerical shape factors of Sec. IV.

As before, flux changes are minimal and within 1σ un-
certainty when including only the numerical shape factors.
Differences are larger for higher values of the slope as the
latter decreases the antineutrino spectrum yield. When includ-
ing the parametrized shape factors both the central value and
uncertainty increase significantly. Due to the increase in the
expected flux starting at 3 MeV in the parametrized setup, flux
changes exceed one percent and correspond to roughly a ∼2σ

effect. IBD rates, likewise, increase significantly as do the
uncertainties. As with the effects of gA quenching before, the
large uncertainty arises mainly from the bin-to-bin correlation
for the parametrized shape factors.
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TABLE IV. Integrated flux and IBD rate change due to the inclusion of forbidden transition shape factors for the different fission actinides.
Here slope is the slope of the shape factor of allowed decays which are to be compared against (see Sec. II D). Note that these are relative
changes with respect to the improved treatment of forbidden transitions. For absolute changes with respect to the Huber-Mueller, one can take
the difference with the results of Table III.

φ RIBD

Numerical Parametrized Numerical Parametrized

Slope 0% 0.67% 0% 0.67% 0% 0.67% 0% 0.67%

235U 0.0(2) 0.2(2) 0.8(7) 1.5(7) 0.6(4) 1.0(6) 1.7(12) 2.4(12)
238U 0.1(6) 0.2(6) 0.9(11) 1.6(11) 0.4(10) 0.7(10) 1.3(18) 1.9(18)
239Pu 0.1(3) 0.2(3) 1.3(8) 1.6(8) 0.6(5) 0.9(6) 1.7(13) 2.4(13)
241Pu 0.1(3) 0.1(3) 1.2(8) 1.4(8) 0.5(5) 0.9(7) 1.8(14) 2.3(14)

VIII. REACTOR SPECTRUM CHANGES

Up to now we have discussed changes in spectral features
of individual fission isotopes, in particular for 235U. Depend-
ing on the type of reactor, the other three actinides contribute
substantially to the total flux. In general, the flux from a
nuclear reactor with thermal power Wth can be given as

S(Eν ) = Wth∑
i Riei

∑
i

RiSi(Eν ), (28)

where ei is the energy released per fission by an actinide i,
Ri is the fractional contribution of each actinide, and Si(Eν )
is the corresponding antineutrino spectrum. Modern reactor
experiments such as Daya Bay [78], RENO [79] and Double
Chooz [12] all have different configurations of the fractional
contributions Ri. All three experiments have, however, pub-
lished results showing a bump in the 4–6-MeV region of the
prompt positron energy (Eprompt ≈ Eν − 0.782 MeV) spec-
trum relative to the Huber-Mueller theoretical predictions. It
is currently unclear which isotope(s) contribute primarily to
the spectral shoulder or normalization anomaly. Here we have
used previously published values for the fuel composition of
the three experiments, listed in Table V.

The main difference regarding total flux in these experi-
ments is the contribution of 238U, as it provides the hardest
antineutrino spectrum of the four fission actinides. An inves-
tigation of the fuel dependency of the results presented here
will be a topic of further research.

A. Spectral shoulder

In order to study the effect of the spectral shoulder, we
focus only on the shape and leave the overall normalization
a free parameter. Figure 17 shows the spectral shape changes

TABLE V. Reactor fuel composition in the three modern reactor
antineutrino experiments.

Reactor 235U 238U 239Pu 241Pu

Daya Bay 0.586 0.076 0.288 0.05
RENO 0.62 0.12 0.21 0.05
Double Chooz 0.496 0.087 0.351 0.066

for the different reactors under the different approximations
and treatments.

Both numerical only and parametrized versions behave
very similarly, despite the latter typically obtaining a larger
deviation in absolute magnitude. This is due to the normal-
ization requirement which pushes the results of the latter

FIG. 17. Comparison of the expected spectrum change due to
forbidden transitions for the different reactors, together with the
observed discrepancies of experimental data relative to the Huber-
Mueller results. Here “Num.” stands for including only the shape
factors of Sec. IV and “Param.” includes a parametrization of all
other forbidden transitions as discussed in Sec. VI. Both results are
relative to an allowed shape with a weak magnetism correction of
0.67% MeV−1.
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FIG. 18. Comparison of the Daya Bay shape discrepancy with
the change due to the forbidden shape factors of Sec. IV when
compared to two different slopes of the allowed approximation:
0.67% and 2.4%, as discussed in Secs. II D and VII B 1.

down. Both reach a magnitude of about 4% relative to the
Huber-Mueller predictions. This corresponds to slightly less
than half of the total effect observed by all three modern
experiments. Combined with the increased correlated uncer-
tainty on every data point, the statistical significance of the
spectral shoulder is strongly mitigated. Due to the similarity
of the effect for the two main fission actinides, 235U and
239Pu, small changes in the fuel composition of Table V
do not appreciatively change the result due to forbidden
transitions.

This effect shown in Fig. 17 is smaller than our previously
reported findings [22]. Both our former and current results
agree with each other within the uncertainties, however. The
reason for this lies in part in the extended parametrization
procedure discussed in Sec. VI. Due to the inclusion of
additional shape factors and the “blind” fit of Eq. (26), the
range for pseudoscalar and pseudovector shape factors is now
substantially larger (see Fig. 10), particularly for higher end
points. As such, a significant number of parametrized shape
factors occur with a positive slope, despite only 2 out of 36
explicitly calculated shape factors showing such a behavior.
As discussed above and in Sec. VI, this is possibly a limitation
of our current approach. Despite this, the spread in sampled
shape factors and corresponding uncertainty in the cumulative
antineutrino spectra remains of particular interest as it is an
quantitative estimate of the true uncertainty of previous pro-
cedures due to the neglect of forbidden shape factors. Specif-
ically, compared to the uncertainty estimates in Tables VII–X
by Huber [15], those arising from the parametrization (see
Appendix) are larger or of similar size of the systematic
effects presented there. We will elaborate upon this in the next
section.

We have discussed in Sec. VII B 1 how an increase in
the average slope of allowed transitions could combine with
the results presented here to solve both the rate anomaly
and the spectral shoulder at the same time. In Sec. II D we
have proposed how such an increase in the slope could arise.
In Fig. 18 we show the spectral shape change due to the

forbidden shape factors of Sec. IV relative to an allowed shape
factor with a slope of 2.4% MeV−1.

As mentioned above, the magnitude of the deviation is
now comparable to what is observed in the modern reactor
experiments. A more elaborate investigation of the precise
behavior of individual shape factors for the dominant allowed
transitions will be able to shed more light on this. This is under
current investigation.

B. Rate anomaly

Despite forbidden transitions introducing several percent
deviations in the spectrum, its effect on the integrated flux and
IBD rate is limited as shown in Tables III and IV, due to the
rapid decrease in antineutrino flux towards higher energies. As
discussed above, however, the additional uncertainty arising
from this process is significant or even dominant relative to
the other systematic effects taken into account in the original
analyses [15,16]. Additionally, due to the procedure used
here several of the sources of uncertainty are fully correlated
between bins and isotopes. As a consequence, the uncertainty
due to forbidden transitions can be significant even when
compared to the statistical and normalization uncertainties
due to the experimental electron data. As such, the difference
in shape factors for forbidden transitions and the resulting
spectral changes point towards an underestimation of the
theoretical uncertainty on the reactor rate anomaly.

Due to our simplified treatment of the databases in our
composite approach (see Secs. III and VII A), we will com-
ment here only on relative changes due to the inclusion of
forbidden transitions. Due to the similarity in fuel composi-
tion of the different reactors (Table V), and the agreement in
spectral changes among the main fission actinides presented
here (Fig. 14), our conclusions on the rate anomaly will be the
same for all three reactors.

According to the Huber-Mueller model [6,15,16] one
found the following cross-section shifts for the four fission ac-
tinides: 3.7%, 4.2%, 4.7%, and 9.8% for 235U, 239Pu, 241Pu,
and 238U, respectively. Following the reactor fuel composi-
tion, each contributes almost equally to generate a net 3–4%
total shift. If we limit ourselves to the results of Table III
where we used only the explicitly calculated shape factors of
Sec. IV, we see that each fission actinide has an increase in the
theoretical prediction of the integrated flux of less than 10%
with an increased uncertainty of ∼5%. The IBD rate, on the
other hand, is predicted to increase by ∼15–25% compared
to the original analysis with a doubled uncertainty. Relative
to the rate uncertainties quoted by Huber [15], however, this
constitutes an increase of ∼10% of uncertainty correlated
between isotopes. When combining this with the spectral
normalization uncertainty common to all isotopes originating
from the ILL data set (see Tables VII–X in Ref. [15]), the
model uncertainty on the rate anomaly is enlarged by only 4%
even though the disagreement shifts by +14%.

Using instead the parametrized results together with the
numerical shape factors of Sec. IV, both the shift and uncer-
tainty increase dramatically as shown in Table IV. Due to the
increase of the predicted flux between 2 and 4 MeV, where the
IBD flux reaches a maximum, the total shift corresponds to
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2.3(13)%. Relative to the Huber predictions, this corresponds
to an increase in the isotope shift of around 60% even though
the uncertainty increases only by 30%. For the total rate
anomaly this corresponds to a shift of almost 40% even though
the uncertainty increases only by 13%.

Due to the limitations in the parametrization discussed
above, one could argue using only the 36 explicitly calculated
shape factors of Table I, but consider the uncertainty due
to the parametrization of nonunique forbidden shape factors
to represent a good estimate of the uncertainty due to the
neglect of all others present in the database. In this case,
we combine the central value shifts of Table III with the
uncertainties for the parametrized calculations of Table IV.
This then corresponds to an increase of the IBD rate by
0.8(13)% for every reactor. Once again combining this with
the normalization uncertainties common to all isotopes, this
leaves the significance of the rate anomaly unchanged as both
central value and uncertainty shift by ∼14%.

IX. CONCLUSION

We have, for the first time, calculated a significant number
of dominant forbidden β transitions above 4 MeV using
the nuclear shell model. As anticipated, a large fraction of
these show strongly deviating shape factors from the allowed
approximation. Even for pseudoscalar transitions, i.e., 
J =
0−, where shape factors are reasonably distributed around the
allowed form, the limited number of contributing branches
result in a net shift in the calculated electron and antineutrino
spectra. This observation is strongly augmented by the results
from transitions with 
J = 1−, 2−, as their shape factors
are strongly divergent from the allowed approximation. A
direct consequence of the inclusion of these results on the
cumulative spectrum shapes is a net decrease of the predicted
summation electron spectra by 1–2% in the region between 5
and 7 MeV, depending on what weak magnetism correction
is used to compare against. A similar increase on the order of
4–5% is observed in the corresponding antineutrino spectra in
the region between 4.5 and 7.5 MeV. We have investigated the
uncertainty of these results by changing the renormalization
of the axial vector coupling constant and axial charge, where
appropriate, and found them to be on the order of 0.5%. The
addition of an estimated theoretical uncertainty resulting from
nuclear structure calculations is unprecedented in this mass
range and within the context of the reactor anomaly.

In addition to the precise calculations described here,
we have shown that the contribution of allowed β spec-
tra to the electron and antineutrino flux dip (significantly)
below 50% over most of experimentally accessible range.
This occurs through a combination of fission yields and
branching ratios favoring forbidden spectra. This dominion
of forbidden spectra is particularly apparent in the region
of the spectral shoulder, which motivated us in an attempt
to generalize the contribution due to forbidden spectra. In
this spirit, we have attempted a parametrization of effec-

tive nonunique first-forbidden shape factors according to the
spin change 
J . Rather than assume an allowed shape, for
each branch we now sample from a distribution of spec-
tral shape based on the numerical results described above.
While this parametrization has limitations due to the ne-
glect of underlying nuclear structure considerations, the spec-
tral uncertainty arising from it is comparable to or larger
than the main systematic uncertainties in the Huber-Mueller
model.

We have combined these results with the fuel compositions
of the Daya Bay, RENO, and Double Chooz experiments
and interpreted our results in terms of the observed spectral
shoulder and rate anomaly. For the former, we find a spectral
distortion very similar in shape as to what is observed experi-
mentally, albeit with a lower magnitude. Due to the similarity
of the spectral changes of the different actinides and relatively
minor changes in fuel composition, our results are the same
for all three experiments. For the rate anomaly, we show that
our results increase the expected theoretical flux to varying de-
gree depending on whether or not the parametrization results
are taken into account. Using only the explicitly calculated
shape factors, we find an increase in the expected IBD rate
of 0.8(5)%. Using a proposed parametrization, this increase
rises to 2.3(13)%. When combining the central value from
the explicitly calculated shape factors with the uncertainty
of the parametrization, the statistical significance of the rate
anomaly remains unaltered.

Further, we have proposed that an increase in the average
slope of allowed shape factors can yield a solution to both
the rate anomaly and the spectral shoulder when combined
with the results presented here. We have provided theoretical
arguments and indications for why this could be the case. This
is currently under investigation.

Finally, the arguments presented here regarding an over-
simplified evaluation of allowed shape factors and the change
in calculated electron and antineutrino flux using state of the
art nuclear structure calculations point towards an underesti-
mate of the theoretical uncertainties which lies at the heart
of the reactor anomaly. As a consequence, it is clear that a
proper understanding of forbidden shape factors is invaluable
in the understanding of both the reactor anomaly and spectral
bump.
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APPENDIX: FLUX CHANGES AND UNCERTAINTIES

Tables VI–IX found below present a breakdown of all effects contributing to the final uncertainty of the relative spectrum
changes we have described in this paper. We do this for all four fission actinides, and make a distinction between the ‘Numerical’
results using only the explicitly calculated shape factors of Sec. V, and the extended results using a parametrization for the
remaining forbidden transitions.

TABLE VI. Results for the 235U spectrum. The errors in column 4 are completely uncorrelated, while those of column 5–7 are completely
correlated. Column 4 is the statistical uncertainty in the conversion procedure resulting from the spread in virtual branch end points and average
Z values. The bias uncertainty is the difference from unity in the agreement between the electron cumulative spectra in the different approaches.
Column 5 represents the uncertainty due to gA quenching as discussed in Sec. V B. Columns 4–6 contribute to the total uncertainty for the
numerical approach. The parametrized results receive additional uncertainty from the parametrization procedure, listed in column 7.

Value 1σ errors

Eν δN num. δN param. Conv. Bias gA Param. Total num. Total param.
(MeV) (%) (%) (%) (%) (%) (%) (%) (%)

2.0 0.1 0.4 0.3 0.0 0.1 +0.7
−0.5 0.1 +0.7

−0.5

2.25 −0.6 0.7 0.4 0.0 0.2 +1.0
−0.8 0.5 +1.1

−0.9

2.5 0.0 0.7 0.2 0.0 0.2 +0.3
−0.4 0.2 +0.4

−0.5

2.75 −0.1 1.2 0.0 0.0 0.3 +0.5
−0.5 0.3 0.6

3.0 −0.1 1.1 0.0 0.0 0.3 +0.5
−0.4 0.3 +0.6

−0.5

3.25 0.0 1.6 0.0 0.0 0.3 +0.5
−0.4 0.3 +0.6

−0.5

3.5 0.1 2.1 0.0 0.0 0.2 +0.4
−0.4 0.2 0.4

3.75 0.5 2.0 0.6 0.0 0.2 +0.5
−0.7 0.6 +0.8

−0.9

4.0 0.7 2.9 0.8 0.0 0.5 +1.3
−1.4 0.9 +1.6

−1.7

4.25 0.8 2.3 0.9 0.0 0.4 +1.3
−1.4 1.0 +1.6

−1.7

4.5 0.9 2.5 0.3 0.0 0.3 +1.3
−1.0 0.4 +1.3

−1.1

4.75 1.5 2.7 0.6 0.0 0.2 +0.9
−1.0 0.6 +1.1

−1.2

5.0 1.3 2.6 0.6 0.0 0.1 +1.0
−1.2 0.6 +1.2

−1.3

5.25 2.1 3.6 0.4 0.0 0.3 +1.0
−0.7 0.5 +1.1

−0.9

5.5 2.9 3.5 0.3 0.0 0.5 +0.8
−0.7 0.6 +1.0

−0.9

5.75 3.4 3.9 0.2 0.0 0.7 +0.8
−0.8 0.7 1.1

6.0 3.9 4.2 0.2 0.0 1.0 +0.9
−0.9 1.0 1.4

6.25 3.2 3.2 0.3 0.2 0.4 +0.8
−0.7 0.6 +1.0

−0.9

6.5 3.6 3.4 0.4 0.2 0.5 +0.9
−0.8 0.7 1.1

6.75 3.5 3.0 0.4 0.2 0.7 +1.0
−1.0 0.9 1.3

7.0 2.9 2.5 0.6 0.1 0.6 +1.4
−1.2 0.7 +1.6

−1.4

7.25 2.5 2.2 0.9 0.6 0.7 +2.3
−1.6 1.7 +2.8

−2.3

7.50 0.6 0.6 2.0 1.3 0.7 +3.7
−2.6 3.4 +5.0

−4.3

7.75 0.7 1.0 6.3 3.6 0.4 +4.1
−5.3 9.9 +10.7

−11.2

8.0 −1.0 −4.0 19.0 5.5 0.6 +11.0
−9.1 22.1 +24.7

−23.9

TABLE VII. Results for the 238U spectrum. The errors in column 4 are completely uncorrelated, while those of column 5–7 are completely
correlated.

Value 1σ errors

Eν δN num. δN param. Conv. Bias gA Param. Total num. Total param.
(MeV) (%) (%) (%) (%) (%) (%) (%) (%)

2.0 −0.1 0.1 0.0 0.1 0.5 +0.1
−0.1 0.5 +0.5

−0.5

2.25 −0.1 0.4 0.0 0.0 0.2 +0.1
−0.1 0.2 +0.2

−0.2

2.5 −0.2 0.5 0.0 0.0 0.4 +0.1
−0.2 0.4 +0.4

−0.4

2.75 −0.2 0.8 0.0 0.0 0.4 +0.2
−0.2 0.4 +0.4

−0.4

3.0 −0.2 0.8 0.0 0.0 0.4 +0.3
−0.3 0.4 +0.5

−0.5

3.25 0.1 1.2 0.0 0.0 0.5 +0.4
−0.4 0.5 +0.6

−0.6

3.5 0.0 1.6 0.1 0.0 0.6 +0.4
−0.4 0.6 +0.7

−0.7

3.75 0.2 1.7 0.1 0.0 0.6 +0.5
−0.4 0.6 +0.8

−0.7
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TABLE VII. (Continued.)

Value 1σ errors

Eν δN num. δN param. Conv. Bias gA Param. Total num. Total param.
(MeV) (%) (%) (%) (%) (%) (%) (%) (%)

4.0 0.4 2.2 0.1 0.1 0.7 +0.6
−0.4 0.7 +0.9

−0.8

4.25 0.6 2.3 0.1 0.1 0.7 +0.8
−0.6 0.7 +1.0

−0.9

4.5 0.9 2.0 0.1 0.0 0.5 +1.0
−0.7 0.5 +1.1

−0.9

4.75 1.5 1.6 0.4 0.2 0.4 +1.3
−0.6 0.6 +1.4

−0.8

5.0 0.0 1.9 2.0 0.0 0.3 +2.0
−1.9 2.0 +2.8

−2.8

5.25 1.3 3.2 1.2 0.1 0.2 +1.4
−1.3 1.2 +1.9

−1.8

5.5 2.6 4.3 1.7 0.0 0.4 +1.7
−1.5 1.7 +2.4

−2.3

5.75 2.8 3.6 1.3 0.2 0.6 +2.6
−2.8 1.4 +3.0

−3.2

6.0 2.0 3.0 2.3 0.2 0.9 +2.2
−2.5 2.5 +3.3

−3.5

6.25 1.5 3.0 2.4 0.2 0.5 +1.0
−1.0 2.5 +2.7

−2.7

6.5 2.3 3.4 1.6 0.0 0.6 +1.0
−1.3 1.7 +2.0

−2.1

6.75 2.1 2.9 1.1 0.2 0.8 +1.2
−1.5 1.4 +1.8

−2.0

7.0 1.5 1.6 0.8 0.2 0.3 +2.0
−1.5 0.9 +2.2

−1.7

7.25 2.3 1.6 2.2 0.1 0.3 +2.8
−2.9 2.2 +3.6

−3.7

7.50 −0.4 −0.2 5.1 0.3 0.1 +5.2
−2.6 5.1 +7.3

−5.7

7.75 1.3 2.3 5.3 0.3 0.3 +5.4
−6.4 5.3 +7.6

−8.3

8.0 −1.7 2.2 5.9 0.6 0.3 +6.7
−4.2 5.9 +9.0

−7.3

TABLE VIII. Results for the 239Pu spectrum. The errors in column 4 are completely uncorrelated, while those of column 5–7 are completely
correlated.

Value 1σ errors

Eν δN num. δN param. Conv. Bias gA Param. Total num. Total param.
(MeV) (%) (%) (%) (%) (%) (%) (%) (%)

2.0 −0.8 0.7 0.6 0.1 0.3 +0.8
−1.0 0.7 +1.0

−1.2

2.25 0.0 0.3 0.8 0.0 0.4 +1.2
−0.8 0.9 +1.5

−1.2

2.5 −0.3 1.6 0.7 0.0 0.4 +0.9
−1.0 0.8 +1.2

−1.3

2.75 −0.1 1.3 0.1 0.0 0.3 +0.7
−0.6 0.3 +0.8

−0.7

3.0 −0.1 1.4 0.1 0.0 0.3 +0.8
−0.5 0.3 +0.9

−0.6

3.25 0.0 1.9 0.1 0.0 0.2 +0.7
−0.6 0.2 +0.7

−0.6

3.5 0.1 2.7 0.0 0.0 0.2 +0.7
−0.6 0.2 +0.7

−0.6

3.75 0.4 2.9 0.0 0.1 0.2 +0.7
−0.6 0.2 +0.7

−0.6

4.0 0.6 2.7 0.1 0.1 0.4 +1.2
−1.4 0.4 +1.3

−1.5

4.25 0.9 3.2 0.2 0.0 0.3 +0.9
−0.9 0.4 +1.0

−1.0

4.5 1.0 3.3 0.3 0.0 0.2 +0.7
−0.9 0.4 +0.8

−1.0

4.75 1.5 3.9 0.5 0.1 0.2 +0.8
−1.0 0.5 +1.0

−1.1

5.0 1.9 4.0 0.2 0.3 0.3 +0.7
−0.9 0.5 +0.8

−1.0

5.25 2.2 4.4 0.1 0.3 0.5 +0.8
−0.8 0.6 +1.0

−1.0

5.5 2.5 4.2 0.1 0.1 0.7 +0.7
−0.7 0.7 +1.0

−1.0

5.75 3.2 4.5 0.1 0.2 0.8 +0.6
−0.6 0.8 +1.0

−1.0

6.0 3.9 4.7 0.1 0.7 1.1 +0.7
−0.5 1.3 +1.5

−1.4

6.25 4.2 3.7 0.3 0.7 1.1 +0.8
−0.7 1.3 +1.6

−1.5

6.5 4.2 3.7 0.4 0.4 0.4 +0.7
−0.8 0.7 +1.0

−1.0

6.75 3.9 3.4 0.7 0.1 0.5 +0.9
−0.8 0.9 +1.2

−1.2

7.0 3.0 3.0 0.5 1.0 0.4 +1.2
−1.1 1.2 +1.7

−1.6

7.25 2.4 2.5 0.3 2.0 0.5 +2.0
−1.6 2.1 +2.9

−2.6

7.50 1.1 2.0 0.7 2.5 0.6 +3.6
−2.7 2.7 +4.5

−3.8

7.75 −1.1 −1.4 7.3 0.0 0.4 +8.1
−7.1 7.3 +10.9

−10.2

8.0 −2.2 7.6 16.1 9.5 0.5 +20.1
−14.8 18.7 +27.5

−23.8
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TABLE IX. Results for the 241Pu spectrum. The errors in column 4 are completely uncorrelated, while those of column 5–7 are completely
correlated.

Value 1σ errors

Eν δN num. δN param. Conv. Bias gA Param. Total num. Total param.
(MeV) (%) (%) (%) (%) (%) (%) (%) (%)

2.0 −0.1 0.4 0.1 0.0 0.3 +0.2
−0.2 0.3 +0.4

−0.4

2.25 −0.2 0.6 0.4 0.0 0.3 +0.3
−0.3 0.5 +0.6

−0.6

2.5 −0.2 0.8 0.4 0.0 0.4 +0.5
−0.4 0.6 +0.8

−0.7

2.75 −0.1 1.1 0.8 0.0 0.4 +0.3
−0.3 0.9 +0.9

−0.9

3.0 −0.1 1.2 0.1 0.0 0.4 +0.2
−0.2 0.4 +0.5

−0.5

3.25 −0.1 1.5 0.1 0.0 0.5 +0.2
−0.2 0.5 +0.5

−0.5

3.5 0.0 1.8 0.0 0.0 0.5 +0.3
−0.2 0.5 +0.6

−0.5

3.75 0.2 1.8 0.1 0.1 0.5 +0.4
−0.6 0.5 +0.7

−0.8

4.0 0.0 1.5 1.0 0.0 0.6 +0.6
−0.5 1.2 +1.3

−1.3

4.25 0.6 2.0 0.4 0.1 0.5 +1.0
−1.0 0.7 +1.2

−1.2

4.5 1.0 2.0 0.2 0.1 0.4 +1.4
−1.1 0.5 +1.5

−1.2

4.75 1.4 2.3 0.1 0.0 0.3 +1.6
−1.3 0.3 +1.6

−1.3

5.0 1.6 2.4 0.1 0.1 0.3 +1.3
−1.4 0.3 +1.3

−1.4

5.25 1.8 2.7 0.2 0.1 0.5 +1.0
−1.1 0.5 +1.1

−1.2

5.5 2.5 3.6 0.5 0.0 0.7 +0.7
−0.7 0.9 +1.1

−1.1

5.75 3.6 4.9 0.3 0.0 0.9 +1.3
−1.1 0.9 +1.6

−1.5

6.0 4.3 5.1 0.9 0.1 1.3 +2.0
−2.0 1.6 +2.6

−2.6

6.25 3.9 3.7 0.9 0.1 1.4 +1.4
−1.4 1.7 +2.2

−2.2

6.5 3.6 3.9 0.5 0.1 0.6 +1.2
−1.1 0.8 +1.4

−1.4

6.75 3.5 3.5 0.5 0.0 0.9 +1.4
−1.1 1.0 +1.7

−1.5

7.0 2.6 2.4 0.4 0.3 0.3 +2.0
−1.4 0.6 +2.1

−1.5

7.25 1.8 1.1 0.5 0.3 0.4 +3.1
−3.3 0.7 +3.2

−3.4

7.50 0.8 −0.2 3.6 0.5 0.4 +4.2
−4.3 3.7 +5.6

−5.7

7.75 2.2 5.0 5.1 0.5 0.2 +7.5
−7.9 5.1 +9.1

−9.4

8.0 4.6 0.3 4.0 0.5 0.3 +10.5
−9.7 4.0 +11.3

−10.5
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A dedicated study of the quenching of the weak axial-vector coupling strength gA in nuclear pro-
cesses has been performed by the COBRA collaboration. This investigation is driven by nuclear model 
calculations which show that the β-spectrum shape of the fourfold forbidden non-unique decay of 
113Cd strongly depends on the effective value of gA. Using an array of CdZnTe semiconductor detectors, 
45 independent 113Cd spectra were obtained and interpreted in the context of three nuclear mod-

els. The resulting effective mean values are gA(ISM) = 0.915 ± 0.007, gA(MQPM) = 0.911 ± 0.013 and 
gA(IBFM-2) = 0.955 ± 0.022. These values agree well within the determined uncertainties and deviate 
significantly from the free value of gA. This can be seen as a first step towards answering the long-
standing question regarding quenching effects related to gA in low-energy nuclear processes.

© 2019 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The potential quenching of the weak axial-vector coupling 
strength gA in nuclei is of general interest, e.g. in nuclear as-
trophysics, rare single β-decays as well as double β-decays. The 
predicted rate for neutrinoless double beta (0νββ) decay, in par-
ticular in the case of light Majorana neutrino exchange, depends 
strongly on the numerical value of gA through the leading Gamow-

Teller part of the 0νββ nuclear matrix element (NME). A wide 
set of nuclear-theory frameworks has been adopted to calculate 
the value of this NME [1–5] but the associated quenching of gA

* Corresponding author.
E-mail address: stefan.zatschler@tu-dresden.de (S. Zatschler).

has not been addressed quantitatively. The effective value of gA
can be considerably quenched at least in low-energy processes 
such as single β-decays and two-neutrino double beta (2νββ) de-
cays [6–14]. This quenching can strongly affect the sensitivity of 
the presently running 0νββ-experiments [15] including GERDA 
[16] and the MAJORANA DEMONSTRATOR [17] (76Ge), NEMO-3 
[18–21] (82Se, 96Zr, 100Mo, 116Cd), COBRA [22] (116Cd), CUORE 
[23] (130Te), EXO-200 [24] and KamLAND-Zen [25] (136Xe) and 
future projects such as LEGEND [26] (76Ge), SuperNEMO [27], 
AMoRE [28] and LUMINEU [29] (100Mo), MOON [30] (82Se, 100Mo), 
AURORA [31] (116Cd), SNO+ [32] and CUPID [33] (130Te), NEXT-
100 [34] as well as nEXO [35] and PandaX-III [36] (136Xe). Since 
0νββ-decay is a high-momentum exchange process of ∼100 MeV 
it is not clear how the results obtained for the quenching of gA

https://doi.org/10.1016/j.physletb.2019.135092

0370-2693/© 2019 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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in the low-momentum exchange single β-decays and 2νββ-decays 
can be translated to 0νββ-decay. Nevertheless, the conversion 
from the potentially measured 0νββ-decay half-lives into a Ma-

jorana neutrino mass has a strong gA dependence due to the in-
volved Gamow-Teller NME. This is why it is important to study 
the quenching of gA in as many ways as possible, even in low-
energy processes, like single β-decays. The quenching of gA at 
low energies has several different sources: Non-nucleonic de-
grees of freedom (e.g. delta resonances) and giant multipole res-
onances (like the Gamow-Teller giant resonance) removing tran-
sition strength from low excitation energies. Further sources of 
quenching (or sometimes enhancement, see [37]) are nuclear pro-
cesses beyond the impulse approximation (in-medium meson-

exchange or two-body weak currents) and deficiencies in the 
handling of the nuclear many-body problem (too small single-
particle valence spaces, lacking many-body configurations, omis-

sion of three-body nucleon-nucleon interactions, etc.). Different 
methods have been introduced to quantify the quenching effect in 
decay processes of low momentum exchange (see the review [38]). 
One method recently proposed exploits the dependence of the 
β-spectrum shape of highly-forbidden non-unique decays on gA. 
This approach will be introduced in the following.

1.1. The spectrum-shape method

In Ref. [39] it was proposed that the shapes of β-electron spec-
tra could be used to determine the values of the weak coupling 
strengths by comparing the shape of the computed spectrum with 
the measured one for forbidden non-unique β-decays. This method 
was coined the spectrum-shape method (SSM) and its potential in 
determining the values of the weak coupling strengths gV (vector 
part) and gA (axial-vector part) is based on the complexity of the 
β-electron spectra. The corresponding β-decay shape factor C(we), 
we being the total energy of the emitted electron (β−-decay) or 
positron (β+-decay) in units of me , is an involved combination of 
different NMEs and phase-space factors [40] and can be decom-

posed [39] into vector, axial-vector and mixed vector-axial-vector 
parts in the form

C(we) = g2A

[
CA(we) + gV

gA
CVA(we) +

(
gV
gA

)2

CV(we)

]
. (1)

In Ref. [39] also the next-to-leading-order corrections to C(we)

were included. In the same reference it was noticed that

the β-spectrum shape for the fourfold forbidden non-unique 
(� Jπ = 4+) ground-state-to-ground-state β−-decay branch
113Cd(1/2+) → 113In(9/2+) is highly sensitive to the ratio gV/gA
in Eqn. (1), and hence a comparison of the calculated spectra with 
the one measured by e.g. Belli et al. [41] could open a way to de-
termine the value of this ratio. In Ref. [39] the theoretical electron 
spectra were computed by using the microscopic quasiparticle-
phonon model (MQPM) [42] and the interacting shell model (ISM). 
This work was extended in [43] to include a comparison with 
the results of a third nuclear model, the microscopic interacting 
boson-fermion model (IBFM-2) [44]. The studies [39,43] were con-
tinued by the works [45] and [46] where the evolution of the 
β-spectra with changing value of gV/gA was followed for a num-

ber of highly-forbidden β−-decays of odd-A nuclei (MQPM and 
ISM calculations) and even-A nuclei (ISM calculations).

There are also some potential uncertainties related to the SSM. 
One problem is the delicate balance of the vector, axial-vector and 
mixed vector-axial-vector parts in Eqn. (1) in the range where the 
SSM is most sensitive to the ratio gV/gA. At this point one has to 

rely on results which require cancellations at a sub-percent level 
(see the review [38]). On the other hand, this point of cancellation 
seems to be similar for different nuclear models and quite insensi-
tive to the parameters of the adopted model Hamiltonians and the 
details of the underlying mean field. Nevertheless, quantification 
of the associated uncertainties is non-trivial and here we estimate 
the systematic uncertainty in the extracted values of gA (assum-

ing vector-current conservation, gV = 1) by using three different 
nuclear-model frameworks (ISM, MQPM, IBFM-2) in our computa-

tions. One particular problem of the present calculations is that the 
used nuclear models cannot predict the half-life of 113Cd and the 
electron spectral shape for consistent values of gA and gV. This was 
already pointed out in Ref. [39] and further elaborated in Ref. [43]. 
The reason for this could be associated with the deficiencies of the 
adopted nuclear Hamiltonians in the presently discussed nuclear 
mass region A ∼ 110 and/or a need for a more nuanced treatment 
of the effective renormalization of the weak coupling constants, 
separately for different transition multipoles, like done in the con-
text of first-forbidden non-unique transitions (see the examples in 
the review [38]). One has also to bear in mind that the half-life 
depends on the values of both gA and gV whereas the normalized 
spectrum shape depends only on the ratio of them. Thus the SSM 
can be used to fix the ratio gV/gA whereas the half-life can be 
used to fix the absolute value of e.g. gA.

1.2. Previous studies on 113Cd

The fourfold forbidden non-unique β-decay of 113Cd was stud-
ied before using different experimental techniques. The main fo-
cus was to determine its Q -value and half-life. Among them are 
low-background experiments using CdWO4 scintillator crystals and 
CdZnTe semiconductor detectors like the COBRA experiment [51]. 
A summary of the most recent studies is given in Table 1. The most 
precise half-life measurement was achieved with a CdWO4 scintil-

lator in 2007 [41]. The same CdWO4 crystal was already used ten 
years before in a similar study [48]. CdWO4 scintillators reach typ-
ically lower thresholds, but feature a worse energy resolution com-

pared to CdZnTe solid state detectors as used for COBRA. Addition-
ally, the 113Cd β-decay was investigated with early predecessors of 
the current COBRA demonstrator [49,50]. The latter study resulted 
in a half-life of (8.00 ± 0.11 (stat.) ± 0.24 (syst.)) × 1015 years and 
a Q -value of 322.2 ± 0.3 (stat.) ± 0.9 (syst.) keV. It is notewor-
thy that this Q -value is in perfect agreement with the accepted 
AME2016 value of Q β = 323.83 ± 0.27 keV [47] while it is several 
10 keV off for Ref. [41]. The other studies listed in Table 1 do not 
include an experimentally determined Q -value.

In addition, first attempts to describe the β-spectrum shape 
with conventional shape factors were pursued. All previous studies 
assumed that the 113Cd β-decay can be described approximately 
with a shape factor corresponding to a threefold forbidden unique 
decay (� Jπ = 4−). This is a clear oversimplification probably due 
to the lack of accurate calculations at that time. Furthermore, the 
extracted shape factors are inconclusive as pointed out in Ref. [41]
and [50]. The authors of Ref. [41] already mentioned that there 
is a discrepancy between the assumed polynomial fit and the ex-
perimental spectrum above 250 keV, if the Q -value is fixed to 
the accepted value quoted above. Nowadays, there is no justifica-
tion to assume such an oversimplified parametrization. Instead, the 
present work is based on the SSM using calculations of the full ex-
pression for transitions with � Jπ = 4+ .

More recently, the COBRA collaboration used the 113Cd β-decay 
to investigate the demonstrator’s detector stability by monitoring 
the average decay rate over the time scale of several years [52]. 
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Table 1
Summary of the most important previous 113Cd studies. Listed are the detection threshold Eth, the isotopic exposure for 113Cd, the energy resolution quoted as FWHM at the 
accepted AME2016 Q -value [47], the signal-to-background ratio as well as the experimentally determined half-life T1/2. Statistical and systematic uncertainties were added 
in quadrature, if quoted separately.

Detector material Eth / keV isotop. exp. / kg d FWHM / keV S/B ratio T1/2 / 1015 yrs Ref., year

CdWO4, 454 g 44 0.31 ∼49 ∼50 7.7± 0.3 [48], 1996

CdZnTe, 3×5.9 g 100 0.05 ∼43 ∼8 8.2+0.3
−1.0 [49], 2005

CdWO4, 434 g 28 1.90 ∼47 ∼56 8.04± 0.05 [41], 2007

CdZnTe, 11×6.5 g 110 0.38 ∼20 ∼9 8.00± 0.26 [50], 2009

CdZnTe, 45×6.0 g 84 2.89 ∼18 ∼47 – present work

Such a continuous data-taking was not achieved in any experiment 
dedicated to the study of long-lived β-decays before. The analysis 
threshold for this particular study was ∼170 keV, which is com-

paratively high. It was chosen to ensure that the stability study is 
representative for the whole energy range interesting for ββ-decay 
searches with COBRA excluding noise near the detection thresh-
old. On the other hand, this drastically limits the available 113Cd 
energy range. Following this study, modifications on the hardware 
and software level were made to optimize the demonstrator setup 
for a dedicated low-threshold run with the aim to investigate the 
113Cd β-electron spectrum shape with high precision.

In this article we present the results of a dedicated 113Cd mea-

surement campaign with the COBRA demonstrator. This study fea-
tures the best signal-to-background ratio of all previous CdZnTe 
analyses, high statistics, a good energy resolution and moderate 
thresholds while providing 45 independent β-spectra of the tran-
sition 113Cd(1/2+) → 113In(9/2+). The data will be used to eval-
uate quenching effects of gA in the context of the three nuclear 
models (ISM, MQPM, IBFM-2) using the SSM as introduced in sec-
tion 1.1.

2. Experimental setup

The COBRA collaboration searches for ββ-decays with room 
temperature CdZnTe (CZT) semiconductor detectors. As 0νββ-decay 
is expected to be an extremely rare process, the experiment is lo-
cated at the Italian Laboratori Nazionali del Gran Sasso (LNGS), 
which is shielded against cosmic rays by 1400 m of rock. Cur-
rently, it comprises 64 coplanar-grid (CPG) detectors arranged in 
four layers of 4 × 4 crystals. This stage of the experiment is re-
ferred to as the COBRA demonstrator [53]. Each crystal has a size 
of about 1×1×1 cm3 and a mass of about 6.0 g. All of them are 
coated with a clear encapsulation known to be radio-pure. In pre-
vious iterations of the experiment it was found that the formerly 
used encapsulation lacquer contained intrinsic contaminations on 
the order of 1 Bq/kg for the long-lived radio-nuclides 238U, 232Th 
and 40K. The new encapsulation lacquer has been investigated with 
ICP-MS at the LNGS, which confirmed the improved radio-purity 
with determined specific activities on the order of 1 mBq/kg for 
238U and 232Th and about 10 mBq/kg for 40K. The four layers are 
framed by polyoxymethylene holders which are installed in a sup-
port structure made of electroformed copper. The inner housing is 
surrounded by 5 cm of electroformed copper, followed by 5 cm of 
ultra-low activity lead (< 3 Bq/kg of 210Pb) and 15 cm of standard 
lead. Additionally, the inner part is enclosed in an air-tight sealed 
box of polycarbonate, which is constantly flushed with evaporated 
nitrogen to suppress radon-induced background. Outside the inner 
housing the first stage of the read-out electronics is located. The 
complete setup is enclosed by a construction of iron sheets with a 
thickness of 2 mm, which acts as a shield against electromagnetic 
interferences. The last part of the shielding is a layer of 7 cm bo-

rated polyethylene with 2.7 wt.% of boron to effectively suppress 
the external neutron flux.

Charge-sensitive pre-amplifiers integrate the current pulses in-
duced by particle interactions with the sensitive detector volume 
and convert the single-ended detector pulses into differential sig-
nals in order to minimize electronic noise during transmission. 
After linear amplification, the pulse shapes are digitized using 
100 MHz flash analog-to-digital converters (FADCs) with a sample 
length of 10 μs. Each FADC has eight input channels allowing for 
the read-out of four CPG detectors with two anode signals each. 
The clock speed and potential offset of the individual FADCs are 
corrected with the help of artificial pulses injected by a genera-
tor into the data acquisition chain. These are processed like real 
detector signals and provide well-defined synchronization points 
for an offline synchronization of the data. After this it is possi-
ble to identify and reject multi-detector hits for single detector 
analyses. The achievable accuracy of the time synchronization is 
about 0.1 ms. Additional key instruments in background suppres-
sion for COBRA are the reconstruction of the so-called interaction 
depth [54] and the use of pulse-shape discrimination techniques 
[55,56]. The interaction depth z is referred to as the normalized 
distance between the anode grid (z = 0) and the planar cathode 
(z = 1).

3. Data-taking and event selection

3.1. Run preparation

In preparation of a dedicated 113Cd run, the potential of opti-
mizing the COBRA demonstrator towards minimum threshold oper-
ation was studied in detail. One major improvement was achieved 
by exchanging the coolant in the cooling system of the pre-
amplifier stage, which allows operation at lower temperatures. The 
direct cooling of the first stage of the electronics dramatically re-
duces the thermal component of the signal noise while at the same 
time the detector performance benefits from an ambient temper-

ature slightly below room temperature. The temperature inside 
the inner shield of the experiment is monitored by several sen-
sors at different positions. In agreement with previous studies on 
CPG-CZT detectors [57] an optimal temperature was found to be 
around 9◦ C. The crystals themselves are not cooled directly, but 
through convection and radiation cooling they are kept at the same 
temperature as the surrounding shielding components. For each 
temperature set the optimal trigger threshold for every channel 
had to be determined after reaching the thermal equilibrium. This 
was done by monitoring the average trigger rate on a daily basis 
and adjusting the individual thresholds accordingly. While accom-

plishing this optimization, the worst-performing detector channels 
were switched off to prevent potential sources of electromagnetic 
interferences and crosstalk. The COBRA demonstrator was then 
calibrated at the point of best performance and the dedicated 
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113Cd data-taking period was started. It lasted from Jul.’17 until 
Feb.’18. During this period, the individual trigger thresholds Eth
were mostly kept at the same level resulting in an average of 
Eth = 83.9 ± 14.8 keV considering the average energy resolution 
in terms of FWHM at this energy. It should be noted that this is 
not the minimum amount of energy E0 that can be measured by 
the detectors, but includes a correction function fcor(z) depending 
on the interaction depth z to ensure that the spectrum shape is 
not distorted by the event reconstruction (see Ref. [54]).

Eth = E0 · fcor(z), with fcor(0) ≈ 1.6. (2)

Furthermore, an analysis threshold Ẽth is introduced by modifying 
Eqn. (2) to Ẽth = Eth + 8 keV as will be motivated in section 4.2. 
Such a careful and conservative threshold correction is not dis-
cussed in the previous studies summarized in Table 1. The individ-
ual detector thresholds Eth range from 44 keV to 124 keV, whereas 
the 18 best detectors were operated below or around 70 keV and 
only the four worst-performing at 124 keV. For comparison, the 
threshold quoted in Ref. [41] using a CdWO4 scintillator can be re-
ferred to as 28 ± 14 keV considering the given energy resolution. 
This is not far away from what has been achieved in the present 
study, where in addition a much higher number of detector chan-
nels could be used.

3.2. Detector calibration and characterization

The energy calibration of each detector was done using the 
radio-nuclides 22Na, 152Eu and 228Th providing γ -lines in the 
range from 121.8 keV to 2614.5 keV. Each line was fitted with 
a Gaussian plus a polynomial function to take into account the 
underlying Compton continuum. The calibration is done by a lin-
ear fit of the peak position in channel numbers versus the known 
γ -line energy. Using the fit results, the energy resolution quoted 
as full-width at half-maximum (FWHM) can be parametrized for 
each detector separately as

FWHM(E) =
√
p0 + p1 · E + p2 · E2, pi > 0. (3)

The parameter p0 is independent of the deposited energy and ac-
counts for a constant contribution from noise. The second term 
scales with 

√
E and is motivated by the Poisson fluctuations of the 

charge carrier production while the third term is a rather small 
correction for detector effects. With the parametrization given in 
Eqn. (3) the achieved mean relative resolution FWHM(E)/E ranges 
from 12.5 ± 0.6% at 121.8 keV to 1.7 ± 0.1% at 2614.5 keV includ-
ing the uncertainty on the mean. The spread of the FWHM(E)/E
distribution can be expressed by the according standard deviations 
of 4.0% (121.8 keV) and 0.7% (2614.5 keV).

3.3. Detector pool selection

To ensure stable operation during the dedicated 113Cd run, data 
with only a subset of the 64 installed detectors was collected. 
Three detectors were known to suffer from problems with the 
data acquisition electronics and unreliable contacting. Those were 
switched off from the very beginning. In addition, twelve detectors, 
that had to be operated with a threshold higher than 200 keV, 
were switched off subsequently during the setup optimization. 
Four additional detectors showed an altered performance compar-

ing the results of calibration measurements during the 113Cd run.

The data of those were excluded from the final spectrum shape 
analysis. In the end, 45 out of 49 operated detectors qualified for 
the analysis with an average exposure of 1.10 kgd per detector. 
Two detectors were partly disabled and feature a reduced expo-
sure of 0.29 kgd and 0.79 kgd, respectively. Using the natural 
abundance of 113Cd of 12.225% [58] in combination with the mo-

lar mass fraction of cadmium in the detector material, referred to 
as Cd0.9Zn0.1Te, it follows that the 113Cd isotopic exposure makes 
up for 5.84% of the total exposure. The combined isotopic exposure 
of all selected detectors adds up to 2.89 kgd.

3.4. Event selection

The standard COBRA selection cuts are used in the 113Cd analy-
sis (see [59] for reference). Firstly, coincidences between all opera-
tional detectors are rejected, which is possible after synchronizing 
the 16 FADC clocks. The coincidence time window used to de-
clare two events as simultaneous is set to 0.1 ms. The experiment’s 
timing accuracy is about a factor of 30 better than achieved in pre-
vious studies (e.g. Ref. [41], 3.16 ms), which minimizes the loss 
of events due to random coincidences caused by potential 113Cd 
decays in different source crystals. The next stage consists of a 
set of data-cleaning cuts (DCCs) to remove distorted and unphys-
ical events. The validity of those cuts was checked with a special 
run, where all channels of the same FADC were read out, if the 
trigger condition was fulfilled for a single channel. The triggered 
event trace was then rejected and only the remaining baseline 
pulses were analyzed. Those pulses were treated as a proxy for 
noise-only signals. It was found that 99.8 ±0.1% of the untriggered 
events are rejected by the DCCs while there is no significant vari-
ation between single channels. The signal acceptance of the DCCs 
is sufficiently constant over the 113Cd energy range and has been 
determined to 87.5 ± 0.6%. After applying the DCCs the remain-

ing events of the noise-only data are limited to energies < 40 keV, 
which is well below the anticipated analysis threshold. Part of the 
DCCs is also a mild cut on the interaction depth z to remove near-
anode reconstruction artifacts. The interaction depth is further re-
stricted to remove events with an unphysically high z. The depth 
selection is optimized for each detector individually and covers, for 
the majority, the range 0.2 < z ≤ 0.97. No further pulse-shape dis-
crimination cuts are necessary since the 113Cd decay is by far the 
strongest signal for COBRA at low energies.

3.5. Background description

Above the 113Cd Q -value, the measured count rate drops by at 
least two orders of magnitude. Compared to the previous COBRA 
study [50], this is an improvement of about one order magnitude. 
The maximum count rate for the combined 113Cd spectrum of all 
detectors (see Fig. 1) is about 175 cts/(kg keVd) at 150 keV and 
drops sharply to below 1.5 cts/(kg keVd) at 400 keV. The back-
ground decreases exponentially for higher energies and is studied 
up to ∼10 MeV.

Previous CdWO4 studies limited the background study to much 
lower energies, e.g. in Ref. [41] for a first background run up to 
1.7 MeV and for the 113Cd data-taking to 0.6 MeV. In the high-
energy region two α-decay peaks are present originating from 
190Pt (Qα = 3.2 MeV) and 210Po (Qα = 5.4 MeV). Platinum is part 
of the electrode metalization while 210Po is a daughter nucleus of 
the radon decay chain. Both event populations are removed com-

pletely by a cut on the interaction depth due to their localized 
origin on the cathode side (see e.g. Ref. [22], Fig. 2). Nonethe-
less, surface contaminations with radio-nuclides, especially from 
the radon decay chain, are found to be the dominating source 
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Fig. 1. Combined data of all detectors compared to the MC background prediction 
for the 113Cd energy range. Considered are the 222Rn, 232Th and 238U decay chains 
as well as 40K with different origins of the primary decays.

of background for the search for 0νββ-decay. In the most re-
cent 0νββ-decay search of COBRA, the background index for the 
116Cd (Q ββ = 2.8 MeV) region of interest (ROI) is quoted as 
2.7 cts/(kg keVyr) [59]. The background in this energy range is 
expected to be dominated by α-decays on the lateral surfaces. 
The α-particles have to pass through the encapsulation lacquer 
of about 20 μm thickness before they can deposit energy in the 
sensitive detector volume. Because of the inhomogeneity of the 
lacquer, the according α-spectrum is strongly deteriorated with-
out a noticeable peak position. Near the 113Cd ROI there are only 
two prominent γ -lines visible in the combined spectrum of all de-
tectors. These lines originate from the decays of 214Pb (351.9 keV) 
and 214Bi (609.3 keV) as short-living 222Rn daughters and corre-
spond to the dominant de-excitation processes. In Dec.’17 there 
was a short period without nitrogen flushing of the inner shield 
of the experiment contributing to the overall radon exposure. Nev-
ertheless, the effect on the spectrum shape is completely negligi-
ble since the γ -lines only produce weak Compton continua. The 
background contribution to the 113Cd region is estimated with a 
Monte Carlo (MC) simulation based on GEANT4 [60] using the 
shielding physics list, which is recommended for low-background 
experiments. The background projection considers the 222Rn decay 
chain within the gas layer of the geometry and near-detector con-
taminants from the 238U and 232Th decay chains as well as 40K. 
Impurities of the primordial radio-nuclides can only contribute 
marginally to the background due to the observed absence of char-
acteristic prompt γ -lines, such as the de-excitation lines of 208Tl 
at 583.2 keV and 2614.5 keV. The signal-to-background ratio can 
be calculated as the integral over the 113Cd ROI, defined by the 
average threshold of Eth = 83.9 keV and the Q -value, for the 
experimental data and MC prediction. This leads to S/B ≈ 46.8, 
which is comparable to former CdWO4 studies and about a factor 
of five better than previous COBRA studies (see Table 1). It should 
be noted that the background composition for the dedicated 113Cd 
run is different compared to the latest 0νββ-decay analysis using 
data of the same setup from Oct.’11 to Sept.’16 [59]. There is no 
indication for the previously observed annihilation line at 511 keV 
or the 40K γ -line at 1460.8 keV. One reason for this is that no 
pulse-shape discrimination cuts are used in the present analysis 
because the efficiency of those is rather poor at low energies. Fur-
thermore, there is no sign for a contribution of the 113mCd β-decay 
(Q β = 585.7 keV, T1/2 = 14.1 yr) as considered in Ref. [41]. Since 
the detectors have been underground at the LNGS since at least 
3.5 years (installation of first detectors in Sept.’11, finalized setup 
since Nov.’13), short-lived cosmogenics affecting the low-energy 
region decayed away.

The ratio of the integrals over the 113Cd ROI and the total 
combined spectrum is 99.84%, indicating again the overwhelming 
dominance of the 113Cd decay for COBRA.

4. Analysis

4.1. Preparation of templates

The measured β-spectra are compared to sets of 113Cd tem-

plate spectra calculated in different nuclear models in dependence 
on gA. The calculations have been carried out for gA ∈ [0.8, 1.3]
in 0.01 steps with an energy binning of about 1 keV. The up-
per bound of this range is motivated by the free value of the 
axial-vector coupling gfreeA = 1.276(4) [61]. In order to compare 
the data for arbitrary gA values in the given range of the orig-
inal templates, so-called splines are used to interpolate the bin 
content between different values of gA for each energy bin. In 
contrast to a conventional parameter fit, no optimization process 
is involved since a spline is uniquely defined as a set of polyno-
mial functions over a range of points (xn, yn), referred to as knots, 
and a set of boundary conditions. Per definition the original tem-

plates forming the knots are contained in the spline. For the spline 
construction, the TSpline3 class of the ROOT [62] software pack-
age is used, which utilizes polynomials of grade three. For the 
comparison with the data, the finite energy resolution and the 
electron detection efficiency have to be taken into account. This 
is done by folding the templates with the detector-specific energy 
resolution and the energy dependent detector response function 
εdet(E). The latter is determined via a MC simulation assuming 
an average xy-dimension of 10.2 mm and a height of 10.0 mm 
to model the cubic CdZnTe crystals. It utilizes mono-energetic 
electrons of starting energies Ei , which are homogeneously dis-
tributed over the complete volume, and comprises 106 electrons 
for Ei ∈ [4, 340] keV in steps of 4 keV. The resulting response ma-

trix also takes into account partial energy loss of the electrons and 
is used to extract εdet(E) in form of a polynomial. The small de-
viations observed for the xy-dimension of individual crystals are 
treated as a systematic uncertainty (see section 4.4). Nevertheless, 
these variations are expected to have a rather small effect since 
the intrinsic detection efficiency εint for such low energies is very 
high. At the Q -value of 113Cd it can be quoted as εint(Q β) = 97.7%

assuming the average crystal size. For lower energies the efficiency 
is continuously increasing.

Ref. [41] used a simplified approach to correct for the efficiency 
of their CdWO4 scintillator setup and introduced an energy inde-
pendent scaling factor of ε = 99.97%. This might affect the spec-
trum shape at low energies.

Finally, each convolved template spectrum is normalized by the 
integral over the accessible energy range depending on the thresh-
old of each individual detector.

4.2. Spectrum shape comparison

As the individual detector thresholds had to be adjusted slightly 
over the run time of the 113Cd data-taking, it is necessary to nor-
malize each energy bin of the experimental spectra with its cor-
responding exposure. The bin width is set to 4 keV, which is a 
compromise between a large number of bins N – beneficial for 
the anticipated χ2 test to compare the spectrum shapes – and the 
assigned bin uncertainties arising from the number of entries per 
bin. The fixed binning requires to remove the lowest bin of each 
spectrum, because Eth is not necessarily a multiple of 4 keV. Ad-
ditionally, as a conservative approach to address that some noise 
contribution might still be leaking into the 113Cd spectra for cer-
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Fig. 2. Comparison of five interpolated, normalized template spectra based on the 
ISM calculations for the 113Cd β-electron distribution and one COBRA single detec-
tor spectrum.

tain periods where the thresholds had to be increased along with a 
potential signal loss due to the DCC efficiency, the analysis thresh-
old is set to Ẽth = Eth + 8 keV. This also increases the average 
threshold Eth to 91.9 keV. Following, the experimental spectra are 
normalized to unity as well.

In contrast to this conservative approach, Ref. [41] used a finer 
binning, while their resolution is at least two times worse. The 
noise influence was corrected using a pulse-shape discrimination 
technique along with the deduced signal efficiency, which was 
estimated from calibration data, but no further threshold was in-
troduced in this study.

Using the experimental values mi of the energy bins i to N
with Poisson uncertainties σi and the corresponding prediction ti
based on the template calculated for a certain gA, the quantity χ2

is derived as

χ2 =
N∑

i=1

(
mi − ti

σi

)2

. (4)

A comparison between one of the single detector measure-

ments and a subset of interpolated 113Cd ISM templates is illus-
trated in Fig. 2. For the same detector the reduced χ2

red
(gA) =

χ2(gA)/(N − 1) in the given gA range is shown in Fig. 3 for the 
three nuclear model calculations. This procedure is repeated for 
all 45 independent detector spectra to extract the best match gA
value from the minimum of the χ2

red
(gA) curve with a parabola fit 

for each of the models. The uncertainty on every best match gA is 
derived from the minimum χ2 + 1 as 1σ deviation. Additionally, 
the analysis is performed for the combination of the individual 
spectra using average values to convolve the templates. A compi-

lation of all the experimental spectra with the final threshold Ẽth
can be found in the appendix (see Fig. A.7–A.11).

4.3. Results

The resulting distributions of the best match gA values for the 
45 independent measurements and the three nuclear models con-
sidered are shown in Fig. 4. While the ISM and MQPM results are 
tightly distributed around a common mean value, the IBFM-2 dis-
tribution is much wider. This is due to the fact that the latter 
model is less sensitive to gA as can also be seen in the χ2

red
(gA)

curve in Fig. 3.
From those single detector results a weighted mean using the 

χ2 + 1 deviation can be constructed to extract an average gA for 

Fig. 3. χ2
red

(gA) curve for the spectrum shape comparison of one COBRA single de-
tector spectrum and the interpolated templates provided by the ISM, MQPM and 
IBFM-2. The shape of the χ2

red
(gA) curves presented here is representative for the 

complete detector ensemble and the combined spectrum.

Fig. 4. Distribution of the 45 best match gA values for the ISM, MQPM and IBFM-2. 
Additionally, the weighted mean gA ± σ sys as well as the result of the spectrum 
shape comparison for the combined spectrum g̃A ± σ̃sys including the background 
correction are highlighted.

each model. The statistical uncertainty σ stat on gA turns out to be 
negligibly small considering the systematics σ sys as done in sec-
tion 4.4. They are on the order of σ stat ∼ 2 · 10−4 for ISM and 
MQPM and a factor of four higher for IBFM-2, respectively. The 
extracted weighted means including the dominant systematic un-
certainties yield the following results

gA(ISM) = 0.915± 0.007, (5)

gA(MQPM) = 0.911± 0.013, (6)

gA(IBFM-2) = 0.955± 0.022. (7)

These values are in perfect agreement with the results obtained 
for the combined spectrum, where the MC prediction as presented 
in section 3.5 is used to correct for the underlying background (see 
Fig. 4). For the single detector analysis the background model is 
not used explicitly, but it enters as systematic uncertainty as dis-
cussed in the next section.

4.4. Systematic uncertainties

The systematic uncertainties are determined after fixing all in-
put parameters of the spectrum shape analysis. They are eval-
uated separately by modifying one considered parameter within 
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Fig. 5. Allowed spectrum range for the 113Cd β-decay according to the ISM (left), MQPM (middle) and IBFM-2 (right) templates interpolated for the determined gA ± σ sys

including the experimental uncertainties. For comparison, the template corresponding to the weighted mean is shown for the respective other models.

Table 2
Summary of systematic uncertainties.

Parameter Uncertainty [%]

ISM MQPM IBFM-2

efficiency ε(E) 0.010 0.011 0.033

resolution FWHM(E) 0.060 0.032 0.226

energy calibration 0.751 0.796 2.130

threshold 0.131 1.120 0.714

z-cut selection 0.120 0.192 0.457

template interpolation 0.002 0.002 0.001

χ2
red

fit range 0.102 0.058 0.034

background modeling 0.042 0.016 0.068

total 0.798 1.389 2.306

conservative limits while the other parameters are fixed to their 
default values in the analysis. The modulus of the difference be-
tween the altered and the default gA result is then taken as a 
measure for the systematic uncertainty. The total systematic un-
certainty for each model is obtained as the square root of the sum 
of squared uncertainties. A summary of the systematics is given in 
Table 2.

The effect of the efficiency scaling is studied by changing the 
crystal size in the MC simulation to the minimum and maximum 
physical xy-dimensions of the selected detectors. The systematic 
differences are then added in quadrature. To evaluate the influence 
of the resolution smearing, the FWHM(E) is fixed to the worst and 
best resolution curve. Following, the spectrum shape analysis is re-
peated with fixed FWHM(E) and the systematic differences are 
again added in quadrature. The influence of a misaligned energy 
calibration is studied by shifting the experimental data according 
to the uncertainty of the calibration and add the systematic differ-
ences in quadrature. An average peak shift of ±1.3 keV was found 
for the 238.6 keV line of the combined 228Th calibration, allowing 
to neglect the uncertainty on the accepted 113Cd Q -value quoted 
in section 1.2. It turns out that the calibration uncertainty is one of 
the dominating contributions. Increasing the analysis threshold for 
all detectors to at least 120 keV, which is more than two FWHM 
on average, is taken as a measure for systematic effects due to the 
threshold optimization and individual values. The effect is different 
for the nuclear models and ensues from the change of the pre-
dicted shape at low energies for MQPM compared to the other two 
models and the weaker gA dependence of the IBFM-2 calculations. 
The systematic uncertainty of the z-cut selection is evaluated by 
slicing each detector in two disjunct depth ranges to perform the 
analysis for both slices independently. The systematic differences 
are again added in quadrature. The accuracy of the spline interpo-

lation is evaluated by removing the template that is the closest to 
the best match gA from the given ensemble and determining the 
difference between the reduced and the full spline result. This is a 
conservative approach since the removed template is part of the fi-
nal spline. The influence of the fit range to extract the minimum of 
χ2
red

(gA) is taken into account as another systematic uncertainty. 
Finally, the effect of neglecting the average background model in 
the single detector analysis is inferred from the analysis results of 
the combined spectrum with and without background subtraction. 
As expected from the superb S/B ratio, the effect is only marginal, 
which justifies the procedure.

Additional systematics as considered in previous studies (e.g. 
[41,50]), like the exact amount of 113Cd in the crystals, potential 
dead layer effects or a varying composition of CdZnTe due to the 
complex crystal growth, do not have an influence on the spectrum 
shape analysis. Those effects are only important for extracting the 
total decay rate, which is needed to determine the decay’s half-
life.

In total, the systematic uncertainties add up to values on the 
percent level and agree well with the observed spread of the gA
distributions as seen in Fig. 4. Furthermore, the single detector 
results are consistent with the analysis results of the combined 
spectrum, which yields about 30% higher uncertainties.

4.5. Discussion

The average gA values in combination with the determined 
experimental uncertainties can be used to illustrate the allowed 
spectrum range for the 113Cd β-decay using the matching inter-
polated templates without incorporating detector effects such as 
finite energy resolution and efficiency (see Fig. 5).

While the spectral shape is very similar for the ISM and IBFM-2, 
the trend at low energies is contrary for the MQPM prediction. 
Nonetheless, the spectral shapes seem to be in good agreement 
for energies above 100 keV for all three models. Even though the 
IBFM-2 is associated with the highest experimental uncertainty, a 
comparable allowed spectrum range is achieved due to the fact 
that the model is less sensitive to gA. Fig. 6 shows the mini-

mum χ2
red

distributions corresponding to the 45 best match gA
values. Again, the results based on the ISM and IBFM-2 calcula-
tions are very similar. The average values χ2

red(ISM) = 1.57 ± 0.08, 
χ2
red(MQPM) = 3.27 ±0.28 and χ2

red(IBFM-2) = 1.62 ±0.10 consid-

ering the uncertainty of the mean of the distributions, indicate that 
there is less agreement between the MQPM prediction and the ex-
perimentally observed spectrum shape than for ISM and IBFM-2. 
This is why there is a slight preference for the ISM prediction 
due to the tightly distributed single detector results, the assigned 
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Fig. 6. Distribution of the minimum χ2
red

values of the 45 best match gA values for the single detector spectrum shape comparison.

systematic uncertainty and the pleasing minimum χ2
red

distribu-

tion.

5. Conclusion

The spectrum shape of the fourfold forbidden non-unique 
β-decay of 113Cd has been investigated with 45 CdZnTe detec-
tors and an average analysis threshold of 91.9 keV. The data set 
corresponds to an isotopic exposure of 2.89 kgd. Each individual 
113Cd β-spectrum was evaluated in the context of three nuclear 
models to extract average values of the effective axial-vector cou-
pling gA. The data support the idea that gA is quenched in the 
low-momentum-exchange β-decay of 113Cd independently of the 
underlying nuclear model. Nevertheless, the low-energy region 

needs to be explored further to distinguish the contrary behav-
ior of the spectrum shape predicted by the different models.
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Appendix A. Single detector spectra

Fig. A.7. Compilation of the experimental 113Cd spectra measured with the COBRA demonstrator (Det3 – Det 15). Each spectrum is normalized by the integral from the 
respective threshold to the Q -value of 113Cd. The combination of all detectors is shown for comparison (red solid histogram).
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Fig. A.8. Compilation of the experimental 113Cd spectra measured with the COBRA demonstrator (Det18 – Det 26). Each spectrum is normalized by the integral from the 
respective threshold to the Q -value of 113Cd. The combination of all detectors is shown for comparison (red solid histogram).

Fig. A.9. Compilation of the experimental 113Cd spectra measured with the COBRA demonstrator (Det27 – Det 40). Each spectrum is normalized by the integral from the 
respective threshold to the Q -value of 113Cd. The combination of all detectors is shown for comparison (red solid histogram).
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Fig. A.10. Compilation of the experimental 113Cd spectra measured with the COBRA demonstrator (Det 41 – Det 53). Each spectrum is normalized by the integral from the 
respective threshold to the Q -value of 113Cd. The combination of all detectors is shown for comparison (red solid histogram).

Fig. A.11. Compilation of the experimental 113Cd spectra measured with the COBRA demonstrator (Det 54 – Det 64). Each spectrum is normalized by the integral from the 
respective threshold to the Q -value of 113Cd. The combination of all detectors is shown for comparison (red solid histogram).
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The gallium anomaly, i.e. the missing electron-neutrino flux from 37Ar and 51Cr electron-capture decays 
as measured by the GALLEX and SAGE solar-neutrino detectors, has been among us already for about 
two decades. We present here a new estimate of the significance of this anomaly based on cross-section 
calculations using nuclear shell-model wave functions obtained by exploiting recently developed two-
nucleon interactions. The gallium anomaly of the GALLEX and SAGE experiments is found to be smaller 
than that obtained in previous evaluations, decreasing the significance from 3.0σ to 2.3σ . This result is 
compatible with the recent indication in favor of short-baseline ν̄e disappearance due to small active-
sterile neutrino mixing obtained from the combined analysis of the data of the NEOS and DANSS reactor 
experiments.

© 2019 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Gallium-based solar-neutrino experiments, GALLEX [1–3] and 
SAGE [4], were designed to detect pp neutrinos from the sun. 
These two experiments are unique in having been tested for their 
detection efficiency by 37Ar and 51Cr radioactive sources. These 
sources emit discrete-energy electron neutrinos (Eν < 1 MeV) 
based on their decay via nuclear electron capture (EC). Detection of 
these neutrinos is achieved through the charged-current neutrino-
nucleus scattering reaction

νe + 71Ga(3/2−)g.s. → 71Ge( Jπ ) + e− (1)

to the lowest four (flux from the 51Cr source) or five (flux from the 
37Ar source) nuclear states in 71Ge. In this article we discuss also 
the analogous reaction

νe + 69Ga(3/2−)g.s. → 69Ge( Jπ ) + e− (2)

in order to test our calculated shell-model wave functions more 
comprehensively.

The scattering of 37Ar and 51Cr neutrinos off 71Ga leads mainly 
to the ground state and the excited states at 175 keV and 500 

* Corresponding author.
E-mail address: joel.j.kostensalo@student.jyu.fi (J. Kostensalo).

keV in 71Ge. The scattering cross sections for the mentioned three 
low-lying states can be estimated by using the data from charge-
exchange reactions [5] or by using a microscopic nuclear model, 
like the nuclear shell model [6]. In both cases it has been found 
that the estimated cross sections are larger than the ones mea-

sured by the GALLEX [1–3] and SAGE [4] experiments. The mea-

sured neutrino capture rates (cross sections) are 0.87 ± 0.05 of 
the rates based on the cross-section estimates by Bahcall [6]. The 
related model calculations and analyses based on them have been 
discussed in [7–9]. It should be noted that the response to the 
ground state is known from the electron-capture f t value of 71Ge. 
The discrepancy between the measured and theoretical capture 
rates constitutes the so-called “gallium anomaly”.

One of the explanations to the gallium anomaly is associated 
with the oscillation of the electron neutrinos to a sterile neutrino 
in eV mass scale [7,9]. The same scheme could also explain the 
so-called “reactor-antineutrino anomaly” [10–12], discussed, e.g. in 
[9]. Searches for the sterile neutrinos are under progress in sev-
eral laboratories. However, it should be remarked here that there 
is no accepted sterile neutrino model to explain the experimen-

tal anomalies consistently, and also alternative solutions to the 
reactor-antineutrino anomaly have been proposed, like the proper 
inclusion of first-forbidden β-decay branches in the construction 
of the cumulative antineutrino spectra [13].

https://doi.org/10.1016/j.physletb.2019.06.057
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2. Neutrino-nucleus scattering formalism

We now summarize the main points of the formalism for cal-
culating cross sections for charged-current neutrino-nucleus scat-
tering. Details of the formalism can be found from [14,15].

For the low-energy (Eν < 1 MeV) 37Ar and 51Cr neutrinos con-
sidered in this work the creation of the two heavier lepton flavors, 
μ and τ , is not energetically possible. At these low energies the 
four-momentum transfer is small compared to the mass of the 
exchanged gauge boson W± , that is, Q 2 = −qμq

μ � M2
W± . There-

fore, to a good approximation the scattering can be considered in 
the lowest order as a single effective vertex with a coupling con-
stant G = GF cos(θC), where GF is the Fermi constant and θC ≈ 13◦
is the Cabibbo angle. The matrix element of this effective Hamilto-

nian can be written as

〈 f |Heff|i〉 = G√
2

∫
d3rlμe

−q·r〈 f |J μ(r)|i〉 , (3)

where J μ denotes the hadronic current and lμ = eq·r〈l| jμ(r)|ν〉
[14].

The initial nuclear state in the scatterings of Eqs. (1) and (2)
is the Jπi

i = 3/2− ground state of 69,71Ga. Assuming that the final 
nuclear states in 69,71Ge also have well defined spin-parities Jπ f

f
, 

the double differential cross section for the charged-current (CC) 
neutrino-nucleus scattering is given by [14,16,17]
[
d2σi→ f

d�dEexc

]
= G2|kl|El

π(2 J i + 1)
F (Z f , El)

⎛
⎝∑

J≥0

σ
J
CL +

∑
J≥1

σ
J
T

⎞
⎠ , (4)

where kl and El are the three-momentum and energy of the 
outgoing lepton, respectively, and F (Z f , El) is the Fermi function 
which accounts for the Coulomb interaction of the low-energy 
final-state lepton and the residual nucleus [18]. Here σ J

CL is the 
Coulomb-longitudinal component and σ J

T is the transverse com-

ponent. Detailed formulas for these can be found in Ref. [15]. 
The operators contain vector and axial-vector pieces, which de-
pend on the four-momentum-transfer-dependent nuclear form fac-
tors FV1,2 (vector), FA (axial-vector), and F P (pseudoscalar). At low 
neutrino energies the cross section is dominated by Fermi and 
Gamow-Teller type of transitions which proceed via the operators 
FV(q) j0(qr)1 and FA(q) j0(qr)σ respectively [14]. There are also 
small contributions from spin-dipole type transitions mediated by 
the operator FA(q)[ j1(qr)Y 1σ ]0−,1−,2− .

3. Results of nuclear-structure calculations

The nuclear wave functions and one-body transition densities 
(OBTDs) (see e.g. [19]) were calculated in the interacting nuclear 
shell model using the computer code NuShellX@MSU [20]. The cal-
culations were done in a model space consisting of the proton and 
neutron orbitals 0 f5/2, 1p, and 0g9/2 with the effective Hamilto-

nian JUN45 [21]. The low-energy excitation spectra of 71Ga and 
71Ge, of interest in this work, are presented in Figs. 1 and 2, re-
spectively (see also Honma et al. [21] for the 1–3 MeV range in 
71Ge). For both cases the ground-state spin-parity is correctly pre-
dicted: 3/2− for 71Ga and 1/2− for 71Ge. The energies of the first 
two excited states in 71Ga agree well with the experimental spec-
trum but the ordering of the 5/2− and 1/2− states is reversed. The 
second 3/2− state is also higher than the experimental one, with 
energy 882 keV compared to the experimental energy 511 keV. 
For 71Ge the ordering of the first four states, including the nega-
tive parity states which we are actually interested in, agree with 
the experimental data. The qualitative features of the computed 

Fig. 1. Experimental and theoretical low-lying energy spectra of 71Ga.

Fig. 2. Experimental and theoretical low-lying energy spectra of 71Ge.

low-energy spectrum are also very similar to the experimental one, 
with the gap between the 5/2− and 9/2+ states being much nar-
rower than the gap between the ground state and the first exited 
state as well as the gap between the 9/2+ and 3/2− states. How-
ever, the shell-model-calculated energies of the excited states are a 
bit lower than the experimentally determined states, with the 175 
keV state predicted at 76 keV and the 500 keV state predicted at 
268 keV.

The electromagnetic properties are also pretty well predicted 
(see the original article of Honma et al. [21] for details). For the 
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Table 1
Results for 71Ga with δ = 0.097 in Eq. (5).
State 〈 f ||OGT||i〉 〈 f ||O L=2||i〉 BGTSMβ BGTSM

(p,n)

1/2−
g.s. -0.795 0.465 0.158 0.141

5/2−
1 0.144 -1.902 0.0052 0.0004

3/2−
1 0.100 0.0482 0.0025 0.0027

3/2−
2 0.430 -0.0014 0.0462 0.0462

1/2−
2 -0.620 0.348 0.0958 0.0857

ground state of 71Ga the theoretical electric quadrupole moment 
is +0.155 eb [21] (with effective charges ep = 1.5, en = 0.5) while 
the experimental one is +0.1040(8) eb [22]. For the 9/2+ state in 
71Ge the theoretical value -0.339 eb seems to agree perfectly with 
the experimental value 0.34(5) eb [23], however, the sign has not 
been experimentally determined. The magnetic dipole moments of 
the low-lying states are excellently predicted. With the g factors 
gl = g

(free)
l

and gs = 0.7g
(free)
s the magnetic dipole moment of the 

71Ga ground state is predicted to be +2.188 μN which is in good 
agreement with the experimental value +2.56227(2) μN [22]. For 
the 1/2− , 5/2− , and 9/2+ states in 71Ge the magnetic moments 
are +0.438 μN , +1.060 μN , −1.014 μN , while the experimental 
ones are +0.547(5) μN [24], +1.018(10) μN [25], and −1.0413(7) 
μN [23], respectively.

The calculations were also done for 69Ge and 69Ga. In this case 
the shell model reproduced the experimental data even better. The 
first three states in 69Ge were predicted with the correct spin par-
ities 5/2− , 1/2− , and 3/2− . The shell model energies 0 keV, 98 
keV, and 189 keV agree well with the experimental energies 0 keV, 
87 keV and 233 keV. Also the electromagnetic properties are well 
reproduced in this case [21].

For the calculation of the cross sections we use recently mea-

sured Q values and branching ratios from [26] and the same L/K
capture ratios as well as atomic overlap corrections as Bahcall in 
his analysis [6]. The neutrino energies adopted here are for 51Cr
751.82 keV (9.37%), 746.99 keV (80.70%), 431.74 keV (1.033%), and 
426.91 keV (8.890%). For 37Ar the energies we use are 813.60 keV 
(90.2%) and 811.05 keV (9.8%).

4. Results for BGT values

The neutrino-nucleus scattering cross sections are proportional 
to the β-decay BGT values, which could be, in principle, ex-
tracted from β-decay half-lives. This procedure gives us accurately 
the ground-state-to-ground-state BGT value, but it is not imple-

mentable for the BGTs of the excited states. Therefore, other tech-
niques, such as performing charge-exchange reactions, must be uti-
lized. However, this technique can be problematic for some tran-
sitions due to the significant tensor contributions, as was shown 
to be the case for the (p, n) reaction leading to the first excited 
state in 71Ga by Haxton [8]. In this case, there is a significant 
cancellation between the Gamow-Teller (GT) and tensor (T) ma-

trix elements. The interference between the GT and T NMEs is 
described by the linear combination

〈 f ||O (p,n)||i〉 = 〈 f ||OGT||i〉 + δ〈 f ||O L=2||i〉 , (5)

where i ( f ) is the initial (final) nuclear state and δ is the mixing 
parameter.

The calculated GT and T matrix elements are listed in Tables 1
and 2. For 71Ga the matrix elements for the scattering to the 3/2−

2

and 1/2−
2 states are also included for comparison with the avail-

able charge-exchange data. As predicted by Haxton [8], the GT 
and T contributions cancel significantly for 5/2−

1 . For the 3/2
−
1

state the contributions are constructive. Interestingly, the GT and 

Table 2
The results for 69Ga with δ = 0.097 in Eq. (5).
State 〈 f ||OGT||i〉 〈 f ||O L=2||i〉 BGTSMβ BGTSM

(p,n)

5/2−
g.s. -0.0139 -1.180 4.802× 10−5 4.117× 10−3

1/2−
1 -0.592 0.238 0.0876 0.0809

3/2−
1 0.0298 0.422 2.220× 10−4 1.251× 10−3

T contributions counteract each other also for the ground-state-
to-ground-state transition, meaning that a (p, n) reaction would 
underestimate the BGT value. This is significant regarding the va-
lidity of the BGT values reported by Frekers et al. [5,27], since there 
these tensor contributions are ignored. This leads to an underesti-
mation of the ground-state-to-ground-state BGT value and, since 
this is adjusted to the one extracted from β decay, to an over-
estimation of the BGT values to the excited states. It should be 
noted that the value δ = 0.097 used here, as well as in the work 
of Haxton, has been obtained by fitting β transitions in the p-shell 
[8]. However, uncertainties related to this choice are hard to quan-
tify. A reasonable estimate might be 0.05 < δ < 0.15, meaning 
that the overestimation in the ground-state BGT is somewhere be-
tween 10% and 40%. It should be emphasized that this alone is not 
enough to explain the discrepancy between the shell-model calcu-
lations and charge-exchange results, since the ratio BGT500/BGTg.s.
is 0.207 ±0.016 according to the charge-exchange experiment [27], 
while the shell model predicts a ratio as low as 0.019.

In [5] the projectile, target and relative angular-momentum 
transfers [ Jprojectile J target J relative] were measured in the 71Ga(3He,
3H)71Ge charge-exchange reaction. One possible explanation for 
the remaining difference between the shell-model calculations 
and charge-exchange results relates to the extraction of the [110]
component of the angular-momentum transfers at 0◦ , which cor-
responds to the GT and T contributions. This was done in [5]
by fitting various angular-distribution functions, with different 
[ Jprojectile J target J relative] combinations, to the experimental an-
gular distribution. However, in the calculation of the distributions 
shell-model OBTDs calculated in the f p-space using the Hamilto-

nian GXPF1a [28,29] were used. This Hamiltonian does not seem 
to be the best choice here: it for example predicts the level order-
ing of 71Ge as 5/2− ground state, 1/2− at 388 keV, and 3/2− at 
1496 keV, which does not agree at all with the experimental spec-
trum. The one-body transition densities turn out to be off as well. 
To replicate the experimental half-life of 71Ge one would need to 
adopt gA ≈ 0.6 and the ratios BGT175/BGTg.s. and BGT500/BGTg.s.
are predicted as 0.0025 and 0.695 respectively, which is not at all 
consistent with the final experimental values. Frekers et al. report 
the [110] component at 0◦ to be 92% for the ground state and 
87% for the second excited state. It cannot be easily estimated how 
much and which way the use of these OBTDs effects the fits and 
thus the percentages. In a scenario where the ground-state [110] 
component is underestimated and/or the 500 keV-state [110] com-

ponent is overestimated, we would also have an other source of 
systematic overestimation of the ratio BGT500/BGTg.s. . For example 
if the true [110] components for the ground state and the 3/2−
state would be 95% and 70% instead and δ = 0.15, we would get 
roughly a 70% overestimate for the BGT ratio.

What comes to the transitions to the 1/2−
2 and 3/2−

2 states, the 
shell model is in agreement with the charge-exchange results in 
that the transition to the 1/2−

2 state is the second strongest after 
the ground-state-to-ground-state transition. However, the transi-
tion to 3/2−

2 is predicted to be significantly stronger than the one 
to the 3/21 state, while the results of Frekers et al. [27] would im-

ply this to be the weakest of the transitions. The shell model pre-
dicts qualitatively correctly that the ground-state-to-ground-state 
scattering has a much lower cross section for 69Ga than for 71Ga, 
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Table 3
Cross-section results for the 51Cr neu-
trinos with JUN45 interaction. The 
cross sections are in units cm2.

State gA = 0.955(6)

1/2−
g.s. 5.53± 0.07× 10−45

5/2−
1 1.21± 0.61× 10−46

9/2+
1 ≤ 10−56

3/2−
1 1.94± 0.97× 10−47

total 5.67± 0.10× 10−45

Table 4
Cross-section results for the 37Ar neu-
trinos with JUN45 interaction. The 
cross sections are in units cm2.

State gA = 0.955(6)

1/2−
g.s. 6.62± 0.09× 10−45

5/2−
1 1.51± 0.76× 10−46

9/2+
1 ≤ 10−56

3/2−
1 2.79± 1.40× 10−47

5/2+
1 5.91± 2.96× 10−51

total 6.80± 0.12× 10−45

Table 5
Gallium cross sections (in units of 10−45 cm2) for 51Cr and 37Ar neutrinos 
and their ratios with the central value of the corresponding Bahcall cross 
section [35] in the first line. The other lines give the cross sections corre-
sponding to the BGT’s of Haxton [8,9], Frekers et al. [5,9], and the JUN45 
calculation presented in this paper.

σ 51Cr σ 51Cr/σ 51Cr
B σ 37Ar σ 37Ar/σ 37Ar

B

Bahcall 5.81± 0.16 7.00± 0.21

Haxton 6.39± 0.65 1.100± 0.112 7.72± 0.81 1.103± 0.116

Frekers 5.92± 0.11 1.019± 0.019 7.15± 0.14 1.021± 0.020

JUN45 5.67± 0.06 0.976± 0.011 6.80± 0.08 0.971± 0.011

but the ratio ≈ 3 × 10−4 seems to be off from the experimen-

tal value ≈ 0.02. The inability of the shell model to predict very 
low BGT values is due to the fact that there are cancellations of 
single-particle matrix elements of roughly the same size, resulting 
in large numerical inaccuracies. However, this is not a problem for 
the larger BGT values where theoretical uncertainties are usually 
about 10% [30]. On the other hand, the BGT values for the excited 
states in 71Ge are rather small, but there should not be any prob-
lems with the numerical inaccuracies as large cancellations are not 
present. Here we adopt a very conservative 50% uncertainty for 
these transitions in order to avoid overstatements regarding the 
significance of the gallium anomaly.

5. Results for scattering cross sections

The cross sections for the 51Cr and 37Ar neutrinos scattering off 
71Ga are given in Tables 3 and 4. The contributions of the excited 
states are about 2.5(1.3)%. The contributions of the positive-parity 
states are about 10−4% and thus the fact that these were left out 
from the previous analyses does not affect the reliability of their 
conclusions.

6. Reassessment of the gallium anomaly

The gallium anomaly was originally discovered [31–34] using 
the Bahcall cross sections [35] reported in the first line of Ta-
ble 5, that have been obtained using the BGT’s measured in 1985 
in the (p, n) experiment of Krofcheck et al. [36,37] (see Table I 
of Ref. [35]), listed in the first line of Table 6. The cross sections 
of 51Cr and 37Ar electron neutrinos can be calculated from the 
Gamow-Teller strengths through

σ = σgs

(
1+ ξ5/2−

BGT5/2−
BGTgs

+ ξ3/2−
BGT3/2−
BGTgs

+ ξ5/2+
BGT5/2+
BGTgs

)
,

(6)

with the phase-space coefficients [35]

ξ5/2−(51Cr) = 0.663 ξ3/2−(51Cr) = 0.221

ξ5/2+(51Cr) = 0, (7)

ξ5/2−(37Ar) = 0.691 ξ3/2−(37Ar) = 0.262

ξ5/2+(37Ar) = 0.200 (8)

and [35]

σgs(
51Cr) = (5.53± 0.01) × 10−45 cm2 , (9)

σgs(
37Ar) = (6.62± 0.01) × 10−45 cm2 . (10)

The first line in Table 7 gives the ratios of measured and expected 
71Ge event rates in the four radioactive source experiments and 
their correlated average obtained using the Bahcall cross section, 
which led to a 2.6σ gallium anomaly.

In 1998 Haxton [8] published a shell model calculation of 
BGT5/2− that gave the relatively large value in the second line of 
Table 6, albeit with a very large uncertainty. The cross sections 
obtained with the Haxton BGT5/2− and the Krofcheck et al. mea-

surement of BGT3/2− are listed in the second line of Table 5. As 
one can see from Table 7 the larger uncertainties of the Haxton 
cross sections lead to a slight decrease of the gallium anomaly 
from the Bahcall 2.6σ to 2.5σ , in spite of the larger Haxton cross 
sections.

In 2011 Frekers et al. [5] published the measurements of 
BGT5/2− and BGT3/2− in the third line of Table 6, obtained with 
71Ga(3He, 3H)71Ge scattering. They found a finite value of BGT5/2− , 
albeit with a large uncertainty, which is compatible with the up-
per limit of Krofcheck et al. [36,37]. On the other hand, the Frekers 
et al. value of BGT3/2− is about 2.9σ larger than that of Krofcheck 
et al. If one considers these Gamow-Teller strengths as applicable 
to the νe–71Ga cross section without corrections due to the tensor 
contributions (that would require a theoretical calculation), there 
is a significant increase of the 51Cr and 37Ar neutrino cross sec-
tions with respect to the Bahcall cross sections and an increase of 
the gallium anomaly to 3.0σ , as shown in Table 7.

From Table 5 one can also see that our JUN45 shell-model cal-
culation of the Gamow-Teller strengths, listed in the fourth row 
of Table 6, gives cross sections that are smaller than the previous 
ones. As a result, the gallium anomaly decreases to 2.3σ , as shown 
in Table 7.

The gallium anomaly has been considered as one of the indica-
tions in favor of short-baseline neutrino oscillations due to active-
sterile neutrino mixing (see the reviews in Refs. [38–41]). In the 
framework of the 3 + 1 mixing scheme, which is the simplest one 
that extends the standard three-neutrino mixing with the addition 
of a sterile neutrino at the eV mass scale, the survival probability 
of electron neutrinos and antineutrinos1 in short-baseline experi-
ments is given by

P SBL
(−)

νe→
(−)

νe

= 1− 4|Ue4|2
(
1− |Ue4|2

)
sin2

(
�m2

41L

4E

)
, (11)

where L is the source-detector distance, E is the neutrino energy, 
U is the unitary 4 × 4 neutrino mixing matrix, and �m2

41 = m2
4 −

1 In general, CPT invariance implies the equality of the survival probability of neu-
trinos and antineutrinos of each flavor (see, for example, Ref. [42]).
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Table 6
Values of the Gamow-Teller strengths of the transitions from the ground state of 71Ga to the relevant excited 
states of 71Ge relative to the Gamow-Teller strength of the transitions to the ground state of 71Ge obtained by 
Krofcheck et al. [36,37], Haxton [8], Frekers et al. [5], and with the JUN45 calculation presented in this paper.

Method
BGT5/2−
BGTgs

BGT3/2−
BGTgs

BGT5/2+
BGTgs

Krofcheck 71Ga(p,n)71Ge < 0.057 0.126± 0.023

Haxton Shell Model 0.19± 0.18

Frekers 71Ga(3He, 3H)71Ge 0.040± 0.031 0.207± 0.016

JUN45 Shell Model (3.30± 1.66) × 10−2 (1.59± 0.79) × 10−2 (4.46± 2.24) × 10−6

Table 7
Ratios of measured and expected 71Ge event rates in the four radioactive source experiments, their correlated 
average, and the statistical significance of the gallium anomaly obtained with the cross sections in Table 5.

GALLEX-1 GALLEX-2 SAGE-1 SAGE-2 Average Anomaly

RBahcall 0.95± 0.11 0.81± 0.11 0.95± 0.12 0.79± 0.08 0.85± 0.06 2.6σ
RHaxton 0.86± 0.13 0.74± 0.12 0.86± 0.14 0.72± 0.10 0.76± 0.10 2.5σ
RFrekers 0.93± 0.11 0.79± 0.11 0.93± 0.12 0.77± 0.08 0.84± 0.05 3.0σ
R JUN45 0.97± 0.11 0.83± 0.11 0.97± 0.12 0.81± 0.08 0.88± 0.05 2.3σ

Fig. 3. Comparison of the 90% allowed regions in the |Ue4|2–�m2
41 plane obtained 

with the cross sections in Table 5. The Bahcall and JUN45 allowed regions are be-
tween the two corresponding curves. The Haxton and Frekers allowed regions are 
enclosed by the corresponding curves, without an upper limit on �m2

41.

m2
1 is the squared-mass difference between a heavy, almost sterile, 

ν4 with mass m4 ∼ 1 eV and the standard three light neutrinos ν1, 
ν2, and ν3 with respective masses m1, m2, and m3 much smaller 
than 1 eV (hence, �m2

41  �m2
42  �m2

43 in Eq. (11)).
Fig. 3 shows the differences of the 90% allowed regions in the 

|Ue4|2–�m2
41 plane obtained from the gallium data with the four 

cross sections in Table 5. One can see that the Haxton and Frekers 
cross sections give a relatively large gallium anomaly, with pre-
ferred regions at 0.03 � |Ue4|2 � 0.2 and �m2

41 � 0.5 − 0.7 eV2. 
The Bahcall cross sections allow lower values of |Ue4|2 and �m2

41

and our JUN45 shell model calculation allows still lower values, as 
low as |Ue4|2 � 0.007 for �m2

41 � 1 eV2.
The indication in favor of short-baseline νe disappearance due 

to active-sterile mixing is at the level of 1.9 (�χ2 = 5.7 with 2 de-
grees of freedom with respect to the absence of oscillations). This 

value must be compared with the 2.2, 2.7, and 2.6 levels obtained 
with the Bahcall, Haxton, and Frekers cross sections, respectively.

It is also interesting to compare our results for the gallium 
anomaly with the recent indication in favor of short-baseline elec-
tron neutrino and antineutrino disappearance [43,44] obtained 
from the combined analysis of the data of the NEOS [45] and 
DANSS [46] reactor experiments. This indication is independent 
of our knowledge of the reactor antineutrino fluxes, because it is 
obtained from comparisons of the detection energy spectra at dif-
ferent distances from the reactor source. Hence, it depends only on 
the experimental uncertainties, not on the theoretical uncertainties 
of the neutrino rates and spectra that are widely considered to be 
larger than those estimated before the discovery of the mysterious 
5 MeV bump (see, for example, Ref. [47]).

A comparison of the results for the gallium anomaly obtained 
with our JUN45 shell-model calculation with the NEOS and DANSS 
indications in favor of short-baseline oscillations is interesting be-
cause the comparison presented in Ref. [43], where the Frekers 
cross sections have been used, indicated an incompatibility of the 
2σ allowed regions, with a tension quantified by a parameter 
goodness of fit of 4%.

Fig. 4 shows the comparison of the allowed regions in the 
|Ue4|2–�m2

41 plane obtained with our JUN45 shell model for differ-
ent confidence levels with the regions obtained from the combined 
analysis of the data of the NEOS and DANNS reactor experiments, 
to which we have added the more recent data of the PROSPECT 
[48] reactor experiment that excludes large values of |Ue4|2 for 
0.7 � �m2

41 � 7 eV2. One can see that there is an overlap of the 
90% CL allowed regions, indicating a reasonable agreement be-
tween the gallium anomaly and the reactor data. The correspond-
ing parameter goodness of fit is a favorable 16% (�χ2/NDF =
3.6/2).

7. Conclusions

In this Letter we presented the results from large-scale shell-
model calculations regarding the scattering of 37Ar and 51Cr neu-
trinos off the 69,71Ga isotopes. The new theoretical estimates for 
the 71Ga cross sections are 6.80 ± 0.12 × 10−45 cm2 and 5.67 ±
0.10 × 10−45 cm2 respectively which are 2.5–3.0% lower than the 
previous predictions.

According to our JUN45 shell-model calculation of the cross 
sections of the interaction of νe ’s produced by 51Cr and 37Ar ra-
dioactive sources with 71Ga, the gallium anomaly related to the 
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Fig. 4. Comparison of the allowed regions in the |Ue4|2–�m2
41 plane obtained from 

the Gallium data with the JUN45 cross sections and the allowed regions obtained 
from the analysis of the data of the NEOS, DANSS and PROSPECT reactor experi-
ments.

GALLEX and SAGE experiments is weaker than that obtained in 
previous evaluations, decreasing the significance from 3.0σ to 
2.3σ . Our result is compatible with the recent indication in fa-
vor of short-baseline ν̄e disappearance due to small active-sterile 
neutrino mixing obtained from the combined analysis of the data 
of the NEOS and DANSS reactor experiments.

The possible sources for the difference between the new theo-
retical cross sections and those predicted by charge-exchange re-
actions were examined. It is pointed out that the cross section of 
the scattering to the 500 keV 3/2− state in 71Ge is most likely 
overestimated in the charge-exchange reaction due to a particular 
combination of destructive and constructive interferences between 
Gamow-Teller and tensor contributions.
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Abstract.
The reactor antineutrino and the gallium anomalies have been long unexplained. Possible explanations for both of these anomalies 
include new physics, such as the existence of one or more eV-scale sterile neutrino. However, the previous theoretical calculations, 
which do not replicate the experimental results, rely on many simplifying approximations. We have performed shell model calcu-
lations in order to gain insights into these issues. In the reactor-antineutrino analysis the beta decays contributing to the cumulative 
electron spectrum are usually assumed to have allowed spectral shapes. However, many of these decays are actually first-forbidden. 
Moreover, these decays dominate the experimentally observable region. Based on the recent results, the use of this allowed ap-
proximation can at least partially explain the so called reactor antineurtino anomaly. Our new large-scale shell model calculations 
regarding the neutrino-nucleus scattering cross section off 71Ga decreases the gap between theory and the experimental results of 
GALLEX and SAGE experiments. Conflict between charge-exchange BGTs and the neutrino-nucleus cross sections can to some 
extent be explained by destructive interference between Gamow-Teller and tensor contributions.

INTRODUCTION

The reactor antineutrino and the gallium anomalies have been long unexplained. Possible explanations for both of 
these anomalies include new physics, such as the existence of one or more eV-scale sterile neutrino [1]. Both of 
these anomalies refer to small discrepancies between theoretical predictions and experimental results. However, the 
previous theoretical calculations rely on many simplifying approximations [2, 3]. The uncertainties related to these 
choices is hard to quantify, and thus a reasonable way to proceed is to do new theoretical calculations which do not 
rely on these approximations.

Reactor antineutrino anomaly refers to the observed 6% deficit i n detected antineutrino flux wi th re spect to  the 
theoretical predictions [4, 5, 6] . In addition, precision antineutrino spectra in the 4–6 MeV region seem to show 
some disagreement in the spectral shape [7, 8, 9]. This bump, or spectral shoulder, has so far been unexplained. The 
problem with the previous theoretical analyses is all the decays contributing to the cumulative spectra are assumed to 
be either allowed or forbidden unique decays. However, in the region of interest, 4–6 MeV, the cumulative spectrum 
is actually dominated by non-unique forbidden decays [10], which can have spectral shapes that are quite different 
from the allowed and unique decays. In order to treat these decays properly we have performed calculations of these 
spectral shapes employing the interacting shell model.

The so-called gallium anomaly relates to the findings of the solar neutrino detectors GALLEX [ 11, 1 2, 13] and 
SAGE [14]. The detection efficiency of these detectors was tested using 3 7Ar and 5 1Cr radioactive s ources. These 
sources emit discrete-energy electron neutrinos (Eν < 1 MeV) as they decay via electron capture(EC). The detection 
of neutrinos is based on the charged-current neutrino-nucleus scattering reaction

νe +
71Ga(3/2−)g.s. → 71Ge(Jπ)+ e− (1)

to the lowest four (flux f rom t he 5 1Cr source) or five (flux from the  37Ar source) nuc lear sta tes in 71G e. Gallium 
anomaly refers to the fact that the experimental total neutrino-nucleus cross section as measured by the GALLEX and 
SAGE experiments is lower than the theoretical predictions, such as the one given by Bahcall [2]. The issue with the 
cross-section calculation relates to the use of results from charge-exchange reaction experiments. In order to address 
these issues, we have performed shell model calculations which give us important insights to the issue.

Workshop on Calculation of Double-beta-decay Matrix Elements (MEDEX’19)
AIP Conf. Proc. 2165, 020016-1–020016-4; https://doi.org/10.1063/1.5130977

Published by AIP Publishing. 978-0-7354-1910-0/$30.00

020016-1



FIGURE 1. The shell model calculated shape factors C as a function of the electron kinetic energy, categorized according the spin-
parity change of the transition. For allowed transitions C = 1, i.e. the shape factor is constant. Each shape factor was normalized to
its value at electron kinetic energy 0 MeV. Results correspond to gA = 0.9 and εMEC = 1.4 (the latter is meaningful only for ΔJ = 0
decays).

REACTOR ANTINEUTRINO ANOMALY

The shape factor for forbidden non-unique beta decays is complicated and depends on the nuclear structure of the
initial and final nuclear states which we describe here using the nuclear shell model. We considered in our analysis
29 of the most contributing forbidden decays (see details [3]). The shell model calculations were performed using the
computer code NUSHELLX@MSU [15]. For nuclei with A < 100 the effective interaction glepn [16] was adopted in
a full model space consisting of the proton orbitals 0 f5/2–1p–0g9/2 and the neutron orbitals 1d–2s. The problematic

lighter cases 86Br and 89Br were calculated using the interaction jj45pna [17, 18], in the full model space spanned by
the proton orbitals 0 f5/2–1p–0g9/2 and the neutron orbitals 0g7/2–2s–1d–0h11/2. For the nuclei with A = 133–142
the Hamiltonian jj56pnb [19] was used in the full model space spanned by the proton orbitals 0g7/2–2s–1d–0h11/2

and neutron orbitals 0h9/2–1 f –2p–0i13/2 for A < 139, while for the heavier nuclei the proton orbital 0h11/2 and the
neutron orbital 0i13/2 were kept empty in order to reduce the computational burden to manageable levels.

The results from the calculations are presented in Fig. 1. It is clear that the allowed approximation is not a good
description for almost all the decays. Interestingly, the unique approximation turns out to be even worse for the
dominant contributions which are of ΔJ = 0,1 type. When these shape factors are included in reactor antineutrino flux
analysis, we see that the uncertainties related to the neutrino flux in the region 4–6 MeV are significantly increased,
thus lowering the statistical significance of the reactor antineutrino anomaly. We also see a mitigation of the spectral
shoulder. As a conclusion we can say that the forbidden beta decays must be taken into account with out using heavy
approximations in order to make strong statements regarding the reactor anomaly.

GALLIUM ANOMALY

The most referenced theoretical calculations for the full 71Ga cross section have been based on the reduced Gamow-
Teller transition densities (BGTs) extracted from charge-exchange reactions [2, 20]. In order to get another estimate
of this cross section we performed a large-scale shell model calculation for the BGT-values. The Hamiltonian we
adopted was JUN45 [21] in the full 0 f5/2–1p–0g9/2 model space for both protons and neutrons. The reason for this
choice was the Hamiltonian’s ability to reproduce well nuclear observables such as the energy spectra, magnetic dipole
moments, electric quadrupole moments as well as the β -decay half-life of 71Ge. With these wave functions we get
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the neutrino-nucleus cross sections

(5.67±0.10)× cm2 (51Cr source), (2)

(6.80±0.12)× cm2 (37Ar source). (3)

These cross sections are 2.5–3% lower than those reported by Bahcall [2], which is enough to reduce the statistical
significance of the gallium anomaly from 3σ to 2.3σ . However, the disagreement with the shell model results and
the charge-exchange reactions must be still addressed. One well known problem with the charge-exchange reactions
are L = 2 tensor contributions, which cannot be removed from the data by fitting angular distributions corresponding
to different angular momentum combinations of the target and the projectile (the removing of the other components
might not be trivial either since large-scale shell model calculations are usually involved). The interference between
the Gamow-Teller (GT) and L = 2 tensor (T) NMEs can be described by the linear combination

〈 f ||O(p,n)||i〉= 〈 f ||OGT||i〉+δ 〈 f ||OL=2||i〉 , (4)

where i ( f ) is the initial (final) nuclear state and δ is the mixing parameter, which is usually considered to be about
0.1 [22]. The results for the nuclear matrix elements are shown in Table I. The large destructive interference for the
5/2− state is well known [22], making the charge-exchange reaction method problematic for scattering to the 5/2−

state. For the ground state the interference is destructive while for the 3/2− state it is constructive. This means that the
ratio BGT5/2/BGTg.s. which the charge-exchange reaction analysis uses to determine cross-section for the scattering

to the 3/2− state is systematically overestimated (see details [23]). However, this alone is not enough to explain
the difference as it stands but it is a step towards explaining the charge-exchange results and ultimately the gallium
anomaly.

TABLE I. Results for 71Ga with δ = 0.097 in Eq. (4).

State 〈 f ||OGT||i〉 〈 f ||OL=2||i〉 BGTSM
β BGTSM

(p,n)

1/2−g.s. -0.795 0.465 0.158 0.141

5/2−1 0.144 -1.902 0.0052 0.0004

3/2−1 0.100 0.0482 0.0025 0.0027
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Radiochemical experiments for low-energy solar-neutrino detection have been making headlines by exploiting
the isotopes 37Cl and 71Ga. Such a very low-threshold measurement of this type can also be performed using
205Tl, which has been considered for decades for this purpose. A unique feature of this detector nucleus is the
integration in the solar-neutrino flux over 106 of years owing to its long-living daughter 205Pb. In this Rapid
Communication, we have calculated for the first time the cross section for the charged-current solar-neutrino
scattering off 205Tl. Taking into account the solar-model-predicted neutrino fluxes and the electron-neutrino
survival probabilities, a solar-neutrino capture rate of 62.2 ± 8.6 solar-neutrio units is determined, a value
significantly smaller than in previous estimates.

DOI: 10.1103/PhysRevC.101.031302

Introduction. Neutrinos play a key role in several aspects of
astroparticles and nuclear physics [1]. From the astrophysical
point of view, solar neutrinos can be monitored in real-time
measurements which allows to study neutrino properties,
stellar structure, and evolution. To date, real-time monitoring
of various neutrino chain reactions has been performed by
the super-Kamiokande, the Sudbury Neutrino Observatory,
KamLAND, and especially Borexino. Borexino was able to
perform a common global fit of all the observed reactions of
pp, pep, 7Be, and 8B in one detector [2].

An alternative method to the above-mentioned ones, used
by the first solar-neutrino experiments, are the radio-chemical
observations. These experiments employ the charged-current
neutrino-nucleus scattering reaction,

νe + (A, Z ) → e− + (A, Z + 1) (1)

for solar-neutrino detection. This reaction has been used in the
pioneering Homestake experiment using 37Cl as the detector
material [3], and, in this experiment, a deficit with respect
to expectation was found. First measurements of the funda-
mental pp neutrinos were based on 71Ga (GALLEX, GNO,
and SAGE). Several other nuclides, with different reaction
thresholds, have been considered for more refined overall
spectral analyses [4]. A very interesting candidate of this type
is 205Tl, which has a very low threshold for solar neutrinos.

The 205Tl reaction. The dominant charged-current
neutrino-nucleus reaction under discussion is

205Tl(1/2+) + νe → 205Pb(1/2−) + e−, (2)

*joel.j.kostensalo@student.jyu.fi
†jouni.t.suhonen@jyu.fi
‡zuber@physik.tu-dresden.de

which feeds the first excited state of 205Pb at 2.33 keV and
is of first-forbidden nonunique type [5]. Only a tiny portion
of the feeding goes to the 5/2− ground state of 205Pb, the
corresponding transition being first-forbidden unique [5,6].
According to the current atomic mass evaluation [7], the Q
value is given by 50.6 ± 0.5 keV, which is so far the lowest
threshold among radiochemical approaches for solar-neutrino
detection. This results in a total threshold of about 53 keV
for the transition (2). Furthermore, a unique feature of this
reaction is the possibility for long-term monitoring of the
average solar-neutrino flux and, hence, the mean solar lumi-
nosity over the past 4.31 × 106 yr due to the long half-life
of 1.73(7) × 107 yr of 205Pb [8]. Hence, such a measurement
could shed light on the long-term stability of the Sun and,
therefore, on the stability of stars, in general [4].

The first studies of the Tl experiment were performed
by Refs. [9–12] which later became the LOREX experiment
[13,14]. Although several experimental aspects have already
been addressed or have been worked on, the major remaining
uncertainty is the cross section for this reaction. Hence, it is
essential to get a reliable estimate of this cross section and
this Rapid Communication reports on the calculation of this
important quantity using current state-of-the-art techniques.

Calculation of the 205Tl cross section. The calculations for
the neutrino-nucleus cross section are based on the O’Connell
et al. [15] and Donnelly and Peccei [16] method for the
treatment of semileptonic processes in nuclei. Details of the
formalism as it is applied here can be found from Ref. [17]. A
streamlined version has also been given in the recent papers
[18,19].

The nuclear-structure calculations were performed in
the shell-model framework using the shell-model code
NUSHELLX@MSU [20] with the Hamiltonian khhe [21] in

2469-9985/2020/101(3)/031302(4) 031302-1 ©2020 American Physical Society
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FIG. 1. Experimental and shell-model excitation spectra for
205Tl. Each horizontal bar represents a nuclear state, and its length
is proportional to the angular momentum of the state.

the complete valence space spanned by the proton or-
bitals 0g7/2, 1d, 2s, and 0h11/2, and the neutron orbitals
0h9/2, 1 f , 2p, and 0i13/2. As can be seen from Figs. 1 and
2, the energy spectra of the relevant nuclei are reproduced
astonishingly well. The nucleus 205Pb decays via the

205Pb(5/2−) → 205Tl(1/2+) ground-state-to-ground-state
β transition, and the corresponding half-life can be repro-
duced when gA = 0.75 is adopted as the effective axial-vector
coupling. This result is consistent with the previous calcula-
tions for β decays in heavy nuclei [22]. However, as shown in
Fig. 3 for the computed scattering cross section, the leading
contributions come from the 0−, 1−, and 2− multipole transi-
tions. At the zero-momentum-transfer limit, these correspond

FIG. 2. Experimental and shell-model excitation spectra for
205Pb. Each horizontal bar represents a nuclear state, and its length is
proportional to the angular momentum of the state.

FIG. 3. Capture cross section for neutrino capture on 205Tl as
function of neutrino energy for the leading transition multipoles with
gA = 1.00.

to the spin-dipole type of β transitions discussed extensively,
e.g., in Refs. [23–25]. In the nuclear mass regions relevant to
the above decay transition, which is a tensor transition, the
effective values gA ≈ 0.90 [23] and gA ≈ 0.5 [25] have been
obtained. Thus, the presently obtained effective value resides
in the middle of these values. Furthermore, in the works
[23–25], values of gA ≈ 0.38–0.97 were obtained for the 1−
type of spin-dipole transitions, and values of gA ≈ 0.66–0.92
were obtained for the 0− type of spin-dipole transitions. This
means that there is a lot of variation in the obtained values of
the effective gA for the spin-dipole type of β transitions. It is
also not so clear how these values propagate to values of gA for
finite momentum transfers involved in the neutrino-nucleus
scattering. Based on the above, we have taken the conservative
approach and estimate the uncertainties related to nuclear
structure by considering here the range of gA = 0.75–1.00
for all transitions: a range which covers a reasonable range
of values adopted in the above works and other large-scale
shell-model calculations.

Since the exact energy of the low-lying states plays a
significant role in determining the cross section for neutrinos
with low energies, such as pp neutrinos, the energies of the
dominating low-lying states were adjusted to their experimen-
tal values. The energy-adjusted states were the lowest two
1/2− states and the lowest three 3/2− and 1/2+ states. Based
on the ordering of the levels in the shell-model calculation, the
state at 803 keV was taken to be 1/2− and the state at 996 keV
was taken to be 3/2−.

The contributions by multipolarity of the transition oper-
ators are shown in Fig. 3 and by individual states in Fig. 4.
The ground state of 205Tl has the spin-parity 1/2+ so that the
Gamow-Teller type of transitions (1+ transition multipole) are
possible only to 1/2+ and 3/2+ states in 205Pb. There are only
three known 1/2+ states in 205Pb at 2795, 4016, and 4055 keV
and no known 3/2+ states. Gamow-Teller transitions are,
therefore, available only for 8B and hep neutrinos, which
happen to have relatively low fluxes in the standard solar
models [26]. For these higher-energy neutrinos, the 1/2+ state
at 4016 keV gives a noticeable contribution. However, the nu-
merous low-lying negative-parity states still dominate even at
the higher neutrino energies as the transitions to the low-lying
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FIG. 4. Contributions of the individual states to the 8B neutrino
cross section with gA = 1.00. The horizontal axis gives the excitation
energy in 205Pb.

states have a significant energy advantage. Due to this lack of
positive-parity states with small angular momenta, the cross
section is dominated by the spin-dipole type of forbidden
transitions which render the total cross section smaller than
expected from energy arguments alone.

The energy dependence of the scattering cross section for
different transition multipoles is highly nontrivial, which is
exemplified by the behavior of the 0− multipole. Based on
our calculations, there is a significant contribution to this mul-
tipole from the transition to the first 1/2− state, but the other
states contribute very little. Due to the first 1/2− contribution
the cross section for the 0− multipole rises qualitatively in
a similar way as that for the other multipoles up to about
0.4 MeV in neutrino energy but is mostly flat in the 0.5–
15-MeV range. The reason for the flatness is due to the
fact that the cross section is proportional to peEeF (Z ) (see,
e.g., Ref. [27]), where pe is the momentum of the outgoing
electron, Ee is the total energy of the electron, and F (Z ) is the
Fermi function taking into account the final-state Coulomb
interaction. The Fermi function is very large for the low
energies, which is counterbalanced by the small pe and Ee.
For higher neutrino energies (which are not of interest here),
we end up with the product peEe dominating, leading to
an approximately quadratic energy dependence of the cross
section. For the other transition multipoles, there are a large
number of important low-energy nuclear final states to scatter
to, which is why the corresponding cross sections grow much
faster at the low neutrino energies.

Reaction rates in solar-neutrino units. Owing to the small
cross section of low-energy neutrino-nucleus interactions, it
is convenient to present the neutrino-capture rate in the solar-
neutrino units (SNUs), given as 1 SNU = 10−36 capture reac-
tions per target atom per second. Then, the neutrino-capture
rate R is described by

R = 1036
∑

i

∫
σ (E )φi(E )dE , (3)

where E , σ (E ), and φi(E ) are the neutrino energy, the
neutrino-capture cross section (see the previous section), and
the differential neutrino spectra. The latter are given at a
distance of 1 AU. The sum in Eq. (3) includes all eight
neutrino components from the pp and carbon nitrogen oxygen
cycles.

For the calculation of solar-neutrino capture rates, the
fluxes of the solar model BS05(OP) were adopted (see
Table 2 in Ref. [26]) with the neutrino spectrum shapes
available on Bahcall’s website [28]. With these spectra and
fluxes, we get for the capture rate 100.2 SNU with gA = 0.75
and 132.4 SNU with gA = 1.00 when the survival probability
of electron neutrinos is not taken into account. Since the
majority of the cross section comes from 1− and 2− types
of transitions, the gA dependence is not the trivial g2

A as
both the vector and the axial-vector components contribute.
With the electron-neutrino survival probability of 0.54 for the
pp, 7Be, and 13N neutrinos, and 0.50 for the pep, 15O, and
17F neutrinos, and 0.36 for the 8B neutrinos [29], we end up
with a result of

R(205Tl) = 62.2 ± 8.6 SNU (4)

for the capture rate.
Summary and conclusions. Given the revived interest in

solar-neutrino detection using 205Tl due to its very small en-
ergy threshold, we have performed a large-scale shell-model
calculation to find out the cross section for the conversion of
205Tl to 205Pb. Combined with the neutrino fluxes predicted by
established solar models and taking into account the survival
probabilities of electron neutrinos, the capture rate turns out to
be 62.2 ± 8.6 SNU. This capture rate is significantly smaller
than anticipated by previous estimations.
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We have performed a systematic study of the log f t values, shape factors, and electron spectra for the
second-forbidden nonunique β− decays of 24Na(4+) →24Mg(2+) and 36Cl(2+) →36Ar(0+) transitions under
the framework of the nuclear shell model. We have performed the shell model calculations in the sd model
space, using more recent microscopic effective interactions such as Daejeon16, chiral N3LO, and JISP16. These
interactions are derived from the no-core shell model wave functions using Okubo-Lee-Suzuki transformation.
For comparison, we have also shown the results obtain from the phenomenological USDB interaction. To test the
predictive power of these interactions first we have computed low-lying energy spectra of parent and daughter
nuclei involved in these transitions. The computed results for energy spectra, nuclear matrix elements, log f t
values, shape factors, electron spectra, and decomposition of the integrated shape factor are reported and compare
with the available experimental data.

DOI: 10.1103/PhysRevC.101.064304

I. INTRODUCTION

β decay plays an important role in astrophysics, e.g., for
the r process [1]. In the nuclear chart, there are selected candi-
dates for double-β decays, but on the other hand there are sev-
eral potential candidates known for forbidden β decay. Out of
these, only around 27 possible candidates of second-forbidden
nonunique β decay are observed, as reported in Ref. [2].
Recently, a new candidate was observed corresponding to
second-forbidden nonunique decay of 20F(2+) → 20Ne(0+)
from ground-state-to-ground-state transition [3–5]. This study
could change our understanding of the fate of intermediate-
mass stars. A comprehensive review on the theoretical and ex-
perimental status of single- and double-β decay was recently
reported in Ref. [6].

In β decay, based on the value of angular momentum (l)
we can characterize any decay as allowed or forbidden. The
l = 0 decays are called “allowed” while the l > 0 decays
are called “forbidden.” Further, we can divide decays as
forbidden unique (FU) and forbidden nonunique (FNU). In the
case of FU, the total angular momentum K = l + 1, whereas
in FNU decay K = l . The β decay half-life of the fourth-
forbidden nonunique decay of 50V using the nuclear shell
model is reported in Ref. [7]. The fourth-forbidden nonunique
ground-state-to-ground-state β− decay branches of 113Cd and
115In using the microscopic quasiparticle-phonon model and
the nuclear shell model are reported in Refs. [8,9]. Also in
these references the half-life method [8] and spectrum-shape

*akumar5@ph.iitr.ac.in
†Corresponding author: praveen.srivastava@ph.iitr.ac.in
‡joel.j.kostensalo@student.jyu.fi
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method (SSM) [9] are reported to extract the value of axial-
vector coupling constant gA.

Studies of forbidden β decay using the nuclear shell model
with phenomenological interactions are available in the liter-
ature. With the recent progress in the ab initio approaches for
nuclear structure study, it is highly desirable to see how these
interactions are able to predict nuclear observables such as
forbidden β decay. Recently, shell model results for allowed β

decay properties of sd , f p, and f pg shell nuclei were reported
by us in Refs. [10–13].

In the present work, our aim is to study second-forbidden
nonunique β− transitions of 24Na(4+) → 24Mg(2+) and
36Cl(2+) → 36Ar(0+) using ab initio interactions. β-decay
transitions in these nuclei have been calculated and compared
with the available experimental data to test the quality of the
ab initio interaction wave functions. A theoretical attempt
has been made in the past to calculate the β decay transition
observable of 36Cl [14]. However, no theoretical estimate is
found in the literature for the β decay of 24Na and also no
experimental shape factors and electron spectra are found in
the literature. Thus, our theoretical predictions for the β decay
of 24Na are useful for the future experiments. In this work, we
have computed the log f t values, shape factors, and electron
spectra of these branches. We have constrained the relativistic
nuclear matrix element based on conserved vector current
(CVC) theory and tested the role of this matrix element in
the shape factors and electron spectra. In order to test our
computed wave functions, first we computed the low-lying
energy spectra of 24Na, 24Mg, 36Cl, and 36Ar and compared
them with the available experimental energy spectra [15].

This article is organized as follows. In Sec. II we give a
short overview of the theoretical formalism for the β− decay
and details about microscopic effective interactions. Results
and discussions corresponding to low-lying energy spectra,

2469-9985/2020/101(6)/064304(10) 064304-1 ©2020 American Physical Society
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nuclear matrix elements, log f t values, shape factors, electron
spectra, and decomposition of the integrated shape factors
are reported in Sec. III. Finally, in Sec. IV we draw the
conclusions.

II. THEORETICAL FORMALISM

In Sec. II A we discuss the theory of forbidden β− decay
and the shape of the electron spectra. Section II B give the
details about the valence space and microscopic effective
interactions used in the present work.

A. β decay theory

The full details of formalism for both allowed and forbid-
den types of the β decay are available in the literature by
Behrens and Bühring [16] (see also Ref. [17]). The general-
ized framework of the forbidden nonunique β decay theory
is available in Refs. [9,18,19]. When the β decay process is
described as a pointlike interaction vertex with an effective
Fermi coupling constant GF, the probability of the electron
emission in the kinetic energy interval We and We + dWe is
expressed as

P(We)dWe = G2
F

(h̄c)6

1

2π3h̄
C(We)

× pecWe(W0 − We)2F0(Z,We)dWe. (1)

Where the C(We) is the shape factor containing the nuclear
structure information, and W0 is the endpoint energy of the β

spectrum. The factor F0(Z,We) is the Fermi function, which
takes into account Coulombic interaction between the daugh-
ter nucleus and β particle, and Z is the proton number of the
final nucleus. Furthermore, pe and We are the momentum and
energy of the emitted electron, respectively.

The partial half-life of the β decay is expressed as

t1/2 = ln(2)∫ W0

mec2 P(We)dWe

, (2)

where me is the mass of the electron. For convenience, Eq. (2)
can be expressed in the form

t1/2 = κ

C̃
, (3)

where C̃ is the unitless integrated shape factor, and the con-
stant κ has the value

κ = 2π3h̄7 ln(2)

m5
ec4(GF cos θC)2

= 6147 s, (4)

where θC is the Cabibbo angle and the usual dimensionless
kinematics quantities are defined as w0 = W0/mec2, we =
We/mec2, and p = pec/mec2 = √

(w2
e − 1). Then the dimen-

sionless integrated shape factor C̃ can be expressed as

C̃ =
∫ w0

1
C(we)pwe(w0 − we)2F0(Z,we)dwe. (5)

The comparative half-life, or the f t value, is obtained by mul-
tiplying the partial half-life with the following dimensionless

integrated Fermi function:

f0 =
∫ w0

1
pwe(w0 − we)2F0(Z,we)dwe, (6)

but f t values are usually large, so they are normally expressed
in term of “log f t” values [20]. The log f t value is defined as

log f t = log10( f0t1/2[s]). (7)

The shape factor C(we) in Eq. (5) for pure Gamow-Teller
transition is defined as

C(we) = g2
A

2Ji + 1
|MGT|2, (8)

where the Ji is the angular momentum of the initial state,
gA is the axial-vector coupling constant, and the MGT is the
Gamow-Teller nuclear matrix element [20], which is defined
as

MGT ≡ (ξ f J f ‖σ‖ξiJi )

=
∑

pn

MGT(pn)(ξ f J f ‖[c†
pc̃n]1‖ξiJi ), (9)

where MGT(pn) are the single-particle matrix elements
(SPMEs). In case of forbidden nonunique β decay, the form
of the shape factor C(we) in Eq. (5) is defined as

C(we) =
∑

ke,kν ,K

λke

[
MK (ke, kν )2 + mK (ke, kν )2

− 2γke

kewe
MK (ke, kν )mK (ke, kν )

]
, (10)

where the indices ke and kν (ke, kν = 1, 2, 3, . . . ) are positive
integers, which are emerging from the partial-wave expansion
of the lepton wave functions and K is the order of forbid-
denness of the transition. The nuclear structure information is
contained in the quantities MK (ke, kν ) and mK (ke, kν ), which
are complicated combinations of different nuclear matrix el-
ements (NMEs) and leptonic phase-space factors. The factor
λke is the Coulomb function and is expressed as

λke = Fke−1(Z,we)

F0(Z,we)
, (11)

where Fke−1(Z,we) is the generalized Fermi function [9,18],
which is expressed as

Fke−1(Z,we) = 4ke−1(2ke)(ke + γke )[(2ke − 1)!!]2eπy

×
(

2peR

h̄

)2(γke −ke )( |�(γke + iy)|
�(1 + 2γke )

)2

. (12)

The auxiliary quantities are defined as γke = [k2
e −

(αZ )2]1/2 and y = (αZwe/pec), where α = 1/137 is the fine
structure constant.

The nuclear matrix elements (NMEs) are given by
V/AM(N )

KLS (pn)(ke, m, n, ρ)

= 1√
2Ji + 1

∑
pn

V/Am(N )
KLS (pn)(ke, m, n, ρ)(ψ f ‖[c†

pc̃n]‖ψi ).

(13)
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FIG. 1. Comparison of calculated and experimental [15] low-lying energy spectra for positive parity states of 24Na and 24Mg from
microscopic and USDB interactions.

The nuclear matrix elements are divided in two parts:
the first part V/Am(N )

KLS (pn)(ke, m, n, ρ) is called the single-
particle matrix element and the second part (ψ f ‖[c†

pc̃n]‖ψi )
is the reduced one-body transition density (OBTD) between
the initial (i) and final ( f ) nuclear states. The single-particle
matrix elements characterize the properties of the transition
operators, so they are the same for all nuclear models. But
the OBTDs are nuclear model dependent. In the present work
the SPMEs are calculated using harmonic-oscillator wave
functions (see Refs. [9,18]). The summation of Eq. (13) runs
over the proton (p) and neutron (n) single-particle states.

The shape factor C(we) (10) can be decomposed into vec-
tor, axial-vector, and mixed vector–axial-vector components
[8,9,21–23] in the form

C(we) = g2
V CV (we) + g2

ACA(we) + gV gACVA(we). (14)

After the integration of Eq. (14) with respect to electron
kinetic energy, we get an expression analogous to Eq. (5) for
the integrated shape function C̃:

C̃ = g2
V C̃V + g2

AC̃A + gV gAC̃VA. (15)

In Eq. (14) the shape factors Ci are functions of the electron
kinetic energy, while the integrated shape factors C̃i in Eq. (15)
are just constant numbers.

B. ADOPTED MODEL SPACE AND HAMILTONIANS

In the present work shell model calculations for the low-
lying energy spectra, log f t values, shape factors, and electron
spectra of the β− decay branches of 24Na and 36Cl were
performed in the sd model space. In this framework we have
calculated the OBTDs related to the NMEs of the shape factor.
For the sd model space, we have used the three microscopic
effective interactions DJ16A [24], JISP16 [25], and N3LO
[25]. These interactions are obtained from the no-core shell
model (NCSM) wave functions via the Okubo-Lee-Suzuki
(OLS) unitary transformation [26–28]. We have also com-
pared our results with the phenomenological USDB effective
interaction [29]. The interaction “DJ16” [24] is obtained from

the Daejeon16 NN potential [30]. After the monopole modi-
fication of DJ16, the interaction is labeled as “DJ16A” [24].
In this work, we have used the DJ16A interaction for further
calculations. The OBTDs for NMEs were computed by the
shell model code NUSHELLX [31]. For the evaluation of the
many-body matrix elements, we have used the single-particle
matrix element expression given in Ref. [16]. In our shell
model calculations, we have used the single-particle matrix
elements in the Condon-Shortley [32] phase convention.

III. RESULTS AND DISCUSSION

In this section we present our calculated results of low-
lying energy spectra, nuclear matrix elements, log f t values,
shape factors, electron spectra, and decomposition of the
integrated shape factors for the second-forbidden nonunique
β− transitions of 24Na(4+) → 24Mg(2+) and 36Cl(2+) →
36Ar(0+).

Previously, the log f t values and shape factors of the
second-forbidden β decay of 36Cl [14] have been reported
by applying two different nuclear models: with pure 1d3/2 →
1d3/2 transitions and using the shell model with sd shell
configuration space.

Recently, much progress has been achieved in developing
modern effective interactions for the shell model calculations.
Thus we have revisited the calculation for 36Cl and also for
the first time for 24Na with recently developed microscopic
(DJ16A, N3LO, and JISP16) and phenomenological (USDB)
interactions in the sd model space. Our results for 24Na will
be useful when compared with upcoming experimental data.

Below we have presented low-lying energy spectra (Figs. 1
and 2), nuclear matrix elements (Tables I and III), log f t
values (Table II and IV), shape factors, and electron spectra
(Figs. 3 and 4). The low-lying energy spectra are discussed
in Sec. III A. The β decay nuclear matrix elements and
log f t values are discussed in Sec. III B. Results of the shape
factors and electron spectra are presented in Sec. III C. De-
composition of the integrated shape factor are discussed in
Sec. III D.
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FIG. 2. Comparison of calculated and experimental [15] low-lying energy spectra for positive parity states of 36Cl and 36Ar from
microscopic and USDB interactions.

A. Low-lying energy spectra

In Fig. 1, we show the low-lying energy spectra of 24Na
and 24Mg. In the case of 24Na, the ground state (g.s.) 4+ is
correctly reproduced by USDB interaction, while the other
microscopic effective interactions N3LO and JISP16 give 2+
as a g.s., and DJ16A predicts the g.s. as 1+. The low-energy
spectrum of the well known sd-shell rotor nucleus 24Mg is
already shown in Ref. [24] for all the interactions that we
have used in the present work. For 24Mg, the 0+

g.s. and 2+
1 are

relatively well described by all the interactions. The computed
2+

1 state is obtained at 1.213, 1.310, 1.231, and 1.502 MeV
corresponding to DJ16A, JISP16, N3LO, and USDB, respec-
tively, while the corresponding experimental value is 1.369
MeV. The theoretical low-lying energy spectra of 36Cl and
36Ar are shown in Fig. 2 in comparison with the experimental
data. The g.s. is correctly reproduced by the microscopic
(DJ16A, JISP16, and N3LO) and USDB interactions for 36Cl
and 36Ar. For 36Cl, the order of 3+

1 and 1+
1 states is correctly

reproduced from the JISP16, N3LO, and USDB interactions
as in the experimental data, while the DJ16A interaction
inverts the order of these states. In the case of 36Ar, the
calculated 2+

1 state values from the DJ16A, JISP16, N3LO,
and USDB interactions are close to the experimental data. So,
in general, the comparison of the computed low-lying energy
levels shows good agreement with the experimental data for
24Na, 36Cl, and 36Ar. In the present work we have taken Q
values from the experimental data [15] for further calculations
listed in Tables II and IV.

TABLE I. Calculated Gamow-Teller matrix elements of the al-
lowed β− decays from the g.s. (4+) of 24Na to the excited states in
24Mg from microscopic and USDB effective interactions.

|MGT|
Transitions USDB DJ16A N3LO JISP16 Expt.

4+ → 3+
1 0.1859 0.1982 0.2274 0.2108 0.1179

4+ → 4+
1 0.2663 0.0441 0.1069 0.0839 0.2072

B. Nuclear matrix elements and log f t values

The nuclear matrix elements contain the nuclear-structure
information. The Gamow-Teller matrix elements MGT cal-
culated from the microscopic and USDB interactions for the
allowed β− decays of 24Na(4+) → 24Mg(3+

1 , 4+
1 ) transitions

are presented in Table I with comparison to the experimental
data. The experimental MGT value is obtained from the
log f t [15] values corresponding to the axial-vector coupling
constant gA = 1.00. In the present work, we have calculated
these matrix elements by using OBTDs corresponding to all
microscopic and USDB interactions. After that, we compare
the calculated MGT with the experimental data. For both
allowed transitions, the calculated MGT values from USDB
are close to the experimental data as compared to the micro-
scopic interactions. In the case of the 24Na(4+) → 24Mg(4+

1 )
transition, our calculated value of MGT (0.0441) from DJ16A
is very small in comparison with the experimental data.

The calculated log f t values of allowed β− decays of
24Na(4+) → 24Mg(3+

1 , 4+
1 ) transitions are presented in Ta-

ble II in comparison to the experimental data. For the cal-
culation, we have used the axial-vector coupling constants
gA = 1.00 and gA = 1.27. For the transition 4+ → 3+

1 , the
calculated log f t values for gA = 1.00 are in nice agreement
with the experimental values corresponding to USDB, also all
other microscopic effective interactions are in a reasonable
agreement. However, in the case of the 4+ → 4+

1 transition,
the calculated log f t value from DJ16A is larger in com-
parison with the experimental data, but those from other
interactions are close to the experimental data with both gA

values.
For the second-forbidden nonunique β− decays of

24Na(4+) → 24Mg(2+) and 36Cl(2+) → 36Ar(0+), the com-
puted NMEs from different microscopic and USDB effec-
tive interactions are presented in Table III. The relativistic
matrix element VM(0)

211 is becoming identically zero due to
the limitation of our 0h̄ω sd-shell calculations for harmonic-
oscillator wave functions. To get the value of the VM(0)

211
matrix element nonzero we need to perform shell model
calculations in the multi-h̄ω excitations. However, here we
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FIG. 3. Theoretical shape factors (left panels) and electron spectra (right panels) for second-forbidden β− decay of 36Cl(2+) → 36Ar(0+)
as functions of electron kinetic energy for different cases. The dashed vertical lines indicate the end-point energy for forbidden (Qforbidden)
decay. The areas under each curve is normalized to unity.
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FIG. 4. Theoretical shape factors (left panels) and electron spectra (right panels) for second-forbidden β− decay of 24Na(4+) → 24Mg(2+)
as functions of electron kinetic energy for different cases. The dashed vertical lines indicate the end-point energy for forbidden (Qforbidden)
decay. The area under each curve is normalized to unity.
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TABLE II. Calculated log f t values of the allowed β− decays from g.s. (4+) of 24Na to the excited states in 24Mg from the microscopic
and USDB effective interactions.

log f t (gA = 1.00) log f t (gA = 1.27)

Transitions Q (MeV) BR (%) USDB DJ16A N3LO JISP16 USDB DJ16A N3LO JISP16 Expt.

4+ → 3+
1 0.280 0.076 6.205 6.149 6.029 6.095 5.997 5.941 5.822 5.888 6.60(2)

4+ → 4+
1 1.392 99.855 5.892 7.454 6.685 6.896 5.685 7.247 6.478 6.688 6.11(1)

follow a different approach to calculate the VM(0)
211 matrix

element. We have used an approach based on CVC theory,
since we have an experimental partial half-life, so we keep
the value of coupling constants gV = gA = 1.0 and try to re-
produce the value of the experimental partial half-life by vary-
ing the matrix element VM(0)

211. The VM(0)
211 matrix element

obtained with this approach is labeled as “VM(0)
211(CVC)” in

Table III.
The axial-vector matrix elements AM(0)

221,
AM(0)

221(1, 1, 1, 1), AM(0)
221(2, 1, 1, 1), and AM(0)

321 could be
affected by the quenching of axial-vector coupling constant
gA. The affected value of the Gamow-Teller transition matrix
element by the quenching of the axial coupling constant was
observed in [33]. From a recent study of the second-forbidden
nonunique β decay of 20F, the effect of the quenching of the
axial-vector coupling constant in axial-vector matrix elements
is reported in Refs. [3,4]. Here, we will use the value of the
axial-vector coupling constant for the two different cases:

either the bare value of gA = 1.27 or the quenched value of
gA = 1.00.

In Table IV, we presented the log f t values for the second-
forbidden nonunique β− decays of 24Na and 36Cl calculated
with different microscopic and phenomenological interactions
in comparison with the experimental data, and the values of
coupling constants are taken as gA = 1.27 and gV = 1.00 for
the calculations. The results with the pure shell model are
labeled as “SM,” and those constrained by experimental infor-
mation are labeled as “SM + CVC.” The prediction of log f t
values with SM is far from the experimental data. However,
the agreement between the calculation with “SM+CVC” and
the experimental value came out to be very satisfactory.

C. Shape factors and electron spectra

In Figs. 3 and 4, we have shown the shape factors (left
panels) and β spectra (right panels) of the second forbidden

TABLE III. Calculated leading-order nuclear matrix elements (NMEs) of the second-forbidden nonunique β− decays of 24Na and 36Cl are
from microscopic and USDB interactions. The Coulomb-corrected NMEs are indicated by (ke, m, n, ρ), when such elements exist.

Nuclear
24Na(4+) → 24Mg(2+)

matrix elements USDB DJ16A N3LO JISP16

VM(0)
211(CVC) 0.023790±0.0001 −0.018446±0.0002 −0.020217±0.0001 −0.019636±0.0001

VM(0)
220 0.431273 −0.131891 −0.237936 −0.187614

VM(0)
220(1, 1, 1, 1) 0.530979 −0.123441 −0.264185 −0.203108

VM(0)
220(2, 1, 1, 1) 0.509588 −0.110404 −0.247587 −0.189152

AM(0)
221 −0.430287 −0.482638 −0.219655 −0.294803

AM(0)
221(1, 1, 1, 1) −0.524687 −0.577264 −0.287289 −0.370261

AM(0)
221(2, 1, 1, 1) −0.502493 −0.550486 −0.279212 −0.356859

AM(0)
321 −1.459626 −0.758772 −0.067127 −0.050213

Nuclear
36Cl(2+) → 36Ar(0+)

matrix elements USDB DJ16A N3LO JISP16

VM(0)
211(CVC) −0.029375±0.0005 −0.015943±0.0010 −0.022497±0.0008 −0.007451±0.0009

VM(0)
220 −5.892542 −3.483430 −4.705624 −5.057782

VM(0)
220(1, 1, 1, 1) −7.250832 −4.357072 −5.796787 −6.225284

VM(0)
220(2, 1, 1, 1) −6.955989 −4.195245 −5.562475 −5.972497

AM(0)
221 −1.249043 −2.025348 −1.716437 −1.644994

AM(0)
221(1, 1, 1, 1) −1.496326 −2.412741 −2.062063 −1.979877

AM(0)
221(2, 1, 1, 1) −1.426626 −2.297321 −1.967308 −1.889710
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TABLE IV. Calculated log f t values of the second-forbidden nonunique β− decays of 24Na and 36Cl from the shell model and after
constraining the matrix element VM(0)

211 from experimental data. For the log f t calculations we have used the values of coupling constants
gV = 1.00 and gA = 1.27. The experimental data have been taken from [15].

log f t(SM)

Transitions Type Q (MeV) BR (%) USDB DJ16A N3LO JISP16 Expt.

24Na(4+) → 24Mg(2+) 2nd nonunique forbidden 4.147 0.064 12.237 12.881 14.227 13.958 11.340(4)
36Cl(2+) → 36Ar(0+) 2nd nonunique forbidden 0.710 98.1 12.635 13.978 13.120 12.976 13.321(3)

log f t(SM+CVC)

Transitions Type Q (MeV) BR (%) USDB DJ16A N3LO JISP16 Expt.
24Na(4+) → 24Mg(2+) 2nd nonunique forbidden 4.147 0.064 11.367 11.331 11.346 11.342 11.340(4)
36Cl(2+) → 36Ar(0+) 2nd nonunique forbidden 0.710 98.1 13.221 13.108 13.153 13.555 13.321(3)

nonunique β− decays of 36Cl and 24Na. The second-forbidden
nonunique β decay of 36Cl is predicted with a strong
branching ratio of 98.1%, while that of 24Na is predicted with
a weak branching ratio less than 1%. These figures represent
the shape factor of Eq. (10) and β spectrum corresponding to
the integrand of Eq. (5) as a function of electron kinetic energy
for different microscopic and USDB effective interactions.
For all these calculations of second-forbidden nonunique β

decay of 24Na and 36Cl, we have used the experimentally

measured Q values 4147 and 709.547 keV, respectively.
We have calculated the shape factor by including only the
leading-order terms, and the value of vector coupling constant
gV = 1.00 was adopted from the CVC hypothesis. We present
in the figures the purely theoretical results from the shell
model interactions, labeled with the name of the interaction,
and those constrained from experimental information labeled
with the name of the interaction and “+CVC,” for quenched
(gA = 1.00) and bare (gA = 1.27) cases. The areas under both

TABLE V. The dimensionless integrated shape factors C̃ for the studied transitions, and their decompositions to vector C̃V , axial-vector C̃A,
and vector–axial-vector C̃VA parts. For the calculation of total integrated shape factor C̃ we have taken gV = gA = 1.0.

24Na(4+) → 24Mg(2+)(SM)

Interactions C̃V C̃A C̃VA C̃

USDB 1.3982 × 10−6 3.6829 × 10−6 1.7841 × 10−6 6.8653 × 10−6

DJ16A 9.8078 × 10−8 1.6952 × 10−6 −5.1005 × 10−7 1.2833 × 10−6

N3LO 3.7996 × 10−7 2.2572 × 10−7 −5.0839 × 10−7 9.7291 × 10−8

JISP16 2.2998 × 10−7 3.7051 × 10−7 −5.0759 × 10−7 9.2903 × 10−8

24Na(4+) → 24Mg(2+)(SM+CVC)

Interactions C̃V C̃A C̃VA C̃

USDB 8.3097 × 10−5 3.6829 × 10−6 −1.3924 × 10−5 7.2856 × 10−5

DJ16A 5.8298 × 10−5 1.6952 × 10−6 1.2868 × 10−5 7.2861 × 10−5

N3LO 6.5792 × 10−5 2.2572 × 10−7 6.8432 × 10−6 7.2861 × 10−5

JISP16 6.3828 × 10−5 3.7051 × 10−7 8.6647 × 10−6 7.2864 × 10−5

36Cl(2+) → 36Ar(0+)(SM)

Interactions C̃V C̃A C̃VA C̃

USDB 6.0691 × 10−9 3.1198 × 10−10 −2.7292 × 10−9 3.6519 × 10−9

DJ16A 2.1890 × 10−9 8.1048 × 10−10 −2.6419 × 10−9 3.5761 × 10−10

N3LO 3.8787 × 10−9 5.9273 × 10−10 −3.0074 × 10−9 1.4641 × 10−9

JISP16 4.4736 × 10−9 5.4657 × 10−10 −3.1016 × 10−9 1.9186 × 10−9

36Cl(2+) → 36Ar(0+)(SM+CVC)

Interactions C̃V C̃A C̃VA C̃

USDB 4.0126 × 10−10 3.1198 × 10−10 −7.7968 × 10−11 6.3528 × 10−10

DJ16A 1.4791 × 10−10 8.1048 × 10−10 −3.2311 × 10−10 6.3528 × 10−10

N3LO 2.5097 × 10−10 5.9273 × 10−10 −2.0843 × 10−10 6.3527 × 10−10

JISP16 2.2999 × 10−9 5.4657 × 10−10 −2.2112 × 10−9 6.3528 × 10−10

064304-8



SECOND-FORBIDDEN NONUNIQUE β− DECAYS OF 24Na … PHYSICAL REVIEW C 101, 064304 (2020)

the theoretical and experimental curves are normalized to
unity.

For the shape factor and β spectrum of 36Cl, we have
done a comparison with the available experimental data due
to Rotzinger et al. [34] and with the theoretical results of
Sadler et al. [14]. In the case of 36Cl, the shape factor
calculated with the matrix element VM(0)

211 = 0 yields a poor
agreement in comparison to the experimental shape factor.
After constraining this matrix element with the experimental
half-life, the shape factor and electron spectra are consis-
tent with the experimental data. The electron spectra from
“DJ16A+CVC+Quenched” are perfectly matched with the
experimental electron spectra. This means that the shape
factor and electron spectra strongly depend on the matrix
element VM(0)

211. But in the case of the JISP16 interaction,
we have not obtained a good number of this matrix element
from the experimental half-life method. We have obtained the
value of the matrix element VM(0)

211 = −0.007451 ± 0.0009
for the JISP16 interaction; it is too small as compared to other
interactions.

In Fig. 4, we have presented the shape factor and β

spectrum of 24Na from a pure shell model calculation with
quenched and unquenched cases. In the pure shell model
calculations, the shape-factor and β-spectrum curves depend
strongly on the quenching value of gA. After CVC constrain-
ing the matrix element VM(0)

211, we find that the shape factor
and β spectrum are independent of the value of gA. So, we
have presented the curve for “SM+CVC” only for the bare gA

value.
For comparison, there are no experimental data available

for shape factor and electron spectra corresponding to the
second-forbidden nonunique β− decay of 24Na. Thus, our
theoretical results might be quite useful to compare with a
future experimental measurement.

D. Decomposition of the integrated shape factor

In Table V, we present the integrated shape factor C̃
and its decomposition to vector C̃V , axial-vector C̃A, and
mixed vector–axial-vector C̃VA components, for the involved
transitions using different effective interactions. Hence, we
have calculated the value of C̃ and its components with
the pure shell model, labeled “SM,” and after constraining
the matrix element VM(0)

211 from experimental information,
labeled “SM+CVC.” For all the studied decays transition,
the sign of vector C̃V and axial-vector C̃A components is
positive from SM and SM+CVC, but the sign of the mixed
axial-vector C̃VA component varies. From the pure SM for
24Na, the axial-vector component C̃A is dominant in the USDB
and DJ16A interactions. For N3LO and JISP16 interactions,
the mixed component C̃VA is roughly the sum of vector and
axial-vector components and negative in sign. In SM+CVC,
the vector component C̃V is dominant for all interactions. The
mixed component C̃VA is negative for USDB, while positive
for other interactions. In case of 36Cl, the vector component
C̃V is dominant for all the interactions in the case of the pure
SM. After applying CVC theory, the vector part is dominant
only in USDB and JISP16 interactions and for the other two
interactions the axial-vector part is large as compared to the

other two components. The signs of the mixed components
C̃VA are negative in both cases SM and SM+CVC for all
interactions.

IV. CONCLUSIONS

In this article we have calculated log f t values, shape fac-
tors, and electron spectra for the second-forbidden nonunique
β− transitions of 24Na(4+) → 24Mg(2+) and 36Cl(2+) →
36Ar(0+) using the three microscopic effective interactions
(DJ16A, N3LO, and JISP16) obtained from the NCSM wave
functions via the OLS transformation. Also, for comparison,
we have used the more popular phenomenological effective
USDB interaction.

The low-lying energy spectra of the involved mother
and daughter nuclei in β− decay corresponding to different
ab initio and phenomenological effective interactions are com-
pared with the available experimental data. The obtained wave
functions have been used for further calculations. To calculate
the log f t values, shape factors and electron spectra, we have
constrained the relativistic matrix element VM(0)

211 in the sd
model space using experimental information. This matrix
element plays an important role in the shape factors and
electron spectra. The calculated log f t values are compared
with experimental data. In the case of the JISP16 interaction,
we could not obtain a proper value of this matrix element.
In our calculation, we have used two different values of gA,
either the bare value of gA = 1.27 or the quenched value
of gA = 1.00. For the allowed β decay of 24Na, the log f t
values are in reasonable agreement with the experimental
data. In the case of second-forbidden nonunique β decay, we
have calculated log f t values corresponding to gA = 1.27 and
compared them with the experimental data. Before applying
CVC theory the electron spectra of 24Na depend significantly
on the effective value of gA, while after applying CVC they
have become independent. In the case of 36Cl, the dependency
of electron spectra on gA is opposite from the case of 24Na
for USDB, N3LO, and JISP16 interactions, but in the case
of the DJ16A interaction the electron spectra strongly depend
on gA before and after applying CVC theory. In the case of
36Cl, the experimental data are available for shape factors and
electron spectra. So we have compared our theoretical results
with the experimental data to check the role of matrix element
VM(0)

211. But in the case of 24Na, there are no experimental
data available for shape factors and electron spectra. Thus,
our calculated results could be quite useful for comparison
with future experimental data. Also, we have decomposed the
integrated shape function C̃ into vector C̃V , axial-vector C̃A,
and vector–axial-vector C̃VA components to see the individual
effects of these components.
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We report on a comparison between the theoretically predicted and experimentally measured spectra of
the first-forbidden nonunique β-decay transition 137Xeð7=2−Þ → 137Csð7=2þÞ. The experimental data were
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acquired by the EXO-200 experiment during a deployment of an AmBe neutron source. The ultralow
background environment of EXO-200, together with dedicated source deployment and analysis
procedures, allowed for collection of a pure sample of the decays, with an estimated signal to background
ratio of more than 99 to 1 in the energy range from 1075 to 4175 keV. In addition to providing a rare and
accurate measurement of the first-forbidden nonunique β-decay shape, this work constitutes a novel test of
the calculated electron spectral shapes in the context of the reactor antineutrino anomaly and spectral bump.

DOI: 10.1103/PhysRevLett.124.232502

Introduction.—The discrepancies between measured and
predicted antineutrino fluxes from nuclear reactors con-
stitute the so-called reactor antineutrino anomaly [1,2]. In
addition, an event excess (“bump”) against predicted
spectra between 4 and 7 MeV of antineutrino energy has
been observed by the RENO [3], Double Chooz [4], and
Daya Bay [5] antineutrino oscillation experiments. The
spectral bump was apparently present but not recognized in
the much earlier Goesgen experiment [6]. Predicting the
reactor antineutrino flux is difficult due to the uncertainties
related to the treatment of the β decays of the numerous
fission fragments [7,8]. One particular problem is the
description of the forbidden β-decay transitions whose
spectra are translated to antineutrino spectra at energies
relevant for the measurement of the total flux and the
spectral bump [9]. It has been noted that many first-
forbidden β-decay transitions, like the presently discussed
one, in the medium-mass A ¼ 89–143 nuclei play a key
role in reactor antineutrino spectra [9,10]. Only a handful of
electron spectra corresponding to Jþ ↔ J− β transitions in
this region has been measured and with a rather poor
precision [11,12]. According to [9,10], the β spectra for the
Jþ ↔ J− transitions, relevant for solving the reactor
anomaly and spectral bump, deviate noticeably from the
allowed shape, the deviation being approximately a quad-
ratic function of the electron kinetic energy (see, e.g.,
Ref. [10], Fig. 3, top panel). This is the case also for the β
decay of 137Xe (see Fig. 2, lower panel), making this decay
an important test case of the computed spectral shapes. In
the case of 137Xe, there is a measurement [13] that proposes
a scheme for the decay of 137Xe to the ground state (the GS
decay) and first excited state (the ES decay) of 137Cs, but we
could not find measurements or calculations of the corre-
sponding β-spectrum shapes. In the present work, we
perform the β-spectrum-shape measurement and calcula-
tion for the decay to the ground state. Comparison with
experiment confirms that the calculated shape of the 137Xe
decay is correct, and thus there is hope that the effects of the
first-forbidden β decays lead to mitigation of the reactor
anomaly and a possible explanation of the origins of the
spectral bump, as proposed by Hayen et al. [9,10].
The problem of many of the electron spectra of the first-

forbidden β-decay transitions is connected to the uncer-
tainty of the effective value of the weak axial coupling gA
[14] and the enhancement of the axial charge nuclear
matrix element (NME) by meson exchange currents [15].

Recently, a sustained effort has gone into clarifying these
two burning issues [16]. Related to this, we point out that
the effective values of gA are more like effective corrections
to specific nuclear theory frameworks than fundamental
corrections to the weak axial coupling [17]. For some
decays, the spectral shape depends on the effective value of
gA and, to some extent, on the mesonic enhancement
[14–16]. The uncertainties related to these parameters
are reflected as theoretical uncertainties in the predicted
antineutrino spectra. Fortunately, the majority of the shapes
of electron spectra are not much affected by the values of
these quantities. In order to test the accuracy of the theory
framework used to compute the electron spectra related to
the reactor antineutrino problem, one needs (1) a measured
electron spectral shape of a forbidden β-decay transition in
the nuclear mass region relevant for the reactor antineutrino
problem that has (2) a nontrivial shape and that is
(3) independent of both gA and the mesonic enhancement.
These three requirements are met by the GS decay, that is

by the first-forbidden nonunique β-decay transition
137Xeð7=2−Þ → 137Csð7=2þg:s:Þ. The condition (1) is
accounted for by the experimental spectral shape extracted
in the present work. The condition (2) is satisfied by the
complex spectral shape containing a pseudoscalar part with
two NMEs, a pseudovector part with three NMEs, and a
pseudotensor part with one NME [15,16]. Furthermore, our
present calculations, based on the formalism of [18] and on
its recent derivative [19], show that requirement (3) is also
satisfied to a high level of precision.
Theoretical description of the forbidden β shape.—For

the theoretical description of the first-forbidden β− decay,
we adopt the expansion of Behrens and Bühring [18].
NMEs up to the next-to-leading order are included in the
calculations [19].
The nuclear structure calculations were done using the

shell model code NUSHELLX@MSU [20] in a model space
spanned by the proton orbitals 0g7=2, 1d5=2, 1d3=2, 2s1=2,
and 0h11=2 and the neutron orbitals 0h9=2, 1f7=2, 1f5=2,
2p3=2, 2p1=2, and 0i13=2 with the effective Hamiltonian
jj56pnb [21]. This interaction has previously been used to
study the mesonic exchange effects on and gA dependence
of the electron spectra of A ≈ 135 nuclei [15], as well as to
predict the β shapes of the first-forbidden decays contri-
buting to the cumulative β spectra from nuclear reactors
[9,10]. While 137Xe is not one of the major contributors
itself, neighboring nuclei such as 136;137;138I and 139;140Xe
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are [22]. The GS decay turns out to be one of the spectra
with negligible shape dependence on the adopted value of
gA or the magnitude of the mesonic enhancement effects on
the axial charge matrix element. This is the case since the
involved four axial vector NMEs dominantly contribute to
the spectral shape and thus gA simply gives the overall
scaling of the electron spectrum and, in turn, of the half-life.
This gA dominance is clearly visible in Fig. 2, where the gA-
dependent contribution (blue dots) is compared to the full
spectral shape (blue dotted line). The shape factor CðEÞ
(ratio of the corrected spectrum to that corresponding to an
allowed decay) is plotted in the bottom frame of the figure.
This transition is a perfect test case for the accuracy and
validity of the calculations of the β spectra in the context of
the reactor antineutrino anomaly [9,10]. This is particularly
important since the calculations of Hayen et al. [9,10]
propose corrections to the traditional Huber-Mueller model
[1,23] that explain, at least partially, the anomaly and
spectral bump.
In contrast with the GS decay, the spectral shape of the

ES decay to the first excited state of 137Cs (ES decay) does
depend on the value of gA and could, in principle, be used
to constrain its value. However, the accompanying emis-
sion of a deexcitation γ makes accurate measurement of the
ES decay’s β-spectrum shape in EXO-200 challenging.
Since both the motivation and analysis approach are
substantially different for the GS and ES measurements,
we consider the ES decay outside the scope of this work
and only focus on the GS decay.
Experimental details and results.—The EXO-200 detec-

tor is a cylindrical time projection chamber (TPC). It is
filled with liquid xenon (LXe) consisting of 80.6% of the
isotope 136Xe and 19.1% of 134Xe, with the remaining
balance composed of other isotopes. The LXe is housed in
a cylindrical copper vessel of ∼40 cm diameter and
∼44 cm length. The vessel is surrounded by ∼50 cm of
HFE [24], a hydrogen-rich heat transfer fluid maintained
inside a vacuum-insulated copper cryostat. Further shield-
ing is provided by at least 25 cm of lead in all directions. A
small diameter copper tube runs from the outside of the lead
shield through the HFE and wraps around the outside of the
TPC vessel. The tube allows one to insert miniature
radioactive calibration sources and place them close to
the active volume of the detector. Energy depositions in the
TPC produce ionization charge and scintillation light. The
charge and light signals are reconstructed to provide energy
and position of events. In a given event, charge deposits, or
clusters, that are separated by ∼1 cm can be individually
reconstructed. The event is then classified as single site
(SS) or multisite (MS), depending on the number of
spatially distinct reconstructed clusters. More details about
the EXO-200 design and performance are available in
[25,26]. The reconstruction, Monte Carlo simulation (MC),
and analysis approaches are described in [27,28]. EXO-200
is designed to minimize radioactive backgrounds. Its data

rate above 1000 keV is dominated by the two-neutrino
double β decay of 136Xe [29].
The experimental data used in this work were collected

during the AmBe neutron source calibration campaign
carried out in December 2018. 137Xe is produced by
neutron capture on 136Xe and decays to 137Cs with the
half-life of 3.818� 0.013 min [30]. In ∼67% of cases
[31], 137Xe decays to the ground state of 137Cs. In ∼31%
of cases, 137Xe decays to a 5=2þ excited state of 137Cs,
which deexcites by emission of a 455.5 keV γ-ray. The
neutrons were produced by the neutron source positioned
at the midplane of the TPC, 3 cm outside the LXe
volume. The source contains ∼65 μCi of 241Am in the
form of a carrier-free 241AmO2 powder mixed with
beryllium metal powder. The mixture is contained in a
1.2 mm diameter tungsten capsule, which is in turn
contained inside a 2.0 mm diameter stainless steel capsule
that is welded shut by electron beam welding. The
estimated neutron activity of the source is ∼90 Bq.
More details about the source construction and charac-
terization can be found in [32]. In ∼60% of the cases [33],
the neutron emission from the source is accompanied by a
4439.8 keV γ ray. The source is positioned several
centimeters outside of the TPC during the calibrations,
which leads to some neutrons being captured in HFE by
hydrogen nuclei. The capture is followed by the emission
of a 2224.6 keV γ ray. Additional γ radioactivity is
expected from neutron inelastic scattering in HFE. While
advantageous for the energy calibration, the γ rays
produced when the AmBe source is deployed close to
the TPC would constitute a major background for the
137Xe β-decay measurement. To avoid this, a special
deployment procedure was used. The deployment
sequence consisted of repeated “136Xe activation—137Xe
decay” cycles. During the decay phases, the source was
retracted outside of the lead shield, ceasing the associated
γ radioactivity. The length of the periods was chosen to
maximize the number of detected 137Xe decays. Figure 1
shows the rate of reconstructed events in EXO-200 during
one of the decay periods when the source is retracted. The
drop (rise) of the rate at the end (beginning) of the

FIG. 1. Reconstructed event rate during the AmBe source
calibration. The vertical lines show the cuts that select 137Xe
decays.
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activation periods is clearly seen. The red lines indicate
the placement of the cuts to select the 137Xe decay period.
A total of 60 such periods is selected during the
campaign. The decay phase is defined as a period when
the event rate is less than 1.33 Hz. The timing cuts are
placed at þ30 (−30) s from each decay period’s start
(end). The integrated livetime is 8.73 hours.
The fiducial volume cuts are relaxed slightly, as com-

pared to Ref. [28]. This increases the fiducial mass by ∼5%,
while still retaining the good agreement between shapes of
energy distributions in data and MC simulation. The
relaxed cuts admit a background increase that is negligible
for this study.
When 137Xe decays to the ground state of 137Cs, only the

β particle is emitted and detected. Electrons of OðMeVÞ
energy are reconstructed predominantly as SS events in the
detector. On the other hand, when the decay proceeds to the
5=2þ excited state (ES decay), both the β and the
deexcitation γ deposit energy and are reconstructed as an
MS event in most cases. Therefore, the 137Xe GS decay
spectrum can be examined in EXO-200 by looking at the
energy distribution of the selected SS events. However,
several reconstruction and physics effects introduce non-
negligible differences between the theoretical GS spectrum
and the spectrum of the reconstructed SS events. To take
these effects into account, the MC of the AmBe source is
first used to track the neutrons up to the 136Xe atoms on
which they are captured. 137Xe decays, both GS and ES, are
then generated from the capture position distributions. The
β energy is sampled from the theoretical β spectrum. The
decay products (β and deexcitation γ) are tracked, and their
energy depositions are simulated and reconstructed to
produce the expected SS spectrum. This spectrum, along
with the theoretical one, are shown in Fig. 2. At the lowest
energy, one can see the expected effect of the charge
reconstruction threshold, leading to the MC spectrum
having a lower intensity than the theoretical spectrum.
While the SS spectrum is dominated by the GS decays, a
residual peak at 455.5 keV is expected due to ES decays
that occur outside of the sensitive volume. For such events,
the β cluster of an ES decay is lost, while the deexcitation γ
ray has a chance to travel to the fiducial region and get
reconstructed as a single cluster. At higher energies, the
intensity of the MC SS spectrum is lower than the
theoretical spectrum, due to reconstruction effects and
the production of Bremsstrahlung photons by the β
particles, which leads to some GS decays being recon-
structed as MS events. Finally, the slightly higher apparent
end point in the MC spectrum is expected due to the finite
energy resolution.
The detector’s energy scale is constrained using the total

of seven mono-energetic γ lines obtained in EXO-200 using
radioactive calibration sources: 455.5 (AmBe), 661.7
(137Cs), 1173.2 (60Co), 1332.5 (60Co), 2224.6 (AmBe),
2614.5 (228Th), and 4439.8 keV (AmBe). The mean

position of the full absorption peaks in the uncalibrated
energy spectra is found using a fit by a linear combination
of the Gaussian and error functions. The latter function is
an ad hoc way to account for the shoulder to the left of the
peaks, composed of Compton scattering events, multisite
full absorption events with one or more small charge
clusters missing, and other events. The calibration runs
collected closest in time to the AmBe calibration campaign
are used. The same fiducial cuts are used for the calibration
events as for the 137Xe dataset. The SS events are selected
for all calibration lines, with the exception of the 455.5 keV
137Cs deexcitation line. Since in that case the deexcitation γ
is accompanied by a β decay, the two-cluster MS events
within the timing cuts are first selected. The energy
distribution of the smaller of the two charge clusters is
then plotted for events in which the larger of the two charge
clusters has energy ∼3σ above 455.5 keV (560 keV).
Figure 3 shows the resulting spectrum. It is not possible to

FIG. 2. (Top frame) Theoretical GS spectrum (blue dotted line)
and reconstructedMCSS spectrum (red solid line). The theoretical
GS spectrum shape is the same for all reasonable gA and mesonic
enhancements within the line width. The gA-dependent contribu-
tion to the theoretical spectrum is also shown as blue dots.
Individual contributions of GS and ES decays to the reconstructed
spectrum are also shown as red dashed and dash-dotted lines,
respectively. (Bottom frame) Shape factor, CðEÞ.

FIG. 3. Selected 137Cs deexcitation γ events. The Gaussianþ
Erf fit to the uncalibrated charge energy is shown as the red line.
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discern contributions of individual clusters to the total
detected scintillation light. So the reconstructed energy in
this work is based on charge signals only. The energy
calibration approach used in this work extends the con-
strained energy range in both directions, as compared to
previous analyses, at the expense of a worse energy
resolution. After the mean positions of all γ lines are
found, they are plotted versus the true energies and fit by a
linear function. Figure 4 shows the resulting SS data energy
calibration that is used in this analysis. The residuals are
typically within �0.5%, not exceeding �1%.
Based on MC of the AmBe source, the main expected

backgrounds in the selected SS spectrum are 135Xe and
64Cu. 135Xe is produced by capture of the AmBe neutrons
on 134Xe, which constitutes ∼19% of the xenon target in
EXO-200. 135Xe undergoes a β decay with a half-life of
9.14 hours and has a Q value of 1051 keV. 64Cu is produced
in the copper vessel (and other construction elements) and
undergoes βþ or electron capture decay with a half-life of
12.7 hours. Only a single 511 keV positron annihilation γ
ray is expected to be seen in the SS spectrum. In ∼0.5% of
cases, 64Cu electron captures to an excited state of 64Ni that
deexcites by a 1345.8 keV γ ray, which can also produce an
SS event. The expected SS spectra of 135Xe and 64Cu are
generated by MC analogously to the case of 137Xe. The
three spectral shapes are then fit to the calibrated charge
energy spectrum of the selected SS events allowing the
normalization of each of the three components to float.
Figure 5 shows the selected SS events and the results of the
fit. The good agreement between the best fit and the data
shapes supports the expectation that 64Cu and 135Xe are the
main activation backgrounds.
An SS low energy cut of 1075 keV is chosen to remove

the 135Xe and most of the 64Cu events. The high energy cut
is set to 4175 keV, based on the Q value of 137Xe GS decay.
Based on the fit, the residual background contribution of
64Cu and 135Xe to the selected energy range is 22.7(5) and
0.50(2) events, respectively. Two known background con-
tributions to the AmBe dataset are two-neutrino double β

and 40K decays, whose rates are constrained by the EXO-
200 “low background data” (LB) [28]. Taking into account
the livetime and the correction for the slightly larger
fiducial volume used in this analysis, one expects 43
two-neutrino double β and 7.8 40K events, or ∼1.1% of
all the SS events in the selected energy range. Other LB
components are expected to contribute less than one event
total. The rate of the LB events is known to ∼10% relative
uncertainty. The expected LB events are removed from the
dataset by subtracting their MC spectra, normalized to the
corresponding number of expected events. The remaining
dataset contains 4526 events. For a qualitative check of
the purity of the selected dataset, the time difference
between each selected event and the start time of the
corresponding decay period is histogrammed and fit by an
exponential function (Fig. 6). The best-fit half-life value,
3.81� 0.15 min, is in good agreement with the known
half-life of 137Xe of 3.818� 0.013 min [30].
Figure 7 shows the comparison between the observed

and expected GS spectra of the 137Xe events. The com-
parison range is from 1075 to 4175 keV. The calibrated

FIG. 4. SS data energy calibration. Red line is the linear fit.
Best-fit parameters are also shown. The errors are statistical.

FIG. 5. Calibrated SS energy spectrum of events passing the
selection cuts (black points). Blue dotted, green dashed, and cyan
dash-dotted lines correspond to MC spectra of 137Xe, 135Xe, and
64Cu, respectively. Thick red line corresponds to the sum of the
three best-fit components. Thin magenta line corresponds to the
LB backgrounds, described in the text. The reduced χ2 of the fit is
shown in the legend.

FIG. 6. Time distribution of selected SS events (black) with
energies between 1075 and 4175 keV. The exponential fit is
shown as red solid line.
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charge energy spectrum of the selected SS data events, with
the expected residual background contributions subtracted,
is shown in black on the top frame of the figure. It is fit with
the simulated shape based on the theoretical calculation
(red). The only parameter floating in the fit is the total
normalization. The reduced χ2 of the fit (also shown)
suggests a good agreement between the data and expect-
ation. The normalized residuals are shown on the bottom
frame of the figure. All residuals are within �2σ statistical
error. The residuals are fit by a constant (dashed blue line)
trend line, with the best-fit parameter shown. The residuals
show no statistically significant energy dependence.
Anything that can introduce an energy-dependent dis-

crepancy between the data andMC can systematically affect
the comparison shown on Fig. 7. Given the amount of the
available statistics, we are sensitive to potential systematics
effects on the level of a few percent ormore. The data energy
calibration is constrained to the subpercent level. The
Gaussianþ Erf fit model itself may be a source of system-
atics when extracting the peaks’mean positions. This effect
was studied by EXO-200 and is expected to introduce a
∼3 keV bias, which is subdominant to the calibration
residuals (Fig. 4). The residual background contamination
in the selected SS energy range contributes ≤ 1% of events
and is known to Oð10Þ% relative uncertainty, suggesting
only a fraction of percent residual effect. Potential imper-
fections of the MC and reconstruction can systematically
affect the comparison only if they lead to an energy-
dependent difference of the SS fraction or of the overall
SS spectral shape in the data and MC. Based on the latest
published comparison of data and MC in EXO-200 (Fig. 1
in Ref. [28]), the energy-dependent deviation is expected to
be small compared to the statistical errors in Fig. 7.
Discussion and conclusion.—We calculate the 137Xe GS

spectrum and find that it has no significant dependence on

the adopted value of gA or the magnitude of the mesonic
enhancement effects on the axial charge matrix element.
This makes this transition an ideal tool to validate the
accuracy of the β-spectra calculations in the context of the
reactor antineutrino anomaly. We perform a precise meas-
urement of this first-forbidden nonunique β-decay shape
using the data collected during an AmBe source deploy-
ment in EXO-200. A good agreement between the pre-
dicted and observed spectra is found. Therefore, this work
provides both a rare measurement of the first-forbidden
nonunique β-decay shape and a novel test related to the
calculated electron spectral shapes of β decays that con-
tribute strongly to the antineutrino flux from nuclear
reactors. The hope is that this test justifies the calculated
spectral shapes of [9,10], thus implying that the spectral
bump and the flux anomaly can be explained, at least partly,
by the exact spectral shapes of the abundant first-forbidden
nonunique β decays of the fission fragments in nuclear
reactors.
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