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Abstract

Let © C R? be an internal chord-arc domain and ¢ : S' — 99 be a
homeomorphism. Then there is a diffeomorphic extension A : D — € of .
We study the relationship between weighted integrability of the derivatives

of h and double integrals of ¢ and of ¢~ 1.

Keywords: Poisson extension, diffeomorphism, internal chord-arc do-
main.

1 Introduction

Let © C R? be a bounded convex domain. Suppose that ¢ is a homeomor-
phism from the unit circle S! onto Q. Then, by Rad¢ [13], Kneser [7], Choquet [3]
and Lewy [10], the complex-valued Poisson extension h of ¢ is a diffeomorphism
from D onto €2. We are interested in the integrability degrees of the derivatives
of h. In 2007, G. C. Verchota [14] proved that the derivatives of h may fail to be
square integrable but that they are necessarily p-integrable over D for all p < 2.
In 2009, T. Iwaniec, G. J. Martin and C. Sbordone improved on [5] by showing
that the derivatives belong to weak-L? with sharp estimates. Actually

(L) [P~ [ [ =0 gy
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since harmonic functions minimize the L2-energy and the right-hand side of (1.1)
is the trace norm of W12(D). In [1], it was further shown that if additionally 9
is a C'l-regular Jordan curve then

(1.2) / IDh(2)[?dz < o0 / log o () — o~ ()] €] |dn] < .
D o0 J O

All the above results require the target domain to be convex.

If ©2 is a bounded non-convex Jordan domain, then there exists a homeomor-
phism ¢ : St — 9Q for which the harmonic extension fails to map D homeo-
morphically onto €, see [3,7]. Hence we cannot use the harmonic extension to
produce a diffeomorphic extension. Nevertheless, (weighted) analogs of the re-
sults as (1.2) for diffeomorphic extensions in the case of an internal chord-arc
Jordan domain exist, see [9]. For the definition of (internal) chord-arc domains,
we refer to Definition 2.1. Notice that each bounded convex Jordan domain is a
chord-arc domain. In this paper, we generalize the results in [9] to the weighted
LP-setting.

Let © be an internal chord-arc Jordan domain with the internal distance Aq.
Assume that h : D — Q is a diffeomorphism and ¢ : S — 9Q is a homeomor-
phism. Set §(z) =1 —|z|. Given p > 1,a € R, X\ € R, we define

Li(p,a, A\ h) = /D |Dh(2)[P6%(2) log* (26 (2)) dz,
L(p, s A ) = /D Dh(2)Plog (e + | Dh(2)])6% (2) dz,
Utparg) = [ [ AL (o 20020, gy g,
Apan(t) = /1 t —z'tePlog)(x N dx WVt >0,

V(p,a A ) = /8 X /8 A7) = ¢ ) bnl)” L.

Our main result is the following theorem.

Theorem 1.1. Let Q C R? be an internal chord-arc Jordan domain and ¢ : St —
0f) be a homeomorphism. There is a diffeomorphic extension h : 1D — € of ¢ for
which, for any p > 1, we have that

(1) if either ac € (p—2,400) and A€ R or o =p—2 and A € (—o0, —1),

both I (p, a, A, h) and Iy(p, o, A\, h) are finite.
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(2) if either c € (—1,p—2) and A€ R ora=p—2 and X € [—1,+00),
both I (p, e, A\, h) and Iy(p, a, A\, h) are comparable to U(p, a, A, ).
Moreover whenever p € (1,2]
both I(p,a, A\, h) and Iy(p, a, A, h) dominate V(p, a, A, @),
while
V(p, o, \, @) controls both I (p, a, A\, h) and Iy(p, c, \, h)

for all p € [2,400). Furthermore both I(p,a, A, h) and Iy (p,a, A, h) are in
general comparable to V(p, a, A, p) only for p = 2.

For any p > 1, there is no diffeomorphic extension h : D — € of ¢ for which
Li(p,a, A\, h) < 400 for either a € (—oo,—1) and A € R or a = —1 and X\ €
[—1,400); or for which Is(p,a, A\, h) < +00 for some a € (—o0, —1] and X € R.

Motivated by (1.2), one could hope to use V(p, a, A, ¢) to control both I1(p, v, A, h)
and Ir(p, a, A\, h). Example 4.2 together with Example 4.3 shows that V(p, a, A, )
is comparable to I1(p, a, A, h) or Is(p, a, A, h) only when p = 2. Theorem 1.1 does
not cover the case where p > 1, « = —1 and A € (—o0, —1). We will return to
this case in a future paper.

The structure of this paper is the following. In the next section, we give some
preliminaries. Section 3 is the proof of Theorem 1.1. The final section contains
several examples related to Theorem 1.1 (2).

2 Preliminaries

By s > 1 and t < 1 we mean that s is sufficiently large and ¢ is sufficiently
small, respectively. By f < g we mean that there exists a constant C' > 0 such
that f(z) < Cg(x) for every z. If f < g and g < f we may denote f ~ g. By N
and R we denote the set of all positive integers and the set of all real numbers.
Let £? (respectively £') be the 2-dimensional (1-dimensional) Lebesgue measure.
For sets £ € R? and F € R?, let diam (E) be the diameter of E, and dist (£, F)
be the Euclidean distance between E and F. Let B(p,r) be the disk with center
P and radius 7.

Definition 2.1. A Jordan domain 2 C R? is an internal chord-arc Jordan
domain if 9N is rectifiable and there is a constant C > 0 such that for all
wi, wy € OS2,

(2.1) l(wy, we) < CAg(wy, wy),
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where ((wy,ws) is the arc length of the shorter arc of 92 joining w; to wy, and
Aq(wy,ws) is the internal distance between wy, we, which is defined as

Aa(wy, we) = inf £(«),
where the infimum is taken over all rectifiable arcs o C €2 joining w; and ws; if
there is no rectifiable curve joining w; and wsy, we set Ag(wy,wy) = oo; cf. [12,
Section 3.1] or [2, Section 2].
If (2.1) holds for the Euclidean distance instead of the internal distance, we
call €2 be a chord-arc domain. Naturally, every chord-arc Jordan domain is an
internal chord-arc domain, but there are internal chord-arc domains that fail to

be chord-arc; e.g. the standard cardioid domain

A= {(z,y) € R?: (2* +y°)* — dw(2® + y*) — 4y* < 0}.

2.1 Dyadic decomposition

Given j € Nand k=1,...,27, let
(2.2) Ly = [2n(k — 1)277,20k277), Tjp = {e® : 0 € I;}.

Then {I;;} is a dyadic decomposition of [0, 27] and {I';} is a dyadic decompo-
sition of S*. We call I'; ;, a j-level dyadic arc. Moreover we have that

(2.3) (Tijx)~27 VjeNandk=1,..,2.

Based on (2.2), there is a decomposition of the unit disk D given by {Q;x : j €
Nand k =1,...,27}, where

(2.4) Qir={re’:1-2"7<r<1-27andfel;}.
By (2.3) it follows that
(2.5) L2Qx) =277 ~l(T;)* VieNandk=1,..2.

Moreover there is a uniform constant C' > 0 such that for any @); there is a disk
B, satisfying

(26) Bj,k C Qj,k: C CB’k
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2.2 A, weights

Definition 2.2. For a given p € (1, 400), a locally integrable function w : R? —
0, +00) is an A, weight if there is a constant C' > 0 such that for any disk B C R?
we have that

1 1 1 1-p
W/Bw(x)dajg(j(m/fgw(m) »dz) "

Next, w is an A; weight if there is a constant C' > 0 such that

1
Z2(B) /Bw(z) dz < Cw(x)

for each disk B € R? and all z € B.

For more information on A, weights, we recommend [4,6,11]. Let §(x) =
dist(St, ). Given a € (—1,p — 1) and X\ € R, we define

 [8(@) 1o (2071(2)) 0< [e] <2,
(27) waale) = {logA@) 2] > 2

It is well known that w, o belongs to A,. We now generalize this to all A € R.

Proposition 2.3. Let p > 1 and w,,\ be as in (2.7). Then w,,y is an A, weight
forallao € (—=1,p—1) and X\ € R.

Proof. The idea of proof is to use the Jones factorization of A, weights (see [6]),
i.e. we should prove w, \ = wlw;p for two A; weights w; and ws.

We first consider the case A > 0. For a given o € (—1,p — 1), there uniquely
exist a; € (0,1) and ay € (0,1) such that o = a;(—1) + az(p — 1). Set a; = —ay,
9 = —ag, A1 = pA and Ay = A. We define

~f5@)i0gM (2671 (@) 0< a2,
(2.8) wi(r) = {log’\l(Q) 2] > 2.
and

5@ log® 264 w) 0< el <2,

We next prove that w; is an A; weight, i.e.

z€B

(2.10) ]iwl(x)da: < infw;(x)



for every disk B C R?. Let dp = dist(B, S!).
Case 1: dg > diam(B)/2. We have that

If 1 < dp, then 6(x) > 1 for all # € B. Therefore wy () = log™ (2) whenever = €
B. Of course (2.10) holds now. If 3dp < 1, then w;(x) = §(z)* log™ (26~ (x))
for all # € B. By (2.11) it hence follows that w;(z) =~ d3 log" (2d5") whenever
x € B. Therefore (2.10) holds. If dg < 1 < 3dp, let By ={x € B :dp < i(x) <
1} and By ={x € B:1<§(x) < 3dp}. Then B = B; U By and

(2.12) wy (x) = log (2) whenever = € Bs.
Since
A

2.1 o1 logh (2¢71)] =t 1ogh (2t SR S
(2.13) [t log™ (2t71)] 08" (27) o = oy ) <O
for all t € (0, 1], we have that

log™ (6
(214) w1 ($) § d%l log)‘l (2d§1) S Og?)oél( ) Va € Bl.

Combining (2.12) and (2.14) implies that

[ty ([ [ )

£2(B) (EQ(BI) 10g3;1(6) + £2<Bg) log)‘l (2))

<log(2) = infw,(x).

zeB

—_

Case 2: dp < diam(B)/2 and diam(B) < 2/3. Pick 2/ € OB and zy € S! such
that dist(B,S') = |2/ — x¢]|. Let rp = 3diam(B)/2. Since

|z — x| < |x— 2| +|2' — x| <7p

for all € B, we have B C B(zg,rp). Let E = {x € R? : dist(z,S') < rg}. Then
B(xg,rp) C E. Since L*(B(xg,r5)) = 7ry and L?(E) = 4nrp, the maximal
number of pairwise disjoint open disks B(z,rp) with z € S! is less than 47’§1. We
have that

1
£2(B>/Bw1(x) dx §—£2(B) /B(IO’TB) wy () dx

"B L At (941
2.15 < / wy () de =~ / t* log™ (2t77) dt.




Notice that

A
2.16) [t 110g™ (2t~ 1)] = 1 log (2t~ R t>0.
216) [ og (7)) = e og 21 (a +1- ) e

Since limay + 1 — =o+1and a7 +1— A—i_l) is decreasing with

A

t—0+ 105(21_1) log(2
respect to t > 0, there exists ¢ € (0,1) determined by a; and A; such that
oy + 1— m = (041 + 1)/2 We then obtain from (216) that

1 og (2671)]) > XL tog (26)

for all t € [0, erp]. Therefore

(2.17)
€rp 9 ar+1
/ t log™ (2t71) dt = Herp)™ ™
0 O[l + ].

Moreover by (2.13) we have that
(2.18)
B

/ t logM (2t 1) dt < (rp — erp)(erg)® log™ (2(erp) ™) < r&% ™ log™ (2r5).
erp

log’\l(Z(eT’B) )<r°‘1+110g (27",51)

Combining (2.15), (2.17) with (2.18) implies that

1
—/ wy () dr < riylog™ (2r!) .
1Bl /&
Together with

ritlog™ (2r5") = uf t*tlog™ (2¢7) = fnf wi(@) < fuf wa(a),

we hence obtain (2.10).

Case 3: dp < diam(B)/2 and diam(B) > 2/3. Let 2’ and z be as in Case
2. Then |z/| = 1 + dist(2/,S") < 1 + diam(B)27!'. Together with the fact that
|z — /| < diam(B) for all € B, we have B C B(0,1+ rg). Moreover by (2.17)
and (2.18), we obtain that

1
/ wy(x) dr = / +/ = 47r/ t log™ (2t 1) dt ~ 1.
B(0,2) B(,1)  JB(0,2\B(0,1) 0

Therefore

5, 1(/ 1
—_— w —
L*(B) /s 7’129 B(0,2) B(0,14r5)\B(0,2)

(£2(B(0,2)) + log™ (2)L*(B(0, 1+ ) \ B(0,2)))
(2.19) <1.



Moreover by the monotonicity of t*1 log™ (2t=') on (0, +00), we have that

2.2 log™ (2) = inf ™ log™ (2t7') =  inf < inf :
(2200 log™ (@)= o[ 108" G17) = o, (@) < Jaf o)

By combining (2.19) with (2.20), we obtain (2.10).

By the analogous arguments as for (2.10), we obtain wy € A;. Therefore the
Jones factorization theorem implies that w, y € A, for all @ € (—1,p — 1) and
A>0.

When A < 0, define w; and wy as in (2.8) and (2.9) with A\; = =\, A\ =
2A\(1—p)~! and both a; and as invariant. By the same arguments as for the case
A > 0, we obtain that w, € A, whenever a € (—1,p — 1) and A < 0. [

2.3 A class of functions

We define the Hardy-Littlewood maximal function for a Lebesgue measurable
function f in R? as

Mj(z) = sup ]i F(2)ldz = supﬁ /B ()] d

reB zeB

where the supremum is taken over all disks B C R? containing x. Let p € (1, 00)
and w be a weight. It is well-known that

[ t@prede s [ 1f@pu) ds
R2 R2
if and only if w is an A, weight. We generalize this to weighted Orlicz spaces.

We begin with some definitions.

Definition 2.4. Let F be the collection of ® : [0, 00) — [0, 00), which is increas-
ing and satisfies lim;_,o ®(¢) = 0 and lim;_,», ®(t) = co. We say that ® € F is the
Young function, if ® is convex on [0, 00) and lim;_,o ®(t)/t = lim;_, t/P(t) = 0.

Definition 2.5. We say that a function ® : [0,+00) — [0,+00) satisfies the
As-condition if there is a constant C' > 0 such that

O(2t) < CO(1)
for all ¢ € [0, +00).

Let ® € F satistying the Ag-condition. Put




We define the lower index of ® by

log h log h
i(®) = lim 06 1teld) »(s) — sup —20213) (I)(S).
s—0  logs 0<s<1 logs

The quantity i(®) is well defined, see [8]. The following lemma is from [8, Theorem
2.1.1].

Lemma 2.6. Let ® be a Young function satisfying the Ao-condition and w be a
weight on R%. Then the following conditions are equivalent:

1 fpe ®(Mp(@))w(@)de $ [ge D(1f(2)))w () da,
2. we Ai(q)).

We next consider a special class of Young functions. Given p > 1 and A € R,
we set

(2.21) ®,\(t) = tPlogt(e +t)  for t € [0,+00).

Proposition 2.7. Let @, be as in (2.21) with p > 1 and X > 0. Then @, is a
Young function and satisfies the Ay-condition on [0, 00). Moreover i(®, ) = p.

Proof. Simple calculations show that

t
(2.22) (1) = (p log(e +t) + /\6—+t> t*~ 1 log* (e + 1)
and

CIDZ,A(t) = (p(p —1)log*(e +1t) + )\e(e—i—t)z log(e +t) + prA(t))

(2.23) x P72 1log**(e + 1)
where R, (t) = AMA — 1)(t(e + )12 + A(2p — 1)t(e + )" log(e + t). Since
plog(e +t) + Xt(e + )"t > 0 for all £ € (0,+00), it follows from (2.22) that

@7 \(t) > 0 for all t > 0. Therefore @, is strictly increasing on [0,00). If A > 1,
we have that

(2.24) R,A\(t) >0 for all t > 0.

Whenever 0 < A < 1, since t/(e+t) < 1 and log(e+¢) > 1 for all ¢ > 0 we have
that

Rya(t) :e%t <>\(>\ - 1)6%t +A(2p — 1) log(e + t))
(2.25) >~ i ; AMA=1)+X2p—1)) = GLH (M +2X\p—1)) >0



for all £ > 0. By (2.23), (2.24) and (2.25), we have that & ,(¢) > 0 for all ¢ > 0.
Therefore ®, 5 is convex on [0,+00). Hence @, is a Young function whenever
p>1and A > 0.

Since both #” and log* (e +1) satisfy the Ay-condition on [0, +00), @,y satisfies
Ay-condition also. Since hg ,(s) = s” whenever s € (0,1), we have i(®,)) =
p. J

Remark 2.8. For p > 1, let ®,\ be as in (2.21) with A > 0. Assume that w
is an A, weight. Given a Lebesgue measurable function f, by Lemma 2.6 and
Proposition 2.7 we have that

[ s s [

[ @u(lf @) (e da

Let @, be as in (2.21) with p > 1 and A < 0. By (2.22) and (2.23), we have
that both monotonicity and convexity of ®, y may fail whenever ¢t < 1, but still
hold for all ¢ > 1. We modify @, » in a neighborhood of the origin such that it
satisfies all conclusions in Proposition 2.7.

Since 27 (p + 1)log(e + ¢) < plog(e +t) + At(e + t)~' whenever ¢ > 1, by
(2.22) there is a constant to > 1 such that

(p+1)2pa(t) _p+1

2t 2
for all ¢ > t5. Without loss of generality, we assume that @, ) is strictly increasing
and convex on [ty, 00). Since ptat? ' 4+ 17 < (p 4 1)tot?~ < thlog(e + ty) for any
t < 1, we have that

(2.26) " logh(e +t) < @ ,\(t)

(2.27) ptr(ty — 1) < @, (ta) — 17
for all t < 1. Moreover when t < to(p — 1)/(p + 1), we have that

Dyalls) =17 _ Byalts) _ (0+ DPya(ts)

2.28
( ) ty—1 T oty —t 2ty

Therefore by (2.26), (2.27) and (2.28), there exists a constant ¢; < 1 such that

P! < Dy a(tg) — Y o 1)@, 5 (t2)

<@ ().
to—ti 2t9 < Dpalta)

Let k = (D, (t2) — 1) /(t2 — t1). Given p > 1 and A < 0, we define

P 0<t<ty,
(2.29) Uoa(t) = S k(t—t1) +t] ¢ <t <ty
D, (1) ty < t.
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Proposition 2.9. The function ¥, is a Young function and satisfies the Aq-
condition on [0,00). Moreover i(V, ) = p.

Proof. 1t is easy to see that U, , is strictly increasing, continuous and convex on
[0, +00). Hence ¥, , is a Young function. To prove the A,-condition, it suffices
to check that

(2.30) U, (2t) < O, (1)

for all ¢ € [0, 4+00). In fact, (2.30) is trivial if either ¢ > ¢ or 2t < t;. Whenever
t € [t1/2,ts], by the monotonicity of ¥, y we have that

W, (21) <1< Yol .
Upa(2ta) = 7 Wpa(t1/2)

Let s < 1. Without loss of generality, we assume s < t;/t5. In order to prove
i(Vpn) = p, we first estimate hy_,(s). By (2.29), we have that

Wy (st sP vt € (0,t1),
(2_31) p,/\(s ) _ o ) (0,t1)

Ty (1) M =80 VEE [tt).
Moreover we obtain that

D P )
(2.32) i < Tpalst) _ () 5

<
log’\(e +ty) — Ypall) D, (1) — log’\(e +t1s71)
for all t € [tg,t1/s) and

(2.33) ¥ sP - Wyoa(st)  k(st —ty) +t] - D, 2\ (t2)s?
B g et i) S W) T Bpa) © Bloge+ s )

for all t € [t1/s,t2/s). Assume t € [ta/s, +00). It follows that

W, A (st) _ P, 2\ (st) _ (log(e + St))’\
Upa(t)  Ppa(t) log(e +1)

By the monotonicity of function (log(s) + log(e + -))log™'(e + -), we have that

(2.34)

log(e + st) - log(s) + log(e + t) - log(s) + log(e + tas™!) - log(t)
log(e+t) — log(e +t) - log(e + tas™1) ~ log(e + tas71)

for all t > t5/s. Hence we derive from (2.34) that

\I’p7)\(8t)
A t)

Sp

2.35 sP < .
(2:35) - log*(e + ty571)

< log'(t2)

11



Combining (2.31), (2.32), (2.33) with (2.35) implies that
(2.36) sP < h\pp)\(s) <P log_’\(s_l)

whenever s < 1. By (2.36), we therefore have that i(V, ) = p.

Remark 2.10. For p > 1 and A < 0, let ¥, be as in (2.29) and &, , be as in

(2.21). Analogously to Remark 2.8, we have that

e3n [ ea0n@@des [

R

(1) () do
Since limy_,04 W, 5 (t)/Ppa(t) = 1, it follows that
(2.38) W, (1) ~ By (1)

whenever ¢ € [0, +00). Hence we derive from (2.37) that

/RQ Oy a(My(z))w(r) de S /

R

D1 () () da

3 Proof of Theorem 1.1

We begin by proving the following special case of Theorem 1.1.

Theorem 3.1. Let ¢ : S* — S! be a homeomorphism, and h = Plp] : D — D be

the harmonic extension of p. For any p > 1, we have that

(1) if either a € (p —2,+00) and N € R, ora=p—2 and X € (—o0, —1),

both I (p, a, A, h) and Iy(p, o, A\, h) are finite.

(2) if either a € (—=1,p—2) and A€ R, or . =p —2 and \ € [—1,+00), then

both I(p,a, A\, h) and Iy(p, a, A, h) are comparable to U(p, o, A\, ).

Moreover whenever p € (1,2]

both I (p, e, A\, h) and Iy(p, a, A\, h) dominate V(p, a, A, @),

while

V(p, a, A, ) controls both I(p,c, A\, h) and Iy(p, c, \, h)

for all p € [2,400). Furthermore both I(p,a, A, h) and Iy(p,a, A\, h) are in

general comparable to V(p, a, A, ) only for p = 2.

12



(3) if either o € (—o0, —1) and A € R, or a« = —1 and X € [—1,400), we have
that I (p, a, \, h) = co. While Is(p,c, A\, h) = oo for all & € (—o0, —1] and
AeR.

Let ¢ : S' — S' be a homeomorphism. Given p > 1,a € R, A € R, we define

+oo 27
Ep s X @) =D ) gl L) tePit
7j=1 k=1
and
+oo 27 ))
Ep a A ) = Zz@m ) — U
=1 k=1

where @, ,(t) is from (2.21).

Lemma 3.2. Let ¢ : S' — S! be a homeomorphism. For any p > 1l,a €
(—1,4+00) and every \ € R, the dyadic energies E(p, a, A, ) and E(p, a, A, @)
are equivalent.

Proof. We first consider the case A > 0. Let ®,, \ be asin (2.21). Since ((p(I';x)) <
2m and ¢(T;) ~ 277 for all j € N and k € {1,...,2/}, by the monotonicity and
As-property of the standard logarithm we have that

14 ik Lo(Tik))\py 2 j Eo(Tjik)) \pa
P, ( <Z(Fi;;)>)) < (Z(Fi,k)))) log* (e +2m - 27) < (—(ng)))) :

Hence

(3.1) Ep,a A ) S Ep, . A, p).

Given p > 1 and a € (=1, +00), there is f € (0,1) such that « > (1 - G)p—1 >

—1. Define
i l(e(Tye) > 279,
Xok = 0 otherwise.

We decompose & (p, o, A, @) as

+oo 27

1P dp) =Dl Li) 25

=1 k=1
+oo 27

+ 30 () )PUT ) L = X)

=1 k=1

(3.2) =&, N, o) + & (p,a, N, ).
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Whenever £(¢(T;1)) > 277, by (2.3) we have j* < log™ (e + £(o(T; ) 0(T%)7") -
Therefore

+oo 27
_ U(e(Tjk))
£l ) ) § Y 3 T log? (o4 L)
1 ; kz:; j i !Tx)
(3.3) =E(p, a, A, ).
Moreover, by (2.3) we have that

+oo 27 +00
(34)  El'p,a, N p) < 222—5jp2j(19—2—0‘)j)‘ — Zg—j((ﬁ—l)p+1+a)j>\ < 0o,
j=1 k=1 j=1
We conclude from (3.2), (3.3) and (3.4) that there is a constant C' > 0 such that
(35) 51(p7a>>\>¢) 5 C+52(paa;)\7(p>'

From (3.1) and (3.5) it follows that
(3.6) Er(p, o, A, ) and E(p, a, A, ) are comparable whenever A > 0.

Analogously to (3.6), we have that & (p, a, A, ¢) and E(p, a, A, @) are comparable
whenever A < 0. O

Lemma 3.3. Let ¢ : S' — S! be a homeomorphism, and h = Plp] : D — D
be the Poisson homeomorphic extension of p. For any p > 1, we have that
Li(p,a, A\ h) < Ei(p, o, A, ) whenever a € (—1,4+00) and A € R, while & (p, a, A, )
is controlled by I (p,c, A\, h) for alla € (—=1,p— 1) and X € R.

Proof. We first prove that I1(p,a, \,h) < E1(p,a, A, ) for all @ > —1 and all
A € R. Let w, ) be as in (2.7). For any j € Nand 1 < k <27, by (2.4) and (2.3)
we have that

(3.7) wan(2) & 2799 & U(T; )

for all z € Q. Hence

+oo 27
(3.8) Lipa M By =YY Q—jaﬁ/ |Dh(2)|P dz.
j=1 k=1 Qjk

Let P(T'; ) be the technical decomposition of S* based on I';;, in [9, Section 2.1].
As shown in [9, Proof (iv) = (i)], for any j € N and k = 1,...,2/ we have that

(39) Dh) 5 30 Y Aenm))

’I”LS] mein

14



for all z € Qj. Here I, ,,, € P(I';;) and #i, < 3 for all n < j, see [9, Section
2.1]. Let a > —1. There is gy > 1 such that p/qy — 1 — a < 0. Denote by py the
exponent conjugate to go. Via Holder’s inequality we derive from (3.9) that

|mv{zznu) (3 0) £y et

n<j meEiy n<j meEiy n<j meEiy 2 o

(3.10) ~2% > Z

n<j meEiy

for all z € Q. By (2.5), (3.8) and (3.10) we have that

+oo 27

B1) Lpean S Y 2Ep g o Hetlen))”

j=1 k=1 n<j meEin

Moreover given a dyadic arc Iy, ,,,, for any j > n it is shown in [9, Section 2.1]
that

(3.12) #{I' : T is a j-level dyadic arc and T,,, € P(I')} < 3-277"

From Fubini’s theorem and (3.12) we obtain that

+oo 27 ,
33ty s e
7=1 k=1 n<j méin 2 PO
co 2 (
DRI S Bt
n=1 m=1 2 n<j
oo 2™
g an P i(2—2—_q) . -
393 %ZT‘% 2=0) jrgi=n
n=1 m=1 2 ro n<j
oo 2™
n *71 f*l a) .
(3.13) :Z (T ) ( )ZQJ
n=1m=1 n<j
Moreover when p/gy — 1 — a < 0 we have that
(314) Z 2j(%—1—a)j)\ ~ zn(%_l_a)n/\.

n<j

By (3.11), (3.13), (3.14) and (2.3), we conclude that
Ii(p, ., A ) 5226 m) P2 PO & 8 (p o A, ).
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We next prove that & (p,a, A, @) is controlled by I(p,a, A\, h) for all a €
(—1,p—1) and A € R. By [9, (3.17)], there is jo > 1 such that

1
(3.15) (o) S gy [, IPHAN

for all j > joand k € {1,...,27}. Set H(z) = |Dh(2)|xp(2). By (2.6) we have that

(3.16) ][ |Dh(z)|dz < ][ H(z)dz < My (w)dw,
CQkaﬁD C'C/Bjy]C Qj,k

where the last inequality comes from the fact that ][ H(z)dz < My (w) for
CC'By
all w € Q; ;. Combining (3.15) with (3.16) implies that

(3.17) Cp(Tk)) S k) " Mp(z)d=

for all j > jo and k = 1,...,27. By Jensen’s inequality and (2.5), we deduce from
(3.17) that

(3.18) (oD )7 S O )P 2 o M (2) dz.

By (3.7) and (3.18), there is then a constant C' > 0 such that
(3.19)

+oo 27

Eilp,a, N\ o) S C+ Z Z Mp(2)wan(z)dz < C+ | M(2)waa(2) dz.

j=jo k=1 @ik R?

Moreover, for any o € (—1,p — 1) and A € R, from Proposition 2.3 and Remark
2.8 it follows that

(3.20) MY (2 wan(z)dz < | HP(2)wax(2)dz = Ii(p, o, A, h).

R? R?
By (3.19) and (3.20) we conclude that & (p, o, A, ¢) is controlled by I (p, a, A, h)
forall o € (—1,p—1) and A € R. O

Lemma 3.4. Let ¢ : S' — S! be a homeomorphism, and h = Plp] : D — D
be the Poisson homeomorphic extension of p. For any p > 1, we have that
L(p,a, A\ h) < E1(p, a, A, ) whenever a € (—1,4+00) and A € R, while E(p, a, A, )
is controlled by Is(p,c, A\, h) for alla € (—1,p— 1) and X € R.

16



Proof. We first consider that case A > 0. Let ®,, be as in (2.21). Proposition
2.7 shows that @, ,(¢) is increasing and satisfies Ay-property on [0, +00). From
(3.7) and (3.9) we have that

+oo 27

2(p,a, A, h) ZZ/ O, (| Dh(z)|)wao(z) dz

]1/{:1 Qj.k

(3.21) SO TNy Y ).
j=1 k=1 n<j mein

Moreover since £(p(I'y,,,,)) < 27 for all n € N and m = 1, ..., 2", it follows that

Z Z < Z 2 n N
n<j me€in n<j
for any j > 1. Therefore
(3.22) log? (e+zzg(¢§+’"))) <logh(e +27) < 5

n<j m

for all j > 1. By (3.21) and (3.22) we obtain that

ST (i (Tam))
(3.23) Lip.a, A h) £ 30 3 U0 7 (D0 D =)
j=1 k=1 n<j m€in

The analogous arguments as for I (p, o, \, h) < E1(p, a, A, ) in Lemma 3.3 imply
that

ShS . Up(Tun)
(324) Zzg(]‘—‘]}k)()“r%])\(z Z Tn’) S gl(p7a7)‘790)'

j=1 k=1 n<j mein

We conclude from (3.23) and (3.24) that Ir(p,a, A\, h) < E1(p, a, A, ).
Applying @, to the both sides of (3.17), via Proposition 2.7 and Jensen’s
inequality we have that

L(p(T
(325) (I)p’)\(M) 5 (I)p)\( MH(Z>dZ) S][ q)p)\(MH(Z))dZ
E(Fjvk‘) Qj.k Qjk
for all j > jo and k € {1,...,27}. By (2.5), (3.7) and (3.25), we then obtain that
400 27

2(p, o, A, ) <ZZ/ Py (Mpy(2))wao(z)dz

j=1 k=1 " Qj.k

(3.26) < /R @y 7 (M ()t (2) d.
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Moreover, for any a € (—1,p — 1) it follows from Remark 2.8 that

(3.27) / By (M (2) a0 (=) dz < / B, 2 (H (2))wao(2) dz = Ly(p, a, A\, h).
R? R2
By (3.26) and (3.27) we conclude that E(p, a, A, p) < La(p, a, A, h).
We next consider the case A < 0. Let ¥, \ be as in (2.29). By the analogous
arguments as for (3.21), we have that

(3.28)

+oo 27 @(F
IR CICITCEE) SWMESTO B DRSS
D : k=1 ’I'L<] meEiy

Set Sik = Y n<; Domeis Z(W(QF_" ) Tt follows from (2.38) and (3.28) that
+oo 27

(3.29) Lpas A h) S YY) UT )28y a(Sj).
j=1 k=1

Since o > —1, there is § > 0 such that gp < 1+ «. Define

, 1 if Sip < 298,
x(j, k) = { .

0 otherwise.

Then

+oo 27 400 27

ZZﬁ(FM)‘” Py (k) ZZK ik) )+ P, (X (J; k) Sjx)

j=1 k=1 j=1 k=1
400 27

(3.30) + DD AT PR (1= XL R)Si) = D+
j=1 k=1

Since log*(e + S;) < log*(e) = 1, we have that

(3.31) Z Z 9 J(CH-Q) P < ZQJ(Pﬁ a=1) ~ ~o.

J=1

Whenever S;;, > 277 it follows that log*(e + S;z) < j*. Via the analogous

arguments as for I1(p,a, A, h) < E(p, a, A, ¢) in Lemma 3.3, it then follows that

oo 27
(3.32) D, S DD UDW)TRS S b A ).

=1 k=1
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From (3.29), (3.30), (3.31) and (3.32), we conclude that there is a constant C' > 0
such that Ir(p,a, A, h) S C+ E(p, o, A, ).

By the analogous arguments as for & (p, o, A\, ¢) < L(p, a, A\, h) whenever
A > 0, we have that

(3.33) ZZE(FLk)a+2\IJm(%€Z§))) S [ ¥oalIDAI) o) =

It follows from (2.38) that & (p, a, A, @) S Lh(p, o, A, h). ]

Proof of Theorem 3.1 (1). From Lemma 3.3 and Lemma 3.4, we have that
both I1(p,a, A\, h) and I(p,, A\, h) are dominated by & (p,a, A, ) for all p >
l,a € (—1,+00) and each A € R. Moreover since ¢(p(I';x)) < 27 for all j > 1
and 1 < k < 27, we have that

D TP < @m)P Tty e(Le) = (2m)P.

Therefore both I1(p, a, A, h) and I(p, a, A, h) are controlled by Z]oil 27 (p=2-a) jA
whenever a € (—1,400) and A € R. Notice that Y2, 2/~ j < oo whenever
either p—2 < aand A € R,or p—2 = o and A < —1. We hence complete
Theorem 3.1 (1). O

By Example 4.4, there are homeomorphisms ¢ : S' — S! such that, for
their harmonic extensions Plp], both I1(p,a, A, P[p]) and I1(p, o, \, Plp]) may
be finite or infinite for either some o € (—1,p —2) and A € R or some o« = p — 2
and A € [—1,+00). How can we characterize both I;(p, a, A, Plp]) < oo and
Ly(p, a, A, Plp]) < oo? As shown in [9], double integrals of the inverse mapping
over the boundary are potential choices.

Lemma 3.5. Let ¢ : St — St be a homeomorphism. For any o € R and ) € R,
V(p, o, A, @) is dominated by & (p, o, A\, @) whenever p € (1,2]; while & (p, a, A, )
is controlled by V(p,a, A\, ) if p € [2,4+00).

Proof. We first consider the case p € (1,2]. Given £ € S' and ¢t > 0, set

E(&) ={neS":j¢7" (&) - (n)| <t}
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By Fubini’s theorem we have that

1
/ Aparlle™(€) — o ()]) dy] = / / A (1) dt |
St St J|p=1(&)—p~1(n)|
/ / poz)\ XEt € |d77| dt

(3.34) / DL EE) dt

Moreover, from Jensen’s inequality and Minkowski’s inequality it follows that

(/s / Apan(B)L] Et(@)dt)pl'dﬂ);l

(/S / 0L Et(f))dt)pl1|d§|>p_1

</ </( haa(t)L! <Et<£>))pi1|d€’)p_1 .

. / (/ LH(E(€ >>vllldfl)p_1 it

Combining (3.34) with (3.35) implies that

Vi (.o A ) / 0 ([ e >>p11|d§|)p—1 it

(3.30) -y / twa ([ eme@r)

j=1

Since By (€) C UM () forall j € N, k=1,...,2 and all £ € p(T';;), we
have that

(/S LN (B (6))7 \dg;)p_l (3

(3.37) <> U@ ‘Z U((Tj4))-



Moreover by Young’s inequality we have that

iewm,k»p%(so(rj,k_n) < Z (D)) + LT
(3.38) S :: Ue(Tyk))?
and 7

gjlz(so(Fj,k))p-lﬁ(so(rj,M>> < Z AT + LT ae))?
(3.39) 5ée<¢<rj,k>>p.
Combining (3.37), (3.38) with (3.39) implies that
(3.10) ([ o) S amy

for all 7 € N. Let

A (t) B t)\+1 A 7é _1’
M logt A= —1.

For any 5 € N, we have that
(3.41)

21-J 21-J
/ t~ ogy (t71) dt ~ —/ dAy(logy (1) = Ax(j) — Ax(G — 1) = 5>
2 2

~i ~i
It follows (3.41) and (2.3) that
21-J 2177
(3.42) / — A (1) dt = 2i(pP=2-a) / n logy (t71) dt = (T ,)* P52,
2-3 2-i
By combining (3.36), (3.40) with (3.42), we conclude that

400 27

Vﬁ (pv a, )‘7 90) 5 Z Z €(90<Fj,k))pé(rj,k>2+aipj>\ = 51 (p7 &, )\7 90)

j=1 k=1
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We next consider the case p € [2,400). By the analogous arguments as for
(3.36) we have that
(3.43)

—+o0
Va2 [

=5

w227

s ([ 0B )

Since (T %) C Epmn—i () forall j > 5, k € {1,...,27} and all £ € ¢(T';), we have
that

213

( 51 LY Eryr-(€))71 |d€|) B Z/(Fm) Erpi—5(€))7T !d§|)
Z(Zf(SO(Fj,k))g(w(rj’k))I)ll)p1

(3.44) > Up(Tn)

By (3.42), (3.43) and (3.44), there is a constant C' > 0 such that

27 +oo 27

4
Sl(p,a,)\,w)zz +ZZ,§C+VP%1(p,a,/\,go).

j=1 k=1  j=5 k=1

We next prove Theorem 3.1 (2).

Lemma 3.6. Let ¢ : S — S be a homeomorphism. For any p € (1,+), a €
(=1,p—1) and X € R, we have thatU(p, c, \, o) and E1(p, o, A, p) are comparable.

Proof. We first prove that U(p, o, \, ¢) is controlled by & (p, o, \, ). Given £ €
S' and n € S, let £(£n) be the arc length of the shorter arc in S* connecting &
and 7. Given j > 1 and £ € S!, set

A;j={(&n) e S' xS 7277 < U(¢n) < w217}

and A;(&) = {n e S': (&n) € A;}. Notice that \p is the Euclidean distance. We
have that

+o0

(3.45) —+§2 / / L= ) e — i .

j=1 k=1 3 (6)
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Notice that

k+1

(3.46) € = n = £(T;,) and [0(§) — ()] < > Up(T;0)) < 2

i=k—1

forall j €N, k€ {1,..,27}, £ € Tj; and n € A;(€). Tt then follows that

a0 A NP S L VAP
<%A( - )m ) saggfwaw»>e@m> log (e + 2 - %)

k+1

(3.47) S D Ul T ) s

i=k—1
for all A >0, £ € I, and n € A;(§). Since
(3.48) LH(A;(€)) ~ 6T )
forall j €N, k=1,...,27 and £ € I'j;, we derive from (3.45) and (3.47) that

400 27 k+1
W@WKZZZMMMMMW// ) ||

j=1 k=1 i=k—1 Ly J A;(6)

+oo 27

SO Up(T)PUT )7 = Eilp, o A, )

j=1 k=1

whenever A > 0.
Since ¢ is homeomorphic, for any j € Nand k € {1,...,2/} there are &, € ',
and 775, € A;(&],,) such that

[ o(&5x) — ()]
P J> J Y g "
pM\( ‘é;k - 77;1@‘ >’5jk n]’k|
(3.49) = max {<I>p,,\ <W) € —n|*: el yand ne Aj(f)}.

Since 0 < aw+ 1 < p, there is § € (—1,0) such that 0 < (1 + 8)p < a + 1. Define

_ 1 if [p(€l,) — o ,)| < 298,
XWF{ [(65.) = £(;0)
0 otherwise.
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From (3.45), (3.49), (3.48), (2.3) and (3.46), we obtain that

+oo 27

wq (1P(Ek) — (1)l
U(p,@,)\,@)gzzg(rmk)%_ (I)pJ\< ‘g/k o |]J€
=1 k=1 7,k nj,k
2 - (&) — oMl
=2 DU R (S NG R)
j=1 k=1 ik~ Tk
(3.50) ’
400 27 ’ ! _ /
N P(& 1) — ()] .
F D U () XU ) = 3D+ Y
=1 k=1 ik~ ik

Since log*(e + |¢p( te) — e = mikl™h) < 1forall A < 0, j € N and
1 <k <2, by (3.46) and (2.3) we have that

“+o0 27 +oo
(3.51) Zl < 22—% ZQJ((1+3)P—04) _ Z 9i((I+B)p—a—1) ~ | o
j=1 k=1 j=1

Moreover we derive from (3.46) that

+oo 27 k+1

22 S Z Zé(rj’k)%a—p( Z E(@(FM)))P1Og,\(2j(1+ﬁ))
(3.52) S Z D UL )P 75 = Exlp, @, A, 9).

for all A < 0. Combining (3.50), (3.51) with (3.52) implies that there is a constant
C > 0 such that U(p,a, \, @) < C + E1(p,a, A, p) for all A < 0.

We next prove that U(p, a, A, ¢) dominates & (p, a, A, ¢). Given j > 3 and
£ €St set

B ={(&m) € St x S' w2277 < 4(¢n) < 72%77 with argn > arg &}
and B;(§) = {n e S': (&, n) € B;}. We have that
+oo 27

(&) =M\, . o — Uln.a
(353 3% /F / (P e i il 0] =, 2.0,

7=3 k=1
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Since ¢ is homeomorphic, for any j > 3 and 1 < k < 27 there are &}, € I'j_y
and 1}, € B;(£7),) such that

(&) — o)l N
@y () I —

’/1_1/’

(3.54) =min {@N (W) E—n|*: &€l k1 andne Bj(g)}.

Notice that
(3.55) |€;/k¢ - né’kl ~ ((I'jx) and 2 > |90(€;,k) - ‘P(U;/k” 2 Up(Tjk))

whenever j > 3 and k € {1,...,2}. Since L1(B;(&)) ~ ((T'j) for all j > 3, k =
1,...,27 and £ € S!, it follows from (3.53), (3.54) and (3.55) that

+oo 27

N lo(&5 k) — el
(3.56) DD Ty (FE ) S A ).
j=3 k=1 7,k n]k

Moreover, for any A < 0 we obtain from (3.55) that

o (k) — @(nﬁ’k)l)

(3.57) 7 < logM(e + 2'+9) < log? (e 4 ok
ygjk T]j k|

for all j € N and all £ = 1,...,27. From (3.55), (3.56) and (3.57), there is a
constant C' > 0 such that

+oo 27

51(1);057)\780 C+ZZ€ jk pg ]k)2+ap)\<0+u(p7& )‘790)

7=3 k=1

for all A < 0. For any A > 0, by (3.55) and (3.56) there is a constant C' > 0 such
that

+oo 27

(3.58) ) > (L))l k) P logh (270((Tk))) S C+Up, o, A, ).

j=1 k=1

Let 8 be same as in (3). Set

{1 if £(p(T;4)) < 207,
Xjk =

0 otherwise.
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We have that

400 27
(P do) =) gl L) P
7=1 k=1
+oo 27 L 9
(3.59) + D AT )PUT )P =) = Y+
j=1 k=1
Moreover
=
(3.60) Z < ZQJ((1+ﬂ)p—a—1)j)\ < 00
j=1
and
+oo 27

(3.61) DI INC Lix)* P log (274(p(I'j1))).

7=1 k=1

From (3.59), (3.60), (3.61) and (3.58), we have that U(p, o, \, ) controls & (p, a, A, )
whenever A > 0. O

Proof of Theorem 3.1 (2). By Lemma 3.2, Lemma 3.3 and Lemma 3.4, for
any p > 1 we have that both I1(p,a, A\, h) and Iy(p, o, A\, h) are comparable to
Ei(p,a, A, o) whenever a € (—1,p — 1) and A € R. By Lemma 3.6, we hence
conclude comparability of both I1(p, a, A\, h) and Is(p, o, A, h) with U(p, a, A, )
forallp>1,a € (=1,p—1) and every A € R. By Lemma 3.5, we can dominate
V(p, o, A, @) by either I1(p, o, \, h) or I5(p, o, A, h) whenever p € (1, 2], while both
Li(p,a, A\, h) and Is(p, o, A\, h) are controlled by V(p, a, A, ) for all p € [2,+00).
Moreover from Example 4.2 and Example 4.3, we have that V(p, a, A, ¢) is com-
parable to either I1(p, a, A\, h) or Iy(p,a, A\, h) only when p = 2. ]

Towards the proof of Theorem 3.1 (3), we have the following general result.

Lemma 3.7. Let Q C R? be a Jordan domain and ¢ : S* — 09 be a homeo-
morphism. For any p > 1, there is no diffeomorphic extension h : D — Q of ¢
for which I (p,a, A\, h) < 400 for either a € (—o0,—1) and A € R or a = —1
and X € [—1,400); or for which Iy(p,a, A\, h) < +o0o for some a € (—o0, —1] and
AeR.

Proof. Assume that there is a diffeomorphic extension h : D — € of ¢ for which
Ii(p,a,\,h) < +oo for either a« € (—o00,—1) and A € Ror @ = —1 and \ €
[—1,+00). Then h € W'?(D, Q). Let

S, = {¢ € R?: [¢] = r} and oscs, h = sup{|A(&1) — h(&)] : &1,6 €S, }.
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By the ACL-property of Sobolev mappings, we have that
(362) oscs,h < [ |DR(E)] ]
Sr
for £L'-a.e. r € [0,1). By Jensen’s inequality we derive from (3.62) that

(oscs, )P <(oses, H)Pr'? < / Dh(E)P |de]

(3.63) —w (1) / DR(E)Pawan(1 — ) |de].

Let D, = {z € R?* : |z|] < r}. Since h is a homeomorphism, we have oscp h =
oscg, h. Hence

(3.64) oscg, h is increasing with respect to r € [0, 1).

Moreover wq (1 — 1) ~ 27" for all j > Oandr € (1 —277,1 — 27771, By
(3.63), (3.64) and Fubini’s theorem, we obtain that

+o0 1—2—3—1
Z(oscs1 . h)P2” (at1)i ;A <Z/ (oscs, h)Pwa (1 — 1) dr
j=1
1—2-J-1
<Z/ /\Dh P (1 — r) |de] dr
(3.65) =Ii(p,a, A\, h).

By the assumption at the beginning, we derive from (3.65) that

“+o0
(3.66) Z(OSCS1 L P2 e thifh < oo
=1
for either « < —1 and A\ € R or @« = —1 and A > —1. Hence by (3.64) we

have that oscSkQ_jh = 0 for all 7 > 1. Therefore there is a constant C' such that
h(z) = C for all z € D. This contradicts the homeomorphicity of h. We conclude
that the assumption at the beginning cannot hold.

We next assume that there is a diffeomorphic extension h : D — Q of ¢ for
which I(p, a, A\, h) < 400 for some a € (—o0,—1] and A € R. It is not difficult
to see that h € WH1(D, Q). We first let A > 0. Proposition 2.7 shows that @, is
convex. Analogously to (3.65), we have

> 0SC Reh A
(3.67) > @, (SI;) 27t < Io(p, a, A\ h).

: 2m
J=1

27



Analogous arguments as below (3.66) imply that there is a contradiction under
the above assumption. We next let A < 0. Proposition 2.9 shows that ¥, , is
convex. Analogously to (3.67), we obtain from (2.38) that

+o00 OSCSI,Q—]‘ Reh —(at1)j
St (TR e g [ (Do)

j=1
~I(p,a, A\ h).

Analogous arguments as below (3.66) imply that there is a contradiction under
the above assumption. ]

Proof of Theorem 1.1. Let Ag be the internal distance and |-| be the Euclidean
distance. As the proof of [9, Theorem 1] shows that there exist a bi-Lipschitz
mapping g : (S4]-|) = (09, A\q) and a diffeomorphic bi-Lipschitz extension
g: (D] -]) = (Ag) of g. Let h = go Plg7' o]. Then h : D — Q is a
diffeomorphic extension of ¢. Moreover

Il(paav)\vh> ~ Il(p7057>\7p[g_1 o 90])7 ]2(]?,0(,)\,]1) ~ ]2<p,01, AaP[g_l o SD])7

1o<p).

Hence Theorem 1.1 (1) and (2) follow from Theorem 3.1. By Lemma 3.7, we
complete the proof of Theorem 1.1. ]

Up, o, N @) UMD, a, X, g7 o p), V(p,a, X\ @) = V(p,a,\, g~

4 Examples

In this section, we give examples related to Theorem 3.1 (2). We first decom-
pose [0, 1]. For a given s € (0, 4+00), let

(4.1) gn=127]
be the largest integer less than 2*/°. There is ng > 1 such that
(4.2) 272 n > 97t and 2790 < 47" Vn > nd - 1.
Step 1. Let
L =5hi=(a11,012) where a1 ; = 471 and ajo=1-— 47t

Renumber the elements in 73 = {0,1} U 91y as {b1; : 41 = 1,...,4} such that
bl,iﬁ < blﬂ-/l/ if Z/l < lel
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Step 2. Let
Iy = (big+ 472, bio— 472) and oo = (by 3+ 472 bia — 472)-

Set [, = U?:1[27i7 and renumber the elements in 75 = T U 0I5 as {by;, : 12 =
1, ceey 8} such that vailz < b2,i’2’ if Z,2 < ZIQ/

After Step (n-1), wehave {I,, 14, , ko1 =1,..,2" 2} I, | = Ui:jﬂ[n,mn_l
and Tn—l = Tn_QUBIn_l = {bn—l,in71 . /l.n—l = ]_, ceey 2”} Where bn—l,i;_l < bn—l,ix_
if o/, < _,. In the following Step n, set

1

(43) In7k1z = (bn—l,an—l -+ 4—n7 bn—l,?kn — 4—n) for kn = 1, ey 2n—1‘

and [,, = U%:;11[n7kn. After renumbering the elements in 7, = T,,_; U1, as above,
we can proceed to Step (n+1). Moreover we must replace [, 5, in (4.3) by

(4.4) Tnky = (bn12k, -1 + 2797 by ok, —2797)

whenever n > n. Let [ = U1, and R = [0,1] \ I. Then R # (. We finally
decompose [0, 1] as

(4.5) RUI.

We next give an estimate on the length of I,, 5, . Since L(I,, 1, ) = 27/n-1—21=In
for all n > ng + 1 and k,, € {1,...,2"7'} by the first inequality in (4.2) we have
that

(4.6) LHIyg,) > 271

for all n > ng+1 and k, € {1,...,2""'}. When n = nyg, from (4.4) and the second
estimate in (4.2) we have that

(4.7) LM (Lnp,) =417 — 21 Tn0 > 4mnotl/2 5 gm0

for all k, =1,...,2"1. Whenever 1 <n <ng—1and k, € {1,...,2"" '}, we have
LI, x,) = 47" Let C(s) = min{2/"-172" : 1 < n < ng}. Then

(4.8) LIog,) > Ci(s)277m

for all 1 < n < ng and k, € {1,...,2"71}. By (4.6), (4.7) and (4.8), we obtain
that there is a constant C'(s) > 0 such that

(4.9) LYIg,) = C(s)279m

for all n € N and k, € {1,...,2"1}.
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Define

2n—1

@10) =3 P ) and £l ) jzm

kn=1

For any € R and any n > nj, there is b, € JI,, such that |b, — x| = biralg |b—x|.
€Ooln
By (4.4) and (4.10), we have that

by — 2] < 2790 and |} (buar) — f1(b)] < 27",

It follows that lim,, s, b, = x and {f*(b,)} is a Cauchy sequence. Therefore

fl( ) ifrel,
(4.11) fola) = lim fi(b,) ifz€ R

is a well-defined function on [0, 1].

Proposition 4.1. Let fs be as in (4.11) with s € (0,400). Then fs(0) = 0,
fs(1) = 1 and fs is increasing on [0, 1]. Moreover there is a constant C(s) > 0
such that

(4.12) [f(@) = fy)llog™(lx —y| ™) < C(s)

for all z,y € [0, 1] with x # y.

Proof. By (4.11), we have that f,(0) = lim, o f2(277") = lim, ,,, 27" = 0.
Analogously fs(1) = 1.

We next prove the monotonicity of fs. Let x1 € [0, 1], x5 € [0, 1] with z1 < .
If 21 € Iy and x € I, 3y with k], < k. from (4.11) we have that

(4.13) j;(ﬁl) < j;($2)'

Assume 71 € I, g, and @3 € I, p,, With ny # ny. Let ¢ = [ngy — ny|. If ny < ny,
from the construction of {I,, 5, } we have that k,, > 29(k,, —1)+27 ' +1. It then
follows from (4.10) that

2(29(ky, — 1) +27714+1) — 1
2n19q

(4.14) fs(wa) > > fo(z1).

If ny < ny, from the construction of {1, } we have that

b1 o<t -] <12

24

+2 if1/2< b [—] <1.
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It follows that

(4.15) 2k, — 1> 2(ki h by _ [k”

. ol Fra | By
S H1/2)-l=2o0 o< o Zq}guz

and

knl o knl . knl kn1
(416)  2kny — 12252 +1) —1 =272 +1 1f1/2<§—[§]<1.
By combining (4.15) with (4.16), we deduce from (4.10) that

(4.17) fs(wa) > fi(a1).

Assume x7 € R and x5 € 1. By (4.11), there is {b,} C OI such that lim b, = x;.

n—oo

Together with 1 < x», it follows that b, < x5 whenever n > 1. Via the arguments
for (4.13), (4.14) and (4.17), we have that

(4.18) fon) < folza) Vo> L

By taking limit for (4.18), we have that

(4.19) fs(@1) < fo(z2).

Assume either x1 € [ and x5 € R, or 1 € R and x5 € R. Via analogous arguments
as for (4.19), we can also prove fs(x;) < fs(xq) at these two cases. By preceding
arguments, we conclude that f is increasing on [0, 1].

We next prove (4.12). Let T;, = {bn;, : in = 1,...,2""} with n € N and fz%s
be as in (4.10). For a given n € N, define

2n : .
20 1—1
20 =3 (5= b)) N saae),

=1

(4.20) Fuela) = F2.@)+ D FL ().

Then f, s is piecewise affine, increasing and continuous on [0, 1]. Furthermore we
claim:

(1) limy, oo frs(mo) = fs(z0) for all zy € [0, 1],
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(ii) there are constant C'(s) > 0 and N(s) > 0 such that
sup {’fn,S(x) - fn,S(y>| ]Ogs(’m - y‘il) 1X,Y € [O, 1] and x # y} < C(S)
for all n > N(s).

If both (i) and (ii) hold, we can prove (4.12).

We first prove (i). Let zo € [0,1]. If zy € I, without loss of generality we
assume that zo € Iy, . From (4.11) and (4.20), we have that f,(x0) = f(zo)
for all n > ng. Therefore (i) holds. If xy € R, from (4.11) there is {b,} C 01 such
that lim, o b, = o and lim,, o f1(b,) = fs(z0). Moreover by (4.20), we have
that

’fn,s(x()) - fsl(bn)’ = ‘fn,s('rO) - fn,s(bn)‘ < 27"

Together with |fn,s(x0) - fs(x0>| < |fn,s($0> - fsl (bn)l + |fs,1 (bn) - fs(x0)|v we have
that (i) also holds at this case.
We next prove (ii). Given n > 1, z € [0,1] and y € [0, 1] with 2 < y, set
kn(x,y) = #{Ink, : Lk, Clz,y] form=1,...nand k, =1,..,2" '}
Then 0 < k,(z,y) < 2" — 1.

Assume k,(x,y) = 0. If v € UL _,L,, there are m € {1,...,n} and k,, €
{1,...,2™ '} such that = € I,,,,. For the location of y, possibly we have that

(4.21) Y€ Lmys Y € Lmy+1, or y € [0,1]\ (UL, I,).
If y € Iy m,. by (4.20) we have that

fos(@) = fas(y)  YnZ=m.
If y € Lym,+1, then |z — y| > 279" It follows from (4.20) that
(4.22) | fas(@) = fus(y)|log® (Jo — y| ™) < 27" log™(27) < L.
Ify €[0,1)\ (U’ _,I,), there is 2o € [x,y) N T, such that
(4.23) 0<y—x0<277 and f,s(z) = fos(z0).
Since there is n > 0 such that log(QjZf) — s> 0, we have that
(4.24) tlog®(t™!) < 277nlog®(27n) < 2"n
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for all n > n$ and every t € (0,279]. By (4.20), (4.23) and (4.24), we then have
that

’fn,s(x()) - fn,s(y)
lzo — ¥
2dn on
o 2in

Fs(@) = Foa()] log" (2 — 4 ™) < 2o — yllog? (o — 1)

(4.25)

whenever n > N(s) := max{n§,n}. If x € [0,1]\ (U}_,I,,), for the location of y
we possibly have that

ye [07 1] \ (Uzzlfm% ye Unm:llm'

Ify € [0,1]\ (U"_; 1), then 0 < y —x < 277", By (4.20) and (4.24) we have that

(4.26)  |fus(®) = fas(y)llog*(lz —y[™") = 22]—:\96 —yllog*(lz —y|™) <1

for all n > N(s). If y € U, _,I,,,, by analogous arguments as for (4.25) we have
that

(4.27) | fa,s(y) = fa,s(2x)|log®(|z — y|_1> <1
for all n > N(s). By (4), (4.22), (4.25), (4.26) and (4.27), we conclude that
(4.28) | fa,s(y) = fa,s(x)|log® (| — y|_1) <1

for all n > N(s) and k,(z,y) = 0.
Assume k,(z,y) € {1,...,2" — 1}. Define

o' =inf{e € Ly, : Ik, C[z,y] form=1,...nand k,, =1,...2"" '}
and
y =sup{e € Ly, : Inp,, C [2,y] for m=1,...,n and k,, = 1,..., 2" '},
If kn(x,y) = 1, by (4.20) we have that
(4.29) fos(@) = fus().
If 2™ < ky(x,y) < 2™t — 1 for m = 1,..,n — 1, by (4.5), (4.9) and (4.20) we
have that

‘x - y| Z El (In_myknf'rn) Z C(s)Qijfomfl
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and 24 ... 42"
|fn,s(x/) - fn,s(y/)| = T

Whenever n > nj + 1, it follows from (4.1) that

| fus(@) = fas(y)[log®(|z — y| 1) <21~ log® (C'2n-m-1)
(430) SC(S>2m+1_nji_m_1 < C(S)

< 2m+1—n

Notice that there are two cases for the location of x

v (a =27 2], x e U _ 1.
If z € (' — 27" 2'], by analogous arguments as for (4.26) we have that
(4.31) | fos(z) = frs(@)|log®(Jlz —y|™!) < 1 whenever n > N(s).

If € U _,I,, same arguments as (4.25) imply (4.31). Analogously, we have
that

(4.32) |fus() = fus@)|log®(|Jz —y| ™) < 1 whenever n > N(s).
Since

|fn7s(x) - fn,s(y)| logs(|$ - y|_1)
:(|fn,s(x) - fn7s(x/)| + |fn,s(~r/) - fn,s(y/)| + |fn,s(y/> - fn,s(y>|) 10g8(|x - y|_1)7

by (4.29), (4.30), (4.31) and (4.32) there is a constant C'(s) > 0 such that

(4'33) |fn,8(x) o fn,S(y)’ 10g5(|1' o y‘il) < C(S)
whenever n > N(s) and k,(z,y) € {1,...,2" — 1}. By (4.28) and (4.33), we finish
the proof of (ii). O

Let ¢ : S* — S! be a homeomorphism. In the following we denote by P[] :
D — D the harmonic extension of (.

Example 4.2. For a given p € (1,2), there is a homeomorphism o : St — S! such
that V(p7p - 2) 0’ 90) < 00, ]1(19,]7— 2a Oa P[g@]) = 00 and IQ(]?,p - 27 07 P[SD]) = 00.

Proof. We first introduce a class of self-homeomorphisms on S' and their prop-
erties. Let fs be as in (4.11) with s € (0,400). Define

fs(z) +x

(4.34) .(@) = 225

z € [0,1].
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Then g; : [0, 1] — [0, 1] is strictly increasing and continuous, i.e. g5 is homeomor-
phic. Moreover by (4.1), there is a constant C'(s) > 0 such that

(4.35) 195(2) = g5(y)| < C(s)log™*(Jz —y| ™)

for all z,y € [0,1] with = # y. Let argz € (—m, x| be the principal value of the
argument z. Define

(4.36)  py(2) = exp (z’zw [gs (a;iz> - gs(%) + %D zesh.

Then ¢, : S' — S' is homeomorphic and ¢(e™™) = €. Next we prove that

(4.37) [s(21) = @s(22)] S log™" (|21 — 22| 7")

for all 2, 2, € St with z; # 2. Let ['(21, 22) be the arc in S* joining 2; to z with
smaller length. Denote by ¢(I'(21, 22)) the length of I'(21, 22). In order to prove
(4.37), it is enough to consider the case £(T'(21,22)) < 1. If €™ ¢ T['(21, 23), we

have that
arg Zl> _ (arg 22) Ny _
9 () =9 (522) | = () = u(=2)

whenever ((I'(z1, z5)) < 1. Together with (4.35), we then have that

| (Z)— (Z >|N‘ (argzl)_ (argZQ) ‘
Ps(2Z1 Ps(Z2)]| ~|Gs o Js o

(4.38) <log *(Jarg z; — arg 2| ') ~ log (|21 — 22| ).

|arg z; — arg zs| &~ |2

If €™ € T(z1,22) and £(T(p(21),0(e™))) > LT(p(e™), p(22))), there is zy €
['(z1,€'™) such that

(4.39) |0s(21) = ws(22)] S lps(21) = s(20)]-

Same arguments as for (4.38) imply that

(4.40) |ps(21) — @s(20)] S log™* (|21 — 20/ 71) Slog (|21 — 22| 7).

Combining (4.39) with (4.40) therefore implies that (4.37) holds when ™ €
['(z1,22) and (T (ps(21), ps(e™))) > €(T(p(e™). Analogously, we can prove that
(4.37) holds when '™ € F(zl, 29) and £(T(p4(21), ps(e™))) < LT (ps(e™), ps(29))).

Let p € (1,2). There is s € (1,400) such that p—1 < 1/s < 1. Based on this
s, we obtain a homeomorphism ¢ = ¢, : S' — S!, where ¢, is from (4.36). By
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Jensen’s inequality and (4.37), we have that

Vip,p—2,0,) = / ( / log o (€) — o ()| dnl)” |de]

_ _ —1
/ / log [¢(€) — ¢~ (m)] " | |d€])”
St JS§t
,5/ )p_1<—|—oo
Sl

Let n§ be as in (4.2) with s chosen above. For any n > n{ and any 7, < j < ju11,
by (4.34) and (4.11) we have that

S l(p(r _27TZ£1 g5([(k = 1)277, k27]))"

(4.41) b Z(fs(kz—j) (k= 1)279))p = 20m ),

k=1

Notice that j,11 — jn ~ 2"/* whenever n > ng. We then derive from (4.41) that

+o0o 27 +00
_ptl
Epp—200)> > > ) ez Y 2 = oo,
n=no jn<j§jn+1 k=1 n=ng

By Lemma 3.2, Lemma 3.3 and Lemma 3.4, it follows that [, (p, p—2, 0, P[¢]) = o0
and ]2(p>p_27O>P[90D = 0. O

Example 4.3. For a given p € (2,+00), there is a homeomorphism ¢ : St — St
such that V(p,p—2,0,¢) = oo, I\(p,p—2,0, Plp]) < oo and I»(p,p—2,0, P[g]) <
00.

Proof. Since p € (2,400), there is s € (0,1) such that p—1 > 1/s > 1. Based on
this chosen s, we obtain a homeomorphism ¢ = ¢, : S* — S!, where ¢, is from
(4.36). In order to prove V(p,p — 2,0,¢) = oo, by Jensen’s inequality it suffices
to prove that

(1.42) [ [ sl €)= ¢l anl el -

For any o0 € S' and 7 € S, let £(0,7) be the arc length of the shorter arc in S!
joining o and 7. Let n§ be from (4.2) with s chosen above. For any n > n§, set

={(&,n) € S' x S': w21 < L(p71(E), 07 (n)) < w2

36



We have that

+oo
1 ey — o Y ldnl |d 1 ~10e) — oY)~ 1dnl |d
[ [ esle© — o7t tan et = 3 [ oglet€) - 7 )1 b

n=ng

+o00
(1.43) >3 / dn] |de].

n=ng

Given n > n§ and k =1,...,2", let

I x = exp(i27 by o—1, 27974 + by op1]),

1"

ka = exp(i27r[2*j" — Q7 Jnt —+ bn,Qkfla 2= Jn + bn,2k71]>-
For any ¢ € o(I',, ) and n € ¢(T', ), we have that

(4.44) 277(2*% _ 21*jn+1) < 6(9071(5), 9071(77)) <7 9l=jn_

Notice that by (4.2) we have that 277n+1 < 27Jn — 217in+1 whenever n > nf. It
then follows from (4.44) that

(4.45) @(F/n,k) X @(F;;,k) -

for all n > n§ and all k£ = 1,...,2". Moreover from (4.36), (4.34) and (4.11), it
follows that

oI 1)) =20 LY (g([ba2k—1, 277" + b 1))
(4.46) >r(fo(2777) = f5(0)) = 27"

for all n > n{ and all k=1, ...,2". Similarly

"

(4.47) (p(T ) > 72

Since (9(I%,,) % ¢(I",)) N (@(T;) x ¢(I%)) = 0 for all n > ng and k,j €
{1,...,2"} with k # j, it follows (4.45), (4.46) and (4.47) that

277,
aw) [ g =Y [ d€] dn| > w27
In p=1 7P

n,k)xsﬂ(rg,k)
for all n > n§. Combining (4.43) with (4.48) hence implies that
+oco . o0

2
log |0 (€) — o ()| |dn| |de] 2 Y 22 ~ — +o0.
L[ osle @ =l anl el 2 Y g m Y 5 =+

n
s

n=ng n=ngp

37



Therefore (4.42) is complete.
For any n > ng and j, < j < Jut1, by (4.36), (4.34), (4.11) and Jensen’s
inequality we have that

N _2w§j£1 g5([(k = 1)277, k277]))"

<Z (k277) — f,((k — 1)277)) +22m
(4.49) :2(1 o)t o)

Notice j, 11 — jn &~ 2"* whenever n > ng. We then derive from (4.49) that

i Zg Jk>)p§+f Z o(l=p)(n+1) 4 f 9(1-p)j

J=jng+1 k=1 n=n0 jn<j<jn+1 =jng+1
+o00o “+oo
(4.50) Yoot 4 N 0P < oo,
n=no J=img+1
Since ZJ"O é(ap(I‘J k)P is finite, it follows from (4.50) that & (p, p—2,0,¢) <
+00. Moreover by Lemma 3.3 and Lemma 3.4 we have that I (p,p—2,0, Plp]) <
+oo and Iy(p,p — 2,0, Plp]) < +o0. ]

Example 4.4. There is a homeomorphism o : St — S* such that both I, (p, o, \, Plg]) <
+oo and Iy(p, o, A, P[p]) < 400 hold for allp > 1, a € (=1,p — 1) and X € R.
Moreover for any p > 1, there is a homeomorphism ¢ : St — S such that
Li(p,a, A\, plp]) = oo and Iy(p, a, A\, Plp|) = oo whenever either a € (—1,p — 2)
and AN € R ora=p—2 and \ € [—1,+00).

Proof. Take ¢ : S' — S! as the identity mapping. We have that

+o00 +o0

E(p,a, N, ) = ZQj(p’Q*a)j’\Zj(Zlfjﬂ)p ~ ZQij(Ha)j)‘ < +o00

j=1 j=1
whenever p > 1, a € (—1,p—1) and A € R. Therefore by Lemma 3.3 and Lemma
3.4 both I;(p, o, A, Plp]) and I(p, a, A, P[y]) are finite now.

For a given p > 1, set j, in (4.1) as [e2""""]. There is ny > 1 such that (4.2)
holds for all n > ng — 1. By following the arguments for (4.5), we have f as in

(4.11). Moreover by same arguments as in the proof of Proposition 4.1, there is
a constant C' > 0 depending only on p such that

£ (x) = f(y)|logrT log(|z —y|™*) < C

38



for all =,y € [0,1] with x # y. As in (4.36), we finally obtain a homeomorphism
o : S — S For any n > ng and j, < j < jni1, by analogous arguments for
(4.41) we have that

27

(4.51) S (L)) 2 20D,

k=1

Notice that Zjnqgjnﬂ 71 ~ 10g jpsr — log g, = 27P=D for all n > ng. For any
A € [—1,400) it then follows from (4.51) that

+oo 27 +o00 27
Elpp—200) =) > L))t = >0 Y Y i(e(T))”
j=1 k=1 n=ng jn<j<jn+1 k=1
“+o00
(4.52) 2y 20 () = oo
n=ng

For any a € (—1,p —2) and A € R, we have that 2/(P=27%)j* > ;=1 whenever
j > 1. Without loss of generality, we assume that 2/(P~27) A > =1 for all n > n,
and j, < j < Jny1. Hence from (4.52) we have that

Ei(p, o, N, ) > Z > Zg 2) P22 A

n=ng jn<j<jn+1 k=1

(4.53) >Z > Z£ = 400

n=ng jn<j <Jn+1 =

for all @ € (—1,p — 2) and A € R. By Lemma 3.2, Lemma 3.3 and Lemma 3.4,
we conclude from (4.52) and (4.53) that for any p > 1 there is a homeomorphism
¢ : St — S! such that I1(p,a, A\, P[p]) = oo and Ir(p, a, A\, P[p]) = oo whenever
either a € (—1,p—2)and A€ Rora=p—2and X € [-1,4+00). O
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