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FIXED ANGLE INVERSE SCATTERING FOR ALMOST1

SYMMETRIC OR CONTROLLED PERTURBATIONS∗2

RAKESH† AND MIKKO SALO‡3

Abstract. We consider the fixed angle inverse scattering problem and show that a compactly4
supported potential is uniquely determined by its scattering amplitude for two opposite fixed angles.5
We also show that almost symmetric or horizontally controlled potentials are uniquely determined by6
their fixed angle scattering data. This is done by establishing an equivalence between the frequency7
domain and the time domain formulations of the problem, and by solving the time domain problem8
by extending the methods of [RS20] which adapts the ideas introduced in [BK81] and [IY01] on the9
use of Carleman estimates for inverse problems.10
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AMS subject classifications. 35R30, 35P25, 81U4012

1. Introduction. In inverse scattering problems the objective is to determine13

certain properties of a scatterer from measurements that are made far away. In14

stationary scattering theory in Rn, n ≥ 1, the measurements are often formulated in15

terms of the scattering amplitude. If λ > 0 is a frequency and if ω ∈ Sn−1 = {v ∈16

Rn ; |v| = 1}, consider the plane wave ψi(x) = eiλω·x propagating in direction ω. The17

interaction of this plane wave with a real valued scattering potential q ∈ C∞c (Rn)18

is described by the outgoing eigenfunction (or distorted plane wave) ψq = ψi + ψsq ,19

which solves the Schrödinger equation20

(−∆ + q − λ2)ψq = 0 in Rn21

and where the scattered wave ψsq is outgoing. There are several equivalent ways to22

describe the outgoing condition (or Sommerfeld radiation condition), but for us it is23

enough that ψsq is given by the outgoing resolvent applied to the compactly supported24

function −qψi:25

ψsq = (−∆ + q − (λ+ i0)2)−1(−qψi).26

Writing x = rθ where r ≥ 0 and θ ∈ Sn−1, the scattered wave has the asymptotics27

ψsq(rθ) = eiλrr−
n−1

2 aq(λ, θ, ω) + o(r−
n−1

2 ) as r →∞.28

The function aq is called the scattering amplitude, or far field pattern, corresponding29

to the potential q. One could interpret aq(λ, θ, ω) as a scattering measurement for30

q that corresponds to sending a plane wave at frequency λ > 0 propagating in the31

direction ω ∈ Sn−1 and measuring the scattered wave in the direction θ ∈ Sn−1. See32

e.g. [CK98, DZ19, Me95, Ya10] for more details on these facts.33

Next, we formulate four fundamental inverse scattering problems, related to re-34

covering a potential from (partial) knowledge of its quantum mechanical scattering35

amplitude:36

37
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2 RAKESH AND M. SALO

1. Full data. Recover q from aq.38

2. Fixed frequency. Recover q from aq(λ0, · , · ) with λ0 > 0 fixed.39

3. Backscattering. Recover q from aq(λ, ω,−ω) for λ > 0 and ω ∈ Sn−1.40

4. Fixed angle. Recover q from aq( · , ω0, · ) where ω0 ∈ Sn−1 is fixed.41

42

The full data problem is formally overdetermined when n ≥ 2, since one seeks to43

recover a function of n variables from a function of 2n−1 variables. Similarly, the fixed44

frequency problem is formally overdetermined when n ≥ 3 (it is formally determined45

when n = 2). Both of these problems have been solved; we only mention that one46

can determine q from the high frequency asymptotics of aq [Sa82] and that the fixed47

frequency problem is equivalent to a variant of the inverse conductivity problem of48

Calderón addressed in [SU87, Bu08]. There have been many related works and we49

refer to [Uh92, No08, Uh14] for references.50

The backscattering and the fixed angle inverse scattering problems are formally51

determined in any dimension (both the unknown and the data depend on n variables).52

The one-dimensional case is well understood [Ma11, DT79]. Known results for n ≥ 253

include uniqueness for potentials that are small or belong to a generic set [ER92, St92,54

MU08, B+20], recovery of main singularities [GU93, OPS01, Ru01], identification of55

the zero potential in fixed angle scattering [BLM89], and the recovery of angularly56

controlled potentials from backscattering data [RU14]. See the references in [RU14,57

Me18] for further results. However, these problems remain open in general.58

We establish several new results for the fixed angle inverse scattering problem,59

when n ≥ 2. Our first result shows that a compactly supported potential is uniquely60

determined by the scattering amplitude at two opposite fixed angles.61

Theorem 1.1. Fix ω ∈ Sn−1, n ≥ 2, and let q1, q2 ∈ C∞c (Rn) be real valued. If62

aq1(λ, ω, θ) = aq2(λ, ω, θ) and aq1(λ,−ω, θ) = aq2(λ,−ω, θ)6364

for all λ > 0 and θ ∈ Sn−1, then q1 = q2.65

As a corollary, it follows that a reflection symmetric potential is uniquely deter-66

mined by its fixed angle scattering data.67

Corollary 1.2. Fix ω ∈ Sn−1 and let q1, q2 ∈ C∞c (Rn) be reflection symmetric68

in the sense that69

qj(η + tω) = qj(η − tω), for all η ∈ Rn with η ⊥ ω, t ∈ R, j = 1, 2.70

If aq1(λ, ω, θ) = aq2(λ, ω, θ) for all λ > 0, θ ∈ Sn−1 then q1 = q2.71

We show that the above results follow directly from corresponding results for the72

time domain inverse problems that were studied in [RS20]. In fact, in this paper we73

show that the time and frequency domain formulations of the fixed angle scattering74

problem are equivalent. When n ≥ 3 is odd, such an equivalence has been discussed in75

[Me95, Uh01, MU] in the context of Lax-Phillips scattering theory. We give a direct76

argument that works in any dimension.77

The work [RS20] was concerned with wave equation inverse problems with two78

measurements, and with a single measurement problem when the unknown coefficient79

is even with respect to a special direction. Our goal is to solve the single measurement80

problem for coefficients which may have other types of controlled behavior. If ω is a81

unit vector in Rn representing the special direction, then an important step in [RS20]82

was to patch up two solutions of the wave equation in the regions t ≥ x·ω and t ≤ x·ω83
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FIXED ANGLE INVERSE SCATTERING 3

to generate a solution in Rn × R. This was done to avoid contributions coming from84

t = x · ω to the estimates. In this article we use similar estimates as in [RS20], but85

instead work in the regions t ≥ x · ω and t ≤ x · ω separately and study carefully86

the boundary contributions coming from t = x · ω. This leads to Theorem 3.1 which87

extends [RS20, Corollary 1.3], and to Theorem 4.1 which would not be accessible88

using the methods in [RS20]. The corresponding frequency domain results are given89

below in Theorems 1.3 and 1.5. This approach may be useful in solving other formally90

determined inverse problems for the wave equation as well.91

The next result considers potentials that satisfy a generalized reflection symmetry92

or small perturbations of such potentials. We fix an (n−1)×(n−1) orthogonal matrix93

A, take ω = en and, for any x ∈ Rn, write x = (y, z) with y ∈ Rn−1 and z ∈ R. For94

any function p on Rn, we define its generalized even and odd parts as95

peven(y, z) :=
1

2
[p(y, z) + p(Ay,−z)] ,(1.1)96

podd(y, z) :=
1

2
[p(y, z)− p(Ay,−z)] .(1.2)97

98

Theorem 1.3. Let M > 1 and ω = en. There is an ε = ε(M) > 0 with the99

following property: if q, p ∈ C∞c (Rn) are supported in B and ‖q‖Cn+4 ≤M , ‖p‖Cn+4 ≤100

M , then the condition101

aq+p(λ, ω, θ) = aq(λ, ω, θ) for all λ > 0 and θ ∈ Sn−1
102

implies p = 0, provided103

‖podd‖H1(B) ≤ ε‖p‖L2(B)104

or105

‖peven‖H1(B) ≤ ε‖p‖L2(B).106

In particular, if q ∈ C∞c (Rn) satisfies a generalized reflection symmetry in the107

sense that qodd = 0 or qeven = 0, then q is uniquely determined by its fixed angle108

scattering data.109

The next result involves functions which are horizontally controlled, as defined110

next.111

Definition 1.4. Given M, ε ≥ 0, a function r(y, z) ∈ H1(Rn), with support in112

{|y| ≤ 1}, is said to be horizontally (M, ε)-controlled if113 ∫
Rn−1

|∇yr(y, z)|2 dy ≤M
∫
Rn−1

|r(y, z)|2 dy + ε

∫
Rn−1

|∂zr(y, z)|2 dy,114

for almost every z ∈ (−1, 1).115

Theorem 1.5. Let M > 1 and ω = en. There is an ε = ε(M) > 0 with the116

following property: if q, p ∈ C∞c (Rn) are supported in B and ‖q‖Cn+4 ≤M , ‖p‖Cn+4 ≤117

M , then the condition118

aq+p(λ, ω, θ) = aq(λ, ω, θ) for all λ > 0 and θ ∈ Sn−1
119

implies p = 0, provided the function120

r(y, z) :=

∫ z

−∞
p(y, s) ds, (y, z) ∈ Rn,121

is horizontally (M, ε)-controlled.122

This manuscript is for review purposes only.



4 RAKESH AND M. SALO

For example, the fixed angle scattering data determines uniquely any perturbation123

p(y, z) of the form124

p(y, z) =

N∑
j=1

pj(z)ϕj(y), (y, z) ∈ Rn125

where ϕ1, . . . , ϕN are fixed linearly independent functions in C∞c (Rn−1) and pj are126

arbitrary functions in C∞c (R) supported in a fixed interval - see Lemma 4.2. Theorem127

1.5 is analogous to the result for angularly controlled potentials in backscattering128

[RU14] or the result in [Ro89] for potentials which are analytic in y (see also [SS85]).129

We prove the above theorems by reducing them (see Section 5) to certain inverse130

problems for the wave equation in the time domain. These time domain problems131

are solved by extending the methods of [RS20] which adapted the ideas introduced in132

[BK81] and [IY01] on the use of Carleman estimates for formally determined inverse133

problems. Please refer to [Kh89, Ya99, Bu00, Be04, Is06, Kl13, SU13, BY17] for134

further details about this method and its variants.135

More specifically, our proofs will proceed as follows:136

1. First, the time domain fixed angle scattering problem is reduced to an inverse137

source problem for the wave equation. If the source were zero, this would138

be a standard unique continuation problem which could be solved using a139

Carleman estimate. Here the source is nonzero but it has a special form: the140

unknown part of the source is time-independent and related to the trace of141

the solution on a certain characteristic boundary.142

2. We then invoke a Carleman estimate for the wave equation with boundary143

terms which estimates the solution in terms of the source and the boundary144

terms. Because of Step 1, the source can be estimated by the trace of the145

solution on the characteristic part of the boundary. If the Carleman weight146

is pseudoconvex and decays rapidly away from the characteristic boundary,147

then it just remains to control the characteristic boundary terms.148

3. If the Carleman weight has the properties in Step 2, then the characteristic149

boundary term will have an adverse sign. We deal with the adverse sign term150

either by using a reflection argument, leading to Theorem 1.3, or by assuming151

that the adverse sign term is controlled by other boundary terms, leading to152

Theorem 1.5.153

We emphasize that this method leads to uniqueness and Lipschitz stability results154

for the time domain inverse problems - see Theorems 3.1 and 4.1 for precise state-155

ments. Uniqueness in the frequency domain fixed angle problem then follows from156

the reduction in Section 5 (stability does not follow immediately, since the reduction157

involves analytic continuation). In our earlier work [RS20], an extension argument158

and a Carleman estimate in the extended domain were used for proving an analogue159

of Theorem 3.1. A similar extension argument could be used to prove Theorem 3.1.160

However, in this paper, instead we use a Carleman estimate with explicit bound-161

ary terms, which turns out to be simpler and contains more information than the162

extension method. This new method also makes it possible to prove Theorem 1.5.163

The ideas in this article have been adapted to obtain similar results about the164

recovery of q from the fixed angle scattering data for the operator ∂2
t−∆g+q for certain165

Riemannian metrics (or non-constant sound speeds) g where ∆g is the Laplacian166

associated with g. The first results in this direction will appear in [MS20]. Another167

natural question is the recovery of the Riemannian metric g from fixed angle scattering168

data associated with the operator ∂2
t −∆g. At the moment we do not see how to adapt169
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FIXED ANGLE INVERSE SCATTERING 5

our method to this problem because the medium responses to an incoming plane wave170

for two different metrics are supported on different regions in space-time, and hence171

it is difficult to work with the difference of the two medium responses.172

This work is organized as follows. Section 1 is the introduction, Section 2 intro-173

duces the time domain setting for the fixed angle scattering problem and contains174

some useful facts from [RS20] and Sections 3 and 4 contain the proofs of Theorems175

3.1 and 4.1 respectively. In Section 5, we prove the equivalence of time and frequency176

domain scattering measurements which leads to Theorems 1.1 to 1.5. Finally, Appen-177

dix A contains the derivation of a Carleman estimate with boundary terms for the178

wave equation with a pseudoconvex weight. This is well known except for the explicit179

form of the boundary terms, which is needed in our proofs; hence we give a detailed180

argument.181

2. The time domain setting. In this section we recall, from [RS20], some182

notation and basic facts for the time domain inverse problem. The open unit ball in183

Rn is denoted by B and S is its boundary, � = ∂2
t −∆x is the wave operator and q(x)184

is a smooth function on Rn with support in B. The vector en = (0, 0, · · · , 1), parallel185

to the z-axis, is the fixed direction of the incoming plane wave and given x ∈ Rn, we186

write x = (y, z) with y ∈ Rn−1, z ∈ R.187

Let Uq(x, t) = Uq(x, t, en) be the solution of the initial value problem (IVP for188

short)189

(�+ q)Uq = 0 in Rn+1, Uq|{t<−1} = δ(t− z).190

We can express Uq in the form Uq(x, t) = δ(t−z)+uq(x, t) where uq(x, t) = uq(x, t, en)191

is the unique solution of the IVP192

(2.1) (�+ q)uq = −q(x)δ(t− z) in Rn+1, uq|{t<−1} = 0.193

This solution has the following properties.194

Proposition 2.1. There is a unique distributional solution uq of (2.1). The dis-195

tribution uq(x, t) is supported in {t ≥ z} and has a unique representation as a smooth196

function on {t ≥ z} which is also the unique smooth solution of the characteristic197

initial value problem198

(�+ q)uq = 0 in {t > z},199

uq(y, z, z) = −1

2

∫ z

−∞
q(y, s) ds for all (y, z) ∈ Rn,200

uq(x, t) = 0 in {z < t < −1}.201202

For any M > 0, T > 1 there is a C = C(M,T ) > 0 such that if ‖q‖Cn+4 ≤M then203

‖uq‖L∞({z≤t≤T}) ≤ C.204

This proposition is a restatement of a part of [RS20, Proposition 1.1]; [RS20] contains205

the proof of the bound on ‖uq‖L∞ and the remaining parts were proved earlier in206

[RU14, Theorem 1a]. The proof of [RU14, Theorem 1a], though written for n = 3,207

goes through for all n ≥ 1 with no changes.208

Below, we regard the distribution uq(x, t) as a function on Rn+1 which is zero on209

{t < z} and is a smooth function on {t ≥ z}.210

The single measurement inverse problem can be stated as follows:211

Given uq|S×(−1,T ) for some T , determine q in Rn.212

This manuscript is for review purposes only.



6 RAKESH AND M. SALO

This corresponds to determining an inhomogeneity q living inside B by sending a213

plane wave δ(t− z) and measuring the scattered wave uq on the boundary of B until214

the time T .215

We reduce this inverse problem to a unique continuation problem for the wave216

equation. To this end define the following subsets of Rn × R:217

Q := B × (−T, T ), Σ := S × (−T, T ),218

Q± := Q ∩ {±(t− z) > 0}, Σ± := Σ ∩ {±(t− z) ≥ 0},219

Γ := Q ∩ {t = z}, Γ±T := Q ∩ {t = ±T}.220221

We will also need the vector fields222

Z :=
1√
2

(∂t + ∂z), N :=
1√
2

(∂t − ∂z);223

note that Z is tangential to Γ and N is normal to Γ.224

Next, we state a result about a specific Carleman weight for the wave operator,225

which follows from the discussion in [RS20, Section 2.3] and [RS20, Lemma 3.2] (see226

Appendix A for the definition of a strongly pseudoconvex function). Note that the227

roles of φ and ψ in this paper are the reverse of the roles they play in [RS20].228

Lemma 2.2. Define229

ψ(y, z, t) := 5(a− z)2 + 5|y|2 − (t− z)2, (y, z) ∈ Rn, t ∈ R,230

Given T > 6, there exists a > 1 such that231

• the function φ = eλψ is strongly pseudoconvex w.r.t � in a (fixed) neighbor-232

hood of Q for sufficiently large λ > 0,233

• the smallest value of φ on Γ is strictly larger than the largest value of φ on234

ΓT ∪ Γ−T ,235

• the function236

h(σ) := sup
(y,z)∈B

∫ T

−T
e2σ(φ(y,z,t)−φ(y,z,z)) dt237

satisfies limσ→∞ h(σ) = 0.238

For later use, we also quote the following energy estimates from [RS20, Lemmas239

3.3–3.5].240

Lemma 2.3. Let T > 1 and p ∈ C∞c (Rn) be supported in B. If α(x, t) is a smooth241

function on {t ≥ z} satisfying242

�α = 0 in {(x, t) ; |x| > 1 and t > z},243

α(y, z, z) =

∫ z

−∞
p(y, s) ds on {|x| > 1},244

α = 0 in {z < t < −1},245246

then247

‖∂να‖L2(Σ+) . ‖α‖H1(Σ+) + ‖α‖H1(Σ+∩Γ)248

with the constant dependent only on T .249
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FIXED ANGLE INVERSE SCATTERING 7

Lemma 2.4. Let T > 1 and q ∈ C∞c (Rn) be supported in B. For every α ∈250

C∞(Q+) we have251

‖α‖L2(ΓT ) +‖∇x,tα‖L2(ΓT ) . ‖α‖H1(Γ) +‖(�+q)α‖L2(Q+) +‖α‖H1(Σ+) +‖∂να‖L2(Σ+)252

with the constant dependent only on ‖q‖L∞ and T .253

Lemma 2.5. Let T > 1, q ∈ C∞c (Rn) be supported in B and φ ∈ C2(Q+). There254

are constants C, σ0 > 1, depending only on ‖q‖L∞ , ‖φ‖C2(Q+) and T , such that for255

every α ∈ C∞(Q+) and σ ≥ σ0 one has the estimate256

257

σ2‖eσφα‖2L2(Γ) + ‖eσφ∇Γα‖2L2(Γ) ≤ C
[
σ3‖eσφα‖2L2(Q+) + σ‖eσφ∇x,tα‖2L2(Q+)258

+ ‖eσφ(�+ q)α‖2L2(Q+) + σ2‖eσφα‖2L2(Σ+) + ‖eσφ∇x,tα‖2L2(Σ+)

]
.259

260

3. Almost reflection symmetric perturbations. We will use the notation261

from Section 2. If A is an (n− 1)× (n− 1) orthogonal matrix and σ ∈ {+1,−1}, we262

define263

p̆(y, z) :=
1

2
[p(y, z)− σp(Ay,−z)] .264

Comparing with (1.1)–(1.2), one has p̆ = podd when σ = 1 and p̆ = peven when265

σ = −1. The following result solves the time domain analogue of the fixed angle266

scattering problem for almost reflection symmetric potentials and gives a Lipschitz267

stability estimate.268

Theorem 3.1. Let M > 1, T > 6 and σ ∈ {1,−1}. There exist positive constants269

C and ε, depending only on M and T , with the following property: if q, p ∈ C∞c (Rn)270

are supported in B and ‖q‖Cn+4 ≤M , ‖p‖Cn+4 ≤M , then271

‖p‖L2(B) ≤ C(‖uq+p − uq‖H1(Σ+) + ‖uq+p − uq‖H1(Σ+∩Γ))272

provided273

‖p̆‖H1(B) ≤ ε‖p‖L2(B).274

Theorem 3.1 will follow from the next result which proves uniqueness and stability275

for a certain linear inverse problem.276

Proposition 3.2. Let M > 1 and T > 6. There is a C(M,T ) > 0 so that if277

(�+ q±)w±(x, t) = (Zw±)(x, z) f±(x, t) in Q±,278279

for some q± ∈ C∞c (Rn) supported in B, f± ∈ L∞(Q±) and w± ∈ H2(Q±) with280

‖q±‖L∞(B) ≤M , ‖f±‖L∞(Q±) ≤M , then281 ∑
±
‖w±‖H1(Γ) ≤ C

[
‖w+ − w−‖H1(Γ) +

∑
±

(‖w±‖H1(Σ±) + ‖∂νw±‖L2(Σ±))
]
.282

Note the special structure of the right hand side of the partial differential equation283

(PDE for short). It has the (Zw±)(x, z) term which resides on Γ and hence the284

appropriate Carleman weight helps us absorb the right hand side of the PDE into the285

left hand side of the inequality. That is why there is no f± term on the right hand286

side of the estimate.287
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8 RAKESH AND M. SALO

Proof of Theorem 3.1. Assume that q, p and σ are as in the statement of the288

theorem and define289

w := uq+p − uq,290

where uq+p and uq are as in Proposition 2.1. The function w is smooth on the region291

t ≥ z, solves the equation292

(�+ q)w = −p(x)uq+p in Q+293

and on Γ, the bottom part of the boundary of Q+, has the trace294

(3.1) w(y, z, z) = −1

2

∫ z

−∞
p(y, s) ds, for all (y, z) ∈ B̄,295

so Zw(y, z, z) = − 1
2
√

2
p(y, z). Thus, taking296

w+ = w, q+ = q, f+ = 2
√

2uq+p,297

one has (� + q+)w+ = (Zw+)|Γf+ in Q+. Moreover, ‖f+‖L∞(Q+) ≤ C(M,T ) by298

Proposition 2.1.299

Next, define w− in Q− by reflection, that is300

w−(y, z, t) = −σw+(Ay,−z,−t), (y, z, t) ∈ Q−;301

then on Q− we have302

�w−(y, z, t) = −σ(�w+)(Ay,−z,−t)303

= −σ(−q+w+ + (Zw+)|Γf+)(Ay,−z,−t).304305

Further, a tangential derivative of the trace of w− on Γ is given by306

Zw−(y, z, z) = σ(Zw+)(Ay,−z,−z), (y, z) ∈ B̄,307

so, if we define308

q−(y, z) = −σq+(Ay,−z,−t), f−(y, z) = −f+(Ay,−z,−t), (y, z) ∈ B̄,309

then (�+ q−)w− = (Zw−)|Γf− in Q− and ‖f−‖L∞(Q−) ≤ C(M,T ).310

Thus, we are exactly in the situation of Proposition 3.2, which implies that311

312 ∑
±
‖w±‖H1(Γ) ≤ C(M,T )(‖w+ − w−‖H1(Γ)313

+
∑
±

(‖w±‖H1(Σ±) + ‖∂νw±‖L2(Σ±) + ‖w±‖H1(Σ±∩Γ))).314

315

By Lemma 2.3, which applies in Q+ as well as in Q−, one has316

‖∂νw±‖L2(Σ±) ≤ C(T )(‖w±‖H1(Σ±) + ‖w±‖H1(Σ±∩Γ)).317

Using the definition of w−, one also has318

‖w−‖H1(Σ−) + ‖w−‖H1(Σ−∩Γ) ≤ ‖w+‖H1(Σ+) + ‖w+‖H1(Σ+∩Γ).319
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FIXED ANGLE INVERSE SCATTERING 9

Moreover, using (3.1) and the definition of w+, Z, we have320

‖p‖L2(B) . ‖Zw+‖L2(Γ) ≤ ‖w+‖H1(Γ).321

Combining these estimates gives that322

(3.2) ‖p‖L2(B) ≤ C(‖w+ − w−‖H1(Γ) + ‖w+‖H1(Σ+) + ‖w+‖H1(Σ+∩Γ)).323

Next, to estimate the jump from w− to w+ across Γ, we observe that for all324

(y, z) ∈ B̄325

−2(w+(y, z, z)− w−(y, z, z)) =

∫ z

−∞
p(y, s) ds+ σ

∫ −z
−∞

p(Ay, s) ds326

=

∫ ∞
−∞

p(y, s) ds−
∫ ∞
z

(p(y, s)− σp(Ay,−s)) ds327

= −2w+(y,
√

1− |y|2,
√

1− |y|2)− 2

∫ ∞
z

p̆(y, s) ds.328
329

Writing h(y, z) =
∫∞
z
p̆(y, s) ds, one has330

w+(y, z, z)− w−(y, z, z) = w+(P (y, z)) + h(y, z), for all (y, z) ∈ B̄,331

where P : (y, z) 7→ (y,
√

1− |y|2,
√

1− |y|2) maps B to Σ+ ∩ Γ. It follows that332

‖w+ − w−‖H1(Γ) . ‖w+‖H1(Σ+∩Γ) + ‖h‖H1(B).333

Since h(y,
√

1− |y|2) = 0 for |y| ≤ 1, a simple Poincaré inequality implies that334

‖h‖H1(B) . ‖∂zh‖H1(B) = ‖p̆‖H1(B).335

Inserting these facts in (3.2), we see that336

‖p‖L2(B) ≤ C(‖p̆‖H1(B) + ‖w+‖H1(Σ+) + ‖w+‖H1(Σ+∩Γ)).337

We now choose ε so small that Cε ≤ 1/2. If p satisfies ‖p̆‖H1(B) ≤ ε‖p‖L2(B), the338

‖p̆‖H1(B) term can be absorbed by the left hand side and the theorem follows.339

Proof of Proposition 3.2. Let φ be the weight in Lemma 2.2, so that φ is strongly340

pseudoconvex for � in a neighborhood of Q. We first use a Carleman estimate with341

boundary terms on Q+ (below we write w and q instead of w+ and q+ for convenience).342

By Theorem A.7, for σ ≥ σ0 with σ0 ≥ 1 sufficiently large, one has the estimate343

σ3‖eσφw‖2L2(Q+) + σ‖eσφ∇w‖2L2(Q+) + σ

∫
∂Q+

e2σφFj(x,σw,∇w)νj dS

(3.3)

344

. ‖eσφ(�+ q)w‖2L2(Q+).345
346

It is proved in Section A.2 that the functions Fj(x, q0, q1, . . . , qn+1) are quadratic347

forms in the qj variables with smooth coefficients depending on x. Moreover, it348

will be important that on Γ, a subset of ∂Q+, the functions Fj depend only on the349

tangential derivatives of w and not on the normal derivative of w (see (A.29)).350
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Now the energy estimate in Lemma 2.5 shows that351

352

(3.4) σ2‖eσφw‖2L2(Γ) + ‖eσφ∇Γw‖2L2(Γ) . σ
3‖eσφw‖2L2(Q+)353

+ σ‖eσφ∇w‖2L2(Q+) + ‖eσφ(�+ q)w‖2L2(Q+) + σ2‖eσφw‖2L2(Σ+) + ‖eσφ∇w‖2L2(Σ+).354
355

Combining (3.3) and (3.4) and dropping the L2(Q+) terms on the left give the estimate356

357

(3.5) σ2‖eσφw‖2L2(Γ) + ‖eσφ∇Γw‖2L2(Γ) + σ

∫
Γ

e2σφFj(x, σw,∇Γw)νj dS358

. ‖eσφ(�+ q)w‖2L2(Q+) + σ3‖eσφw‖2L2(Σ+∪ΓT ) + σ‖eσφ∇w‖2L2(Σ+∪ΓT ).359
360

For the terms over ΓT , using the energy estimate in Lemma 2.4, we have361

‖w‖2L2(ΓT ) + ‖∇w‖2L2(ΓT )362

. ‖w‖2H1(Γ) + ‖(�+ q)w‖2L2(Q+) + ‖w‖2H1(Σ+) + ‖∂νw‖2L2(Σ+)363

. ‖w‖2H1(Γ) + ‖w‖2H1(Σ+) + ‖∂νw‖2L2(Σ+).364
365

In the last line we used that (�+ q)w = (Zw)|Γf+ with f+ bounded. Since φ satisfies366

supΓT φ ≤ infΓ φ− δ for some δ > 0 (see Lemma 2.2), we have367

368

σ3‖eσφw‖2L2(ΓT ) + σ‖eσφ∇w‖2L2(ΓT )369

. σ3e−2δσ‖eσφw‖2H1(Γ) + σ3e2σ supΓT
φ(‖w‖2H1(Σ+) + ‖∂νw‖2L2(Σ+)).370

371

Inserting this estimate in (3.5), and choosing σ so large that the term with σ3e−2δσ372

can be absorbed on the left, we observe that373

374

(3.6) σ2‖eσφw‖2L2(Γ) + ‖eσφ∇Γw‖2L2(Γ) + σ

∫
Γ

e2σφFj(x, σw,∇Γw)νj dS375

. ‖eσφ(�+ q)w‖2L2(Q+) + σ3eCσ
[
‖w‖2L2(Σ+) + ‖∇w‖2L2(Σ+)

]
.376

377

Again (�+ q)w = (Zw)|Γf+ with f+ bounded, so378

‖eσφ(�+ q)w‖2L2(Q+) . h(σ)‖eσφ∇Γw‖2L2(Γ),379

where h(σ) is the function in Lemma 2.2 with h(σ)→ 0 as σ →∞. Thus, for σ large380

(depending on M and T ), the h(σ) term can be absorbed on the left. Fixing such a381

σ, from (3.6) we obtain the estimate382

(3.7) c‖w‖2H1(Γ) + σ

∫
Γ

e2σφFj(x, σw,∇Γw)νj dS ≤ C(‖w‖2L2(Σ+) + ‖∇w‖2L2(Σ+)),383

for some positive constants c, C depending on M,T .384

We rewrite the estimate (3.7) for w = w+ as385

(3.8)

c‖w+‖2H1(Γ) + σ

∫
Γ

e2σφFj(x, σw+,∇Γw+)νj dS ≤ C(‖w+‖2L2(Σ+) + ‖∇w+‖2L2(Σ+)).386
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Fix ν to be the downward pointing unit normal to Γ, so ν is an exterior normal387

for Q+. An analogous argument in Q− yields the following estimate for w−:1388

(3.9)

c‖w−‖2H1(Γ) − σ
∫

Γ

e2σφFj(x, σw−,∇Γw−)νj dS ≤ C(‖w−‖2L2(Σ−) + ‖∇w−‖2L2(Σ−)).389

Note the negative sign in front of σ in (3.9) in comparison with the positive sign in390

front of σ in (3.8); that is so because the ν we fixed is an interior normal for Q− on391

Γ. Adding up (3.8) and (3.9) and noting that the Fj are quadratic forms in σw± and392

∇Γw±, we have393

c
∑
±
‖w±‖2H1(Γ) ≤ C‖w+ − w−‖H1(Γ)(‖w+‖H1(Γ) + ‖w−‖H1(Γ))(3.10)394

+ C
∑
±

(‖w±‖2L2(Σ±) + ‖∇w±‖2L2(Σ±)),395

396

for some positive constants c, C depending on σ (hence on M and T ). Using Cauchy’s397

inequality with ε allows one to absorb the ‖w±‖H1(Γ) terms on the right into the398

terms on the left. This proves the proposition.399

4. Horizontally controlled potentials. The following result is the time do-400

main analogue of Theorem 1.5 and also contains a Lipschitz stability estimate.401

Theorem 4.1. Let M > 1 and T > 3. There exist constants C(M,T ) > 0,402

ε(M,T ) > 0 so that if q, p ∈ C∞c (Rn) are supported in B and ‖q‖Cn+4 ≤ M ,403

‖p‖Cn+4 ≤M , then404

‖p‖L2(B) ≤ C(‖uq+p − uq‖H1(Σ+) + ‖uq+p − uq‖H1(Σ+∩Γ))405

provided that the function406

r(y, z) :=

∫ z

−∞
p(y, s) ds407

is horizontally (M, ε)-controlled.408

The following lemma gives an example of a perturbation p such that the corre-409

sponding function r is (M, ε)-controlled.410

Lemma 4.2. Suppose ϕ1, . . . , ϕR are linearly independent functions in C∞c (Rn−1)411

supported in the ball of radius 1/
√

2 and define412

(4.1) p(y, z) :=

R∑
j=1

pj(z)ϕj(y)413

for some functions pj ∈ C∞c (R) supported in (−1/
√

2, 1/
√

2). The function414

r(y, z) :=

∫ z

−∞
p(y, s) ds415

is (M, 0)-controlled for some M depending on R and ϕ1, . . . , ϕR.416

1The Fj are constructed in Theorem A.7 and would seem to depend on the domainsQ±. However,
the Fj depend on g which itself depends on a function h which satisfies the algebraic identity (A.25).
We can construct the h so that the algebraic identity is satisfied on Q rather than Q+ and Q−
separately. Then the g in Theorem A.7 will be the same for Q+ and Q−.
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Proof. Note that p is smooth and supported in B. The function r(y, z) has the417

form418

r(y, z) =

R∑
j=1

rj(z)ϕj(y), rj(z) =

∫ z

−∞
pj(s) ds.419

By the triangle inequality420 ∫
Rn−1

|∇yr(y, z)|2 dy .
R∑
j=1

|rj(z)|2,421

and moreover422 ∫
Rn−1

|r(y, z)|2 dy =

R∑
j,k=1

rj(z)rk(z)(ϕj , ϕk)L2(Rn−1) ∼
R∑
j=1

|rj(z)|2423

since the matrix ((ϕj , ϕk)L2(Rn−1))
R
j,k=1 is positive definite by the linear independence424

of ϕ1, . . . , ϕR. Thus r(y, z) is horizontally (M, 0)-controlled for some M depending425

on R,ϕ1, . . . , ϕR.426

Theorem 4.1 will be a consequence of the following proposition.427

Proposition 4.3. Let M > 1, T > 3. There are C(M,T ), ε(M,T ) > 0 so that428

if429

(�+ q)w(x, t) = (Zw)(x, z)f(x, t) in Q+,430431

for some q ∈ C∞c (Rn) supported in B, f ∈ L∞(Q+) and w ∈ H2(Q+) such that432

‖q‖L∞(B) ≤M and ‖f‖L∞(Q+) ≤M , then433

‖w‖L2(Γ) + ‖Zw‖L2(Γ) ≤ C(‖w‖H1(Σ+) + ‖∂νw‖L2(Σ+))434

provided that the function r(y, z) := w(y, z, z) is (M, ε)-controlled.435

Proof of Theorem 4.1. Define436

w := uq+p − uq.437

By Proposition 2.1, the function w is smooth in {t ≥ z} and solves438

(�+ q)w = −puq+p in Q+,439

and r(y, z) := w(y, z, z) is given by440

r(y, z) = −1

2

∫ z

−∞
p(y, s) ds.441

In particular,442

(4.2) Zw(y, z, z) =
1√
2
∂z(w(y, z, z)) = − 1

2
√

2
p(y, z).443

We may thus use Proposition 4.3 with the choice f(x, t) := 2
√

2uq+p(x, t), and with444

some new choice of M , to obtain that445

(4.3) ‖w‖L2(Γ) + ‖Zw‖L2(Γ) ≤ C(‖w‖H1(Σ+) + ‖∂νw‖L2(Σ+))446

where C only depends on M and T . By Lemma 2.3 we have447

(4.4) ‖∂νw‖L2(Σ+) ≤ C(‖w‖H1(Σ+) + ‖w‖H1(Σ+∩Γ)).448

Theorem 4.1 follows by combining (4.3), (4.2) and (4.4).449
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The proof of Proposition 4.3 is again based on a Carleman estimate. However,450

in this case, it is convenient to use a weight φ that is independent of y and satisfies451

Nφ|Γ > 0, ∂tφ|Q+
≤ 0. The following lemma gives one such weight.452

Lemma 4.4. For any T > 3 there exist a > b ≥ T so that if one defines453

ψ(y, z, t) :=
1

2
((z − a)2 + (t− b)2),454

then, for λ > 0 sufficiently large, the function455

φ(y, z, t) := eλψ(y,z,t)
456

is strongly pseudoconvex for � in a neighborhood of Q. Moreover,457

Nφ|Γ > 0, Zφ|Γ < 0, ∂tφ|Q ≤ 0,458

the smallest value of φ on Γ is strictly larger than the largest value of φ on ΓT , and459

gσ(y, z) :=

∫ T

z

e2σ(φ(y,z,t)−φ(y,z,z)) dt ≤ T + 1,460

uniformly over σ ≥ 1 and (y, z) ∈ B.461

Proof. Let a > b ≥ T > 3. Note first that ∂zψ = z − a 6= 0 whenever |z| ≤ 1,462

showing that ∇ψ is nonvanishing near Q. The symbol of � is463

p(y, z, t, η, ζ, τ) = −τ2 + |η|2 + ζ2.464

Since ψ only depends on z and t, we compute465

{p, ψ} = 2ζ(z − a)− 2τ(t− b),466

{p, {p, ψ}} = (2ζ)(2ζ) + (2τ)(2τ) = 4(ζ2 + τ2).467468

Thus always {p, {p, ψ}} ≥ 0. If one has {p, {p, ψ}}(y, z, t, η, ζ, τ) = 0 at some point469

where p = 0, then ζ = τ = 0 and hence p = |η|2 = 0, showing that η = ζ = τ = 0.470

This proves that {p, {p, ψ}} > 0 whenever p = {p, ψ} = 0 and (η, ζ, τ) 6= 0, and thus471

the level surfaces of ψ are pseudoconvex for �. Combining Propositions A.3 and A.5,472

it follows that φ is strongly pseudoconvex for � near Q if λ > 0 is sufficiently large.473

Now take T > 3 and compute474

√
2Nψ|Γ = t− b− (z − a)|Γ = a− b,475
√

2Zψ|Γ = t− b+ (z − a)|Γ ≤ 2− a− b,476477

with478

∂tψ|Q = t− b|Q ≤ T − b.479

Thus Nφ|Γ > 0, Zφ|Γ < 0 and ∂tφ|Q ≤ 0 whenever a > b ≥ T > 3. On Γ we have480

ψ(y, z, z) =
1

2
((z − a)2 + (z − b)2) ≥ 1

2
((1− a)2 + (1− b)2)481

since |z| ≤ 1 and a, b ≥ 1. On ΓT we have482

ψ(y, z, T ) =
1

2
((z − a)2 + (T − b)2) ≤ 1

2
((a+ 1)2 + (T − b)2).483
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Comparing the two values on the right, we have484

(1− a)2 + (1− b)2 −
[
(a+ 1)2 + (T − b)2

]
= −T 2 + 2bT − 4a− 2b+ 1.485

Given T > 3, we want to choose a > b ≥ T so that the expression on the right is486

positive. Choosing a > b but a very close to b, it is enough to choose b ≥ T so that487

−T 2 + (2T − 6)b+ 1 > 0.488

Since T > 3, it is enough to choose b so that b > T 2−1
2T−6 and b ≥ T .489

With the above choices, we have proved everything except for the claim about490

gσ. However, since ∂tφ|Q ≤ 0, the integrand in gσ is ≤ 1 and hence gσ|B ≤ T + 1491

uniformly in σ.492

Proof of Proposition 4.3. Let φ be as in Lemma 4.4. Repeating the argument493

in Proposition 3.2 (but using Lemma 4.4 for the properties of φ), we arrive at the494

estimate (3.6), which we restate below except that we write the integrand on Γ as495

νjEj as in Theorem A.7. So, for any σ ≥ σ0 with σ0 large enough, we have496

497

(4.5) σ2‖eσφw‖2L2(Γ) + ‖eσφ∇Γw‖2L2(Γ) + σ

∫
Γ

νjEj dS498

. ‖eσφ(�+ q)w‖2L2(Q+) + σ3eCσ
[
‖w‖2L2(Σ+) + ‖∇w‖2L2(Σ+)

]
,499

500

with constants depending only on M and T . Since (�+q)w = Zw|Γf where ‖f‖L∞ ≤501

M , one has502

‖eσφ(�+ q)w‖L2(Q+) ≤M‖eσ(φ−φ|Γ)(eσφZw)|Γ‖L2(Q+) ≤M‖gσeσφZw‖L2(Γ).503

By Lemma 4.4, the function gσ is bounded uniformly over σ, hence one has ‖eσφ(�+504

q)w‖L2(Q+) ≤ C‖eσφZw‖L2(Γ) with C = C(M,T ). Thus (4.5) gives505

506

(4.6) σ2‖eσφw‖2L2(Γ) + ‖eσφ∇Γw‖2L2(Γ) + σ

∫
Γ

νjEj dS507

. ‖eσφZw‖2L2(Γ) + σ3eCσ
[
‖w‖2L2(Σ+) + ‖∇w‖2L2(Σ+)

]
.508

509

At this point we study the integral over Γ in (4.6). Now φ is independent of y510

and511

Nφ|Γ > 0, Zφ|Γ < 0512

by Lemma 4.4. Hence, using the expressions for Ej in (A.29), we have513

(4.7) σ

∫
Γ

νjEj dS ≥ cσ
∫

Γ

((Zv)2 + σ2v2) dS − Cσ
∫

Γ

(|∇yv|2 + |v| |Zv|) dS,514

for some positive c, C independent of σ; note that v = eσφw. Since515

Zv = eσφ(Zw + σ(Zφ)w),516

for every r > 0 we have517

‖eσφZw‖2L2(Γ) = ‖Zv − eσφσ(Zφ)w‖2L2(Γ)518

≤ (1 + r)‖Zv‖2L2(Γ) + (1 + 1/r)‖eσφσ(Zφ)w‖2L2(Γ).519
520
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Taking β := 1
1+r ∈ (0, 1), so 1

r = β
1−β , we have521

‖Zv‖2L2(Γ) ≥ β‖e
σφZw‖2L2(Γ) −

β

1− β
‖eσφσ(Zφ)w‖2L2(Γ).522

Using this estimate in (4.7) with sufficiently small β ∈ (0, 1), together with 2ab <523

εa2 + ε−1b2 for ε > 0, for σ sufficiently large one has524

σ

∫
Γ

νjEj dS ≥ cσ
∫

Γ

e2σφ((Zw)2 + σ2w2) dS − Cσ
∫

Γ

e2σφ|∇yw|2 dS.525

Inserting this in (4.6) leads to526

527

σ3‖eσφw‖2L2(Γ) + σ‖eσφZw‖2L2(Γ) . ‖e
σφZw‖2L2(Γ)528

+ σ‖eσφ∇yw‖2L2(Γ) + σ3eCσ
[
‖w‖2L2(Σ+) + ‖∇w‖2L2(Σ+)

]
,529

530

which, when compared to (3.6), has improved powers of σ on the left hand side but531

with a ∇yw term on the right hand side. Choosing σ large enough, we may absorb532

the ‖eσφZw‖2L2(Γ) term into the left side, hence533

534

(4.8) σ3‖eσφw‖2L2(Γ) + σ‖eσφZw‖2L2(Γ)535

. σ‖eσφ∇yw‖2L2(Γ) + σ3eCσ
[
‖w‖2L2(Σ+) + ‖∇w‖2L2(Σ+)

]
.536

537

Now φ is independent of y, so invoking the assumption that r(y, z) := w(y, z, z)538

is (M, ε)-controlled (ε still to be determined) leads to the estimate539

σ‖eσφ∇yw‖2L2(Γ) ≤Mσ‖eσφw‖2L2(Γ) + εσ‖eσφZw‖2L2(Γ).540

Using this in (4.8), choosing ε(M,T ) > 0 small enough and σ large enough, we may541

absorb the εσ‖eσφZw‖2L2(Γ) term and the Mσ‖eσφw‖2L2(Γ) term into the left hand542

side of (4.8). So fixing a large enough σ and letting all constants depend on σ, we543

obtain544

‖w‖2L2(Γ) + ‖Zw‖2L2(Γ) . ‖w‖
2
L2(Σ+) + ‖∇w‖2L2(Σ+).545

This proves the proposition.546

5. Equivalence of frequency and time domain problems. The following547

theorem shows that the scattering amplitude for a fixed direction ω ∈ Sn−1 and the548

boundary measurements in the wave equation problem in Section 2 are equivalent549

information. Related results in the context of Lax-Phillips scattering theory in odd550

dimensions n ≥ 3 are discussed in [Me95, Uh01, MU]. We write uq(x, t, ω) for the551

solution in Proposition 2.1, where en is replaced by ω, so that uq(x, t, ω) is smooth in552

{t ≥ x · ω}.553

Theorem 5.1. Let n ≥ 2 and fix ω ∈ Sn−1, λ0 > 0. For any real valued q1, q2 ∈554

C∞c (Rn) with support in B, one has555

aq1(λ, θ, ω) = aq2(λ, θ, ω) for λ ≥ λ0 and θ ∈ Sn−1
556

if and only if557

uq1(x, t, ω) = uq2(x, t, ω) for (x, t) ∈ (S × R) ∩ {t ≥ x · ω}.558
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Given the previous result, Theorem 1.1 and Corollary 1.2 in the introduction559

follow immediately from [RS20, Theorem 1.2] and [RS20, Corollary 1.3], respectively.560

In a similar way, Theorems 1.3 and 1.5 follow from Theorems 3.1 and 4.1, respectively.561

We first give a formal argument explaining why Theorem 5.1 could be true. It562

will be convenient to use the slightly nonstandard conventions563

f̃(λ) =

∫ ∞
−∞

eiλtf(t) dt, F̆ (t) =
1

2π

∫ ∞
−∞

e−iλtF (λ) dλ,564

for the Fourier transform and its inverse for Schwartz functions (and via extension565

also for tempered distributions) on the real line.566

Let q ∈ C∞c (Rn) be supported in B, and let Uq(x, t, ω) solve567

(∂2
t −∆ + q(x))Uq = 0 in Rn × R, Uq|{t<−1} = δ(t− x · ω).568

Then of course uq = Uq − δ(t − x · ω). Suppose for the moment that the Fourier569

transform of Uq in the time variable is well defined. The function Ũq should then570

solve for each λ ∈ R the equation571

(−∆ + q(x)− λ2)Ũq(x, λ) = 0 in Rn.572

One has Ũq(x, λ) = eiλx·ω + ũq(x, λ) where ũq(x, λ) extends holomorphically to573

{Im(λ) > 0} since uq vanishes for t < −1. These are exactly the properties that574

characterize the outgoing eigenfunction ψq(x, λ, ω) discussed in Section 1, and thus575

one might expect that576

Ũq(x, λ, ω) = ψq(x, λ, ω).577

We now recall the Rellich uniqueness theorem [Re43]. The following formulation578

is a consequence of [Hö73, Corollary 3.2].579

Proposition 5.2. Let λ > 0, let u be a tempered distribution with u ∈ L2
loc(Rn),580

and assume that u satisfies (−∆− λ2)u = 0 in Rn \B. If581

lim inf
R→∞

1

R

∫
R<|x|<2R

|u|2 dx = 0,582

then u = 0 in Rn \B.583

Using Proposition 5.2 and asymptotics of ψsqj (see (5.5) below), the condition584

aq1(λ, · , ω) = aq2(λ, · , ω) implies that the outgoing eigenfunctions for q1 and q2 agree585

outside the support of the potentials:586

(5.1) ψq1( · , λ, ω)|Rn\B = ψq2( · , λ, ω)|Rn\B .587

If the map λ 7→ ψqj (x, λ, ω) were smooth near λ = 0, then one would have (5.1) for588

all λ ∈ R. Taking the inverse Fourier transform in λ would imply that589

Uq1( · , t, ω)|Rn\B = Uq2( · , t, ω)|Rn\B .590

This would show that the boundary measurements for the wave equation problem,591

for a plane wave traveling in direction ω, agree for q1 and q2.592

The argument above is only formal, since it requires taking Fourier transforms593

in time and needs the regularity of the map λ 7→ ψq(x, λ, ω) on the real line. The594

regularity of this map is related to the poles of the meromorphic continuation of the595
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resolvent (−∆ + q − λ2)−1 initially defined in {Im(λ) > 0}. It is well known [Me95]596

that the resolvent family has at most finitely many poles in {Im(λ) > 0}, located at597

ir1, . . . , irN where −r2
1, . . . ,−r2

N are the negative eigenvalues of −∆ + q. Moreover,598

there may be a pole at λ = 0 corresponding to a bound state or resonance at zero599

energy. Such poles do not exist in {Im(λ) ≥ 0} if q ≥ 0, but for signed potentials they600

can exist and thus the argument above does not work in general.601

We now give a rigorous proof of Theorem 5.1, working on the set {Im(λ) > r},602

where the resolvent family has no poles, and using the Laplace transform in time603

instead of the Fourier transform. We first recall a few basic facts about the resolvent604

family. Below C+ := {λ ∈ C ; Im(λ) > 0}.605

Proposition 5.3. Let q ∈ C∞c (Rn) be real valued and let r0 = max(− inf q, 0)1/2.606

For any λ ∈ C+ \ i(0, r0], there is a bounded operator607

Rq(λ) : L2(Rn)→ L2(Rn)608

such that for any f ∈ L2(Rn), the function u = Rq(λ)f is the unique solution in609

L2(Rn) of610

(−∆ + q − λ2)u = f in Rn.611

For any fixed r > r0, one has612

‖Rq(λ)‖L2→L2 ≤ Cr,q, Im(λ) ≥ r.613

For any fixed ρ ∈ C∞c (Rn) and for λ in the set C+ \ i(0, r0], the family614

(ρRq(λ)ρ)λ∈C+\i(0,r0]615

is a holomorphic family of bounded operators on L2(Rn) that extends continuously to616

C+ \ i[0, r0].617

Proof. The operator −∆ + q, with domain H2(Rn), is a self-adjoint unbounded618

operator in L2(Rn) with spectrum contained in [−r2
0,∞). If λ ∈ C+ \ i(0, r0], then λ2619

is away from the spectrum, and one can choose Rq(λ) to be the standard L2 resolvent620

(−∆ + q − λ2)−1. One has the estimate621

‖Rq(λ)‖L2→L2 ≤ 1

dist(λ2, [−r2
0,∞))

.622

Writing λ = σ + iµ, the range of σ 7→ (σ + iµ)2 is a parabola opening to the right,623

so its distance from the spectrum is at least 2σµ when σ2 ≥ 1
2 (µ2 − r2

0) and at624

least µ2 − σ2 − r2
0 when σ2 ≤ 1

2 (µ2 − r2
0). Thus, for Im(λ) ≥ r > r0, one has625

dist(λ2, [−r2
0,∞)) ≥ c > 0 for some constant c depending on r and r0 (in fact the626

distance is ≥ c(1 + |σ|)). It follows that627

‖Rq(λ)‖L2→L2 ≤ Cr,q.628

The last statement follows from the meromorphic extension of the resolvent family629

from {Im(λ) > 0} to C (resp. a logarithmic cover of C \ {0}) if n is odd (resp. if n630

is even), and from the fact that the only poles of this family in {Im(λ) ≥ 0} are in631

i[0, r0]. See [DZ19] for the case of odd dimensions, and [Va89, Me95] for the general632

case (note that [Me95] uses the opposite convention of extending the resolvent family633

from {Im(λ) < 0}). Here we only need the continuous extension of the resolvent634

family up to the real axis minus the origin (i.e. the limiting absorption principle), so635

we do not need to worry about the behaviour of the extension beyond the real axis.636
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We also recall the following fact about Fourier-Laplace transforms.637

Lemma 5.4. Suppose F (z) is analytic on {Im(z) > r} for some r ∈ R and638

|F (z)| ≤ C(1 + |z|)NeR Im(z), for Im(z) > r,639

for some positive R,C,N independent of z. There exists an f ∈ D′(R) with supp(f) ⊂640

[−R,∞) and e−(µ−r)tf ∈ S ′(R), (e−(µ−r)tf )̃ ( · ) = F ( · + iµ), for every µ > r.641

Proof. Here f̂(λ) = f̃(−λ) will be the Fourier transform of f following the con-642

vention in [Hö83, Section 7.1]. Define643

U(z) := e−iRzF (−(z − ir)), Im(z) < 0;644

then U(z) is analytic on {Im(z) < 0} and, on this set,645

|U(z)| ≤ eR Im(z)C(1 + |z − ir|)NeR(r−Im(z)) ≤ Cr,R,N (1 + |z|)N646

for some C,N independent of z. Hence, from [Hö83, Section 7.4], there is a u ∈ D′(R)647

with supp(u) ⊂ [0,∞) and (e−ηtu)̂ (σ) = U(σ − iη) for every η > 0, σ ∈ R. Define648

f ∈ D′(R) by649

f(·) := u( · +R);650

then supp(f) ⊂ [−R,∞) and, for every η > 0, we have651

(e−ηtf )̃ (σ) = (e−ηtu( · +R))̂ (−σ) = eR(η−iσ)(e−ηtu)̂ (−σ)652

= eR(η−iσ)U(−σ − iη) = F (σ + i(η + r)).653654

The result follows by taking η = µ− r for any µ > r.655

The next result gives a precise relation between the time domain and frequency656

domain measurements. We write 〈u, ϕ〉 for the distributional pairing of u and ϕ.657

Recall from Proposition 5.3 that ψsq( · , λ, ω) ∈ L2(Rn) when Im(λ) > r0, but for658

Im(λ) = 0 one may have ψsq( · , λ, ω) /∈ L2(Rn).659

Proposition 5.5. Suppose ω ∈ Sn−1 is fixed and q ∈ C∞c (Rn) is real valued and660

supported in B. Define r0 := max(− inf q, 0)1/2 and661

ψsq( · , λ, ω) := Rq(λ)(−qeiλx·ω), λ ∈ C+ \ i(0, r0].662

We have663

〈uq(x, t, ω), ϕ(x)χ(t) 〉Rnx×Rt = 〈ψsq(x, σ + iµ, ω), ϕ(x)(eµtχ)̆ (σ) 〉Rnx×Rσ ,664

for all µ > r0 and all ϕ ∈ C∞c (Rn), χ ∈ C∞c (R).665

Remark 5.6. Recall that by the Schwartz kernel theorem, any distribution u(x, t)666

on Rn × R is uniquely determined by the values of 〈u(x, t), ϕ(x)χ(t) 〉Rnx×Rt as ϕ667

varies over C∞c (Rn) and χ varies over C∞c (R) (see [Hö83, proof of Theorem 5.1.1]).668

The relation in Proposition 5.5 may be formally interpreted as an inverse Laplace669

transform identity670

uq(x, t, ω) =
1

2π

∫
Im(λ)=µ

e−iλtψsq(x, λ, ω) dλ671

when µ > r0.672
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Proof of Proposition 5.5. Fix r > r0. By Proposition 5.3, for Im(λ) ≥ r, one has673

the estimates674

(5.2) ‖ψsq( · , λ, ω)‖L2 ≤ Cr,q‖qe−Im(λ)x·ω‖L2 ≤ Cr,qeIm(λ).675

For any ϕ ∈ C∞c (Rn), define676

Fϕ(λ) =

∫
Rn
ψsq(x, λ, ω)ϕ(x) dx for Im(λ) ≥ r.677

By Proposition 5.3, Fϕ is analytic on {Im(λ) > r} and678

|Fϕ(λ)| ≤ Cr,qeIm(λ)‖ϕ‖L2 , Im(λ) ≥ r.679

Using Lemma 5.4, there is a distribution fϕ ∈ D′(R) with supp(fϕ) ⊂ [−1,∞) and680

(e−(µ−r)tfϕ)̃ ( · ) = Fϕ( · + iµ) for every µ > r. This means that681

〈e−(µ−r)tfϕ, χ〉 = 〈Fϕ( · + iµ), χ̆〉, χ ∈ C∞c (R).682

Now, given µ > r, define the linear map683

K : C∞c (Rn)→ D′(R), Kϕ = e−(µ−r)tfϕ.684

If ϕj → 0 in C∞c (Rn), then Fϕj (λ)→ 0 when Im(λ) ≥ r, which implies that685

〈e−(µ−r)tfϕj , χ〉Rt = 〈Fϕj ( · + iµ), χ̆〉R → 0686

as j → ∞ for any fixed χ ∈ C∞c (R). Thus K is continuous, and by the Schwartz687

kernel theorem [Hö83, Theorem 5.2.1] there is a unique K ∈ D′(Rn × R) so that688

〈K,ϕ(x)χ(t)〉 = 〈Kϕ, χ〉 = 〈e−(µ−r)tfϕ, χ〉 = 〈Fϕ( · + iµ), χ̆〉689

= 〈ψsq(x, σ + iµ, ω), ϕ(x)χ̆(σ)〉Rnx×Rσ .(5.3)690691

Since fϕ is supported in [−1,∞), it follows that K is supported in {t ≥ −1}. We692

define693

vq(x, t) = eµtK(x, t) ∈ D′(Rn × R).694

Then also vq is supported in {t ≥ −1}.695

If we show that696

(5.4) (�+ q)vq = −qδ(t− x · ω) in Rn × R,697

uniqueness of distributional solutions of the wave equation supported in {t ≥ −1}698

(see e.g. [Hö83, Theorem 23.2.7]) implies that uq = vq, so699

〈uq, ϕ(x)χ(t)〉 = 〈K,ϕ(x)eµtχ(t)〉700

= 〈ψsq(x, σ + iµ, ω), ϕ(x)(eµtχ)̆ (σ)〉Rnx×Rσ .701702

This proves the proposition.703

To show (5.4), we first use (5.3) to see that704

〈∂jtK,ϕ(x)χ(t)〉 = 〈K,ϕ(x)(−∂t)jχ(t)〉705

= 〈(−iσ)jψsq(x, σ + iµ, ω), ϕ(x)χ̆(σ)〉Rnx×Rσ .706707
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Similarly708

〈∆xK,ϕ(x)χ(t)〉 = 〈∆xψ
s
q(x, σ + iµ, ω), ϕ(x)χ̆(σ)〉Rnx×Rσ709

and710

〈q(x)K,ϕ(x)χ(t)〉 = 〈q(x)ψsq(x, σ + iµ, ω), ϕ(x)χ̆(σ)〉Rnx×Rσ711

Thus, since vq = eµtK, we obtain that712

〈(∂2
t −∆x + q)vq, ϕ(x)χ(t)〉713

= 〈(∂2
t + 2µ∂t + µ2 −∆x + q)K,ϕ(x)eµtχ(t)〉714

= 〈(−∆x + q − (σ + iµ)2)ψsq(x, σ + iµ, ω), ϕ(x)(eµtχ)̆ (σ)〉Rnx×Rσ715

= 〈−q(x)ei(σ+iµ)x·ω, ϕ(x)(eµtχ)̆ (σ)〉Rnx×Rσ716

= 〈−q(x)e−µx·ωδ(t− x · ω), ϕ(x)eµtχ(t)〉717

= 〈−q(x)δ(t− x · ω), ϕ(x)χ(t)〉.718719

This proves (5.4).720

It is now easy to complete the reduction from the scattering amplitude to time721

domain measurements.722

Proof of Theorem 5.1. Let r0 = max(− inf q1,− inf q2, 0)1/2. By Proposition 5.3723

the resolvents Rqj (λ) are well defined for λ ∈ C+ \ i(0, r0], and thus for such λ one724

may define725

ψsqj ( · , λ, ω) = Rqj (λ)(−qjeiλx·ω).726
727

By Proposition 5.3, the map λ 7→ ψsqj ( · , λ, ω) extends continuously as a map C+ \728

i[0, r0] → L2
loc(Rn) (this is the limiting absorption principle, see e.g. [Ya10, Section729

6.2]). By [Ya10, Section 6.7], for any λ > 0 the limit satisfies730

(5.5) ψsqj (rθ, λ, ω) = eiλrr−
n−1

2 aqj (λ, θ, ω) + o(r−
n−1

2 ), r →∞.731

Assume first that aq1(λ, θ, ω) = aq2(λ, θ, ω) for all λ ≥ λ0 and all θ. Together732

with the fact that q1 and q2 vanish outside B, this implies that for any fixed λ ≥ λ0,733

the function ψsq1 − ψ
s
q2 satisfies734

(−∆− λ2)((ψsq1 − ψ
s
q2)( · , λ, ω)) = 0 in Rn \B,735

(ψsq1 − ψ
s
q2)(x, λ, ω) = o(|x|−

n−1
2 ) as |x| → ∞.736737

The Rellich uniqueness theorem, see Proposition 5.2, implies that ψsq1 − ψ
s
q2 vanishes738

outside B. In particular, for any ϕ ∈ C∞c (Rn \B), the function739

wϕ(λ) = 〈(ψsq1 − ψ
s
q2)( · , λ, ω), ϕ〉740

satisfies741

wϕ|[λ0,∞) = 0.742

However, by Proposition 5.3 the function λ 7→ wϕ(λ) is holomorphic in C+ \ i(0, r0]743

and has a continuous extension to C+ \ i[0, r0]. Since it vanishes on [λ0,∞), one must744

have wϕ(λ) ≡ 0. In particular, for any µ > r0 one has745

〈(ψsq1 − ψ
s
q2)(x, σ + iµ, ω), ϕ(x)〉Rnx = 0, σ ∈ R.746
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The relation in Proposition 5.5 then implies that747

〈uq1(x, t, ω)− uq2(x, t, ω), ϕ(x)χ(t)〉Rnx×Rt = 0748

for all ϕ ∈ C∞c (Rn \B) and χ ∈ C∞c (R). This means that749

uq1(x, t, ω) = uq2(x, t, ω), (x, t) ∈ (Rn \B)× R.750

In particular, one has uq1(x, t, ω) = uq2(x, t, ω) for (x, t) ∈ (S × R) ∩ {t ≥ x · ω} as751

required.752

Let us now prove the converse. Assume for simplicity that ω = en, and assume753

that uq1(x, t, en) = uq2(x, t, en) for (x, t) ∈ (S×R)∩{t ≥ z}. By Proposition 2.1, the754

function α := uq1 − uq2 solves755

�α = 0 in {(x, t) ; |x| > 1 and t > z},756

α(y, z, z) = −1

2

∫ z

−∞
(q1 − q2)(y, s) ds on {|x| > 1},757

α = 0 in {z < t < −1}.758759

Moreover, α|(S×R)∩{t>z} = 0. Thus by Lemma 2.3 one also has ∂να|(S×R)∩{t>z} = 0.760

Now the Cauchy data of α vanishes on the lateral boundary of the set {(x, t) ; |x| ≥761

1 and t ≥ z}, and Holmgren’s uniqueness theorem applied in this set shows that α762

is identically zero in the relevant domain of dependence. However, by finite speed of763

propagation the support of α is contained in the same domain of dependence. Thus764

α is identically zero in {(x, t) ; |x| ≥ 1 and t ≥ z}, which implies that765

uq1(x, t, en) = uq2(x, t, en), (x, t) ∈ (Rn \B)× R.766

The relation in Proposition 5.5 now gives that for any µ > r0 and for any ϕ ∈767

C∞c (Rn \B),768

〈(ψsq1 − ψ
s
q2)(x, σ + iµ, en), ϕ(x)〉Rnx = 0, σ ∈ R.769

Since by Proposition 5.3 the function λ 7→ 〈(ψsq1 −ψ
s
q2)( · , λ, en), ϕ〉 is holomorphic in770

C+ \ i(0, r0] and has a continuous extension to C+ \ i[0, r0], it follows that771

〈(ψsq1 − ψ
s
q2)(x, λ, en), ϕ(x)〉Rnx = 0, λ > 0.772

Thus ψsq1( · , λ, en)−ψsq2( · , λ, en) vanishes outside B for any λ > 0. By the asymptotics773

given in (5.5), we obtain that aq1(λ, θ, en) = aq2(λ, θ, en) for all λ > 0 and θ ∈ Sn−1774

as required.775

Appendix A. Carleman estimates for second order PDEs.776

This exposition of the statement and the derivation of Carleman estimates with777

boundary terms for second order operators with real coefficients are based mostly on778

Chapter 4 of [Ta99] and Chapter VIII of [Hö76]. What is new here is the explicit779

expression for the boundary terms and perhaps our explanations are not as terse as780

in [Ta99].781

A.1. The Carleman estimate. We use the following notation in this exposi-782

tion. For complex valued functions f(x) on Rn, fj = ∂jf = ∂f
∂xj

, ∂f = (∂1f, · · · , ∂nf),783
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Djf = 1
i ∂jf and S = {(ξ, σ) ∈ Rn × R : |ξ|2 + σ2 = 1}. Further, Ω will represent a784

bounded open subset of Rn with Lipschitz boundary and785

P (x,D) =

n∑
j=1

n∑
k=1

ajk(x)DjDk +

n∑
j=1

bj(x)Dj + c(x)786

will be a second order operator with ajk = akj being real valued functions in C1(Ω),787

and bj , c are bounded complex valued functions on Ω. We often drop the summation788

symbol when it is clear from the context that a summation is involved. The principal789

symbol of P (x,D) is the function790

p(x, ξ) = ajk(x)ξjξk, x ∈ Ω, ξ ∈ Rn;791

note that the double summation over j, k is implied in the above definition.792

For differentiable functions p(x, ξ) and q(x, ξ) on Ω×Rn, we define their Poisson793

bracket as794

{p, q} =

n∑
j=1

∂p

∂ξj

∂q

∂xj
− ∂p

∂xj

∂q

∂ξj
795

Definition A.1. Suppose φ(x) is a real valued smooth function on Ω satisfying796

(∂φ)(x) 6= 0 at each point x ∈ Ω. The level surfaces of φ are said to be pseudoconvex797

with respect to P (x,D) on Ω if798

(A.1) {p, {p, φ}}(x, ξ) > 0799

for all x ∈ Ω and all non-zero ξ ∈ Rn satisfying800

(A.2) p(x, ξ) = 0, {p, φ}(x, ξ) = 0.801

Definition A.2. Suppose φ(x) is a real valued smooth function on Ω satisfying802

(∂φ)(x) 6= 0 at each point x ∈ Ω. The level surfaces of φ are said to be strongly803

pseudoconvex with respect to P (x,D) on Ω if the level surfaces of φ are pseudoconvex804

and805

(A.3)
1

iσ
{p(x, ζ), p(x, ζ)} > 0806

for all x ∈ Ω and all ζ = ξ + iσ∂φ(x), ξ ∈ Rn, σ 6= 0, satisfying807

(A.4) p(x, ζ) = 0, {p(x, ζ), φ(x)} = 0.808

The following proposition (Theorem 1.8 in [Ta99]) is useful in constructing weights809

for Carleman estimates.810

Proposition A.3. Suppose Ω is a bounded open subset of Rn with Lipschitz811

boundary, P (x,D) is a second order differential operator on Ω with the principal812

part having real coefficients, and φ is a real valued smooth function on Ω with ∂φ813

never zero on Ω. The level surfaces of φ are strongly pseudoconvex on Ω iff they are814

pseudoconvex on Ω.815

We prove the Carleman estimates for weights φ which satisfy the strong pseudo-816

convexity condition defined below.817
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Definition A.4. Suppose φ(x) is a real valued smooth function on Ω satisfying818

(∂φ)(x) 6= 0 at each point x ∈ Ω. We say that φ is strongly pseudoconvex on Ω with819

respect to P (x,D) if for all x ∈ Ω and all ξ ∈ Rn we have820

(A.5) {p, {p, φ}}(x, ξ) > 0, when p(x, ξ) = {p, φ}(x, ξ) = 0, ξ 6= 0,821

and822

(A.6)
1

iσ
{p(x, ζ), p(x, ζ)} > 0, when p(x, ζ) = 0, ζ = ξ + iσ∂φ(x), σ 6= 0.823

Note that we make a distinction between the phrases “level surfaces of φ are strongly824

pseudoconvex” and “φ is strongly pseudoconvex”. If φ is strongly pseudoconvex825

w.r.t P (x,D) on Ω then the level surfaces of φ are clearly strongly pseudoconvex826

w.r.t P (x,D) on Ω, but the converse is not true. However, φ needs to be strongly827

pseudoconvex for Carleman estimates to hold. The following proposition ([Hö76],828

Theorem 8.6.3) is useful in constructing strongly pseudoconvex weights.829

Proposition A.5. Suppose Ω a bounded open subset of Rn with Lipschitz bound-830

ary, P (x,D) is a second order differential operator on Ω with the principal part having831

real coefficients, and ψ is a real valued function in C1(Ω) with ∂ψ never zero on Ω. If832

the level surfaces of ψ are strongly pseudoconvex with respect to P (x,D) on Ω, then833

for large enough real λ, φ = eλψ is strongly pseudoconvex with respect to P (x,D) on834

Ω.835

It is often easier to construct suitable functions whose level surfaces are pseudocon-836

vex, than to directly construct functions which are strongly pseudoconvex. However,837

Carleman estimates require strongly pseudoconvex functions. So one first constructs838

a useful function ψ whose level surfaces are pseudoconvex. Then, by Proposition839

A.3, the level surfaces of ψ are strongly pseudoconvex and hence, by Proposition A.5,840

φ = eλψ is strongly pseudoconvex for large enough λ. Further, ψ and φ have the same841

level surfaces.842

In verifying pseudoconvexity of level surfaces of φ, it is useful to have explicit843

expressions for (A.1) and (A.3). These are available in [Hö76] and one has844

{p, {p, ψ}} = ψjk
∂p

∂ξj

∂p

∂ξk
+

(
∂pk
∂ξj

∂p

∂ξk
− pk

∂2p

∂ξj∂ξk

)
ψj(A.7)845

1

iσ
{p(x, ζ), p(x, ζ)} = ψjk(x)

∂p

∂ξj
(x, ζ)

∂p

∂ξk
(x, ζ) + σ−1Im

(
pk(x, ζ)

∂p

∂ξk
(x, ζ)

)
.

(A.8)

846
847

The strong pseudoconvexity of φ may be expressed as a positive definiteness848

condition which will be useful when proving Carleman estimates.849

Lemma A.6. If φ is strongly pseudoconvex w.r.t P (x,D) on Ω then there is a850

constant c > 0 such that for ζ = ξ + iσ∂φ we have851

852

(A.9)
1

iσ
{p(x, ζ), p(x, ζ)} ≥ c,853

for (x, ξ, σ) ∈ Ω× S with p(x, ξ)− σ2p(x, ∂φ) = {p, φ}(x, ξ) = 0.854855

Here, the value of the LHS, when σ = 0, is to be understood in the sense of a limit as856

σ → 0.857
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Proof. We have858

p(x, ζ) = ajk(ξj + iσφj)(ξk + iσφk)859

= ajkξjξk − σ2ajkφjφk + iσajkξkφj + iσajkξjφk860

= p(x, ξ)− σ2p(x, ∂φ) + iσ
∂p

∂ξj
φj861

= A(x, ξ, σ) + iσB(x, ξ)862863

where864

A(x, ξ, σ) = p(x, ξ)− σ2p(x, ∂φ), B(x, ξ) = {p, φ}(x, ξ)865

are real valued. Hence, for σ 6= 0, using {A,A} = 0, {B,B} = 0 and {B,A} =866

−{A,B}, we have867

1

2iσ
{p(x, ζ), p(x, ζ)} =

1

2iσ
{A(x, ξ, σ)− iσB(x, ξ), A(x, ξ, σ) + iσB(x, ξ)}868

= {A,B} = {p, {p, φ}}(x, ξ)− σ2{p(x, ∂φ), {p, φ}}(x, ξ)869

= {p, {p, φ}}(x, ξ) + σ2{{p, φ}, p(x, ∂φ)}(x, ξ)870

= {p, {p, φ}}(x, ξ) + σ2{p, {p, φ}}(x, ∂φ),871872

where the last step follows from the relation873

(A.10) {p, {p, φ}}(x, ∂φ) = {{p, φ}, p(x, ∂φ)}(x, ξ)874

which is verified at the end of this proof. Hence875

lim
σ→0

1

2iσ
{p(x, ζ), p(x, ζ)} = {p, {p, φ}}(x, ξ).876

So if we define 1
2iσ{p(x, ζ), p(x, ζ)} to be {p, {p, φ}}(x, ξ) when σ = 0 then the quantity877

1
2iσ{p(x, ζ), p(x, ζ)} is a continuous real valued function on the compact set Ω × S.878

Now the definition of strong pseduoconvexity guarantees that 1
2iσ{p(x, ζ), p(x, ζ)} is879

positive on the set880

{(x, ξ, σ) ∈ Ω× S : p(x, ξ)− σ2p(x, ∂φ) = 0 = {p, φ}(x, ξ)}881

provided σ 6= 0. When σ = 0, the points on this set lie in882

{(x, ξ) ∈ Ω× Rn : ξ 6= 0, p(x, ξ) = 0, {p, φ}(x, ξ) = 0}883

and {p, {p, φ}} is positive on this set by the definition of strong pseudoconvexity.884

Hence the Lemma follows by continuity and compactness.885

It remains to verify (A.10) which we do now using Euler’s identity for homo-886

geneous functions and the fact that ∂p
∂ξj

(x, ξ) is homogeneous of degree 1 in ξ and887

pj(x, ξ) is homogeneous of degree 2 in ξ. We have888

{{p(x, ξ), φ}, p(x, ∂φ)}(x, ξ) =
∂

∂ξj

(
∂p

∂ξk
(x, ξ) φk(x)

)(
pj(x, ∂φ) +

∂p

∂ξk
(x, ∂φ)φjk(x)

)
889

=

(
∂2p

∂ξjξk
(x, ξ) φk(x)

)(
pj(x, ∂φ) +

∂p

∂ξk
(x, ∂φ)φjk(x)

)
890

=
∂p

∂ξj
(x, ∂φ)

(
pj(x, ∂φ) +

∂p

∂ξk
(x, ∂φ)φjk(x)

)
891
892
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since ∂2p
∂ξjξk

(x, ξ)φk(x) = ∂2p
∂ξjξk

(x, ξ)φk(x)|ξ=∂φ = ∂p
∂ξj

(x, ∂φ), and893

{p, {p, φ}}(x, ∂φ) =
∂p

∂ξj
(x, ∂φ){p, φ}j(x, ∂φ)− pj(x)

(
∂{p, φ}
∂ξj

)
(x, ∂φ)894

=
∂p

∂ξj
(x, ∂φ)

(
∂pj
∂ξk

(x, ∂φ)φk +
∂p

∂ξk
(x, ∂φ)φjk

)
− pj

∂2p

∂ξkξj
(x, ∂φ)φk895

=
∂p

∂ξj
(x, ∂φ)

(
2pj(x, ∂φ) +

∂p

∂ξk
(x, ∂φ)φjk

)
− pj

∂p

∂ξj
(x, ∂φ)896

=
∂p

∂ξj
(x, ∂φ)

(
pj(x, ∂φ) +

∂p

∂ξk
(x, ∂φ)φjk

)
.897

898

Here is the main result about Carleman estimates with boundary terms.899

Theorem A.7. Suppose Ω is a bounded open set in Rn, n ≥ 2, with a Lipschitz900

boundary, and P (x,D) is a second order differential operator on Ω with bounded901

coefficients whose principal symbol p(x, ξ) has real C1 coefficients. If φ is a smooth902

function on Ω with ∂φ never zero in Ω and φ is strongly pseudoconvex with respect to903

P (x,D) on Ω, then for large enough σ and for all real valued u ∈ C2(Ω) one has904

(A.11) σ

∫
Ω

e2σφ(|∂u|2 + σ2u2) + σ

∫
∂Ω

νjEj .
∫

Ω

e2σφ|Pu|2,905

with the constant independent of σ and u. Here ν = (ν1, · · · , νn) is the outward unit906

normal to ∂Ω,907

Ej := A(x, ∂v, σv)
∂B

∂ξj
(x)− ∂A

∂ξj
(x, ∂v, σv) (B(x, ∂v) + g(x)v),908

v = eσφu, g some real valued function independent of λ, σ, u, and909

(A.12) A(x, ξ, σ) := p(x, ξ)− σ2p(x, ∂φ), B(x, ξ) := {p, φ}(x, ξ).910

Remark A.8. It is not difficult to see that the expressions for Ej and (A.11) imply911

that912

σ

∫
Ω

e2σφ(|∂u|2 + σ2u2) .
∫

Ω

e2σφ|Pu|2 + σ

∫
∂Ω

e2σφ(|∂u|2 + σ2u2),913

for all u ∈ C2(Ω).914

Proof. Since the statement of Theorem A.7 is not affected by a first order per-915

turbation to P we may assume that bj = 0, c = 0. The Carleman estimate follows916

quickly from an algebraic inequality derived with the help of Lemma A.6. Below917

A(x, ξ, σ) = ajkξjξk − σ2ajkφjφk, B(x, ξ) = {p(x, ξ), φ(x)}918

so A(x, ξ, σ) is a quadratic form in (ξ, σ) and B(x, ξ) is a linear form in ξ. Hence919

A(x,D, σ) = ajkDjDk − σ2ajkφjφk, A(x, ∂v, σv) = ajkvjvk − σ2v2ajkφjφk920

B(x,D) = {p, φ}(x,D), B(x, ∂v) = {p, φ}(x, ∂v).921922

For convenience, sometimes we abbreviate P (x,D)u(x) to Pu, A(x,D, σ)v(x) to Av923

and B(x,D)v(x) to Bv.924
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Define v := eσφu; we show there is a smooth function g(x), independent of u and925

σ, so that for large enough σ926

e2σφ|Pu|2 & σ(|∂v|2 + σ2|v|2) + σ∂jE
j , on Ω,(A.13)927928

with the constant independent of u, σ, x and each Ej is a quadratic form in (∂v, σv)929

defined in the statement of Theorem A.7. Now v = eσφu implies u = e−σφv so930

eσφ∂u = ∂v − σ∂φ v and ∂v = eσφ(∂u+ σ∂φu). Hence931

e2σφ(|∂u|2 + σ2u2) . |∂v|2 + σ2|v|2 . e2σφ(|∂u|2 + σ2u2)932

with the constant independent of σ, u and x ∈ Ω. Applying this to (A.13) we recover933

(A.11); so it remains to prove (A.13).934

Since u = e−σφv we have eσφDju = eσφDj(e
−σφv) = (Dj + iσφj)v hence935

eσφp(x,D)u = p(x,D + iσ∂φ)v.936937

Now938

p(x,D + iσ∂φ) = ajk(Dj + iσφj)(Dk + iσφk)939

= ajk(DjDk − σ2φjφk) + 2iσajkφjDk + σajkφjk940

= A(x,D, σ) + iσB(x,D) + σr(x)941942

for the known bounded function r(x) := ajkφjk. Hence, for any real valued function943

g(x) ∈ C1(Ω)944

e2σφ|Pu|2 = |Av + iσBv + σrv|2 = |(Av + iσBv + σgv) + σ(r − g)v|2945

& |Av + iσBv + σgv|2 − cσ2|v|2946

≥ |Av|2 + σ2|Bv|2 − iσ(AvBv −AvBv) + 2σAv gv − 2σ2gv Im(Bv)− cσ2|v|2947

& σ2|Bv|2 − iσ(AvBv −AvBv) + 2σAv gv − cσ|Bv|σ|v| − cσ2|v|2948

& σ2|Bv|2 + 2iσAv Bv + 2σAv gv − cσ2|v|2
(A.14)

949950

because Av is real and Bv is purely imaginary. Here the constant c may change from951

line to line and c and the constant in the inequality depends only on g, φ and ajk.952

Next we express σ2|Bv|2 + 2iσAv Bv + 2σAv gv as the sum of a divergence of953

a vector field and a quadratic form in (∂v, σv) closely tied to the pseudoconvexity954

condition; see section 8.2 of [Hö76] for a more general version of these calculations.955

We first work with 2iAv Bv; A(x,D, σ)v is a sum of terms of the form a(x)DjDkv956

and σ2a(x)v, and B(x,D)v is a sum of terms of the form b(x)Dmv with a, b, v real957

valued functions. If Av = σ2a(x)v and Bv = b(x)Dmv then958

2iAv Bv = 2σ2abvmv = σ2ab(v2)m = σ2(abv2)m − σ2(ab)mv
2

959

= −am(σv)2 b− σ2av2 bm + σ2(abv2)m960

= {A,B}(x, ∂v, σv)−A(x, ∂v, σv) bm +

n∑
l=1

∂

∂xl

(
A(x, ∂v, σv)

∂B

∂ξl
(x)

)
961

= {A,B}(x, ∂v, σv)−A(x, ∂v, σv)

n∑
s=1

∂2B

∂ξs ∂xs
(x)962

+

n∑
l=1

∂

∂xl

(
A(x, ∂v, σv)

∂B

∂ξl
(x)

)
.(A.15)963

964
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If Av = a(x)DjDkv and B(x,D)v = b(x)Dmv then965

2iAv Bv = −2abvjkvm = −ab ((vkvm)j + (vjvm)k − (vjvk)m)966

= (ab)jvkvm + (ab)kvjvm − (ab)mvjvk − (abvkvm)j − (abvjvm)k + (abvjvk)m967

= (ab)jvkvm + (ab)kvjvm − (ab)mvjvk968

+
∑
l

∂

∂xl

(
−∂A
∂ξl

(x, ∂v, σv)B(x, ∂v) +A(x, ∂v, σv)
∂B

∂ξl
(x)

)
.

(A.16)

969

970

Now971

(ab)jvkvm + (ab)kvjvm − (ab)mvjvk972

= (avk bjvm + avj bkvm − amvjvk b) + (ajvk bvm + akvj bvm − avjvk bm)973

= {A,B}(x, ∂v, σv) +M(x, ∂v)B(x, ∂v)−A(x, ∂v, σv)bm974

= {A,B}(x, ∂v, σv) +M(x, ∂v)B(x, ∂v)−A(x, ∂v, σv)

n∑
s=1

∂2B

∂ξs ∂xs
(x)975

976

where M(x, ξ) = ajξk + akξj is homogeneous and linear of degree 1 in ξ and is977

independent of B(x, ξ). Hence using (A.16) we have978

2iAv Bv = {A,B}(x, ∂v, σv) +M(x, ∂v)B(x, ∂v)−A(x, ∂v, σv)

n∑
s=1

∂2B

∂ξs ∂xs
(x)979

+

n∑
l=1

∂

∂xl

(
A(x, ∂v, σv)

∂B

∂ξl
(x)− ∂A

∂ξl
(x, ∂v, σv)B(x, ∂v)

)
.(A.17)980

981

If Av = σ2a(x)v then one can see that the last term in (A.15) is the same as the last982

term in (A.17) because in this case ∂A
∂ξl

= 0. Hence, since (A.17) is bilinear in A and983

B, we may conclude that for the A,B given by (A.12) and for M given by984

M(x, ξ) =
∑
j,k

((ajk)jξk + (ajk)kξj) = 2
∑
j,k

(ajk)jξk,985

one has986

2iAv Bv = {A,B}(x, ∂v, σv) +M(x, ∂v)B(x, ∂v)−A(x, ∂v, σv)

n∑
s=1

∂2B

∂ξs ∂xs
(x) + ∂lF

l
987

≥ {A,B}(x, ∂v, σv)−A(x, ∂v, σv)

n∑
s=1

∂2B

∂ξs ∂xs
(x) + ∂lF

l
988

− c1
√
σ |B(x, ∂v)|2 − c2√

σ
|∂v|2

(A.18)

989
990

where991

F l := A(x, ∂v, σv)
∂B

∂ξl
(x)− ∂A

∂ξl
(x, ∂v, σv)B(x, ∂v).992

Now we examine the term 2Av gv in (A.14). If Av = σ2a(x)v then993

2Av gv = 2σ2agv2 = 2A(x, ∂v, σv)g(x).(A.19)994995
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If Av = a(x)DjDkv then996

2Av gv = −2avjkgv = −agvjkv − agvjkv997

= 2agvjvk − (agvjv)k − (agvkv)j + (ag)kvjv + (ag)jvkv998

= 2A(x, ∂v, σv)g(x) +N(x, ∂v)v −
∑
l

∂

∂xl

(
∂A

∂ξl
(x, ∂v, σv) g(x)v

)
(A.20)999

1000

where N(x, ξ) = (ag)kξj + (ag)jξk is linear in ξ. Note that (A.20) is valid even in1001

the (A.19) case with N ≡ 0. Hence using linearity of (A.20) in A, for the A(x,D, σ)v1002

given by (A.12) we have1003

2A(x,D, σ)v g(x)v ≥ 2A(x, ∂v, σv)g(x)− ∂

∂xl

(
∂A

∂ξl
(x, ∂v, σv) gv

)
− c1
√
σ |v|2 − c2√

σ
|∂v|2.

(A.21)

1004
1005

So using (A.18) and (A.21) in (A.14), for large enough σ (determined by φ, ajk and1006

g), and using that σ2|B(x, ∂v)|2 ≥ σd|B(x, ∂v)|2 when σ ≥ d, we obtain1007

e2σφ|Pu|2 & σ{A,B}(x, ∂v, σv) + σd|B(x, ∂v)|2 + σh(x)A(x, ∂v, σv) + σ∂lE
l

1008

− c1
√
σ |∂v|2 − c2σ2v2(A.22)10091010

where1011

(A.23) h(x) := 2g(x)−
n∑
s=1

∂2B

∂ξs ∂xs
(x)1012

and1013

(A.24) El := A(x, ∂v, σv)
∂B

∂ξl
(x)− ∂A

∂ξl
(x, ∂v, σv) (B(x, ∂v) + g(x)v).1014

The quantity {A,B}(x, ∂v, σv) + d|B(x, ∂v)|2 + h(x)A(x, ∂v, σv) in (A.22) is a qua-1015

dratic form in the vector (∂v, σv). If we can find a constant d > 0 and a smooth1016

function h(x) on Ω so that1017

(A.25) {A,B}(x, ξ, σ) + dB(x, ξ)2 + h(x)A(x, ξ, σ) > 0, for (x, ξ, σ) ∈ Ω× S1018

then from (A.22), for large enough σ,1019

e2σφ|Pu|2 & σ(|∂v|2 + σ2|v|2) + σ∂jE
j −
√
σ |∂v|2 − σ2|v|21020

& σ(|∂v|2 + σ2|v|2) + σ∂jE
j ,10211022

proving (A.13). Here g is determined by (A.23) and h. So it remains to prove (A.25).1023

For ζ = ξ + iσ∂φ we have1024

p(x, ξ + iσ∂φ) = A(x, ξ, σ) + iσB(x, ξ)1025

1

iσ
{p(x, ζ), p(x, ζ)} =

1

iσ
{A− iσB,A+ iσB}(x, ξ) = 2{A(x, ξ, σ), B(x, ξ)},1026

1027

so, noting that A(x, ξ, σ), B(x, ξ) are real valued and homogeneous in (ξ, σ), from1028

Lemma A.6 we have1029

(A.26)
{A,B}(x, ξ, σ) > 0, for (x, ξ, σ) ∈ Ω× S with A(x, ξ, σ) = 0, B(x, ξ) = 0.1030
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Hence2 we can find a d > 0 so that1031

(A.27) {A,B}(x, ξ, σ)+d|B(x, ξ)|2 > 0, for (x, ξ, σ) ∈ Ω×S with A(x, ξ, σ) = 0.1032

Now fix an x ∈ Ω and define the following quadratic forms in (ξ, σ)1033

q(ξ, σ) := {A,B}(x, ξ, σ) + d|B(x, ξ)|2,1034

qλ(ξ, σ) := q(ξ, σ) + λA(x, ξ, σ).10351036

If we can find some constant λ so that qλ(ξ, σ) > 0 for all (ξ, σ) ∈ S, then the same1037

λ will work in a neighborhood (in Ω) of this x. Hence, using a partition of unity1038

argument, we can construct quadruples (Uj , Vj , χj , λj), j = 1, · · · ,m, with1039

• Uj , Vj open subsets of Rn, Uj ⊂ Vj and Ω ⊂ ∪mj=1Uj ;1040

• χj ∈ C∞c (Vj), χj nonnegative, χj > 0 on Uj and
∑m
j=1 χj = 1 on Ω;1041

• λj ∈ R and qλj (ξ, σ) > 0 for all (x, ξ, σ) ∈ (Ω ∩ Vj)× S.1042

Hence, if h =
∑m
j=1 λjχj then (A.25) holds for all (x, ξ, σ) ∈ Ω× S because1043

{A,B}(x, ξ, σ) + dB(x, ξ)2 + h(x)A(x, ξ, σ)1044

= {A,B}(x, ξ, σ) + dB(x, ξ)2 +A(x, ξ, σ)

m∑
j=1

λjχj(x)1045

=

m∑
j=1

χj(x)
(
{A,B}(x, ξ, σ) + dB(x, ξ)2 + λjA(x, ξ, σ)

)
.1046

1047

So we take g to be the function which satisfies (A.23). It remains to show that (A.27)1048

implies for any fixed x ∈ Ω there is a λ ∈ R with qλ(ξ, σ) > 0 for all (ξ, σ) ∈ S.1049

Fix an x ∈ Ω. Let Zλ be the zero set of the quadratic form qλ(ξ, σ) in Rn+1 \ {0}1050

- then Zλ is a collection of lines in (ξ, σ) space. We claim that Zλ (or the zero set of1051

any quadratic form) is projectively connected, that is, there is a continuously varying1052

family of lines in Zλ connecting any two lines in Zλ. Without loss of generality we1053

assume the quadratic form is generated by a diagonal matrix with l ones, m minus1054

ones, and k zeros - we prove the claim by induction on l. If l = 0 or m = 0 then it1055

is trivial so assume l ≥ 1, m ≥ 1. If l = 1 then the zero set is a cone times Rk and1056

hence projectively connected (if l = m = 1 we need to use that k ≥ 1, which follows1057

since n ≥ 2). If l ≥ 2 and the line through the origin and (p, q, r) 6= 0 is in the zero1058

set with p ∈ Rl, q ∈ Rm, r ∈ Rk then |p|2 = |q|2. We can find a p′ ∈ Rl−1 so that1059

|p′|2 = |p|2 = |q|2; also we can connect p to (p′, 0) by a curve on a ball of radius |p|.1060

Hence the zero set of the quadratic form is projectively connected to the zero set of1061

a quadratic form with signature l− 1,m, k and this zero set is projectively connected1062

by the induction hypothesis.1063

Now q > 0 on S ∩ {A = 0} by (A.27), hence q > 0 on S ∩ {|A| ≤ ε} for some1064

ε > 0. Hence1065

• qλ = q + λA > 0 on S ∩ {A > 0} if λ > ε−1 maxS |q|,1066

• qλ = q + λA > 0 on S ∩ {A < 0} if λ < −ε−1 maxS |q|,1067

2 There is an ε > 0 so that {A,B}(x, ξ, σ) is positive on {(x, ξ, σ) ∈ Ω × S : A(x, ξ, σ) =
0, |B(x, ξ)|2 ≤ ε}. Otherwise, there would be a convergent sequence (xk, ξk, σk) in Ω × S for which
A(xk, ξk, σk) = 0, |B(xk, ξk)|2 → 0 and {A,B}(xk, ξk, σk) ≤ 0; then taking limits we would violate
(A.26). So assume there is such a positive ε; then choose d large enough so that dε exceeds the
maximum of |{A,B}(x, ξ, σ))| over {(x, ξ, σ) ∈ Ω× S : A(x, ξ, σ) = 0}.
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so1068
1069

(A.28) Zλ ∩ S is contained in A < 0 for λ� 01070

and Zλ ∩ S is contained in A > 0 for λ� 0.10711072

We claim that this implies Zλ ∩S is empty for some λ, that is for some λ, qλ is never1073

zero on S and hence has the same sign at every point on S. But qλ > 0 on A = 01074

so qλ > 0 on S which would prove our claim. It remains to show that (A.27), (A.28)1075

imply Zλ ∩ S is empty for some λ.1076

We argue by contradiction and suppose that Zλ ∩ S 6= ∅ for all λ ∈ R. From1077

(A.27) and the projective connectedness of Zλ, Zλ ∩ S is contained either in the set1078

A > 0 or the set A < 0. Thus R = Λ+ ∪Λ−, where the sets Λ+ and Λ− are defined as1079

Λ+ := {λ ∈ R : Zλ ∩ S ⊂ {A > 0}}, Λ− := {λ ∈ R : Zλ ∩ S ⊂ {A < 0}}.1080

The sets Λ+ and Λ− are non-empty because of (A.28) and disjoint since Zλ ∩ S 6= ∅1081

for all λ. They are also closed: if there is a sequence λk → λ∗ with Zλk ∩S contained1082

in A > 0 for all k, there is a convergent sequence (ξk, σk) → (ξ∗, σ∗) in S with1083

A(ξk, σk) > 0 and qλk(ξk, σk) = 0. Taking the limit we have qλ∗(ξ
∗, σ∗) = 0 and1084

A(ξ∗, σ∗) ≥ 0, which by (A.27) implies qλ∗(ξ
∗, σ∗) = 0 and A(ξ∗, σ∗) > 0 so Zλ∗ ∩ S1085

is contained in A > 0. Hence Λ+ is closed and by a similar argument Λ− is closed.1086

But now one has R = Λ+ ∪ Λ− where Λ+ and Λ− are nonempty, disjoint and closed1087

sets. This contradicts the connectedness of R.1088

A.2. Boundary terms for the wave operator. We determine the boundary1089

terms in Theorem A.7 for the wave operator �. Here the independent variables are1090

(x, t) ∈ Rn × R, � = ∂2
t − ∆x and the Carleman weight function is φ(x, t). So the1091

principal symbol of � is1092

p(ξ, τ) = −τ2 + ξ · ξ.1093

Expressions for A, B.1094

Now, if ζ = (ξ, τ) + iσ(φx, φt) then1095

p(ζ) = −(τ + iσφt)
2 + (ξ + iσφx) · (ξ + iσφx)1096

= (|ξ|2 − τ2)− σ2(|φx|2 − φ2
t ) + 2iσ(ξ · φx − τφt),10971098

hence1099

A(x, t, ξ, τ, σ) = (|ξ|2 − τ2)− σ2(|φx|2 − φ2
t ), B(x, t, ξ, τ) = 2(ξ · φx − τφt).1100

Expressions for the boundary terms Ej for �.1101

For j = 1, · · · , n, we have1102

1

2
Ej =

1

2

(
A(x, t, ∂v, σv)

∂B

∂ξj
(x, t)− ∂A

∂ξj
(x, t, ∂v, σv)(B(x, t, ∂v) + g(x, t)v)

)
1103

= φj(|vx|2 − v2
t )− σ2φj(|φx|2 − φ2

t )v
2 − 2vj(vx · φx − vtφt)− g(x, t)vjv11041105

and (index 0 corresponds to t)1106

1

2
E0 =

1

2

(
A(x, t, ∂v, σv)

∂B

∂τ
− ∂A

∂τ
(x, t, ∂v, σv)(B(x, t, ∂v) + g(x, t)v)

)
1107

= −φt(|vx|2 − v2
t ) + σ2φt(|φx|2 − φ2

t )v
2 + 2vt(vx · φx − vtφt) + g(x, t)vtv.11081109
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The boundary integrands on {t = z} when Ω = (B × R) ∩ {t > z}.1110

Here x = (y, z) with y ∈ Rn−1 and Ω = (B ×R)∩ {t > z} where B is the unit ball in1111

Rn. We compute the boundary integrand coming from t = z. The outward normal1112

to the part of ∂Ω on t = z is
√

2ν = (νy = 0, νz = 1, νt = −1). Hence1113

1√
2
νjEj = (φz + φt)(|vx|2 − v2

t )− σ2(φz + φt)(|φx|2 − φ2
t )v

2
1114

− 2(vz + vt)(vx · φx − vtφt)− (vz + vt)g(x)v1115

= (vz + vt) ((φz + φt)(vz − vt)− 2(vzφz − vtφt)) + (φz + φt)|vy|2 − 2(vz + vt)(vy · φy)1116

− σ2(φz + φt)(|φx|2 − φ2
t )v

2 − (vz + vt)g(x)v1117

= (vz + vt)(−vzφz + vtφt + φtvz − φzvt) + (φz + φt)|vy|2 − 2(vz + vt)(vy · φy)1118

− σ2(φz + φt)(|φx|2 − φ2
t )v

2 − (vz + vt)g(x)v1119

= (φt − φz)(vz + vt)
2 + (φz + φt)|vy|2 − 2(vz + vt)(vy · φy)1120

− σ2(φz + φt)(|φx|2 − φ2
t )v

2 − (vz + vt)g(x)v.11211122

We adopt the notations1123

Zv :=
1√
2

(vz + vt), Nv :=
1√
2

(vt − vz),1124

so that Z is tangential and N is normal to t = z. Thus the integrand in the boundary1125

term over t = z is given by1126

νjEj = 4(Nφ)(Zv)2 + 2(Zφ)|vy|2 − 4(Zv)(vy · φy)(A.29)1127

− 2σ2(Zφ)(−2ZφNφ+ |φy|2)v2 − 2(Zv)g(x, t)v1128

= 4(Nφ)((Zv)2 + σ2(Zφ)2v2) + 2(Zφ)(|vy|2 − σ2|φy|2v2)1129

− 4(Zv)(vy · φy)− 2(Zv)gv.11301131

REFERENCES1132
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