
Elli Selenius

JYU DISSERTATIONS 326

Optical Properties of Metal Clusters  
and Cluster Arrangements



Elli Selenius

Optical Properties of Metal Clusters  
and Cluster Arrangements

Esitetään Jyväskylän yliopiston matemaattis-luonnontieteellisen tiedekunnan  

suostumuksella julkisesti tarkastettavaksi  

joulukuun 11. päivänä 2020 kello 12.

Academic dissertation to be publicly discussed, by permission of

the Faculty of Mathematics and Science of the University of Jyväskylä,

on December 11, 2020 at 12 o’clock noon.

JYU DISSERTATIONS 326

JYVÄSKYLÄ 2020



Editors

Timo Sajavaara

Department of Physics, University of Jyväskylä

Päivi Vuorio

Open Science Centre, University of Jyväskylä

ISBN 978-951-39-8433-5 (PDF)

URN:ISBN:978-951-39-8433-5

ISSN 2489-9003

Copyright © 2020, by University of Jyväskylä

This is a printout of the original online publication.

Permanent link to this publication: http://urn.fi/URN:ISBN:978-951-39-8433-5

Jyväskylä University Printing House, Jyväskylä 2020



ABSTRACT

Selenius, Elli
Optical Properties of Metal Clusters and Cluster Arrangements
University of Jyväskylä, 2020, 70 p.(+included articles)
(JYU Dissertations
ISSN 2489-9003; 326)
ISBN 978-951-39-8433-5 (PDF)

Metal clusters are nanoparticles that have from two to thousands of metal atoms.
The properties of metal clusters are extremely size-dependent, and adding or re-
moving even one atom can make a difference. The optical response of clusters
is influenced by their composition, shape, size, charge, and environment. This
tunability makes metal clusters and cluster arrangements ideal candidates for
several applications ranging from cancer imaging and treatment to photovoltaic
devices. Especially clusters with plasmons, strong collective excitations of the
valence electrons, are of interest. In this thesis, the plasmon resonance in metal
clusters and cluster arrangements is investigated computationally. The density
functional theory and the simple jellium model are employed to study the prin-
ciples of the plasmon resonance from the electronic perspective. The evolution
of the localized surface plasmon resonance is followed in clusters with 8–138 va-
lence electrons. The coupling of plasmons of the individual clusters is observed
for dimers and larger cluster assemblies. The emergence of charge transfer plas-
mons at low energies is observed for systems with conductive linking or suffi-
ciently small inter-cluster separation. Several tools, such as transitions contri-
bution maps and visualization of the induced density are used to analyze the
features which make an absorption peak plasmonic, and to distinguish different
types of plasmons. A new quantitative index is developed to study the charge
transfer nature of excitations, helping in the identification of the charge transfer
plasmons. The detailed analysis of the optical excitations in these model systems
can help to interpret the absorption spectra of more complex, real cluster systems.

Keywords: metal clusters, jellium, plasmons, density functional theory, optical
absorption, electronic structure
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YHTEENVETO (FINNISH SUMMARY)

Metalliklusterit ovat nanopartikkeleita, jotka koostuvat kahdesta tai usemmasta,
enintään tuhansista metalliatomeista. Metalliklusterien ominaisuudet riippuvat
voimakkaasti klusterin koosta, ja jopa yhden atomin lisäämisellä tai poistami-
sella voi olla suuri vaikutus. Klusterien optiseen vasteeseen vaikuttavat klusterin
koostumus, muoto, koko, varaus ja ympäristö. Muuntelemalla näitä ominaisuuk-
sia voidaan valmistaa haluttuun käyttötarkoitukseen sopivia klusterisysteemejä.
Metalliklustereilla onkin runsaasti sovelluskohteita syöpäterapiasta aurinkoken-
noihin. Erityisen kiinnostuksen kohteena ovat klusterit, joiden valenssielektro-
nit värähtelevät kollektiivisesti tietyllä resonanssitaajuudella. Näitä kollektiivisia
elektronien virityksiä kutsutaan plasmoneiksi. Tässä väitöskirjassa metalliklus-
terien ja klusterisysteemien plasmoniresonansseja tutkitaan laskennallisesti. Ti-
heysfunktionaaliteorian ja jellium-mallin avulla plasmoneja tarkastellaan elektro-
nien näkökulmasta. Lokalisoituneen pintaplasmoniresonanssin kehitystä seura-
taan klustereissa, joissa on 8 – 138 valenssielektronia, ja plasmonien kytkeytymis-
tä tarkastellaan kahden ja useamman klusterin järjestelmissä. Klusterirakennel-
missa, jotka koostuvat toisiinsa yhdistetyistä tai hyvin lähekkäisistä klustereista,
havaitaan myös varauksensiirtoplasmoneja. Erilaisten plasmonipiikkien tunnis-
tamiseen absorptiospektristä käytetään muuan muassa yksittäisten elektronisiir-
tymien analysointia sekä indusoidun tiheyden visualisoimista. Väitöskirjatyös-
sä esitellään myös uusi tapa määritellä, kuinka paljon varausta klusterien välil-
lä siirtyy hetkellisesti kollektiivisen värähtelyn aikana. Tämän varauksensiirtoin-
deksin avulla varauksensiirtoplasmonit voidaan tunnistaa spektristä. Väitöskir-
jassa esitelty perusteellinen tutkimus metalliklusterien optisista ominaisuuksista
yksinkertaistetuissa mallisysteemeissä voi auttaa tulkitsemaan oikeiden, moni-
mutkaisten klusterisysteemien optisia vasteita.
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1 INTRODUCTION

Going from the macroscopic world to nanoscale, the properties of materials can
be very different from their bulk counterparts. One example is the optical absorp-
tion of metal nanoparticles (NPs). Long before any explanation was given for
the phenomenon, colloidal metal particles have been utilized in making stained
glass, used for example in church windows. One of the earliest documented uses
of gold and silver NPs in stained glass is the Lycurgus cup, a Roman glass goblet
from the 4th century, which appears green when observed in reflected light and
red in transmitted light [1].

Faraday was the first to systematically study the colors of colloidal gold particles
[2]. In the 19th century, he prepared many colloidal fluids with diffused gold
particles of various sizes, and observed the different colors. However, it was Mie
in 1908 who first developed an equation for the scattering of light by spherical
metal particles [3]. In the Mie theory, the strength of the scattering at a certain
wavelength is related to the radius of the particle and the material.

The phenomenon behind the different colors is the localized surface plasmon res-
onance (LSPR). At the resonance frequency, the valence electrons of the metal
atoms in the NP oscillate collectively with respect to the positive ion cores, caus-
ing a peak in the absorption spectrum. The color corresponding to this frequency
is thus absent from the light transmitted through the material containing the NPs,
such as a glass window or a colloidal solution. The collective electron density os-
cillations are concentrated near the surface of the particle.

The LSPR frequency and other optical properties of metal NPs depend, besides
on the composition, on the size, shape, and dielectric environment of the particles
[4]. If two or more NPs are placed in an arrangement with sufficiently short inter-
particle separations, the plasmons of the individual clusters will interact, which
also affects the optical response [5]. Because of this tunability, plasmonic NPs and
their assemblies are used in several applications, such as photothermal cancer
therapy and cancer cell imaging [6, 7], photovoltaic devices [8], and in measuring
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distances in the nanoscale [9].

Small metal NPs, which have from two to thousands of atoms, are called metal
clusters. The properties of the clusters are defined by the atomic composition,
geometric structure, electronic charge, and chemical environment [10]. In this size
range, the attributes of the particles are also extremely size-dependent. Among
other properties, such as the stability and magnetization, the optical absorption of
a cluster can change drastically if even one atom is added or removed [11, 12, 13].
This makes metal clusters particularly interesting subjects to study.

Although metal clusters were studied before, the interest in clusters grew signif-
icantly in the early 1980’s, when the electronic shells structure of simple metal
clusters was found. This phenomenon was simultaneously predicted theoreti-
cally by Ekardt [14] and Beck [15] using the self-consistent jellium model, and ob-
served experimentally in the pioneering studies of Knight et al. [16] and Kappes
et al. [17]. Since the valence electrons of the metal atoms are delocalized and
move in the potential of the positive ion cores, they fill electron states similarly
as electrons in atoms. This shell structure manifests for example as peaks in the
abundance spectrum of metal clusters, showing that certain cluster sizes are con-
siderably more stable than those having less or more atoms. The number of atoms
in these clusters are called magic numbers, and the number of valence electrons
correspond to electronic shell closings. For sodium and other alkali metals with
one s-type valence electron, for example, the first magic numbers are 8, 20, 34, 40,
and 58.

Since clusters possess similar properties to atoms with the same shell structure, a
parallel with the periodic table of elements can be made for clusters. Following
this idea, Khanna and Jena introduced the term superatom to describe stable clus-
ters with shell-closures [18]. They also proposed that clusters have potential to be
used as building blocks for new materials with tailor-made properties [19, 18].

In the early studies in the 1980s, bare metal clusters produced and detected in
a beam were usually investigated [11]. Deposited on a surface, bare clusters of-
ten aggregate to form bigger metal particles [20, 21, 22]. Starting from the 1990s,
a new branch of the cluster science was developed: the synthesis and study of
ligand-protected metal clusters [10]. The ligand layer has the effect of stabiliz-
ing the clusters and preventing aggregation, facilitating the construction of clus-
ter crystals. Häkkinen and co-workers expanded the superatom model for these
ligand-protected clusters, developing electron-counting rules to account for the
role of ligands in the electronic shell structure [23]. Recently, several crystals of
ligand-protected gold and silver clusters have been synthesized [10, 24, 25, 13],
as well as polymers of clusters connected by metal atoms [26, 27, 28] and self-
assembled superstructures of clusters [29].

For small clusters and cluster arrangements with very narrow gaps, the Mie the-
ory is not anymore sufficient. For clusters of a few nanometers of size and cluster
arrangements with separations of less than one nanometer, the classical treat-
ment does not accurately reproduce the optical properties, and quantum me-
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chanical techniques have to be used [30, 31]. The time-dependent density func-
tional theory is nowadays widely employed in optical calculations for clusters
[32, 33, 34, 35, 36, 37].

For the smallest cluster sizes, the absorption spectra might be molecule-like, not
supporting a plasmon peak but rather having several discrete excitations [38].
The cluster size where the transition to surface plasmonic behaviour happens de-
pends on the cluster type, with LSPR-like excitations observed in sodium clusters
of only 8 atoms [39], while the cross-over region in thiolate-protected gold clus-
ters is observed to be somewhere between 100 and 300 gold atoms [40, 41].

For plasmonic clusters, the absorption spectra may contain features caused by
surface plasmon resonance, core plasmon resonances, non-coupled single-particle
excitations, and combinations of these [12]. In arrangements of two or more
clusters, the individual plasmons can additionally hybridize, forming a bond-
ing dipole plasmon (BDP) in the case of a dimer [5, 42]. With linked clusters
or sufficiently close separations a new type of collective excitation, the charge
transfer plasmon (CTP), can emerge [30], which involves electron density os-
cillations between the clusters. Therefore, it is not always trivial to classify the
absorption peaks in the spectrum. To facilate this analysis, various approaches
have been proposed to identify plasmonic excitations, especially LSPR peaks
[43, 33, 44, 45, 32, 46, 47, 48].

This thesis aims to add to the knowledge of plasmons in small metal clusters and
cluster assemblies. The optical properties of these systems were studied using the
density functional theory code GPAW [49, 50] and the jellium model. The simple
jellium model treats only the valence electrons explicitely and represents the rest
of the atoms by a uniform, positive background density. Thus, with the com-
bination of density functional theory and jellium, the effect of the atomic cores
is neglected and the system is simplified, but the valence electrons are modeled
accurately. This enables the detailed study of the plasmonic phenomena from
the electronic perspective. The jellium density was chosen to be that of sodium,
which is the metal best represented by the this model.

In the included articles [PI]–[PIII], we studied the birth of the LSPR in separate
clusters, and coupling of the plasmons and emergence of the CTP in dimers and
planar and three-dimensional assemblies. We used the (dipole) transition contri-
bution scheme (D)TCM [40, 51] and analysis of the induced transition densities
to asses the collectivity of the excitations, the additivity of the transitions to the
dipole moment, and the distribution of the electron density oscillations. We also
develop a new index, the charge transfer ratio (CTR), to quantify the charge trans-
fer nature of excitations in the absorption spectra.

The spectra of the separate clusters agreed qualitatively with experimental results
for sodium clusters [39]. However, the other systems do not have a one-to-one
match in real cluster systems. Rather, they are simplified models, and we hope
that the understanding gained from these systems will help in the analysis of the
more complex, realistic systems in the future.
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This thesis is organized as follows: In chapter 2, I present the main computational
tools and methods used and the theory behind them. In chapter 3, I recount the
results of articles [PI]–[PIII]. In chapter 4, I summarize the main findings of this
thesis and introduce possible avenues for future studies.



2 THEORY AND METHODS

In this chapter I will present the main tools and methods used in articles [PI]–
[PIII] and the theory behind them. I will start with the theory enabling the quan-
tum mechanical calculations of these cluster systems, the density functional the-
ory. After that, I will introduce the jellium model used to represent the clusters
and the GPAW code employed in the calculations. Finally, I will present various
analysis tools for analyzing the plasmoninicity of absorption peaks, starting with
a short review of the literature and finishing with the methods used in this thesis.

2.1 Density functional theory

Finding out the ground-state energy E of a quantum mechanical system of N
identical particles requires solving the Schödinger equation:

ĤΨ(r1, r2, ..., rN) = EΨ(r1, r2, ..., rN), (1)

where Ĥ is the Hamiltonian operator and Ψ(r1, r2, ..., rN) the ground-state wave-
function. Here ri = (xi, yi, zi) are the spatial coordinates of the particles. Typically
in condensed matter physics, the particles are electrons moving in the potential of
the nuclei V. Since the nuclei are moving many orders of magnitude slower than
the electrons, they can be considered to be fixed when solving the Schödinger
equation for the electrons. Making this Born-Oppenheimer approximation, the
Hamiltonian can be separated to the nuclear and electronic part. In this case,
using atomic units, the Hamiltonian for the electronic part can be written as

Ĥ = T̂ + Ŵ + V̂, (2)

with the kinetic energy operator

T̂ =
N

∑
i=1
−1

2
∇2

i , (3)



6

the interaction term

Ŵ =
1
2

N

∑
i 6=j

w(ri, rj), (4)

and the contribution from interactions of the electrons with the external potential

V̂ =
N

∑
i=1

v(ri). (5)

Here w(ri, rj) is the two-particle interaction and v(ri) the interaction of electron
i with the external potential. The electron density of the ground state can be
calculated from the wavefunction:

n(r) = N
∫

dr2

∫
dr3 ...

∫
drN Ψ∗(r, r2, ..., rN)Ψ(r, r2, ..., rN). (6)

Solving the ground-state energy requires dealing with 3N spatial variables, which
makes the problem very complex. In 1964, Hohenberg and Kohn showed that
there is a one-to-one correspondence between the external potential V and the
electron density n [52]. As a consequence of this, the ground-state wavefunc-
tion is a unique functional of the density. Furthermore, the energy, and in fact
any ground-state observable, is a functional of the electron density and it can be
written as E[n]. Thus, the problem of finding the ground-state energy is greatly
simplified, because now there are only three spatial coordinates (x, y, z) in the
calculation.

Since the energy is the expectation value of the Hamiltonian operator, it can be
now written as E[n] = 〈Ψ[n]|Ĥ|Ψ[n]〉. Hohenberg and Kohn further showed
that for a system with a constant number of particles N and a non-degenerate
ground state, and for the set of all densities n, the correct ground state density
n0 corresponding to the ground state energy E0 for Hamiltonian H0 gives the
minimum energy, so that

E[n] = 〈Ψ[n]|Ĥ0|Ψ[n]〉 > 〈Ψ[n0]|Ĥ0|Ψ[n0]〉 = E0, (7)

if n 6= n0. This variational principle indicates that E0 can be found by minimiz-
ing E[n] with respect to n. This approach is called the density functional theory
(DFT). Since T̂ and Ŵ are the same for all electronic systems, the energy from the
external potential 〈Ψ[n]|V̂|Ψ[n]〉 is the term changing between different systems.

The following year from the publication of the Hohenberg-Kohn theorem, Kohn
together with Sham developed an iterative scheme to solve the ground-state en-
ergy and density using DFT [53]. Their idea was to construct a system of N non-
interacting electrons with the same ground-state density as the real interacting
N-electron system with an external potential of v0. These non-interacting elec-
trons move in the effective potential ve f f that includes all the interaction terms.
This system is called the Kohn-Sham (K-S) system, the wavefunctions of the non-
interacting particles ψi(r) K-S orbitals, and the energies of the orbitals εi K-S en-
ergies. This construction results in a group of single-particle K-S equations:[

−1
2
∇2 + ve f f (r)

]
φi(r) = εiφi(r) (8)
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n(r) =
N

∑
i

φ∗i (r)φi(r) =
N

∑
i
|φi(r)|2 (9)

ve f f [n](r) = v0(r) + vH[n](r) + vxc[n](r) (10)

vxc[n](r) =
δExc[n]
δn(r)

. (11)

Equation 8 is the Schrödinger equation for the non-interacting electrons, and
equation 10 defines the effective potential. There v0(r) is the potential of the nu-
clei that depends on the system and vH(r) =

∫
dr′ n(r′)
|r−r′| the so called Hartree po-

tential, which contains the classical Coulomb repulsion. The exchange-correlation
potential vex[n](r) is calculated by taking the functional derivative with respect
to the density of the corresponding exchange-correlation energy Exc[n], as stated
in equation 11.

This exchange-correlation energy is defined as

Exc[n] = T[n] + W[n]− EH[n]− Ts[n], (12)

where T[n] and W[n] are the full kinetic and interaction energy, respectively,
Ts[n] = ∑N

i
∫

dr|∇φi(r)|2 is the kinetic energy of the non-interacting particles,
and EH = 1

2

∫
dr
∫

dr′ n(r)n(r
′)

|r−r′| the Hartree energy due to the Hartree potential.

The exchange-correlation energy thus contains the contributions to the kinetic en-
ergy that are due to the interacting nature of the electrons, as well as the quantum
mechanical contributions to the interaction energy. The exchange part arises from
the Pauli principle, which leads to the antisymmetric nature of the many-electron
wavefunction with respect to the exchange of two electrons. The rest of the non-
classical correlations between the movements of the electrons are contained in the
correlation part.

Now the full ground-state energy of the interacting system can be formulated as

E[n] = V0[n] + EH[n] + Ts[n] + Exc[n], (13)

where V0[n] =
∫

dr v0(r)n(r) is the energy contribution from the external poten-
tial. Then, to solve for the energy all that is left is to have an approximation for
the exchange-correlation energy. One such approximation will be described in
chapter 2.1.1.

With the aid of equations 8–11, we can now iteratively solve for n(r) and φi(r).
The process is outlined in figure 1. First we need to make an Ansatz for the
wavefunctions φi, and then the iterations are continued until the density is con-
verged, i.e. it changes less than some predetermined criteria during subsequent
iterations. After the convergence, the ground-state energy can be calculated.
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FIGURE 1 The iterative process to solve the Kohn-Sham equations.

2.1.1 Local density approximation

The simplest approximation for the exchange-correlation energy is to treat the
system locally as homogeneous electron gas, where the external potential and
thus also the electron density is the same everywhere. Then Exc can be written as
[53]

Exc[n] =
∫

drn(r)εxc[n](r), (14)

where εxc[n] is the exchange-correlation energy for one electron in homogeneous
electron gas. This is called the local density approximation (LDA), and it is ap-
propriate for systems with slowly-changing electron density, i.e. systems that are
close to homogeneous.

This energy can further be divided into the exchange and correlation parts sepa-
rately:

εxc[n](r) = εx[n](r) + εc[n](r). (15)

The analytic expression for the exchange energy of the homogeneous electron gas
is known exactly [54]:

εx[n] = −
3
4

(
3
π

)1/3

n1/3. (16)

However, an approximation is needed for the correlation part. Perdew and Wang
developed an accurate expression for εc [55], that is now widely used in DFT cal-
culations utilizing LDA. In all the articles [PI]–[PIII] included in this thesis, the
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exchange-correlation energy is calculated using this form of the LDA approxima-
tion.

Although the LDA is the simplest exchange-correlation approximation and more
accurate ones have since been developed, it is still frequently used in combination
with the jellium model [30, 56, 43, 57]. In the jellium model the ionic potentials
are smoothed out and the electron density does not generally have large vari-
ations inside the clusters. LDA can also reproduce CTPs, as was shown in the
Supporting Information of article [PII].

2.1.2 Linear response time-dependent density functional theory

To be able to study non-stationary phenomena such as optical excitations, an ex-
tension of DFT for time-dependent systems is needed. In that case, the starting
point is the time-dependent Schrödinger equation

i
∂Ψ(r1, r2, ..., rN, t)

∂t
= ĤΨ(r1, r2, ..., rN, t) (17)

where the wavefunction Ψ(r1, r2, ..., rN, t) now depends also on time. The Ho-
henberg-Kohn theorem of stationary systems does not directly translate to non-
stationary cases, since there is no variational principle for time-dependent states.
However, in 1984 Runge and Gross proved that also in time-dependent cases
there is a one-to-one-correspondence between the external potential and the den-
sity (up to a constant), and that the time-dependent wavefunction is uniquely
defined by the density up to a phase-factor [58]. They further introduced meth-
ods for obtaining the time-dependent density, providing the basis for a general
time-dependent DFT (TDDFT).

In the case of small perturbations, the study of the changes in the system can be
limited to the linear response, so that only the first-order term of the series ex-
pansion of the density is needed. This approximation is called linear-response
TDDFT (lr-TDDFT). Instead of densities, the density matrix P and its linear re-
sponse δP can also be used in the calculations. This matrix formulation devel-
oped by Casida [59, 60] was used in the calculation of the optical spectra in the
articles included in this thesis.

In the Casida approach, the calculations are performed in the frequency space,
making a Fourier transformation from the time variable t to the frequency vari-
able ω. Because of this, the equations for the non-stationary system no longer
explicitly depend on time, and the time evolution of the system is not followed.
Rather, the frequencies that are related to the excitation energies are solved.

The calculations can be performed in the K-S basis, starting from time-dependent
K-S equations. In the following, the main steps of this approach in calculating the
optical spectra will be summarized. Using the notation of [59], the indexing for
the K-S orbitals is φiσ, where i refers to the spatial part of the wavefunction and σ
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to the spin. In the following, the indices i, j, k, and l are used for the spatial part
and σ and τ for the spin.

The frequencies ωI and oscillator strengths f I of the electronic excitations in the
optical spectra can be obtained as the poles and residues, respectively, of the dy-
namical polarizability α(ω) = δµ(ω)/E(ω). Here δµ(ω) is the induced dipole
moment of the system and E(ω) the electric field. Casida showed in [59] that the
ωI and f I can be calculated from the pseudo-eigenvalue equation

Ω(ω)FI = ω2FI . (18)

The elements of the Ω matrix are defined by

Ωijσ,ktτ = δσ,τδi,kδj,l(εlτ − εkτ)
2

+ 2
√
( fiσ − f jσ)(εjσ − εiσ)Kijσ,klτ(ω)

√
( fkτ − flτ)(εlτ − εkτ).

(19)

Here εiσ and fiσ are the K-S energies and occupation numbers of the K-S state
φiσ. Kijσ,klτ(ω) are the elements of the coupling matrix K, which couples the
response of the density matrix to the response of the electronic part of the effective
potential. It can be calculated as [60]

Kijσ,klτ =
∫

dr dr′ φ∗iσ(r)φjσ(r)

[
1

|r− r′| +
δ2Exc[n↑, n↓]
δn↑(r)δn↓(r)

]
φkτ(r′)φ∗lτ(r

′), (20)

where the up-and down-spin densities have been written separately and the exchange-
correlation energy is given explicitly as a functional of both these spin-densities.

The optical excitation energies h̄ωI are obtained from the eigenvalues of equation
18, ω2

I . The components for the oscillator strengths for light oscillating in a =
x, y, z directions, f I,a, can in turn be calculated from the eigenvectors FI [59, 61]:

f I,a =
2me

h̄e2

∣∣∣∣∣∑i,j,σ(µijσ)a

√
( fiσ − f jσ)(εiσ − εjσ)FI,ijσ

∣∣∣∣∣
2

, (21)

where the states have been ordered so that fiσ > f jσ. µijσ is the transition dipole
moment between K-S states i and j, and it can be calculated as

µijσ = −e〈φiσ|r|φjσ〉. (22)

Equations 18–22 show that in lr-TDDFT the electric field is not explicitly used in
the calculation of the excitation energies and oscillator strengths, which are com-
puted using only the K-S orbitals, occupation numbers and energies obtained
from the ground-state calculation. The same exchange-correlation functionals
that are used for the stationary case can mostly be used also in lr-TDDFT.
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2.2 Jellium model

Treating clusters of tens or hundreds of atoms with DFT can become computa-
tionally very heavy. One way to simplify the calculations is to treat only the
valence electrons explicitely and combine the core electrons and nuclei into a ho-
mogeneous, positive background. This so-called self-consistent jellium model
was developed for metal slabs in the 1970s by Lang and Kohn [62, 63], and for-
mulated for finite spherical clusters in the 1980s by Ekardt [14, 64, 65] and Beck
[15, 66].

In the jellium model, the external potential in equation 13 becomes [12]

V0[n] =
∫

drv0(r)n(r) = −e2
∫

drdr′
nJ(r′)n(r)
|r− r′| , (23)

where nJ(r) is the jellium background density. Since the positive background
is modeled as homogeneous, nJ(r) = 0 outside of the cluster and nJ(r) = nJ0
inside, where nJ0 is a constant. This constant density can in turn be calculated
from a parameter called the Wigner-Seitz radius, rs, as

nJ0 =

(
4πr3

s
3

)−1

. (24)

Thus, the jellium model is characterized by a single parameter, the Wigner-Seitz
radius, which is defined by the material and which describes the valence-electron
density. The bulk value is used, and it can be obtained either experimentally or
computationally.

Because only the valence electrons are explicitely treated and they are considered
to move freely in the potential of the whole cluster, some metals are better de-
scribed by the jellium model than others. Group I metals with s type valence
electrons, like sodium, are best suited for this approach. For metals where the
d electrons have an important role the simple jellium model has to be modified,
such as adding a polarizable background to the inner part of the jellium cluster
[67].

The spherical jellium model can accurately depict only the cluster sizes having
close to spherical shapes, which correspond to certain magic numbers of atoms
with an electron shell closing. After its initial publication, the jellium cluster
model was soon extended to ellipsoidal [68] and later triaxial [69] shapes. Mod-
els where the sharp jellium edge is replaced with a diffuse surface potential also
exist [70]. Koskinen, Lipas, and Manninen developed the ultimate jellium model,
where the positive jellium density is totally deformable both in shape and in
charge density [71]. This parameterless model can predict the shapes of neutral
clusters from the perspective of valence electrons.

For all the above-mentioned models, the contribution from the external potential
to the ground-state energy (equation 13) can be written analytically. However,
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the jellium model itself is not restricted to any specific shapes or symmetries, and
any geometries can be built for example in codes utilizing real-space grids as
discussed in chapter 2.3.

For sodium clusters, even the simple homogeneous jellium model has shown
to reproduce experimental trends in for example ionization potentials and static
polarizabilities [11]. The calculated results for the optical spectra [72, 73, 74] also
agree qualitatively with the experimental ones [39].

Nowadays, new efficient DFT codes and the increased computational power of
supercomputers make it possible to perform atomistic calculations of clusters of
even hundreds of metal atoms. However, the efficiency and simplicity of the
jellium model keep it still as an attractive alternative, and it is frequently used for
example in the study of plasmons [75, 56, 76, 43, 77, 57, 78]. The lack of the atomic
structure in the jellium model has been shown to cause a significant effect on
some plasmon-related properties, such as the electric field enhancement between
two plasmonic clusters, but the trends for BDPs and CTPs are still reproduced
[79, 80, 81]. Thus, the jellium model is suitably for the study of the plasmon
phenomenon from the electronic perspective.

2.3 GPAW

Density-functional calculations are often performed using certain basis sets, such
as linear combinations of atomic orbitals or plane waves, to represent the K-S
wavefunctions. In that case the accuracy of the calculation depends on how good
the representation is, which is usually related to the size of the basis set.

However, the Kohn-Sham equations can also be solved using a real-space grid.
Then the wavefunctions are represented by a value in each grid point, and finite-
difference versions of the operators are used. In this method the accuracy of the
calculations is controlled by one simple variable, the grid-spacing. One advan-
tage of grid-based methods is easy parallelization, since a simple domain decom-
position over grid points can be used [82].

GPAW [49, 50] is a DFT code utilizing real-space grids and the projector aug-
mented-wave (PAW) method developed by Blöchl [83]. All the DFT calculations
presented in this thesis were performed with GPAW.

In the PAW method, the all-electron K-S wavefunctions |φn〉 are smoothed in the
region close to the atomic nuclei by a linear transformation T to get pseudo wave-
functions |φ̃n〉 = T |φn〉. Only the valence electrons are treated in the K-S scheme,
and the core electrons are frozen. This smoothening out of the K-S orbitals is
helpful, since it gets rid of the strong oscillations of the wavefunctions near the
strong potential of the nuclei.
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However, using the already smooth background density of the jellium model,
these transformations are not needed. GPAW then becomes simply a finite-dif-
ference solver for the Kohn-Sham equations. In the GPAW version 1.1.0 used in
all the calculations included in this thesis, the external jellium potential is given
in the Hartree term of equation 10. Thus, in a technical sense, there is no external
potential.

The uniform jellium background is defined by the total positive charge and the
grid points among which the charge is equally divided. In the case of neutral clus-
ters as in this thesis, this charge is +ne e, where ne is the number of electrons in the
calculation and e the elementary charge. Since any set of points in the real-space
grid can be chosen for the jellium background, it is easy to construct different
cluster geometries, such as large assemblies of clusters or dimers connected by
jellium channels, regardless of the symmetry.

2.4 Analysis of the optical excitations

For metal clusters, there has been much debate about what is a plasmon, and how
one can distinguish LSPR peaks from single-particle excitations or other kind of
collective excitations. In systems of several clusters, CTPs provide a new class
of excitations to complicate the picture. To recognize the plasmonic excitations,
some aspects to analyze are the collectivity of the excitation, the distribution of
the induced density, and the additivity of the electron-hole (e-h) contributions
to the transition dipole moment. Several plasmonicity indices or measures have
been developed, based on one or several of these attributes. In the beginning of
section 2.4.1, I will shortly review some of these methods. In sections 2.4.1.1-
2.4.1.3, I will introduce the analysis tools used in the articles included in this
thesis. We did not use one index, but rather combined several quantitative and
qualitative tools to get a picture of the plasmonic nature of the absorption peaks.

2.4.1 Measures for the plasmonicity

In LSPR, the electron density oscillations happen mostly at the surface of the clus-
ter. Thus, the distribution of the induced density can been used to assess the LSPR
nature of excitations [64, 33, 76].

To separate cases when several non-coupled e-h transitions near the same en-
ergy contribute to the spectral feature and when the excitation is really collec-
tive, the electron-electron interaction can be tuned in the calculation. Puska et
al. calculated the optical response of small metal clusters both for interacting and
non-interacting electrons using the random phase approximation, to see which
features are present only in the interacting case [84]. More recently, Bernadotte
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et al. monitored the effect of the coupling by introducing a scaling parameter in
the TDDFT calculations depicting the electron-electron interaction, and varying it
from zero (no interaction) to one (full interaction) [44]. Following this approach,
Piccini et al. simplified the analysis by only calculating the interacting, standard
TDDFT spectrum and the K-S spectrum for non-interacting electrons [45].

The contributing e-h transitions can also be analyzed based on how they affect
the total transition dipole moment. Large additivity of the individual transitions
to the total dipole moment has been associated with plasmonic excitations, and
this can be used to identify the LSPR peaks, as demonstrated by Aikens and co-
workers for silver clusters [32, 38].

In a pursuit to represent the LSPR character or at least some aspect of it as a
single number, various plasmonicity indices have been developed. Li et al. in-
troduced the volume density response proportion (VPR), which quantifies how
much of the electron density response is located inside the cluster, in an effort to
separate the bulk plasmons and single-particle excitations from the LSPR peaks
[33]. Bursi et al. developed the so-called plasmonicity index, which attempts to
measure the plasmonic character through the induced potential of the excitation
[46]. This measure was later further developed to the generalized plasmonicity
index (GPI), which also uses the induced potential, but is normalized to directly
compare different systems [43]. Casanova et al. developed the transition inverse
participation ratio (TIPR) based on the transition occupation numbers to quantify
the collectivity of an excitation [47]. This index has the value of one if only one
e-h transition is contributing to the excitation, and achieves its maximum value
in the case of all the electrons participating equally.

Gieseking et al. combined three criteria to classify plasmonic excitations in bare
and ligand-protected noble metal clusters: collectivity, additivity to the dipole
moment, and superatomic character [48]. The superatomic character refers to
contributions of transitions from superatomic (delocalized) orbitals. The collec-
tivity is quantified by using the TIPR index.

2.4.1.1 Transition contribution maps

To gain insight into the nature of the features of the absorption spectrum, we
employed the time-dependent density functional perturbation theory (TD-DFTP)
[85] as implemented in GPAW. A cosinoidal laser field polarized in the direction
of interest and with the energy of the studied feature is simulated to excitate the
system. Using the K-S basis to linearize the equations for the excited system, we
can solve the absorption coefficients Cω

ip for all the transitions from initial electron
states i to final hole states p contributing to the analyzed excitation at frequency
ω.

In the TCM scheme [40], the squared magnitudes of these coefficients are used to
build a two-dimensional map, which shows the strengths of the individual e-h
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contributions to the excitation as a contour map. The x axis shows the energy
of the occupied K-S states (εocc) and the y axis the energy of the unoccupied K-S
states (εunocc). A Gaussian broadening is applied for the transitions with respect
to both axis. Each dot in this contour plot indicates one single-particle transi-
tion, and the density of the contour lines shows the relative strength of the con-
tribution. Thus, the equation of the map can be written as (see the supporting
information of reference [40])

TCM(εocc, εunocc) =
occ

∑
i

unocc

∑
p
|Cω

ip|2 exp

[
−
(

εocc − εi

∆ε

)2

−
(

εunocc − εp

∆ε

)2
]

.

(25)

We also used the related DTCM method [51] for some of the systems. In DTCM,
we visualize the contributions to the transition dipole moment:

DTCM(εocc, εunocc) =
occ

∑
i

unocc

∑
p

2Cω
ip ω µip exp

[
−
(

εocc − εi

∆ε

)2

−
(

εunocc − εp

∆ε

)2
]

,

(26)
where ω is the frequency of the analyzed excitation and µip the dipole moment
of the transition i→ p in the direction of the laser field. The DTCM contributions
can be positive or negative, having an additive or weakening effect on the total
transition dipole moment. In the DTCM figures, these contributions are shown
as red (positive) and blue (negative).

Both TCM and DTCM give information about the collectivity of the excitation and
the participating e-h transitions, thus aiding in the analysis of the possible plas-
monic nature of the studied spectral feature. The DTCM scheme also gives infor-
mation about the additivity to the dipole moment. Recently, the DTCM scheme
has been used for example to study plasmons in atomic arrays of two different
metals [86, 87] and the coupling of plasmons of metal clusters with the optical
excitations of organic molecules [88].

We combine the (D)TCM analysis with the Ylm analysis of the superatomic or-
bitals [23], where the orbitals of each cluster are projected into spherical harmon-
ics to resolve their symmetry. According to the analysis, the different type of
orbitals (S, P, D, ...), are then visualized with different colors as projected density
of states (PDOS) plots sharing the energy axes of the (D)TCM contour plot. This
combination allows us immediately see the symmetries of the initial and final
orbitals of the e-h transitions.

2.4.1.2 Induced density

The TD-DFPT calculation also allows us to compute the induced transition den-
sity corresponding to each studied spectral feature. In article [PI], we plotted
radially the induced density around the single clusters, dividing the calculation
cell into narrow, concentric shells, and summing the induced density inside each
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cell. This allows the visual inspection of the spherical distribution of the induced
density.

The radial distribution is useful only for single, spherical clusters. For the pla-
nar cluster arrangements of the spherical 8-electron clusters studied in the same
article, we instead visualized the cross-sections of the induced density with a cer-
tain isosurface value. This does not give information about the changes in the
magnitude, but reveals the charge oscillations inside of the clusters and makes it
easier to recognize for example bonding combinations of the individual localized
surface plasmons.

In article [PII], we visualized the induced density using both 3D isosurfaces,
and a contour plot of the induced density in the dimer plane. Compared to the
cross-section of the induced density, the contour plot gives information about the
strength of induced density along the dimer plane and thus tells more about the
distribution of the charge oscillations.

2.4.1.3 Charge transfer ratios

To identify the CTPs from the absorption spectra more reliably than with only
visual inspection of the induced density, we need a way to somehow quantify the
charge transfer nature of the excitations. To this end, we developed an index, the
Charge Transfer Ratio for dimer systems (CTRd) in article [PII]:

CTRd =

∣∣∣∣∣ D
∫

A ρind(r) dr∫
A+B x ρind(r) dr

∣∣∣∣∣ . (27)

Here D is the distance between the centers of the two clusters, ρind the induced
density, r the position in the real-space grid, and x the coordinate along the dimer
axis. The induced density is computed for a cosinoidal laser field with the dipole
moment in x direction. For the integration, the calculation cell is divided into
parts A and B, making the cut halfway between the surfaces of the two clusters.
For homodimers, the parts are simply the left and right half of the calculation
box. Thus, the integral in the numerator is performed over the left side of the
calculation box, and the one in the denominator over the whole calculation cell.
For symmetry reasons,

∫
A ρind(r) dr = −

∫
B ρind(r) dr, so the choice of side A or

side B for the numerator does not matter.

Equation 27 amounts to comparing the dipole moment of the charge transfer exci-
tations (numerator) to the transition dipole moment of the system (denominator).
The former is a measure of how much excess induced density is on one side of
the systems, i.e. how much charge is transferred from one cluster to the other,
while the latter serves as a normalization.

If the charge oscillations happen only inside or around each cluster separately,
without electrons transferred between the clusters, the integral of the induced
density on side A (and B) is zero. Thus the whole CTRd index is zero when there
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is no charge transfer between the clusters. The larger the CTRd value is, the more
the charge density is oscillating between the two clusters during the excitation.
Depending on the distribution of the charges on sides A and B along the dimer
axis, the index can also be above 1. Without taking the absolute value CTRd could
also reach negative values, but since the strength is the measure of the charge
transfer, we keep the index positive. A derivation for the index can be found in
the supporting information of article [PII].

Since this formulation of the CTR only works for systems of two clusters, for ar-
ticle [PIII] we developed another form of the index for arbitrary arrangements of
spherical cluster. Here, the computation cell is divided between each cluster in a
Wigner-Seitz cell type definition, assigning each grid-point to the cluster the cen-
ter of which it is closest to. For systems with reflection symmetry in the studied
direction, it can be written as:

CTRws =
|∑i in left

∫
cluster i ρind(r) dr|∫

all |ρind(r)|/2 dr
. (28)

The system is divided to left and right sides similarly as for CTRd, since the ar-
rangements are assumed to be symmetrically positioned in the calculation cell.
The index i refers to the individual clusters, which are numbered for the purpose
of this calculation. A cluster in the arrangement can be either on the left side, in
the middle, or on the right side. The volume of "cluster i" over which the integra-
tion is performed in the numerator is defined using the Wigner-Seitz cell method.
This division works well for the spherical, identical clusters used in the study.

Because of the symmetry, during the excitations all the clusters on the middle
have a zero net charge, and all the clusters on the left are either positively or
negatively charged, and the clusters on the right equally negatively or positively
charged. Therefore, to study the net charge transfer between clusters, we only
need to study the induced densities of the clusters on the left side (or equally on
the right side). This is achieved in the numerator by summing over the clusters
on the left.

For systems without the reflection symmetry, the definition of left and right sides
is not anymore trivial. However, without the summation in the numerator, the
CTRws can be calculated for each cluster separately. The positive values can then
be summed together to get a measure of the total charge transfer for an arrange-
ment of any symmetry.

The CTRws index is normalized by the integral of the total positive induced den-
sity, which is formulated in the demoninator as the integral of the absolute value
of the induced density over the whole calculation cell, divided by two. With
this normalization and taking the absolute value in the nominator, the CTRws
is always between 0 and 1. A value of 0 signifies that there is no charge trans-
fer between the clusters, while 1 corresponds to an excitation where all the elec-
tron density oscillations are charge transfer oscillations between the left and right
sides of the system.
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Since we only need the cube file of the induced transition density as the input
for both CTR indices, they can be computed post-processing after the TD-DFPT
calculations needed for the DTCM analysis. Now we can obtain a numerical
value corresponding to the charge transfer at each studied excitation energy, al-
lowing us to follow how the nature of the excitations in the absorption spectrum
is changing with respect to energy.



3 RESULTS AND DISCUSSION

In articles [PI]–[PIII], we analyzed the optical properties of jellium clusters and
cluster arrangements using the DFT code GPAW. The jellium density was chosen
to be the density of sodium, using a Wigner-Seitz radius of 2.08 Å. Thus, an 8-
electron jellium cluster, for example, models an 8-atom sodium cluster.

The positive jellium background of all the studied clusters was kept spherical.
Therefore, we chose the cluster sizes so that the numbers of electrons correspond
to magic numbers for a spherical potential. The clusters with these magic num-
bers of electrons are closed-shell and have significant HOMO-LUMO gaps. The
first nine of the magic numbers and the corresponding electron configurations
are listed in table 1.

TABLE 1 The first nine magic numbers of electrons for a spherical potential and the
corresponding electron configurations. [N] refers to the electron configuration
for N electrons.

# el. configuration

8 1S21P6

18 [8] 1D10

20 [18] 2S2

34 [20] 1F14

40 [34] 2P6

58 [40] 1G18

92 [58] 2D101H223S2

138 [92] 2F141I263P6

186 [138] 2G181J30

In article [PI], we studied the birth of the LSPR in separate jellium clusters rang-
ing from 8 to 186 electrons. We also analyzed some planar arrangements of 2–6
clusters. In article [PII], the studied systems are dimers and we concentrated on
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the study of CTPs. Three-dimensional geometric cluster arrangements were the
focus of article [PIII]. In all these articles, one main objective was to find ways to
recognize and classify different types of plasmonic excitations in the spectra.

In the following, I will first discuss the LSPR and its size-evolution in the sepa-
rate clusters, then BDPs and CTPs in dimers, the optical response of the planar
arrangements, and finally plasmons in the three-dimensional arrangements.

3.1 Single clusters

For the separate clusters, we studied clusters with 8, 20, 34, 40, 58, 92, 138, and
186 electrons. The smallest cluster has a radius of approximately 4.2 Å and the
largest a radius of 11.9 Å. The positive jellium density was defined to be uniform
for all the clusters, but the electron density that is solved by the DFT calculations
experiences a spill-out from this cluster sphere. This spill-out is relatively larger
for the smaller clusters. The electron density has a shell-like structure defined
by the filled electron orbitals, having one or several radial minima and maxima
inside the clusters.

The optical spectrum for each cluster size was calculated using lr-TDDFT. The
oscillator strengths (right panels) and the broadened optical absorption spectra
(left panels) can be seen in figures 2 and 3. The energies of the largest peaks are
indicated and excitations that are further analysed are labelled in the panels on
the right. The numbers refer to the main excitations with LSPR character and the
letters to other types of excitations analyzed.

As can be seen in figures 2 and 3, each of the spectra supports one or two peaks
with a large absorption strength and some smaller excitations. According to the
classical Drude formula, the bulk LSPR frequency for a spherical cluster with this
density is

ELSPR =

√
h̄2e2n
3ε0me

≈ 3.49 eV, (29)

where h̄ is the reduced Planck constant, ε0 is the permittivity of free space, e is
the elementary charge, me is the mass of an electron, and n is the electron density,
for which the jellium density is used. For the studied clusters, the energies of
the largest peaks are between 2.54 eV and 3.00 eV. The cause for the red-shift of
these energies compared to the classical one is the spill-out of the electrons, which
makes the electron density lower than in the Drude formula [12].

To assess the plasmonic nature of these absorption peaks, we used TD-DFPT to
perform the TCM analysis and to calculate the induced density for each of them.
In addition to the clearly two-peaked spectra of the 20- and 40-electron clusters,
two energies were analyzed for sizes 92 and 138 which show two strong excita-
tions in the non-broadened oscillation spectrum, and 186 for which the second
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FIGURE 2 The optical absorption spectra and the oscillator strengths for the clusters
with 8, 20, 34, and 40 electrons. A Gaussian broadening of 0.1 eV was used
for the spectra. The energy and percentage of the total oscillator strength of
the labeled excitations are indicated under the figures on the left. The ener-
gies of the largest peaks in the broadened spectra, which might differ from
the exact energies of the strongest oscillations, are indicated in the figures
on the right. Note that the y axis scales are different in the different panels.
Reprinted with permission from Elli Selenius, Sami Malola, Hannu Häkki-
nen. Analysis of Localized Surface Plasmon Resonance in Spherical Jellium
Clusters and Their Assemblies. The Journal of Physical Chemistry C, 121 (48),
pp. 27036–27052, 2017. Copyright 2017 American Chemical Society.
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FIGURE 3 The optical absorption spectra and the oscillator strengths for the clusters
with 58, 92, 138, and 186 electrons. The details are the same as for figure 2.
Reprinted with permission from Elli Selenius, Sami Malola, Hannu Häkki-
nen. Analysis of Localized Surface Plasmon Resonance in Spherical Jellium
Clusters and Their Assemblies. The Journal of Physical Chemistry C, 121 (48),
pp. 27036–27052, 2017. Copyright 2017 American Chemical Society.
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analyzed energy includes many smaller excitations. To contrast the features with
other types of excitations, we also analyzed one smaller peak for the 8-electron,
34-electron, and 58-electron system each.

The TCMs for these peaks can be seen in figures 4–6, and the corresponding in-
duced densities plotted radially in figures 7–9. Here, the naming of the super-
atomic orbitals after I symmetry differs from the way introduced in table 1 and
otherwise used in this thesis. In the notation used for the PDOSs of figures 4–6
letter J is skipped, so the letters K and L in these figures correspond to letters J
and K in table 1, respectively.

The TCM figures show that for all the strongest excitations, labeled with 1 and 2
in the spectra, there are contributions from several e-h transitions. Furthermore,
there are transitions at several different transition energies ∆εeh = εh − εe, where
εh is the energy of the final state (hole) and εe the energy of the initial state (elec-
tron). This indicates coupling between the individual single-particle transitions,
and shows that the excitations are collective.

The induced densities for the same peaks show that even though there are some
density oscillations also inside the clusters, most of the induced density is con-
centrated at or near the surface of the clusters. This, together with the collectivity
and the large oscillator strengths, indicates that these numbered peaks are indeed
LSPR peaks.

Going from smaller cluster to larger, the density of the states gets bigger and there
are more occupied states, resulting in a higher number of possible transitions. As
a result, the number of contributions in the TCMs grows as the cluster size gets
bigger. Since the clusters are fully spherical, the transitions obey the selection
rules for spherical symmetry, so that the angular momentum quantum number
l of the initial and final orbital changes always by one. Thus in figure 4 b), for
example, we see transitions 1S→2P, 1P→1D, and 1P→2S, but not for instance
1S→1D.

The fragmentation of the main peak for the clusters with 20 and 40 electrons is
also visible in the experimental spectra for the Na20 and Na40 clusters [39]. For the
40-electron cluster, the first of these peaks is mainly caused by the e-h transition
from 1P to 3D which has a ∆εeh of almost 2.75 eV. That is close to the excitation
energy of 2.54 eV, as can be seen in figure 5 a). For the next peak, shown in figure
5 b), the excitation is more collective. Similarly, for the 20-, 92-, and 138-electron
clusters one of the fragments is more collective while the other has strong con-
tributions from one or a few excitations with ∆εeh close to the excitation energy.
This fragmentation of the collective absorption peak due to the coupling of the
plasmon with a single e-h excitation has been computationally observed and ex-
plained before for jellium clusters [73]. In the induced densities, the more collec-
tive peaks in these systems have the radially summed induced density maximum
more peaked on the surface of the clusters compared to the other fragment.

Since the broadening in the TD-DFPT calculations is 0.05 eV, the TCM analysis for
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FIGURE 4 The TCMs for selected excitations for the clusters with 8, 20, and 34 elec-
trons. The contour plot shows the relative strengths of the contributing e-
h transitions. PDOS for the occupied states is shown in the bottom, and
for the unoccupied on the right. The HOMO energy has been set to zero.
The studied spectral feature is indicated with an arrow on the bottom right.
Reprinted with permission from Elli Selenius, Sami Malola, Hannu Häkki-
nen. Analysis of Localized Surface Plasmon Resonance in Spherical Jellium
Clusters and Their Assemblies. The Journal of Physical Chemistry C, 121 (48),
pp. 27036–27052, 2017. Copyright 2017 American Chemical Society.
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FIGURE 5 The TCMs for selected excitations for the clusters with 40, 58, and 92 elec-
trons. The details are as for figure 4. Reprinted with permission from Elli
Selenius, Sami Malola, Hannu Häkkinen. Analysis of Localized Surface Plas-
mon Resonance in Spherical Jellium Clusters and Their Assemblies. The Jour-
nal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017. Copyright 2017
American Chemical Society.



26

FIGURE 6 The TCMs for selected excitations for the clusters with 138, and 186 electrons.
The details are as for figure 4. Reprinted with permission from Elli Selenius,
Sami Malola, Hannu Häkkinen. Analysis of Localized Surface Plasmon Res-
onance in Spherical Jellium Clusters and Their Assemblies. The Journal of
Physical Chemistry C, 121 (48), pp. 27036–27052, 2017. Copyright 2017 Amer-
ican Chemical Society.

peak 2 for the 186-electron cluster includes several excitations of similar strength,
as can be seen from figure 3 d). Comparing figures 6 c) and 6 d), the contributions
with ∆εeh close to the excitation energy have more of the total weight for peak
2 than for peak 1, suggesting that the excitations analyzed for peak 2 are less
collective than excitation 1. However, based on the nevertheless collective nature
and the profile of the induced density seen in figure 9 d), these excitations are
smaller fragments of the LSPR peak.

The peaks marked with a show different characteristics than the numbered peaks.
For the a-peak of the 58-electron cluster, the induced density oscillations are
smaller than for the LSPR peak 1 and the oscillations are happening inside the
cluster almost as much as at the surface, as is evident from figure 8 d). The TCM
in figure 5 d) shows a few strong contributions, some of them the same as for the
LSPR peak and all with ∆εeh close to the excitation energy. Thus, this excitation
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does not show very strong LSPR-like characteristics and it might be a smaller
fragment of the LSPR peak or a combination of single e-h transitions.

FIGURE 7 The induced densities of the clusters with 8, 20, and 34 electrons plotted ra-
dially. The density value at each radial distance is the sum of all the induced
density in a spherical shell at that distance from the center. The positive and
negative densities are plotted separately. Reprinted with permission from
Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis of Localized Surface
Plasmon Resonance in Spherical Jellium Clusters and Their Assemblies. The
Journal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017. Copyright
2017 American Chemical Society.

The a-peak for the 8-electron cluster, as seen in figure 4 a), is mostly a single-
particle excitation and the oscillator strength is much lower than of the collective
main peak. The induced density has similar characteristics as the a peak of the
58-electron cluster.

The a peak for the 34-electron cluster at 4.39 eV is collective, but with the strongest
contributions mainly with the same ∆εeh, as seen in 4 f). It is located in the high-
energy tail of the spectrum that all the cluster sizes support. Some of the e-h
transitions are from HOMO to the continuum of unbound states above 4 eV. The
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density oscillations are very weak compared to the LSPR, as seen in figure 7 f),
and not peaked at the surface. Therefore this peak is also not a LSPR peak.

To summarize, our analysis showed that already the smallest studied cluster size
with 8 electrons supports a feature in the optical spectrum that can be called a
LSPR peak. The absorption strength of this peak gets larger with growing clus-
ter size, as does the amount of e-h transitions participating in the excitation. The
induced density, located mainly near the edge of the clusters, supports the as-
signment of the peaks as LSPR peaks. Other excitations in the spectra have less
collective nature and the induced density is not peaked at the cluster surface.

FIGURE 8 The induced densities of the clusters with 40, 58, and 92 electrons plotted
radially. The details are the same as for figure 7. Reprinted with permission
from Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis of Localized
Surface Plasmon Resonance in Spherical Jellium Clusters and Their Assem-
blies. The Journal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017.
Copyright 2017 American Chemical Society.
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FIGURE 9 The induced densities of the clusters with 138, and 186 electrons plotted radi-
ally. The details are the same as for figure 7. Reprinted with permission from
Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis of Localized Surface
Plasmon Resonance in Spherical Jellium Clusters and Their Assemblies. The
Journal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017. Copyright
2017 American Chemical Society.

3.2 Dimers

Dimeric cluster or NP systems have several applications, such as surface en-
hanced Raman scattering (SERS) substrates [89]. The strengthening of the Raman
signals of molecules using plasmonic NPs is based on the creation of electromag-
netic hot-spots with large electric field enhancements in gaps between adjacent
NPs. Another application is the nanoscale ruler, which is based on the separation-
dependent plasmon energy of a NP dimer [9].

Knowing the plasmonic properties of separate clusters, in article [PII] we put two
jellium clusters next to each other to observe plasmon coupling and plasmons
across the whole dimer. The focus was on the study of CTPs. The studied dimers
consisted of the 8- and 138-electron clusters. In the broadened absorption spectra
seen in figures 2 a) and 3 c), both of these clusters have a single, relatively narrow
peak, so possible fragmentation or shift due to coupling is easy to observe.

Except for one heterodimer, the studied systems are homodimers consisting of
two clusters of the same size. The radii of these clusters are r = 4.1 Å and
R = 10.8 Å. Three different separations were used for both homodimer systems.
Additionally, some of the dimers were connected with a cylindrical tunnel having
the same positive background density as the spherical clusters. Since the size of
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the spheres was kept the same in all the systems, the background density of these
linked clusters deviates slightly (maximum 5.6 %) from the separate dimers. We
used two different radii for the linker, 1.0 Å and 2.1 Å, the bigger value being the
Wigner-Seitz radius used for the jellium background.

TABLE 2 Parameters for the studied dimer systems. S is the separation of the clusters,
expressed in terms of the radius of the 8-electron cluster (r ≈ 4.1 Å) or of the
138-electron cluster (R ≈ 10.7 Å). a is the radius of the linking channel.

system number of el. S a (Å)
1 8+8 2r -
2 8+8 0.5r -
3 8+8 0 -
4 8+8 2r 1.0
5 8+8 0.5r 1.0
6 8+8 0.5r 2.1
7 138+138 0.5R -
8 138+138 0.25R -
9 138+138 0.1R -
10 138+138 0.5R 1.0
11 138+138+2 0.5R 2.1
12 8+138 0.5R -

The number of electrons, separation between the jellium edges S, and the radius
of the possible linking channel, a, are listed in table 2. For system 11 with 138-
electron clusters, two extra electrons were added to the calculation. This was
done to keep the system closed-shell - the addition of the linking channel intro-
duced one extra occupied K-S orbital compared to the other dimers of same size,
and without the additional two electrons the system would have had two filled
and one empty 3P orbitals. To keep the system neutral, the same amount of pos-
itive charge was added to the jellium background, causing the jellium density to
be closer to that of the single clusters.

3.2.1 Homodimers

We computed the optical spectrum for each system and performed the CTR anal-
ysis for dimers according to equation 27 at certain energies of interest. The spectra
and CTR values for the dimers of 8-electron clusters can be seen in figure 10 and
for the dimers of 138-electron clusters in figure 11. Since we were interested in the
charge transfer and plasmon coupling, the spectra are for electric field polarized
in the direction of the dimer axis. In both figures, the separate dimers are on the
left and the coupled on the right, and the separation between the clusters dimin-
ishes from a) to c) to e). In figure 11 f) the spectrum of a separate 138-electron
cluster is shown for comparison.

Looking at the spectrum of system 1 in figure 10 a), we can see that at this sep-
aration of 2r ≈ 8.3 Å the spectrum is still almost identical to that of the single
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FIGURE 10 Absorption spectra and CTR values for the dimers of 8-electron clusters 1-6.
Adapted with permission from Elli Selenius, Sami Malola, Mikael Kuisma,
Hannu Häkkinen. Charge Transfer Plasmons in Dimeric Electron Clusters.
The Journal of Physical Chemistry C, 124 (23), pp. 12645–12654, 2020. Copy-
right 2020 American Chemical Society.

8-electron cluster, as seen in figure 2 a). In addition, the CTR analysis shows that
there are no excitations with charge transfer character. In fact, there is no electron
density overlap between the two clusters, preventing any inter-cluster electron
tunneling. The electron densities plotted along the dimer axis for systems 1-12
can be seen in the Supporting Information of article [PII]. The two localized plas-
mon peaks couple capacitively forming a BDP that is slightly red-shifted (by 0.05
eV) from the LSPR of the single cluster.

For the larger clusters, the spectrum of system 7 with a separation of 0.5r ≈ 5.4 Å
already differs from the spectrum of the single 138-cluster: the peak of the dimer
is red-shifted and much wider. However, there are still no low-energy excita-
tions and thus no CTPs, as the CTR values show. The electron density overlap is
negligible for this system.

For both cluster sizes, decreasing the separation and thus increasing the elec-
tron density overlap causes a drastic change in the spectra. Part of the oscillator
strength is transferred to low energies where there are no excitations in the case
of the separate clusters. The high CTR values at low energies show that these
emerging excitations are in fact CTP peaks. Charge transfer is now possible since
the electrons can tunnel or flow between the two clusters. The BDP peak is also
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further fragmented. Positions of the BDP peaks are marked by the CTR values
reaching their minimum.

FIGURE 11 Absorption spectra and CTR values for the dimers of 138-electron clusters
7-11. The spectrum of the single 138-electron cluster is included for com-
parison. Adapted with permission from Elli Selenius, Sami Malola, Mikael
Kuisma, Hannu Häkkinen. Charge Transfer Plasmons in Dimeric Electron
Clusters. The Journal of Physical Chemistry C, 124 (23), pp. 12645–12654, 2020.
Copyright 2020 American Chemical Society.

Linking the jellium spheres provides a channel for the electrons to flow between
the clusters, and we can see CTPs for all the linked dimers. The trend with linking
is similar to bringing the clusters closer together. The effect of linking is stronger
for the smaller clusters since the linker is relatively larger for them, the wider
linker being half and the narrower one fourth of the cluster radius. Thus, for sys-
tems 4–6 there is not anymore a clear main peak in the spectra and the high-CTR
value excitations share a considerable percentage of the total oscillator strength.

Keeping the linker radius constant but decreasing the separation from S = 2r to
S = 0.5r causes excitations with a large CTR value to appear at higher energies,
as can be seen by comparing figures 10 b) and d). However, the spectrum for
dimer 5 is less spread and has fewer peaks at low energies than the spectrum for
dimer 4. Keeping the distance at S = 0.5r but making the linker wider further
increases the CTR values and strengthens the CTP peaks, as seen from figure 10
f). However, the energies of the peaks are similar for dimers 5 and 6.

For the larger dimers, both systems 10 and 11 have a separation of S = 0.5R,
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FIGURE 12 The DTCMs and the induced densities for one CTP peak for dimers 2, 3,
and 4. The red and blue colors of the contour map specify positive and
negative contributions to the dipole moment, respectively. The dashed line
indicates the e-h transitions with ∆εeh = E, where E is the energy of the
analyzed excitation. Here the symmetry analysis is performed separately
for both clusters and the PDOSs are summed together. The Fermi energy
has been set to zero. The induced densities are visualized using isosurfaces,
and contour maps along the dimer plane. The isosurface values are the
same for all the systems. Reprinted with permission from Elli Selenius,
Sami Malola, Mikael Kuisma, Hannu Häkkinen. Charge Transfer Plasmons
in Dimeric Electron Clusters. The Journal of Physical Chemistry C, 124 (23),
pp. 12645–12654, 2020. Copyright 2020 American Chemical Society.

but the former has the narrower linker and the latter the wider linker and two
extra electrons. Here the effect of the wider linker is to bring significantly more
oscillator strength to energies between 0 and 2 eV and give the BDP peak a shoul-
der. Since there are significantly more possible e-h transitions, the spectra for the
larger clusters are more continuous than for the smaller clusters which have more
distinct peaks at the lower energies.

To further study the excitations with a large CTR character, we visualized the
induced densities and the contributing e-h transitions. The polarization of the
laser field was in the direction of the dimer axis in the TD-DFPT calculations. In
contrast to the single clusters, we now used the DTCM scheme to see whether
the contributing e-h transitions have a positive or negative effect on the transi-
tion dipole moment. The strength of the DTCM contributions cannot be directly
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FIGURE 13 The DTCMs and isosurfaces of induced densities for dimers 9, 10 and 11.
The details are as in figure 12. Reprinted with permission from Elli Selenius,
Sami Malola, Mikael Kuisma, Hannu Häkkinen. Charge Transfer Plasmons
in Dimeric Electron Clusters. The Journal of Physical Chemistry C, 124 (23),
pp. 12645–12654, 2020. Copyright 2020 American Chemical Society.

compared to the TCM contributions, since the former are the contributions to the
transition dipole moment and the latter contributions to the absorption strength.

The DTCMs and induced densities for one CTP peak for systems 2, 3, and 4 are
shown in figure 12, and for systems 9, 10, and 11 in figure 13. Now the induced
densities are visualized both using isosurfaces and along the dimer plane using
contour maps. In the DTCM figures, the projection for the density of states is
performed separately for each cluster and the final PDOS is plotted for the sum
of these values.

Let us first examine the dimers of 8-electron clusters. Since now the whole system
has a cylindrical rather than spherical symmetry, the orbitals are split compared
to the single 8-electron cluster, as can be seen from the PDOSs in figure 12. For
example for systems 2 and 3 the lowest-energy P-symmetry orbital is the bonding
state of the individual P orbitals aligned along the dimer axis, and the HOMO is
the antibonding combination. For the linked dimer, system 4, both the combina-
tions of orbitals aligned with the dimer axis are lower in energy than the other P
combinations.

The induced density has a similar shape for all the CTPs seen in figure 12. For
system 2 with the separation of S = 0.5r, the plasmon is weaker and thus the
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distribution of the induced density appears different with the chosen isosurface
value. We can see that although one of the clusters is positively and the other
negatively charged for all the systems, there are also oscillations in the opposite
direction. Especially in the linked system 4 there is a a strong screening oscillation
located in the linker.

The DTCMs also indicate the presence of these opposite electron density oscil-
lations, showing strong negative (blue) contributions to the dipole moment in
addition to the positive (red) ones. The relevant contributions are all from transi-
tions from P-type orbitals to D-type orbitals.

For the 138-electron clusters, the isosurfaces of the induced densities resemble
those of the smaller cluster. Looking at the contour maps, we can see more details
of the electron density oscillations. The strongest induced dipoles for the separate
dimer, system 9, are located near the center of both the clusters separately and
the direction is the same as the overall induced dipole moment. Furthermore, the
induced density inside the clusters is still close to that of a separate 138-electron
cluster for the LSPR peak. The linked dimers systems 10 and 11, however, have
a different structure in the induced density. The strongest density variations are
located near the ends of both clusters, causing temporary dipoles in the direction
of the total transition dipole. System 11 with the wider linker has additionally
one extra induced dipole inside the linker, which opposes the overall transition
dipole moment.

The DTCMs again show both strong positive and strong negative contributions.
The main e-h transitions still mostly respect the selection rules for spherical sys-
tems, except the HOMO-LUMO transition in system 11 from a P symmetry orbital
to a J symmetry orbital. In this case, both orbitals are aligned along the dimer axis
and they have significant electron density inside the linker.

Our results for the larger dimers agree qualitatively with those of Rossi et al.
who used real-time TDDFT to study the plasmonic response of sodium dimers of
similar size, with 261 atoms in total [34]. There, first a linked and then a separate
dimer was formed by stretching an initially rod-shaped cluster. For the dimers
with the narrow linker, they observed two CTP peaks at energies below 1 eV and
one BDP peak between 2 and 2.5 eV.

3.2.2 Heterodimer

The spectrum and CTR values for the dimer of one 8- and one 138-electron cluster
are shown in figure 14 a), and a zoom of the low-energy part of the spectrum
in 14 b). The sum of the spectra of the two separate clusters is also plotted for
comparison.

We can see that there is coupling between the optical excitations of the two sys-
tems, since the spectrum of the dimer differs significantly from the sum spectra
of the separate clusters. The largest peak at 3.08 eV is blueshifted in comparison
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FIGURE 14 a) The absorption spectra (solid line) and CTR values for system 12. the
dashed line shows the sum of the spectra of a separate 8-electron and 138-
electron cluster. b) Zoom-out of the absorption spectra between 0.2 and
1.8 eV. The oscillator strengths for the dimer are also shown. Reprinted
with permission from Elli Selenius, Sami Malola, Mikael Kuisma, Hannu
Häkkinen. Charge Transfer Plasmons in Dimeric Electron Clusters. The
Journal of Physical Chemistry C, 124 (23), pp. 12645–12654, 2020. Copyright
2020 American Chemical Society.

to the LSPR peak of the larger cluster at 2.95 eV. The peak at approximately 2.6 eV
is close to the LSPR energy of the smaller cluster at 2.72 eV, but appreciably larger
than it. Additionally, there are excitations between 1 and 2 eV in the dimer spec-
trum that are absent from the spectra of the separate clusters. These low-energy
excitations have a large charge transfer character, unlike the larger peaks between
2.5 and 3.2 eV.

To find out the origins of the spectral features, we analyzed further three of these.
The DTCMs and induced densities can be seen in figure 15. The first analyzed ex-
citation at 1.21 eV with a large CTR value is seen to have both strong positive and
strong negative contributions, as was seen to be characteristic for CTPs. There
is a strong contribution from the 1P of the smaller cluster to the 3D of the larger
cluster. The induced density, very asymmetric inside each cluster, further sup-
ports the notion of the charge density oscillating between the clusters. The bigger
changes in electron density are located inside the smaller cluster.

The induced density inside the smaller cluster for the second analyzed excitation
at 2.62 eV is very similar to that of a LSPR of a separate 8-electron cluster. There
are weaker charge density oscillations also inside the larger cluster. The 1P→1D
transition that is present for 8-electron dimers and single clusters is prominent.
Additionally, many transitions between orbitals of the larger cluster contribute.
Thus, it seems that this is mainly the LSPR peak of the smaller cluster, strength-
ened by the larger cluster.
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FIGURE 15 DTCMs and induced densities for three excitation energies of system 12.
The PDOS for the larger cluster is plotted up and for the smaller cluster
down. The Fermi energy has been set to zero. Adapted with permis-
sion from Elli Selenius, Sami Malola, Mikael Kuisma, Hannu Häkkinen.
Charge Transfer Plasmons in Dimeric Electron Clusters. The Journal of Phys-
ical Chemistry C, 124 (23), pp. 12645–12654, 2020. Copyright 2020 American
Chemical Society.
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The excitation at 3.09 eV has, in turn, similar induced density inside the larger
cluster as the single 138-electron cluster has at the LSPR energy. The smaller clus-
ter is also participating to the transition dipole moment, but the induced density
inside this cluster is quite asymmetric. Most of the transitions seen in the DTCM
are positive and they are mainly between orbitals of the larger cluster. Therefore,
this peak appears to be formed from the LSPR peak of the larger cluster.

Additionally, initial analysis was performed for the peak with a large CTR value
visible at 0.83 eV in figure 14. This feature is present already in the spectrum of
a separate 138-electron cluster, but it is more pronounced in the dimer spectrum.
The DTCM and visualization of the induced density show that, even though there
is charge transfer between the clusters, the contributing e-h transitions are mostly
between orbitals of the larger cluster and the electron density oscillations are con-
centrated in the inner region of the that cluster.

Thus, in the spectrum of the heterodimer, the smaller cluster seems to be ’borrow-
ing’ oscillator strength from the larger. Due to the clear change in the spectrum
and this amplification of the plasmon peak of the smaller cluster, the larger clus-
ter can be thought of working as a sensor that detects the presence of the other
cluster.

3.3 Two-dimensional cluster arrangements

Often in applications and experiments plasmonic clusters are deposited on a sur-
face forming planar assemblies or arrays [90, 91, 92, 93]. In article [PI], we also
built some planar cluster arrangements in addition to the dimer: a linear trimer,
a tetramer in the shape of a square, and a hexamer in the shape of a regular
hexagon. The 8-electron clusters were used and the cluster separation was kept
at S = 0.5r for all the systems. The same analyses were performed as for the
single 8-electron cluster to compare the systems. The plane of the assemblies was
designated as the xy plane. All the systems can be seen in figure 16.

To observe the plasmon couplings in different directions, we visualized the opti-
cal spectra separately for light polarized in x, y, and z directions in figure 17. The
average of these directions is also shown. We can see that in the averaged spec-
tra the main plasmon peak is split for all the arrangements of multiple clusters.
Looking at the separate directions, these peaks can be seen to be the parallel and
perpendicular plasmon peak. For the dimer and trimer y and z dimensions are
identical and cause the perpendicular peak, and the parallel peak manifests in x
direction. The tetramer is fully and the hexamer almost identical in the x and y di-
rections which are the directions of the parallel peaks, whereas the perpendicular
peak is formed in the z direction.
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FIGURE 16 The jellium backgrounds for the planar assemblies with 1, 2, 3, 4, and 6
eight-electron cluster. The separation between the clusters is S = 0.5r = 2.1
Å. The x axis is shown in red, y in green, and z in blue. Reprinted with
permission from Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis
of Localized Surface Plasmon Resonance in Spherical Jellium Clusters and
Their Assemblies. The Journal of Physical Chemistry C, 121 (48), pp. 27036–
27052, 2017. Copyright 2017 American Chemical Society.

FIGURE 17 The absorption spectra for the planar systems in x, y, and z directions. The
average is also shown. The zero level of the spectra has been raised by 60
units for each arrangements in comparison to the previous. Reprinted with
permission from Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis
of Localized Surface Plasmon Resonance in Spherical Jellium Clusters and
Their Assemblies. The Journal of Physical Chemistry C, 121 (48), pp. 27036–
27052, 2017. Copyright 2017 American Chemical Society.

The parallel peaks are redshifted from the LSPR of the single cluster, while the
perpendicular peaks are blueshifted. We can see the reason by looking at the
induced densities of the largest peaks in figures 18 and 19 for the parallel and
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FIGURE 18 Cross-sections of the induced densities for the parallel plasmon peaks (light
polarized in the x direction) for the planar cluster arrangements along the
plane of the arrangements. Reprinted with permission from Elli Selenius,
Sami Malola, Hannu Häkkinen. Analysis of Localized Surface Plasmon
Resonance in Spherical Jellium Clusters and Their Assemblies. The Jour-
nal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017. Copyright 2017
American Chemical Society.

perpendicular polarization, respectively. For the parallel peaks, the neighboring
clusters that are aligned in the direction of the polarization have their plasmons
forming a bonding combination. This lowers the plasmon energy by attractive
Coulombic interaction. In contrast, the plasmons of the perpendicular peaks have
a repulsive interaction causing the blueshift.

TABLE 3 The energies of the parallel and perpendicular plasmon peaks for the planar
arrangements in units of eV.

single dimer trimer tetramer hexamer
parallel 2.72 2.52 2.48 2.56 2.51
perpendicular 2.72 2.81 2.86 2.88 2.90

The energies of the parallel and perpendicular plasmon peaks for each system
are recorded in table 3. For the single cluster, the energy listed for both directions
is the LSPR energy. The energy of the parallel plasmon peak diminishes from
the dimer to the trimer, but grows again for the tetramer. The hexamer has the
parallel peak located between the peaks of the dimer and tetramer, but closer to
the energy of the dimer. This is explained by the geometry of the systems and
the interactions of the plasmons of the individual clusters as shown in figure 18.
The trimer is linear, having the induced transition density of the central cluster
interacting with the induced density of the two other clusters. In the tetramer and
hexamer, there are always only two clusters in a single line in the x direction. For
the tetramer, there is additionally a repulsive interaction between the plasmons
of the clusters in a line in the y direction. This repulsion opposes the redshifting
effect, causing the higher plasmon energy of the tetramer compared to the hex-
amer. These results agree with experiments of chains of plasmonic nanoparticles
[94, 95] and nanoparticle dimers [96].

For the perpendicular direction, the blueshift is the bigger the more clusters the
arrangement has. In this case, all the interactions between neighbouring clusters
are repulsive as can be seen in figure 19. As the number of clusters grows so
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FIGURE 19 Cross-sections of the induced density for the perpendicular plasmon peaks
for the planar cluster arrangements along the plane of the arrangement
(bottom row) and parallel to this plane, cutting across the arrangement (top
row). For the tetramer in d), this plane cuts in the middle two of the clus-
ters, for the other systems it is at the middle. Reprinted with permission
from Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis of Localized
Surface Plasmon Resonance in Spherical Jellium Clusters and Their Assem-
blies. The Journal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017.
Copyright 2017 American Chemical Society.

does the number of interactions between neighbouring clusters, increasing the
blueshift.

All the systems with 2-6 clusters have additionally two smaller absorption peaks
at lower energies in the parallel spectra, approximately between 1 and 2 eV. The
first one, around 1.3 - 1.5 eV, shows only 1P→1D transitions in the TCM analysis.
The second at 1.8 - 1.9 eV has the strongest contribution from the 1P→2S transi-
tions with some 1P→1D contributions. Neither the DTCM nor the CTR analysis
has been performed for the larger assemblies. However, the CTR analysis for the
dimer, as detailed in section 3.2.1, shows that for this system the first peak is a
CTP peak and the second peak also has a relatively high CTR value. Based on the
similar TCM profiles and positions in the spectra it seem likely that the peaks for
the trimer, tetramer and hexamer have similar characters.

The TCMs for the plasmon peaks for light polarized in the perpendicular direc-
tion can be seen in figure 20 and for the parallel in figure 21. For the perpendic-
ular peaks, some of the main contributions are the same as for the LSPR of the
single dimer: strong contributions from 1P→1D transitions and weaker contri-
butions from 1P→2S transitions. For the arrangements the orbitals are split, so
the spread of the energies ∆εeh from these transitions is bigger. For the single
cluster there were also some weaker contributions from 1P to 2S, 2D, and other
higher-energy orbitals, and from 1S to 2P. For the planar systems that do not have
a spherical symmetry as a whole, there are also some considerable contributions
from 1P to orbitals having P and F symmetry above the 2S orbitals. These contri-
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butions have more weight for the tetramer and hexamer than for the dimer and
trimer. The tetramer and hexamer also experience more splitting of the orbitals.

FIGURE 20 TCMs for the perpendicular plasmon peaks for the planar assemblies. The
PDOS shows the sum of symmetry analyses performed separately for each
cluster. The HOMO energy has been set to zero. Reprinted with permission
from Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis of Localized
Surface Plasmon Resonance in Spherical Jellium Clusters and Their Assem-
blies. The Journal of Physical Chemistry C, 121 (48), pp. 27036–27052, 2017.
Copyright 2017 American Chemical Society.

For the parallel peaks, the contributions from the 1P→1D transitions are still
strong, but also 1P→2S and 1S→1D are prominent. The transitions from 1P to
higher energies play less role than for the perpendicular peaks. For these cluster
arrangements, the P-type orbitals and D-type orbitals are now different bond-
ing and antibonding states of the orbitals of the 8-electron cluster and oriented
either parallel or perpendicular to the cluster plane. Thus, the combinations of
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these orbitals involved in the transitions are different for the parallel than for the
perpendicular peaks.

FIGURE 21 TCMs for the parallel plasmon peaks (light polarized in the x direction)
for the planar assemblies. The details are as in figure 20. Reprinted with
permission from Elli Selenius, Sami Malola, Hannu Häkkinen. Analysis
of Localized Surface Plasmon Resonance in Spherical Jellium Clusters and
Their Assemblies. The Journal of Physical Chemistry C, 121 (48), pp. 27036–
27052, 2017. Copyright 2017 American Chemical Society.

3.4 Three-dimensional cluster arrangements

Recently, there has been growing interest in three-dimensional nanoparticle ar-
rangements. Plasmonic nanoparticle assemblies have applications for example
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in SERS [97, 98, 99, 100] and light-assisted drug release, [101, 102, 103] which
is based on the conversion of light to thermal energy by metal NPs. Instead
of larger nanoparticles, atomically precise clusters can also be used as building
blocks for these arrangements [104, 29]. Both geometric shapes such as tetra-
hedra [97, 105, 106, 107, 108] and icosahedra [106, 109], and hollow capsid-like
assemblies [29, 99] have been fabricated.

To investigate plasmons in geometric and hollow arrangements, we built shell-
like jellium cluster assemblies in the shape of a regular tetrahedron with four
clusters, icosahedron and cuboctahedron with twelve clusters, and dodecahedron
with twenty clusters. The clusters were positioned in the vertices of these shapes,
leaving an empty space inside. The cluster arrangements can be seen in figure 22.
The building block is the 8-electron cluster, and the for the tetrahedron, icosahe-
dron, and cuboctahedron two systems were constructed; one with a separation of
S = 0.5r and one with S = 0.25r. For the largest arrangement, the dodecahedron,
only the shorter separation was used. We will use the following abbreviations for
the systems: Th1 and Th2 for the tetrahedra, Ih1 and Ih2 for the icosahedra, Ch1
and Ch2 for the cuboctahedra, and Dh for the dodecahedron. Number 1 refers to
the larger and 2 to the smaller separation.

FIGURE 22 The studied cluster arrangements, numbered for further reference. a) tetra-
hedron, b) icosahedron, c) cuboctahedron, d) dodecahedron. The x axis,
which is the direction chosen for the analysis of the absorption peaks, is
indicated.

The absorption spectra for the average of light polarized in the x, y, and z direc-
tions, and the CTR values for all the studied systems can be seen in figure 23.
Since the systems are all highly symmetric, the spectra are almost identical in
all the directions. The spectra have been normalized by dividing the absorption
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FIGURE 23 The absorption spectra per cluster and CTR values for the studied systems.
The spectrum of a single 8-electron cluster is included for reference.

strengths by the number of the clusters in each arrangement.

The TD-DFPT calculations required for the CTR analysis are performed for a laser
field polarized in the x direction. The CTR values are calculated using equation
28, and the clusters on the left included in the summation in the numerator are
1 and 2 for the tetrahedron, 1–4 for the icosahedron and for the cuboctahedron,
and 1–8 for the dodecahedron. The numbering follows the notation in figure 22.

In comparison to the single cluster, Ih1 and Ch1 with the longer separation still
preserve the main plasmon peak, which experiences a broadening and a redshift
as illustrated in figures 23 d) and f). However, both arrangements already sup-
port low-energy excitations with charge transfer character as shown by the CTR
values. When the separation is decreased, the main peak is further fragmented
and more oscillator strength is transferred to the low-energy excitations with a
high charge transfer nature, as seen in figures 23 c) and e). The same trend was
also seen for the dimers, as was discussed in chapter 3.2.1. For both separations,
the icosahedral and cuboctahedral arrangements have very similar spectra.
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FIGURE 24 The DTCMs and induced densities for selected excitations for Ih1 (top row)
and Ih2 (bottom row). The PDOS shows the sum of symmetry analyses
performed separately for each cluster. The Fermi level has been set to zero.

For the tetrahedron, the average distance between clusters is smaller than for the
larger assemblies with the same separation. Thus, the spectra for Th1 seen in
figure 23 b) and Th2 in 23 a) are quite similar, and the spectrum of Th1 already
has a very broad main plasmon peak and peaks with high CTR values below 2
eV. The spectrum for Dh has the same main features as the other spectra with the
separation of S = 0.25r.

In all the systems, the CTR index reaches its highest values at energies approxi-
mately below 2 eV and the lowest values close to the main peak or its shoulder
near 3 eV. This indicates that the excitation causing the main peak has the charge
density oscillating individually around each cluster. For the systems with the
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1.79 eV 1.90 eV 1.57 eV

(a) (b) (c)

FIGURE 25 DTCMs and induced densities for the absorption peak with the highest CTR
value for a) Th2 b) Ch2, and c) Dh. The details are as in figure 24.

larger separation, the CTR values diminish faster with the increasing energy than
for the systems with the narrower gaps.

The DTCMs and induced densities for selected absorption peaks for Ih1 and Ih2
are shown in figure 24. The analysis is performed for light polarized in the x
direction. The trends of this geometry are representative also of the other systems.
All the peaks analyzed in a), b), d), and e) have a high CTR value, and the peaks in
c) and f) correspond to the largest peak with a low CTR value close to the original
LSPR energy.

For the larger peaks, the contributions shown in the DTCMs are predominantly
positive and involve mostly 1P→1D and 1P→2S transitions. Examination of the
induced density confirms the nature of these peaks as bonding combinations of
the LSPR peaks of the individual clusters: the electron density oscillations mostly
happen separately inside each cluster, and with a similar distribution to the lo-
calized surface plasmon of the single cluster.

In contrast, the induced densities for the lower-energy peaks are not symmetric
inside one cluster but involve electrons oscillating between clusters, as confirmed
by the high CTR values. The contributing transitions are mostly 1P→1D, but un-
like for the bonding plasmon peaks there are also strong negative contributions to
the transition dipole moment similarly as for the CTP peaks in the dimer systems.
In fact, the percentage of the negative contributions of the total dipole strength is
largest for the lowest-energy excitations and diminishes up to about 2.5 eV. All
these observations indicate that these low-energy features are CTP peaks. It is of
notice that all the negative contributions have the transition energy ∆εeh match-
ing to the energy of the whole excitation, whereas there are positive contributions
with various transition energies.
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Comparing the corresponding peaks between Ih1 and Ih2, we can see that the
contributing transitions and the shape of the induced density distribution are
similar. Since the orbitals are more split for Ih2 with the smaller separation than
for Ih1, there are transitions for a wider range of electron and hole energies εe and
εh for Ih2.

Figure 25 shows the DTCMs and induced densities for the absorption peaks with
the highest CTR values for systems Dh2, Ch2, and Dh. The DTCMs are similar
to the highest-CTR peak for Ih2 seen in figure 24 with both strong positive and
negative contributions, the negative located on the ∆εeh = E line. The cuboctahe-
dron, being the least symmetric of the systems, has the most split orbitals leading
to the largest spread of the contributing transitions. The induced densities and
CTR values show that also for these peaks the electron density oscillates between
the clusters. Thus, these excitations can also be classified as CTPs.

In conclusion, with the chosen cluster size and separations all the studied geome-
tries had quite similar spectra and excitations. However, the exact shapes and
positions of the peaks were different, making it possible to distinguish the differ-
ent geometries. There seems to be a region in the inter-cluster separation where
changing the separation even by one Ångström has a drastic effect on the spectra,
as seen for the icosahedra and cuboctahedra. For all the studied systems, the ex-
citations below approximately 2 eV have CTP characteristics, whereas the largest
peaks around 2.6 - 2.8 eV are bonding combinations of the LSPR peaks.



4 CONCLUSIONS AND OUTLOOK

In this thesis, I have presented my studies of the optical properties of metal clus-
ters and cluster assemblies using the uniform jellium model and the density-
funcional theory code GPAW. I started with the birth of the LSPR in separate
clusters, moved to plasmon coupling and CTPs in dimers, continued with par-
allel and perpendicular plasmon modes in planar cluster assemblies, and fin-
ished with three-dimensional cluster assemblies with bonding plasmon modes
and CTPs.

Studying the separate clusters, all the cluster sizes were found to have one or two
large absorption peaks. The TCM analysis showed that these peaks were caused
by collective excitations, and radial analysis of the induced density revealed that
most of the electron density oscillations were concentrated near the surface of the
clusters. These features indicate that the main peak in all the studied clusters is
a LSPR peak, which for some cluster sizes is fragmented. Thus, for these jellium
clusters, even eight valence electrons is enough to support a LSPR peak.

The detailed knowledge of the plasmons in separate clusters facilitated the study
of cluster assemblies. The simplest of these, the dimers, already contain the two
main phenomena of arrangements of several clusters: bonding of the localized
surface plasmons and CTPs. We developed a new tool, the CTR index, to distin-
guish the CTP peaks in the optical spectra. The excitations at low energies in the
spectra, appearing for linked dimers and small separations, were found to have
the largest CTR values, while the strongest absorption peaks close to the LSPR
energy had the lowest values.

The effect of the parallel or perpedicular polarization of light with respect to the
plane of the clusters was also studied for the dimers and for other planar as-
semblies with 3–6 clusters. The main peaks were found to be combinations of
the individual LSPR peaks with the electron density oscillating in-phase. These
peaks were observed to exhibit a blueshift for the perpendicular and a redshift for
the parallel direction compared to the single cluster. The redshift depended not
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only on the number of clusters in the assembly, but also the geometry through to
attractive and repulsive interactions between the plasmons of different clusters.

For the three-dimensional geometric cluster assemblies, the main features in the
spectra were CTPs and peaks caused by combinations of the individual localized
surface plasmons aligned in the direction of the electric field. We used the same
idea of the CTR index as for the dimers, but due to the more complex geometry,
developed a new formula to calculate the values. Besides the CTR values, one
difference between the surface-plasmon like main peaks and the CTPs was that
the DTCMs at the CTP energies had also strong negative contributions to the
dipole moment, unlike the DTCMs for the main peaks.

These results have given new insight into the emergence and nature of the local-
ized surface plasmon resonance in small clusters, and the plasmon coupling and
CTPs in cluster arrangements. Plasmonic cluster crystals and arrangements used
in experiments and applications often have complex electron density responses
due to the atomic structure and interplay between the metal core and the ligand
layer. The detailed knowledge of the charge density oscillations and e-h transi-
tion contributions in the more simple jellium assemblies can help in understand-
ing the nature of optical excitations of these real cluster systems.

Our calculations and results show that the jellium model as it is implemented in
GPAW combined with lr-TDDFT provides an efficient way to study the nature of
plasmonic excitations in metal clusters and their assemblies. The real-space grid
mode of GPAW enables the building and computation of all cluster geometries,
no matter how complex, equally easily and with the same computational cost.
The jellium model, in turn makes the calculations computationally cheaper than
fully atomistic DFT calculations.

The combination of the (D)TCM analysis, visualization of the induced density,
and calculation of the CTR index for cluster assemblies provides a cost-effective
way to asses the plasmon nature of excitations of the optical spectra. The TD-
DFPT calculation needed for TCMs and the induced densities uses the matrix el-
ements already computed in the lr-TDDFT calculation for the optical spectra, and
the CTR indices can be computed entirely post-processing using the output of the
induced density calculations. The TCM gives information about the collectivity
of the excitations, and DTCM also about the additivity of the e-h contributions
to the dipole moment. In these schemes, all the transition contributions and their
relative strengths can be seen at a glance, without the need to analyze each transi-
tion individually. Visualization of the induced density can give an idea about the
distribution and strength of the electron density oscillations, and the CTR values
indicate which excitations involve charge transfer between clusters.

These methods could be used in further plasmon studies, building on the knowl-
edge already gathered for various systems. For example, the studied assemblies
of clusters included in this thesis were relatively small, consisting at most of 20
clusters. One option to increase the size of the three-dimensional arrangements is
to add geometric shells. The next step for the icosahedron, for example, would be
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two icosahedral shells totaling at 54 clusters. Multiple shells of clusters open up
new possibilities for the coupling of the optical excitations. Now all the studied
arrangements were hollow, but a cluster could be added to the middle, to further
increase the plasmon coupling.

Increasing the number of shells further and further has the logical conclusion of
forming a periodic assembly. This would represent a crystal of plasmonic clus-
ters, a metamaterial. The effect of different packings on the plasmonic response
could be investigated. Recently there have been successful endeavours to synthe-
size and crystallize cluster polymers [26, 27, 28]. A model system for these kind of
materials could be constructed by building a periodic jellium arrangement with
linking in one direction.

For the planar assemblies, two-dimensional periodic systems with different sym-
metries could also be constructed to mimic arrays of NPs used for example for
SERS [110, 111]. In GPAW, the lr-TDDFT approach is currently not implemented
for periodic systems, but real-time TDDFT can be used.

We kept the jellium density uniform for all the assemblies. Further variation can
be achieved by using different densities, for example to model core-shell clusters
consisting of two different metals. Metals such as silver and gold, where d elec-
tron screening affects the optical response, can be modeled by adding a region
with a polarizable dielectric medium inside the cluster [112, 113]. For mimick-
ing different kinds of ligands or other linkers, the linker density in the connected
dimers can also be adjusted.

To model different kinds of linkings between two or several clusters, the jellium
model can also be combined with an atomistic calculation. Larger clusters or
nanoparticles can be represented by jellium, and an atom or a chain of atoms can
be placed between, as has been previously done by Nordlander and coworkers
[114, 115]. The linker could also be an atomistic ligand molecule. This has the ef-
fect of making the conductive or tunneling properties of the linker more realistic,
but maintaining the computational simplicity of the jellium model for the larger
parts of the system.

In addition to applying them to new systems, the methods used in this thesis can
and should be further extended and improved. The experimental study of metal
clusters is still going strong after almost forty years since its birth, with new clus-
ters and cluster materials, synthesis and characterization methods, and applica-
tions reported every year. This means that new computational research is also
constantly needed, whether it is to confirm and verify experimental results, iden-
tify the best materials for a suggested application, or predict novel phenomena
that might start a new branch of cluster science. The emerging trends in compu-
tational sciences, such as GPU computing and machine learning, might offer a
challenge in adapting the old methods, but can also open doors to develop com-
pletely new tools. Thus, we computational scientists cannot content ourselves to
existing practices, but rather constantly seek to improve them.
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ABSTRACT: Because of multiple possible applications of physicochemical properties of
plasmonic metal nanoparticles and particle systems, there is high interest to understand
the mechanisms that underlie the birth of localized surface plasmon resonance (LSPR).
Here we studied the birth of the LSPR in spherical jellium clusters with the density of
sodium and with 8, 20, 34, 40, 58, 92, 138, and 186 electrons by using the linear response
time-dependent density functional theory (lr-TDDFT). The coupling of the individual
plasmon resonances in dimer, trimer, tetramer, and hexamer cluster assemblies consisting
of the eight-electron cluster was also studied. The Kohn−Sham electron−hole transitions
contributing to the absorption peaks were analyzed using time-dependent density functional perturbation theory (TD-DFPT)
and visualized using the transition contribution map (TCM) analysis. The plasmonicity of an absorption peak was analyzed by
examining the number of the electron−hole (e−h) transitions contributing to it, the relative strengths of these contributions, and
the radial distribution of the induced density. The main absorption peak in all the studied clusters was found to be a LSPR peak,
caused by a collective excitation and with most of the induced density concentrated near the surface of the sphere. Fragmentation
of the LSPR peak due to close-lying single e−h transition was observed and discussed for 20- and 40-electron clusters. The level
of theory and computational and analysis methods applied in this study facilitate detailed analysis of plasmonic properties, both in
energy and in real space. These methods enable the study of still significantly larger clusters and cluster assemblies, opening
doors to decipher the basic quantum physics behind the collective phenomena arising in plasmonically coupled metal nano-
particle systems.

1. INTRODUCTION
The localized surface plasmon resonance of metal clusters has
applications in many fields, such as photovoltaics,1 chemical and
biological sensing,2 and cancer cell imaging and photothermal
cancer therapy.3 Since the optical properties of metal clusters
depend on their size, shape, and dielectric environment,4 the
plasmon resonance can be tuned to the energies needed in
each application. Clusters and cluster systems used in different
applications include nanorods in cancer therapy,3 nanoshells in
surface-enhanced spectroscopies,5 and nanoparticle dimers as
molecular rulers.6 The starting point to the understanding of
these more complex systems is the understanding of localized
surface plasmon resonance in simpler systems, such as spherical
jellium clusters and their assemblies.
In large metal particles, the plasmon resonance can be

explained classically as oscillation of the electron cloud in the
external electric field. In nanoparticles smaller than approx-
imately 10 nm, however, a quantum mechanical model is needed
to accurately model the plasmonic phenomena.7,8 In small
clusters of only a few electrons, the single-particle effects play a
large role, and the indentification of localized surface plasmons
is not as straightforward as for larger particles.9,10 To address this,
several methods have been developed to determine whether
a certain feature in the absorption spectrum is caused by a
collective transition and especially whether it is an LSPR
peak.11−23

The radial distribution of the induced density has often been
used in studying the LSP nature of a transition, as in the jellium

studies of Ekardt11 using RPA and Beck12 using TDLDA.
Li et al.13 calculated a so-called volume density response prop-
ortion (VRP) to classify the absorption peaks of the atomistic
sodium clusters depending on the distribution of the induced
density. The VRP value is obtained by integrating the absolute
value of the linear density response function over the inside of the
cluster and dividing this by the same value integrated over the
inside and outside of the cluster. It measures the percentage of
the electronic response inside the cluster of the total response.
Casanova et al.14 proposed the transition inverse participation

ratio (TIPR), calculated from the transition occupation numbers
andmeasuring the collectivity of an electronic excitation, as a tool
to find plasmonic excitations. Another way to separate collective
excitations from excitations caused by individual, noncoupled
electron−hole (e−h) transitions is to study the effect of the
electron−electron interaction. Puska et al.15 calculated the
dynamic polarizability for small Li jellium spheres using RPA
with and without interaction between the electrons. Bernadotte
et al.16 developed a method for identifying collective excitations
with a dimensionless scaling parameter λ ranging from 0 to 1.
The scaling parameter depicts the strength of the electron−
electron interactions. When the excitations energies are calcu-
lated with increasing λ, the energies of the single-particle
excitations do not change significantly, whereas the energies of
the collective excitations depend strongly on λ. Piccini et al.17
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simplified this approach by calculating only the TDDFT
spectrum and so-called KS spectrum, where the excitation
energies are calculated from the energy differences between KS
states and the oscillation strengths from dipole transition
moments between the KS orbitals. The TDDFT calculation
corresponds to λ = 1 and the KS spectrum calculation to λ = 0.
TDDFT studies have shown that plasmonic excitations are

caused by constructive interference between the dipole moments
of single-particle excitations.10 Gieseking et al.18 utilized this
and used the composition of the transition dipole moment to
determine the plasmonicity of a transition.
Real-time TDDFT has also been used to study the plasmonic

character of excitations. Townsend and Bryant have identified
surface plasmons in spherical jellium clusters based on the
distribution of the induced electron density oscillations19 and the
oscillation in the occupation of the energy levels near the
Fermi level.20 Ma et al.21 used the time-dependent transition
coefficients and their Fourier transforms to separate plasmonic
and single-particle excitations.
Various plasmonicity indexes, attempting to summarize the

plasmon nature of an excitation in one number, have been
developed. Bursi et al. proposed the plasmonicity index (PI),22

calculated as the integral of the squared modulus of the induced
potential and normalized by the integral of the squared modulus
of the transition density for the studied excitation. PI gives
larger values to excitations with high induced potential. Recently,
Zhang et al. proposed the generalized plasmonicity index
(GPI),23 based on the PI. GPI, unlike PI, is dimensionless
and therefore enables direct comparison between nanoparticles
of different sizes. GPI uses the Coulomb energy of the induced
charges of the studied excitation, normalized by the Coulomb
energy of the interaction of the induced charges with the
external electromagnetic field. This index effectively measures
the strength of the induced potential compared to the external
potential, taking large values for excitations with large polar-
izations. Zhang et al. introduced also another quantity, Δ,
which correlates with the shape of the peak in the GPI spectra at
the studied energy and which is close to unity for plasmonic
excitations.
In this work, we will qualitatively asses the electronic

excitations and their LSPR character in small metal clusters
based on the collectivity of the excitation and the distribution of
the induced density. We will also look at the interactions of the
individual plasmons in assemblies made of plasmonic clusters.
The analyzed systems are small spherical clusters with 8, 20, 34,
40, 58, 92, 138, and 186 electrons and a dimer, a linear trimer, a
square-shaped tetramer, and hexamer in the shape of a regular
hexagon consisting of the eight-electron cluster. The self-
consistent jellium model for metal clusters24 was used for
the clusters. The clusters have the density of sodium, thus corre-
sponding to sodium clusters with 8−186 atoms. The studied
cluster sizes are ones with a spherical shell closing and therefore a
large HOMO−LUMO gap. Sodium was chosen because as a
group I element it has strongly delocalized electrons in the s
orbital and is therefore well suited for the jellium approximation.
Sodium has also been widely studied both theoretically using the
jellium model,12,25−28 and experimentally,29,30 so comparisons
with other studies can be made.
The density functional theory (DFT) with the local density

approximation (LDA) was used in the ground state calcu-
lations and linear response time-dependent DFT (lr-TDDFT) in
the calculation of optical spectra. The Kohn−Sham (KS) e−h
transitions contributing to the peaks in the spectra were analyzed

using time-dependent density functional perturbation theory
(TD-DFPT) and visualized using the transition contribution
map (TCM) scheme, which has been previously used to study
the birth of the localized surface plasmon resonance in ligand-
protected gold clusters.31 The collectivity or “plasmonicity” of
the peaks was studied by examining the number of contributing
e−h transitions and the relative strengths of these contributions,
and the surface nature of the oscillation was analyzed using the
distribution of the induced density. The contributions of the
individual e−h transitions making up the plasmon peak have
been studied previously for jellium clusters20,27 and for atomistic
clusters.10,14,18 However, the TCM scheme, which allows us to
visualize all the participating transitions and their strengths
at once, is now used for these sodium clusters and cluster
assemblies for the first time. This enables us to study the birth of
the plasmon resonance in small metal clusters and the plasmonic
coupling in cluster assemblies in a new way. Our scheme is
computationally feasible for application to significantly larger
clusters and cluster systems as well.

2. THEORY AND METHODS
The uniform jellium model was used in the calculations. In this
model, only the valence electrons of the atoms are treated
explicitly, and the ion cores are represented by a uniform
background charge. The jellium model, while computationally
simple, is capable of reproducing the trends in many electron-
based phenomena, such as static polarizabilities and optical
absorption spectra.9 Even though nowadays ever larger systems
can be computed using atomistic models, the jellium model is
still used in the study of plasmonics, for example, in examining
the plasmon resonances in nanoparticle dimers32 or nanoshells.33

The jellium background of all the clusters was made spherical,
since all the clusters studied were so-called magic clusters with
closed electronic shells. Here the jellium density of the clusters, n,
was calculated from the bulk Wigner−Seitz radius for sodium,
rWS = 2.08 Å:

π= ≈− −n r(4/3 ) 0.0265 ÅWS
3 1 3

(1)

The electron density can and will spill out of the sphere of
background density, as can be seen in Figure 1, where the radial

distribution of the electron density for the 186-electron cluster is
shown. The electron density is also not uniform inside the
cluster, where the electron shell structure can be seen. The spill-
out of electrons is relatively larger for smaller clusters.
The calculations were performed with GPAW,34,35 a real-space

grid-based program which uses the projector augmented
wave (PAW)36 method. GPAW is a program package for ASE

Figure 1. Electron density for the cluster with 186 electrons plotted radially
as a function of the distance from the center of the sphere. The dashed lines
show the edges of the uniform positive background density.
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(Atomic Simulation Environment).37 DFT with LDA was used
for the ground-state calculations, with the correlation energy in
LDA after Perdew and Wang.38 In the calculations, the clusters
were in vacuum in 0 K. The calculation box was chosen for each
cluster size so that approximately 8 Å of vacuum was left between
the jellium edge of the cluster and the side of the calculation box.
The grid spacing was 0.3 Å for the Na8 cluster, which has a radius of
4.16 Å, and 0.4 Å for the cluster assemblies and the other clusters,
which have radii ranging from5.65Å (Na20) to 11.9 Å (Na186). This
grid spacing is sufficiently small for these jellium clusters because
there are no explicit ion cores, but a smooth background potential.
The convergence criteria for the energies was a change of less than
0.5 meV per electron during the last three iterations.
In the calculations of the dipole spectra, lr-TDDFT imple-

mented in GPAW39 was used, where the excitation energies are
solved from the Casida matrix equation in the Kohn−Sham (KS)
basis. The energy cutoff was 7 eV for the clusters with 8, 20, 34,
40, 58, and 92 electrons, 6 eV for the cluster with 138 electrons
and the assemblies, and 5.5 eV for the cluster with 186 electrons,
meaning that all orbitals up to 7, 6, or 5.5 eV from HOMO were
included in the lr-TDDFT calculation. All the occupied orbitals
were included in the calculation for all the systems, and for the
single clusters the number of orbitals in the calculations ranged
from 232 for the 8-electron cluster to 952 for the 186-electron
cluster. For all the clusters the HOMO level was at −2.7 to
−3.3 eV, so all the bound states were included. The absorption
spectra were obtained from the calculated dipole oscillator
strengths by broadening with a Gaussian. The influence of the
cutoff energy on the optical spectra was tested for several systems.
The energies of the largest peaks in the broadened absorption
spectra changed at most by 0.02 eV when going from 6 to 7 eV or
from 5 to 6 eV. The biggest energy change (for the 138-electron
cluster) was partly caused by changes in the oscillator strengths
of the excitations contributing to these peaks; the energies of
the largest excitations changed at most by 0.01 eV. Based on
these tests, the cutoff energies used here should be adequately
large for these systems to get the right peak energies up to a few
hundredths of an electronvolt and allow the accurate study of the
largest peaks, which have energies of 3 eV and below.
The contributions from single-particle KS transitions causing a

certain peak were analyzed using the TCM method31 based on
TD-DFPT.40 A cosinoidal laser field at the peak energy was used
in solving the first-order KS response wave function from the
TD-DFPT. From this wave function the absorption coefficients
for the individual transitions can then be extracted. In the TCM
scheme a contour plot of the squared absorption coefficients is
made, where the x-axis depicts the energy of the occupied KS
orbitals and the y-axis the energy of the unoccupied KS orbitals.
Thus, the relative strengths of all the individual e−h transitions
contributing to the collective transition can be seen at once.
The TCM analysis was combined with the YLM analysis where
the KS wave functions are projected onto spherical harmonics, so
that the angular types of the initial and final KS orbitals can also
be seen. In calculating the transition contributions for a certain
energy, a Gaussian broadening of 0.05 eV was used, so that
all e−h transitions in a small energy window were included.

3. RESULTS
3.1. Individual Clusters. The optical absorption spectra for

the individual clusters can be seen in Figures 2 and 3. On the right
are the dipole oscillation strengths, and on the left are the spectra
obtained from these by broadening with a Gaussian with a width
of 0.1 eV. The excitations that are analyzed further are labeled in

the dipole oscillations figures. The energies of the labeled
transitions, as well as the percentages of these transitions from
the total dipole strength, are listed below the figures. On the
broadened spectra, the energies of the largest peaks are indicated.
For each cluster there is a strong absorption peak distinctly

larger than the others at approximately 2.5−3.0 eV in the
broadened spectrum. These peaks can be identified as the LSPR
peak based on the energy and size of the peaks, the collectivity of
the excitation, and the radial distribution of the induced density,
as shall be discussed in detail in this section. For some cluster
sizes the LSPR peak is fragmented into two. The strongest excita-
tions contributing to the LSPR peaks are labeled with numbers
and the additional analyzed excitations with “a”.
Looking at the distribution of the oscillation strength, we can

see that the one or two strongest excitations contributing to the
LSPR peaks take up a significant amount of the total dipole
oscillator strength. The absolute strength of the plasmon peak
grows as the cluster gets bigger, as there are more electrons
available to participate in the collective excitation. However,
when the peak is fragmented, the oscillation strength is divided
between the resulting peaks, so the strength of the largest absorp-
tion peak does not grow uniformly with cluster size.
The optical spectra obtained here are generally similar to

earlier results for spherical Na jellium clusters studied by Beck12

using time-dependent LDA (TDLDA), Pacheco and Ekardt25

using self-interaction corrected (SIC) TDLDA, Yannouleas
and Broglia26 and Yannouleas et al.27 using the random phase
approximation (RPA) with LDA, and Guet and Johnson28 using
RPA with the Hartree−Fock approximation. The two-peaked
structure in the spectrum of Na20 was seen in all these studies.
Na40 has two larger peaks in the TDLDA studies but a more
complex structure with several strong peaks in the RPA studies.
Especially the absorption spectra calculated using SIC-TDLDA
of Pacheco and Ekardt25 for Na8, Na20, and Na40 are very similar
to the spectra obtained here using lr-TDDFT. However, the SIC
results are red-shifted about 0.2 eV compared to the energies
calculated here and the TDLDA results without SIC calculated in
the same reference.
Beck12 calculated the plasmon energies for all the cluster sizes

studied here. These energies were 2.75 eV for Na8, 2.69 and
2.99 eV for Na20, 2.88 eV for Na34, 2.61 and 2.72 eV for Na40,
2.86 eV for Na58, 3.18 eV forNa92, 3.05 and 3.10 eV forNa138, and
2.94 and 3.07 eV for Na186. The energies are quite close, albeit a
little higher, to the energies of the main peaks found here for
cluster sizes 8−58 and 186 and clearly higher for sizes 92 and 138.
The splitting in the energies for the clusters Na20 and Na40 are
larger in our calculations. The trends in the evolution of the energy
and in the number of plasmonic peaks are nevertheless similar.
The trend in the LSPR energy is illustrated in Figure 4, where

the energy of the LSPR peak obtained from the broadened
spectra is plotted as a function ofNe

−1/3 (Ne being the number of
electrons). For the 20- and 40-electron clusters, an average of the
energies of the two peaks was used. The blue line is a linear fit of
the data, with R2 = 0.74. Because the radius of the clusters is
linearly proportional to Ne

1/3, Figure 4 shows the relation of the
LSPR energy to the inverse of the radius. The classical Mie LSPR
energy for a bulk sodium sphere is

ε
= ℏ

E
ne
m3SP

2 2

0 e (2)

where n is the electron density of sodium, e is the elementary
charge, ε0 is the permittivity of free space, andme is the mass of an
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electron. Using the density from eq 1, the surface plasmon
resonance energy for bulk sodium in the shape of a sphere would
then be ELSP = 3.49 eV. We can see that the energy of the LSPR
peak gets bigger with increasing cluster size, but the energies for
the largest clusters calculated here are still about 0.5 eV from the
Mie energy. The bulk limit from the linear fit is 3.04 eV.
The reason for this red-shift of the LSPR energy with decreasing

cluster size is the spill-out of electrons, i.e., the spreading of
electron density outside the sphere of positive background
charge.9 Since in small clusters the spill-out is relatively larger
than in bigger clusters, the electron density is smaller in clusters
with fewer electrons. Because the Mie plasmon energy of eq 2
depends on the square root of the electron density, smaller density
causes the peak to shift to a lower energy. This red-shift can be seen
in atomistic calculations13 and experiments,29,41 so it is also a
property of the sodium clusters and not just the jellium model.
The transition contribution maps for the labeled excitations of

Figures 2 and 3 can be seen in Figures 5−7. The relative strengths

of the e−h transitions contributing to the excitation are shown as
a contourmap. The energies and angular momentum types of the
initial (occupied) and final (unoccupied) KS orbitals are shown
at the bottom and on the right, respectively. The naming of the
orbitals follows the superatomic convention used for spherical
clusters (S, P, D, F, ...).42,43 The broadening of 0.05 eV in the
analysis means that for most peaks also some smaller transitions
close in energy to the analyzed transition are contributing to
the TCM figures. The corresponding radial distributions of
the induced densities can be seen in Figures 8−10. Note that the
density shown is the sum of all the induced density at each
distance.
All the numbered LSPR excitations can be seen to be collec-

tive, with many contributing KS e−h transitions. Also, transitions
of very different energies contribute to the same absorption peak.
For example, in the case of the LSPR peak of the 58-electron
cluster, seen in Figure 6c, there is one band of transitions close to
the energy of the peak, and another band of transitions at much

Figure 2. Optical absorption spectra for the spherical jellium clusters with the density of sodium and with 8, 20, 34, and 40 electrons. The dipole
oscillator strengths obtained with lr-TDDFT are on the right. The figures on the left have been broadened with a Gaussian with a width of 0.1 eV.
Note that the y-axis scales are different in the different figures. The energies of the largest peaks (in eV) are indicated next to the peak in the broadened
spectra. The excitations that are further analyzed are labeled in the line spectra. The largest excitations contributing to the SPR peak are labeled with
numbers. Additional analyzed peaks are labeled with “a”. The energy of each labeled peak, as well as the oscillation strength of the peak as a percentage of
the total oscillation strength in the spectrum, is shown below the line spectra.
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lower energy, clearly showing coupling of the individual e−h
transitions. For all the LSPR peaks, the transition is not
dominated by only one strong contribution, but many e−h
transitions contribute with significant strength. As the cluster size
grows and more electrons are available to participate in the
excitation, the strongest dipole excitations get more collec-
tive. All the significant e−h transitions are dipole-allowed; i.e., the

angular momentum quantum number l of the orbitals changes
by ±1.
Most of the induced density for the numbered LSPR peaks is

concentrated on or near the surface of the jellium spheres.
However, there are shells of induced density also inside the
cluster, so all the charge density oscillation does not happen at
the surface. In general, the number of these induced density
shells grows as the cluster grows, reflecting the more complex
electron shell structures of the larger clusters.
These LSPR peaks can be compared to the small peak of the

eight-electron cluster at 1.98 eV, which is caused mainly by one
e−h transition, as seen in Figure 5a. The LSPR peak at 2.72 eV
for the same cluster has also one contribution that is somewhat
stronger than the others, as the TCM displayed in Figure 5b
shows. However, the 1P → 1D transition takes up only 55% of
the total transition strength for the LSPR peak, as the 1P → 2S
transition takes up 95% of the transition strength for the smaller
peak. The induced density for the smaller peak, seen in Figure 8a,
has a maximum on the surface, but there is also a similar shell
of induced density inside the cluster. The electron density
oscillations are therefore not concentrated on the surface as for
the LSPR peak of the same cluster, seen in Figure 8b. Thus, the

Figure 3.Optical absorption spectra for the spherical jellium clusters with the density of sodium and with 58, 92, 138, and 186 electrons. See caption of
Figure 2 for details.

Figure 4. Energy of the SPR peak from the broadened spectrum as a
function of Ne

−1/3 (red dots). Here Ne is the number of electrons in the
cluster. For clusters Na20 and Na40, an average of the energies of the two
largest peaks is used. The blue line is a linear fit of the peak energies. The
dashed horizontal line indicates the energy of the bulk surface plasmon
peak for a spherical cluster.
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LSPR peak distinctly differs in character from this peak caused
mainly by one e−h transition.
In the broadened spectra, the LSPR peak is fragmented for the

clusters with 20 and 40 electrons. This fragmentation has been

observed also in experiments for small sodium clusters.29

The fragmentation was explained in a RPA-LDA jellium
study of Yannouleas and Broglia26 by strong coupling of the
plasmonic transition to one or more single e−h transitions

Figure 5. TCMs corresponding to the labeled excitations in the optical absorption spectra for the clusters with 8, 20, and 34 electrons. The numbers in
parentheses in the captions refer to the labels given to the transitions in Figures 2 and 3. The projected density of states (PDOS) for the occupied KS orbitals is
displayed in the bottom left subplot and for the unoccupied orbitals in the rightmost subplot in each figure. TheHOMO level is set to zero in the PDOS plots.
A Gaussian broadening of 0.03 eV has been used for the orbitals. The relative strengths of the e−h transitions from the occupied orbitals to the unoccupied
orbitals are drawn as a contour plot; the stronger the contribution from a transition, the darker the dot. A two-dimensional Gaussian broadening of 0.025 eV has
been used for the transitions. The absorption spectra can be seen in the bottom right subplot in each figure. The arrows show the energy of the analyzed peaks.
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close in energy. For the cluster with 20 electrons, this is the
2S → 3P transition, and for the cluster with 40 electrons,
the transitions are 2P → 3D and 2P → 4S. In this study, the
energies for these transitions are 2.83 eV for the 2S → 3P
transition for Na20 and 2.68−2.72 eV for the transitions
2P → 3D and 2P → 4S for Na40. These transitions thus lie
between the two fragments of the LSPR peaks in energy for

both clusters. They also contribute strongly to the two plas-
mon peaks, especially to the lower energy fragments.
The figures displaying the dipole oscillator strengths show that

the LSPR peak is caused by several excitation also for the clusters
with 58, 92, 138, and 186 electrons. Because there are now more
e−h transitions close in energy to the plasmonic excitation, there
are also more fragments. However, most of the fragments are

Figure 6. TCMs corresponding to the labeled excitations in the optical absorption spectra for the clusters with 40, 58, and 92 electrons. See the caption
of Figure 5 for details.
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much smaller than the strongest excitation, and the fragments
are closer to each other in energy than for Na20 and Na40.
This fragmentation is therefore seen in the broadened spectra
only as a broadening of the peak. In a RPA-TDDFT jellium study
of sodium clusters Yannoleas et al.27 discovered this trend in the
fragmentation as the cluster size grows. They explained it by
weaker coupling between the plasmon and the e−h transitions in
the larger clusters. In this study, the transitions close in energy
to the plasmon peak and contributing strongly to it in the
larger clusters are 2D → 3F (2.76 eV), 1F → 2G (2.77 eV) and
2D→ 4P (2.82 eV) for Na92; 1G→ 3F (approximately 2.95 eV)
and 1I→ 2K (2.98 eV) for Na138; and 1K→ 3I (3.05−3.06 eV)
for Na186.
Comparing the TCM figures for the two largest fragments of

the same peaks for clusters Na20, Na40, Na92, Na138, and Na186
(Figures 5c and 5d; 6a and 6b; 6e and 6f; 7a and 7b; and 7c
and 7d), one of the fragments can always be seen to have less e−h
transitions, with strong contributions from one or two transitions
having an energy close to the peak energy. This less collective
excitation is also weaker than the other fragment, except for the
20-electron cluster. The corresponding induced densities can be
seen in Figures 8c and 8d; 9a and 9b; 9e and 9f; 10a and 10b; and
10c and 10d. The induced densities for the more collective peaks
are concentrated more sharply on the surface of the cluster than

the less collective peaks. Thus, one of the fragments is more
LSPR like, and the other has more characteristics of an excitation
caused by a single e−h transition, supporting the notion of
coupling between the plasmon and single e−h transitions.
Some of the larger excitations after the main peak or peaks,

forming a shoulder or a bump, were also analyzed for cluster sizes
34, 40, 58, and 92. The electronic contributions and induced
density for one of these, for the 58-electron cluster at 3.04 eV, can
be seen in Figures 6d and 9d. These excitations are collective with
many of the contributing transitions same as in the main peaks,
but generally with less individual e−h contributions. For these
excitations, the radial distribution of induced density has a
maximum near the surface, but the induced density is not
as clearly concentrated on the surface as for the main peak.
These features indicate that these excitations are smaller fractions
of the localized surface plasmon.
The high-energy tails in the absorption spectra between

approximately 4 and 5 eV have been interpreted as the highly
fragmented and red-shifted compressional volume plasmon
in previous jellium studies.9,11 This feature has also been
experimentally measured with the clusters Na20 and Na92.

30

At the jellium density used here, the volume plasmon has a bulk
energy of EV = √3ELSP ≈ 6.05 eV. For the 34-electron cluster,
one of the excitations in the area of the possible volume plasmon,

Figure 7.TCMs corresponding to the labeled excitations in the optical absorption spectra for the clusters with 138 and 186 electrons. See the caption of
Figure 5 for details.
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at 4.39 eV, was analyzed. This is also a collective excitation, as can
be seen from Figure 5f. The initial KS orbitals are mostly the
same as for the LSPR peak in Figure 5e, namely 1D, 2S, and 1F
(HOMO), but the final orbitals are much higher in energy. As the
HOMO energy of the 34-electron cluster is −3.0 eV, most of
the transitions are to unbound electron states. The induced
density for this high-energy excitation is displayed in Figure 8f.
The density is not concentrated in the core: there are electron
density oscillations just outside and inside the jellium surface.
However, the induced density is not peaked on the surface either,
and the radial-induced density profile differs clearly from the one
for the LSPR peak, seen in Figure 8e.
As mentioned by Brack,9 the variations of electron density in

small jellium clusters caused by electronic shell structure blur
the line between surface plasmons and other kinds of collective
excitations, since there are oscillations of induced density also
inside the cluster for all excitations. The coupling of the localized
surface plasmon to nearby e−h transitions also causes induced
density oscillations inside the cluster. Thus, identifying an absorp-
tion peak as a localized surface plasmon peak is not as
straightforward as for larger clusters of hundreds or thousands
of electrons. However, for all the clusters we have studied here,
with 8−186 electrons, the largest peaks have the characteristics
of a LSPR peak: the peaks take up a large portion of the total
oscillation strength, they are caused by one or more collective
excitations, and the induced density for the excitations is

concentrated on the surface. Also, the energy of the peaks is close
to the bulk LSPR energy and shifts closer to it as the cluster
size grows. The transition contribution profile and the induced
density distribution of the LSPR peaks are also distinctly different
from those of volume plasmon like excitations at higher energy
and excitations caused mainly by one e−h transition. Thus, it
seems reasonable to call the largest absorption peaks LSPR peaks
for all these cluster sizes.

3.2. Cluster Assemblies.The studied assemblies with 2, 3, 4,
and 6 Na8 clusters, as well as the single Na8 cluster, can be seen in
Figure 11. The distance between the jellium edges is half of the
radius of one cluster, 2.08 Å, in each system. For the dimer and
trimer, the clusters are in a row along the x-axis. The tetramer is
in the shape of a square, and the hexamer in the shape of a regular
hexagon, both lying in the xy-plane. The red, green, and blue
arrows indicate the x-, y-, and z-directions, respectively.
The optical absorption of these assemblies was studied in x-, y-,

and z-directions. Here the direction refers to the direction of the
polarization of the light, i.e., the direction of the dipole moment
of the electric field. For each assembly, a TCM analysis was made
of the largest peak in two of these directions: for light polarized
parallel and perpendicular to the dimer/trimer axis or the plane
of the tetramer/hexamer. In the coordinate system fixed by the
arrows in Figure 11, these directions are x for parallel polariza-
tion and y (for the dimer and trimer) and z (for the tetramer and
hexamer) for perpendicular polarization. The spectra for all the

Figure 8. Radial induced densities corresponding to the TCM images in Figure 5 as a function of the distance from the center of the cluster. The radial
distance has been normalized by the radius of the positive jellium sphere for each cluster. The dashed lines mark the jellium edges. The density shown is
the sum of all induced density at this distance.
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assemblies are displayed in Figure 12. The labels in the figures
indicate the number of clusters in the assembly (“1”meaning the
single cluster).

For all the assemblies, the plasmon peak is split. Because of
symmetries in the assemblies, the y-direction is identical to
z-direction for the dimer and trimer and identical to the x-direction

Figure 9. Induced densities corresponding to the TCM images in Figure 6. See the caption of Figure 8 for details.

Figure 10. Induced densities for the largest peaks in the optical absorption spectra, corresponding to the TCM images in Figure 7. See the caption of
Figure 8 for details.
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for the tetramer. For the hexamer, x- and y-directions are similar
but not identical. The energies of the LSPR peaks for parallel and
perpendicular polarization are listed in Table 1. For short chains

of nanoparticles with diameters from tens to hundreds of nano-
meters, it is known that as the number of particles in the chain
grows, the LSPR peak experiences a red-shift for light polarized
parallel to the chain axis and a weaker blue-shift for light
polarized perpendicular to the chain axis.45,46 The same trends
have been seen in real-time TDDFT studies for chains consisting
of silver47 and sodium48 atoms. Also here the LSPR peak for
perpendicular polarization can be seen to shift to higher energy as
the number of clusters gets bigger. For parallel polarization, the
peak shifts to smaller energies from the single cluster to the dimer
to the trimer as the number of clusters in a row along the axis
grows. For both polarizations, the intensity of the peak grows as
there are more clusters participating in the plasmon resonance.
The cross sections of the induced densities corresponding to

the LSPR peaks for parallel polarization (x-direction) can be seen
in Figure 13. (For the dimer, the energy of the analysis is the exact

energy of the strongest dipole oscillation and thus differs by
0.1 eV from the energy of the LSPR peak in the broadened
spectra.) Shown are the isosurfaces of the positive and negative
densities at the same absolute density value in the xy-plane. The
induced density for the single sphere is also shown for com-
parison. The induced densities show coupling of the plasmons in
the clusters: even though the two concentric shells of induced
density for the single cluster can still be seen for each cluster,
these shells are not identical to each other but distorted by the
interaction with the neighboring clusters. The sum of the overall
electron density at one moment is therefore negative on one side
of the assembly and positive on the other, making individual
clusters charged during the oscillation. All the plasmons of the
individual clusters are oscillating in phase, i.e., the plasmons are
aligned. The attractive interactions between the plasmons of the
individual clusters aligned in the x-direction lower the energy of
this peak when the number of clusters in a row in the x-direction
grows. Thus, the lowest peak energy is for the trimer, and the
dimer and hexamer have almost the same peak energy. However,
since the plasmonic interactions are short-range, and clusters
affect mostly only their nearest neighbors, this red-shift is much
larger from the single sphere to the dimer than from the dimer to
the trimer.
For the tetramer, the repulsive interactions between the

clusters aligned in the y-direction, i.e., perpendicular to the direc-
tion of the polarization, make the LSPR energy slightly larger

Figure 11. Positive jellium backgrounds of a single Na8 cluster and the dimer, trimer, tetramer, and hexamer consisting of Na8 clusters. The separation
between the jellium edges is 0.5× r = 2.08 Å for each assembly. All the assemblies lie in the xy-plane. The x-, y-, and z-directions are indicated by the red,
green, and blue arrows, respectively. The images are made with VMD.44

Figure 12. Spectra for the dimer, trimer, tetramer, and hexamer seen in Figure 11. The spectra of a single cluster are also included for comparison.
For clarity, the zero level of the absorption has been raised by 60 units for each assembly with respect to the previous assembly.

Table 1. Energies of the LSPR Peaks for Parallel and Per-
pendicular Polarization for the Assemblies (in Units of eV)

single dimer trimer tetramer heptamer

parallel 2.72 2.52 2.48 2.56 2.51
perpendicular 2.72 2.81 2.86 2.88 2.90
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than for the dimer. More generally, it has been found that for
short nanoparticle chains the LSPR peak for a double chain, i.e.,
a chain of dimers, is blue-shifted with respect to the LSPR of a
single chain.49

The cross sections of the induced densities corresponding to
the plasmon peak for perpendicular polarization can be seen in
Figure 14. Two cross sections, seen from different directions
and cut along different planes, are shown. For the images in the
top row, the direction of the polarization is vertical, and the cross
section is in a plane perpendicular to the plane of the assembly.
In the bottom row, the images are oriented so that the direction
of the polarization is perpendicular to the image plane, and
the plane of the cross section is the plane of the assembly.
The direction of the polarization is shown in the figures.
The plane of the cross section is located in the middle of the assem-
blies in all figures, except in the top row figure for the tetramer,
where it is located in the middle of two of the four spheres. As can
be seen, the individual plasmons of the single spheres oscillate in
phase and hybridize together. When the number of particles in
the assembly grows, there is more repulsion between the indi-
vidual plasmon oscillations, making the LSPR peak shift to higher
energy.
The main features of the induced densities can be explained

by the plasmon hybridization (PH) model.50,51 In the parallel

direction, the plasmons are bonding, and in the perpendicular
direction, antibonding combinations of the individual plasmons.
The PH model has been used to investigate the LSPR in
dimers,50 linear trimers,52 and square-shaped53 and hexagonal54

cluster assemblies geometrically similar to those here. The dipolar
LSPR causing the largest absorption peak can in all these cases be
described mainly as a linear combination of the dipolar plasmons
of the individual clusters, even though especially for closer
separations, there are also some contributions from higher angular
momenta. For the dimer, trimer, and tetramer, the plasmons for
parallel and perpendicular polarizations can be constructed simply
by making all the plasmons of the individual clusters aligned in the
direction of the polarization. For the hexamer, the situation is the
same in the perpendicular direction, and in the parallel direction
the plasmon of the assembly is a slightly more complicated linear
combination constructed from the symmetry-aligned dipolar
plasmonmodes of the individual clusters. Thus, the largest peak in
the parallel direction is caused by the bonding dipolar plasmon for
all the assemblies. In the PH model, the valence electrons are
modeled as an incompressible fluid on the surface of the positive
background charge representing the ion cores. In our jellium
model, the valence electrons are not constrained on the surface,
which allows us to see the possible charge oscillations inside the
clusters and the spill-out of electrons out the clusters.

Figure 13. A cross section of the induced densities corresponding to the LSPR peak for parallel polarization (x-direction) for a single Na8 cluster and the
dimer, trimer, tetramer, and hexamer. An isosurface of the positive and negative parts of the induced density at the same absolute value in the xy-plane is
shown for each assembly. The isosurface value is the same for all the figures. The length scale for each assembly is the same as the scale for the same
assembly in Figure 11. The direction of the polarization is indicated in the figures. The images are made with VMD.

Figure 14.Cross sections of the induced densities corresponding to the LSPR peak for perpendicular polarization (x for the single sphere, y for the dimer
and trimer, z for the tetramer and hexamer) in two different directions. In the top row, the images are oriented so that the direction of the polarization is
vertical. In the bottom row, the direction of the polarization is perpendicular to the image plane. The cross-section plane goes through the center of the
assemblies except for the tetramer in the top row, where it goes through the center of two of the four spheres. See the caption of Figure 13 for
further details.
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The optical spectra of jellium nanoparticle dimers have also
been calculated with TDDFT55 for particles with 1074 electrons
and with TDLDA32 for particles with 302 and 1018 electrons for
various interparticle separations. In these studies, the dominating
peak in the absorption spectrum is also found to be the bonding
dipolar plasmon, except for small separations of almost touching
spheres, where the charge transfer plasmon becomes dominant.
This seems to be the case also here: even though there is some
charge transfer between the clusters, the plasmons can be described
as combinations of the plasmons of the individual spheres.
In Figure 15 are displayed the TCMs for the LSPR peaks for

parallel polarization (in the x-direction). They can be compared
to the TCM of a single cluster in Figure 5b. The PDOSs for the
cluster systems show that the spherical symmetries of the
superatomic orbitals of the clusters have been somewhat split,
and all the 1P and 1D states, for example, are no longer degen-
erate. This lifting of degeneracy enables transitions that are not
dipole-allowed and were thus not present in the TCM of a single
sphere, such as 1S → 1D and 1P → 2P/1F. The strongest
transition for the single sphere, 1P→ 1D, is still the dominating
transition for the dimer, hexamer, and tetramer and has the

second strongest contribution for the trimer. For the trimer, the
strongest contribution comes from the 1P→ 2S transition, which
is also relatively stronger for the other assemblies than for the
single sphere. This transition at about 2 eV, along with the strong
contribution from the 1S → 1D transition at about 2.5−2.6 eV,
getting stronger as the number of clusters grows, shifts the
LSPR peak to lower energies compared to the single cluster.
Also, contributions from transitions from 1P, the HOMO state,
to states over 3 eV in energy above it, have quite a small contri-
bution for the assemblies, whereas for the single cluster the
transition 1P → 2D at 3.6 eV accounts for 20% of the total
transition strength.
The TCM and cross section of the induced density corre-

sponding to the LSPR peak of the hexamer in the other parallel
direction, y, at 2.51 eV, can be seen in Figure 16. The TCM is
almost identical to the one corresponding to the LSPR peak in
the x-direction, seen in Figure 15d: all the major transitions are the
same, and the slight differences are mainly in the transitions from
1P to 1F/2P and to orbitals higher in energy. In the induced density
the different orientation of the spheres can be seen: now there
are essentially two dimers perpendicular to the direction of the

Figure 15. TCMs for the LSPR peaks for the parallel polarization (in the x-direction). The PDOSs shown are sum of the PDOSs for each cluster, where
states that are inside a sphere with a radius of 1.5× r = 6.24 Å, concentric with the cluster, are included. All the density of states inside the calculation box
is shown in gray. The corresponding induced densities can be seen in Figure 13.

The Journal of Physical Chemistry C Article

DOI: 10.1021/acs.jpcc.7b10154
J. Phys. Chem. C 2017, 121, 27036−27052

27048



polarization (the two top spheres and the two bottom spheres),
which causes repulsion, but also two bent chains of three clusters

parallel to the polarization direction with bonding interactions.
The energy of the plasmon peak is the same as in the x-direction.

Figure 16. TCM and cross section of the induced density for the hexamer corresponding to the LSPR peak for polarization in the y-direction at 2.51 eV.
The plane of the cross section is the xy-plane at z = 0.

Figure 17. TCMs for the LSPR peaks for perpendicular polarization (in the y-direction for the dimer and trimer; in the z-direction for the tetramer and
hexamer). The corresponding induced densities can be seen in Figure 14. See the caption of Figure 15 for details.
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The TCMs corresponding to the LSPR peaks for perpendic-
ular polarization can be seen in Figure 17. For the dimer and
trimer, the 1P→ 1D transitions give the strongest contribution,
as for the single sphere, but there are also strong contributions
from transitions from 1P to 2P/1F and to states higher in energy.
For the tetramer and hexamer, the strongest contribution comes
from the 1P→ 2P/1F transitions. These transitions at about 3 eV
or higher in energy, absent in the case of a single sphere, raise the
LSPR energy. The transitions from 1S are not as relevant as in the
parallel direction.
The two small peaks in the optical spectra of the assemblies for

parallel polarization were also analyzed. The first of these,
at around 1.3−1.5 eV, is caused by the 1P → 1D transition.
The second, at 1.8−1.9 eV, is caused mainly by the 1P → 2S
transitions, with some contribution from 1P → 1D transitions.
This peak is present also in the spectrum of the single cluster, but
it is not as strong as for the assemblies.

4. DISCUSSION
We analyzed both the collectivity of the excitations and the
induced densities associated with them to observe the LSPR
nature of the absorption peaks. In the TCM scheme used here, all
the e−h transitions in a certain energy window, essentially
corresponding to a certain peak in the absorption spectra, can be
visualized. Thus, the collectivity of the transition causing the peak
can be easily observed from one figure. The transition contri-
bution map also clearly shows how individual transitions of
different energies combine to form the plasmon excitation.
This is a fast, visual way to observe the coupling between the e−h
transitions without the need to perform the spectrum calculation
more than once, as in the methods using the scaling parameter
for electronic interactions.16,17 The TD-DFTP calculation
needed for the TCM analysis is computationally inexpensive,
since it uses the Casida matrix elements already computed in the
lr-TDDFT calculation.
The radial distribution of the induced density, also obtained

from the TD- DFTP calculation, can then be used to identify
the LSPR type transitions from other collective excitations.
The study of the radial induced density is best suited for spherical
or nearly spherical particles, but even in the case of more complex
shapes, the distribution of the electron density oscillations can be
observed.
Our method does not give a single quantitative measure of

the plasmonicity; there is no “plasmonicity index”. However, it
provides an immediate qualitative picture of the LSPR nature of
an excitation. Some quantitative analysis is also possible: the
percentage of each individual e−h contribution from the total
oscillation strength can be calculated. Also, although not done
here, the percentage of the induced density near the surface of the
cluster can be calculated and used as a measure of the surface
nature of the oscillations. In the case of concentric shells of
induced densities, such as for the individual clusters here, the
total induced densities in each shell could be calculated and
compared.
As we have shown, our method is also applicable to the study

of assemblies consisting of plasmonic clusters. The interactions
between the plasmons of the individual clusters can be moni-
tored from both the TCM figures and from the induced densities.
Our results for the single clusters can be compared to other

recent studies of the plasmonicity in small metal particles of
varying size.13,20,23,56 Townsend and Bryant20 studied the
electron density oscillations in a 100-electron and a 600-electron
jellium cluster with the density of gold using real-time TDDFT.

They found that for the strongest peak in both clusters the
electron density was oscillating throughout the cluster. These
peaks were also close in energy to (although red-shifted from)
the classical LSPR value. These responses were named classical
surface plasmons, as opposed to “quantum core plasmons”
(QCP) also found in the spectra of the 100-electron cluster.
The QCP peaks were close to the surface plasmon peak and were
somewhat weaker than it. Townsend and Bryant did not assign
these peaks as fragments of the surface plasmons because the
contributions from different e−h transitions were quite similar
in strength, and the electron density oscillations were clearly
concentrated in the core.
Zhang et al.23 used the GPI approach and scaling of the

electronic interaction to study the emergence of the plasmon
resonance in a jellium sphere with a radius of 40 Å and with
10−300 electrons. The work function and the lattice background
polarizability of the clusters were chosen to represent those of
gold. TDLDA with RPA was used for the optical calculations.
The induced density profiles of the spheres were similar to the
ones obtained in this work, with concentric shells of density
oscillations. There were two shells in the smallest cluster size, and
the number of the shells increased as the number of electrons got
larger. The percentage of induced density on the surface also
increased with growing size. Based on the shifting of the peak
with respect to the scaling parameter and the shape of the
GPI spectra, the largest peaks in the clusters with less than
100 electrons were characterized as single-particle excitations,
and the plasmon resonance was observed to emerge only in
clusters with more than 100 electrons. However, even for the
smallest clusters there was a small effect of the scaling to the
energy of the absorption peak, and the GPI value showed a slight
peak at the absorption maximum.
In a TDDFT study by Li et al.,13 absorption spectra of

atomistic bcc structured sodium clusters with 15, 27, 51, 65, 89,
113, 169, 229, 283, and 331 atoms were calculated, and the
induced densities were analyzed for the strongest peaks. A strong
principal peak was found for all the studied sizes, but some
fragmentation could be seen in all these peaks, either as a clear
multipeaked structure or a broad peak. These peaks, interpreted
as resulting from coupling between the localized surface plasmon
and individual e−h transitions close in energy, were called
“Landau fragmented surface plasmons”. For the main peak, there
were strong electron density oscillations at the edges of the
clusters for all sizes. However, the clusters with 27, 51, 65, 89, and
113 atoms had strong density oscillations also inside the cluster,
whereas for the other clusters the electronic response inside the
cluster was weak. The clusters with stronger electronic response
inside the cluster were the ones with strong coupling between the
surface plasmon and e−h transitions close in energy.
Aikens et al.56 studied the absorption spectra of atomistic

tetrahedral silver clusters using TDDFT. Clusters with 10, 20,
35, 56, 84, and 120 atoms in multiple different charge states
were studied. The clusters with a number of valence electrons
corresponding to a filled electron shell, such as Ag10

+2, Ag20,
Ag35

−5, or Ag56
−2, displayed sharp absorption peaks with only one

strong transition. The main transitions for the closed-shell
clusters were found to be collective. The energy of the largest
absorption peak scaled linearly with the inverse size of the cluster.
These same trends were found also in silver clusters of octa-
hedral, truncated octahedral, and icosahedral shapes with 6−85
atoms in a TDDFT study by Bae and Aikens.57 The bulk limit
obtained from the linear scaling for the tetrahedral clusters
was found to predict the peak energy of a large, 32 nm silver
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tetrahedron obtained from a DDA calculation. Thus, the absorp-
tion peaks of clusters of only a few valence electrons were
connected to the classical LSPR of larger clusters.
All these studies show the same trend as ours: small clusters of

only tens of valence electrons have collective, plasmon-like
excitations. However, it is also clear that single-particle effects
play a role in the smallest clusters. Therefore, the exact cluster
size where the largest excitation can already be called a localized
surface plasmon depends not only on the systems but also on the
methods and definitions. In our study, the largest peak in the
Na8 jellium cluster is found to already show all the same
characteristics of a localized surface plasmon as the larger clusters
and can therefore be classified as a LSPR peak.

5. CONCLUSIONS
We have presented here a systematic analysis of optical
absorption of spherical electron−gas (jellium) clusters in the
size range of 8−186 electrons. We have shown that a collective
optical absorption, describable as the localized surface plasmon
resonance, develops already for the smallest system of eight
electrons. The TCM method applied here for the first time in a
systematic study of jellium clusters gives a convenient “all-in-one-
view” analysis of the collectivity of the absorption in the energy
space (e−h space), and the real-space visualization of the induced
excitation density gives an immediate visual impression of the
volume or surface effects. This systematic analysis of the e−h
contributions gives new insight into the birth of the localized
surface plasmon resonance in small metal clusters. The detailed
knowledge of the transitions and the distribution of induced
density for the LSPR peaks for single jellium clusters also
enables the analysis of plasmonic coupling in assemblies of
metallic clusters and nanoparticles. Because of the high degree of
parallelization of our simulation and analysis codes, plasmonic
properties of large assemblies of clusters in arbitrary topography,
having thousands of electrons in total, can be conveniently
computed and analyzed. We have demonstrated the applicability
of our methods to the study of plasmons in small cluster
assemblies. We are now in the process to extend our studies to
larger assemblies of electron clusters where the effects of
size, shape, assembly dimensionality, and topography on the
collective optical properties can be systematically investigated.
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(6) Sönnichsen, C.; Reinhard, B. M.; Liphardt, J.; Alivisatos, A. P. A
Molecular Ruler Based on Plasmon Coupling of Single Gold and Silver
Nanoparticles. Nat. Biotechnol. 2005, 23, 741−745.
(7) Scholl, J. A.; Koh, A. L.; Dionne, J. A. Quantum Plasmon
Resonances of Individual Metallic Nanoparticles. Nature 2012, 483,
421−428.
(8) Manjavacas, A.; García de Abajo, F. J. Tunable Plasmons in
Atomically Thin Gold Nanodisks. Nat. Commun. 2014, 5, 3548.
(9) Brack, M. The Physics of Simple Metal Clusters: Self-Consistent
Jellium Model and Semiclassical Approaches. Rev. Mod. Phys. 1993, 65,
677−732.
(10) Guidez, E. B.; Aikens, C. M. Quantum Mechanical Origin of the
Plasmon: FromMolecular Systems to Nanoparticles.Nanoscale 2014, 6,
11512−11527.
(11) Ekardt, W. Size-Dependent Photoabsorption and Photoemission
of Small Metal Particles. Phys. Rev. B: Condens. Matter Mater. Phys. 1985,
31, 6360−6370.
(12) Beck, D. Self-Consistent Calculation of the Eigenfrequencies for
the Electronic Excitations in Small Jellium Spheres. Phys. Rev. B:
Condens. Matter Mater. Phys. 1987, 35, 7325−7333.
(13) Li, J.-H.; Hayashi, M.; Guo, G.-Y. Plasmonic Excitations in
Quantum-Sized Sodium Nanoparticles Studied by Time-Dependent
Density Functional Calculations. Phys. Rev. B: Condens. Matter Mater.
Phys. 2013, 88, 155437.
(14) Casanova, D.; Matxain, J. M.; Ugalde, J. M. Plasmonic Resonances
in the Al−13 Cluster: Quantification and Origin of Exciton Collectivity. J.
Phys. Chem. C 2016, 120, 12742−12750.
(15) Puska, M. J.; Nieminen, R. M.; Manninen, M. Electronic
Polarizability of Small Metal Spheres. Phys. Rev. B: Condens. Matter
Mater. Phys. 1985, 31, 3486−3495.
(16) Bernadotte, S.; Evers, F.; Jacob, C. R. Plasmons in Molecules. J.
Phys. Chem. C 2013, 117, 1863−1878.
(17) Piccini, G.; Havenith, R. W. A.; Broer, R.; Stener, M. old
Nanowires: A Time-Dependent Density Functional Assessment of
Plasmonic Behavior. J. Phys. Chem. C 2013, 117, 17196−17204.
(18) Gieseking, R. L.; Ratner, M. A.; Schatz, G. C. Semiempirical
Modeling of Ag Nanoclusters: New Parameters for Optical Property
Studies Enable Determination of Double Excitation Contributions to
Plasmonic Excitation. J. Phys. Chem. A 2016, 120, 4542−4549.
(19) Townsend, E.; Bryant, G. W.Which Resonances in Small Metallic
Nanoparticles Are Plasmonic? J. Opt. 2014, 16, 114022.
(20) Townsend, E.; Bryant, G. W. Plasmonic Properties of Metallic
Nanoparticles: The Effects of Size Quantization. Nano Lett. 2012, 12,
429−434.
(21) Ma, J.; Wang, Z.; Wang, L.-W. Interplay between Plasmon and
Single-Particle Excitations in a Metal Nanocluster. Nat. Commun. 2015,
6, 10107.
(22) Bursi, L.; Calzolari, A.; Corni, S.; Molinari, E. Quantifying the
Plasmonic Character of Optical Excitations in Nanostructures. ACS
Photonics 2016, 3, 520−525.
(23) Zhang, R.; Bursi, L.; Cox, J. D.; Cui, Y.; Krauter, C. M.; Alabastri,
A.; Manjavacas, A.; Calzolari, A.; Corni, S.; Molinari, E.; et al. How to
Identify Plasmons from the Optical Response of Nanostructures. ACS
Nano 2017, 11, 7321−7335.
(24) Ekardt, W. Work Function of Small Metal Particles: Self-
Consistent Spherical Jellium-Background Model. Phys. Rev. B: Condens.
Matter Mater. Phys. 1984, 29, 1558−1564.

The Journal of Physical Chemistry C Article

DOI: 10.1021/acs.jpcc.7b10154
J. Phys. Chem. C 2017, 121, 27036−27052

27051



(25) Pacheco, J.; Ekardt, W. Response of Finite Many-Electron
Systems Beyond the Time-Dependent Local Density Approximation:
Application to Small Metal Clusters. Ann. Phys. (Berlin, Ger.) 1992, 504,
254−269.
(26) Yannouleas, C.; Broglia, R. Collective and Single-Particle Aspects
in the Optical Response of Metal Microclusters. Phys. Rev. A: At., Mol.,
Opt. Phys. 1991, 44, 5793−5802.
(27) Yannouleas, C.; Vigezzi, E.; Broglia, R. A. Evolution of the Optical
Properties of Alkali-Metal Microclusters Towards the Bulk: The Matrix
Random-Phase-Approximation Description. Phys. Rev. B: Condens.
Matter Mater. Phys. 1993, 47, 9849−9861.
(28) Guet, C.; Johnson, W. R. Dipole Excitations of Closed-Shell
Alkali-Metal Clusters. Phys. Rev. B: Condens. Matter Mater. Phys. 1992,
45, 11283−11287.
(29) Selby, K.; Kresin, V.; Masui, J.; Vollmer, M.; de Heer, W. A.;
Scheidemann, A.; Knight, W. D. Photoabsorption Spectra of Sodium
Clusters. Phys. Rev. B: Condens. Matter Mater. Phys. 1991, 43, 4565−
4572.
(30) Xia, C.; Yin, C.; Kresin, V. V. Photoabsorption by Volume
Plasmons in Metal Nanoclusters. Phys. Rev. Lett. 2009, 102, 156802.
(31)Malola, S.; Lehtovaara, L.; Enkovaara, J.; Hak̈kinen, H. Birth of the
Localized Surface Plasmon Resonance in Monolayer-Protected Gold
Nanoclusters. ACS Nano 2013, 7, 10263−10270.
(32) Zuloaga, J.; Prodan, E.; Nordlander, P. Quantum Description of
the Plasmon Resonances of a Nanoparticle Dimer. Nano Lett. 2009, 9,
887−891.
(33) Prodan, E.; Nordlander, P. Structural Tunability of the Plasmon
Resonances in Metallic Nanoshells. Nano Lett. 2003, 3, 543−547.
(34) Mortensen, J. J.; Hansen, L. B.; Jacobsen, K. W. Real-space Grid
Implementation of the Projector Augmented Wave Method. Phys. Rev.
B: Condens. Matter Mater. Phys. 2005, 71, 035109.
(35) Enkovaara, J.; Rostgaard, C.; Mortensen, J. J.; Chen, J.; Dułak, M.;
Ferrighi, L.; Gavnholt, J.; Glinsvad, C.; Haikola, V.; Hansen, H. A.; et al.
Electronic Structure Calculations with GPAW: A Real-Space
Implementation of the Projector Augmented-Wave Method. J. Phys.:
Condens. Matter 2010, 22, 253202.
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ABSTRACT: The tunability of the optical response of dimers of metal
clusters and nanoparticles makes them ideal for many applications from
sensing and imaging to inducing chemical reactions. We have studied
charge transfer plasmons in separate and linked dimers of closed-shell
electron clusters of 8 and 138 electrons using time-dependent density
functional theory. The simple model clusters enable the systematic study
of the charge transfer phenomenon from the electronic perspective. To
identify the charge transfer plasmons, we have developed an index, the
charge transfer ratio, for quantifying the charge transfer nature of the
excitations. In addition, we analyze the induced transition density and
the electron transitions contributing to the dipole moment at the charge
transfer plasmon energies. Our results show that the optical response of
the dimers is very sensitive to changes in the intercluster separation and
in the width of the linking channel, with charge transfer plasmon peaks appearing at low energies for dimers with linking or sufficient
electron cloud overlap.

■ INTRODUCTION

The optical response of metal clusters and nanoparticles is
highly dependent on the shape, size, and dielectric environ-
ment of the cluster.1 The response of two adjacent particles
depends also on the separation.2 This tunability makes clusters
and cluster assemblies or arrays ideal for many applications,
such as surface-enhanced Raman spectroscopy for detecting
single molecules,3 the molecular ruler for measuring distances
in the nanoscale,4 cancer imaging and treatment,5 and driving
chemical reactions.6

Plasmons are collective excitations of the conductance
electrons, where the electron density of the cluster oscillates in
resonance with the external electromagnetic field. In plasmonic
metal clusters, the main excitation is the localized surface
plasmon resonance (LSPR), where the electron density
oscillations happen mostly on the surface of the cluster.7

There have been several approaches to understand and classify
different optical excitations in metal clusters and nanoparticles,
especially to recognize the LSPR peaks from the optical
spectra. The distribution of the induced density8,9 and
collectivity of the excitation10,11 have both been used as
criteria for plasmonic resonances. Different plasmonicity
indices based on the strength of the induced potential have
also been developed.12,13 Recently, Gieseking et al.14 proposed
a method to identify plasmonic resonances based on three
criteriathe collectivity of the excitations, the superatomic

character of the excitations, and the additivity of the
contributions from the single-particle excitations.
In dimers, the plasmons of the two clusters can couple

capacitively to form a bonding dipolar plasmon (BDP).15 The
energy of the excitation is lowered, causing the BDP peak to be
red-shifted in comparison to the LSPR peak of the single
clusters.2,15 For short separations and chemically linked dimers
there can also be charge transfer plasmons (CTPs).16,17 In
these CTPs, the electron density oscillates between the two
clusters, making one cluster momentarily positively and the
other negatively charged. The CTPs happen at energies lower
than BDPs, and thus they add a new energy range for the
applications of plasmons. Depending on the chemical coupling
between the clusters, the CTPs can be caused by electrons
tunneling or flowing between the clusters.17

Charge transfer plasmons have been experimentally
observed in many dimeric nanostructures, such as nanogaps
between two gold coated atomic force microscope tips,18 gold
nanorods connected with a gold nanojunction,19 and dimers of
various nanoparticles, such as gold nanoshells,16 silver
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spheres,20 and gold nanoblocks.21 For atomistically precise
thiol-stabilized (SR) gold nanoclusters, Lahtinen et al.
observed an absorption peak that they assigned to a tunneling
CTP in covalently linked Au∼250(SR)n dimers.22

Large nanoparticles and dimers with a separation of several
nanometers can be treated with classical methods solving the
Maxwell equations, and good agreement with experiments have
been found for nanoparticle dimers in such cases.23 However,
for sizes of a few nanometers24 or for subnanometer
separations,17,25 the quantum effects cannot be ignored.
Thus, to model dimer systems with small, atom-precise
clusters with more accuracy, time-dependent density functional
theory (TDDFT) has been employed in multiple studies.26−31

The drawback of TDDFT is that it is computationally heavy.
Therefore, in the region where quantum mechanical effects are
important, but the size of the system makes atomistic TDDFT
calculations unfeasible, some simplifications have to be made.
Xiang et al. have employed the time-dependent orbital-free
density functional theory (TD-OFDFT) to study dimers and
trimers of sodium clusters consisting of 55 or 1415 atoms in
order to reduce the computational cost.32 The quantum-
corrected model (QCM)33,34 includes quantum effects in the
optical response of nanoparticles with a small gap by modeling
electron tunneling by a fictitious conductive material with the
local permittivity reflecting the tunneling probability.
One approach is to combine TDDFT with the simple

jellium model to represent the cluster dimers.17,35−38 There,
the nuclei and core electrons are represented as a uniform,
positive background charge, and only the valence electrons are
modeled explicitly. For elements where the d-electron
screening plays a role, such as gold and silver, a dielectric
background can be added to model this effect. The simple
jellium model with a constant background density is most
suitable for alkali metals, such as sodium, for which the s-type
valence electrons are strongly delocalized. Different elements
of this group can be represented by tuning the background
density to correspond to the experimental density.
Since the jellium model allows for electron tunneling and the

spilling of the conductance electrons, it enables charge transfer
excitations for small gap sizes, and it can thus be used to
understand the principles of charge transfer plasmons in
dimeric structures. To accurately reproduce experimental
results quantitatively, the background charge distribution at
the edge of the cluster should be adjusted. In close distances,
the atomic structure has been shown to affect the electric field
enhancement and the charge transfer current.24,39,40 Zhang et
al.39 have shown that for spherical jellium clusters of about 300
atoms, the jellium model gives the same trend for the BDP as
atomistic models using bcc and icosahedral packing. The CTP
peak is also reproduced by the jellium model, but only at about
a separation of 10 Å, whereas for the two atomic arrangements
a charge transfer mode was seen already at separations of 30−
40 Å. The results indicate that the main trends in the spectra
are reproduced by the jellium model, and at sufficiently small
separations, the jellium model is able to describe the CTP.
Here, we have employed the jellium model with TDDFT for

dimers of spherical clusters to study charge transfer plasmons
from the electronic perspective. The simplicity of the
background charge potential eases the investigation of the
electronic phenomena, since the ground state electron density
has a very simple structure, and the changes in electron density
during excitations are therefore easier to distinguish and
analyze as compared to atomic structures. Since we are using

the same model for all the systems, we can follow the trends in
the shape of the spectra and the peak energies even if the
jellium model causes a shift compared to atomic clusters.
We studied homo- and heterodimers of two 8-electron or

138-electron clusters and varied the intercluster separation
between the clusters. We also constructed some linked dimers
by connecting the clusters with a cylindrical tunnel of the same
jellium background density to gain understanding on the effect
of conductive linking to the excitations. The conductive jellium
linker establishes a coupling of metallic nature between the
clusters, allowing electrons to flow between the clusters during
a CTP excitation. These linked clusters serve as simple models
for clusters that are connected by a conductive linker, such as
one or more conductive ligands or a chain of metal atoms. It is
possible to modify the background density of the linker to
study the effect of the linker conductance. However, here we
use the same density as for the clusters to have a linker with
the same metallic character. For atomistic clusters, this kind of
linking has been studied by Rossi et al.,29 who studied CTPs in
a system with a narrow atomic contact between to metal
clusters.
Following the methods of our previous study of the birth of

LSPR in jellium clusters,41 we use the induced density and
analysis of the contributions of the single-particle excitations to
study the nature of the excitations in the dimer systems. In
addition, we have developed an index to quantify the charge
transfer nature of the excitations, enabling us to recognize the
excitations with charge transfer character from the spectra and
follow the development of the CTPs as the separation gets
smaller.

■ THEORY AND METHODS
The GPAW42,43 program, which performs the calculations
using a uniform real-space grid, was used for the density
functional theory (DFT) calculations. The local density
approximation (LDA) after Perdew and Wang44 was employed
for the exchange-correlation functional. Typically, LDA is
considered to yield inappropriate excitation energies due to
lack of divergence of exchange-correlation kernel at charge
transfer excitations. In the Supporting Information (section
S1), we discuss why charge transfer plasmons differ from this
picture, and why already LDA yields a balanced description of
the intra- and interparticle Coulomb forces. The optical
absorption spectra were calculated with linear response time
dependent DFT (lr-TDDFT) as implemented in GPAW.45

Some of the peaks in the spectra were then further analyzed
using time-dependent density functional perturbation theory
(TD-DFPT),46 which allows us the solve the contributions of
the Kohn−Sham (K−S) electron−hole (e−h) transitions
contributing to the excitation and to calculate the induced
transition density. The K−S contributions were visualized
using the dipole transition contribution map (DTCM)
scheme,47,48 where the relative strengths of the contributions
to the transition dipole moment from all the K−S transitions
can be seen at the same time. To study the excitations with
charge transfer between the two clusters, the DTCM analysis is
done for light polarized parallel to the dimer axis for all the
systems.
Since the clusters of the dimers are spherical, the symmetries

of the superatom-like electron orbitals were identified by doing
the Ylm analysis,49 where the part of the wave function inside a
certain projection sphere is projected into spherical harmonics.
This analysis was done separately for the two clusters in one
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dimer, summing the contributions for the projected density of
states (PDOS) figures. Thus, these symmetries are the
symmetries for one cluster, not the whole dimer system,
where the orbitals are bonding and antibonding states of the
single-cluster orbitals. Introducing the conductive pathway
breaks the local spherical symmetry already at ground state
level and thus allows the charge transfer excitations (also
discussed in the Supporting Information, section S1).
In the simple jellium model used here, the edges of the

positive uniform charge distribution were sharp. The jellium
background of a linked dimer can be seen in Figure 1a. The

radius of the clusters r, the separation between the jellium
egdes S, and the radius of the cylindrical linker a are shown.
The electron density experiences spill-out from the positive
core, and this spill-out is relatively larger for smaller clusters.
The electron densities of the studied systems along the dimer
axis can be seen in Figure S1.
For the separate spheres, the density used for the positive

background was approximately the density of sodium,
calculated from the Wigner−Seitz radius rws = 2.08 Å. For
the linked spheres, the volume of the spheres was kept the
same, so the volume of the dimer was changed by the volume
of the linker. Thus, the jellium density is a little smaller for the
linked systems, maximum 5.6% for the 8-electron sphere
system with the wider linker.
Because of the smooth jellium background, the grid spacing

could be as big as 0.4 Å for the dimers of 8-electron clusters
and 0.5 Å for the dimers of 138-electron clusters. The
convergence of the energies relative to the grid spacing was
tested. The energy of the systems was converged with the
accuracy of 0.5 meV per electron. In the optical spectrum
calculations, the energy cutoff was 5 eV or larger, meaning that
at least all the e−h transitions with a smaller energy difference
than this were included. All the spectra are plotted for light
polarized along the dimer axis.
To analyze the CT nature of the excitations, we introduce

the charge transfer ratio (CTR) which is defined in eq 1, and
which can be calculated for any energy in the spectrum:

∫
∫

ρ
ρ

=
+

D

x

r r

r r
CTR

( ) d

( ) d
A

A B

ind

ind (1)

Here ρind is the induced transition density at the studied
energy, x the coordinate on the dipole axis and D the distance
between the centers of the two clusters. The calculation box is
divided into two equal sides, A and B, where the division is in

the middle of the gap between the clusters. See Figure 1b for a
visual guide to the variables.
The denominator of eq 1 is the dipole moment of the

system along the dimer axis, and the numerator is the dipole
moment of a system where all the induced charge on side A is
concentrated in the center of cluster A, and similarly for side B.
The numerator is thus a measure of the charge separation
between sides A and B, and as a result also between the two
clusters. The numerator acts as normalization. The CTR
compares the “CT moment”, the expression in the numerator,
to the dipole moment: the higher the number is, the bigger the
CT nature of the excitation is. If both clusters are neutral, i.e.,
the electron density oscillates separately inside each cluster, the
integral of the induced density on side A, and thus the CTR
value, is zero. Depending on the distribution of the charges, the
ratio can also be negative or greater than one, but the absolute
value is the measure of the charge transfer characteristic. With
these numbers we can then plot a charge transfer spectrum
showing how the charge transfer characteristics of the
excitations evolve as a function of energy. Further discussion
on the details of the CTR is given in the Supporting
Information text.

■ RESULTS AND DISCUSSION
The studied dimer systems are named 1−12. The parameters
for each system are shown in Table 1. The separations are
given in terms of the radii of the systems, r ≈ 4.2 Å for the 8-
electron clusters and R ≈ 10.7 Å for the 138-electron cluster.

Dimers of 8-Electron Clusters. The absorption spectra
and the CTR spectra for the 8-electron cluster dimers can be
seen in Figure 2. The spectra are for light polarized in the
direction of the dimer axis. The CTR values are calculated at
the energies of the electronic excitations seen in the oscillation
strength spectra without broadening. The upper row is for
separate clusters and the lower for linked.
For dimer 1 with a separation of S/r = 2, there is virtually no

electron-cloud overlap, as can be seen from Figure S1a. The
absorption spectrum is almost identical with that of a single
cluster.41 Here, the CTR is also very close to zero along the
whole spectrum, indicating that there is no charge transfer
between the clusters at any energies.

Figure 1. (a) Coupled dimer with radius of the spheres r, separation
S, and radius of the linking channel a. Shown is the positive jellium
background. (b) Explanation of the symbols used in eq 1. A and B are
the left and right sides of the calculation box, D is the distance
between the centers of the clusters, and x is the direction of the dimer
axis.

Table 1. Parameters of the Studied Dimer Systemsa

system number of electrons S a (Å)

1 8 + 8 2r −
2 8 + 8 0.5r −
3 8 + 8 0 −
4 8 + 8 2r 1.0
5 8 + 8 0.5r 1.0
6 8 + 8 0.5r 2.1
7 138 + 138 0.5R −
8 138 + 138 0.25R −
9 138 + 138 0.1R −
10 138 + 138 0.5R 1.0
11 138 + 138 + 2 0.5R 2.1
12 8 + 138 0.25R −

aS is the separation between the jellium edges and a is the radius of
the cylindrical linking channel in the case of linked dimers. r ≈ 4.2 Å
and R ≈ 10.7 Å refer to the radii of the 8-electron and 138-electron
clusters, respectively. See Figure 1a for a visual guide to the
parameters.
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When the clusters are brought closer together, however, the
increasing overlap causes coupling: although the BDP peak is
still clearly the strongest peak for dimer 2 with the separation-
radius ratio S/r = 0.5, some of the strength has already been
transferred to lower energies. In the absorption spectrum this is
seen as a red shift of the main peak and the appearance of an
extra peak at energies less than 2 eV. The lowest-energy
excitations have some charge-transfer nature, as proved by the
CTR analysis discussed later. For dimer 3 with touching
cluster, S/r = 0, the shape of the spectrum is already very
different from separate cluster, with two larger peaks, and a
significant CTR value even near 2 eV.
Going from larger to smaller separation, we can see the

transfer of oscillation strength from the BDP peak to lower

energies and excitations of CT nature. The spectrum is very
sensitive to even small changes of a couple of Ångströms in the
separation. This can be explained by changes in the energies
and shapes of the electron orbitals, and by the drastic changes
in the electron density between the clusters, as seen in Figure
S1, parts a and b.
We can also couple the clusters by connecting them with a

conducting linker, as for dimers 4−6. From Figure S1, parts d
and e, we can see that some of the electron density is now
located in the linker. For the systems with the narrower linker
(1.0 Å), 4 and 5, the electron density between the clusters is
only moderately bigger than for the separate clusters. For
dimer 6 with the stronger linker, however, the electron density

Figure 2. Absorption spectrum and the CTR for the dimers 1−6 with two 8-electron clusters.

Figure 3. DTCMs and induced densities for the 2 × 8 electron dimers 2, 3, and 4 for one CTP peak at energies indicated in the figure. The contour
plot shows the relative strength of the contributions of each e−h transition to the induced dipole moment, red indicating a positive and blue a
negative contribution. The colors of the projected density of states in the DTCM figures indicate the symmetries of the orbitals, as projected for
spherical harmonics. The symmetry analysis is done for both clusters separately. The dashed lines are for Eex = ϵunocc − ϵocc, where Eex is the energy
of the excitation, ϵunocc is the energy of the unoccupied K−S state, and ϵocc is the energy of the occupied K−S state. The induced densities are
visualized as isosurfaces with a certain postive and negative value of the same absolute value in the middle row. The bottom row shows a contour
plot of the induced density at z = 0, along the dimer plane. The isosurface values are the same for each system.
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in the linker is comparable to that of inside the clusters,
allowing the electrons to flow freely between the two clusters.
Coupling the clusters with the separation of S/r = 2 even

with the narrow linker, we can see a drastic change in the
spectrum of dimer 4 compared to the separate clusters with the
same intercluster distance, dimer 1. For dimer 4 there is not
anymore one main peak, and there are many new peaks at
energies lower from the BDP peak. All the peaks below 2 eV
have nonzero CTR values.
Bringing the clusters closer together, to S/r = 0.5, but if the

linker radius is kept constant, the spectrum becomes again
more compressed, and less peaks can be seen in the spectrum
of dimer 5. However, the CTR is higher for the smallest peaks
for the smaller separation. If we, conversely, keep the distance
constant at S/r = 0.5 but increase the linker width to 2.1 Å, the
change in the positions of the clearest peaks is not very drastic,
but the relative strengths of the peaks change, as is evident
from the spectrum of dimer 6.
For the systems 3−6 with a strong coupling, the BDP peak is

fragmented. Also some of these fragments have some charge
transfer nature, but the CTR value goes to a minimum in this
energy range, indicating that the electron density oscillations
happen mostly separately inside each cluster.
We will now study in more detail one absorption peak with a

large CTR value for three of the systems. In Figure 3 are shown
the DTCMs and the induced densities for one prominent CTP
peak in systems 2, 3, and 4 each. In all of the systems, the
induced densities of the strongest CTP resonances have a
similar shape when looked at an appropriate isosurface value.
Here, the isosurface value is the same for each system, which
makes the weaker plasmon for system 2 appear to have a
different shape.
The main contributions to the dipole moment come from P

→ D transitions. The coupling between the two clusters has
caused some splitting in the orbitals for each system, the most
in system 3 with the touching clusters. This hybridization of
orbitals due to coupling is an absolute requirement for charge
transfer excitations. The first 20 orbitals (1S, 1P, 1D, and 2S
symmetries) for dimers 2−4 are visualized in Figures S1−S4.
For systems 2 and 3, the lowest-energy 1P orbital is the
bonding state of the individual P orbitals, aligned in the dimer
axis direction (σ orbital). This is followed by two bonding (π)
and after those two antibonding (π*) states of orbitals aligned

in different directions, and finally HOMO is the antibonding
state of the individual P orbitals aligned along the dimer axis
(σ*).
For the two separate dimers 2 and 3, the HOMO−LUMO

transition is one of the strongest positive contributions.
LUMO in both systems is a bonding state of D orbitals, but
for 2 of the Dz

2 orbitals, and for 3 of the other type of D
orbitals. For 3, another positive contribution is from P
symmetry π* to LUMO. For B, the other positive contribution
is P symmetry π* to a bonding state of D orbitals. For 3, there
is a contribution from π* to LUMO and from HOMO to the
antibonding state of 2S orbitals. Both systems have at least one
screening contribution from π to antibonding states of 1D.
For the linked dimer, system 4, the order of the 1P type

orbitals is different: from lower to higher energy, the states are
σ, σ*, 2 × π, and 2 × π*, so the orbitals with more electron
density in the linker are lower in energy. Of these, the σ and σ*
orbitals are very close to each other in energy, and the π and
π* orbitals are almost degenerate. Here, the positive
contribution comes from transition from the P symmetry σ*
orbital to the bonding state of the Dz

2 orbitals aligned along
the dimer axis. The main negative contributions are from P
type σ to the antibonding state of Dz

2 orbitals aligned along the
dimer axis and from the different σ or σ* orbitals to different D
orbital states.

Dimers of 138-Electron Clusters. The absorption spectra
and CTR spectra for the 138-electron cluster dimers can be
seen in Figure 4. In the upper row are again separate clusters,
from larger separation to smaller, and in the bottom row two
linked systems with the same separation but different linker
width. For these larger clusters, the density of states is bigger
than for the 8-electron clusters, and thus the spectrum is more
continuous, leading to clearer trends in the response of the
spectrum to changes in geometry. Going to smaller
separations, more and more absorption strength is transferred
to smaller energies, which correspond to excitations with a
large CTR. The CTR value has a minimum near the BDP peak.
Linking the clusters has a similar effect, except the BDP peak is
better preserved. One should notice that since the linker
widths are the same here as they were for the smaller clusters,
the linkers for these larger systems are relatively narrower
compared to the cluster size.

Figure 4. Absorption spectrum and the CTR for the dimers 7−11 with two 138-electron clusters.

The Journal of Physical Chemistry C pubs.acs.org/JPCC Article

https://dx.doi.org/10.1021/acs.jpcc.0c02889
J. Phys. Chem. C 2020, 124, 12645−12654

12649



The energies of the BDP and CTP peaks agree
approximately with those obtained by Rossi et al.29 using
TDDFT for dimeric sodium systems with a total of 261 atoms.
They varied the linking between the clusters in the dimer by
starting from an uniform nanorod and stretching it to first form
a narrow metallic bridge between two thicker ends and then
finally breaking the system to two parts. The dimers with a
narrow linker were found to have two CTP peaks between 0
and 1 eV and one BDP peak between 2 and 2.5 eV. The
completely separate clusters supported a second BDP peak
between 1 and 1.5 eV. Here, the highest CTR values are for
absorption peaks below 1.5 eV, and the BDP peak, although
strongly fragmented for systems 8 and 9, is found between 2
and 3 eV. Our results are also qualitatively similar to
experimental studies of dimeric silver20 and gold nano-
particles19,21 and covalently linked gold clusters,22 with a
CTP peak appearing at energies smaller than the BDP peak for
small separations or touching or linked clusters.

If 2 × 138 electrons are placed in the potential of the
positive jellium background with the wider linker (2.1 Å, the
Wigner−Seitz radius used for the jellium background), the
dimer is not anymore a closed-shell system, with the HOMO−
LUMO gap in the middle of the 3P states. This is caused by an
extra electron orbital, HOMO−32, forming between the 2G
and 1I orbitals. The orbital has some G and I symmetry inside
the two clusters separately, but it is clearly asymmetric inside
one cluster, and symmetric only with respect to the whole
system. The positive and negative isosurfaces of this orbital can
be seen in Figure 5b, where it is orbital number 1. To keep all
the studied systems closed-shell, we then added two electrons
and calculated the properties of this system. The dimer with
the wider linker studied here has thus 2 × 138 + 2 electrons,
two electrons more than the rest of the bigger dimers. The
order and symmetries of the electronic states stayed the same
after the addition of these extra electrons.

Figure 5. (a) Projected density of states near the HOMO−LUMO gap and (b) selected orbitals for dimer 11. The arrows and numbers in part a
indicate the orbitals that are shown in part b. The jellium surface of the dimer is shown in transparent.

Figure 6. DTCMs and induced densities for the 2 × 138 electron dimer systems 9, 10, and 11 for one CTP peak at energies indicated in the figure.
See the caption of Figure 3 for details.
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Closer inspection of the PDOS and the orbitals show that
the orbitals aligned in the direction of the dimer axis are
markedly separated in energy from the other orbitals, causing
splitting in the DOSthe energy of the bonding combination
of these orbitals is lowered, and the energy of the antibonding
combination raised. The shapes of these orbitals are also
distorted from the combination of the orbitals of two
noninteracting clusters, making them quite asymmetric inside
one cluster, and only symmetric regarding the whole dimer.
Three of these orbitals are visualized in Figure 5, where they
are labeled as 2−4. In total, there is a considerable amount of
electron density in the linker, as can be seen from Figure S1k.

As a result, the electrons can freely flow between the two
clusters.
The DTCMs and the induced densities for one peak with a

high CTR value are shown for systems 9, 10, and 11 in Figure
6. In the DTCM, the difference between CTP and BDP
excitations is that in the former there are stronger
contributions from the screening transitions. The transitions
are still mainly those that are allowed for a single spherical
cluster, except of the transitions of the HOMO orbitals to the
LUMO in system 11. These orbitals are the ones aligned along
the dimer axis and having significant electron density in the
linker.

Figure 7. (a) Absorption spectrum of the dimer 12 with 8- and 138-electron clusters (solid orange line) and the summed absorption spectra of the
separate clusters with 8 and 138 electrons (dashed blue line). The CTR values are for the dimer. (b) Zoom of the spectra between 0.2 and 1.8 eV,
along with the oscillation strengths for the dimer.

Figure 8. DTCMs and induced densities for three different peaks for the heterodimer at energies indicated in the figure. Here, the PDOS analysis is
plotted separately for the smaller cluster (down) and for the larger cluster (up). See further details in the caption of Figure 3.
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As the CTR values in Figure 4 show, for all of the energies
analyzed in Figure 6, in total one of the clusters is negatively
and the other positively charged. However, there are also
induced density variations inside the clusters. For the separate
clusters, in system 9, the induced density inside each cluster
still somewhat resembles the induced density for the LSPR
peak for a single cluster,41 reflecting the shell structure of the
electron density, which can be seen in Figure S1g−i. Here, the
highest density changes are near the center of the clusters. For
the linked clusters, the picture changes. For system 10, with
the narrower linker, the biggest values for the induced density
along the dimer axis are found at both ends of the clusters,
forming two temporary dipoles inside each cluster. For the
dimer with the wider linker, system 11, additionally an extra
dipole is formed in the linker.
From the DTCMs in Figure 5 we can see that for systems 9

and 10, the contributions come from transitions from 1I to 1K,
2F to 2G, and 3P to 3D. The main positive contributions for
system 11 are from transitions from the HOMO−6 and
HOMO orbitals to LUMO, as visualized in Figure 5. The
strongest negative contribution comes from transitions from
the 1I orbitals to 1J orbitals, although there are some clearly
weaker contributions from 3P to 3D and 3P to 1J/2G
transitions.
Heterodimer. The heterodimer (dimer 12) has two

clusters of different sizes: the 138-electron cluster with a
radius of 10.7 Å and the 8-electron cluster with a radius of 4.2
Å. The separation between the jellium edges was 2.7 Å, which
is 1/4 of the radius of the larger cluster. The electron density
overlap between the clusters, as shown in Figure S1l, is similar
to that of the dimer of the 138-electron clusters with the same
separation, seen in Figure S1h. In Figure 7a, the spectrum of
the heterodimer is plotted in orange and the sum of the spectra
of the two separate clusters in blue. The CTR values are
calculated for the dimer. The sides A and B of the calculation
box for eq 1 are again chosen so that the division goes halfway
between the jellium edges of the cluster. In the ground state,
this division gives a total of eight electrons on the side of the
smaller cluster, and 138 on the side of the larger cluster when
integrating over the electron density. Figure 7b shows a zoom
of the region between 0.2 and 1.8 eV, with the oscillation
strengths for the heterodimer visible. In Figure 8 are shown the
DTCMs and induced densities for the heterodimer at three
energies.
The individual 138-electron cluster has its LSPR peak at

2.95 eV, and the 8-electron cluster at 2.72 eV.41 For the
heterodimer, the two largest peaks for light polarized in the
dimer axis direction are found at 2.61 and 3.08 eV. The CTR
value is close to zero for both of these peaks, indicating little or
no charge transfer between the cluster. Also the other analyzed
excitations at energies 2.6−3.1 eV have small CTR values.
For the first of the largest peaks, that is analyzed in Figure

8b, the induced density inside the smaller cluster is similar to
that of the individual 8-electron cluster at the LSPR energy.
From the contour plot, we can see that most of the induced
density is concentrated around the smaller cluster. The main
transition of the isolated smaller cluster, 1P → 1D, is
contributing to the dipole moment also in this system, but
many transitions inside the larger cluster are participating in
the excitation too.
The shape of the induced density distribution for the largest

peak is similar to the induced density of the LSPR peak for the
individual 138-electron cluster. Also the main contributions to

the dipole moment come from the same e-h transitions as in
the single cluster. However, there are also changes in density
inside the smaller cluster, and the 1P → 1D transitions have
some screening contribution. Here the density oscillations
inside the bigger cluster are almost symmetric, as can be seen
from the contour plot of the induced density, but very
asymmetric inside the smaller cluster.
The latter peak around 3 eV is clearly smaller in the

heterodimer than the LSPR peak for the individual 138-
electron cluster, and the peak at 2.62 eV is larger than the
LSPR peak for the 8-electron cluster. A clear coupling is thus
present between the clusters, and the larger cluster “borrows”
some oscillation strength to the smaller one. Since the shape,
the energy of the largest peak, and the maximum absorption
strength of the spectrum is changing drastically from the single
138-electron cluster to the heterodimer, the larger cluster can
also be thought of as a sensor, as the presence of the smaller
cluster can be detected from the optical response of the system.
The amplification of the main peak for the smaller cluster also
helps in this detection.
The CTR values are larger for the excitations below 2 eV in

energy. One of these excitations, at 1.21 eV, is analyzed in
Figure 8a. At this energy, there are no excitations in the
absorption spectra of the individual clusters, as can be seen
from Figure 7b. For this excitation, the biggest changes in the
electron density are around the smaller cluster. The induced
density distribution is also quite asymmetric inside both of the
clusters. The difference in the DTCM compared to the higher
energy peaks is the presence of many screening transitions
(blue color), one of which is the 1P → 1D transition of the
smaller cluster.

■ CONCLUSIONS

We have studied the coupling of plasmons and the emergence
of the charge transfer plasmon in dimers of metal clusters from
the electronic perspective using the simple jellium model. Here
all the systems had cylindrical symmetry, but the real-space
grid based GPAW code enables the study of clusters and
cluster assemblies of any kind of geometries. The high
scalability of the code made possible the lr-TDDFT
calculations of the systems with the larger dimers of 276 or
278 electrons, where the number of electron−hole pairs
included in the calculation was approximately 90 000.
The charge transfer ratio index, calculated postprocessing

from the induced densities, makes it possible to identify the
excitations with the most charge transfer nature. The CTR
spectra show that the excitations visible at small energies in the
absorption spectra of dimers with electron cloud overlap or
linking all have charge transfer nature. These transitions are
not present in the spectrum of dimers with a large separation,
For the smaller clusters, the effect of the linker on the optical

spectra is quite drastic. Here, the radius of the narrower linker
is about 1/4, and the wider linker 1/2 of the radius of the
spheres, which changes the electron density profile and the
energies of the orbitals significantly from that of separate
clusters with the same separation. For the larger clusters, the
ratio of the radius of the linker and the radius of the sphere is
about 0.20 for the wider linker. For these dimers, the shape of
the spectra changes less with linking, but especially for the
wider linker, a significant amount of the oscillation strength is
transferred to low-energy charge transfer nature excitations.
The wider linker, the radius of which corresponds to the
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Wigner−Seitz radius used for the jellium density, also enables
the emergence of a new occupied K−S orbital.
One heterodimer system with an 8-electron and 138-

electron cluster was also studied. The larger cluster is observed
to borrow oscillation strength to the smaller, so that the LSPR
peak of the larger cluster is diminished while the LSPR peak
for the smaller cluster gains strength. Some excitations with
charge transfer nature are also present at lower energies.
Experimental systems such as cluster dimers linked with

ligands, colloidal cluster assemblies and arrays of clusters on a
substrate all require knowledge of the effect of the coupling of
the electronic excitations to the optical properties. The jellium
linker used here can act as a simplified model for one or several
conducting linker molecules, or metal atom chain between
clusters, showing the trend for the absorption spectrum when
conductive linker is introduced. When modeling the complex
ligand-protected clusters, the results of these simple jellium
clusters can help to sort the different kind of excitations and to
understand the underlying principles of the electronic
behavior.
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Figure S1: The electron density along the dimer axis (x axis) for dimers 1–12. The horizontal
dashed line shows the value of the positive jellium background density, and the short vertical
lines show the edges of the jellium spheres. Note that the x axis scale is different in figures
a)–f) than in figures g)–l).
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Figure S2: The 20 first Kohn-Sham electron oribitals for dimer 2.
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Figure S3: The 20 first Kohn-Sham electron oribitals for dimer 3.
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Figure S4: The 20 first Kohn-Sham electron oribitals for dimer 4.
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1. Discussion about the use of the LDA functional to study charge

transfer plasmons

It is beneficial to compare plasmonic charge transfer transitions to regular charge transfer

transitions of e.g. a complex. In the latter case, we would find a HOMO-orbital at cluster

A (ψA
i ) and LUMO-orbital at cluster B (ψB

a ) with low spatial overlap. Due to insignificant

common support of the wavefunctions, the induced density ψA
i (r)ψ

B
a (r) will be negligible,

and thus also the Coulomb matrix element of the induced density with itself at the Casida

matrix will be negligible. In such cases the exchange-correlation kernel from LDA is unable

to restore the transition, but either a hybrid functional is required, or exchange-correlation

kernel which diverges.

Consider two uncoupled spherical symmetric nanoparticles (A and B) with one occupied

superatomic S-orbital and one unoccupied superatomic Pz-type orbital. In uncoupled case,

we are free to choose the subspace at degenerate eigenvalues. We could imagine, that the

occupied subspace hybridizes into bonding and antibonding s-type orbitals, and similarly the

unoccupied subspace creates bonding and antibonding states from Pz superatomic orbitals.

However, any excitation from this system always conserves the charge at each subsystem.

Now we introduce coupling, i.e. some small hopping matrix elements. It is clear that

these matrix elements break the spherical symmetry. The coupling to other nanocluster is

at other side, and thus the hopping operator in this basis is best represented in rank-1 form

with linear combination of polarized orbitals, for example as ĥ1 = (|sA〉 + β|pA〉)t(〈sB| −
β〈pB|) + h.c.. Indeed, the coupling of these orbitals are seen as sp-hybridization i.e. the

local orbitals polarize due to the coupling (effectively mixing their uncoupled elecron-hole

spaces). This makes the charge transfer excitations formidable, as both the occupied and

unoccupied subspaces at individual particle contain both, s and p-type excitations, which can

in superposition overall create a total charge transfer excitation since |ψA
s (r)|2 and |ψA

p (r)|2

have a finite integral. The majority of the energy of this excitation comes from electrostatics

i.e. the Coulomb matrix elements (Hartree-potential), including both the self repulsion of
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charge at each cluster, and their mutual attraction. The exchange-correlation kernel matrix

elements play a negligible role in this coupling.

2. Derivation of the Charge Transfer Ratio equation

The photoabsorption spectrum is closely related to dynamical polarizability

αzz(ω) =

∫
dr

∫
dr′zz′χ(r, r′, ω) (1)

We may also represent this as

αzz(ω) =

∫
drznz,ind(r, ω), (2)

where the induced density due to z-polarized dipolar coupling is given as1

nz,ind(r, ω) =

∫
dr′χ(r, r′, ω)z′. (3)

We may also evaluate another quantity from the induced density, namely the transferred

charge. To this end, we need to separate the system into two regions, A and B and integrate

Q =

∫
A

drnind(r) = −
∫
B

drnind(r), (4)

where the latter follows due to conservation of charge
∫
drnind(r) = 0.

Metals have freely moving electrons, and the excess charge always moves to the surface.

This is true dynamical case of plasmonic excitations also, see for example.2 In order to

proceed, we need to make one assumption. That is, that the charge centerof each volume

will be at the geometric center of the nanocluster due to electrostatic repulsion of charges

in metallic nanoclusters. If we utilize the geometric centers of clusters A and B (which

need not to be of equal sizes) we can calculate the dipole moment of the charge transfer as

D
∫
A
drnind(r), where D is the distance between the charge centers.
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Due to conservation of charge, the origin of dipole operator does not matter, and we

choose it to be at be at the surface separating the volumes A and B. We redefine the dipole

operator

z = μD(z) + μC(z) = z −D
Θ(z)−Θ(−z)

2︸ ︷︷ ︸
μD(z)

+D
Θ(z)−Θ(−z)

2︸ ︷︷ ︸
μC(z)

. (5)

Due to linearity of response, we can imagine Eq. 1 written as

αzz(ω) =

∫
dr

∫
dr′(μD(z) + μC(z))(μD(z

′) + μC(z
′))χ(r, r′, ω) (6)

which ultimately yields the dipole squared dependence of oscillator strength. There are total

of four terms, but to keep things simple, we decompose this into two parts, keeping the

dipole induced density together

αzz(ω) =

∫
drμD(z)nind(r, ω)︸ ︷︷ ︸

X

+

∫
drμC(z)nind(r, ω)︸ ︷︷ ︸

Y

(7)

To characterize the ratio, we compare the amount of dipole moment of charge transfer

excitations, (Y) to the total dipole moment (X+Y) and finally arrive at the expression

presented at article

CTR =

∣∣∣∣ Y

X + Y

∣∣∣∣ (8)

In Fig. S5 we present the simplest case, where the dipole moment field z has been divided

with equal sizes clusters into two parts. In Fig. S6 we consider the case, where the space

division is not exactly in between the geometric centres of the clusters. The situation seems

unsymmetric, and the dipole field μD apprarently seems to contain also some charge inte-

grating terms. However, we are free to add a constant term into any potential, due to gauge

symmetry induced conservation of charge, and in Fig. S7 we have added a such constant to

μD restoring the situation back to normal.
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Figure S6
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In the quest to built novel metamaterials with unique optical properties, three-dimensional as-
semblies of metal clusters and nanoparticles are gathering a lot of attention. Organized geometries,
such as tetrahedra and icosahedra, can be built for example by using DNA strands or virus capsids
as templates. Here, we use the jellium model and time-dependent density functional theory to study
the plasmonic resonances in different arrangements of 8-electron clusters from the electronic per-
spective. A charge transfer ratio index based on the induced transition densities is used to quantify
the charge transfer nature of the excitations at different energies. We vary the size, shape, and
inter-cluster separation, building systems of 4-cluster tetrahedra, 12-cluster icosahedra and cuboc-
tahedra, and 20-cluster dodecahedra. All the studied systems are found to have charge transfer
plasmon type excitations at low energies. Analysis of the electron-hole transitions contributing to
the transition dipole moment is further used to characterize these excitations, showing that they
have significant screening contributions unlike the higher-energy excitations. The understanding
gained for the optical response of these simple model systems can help in interpreting the properties
of real, complex cluster systems.

I. INTRODUCTION

Since the coupling of the plasmonic excitations in ad-
jacent metal clusters or nanoparticles (NPs) changes the
optical response [1], assemblies of such clusters or NPs
is a way to create materials with novel optical proper-
ties. The creation, characterization, and application of
these metamaterials, such as three-dimensional (3D) as-
semblies or aggregates of plasmonic NPs, has received a
lot of attention in recent years [2, 3].

Single metal clusters or nanoparticles can support lo-
calized surface plasmon resonances (LSPR), which are
collective oscillations of the conduction electrons on the
surface of the clusters. In dimers or other cluster assem-
blies, these plasmon peaks can couple to form a bonding
combination of the individual plasmons [1]. Clusters or
NPs that have a sufficiently small separation can also
support charge transfer plasmons (CTP), which involve
the electron density oscillating between the individual
clusters [4].

Three dimensional arrangements of plasmonic NPs can
be assembled for example by using DNA templates [5, 6],
manipulation with atomic force microscope [7], tethering
or coating the clusters with block copolymers [8–10], or
using viruses or virus-like particles as templates [11–13].
The geometries achieved include among others spheri-
cal vesicles [10], tetrahedra [5–9], icosahedra [9, 11], and
other arrangements with 5-fold symmetries [12, 13].

Spherical gold NPs in tetrahedral arrangements were
studied theoretically by Urzhumov et al. [14] using the

∗ hannu.j.hakkinen@jyu.fi

plasmon hybridization (PH) model [1] and finite element
frequency domain calculations. They proposed the con-
cept of metafluids, which are fluids containing these plas-
monic metaclusters. Using the PH model and Drude
theory, they found the plasmon resonance energies de-
pendent on the separation of the clusters.

One application for these plasmonic assemblies or
’plasmonic molecules’ is surface enhanced Raman scat-
tering (SERS). Via the creation of hotspots between the
plasmonic NPs, these assemblies were found to enhance
the signal compared to single NPs [8, 10, 12, 13]. Pazos-
Perez et al. fabricated several 2D and 3D geometries
of block copolymer-protected Au NPs using evaporation
of emulsion droplets [8]. The NPs in the arrangements
had a diameter of approximately 50 nm and inter-particle
separations of around 2 nm. A big jump in the SERS en-
hancement was observed going from planar geometries
to the tetrahedron. In the case of the plasmonic vesicles,
Huang at al. manufactured structures of several hun-
dreds of nanometers using different block copolymers as
ligands and and gold NPs with diameters of 20, 50, and
80 nm [10]. The assembly of the NPs was also achieved
by subsequent emulsification and evaporation, and the
separations between clusters varied from 0.5 nm for the
largest clusters to 11.6 nm for some of the vesicles of the
smallest clusters. They measured the largest enhance-
ments for the largest used Au NPs, proposing that this
might be due to the smallest inter-cluster separations in
these structures.

Arrangements of plasmonic nanoclusters can also be
used in light-assisted drug delivery [15]. The release of
cargo can be achieved for example by embedding metal
NPs in the outer layers of microcapsules [16] or coating
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loaded liposomes with metal NPs [17]. In these tech-
niques, the plasmon resonance of the metal NPs is used
to convert light into thermal energy, damaging the cap-
sule or liposome and allowing the material inside to exit.

In addition to larger nanoparticles, assemblies can
also be built of atomically precise clusters. Nonappa et
al. have fabricated spherical, hollow capsids with a di-
ameter of around 200 nm consisting of Au102-pMBA44

(pMBA = p-mercaptobenzoic acid) clusters [18]. The
self-assembly of the clusters in a water-methanol mix-
ture seems to be guided by the balance of protonated
and deprotonated carboxylic acids in the ligands. Mar-
jomäki et al. used Au102-pMBA44 clusters to coat en-
teroviruses with tens of clusters [19]. The clusters were
functionalized with maleimide linkers to attach to spe-
cific sites in the virus capsid. In the study the clusters
were used as labels for transmission electron microscopy,
but the authors suggested also using the geometry- and
separation-dependent optical properties of the clusters
for spectroscopy of the viruses and manipulation of the
virus capsid by electromagnetic radiation. The clusters
used in these two studies were not plasmonic, but sim-
ilar techniques could be used to built plasmonic cluster
assemblies.

To understand the plasmonic coupling and the optical
properties in different cluster assemblies from the elec-
tronic perspective, we use the jellium model and den-
sity functional theory (DFT) to study geometric arrange-
ments of 8-electron clusters with a tetrahedral, icosahe-
dral, cuboctahedral, and dodecahedral shape. We have
previously studied the LSPR in single clusters and bond-
ing dipolar plasmons (BDP) in planar assemblies [20] and
CTPs in dimers [21] using the same methods. The sim-
ple jellium model enables us to concentrate on the elec-
tronic response and to handle large systems with lower
computational cost than with fully atomistic models. In
addition, we have seen that assemblies of even the small
8-electron jellium clusters can support collective excita-
tions such as CTPs and bonding combinations of the
LSPRs.

Since there is a spherical shell-closing for 8 electrons in
the jellium model, we use a positive background in the
shape of a sphere for the clusters. This spherical symme-
try of the individual clusters also simplifies the analysis
of the different cluster assemblies, making it easier to ob-
serve the effect of the geometry of the arrangement. For
real clusters, the atomic structure obviously prevents the
shape of the 8-electron sodium cluster from being ex-
actly spherical. In atomistic ab initio calculations, Na8
is found to prefer a shape with the Td point group, higher
in symmetry than the neighbouring cluster sizes [22, 23].

Zhang et al. have showed that for dimers of sodium
clusters with about 300 atoms, the atomic structure af-
fects the exact energies of the main absorption peaks and
the maximum separation at which the CTP peak is man-
ifested [24]. However, the main trends for the absorption
spectra were reproduced also by the jellium model. The
shape of Na8 differs more from a sphere than the shape

of these larger clusters, but we can still expect that the
jellium assemblies can qualitatively reproduce results of
the corresponding atomic systems.

Classical simulations have been previously performed
for three-dimensional cluster arrangements with clusters
the size of tens of nanometers [5, 7–10, 12, 14]. Unlike
the LSPR-based plasmons, the tunneling CTPs present
at small separations cannot be modeled using classical
approaches [4]. Since our methods and systems allow us
to reach the CTP region, we will focus more on these less
studied excitations.

The analyzed cluster assemblies have been chosen to be
shell-like or capsid-like to mimic the experimental set-ups
with capsids of clusters or clusters or NPs arranged on
a virus. In the experiments thus far, either the capsid
or the NPs have mostly been far bigger than the sys-
tems studied here. However, our jellium systems serve as
smaller-scale models to study the optical phenomena of
cluster systems with subnanometer gaps in detail, using
the methods and tools that we have already developed
for these jellium clusters. In the future, our analysis can
help to interpret the more complex optical responses of
real, atomistic cluster systems.

II. THEORY AND METHODS

The studied systems consist of spherical 8-electron
clusters, arranged in a hollow capsid-like formation.
Tetrahedral, icosahedral, cuboctahedral, and dodecahe-
dral symmetry were used, with 4, 12, 12, and 20 clusters,
respectively. The clusters were placed on the vertices of
these shapes. The density of sodium was used for the
jellium background, resulting in a radius of r = 4.1 Å
for one cluster. The largest system, dodecahedron, had
an inter-cluster separation of S = 1.0 Å = 0.25r . For
the other geometries, two different separations were used:
S = 1.0 Å and S = 2.1 Å = 0.5r. The jellium systems
can be seen in figure 1.

The DFT calculations were performed with the real-
space grid GPAW program [25, 26], which allowed us
to easily construct the systems. Because of the uniform
background, the LDA functional [27] was chosen for the
exchange-correlation. In the case of charge transfer be-
tween clusters, LDA can reproduce also charge transfer
plasmons (see the supporting information of [21]). The
optical spectrum was calculated using the linear response
time-dependent DFT (lr-TDDFT) as implemented in
GPAW [28].

In GPAW, the jellium background is constructed by
assigning the positive background charge to certain grid-
points. For the spherical jellium clusters, these are the
gridpoints with coordinates r for which

|r−R0|2 < N1/3rs, (1)

where R0 is the center of the cluster, N is the number
of electrons of the cluster, and rs is the Wigner-Seitz
radius of sodium. We used the value rs = 2.08 Å. Since
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the charge is divided uniformly, inside the jellium spheres
the background density is approximately

ρJ =

(
4

3
πr3s

)−1

≈ 0.0265 Å
−3

. (2)

This positive density is then added to the electron density
when calculating the Hartree potential, which contains
the Coulombic repulsion and attraction of the charges.
The self-consistently calculated electron density is not
uniform, but experiences oscillations and spill-out from
the positive background.

To illustrate the extent of this spill-out of electrons
and the electron density overlap for adjacent clusters,
the electron density along x axis for a single cluster and
dimer are shown in gray in figure 2. The uniform pos-
itive background density ρJ is indicated with a dashed
line. The dimer has a separation of S = 0.25r. The
electron density for a dimer of a separation of S = 0.5r
can be seen in the supporting information of reference
[21], where the effect of the electron density overlap on
the CTPs is discussed for dimers. Figure 2 (a) shows
that the electron density tail extends about 2 Å outside
of the jellium surface. For clusters with a separation of
S = 0.25r = 1.0 Å, there is significant electron density
between the clusters, as can be seen from figure 2 (b).
For the separation of S = 0.5r = 2.1 Å, the electron den-
sity overlap is smaller but non-negligible.

The calculations were performed at 0K in vacuum, and
a minimum of approximately 8 Å of empty space was left
between the jellium edges and the edge of the calcula-
tion box. Because of the uniform jellium background, a
relatively large grid-spacing of h = 0.4 Å was employed.
Testing the convergence with respect to the grid-spacing,

FIG. 1. The jellium backgrounds for the studied geometries:
(a) tetrahedron, (b) icosahedron, (c) cuboctahedron, and (d)
dodecahedron. The clusters are numbered for further refer-
ence. The direction of the optical analysis (x) is indicated.

FIG. 2. The electron density (in gray) along the x axis for (a)
a single 8-electron cluster and (b) a dimer of two 8-electron
clusters with a separation of S = 0.25r. The x axis is the
dimer axis. The positive jellium background density is indi-
cated with a dashed line.

the spectrum of one of the tetrahedral systems was found
to be the same for h = 0.3 Å and h = 0.4 Å. For the opti-
cal spectrum calculation, the used energy cut-off was 7 eV
for the tetrahedra, 6 eV for the icosahedra and cubocta-
hedra, and 5 eV for the dodecahedron.

Selected peaks of the spectra were also further ana-
lyzed using the time-dependent density functional per-
turbation theory (TD-DFPT) [29], where the system is
excited with a cosinoidal laser pulse. This allows us
to separate the contributions from different Kohn-Sham
electron-hole transitions to the transition dipole moment
and also to calculate the induced density. Here we use
a laser pulse polarized in the x direction, as indicated
in figure 1. We visualized these contributions employing
the dipole transition contribution map (DTCM) scheme
[30, 31]. This was combined with the Ylm analysis [32],
where the Kohn-Sham orbitals of the clusters are pro-
jected into spherical harmonics to show the superatomic
symmetries. This analysis was done for each spherical
8-electron cluster separately, and the contributions were
summed for the total system.

To have a quantitative measure of the charge trans-
fer character of an excitation, we have employed an in-
dex, the Charge Transfer Ratio (CTR). In our previous
study of dimeric systems [21], we employed a similar in-
dex which was calculated using the dipole moment of the
charge transfer and the induced dipole moment of the sys-
tem. Now, due to the more complicated symmetries of
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the systems, we employ a new way to calculate a similar
index. We want to compare the ratio of the total induced
charge momentarily transferred between clusters at the
studied excitation energy to the total induced charge os-
cillating in the whole system.

Due to symmetry, the clusters that have a center at
the x = 0 plane have a total of zero induced charge, and
the clusters at the left (right) have all either a positive or
negative charge. Thus, we can have a measure of the total
charge transfer between clusters by summing the induced
charge for all the clusters on the left. To normalize, we
divide by the total positive induced charge in the whole
system, or half of the integral of the absolute value of the
induced density. Let us use the index i for the clusters
in one system, and divide the calculation box to the left
and right sides. Now we can write the CTR index as

CTR =
|∑i in left

∫
cluster i

ρind(r) dr|∫
all

|ρind(r)|/2 dr , (3)

where ρind(r) is the induced density and the summation
goes over all the clusters on the left side of the system.
For example for the icosahedron visualized in figure 1
(b), these clusters are numbered 1–4. The integral in the
numerator is performed over the volume assigned for each
cluster. The division of the space between the clusters is
done by using a Wigner-Seitz type definition, assigning
each grid point to the cluster that it is closest to. In
the integration in the denominator, we integrate over the
whole calculation cell.

If the CTR index is zero, the charge oscillations are
only happening inside the clusters, and no net charge
is transferred between different clusters. The maximum
value of the index is one, which would mean that all
the induced density oscillations happen between clusters.
The absolute value in the numerator makes sure that
the index is always positive, since the magnitude is the
measurement of the amount of charge transfer between
clusters.

III. RESULTS

A. Binding energies and HOMO-LUMO gaps

The binding energies Eb per cluster and the HOMO-
LUMO (H-L) gaps for the different shapes and separa-
tions are listed in table I, as are the abbreviations given
to each system. The values for two systems of dimers con-
sisting of the same 8-electron clusters are also included
for comparison. The binding energy for the cluster ar-
rangement is calculated as Eb = M ·Esingle−Esys, where
M is the number of clusters in the arrangement, Esingle

the energy of the single cluster, and Esys the ground-
state energy of the cluster system.

We can see that all the system have relatively large
H-L gaps close to 1 eV, as a consequence of the magic
nature of the spherical 8-electron cluster. A single, iso-
lated cluster has a H-L gap of 1.50 eV. The H-L gaps

TABLE I. The binding energy per cluster and HOMO-LUMO
gap for all the studied systems in units of eV. The abbrevi-
ations used in the text are also shown. The values for two
dimer systems consisting of spherical 8-electron clusters are
included for comparison.

abbr. shape S/r Eb/cluster H-L gap
Th1 tetrahedron 0.5 0.073 1.17
Th2 tetrahedron 0.25 0.19 0.98
Ih1 icosahedron 0.5 0.12 1.11
Ih2 icosahedron 0.25 0.32 0.82
Ch1 cuboctahedron 0.5 0.098 1.12
Ch2 cuboctahedron 0.25 0.26 0.80
Dh dodecahedron 0.25 0.20 0.92
- dimer 0.5 0.023 1.27
- dimer 0.25 0.066 1.13

and binding energies per cluster are quite similar for the
different geometries. The arrangements with 12 clusters
have stronger binding energies per cluster than the sys-
tems with other sizes, with the icosahedra having the
biggest energies for both separations. This trend in the
binding energies follows the number of nearest-neighbor
interactions per cluster in the different geometries, the
tetrahedra and dodecahedra having three, the cubocta-
hedra four, and the icosahedra five nearest-neighbors for
each cluster.

Decreasing the separation between the clusters from
S/r = 0.5 to S/r = 0.25 has the same trend for each
three-dimensional shape: the binding energy per clus-
ter increases by 0.12–0.20 eV, and the H-L gap decreases
by 0.19–0.32 eV. The changes in the H-L gap can be
explained by the further hybridization and subsequent
splitting of the electron orbitals of the individual clus-
ters when the clusters are brought closer together.

B. Absorption spectra and CTR values

The absorption spectra and the CTR values for all the
systems are shown in figure 3. The absorption strengths
have been normalized by dividing by the number of clus-
ters for each system. The spectrum of a single 8-electron
cluster is shown for comparison. The clusters on the left
side of the cluster arrangement, included in the CTR cal-
culations using equation 3, are 1 for the tetrahedra, 1-4
for the icosahedra, 1-4 for the cuboctahedra, and 1-8 for
the dodecahedron, using the numbering from figure 1.

The spectra shown are the average for light polarized
in x-, y- and z-directions. The cluster arrangements are
highly symmetric, and the spectra were checked to be
almost identical for all the directions. The same has
been observed for the scattering spectra of tetrahedral
and icosahedral superclusters of larger nanoparticles both
experimentally and computationally [9].

For the larger separation, the Ih1 in panel (f) and Ch1
in panel (g) both have one relatively sharp main peak at
the energies 2.61 eV and 2.62 eV, respectively. This peak
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is, however, broader than and slightly red-shifted from
the LSPR peak of the single 8-electron cluster, at 2.72 eV,
as seen in panel (h). The red-shift and broadening of the
plasmon peak in the absorption spectra has been also
observed in experiments of plasmonic NP arrangements
[10–13]. The spectrum of Th1, however, supports a broad
peak at 2.75 eV with a shoulder at approximately 2.5 eV.
This is because, on average, the clusters in the tetrahe-
dral arrangement are closer to each other than in the
other geometries, which have a larger empty space in the
middle. For all the cluster arrangements, the spectrum
has a low-energy tail that is absent for the single sphere.

We can observe that going from the larger separation
to the smaller, the main peak broadens and absorption
strength is transferred to smaller energies, as has been
seen also for the dimer systems [21]. This is clearer for
the icosahedral and cuboctahedral symmetries, that sup-
port quite a narrow peak for S/r = 0.5, than for the
tetrahedra. In these systems, we can see that the optical
spectra change drastically with respect to changes in the
inter-cluster separation. For S/r = 0.25, the highest peak
appears at slightly higher energies than for S/r = 0.5 for
all the geometries.

Comparing the two different geometries with the same
number of clusters, icosahedron and cuboctahedron, we
can see that the spectra are very similar for the larger
separation. For S/r = 0.25, the spectra, while still sim-
ilar, differ somewhat in the details. One explanation is
the splitting of the orbitals, which is similar for Ch1 and
Ih1, but larger for Ch2 than for Ih2, as seen in figures 4
and 5. The larger splitting can be explained by the lower
symmetry of the cuboctahedral shape.

Following the CTR analysis, we can see that all the
systems have high CTR values at low energies, approxi-
mately up to 2 eV. The CTR index reaches its minimum
at about 3 eV, approximately the energy of the higher-
energy shoulder of the main peak. This indicates that the
low-energy excitations have a high charge transfer char-
acter, and the largest peak and its shoulder are a result
of charge oscillations inside each cluster separately.

The increase in the CTR values going from the larger
separation to the smaller are not very high, with Ch1
even having one higher CTR values than Ch2. However,
for the tetrahedra and the icosahedra, the highest CTR
value for S/r = 0.25 is larger than for S/r = 0.5, and
appears at higher energies. For all the studied systems
with two different separations, the CTR values diminish
faster when going to bigger energies for the larger separa-
tion, which can be seen for example from the data points
near 2 eV in figure 3.

C. Analysis of the absorption peaks

In figure 4 we show the DTCMs and induced transition
densities for three selected excitations for both of the
icosahedral clusters. The main trends with respect to
the energy of the excitations are representative also of

the three other geometries. The analysis was made for
light polarized in x direction. The contour plot shows
the relative strengths of the positive (red) and negative
(blue) contributions to the dipole moment. The dashed
line marks e-h transitions from initial K-S state i to final
state f , with energies εi and εf , respectively, for which
the energy of the excitation is E = εf − εi.

The low-energy excitations shown in figures 4 (a), (b),
(d), and (e) have a high CTR value, the highest for Ih1
being the one at 1.57 eV and for Ih2 the one at 1.84 eV.
The isosurfaces of the induced densities show that the
induced charge distributions inside one cluster are differ-
ent on the left and on the right side of the arrangement,
clusters on the left being more positively charged. From
the DTCMs we can see that the contributions to these
excitations below 2 eV are mainly from transitions from
the 1P orbitals to the 1D orbitals.

The higher-energy excitations, at 2.61 eV and 2.66 eV,
correspond to the largest peak and have a low CTR value.
From the induced density figures we can see that these
excitations correspond to the electronic charge oscillat-
ing inside each cluster separately in-phase. These fea-
tures indicate that these peaks are bonding combinations
of the LSPR peaks. In addition to the 1P→1D transi-
tions, there are also some appreciable contributions from
1P→2S.

The other clear difference between the high- and low-
CTR excitations is the ratio of positive and negative con-
tributions to the dipole moment. The percentage of the
total strength from the negative contributions of the to-
tal strength from all the contributions is largest for the
lowest-energy excitations and decreases with increasing
energy at least until about 2.5 eV. This percentage for Ih1
is 34 %, 31 %, and 6 %, for the peaks shown in figures 4
(a), 4 (b), and 4 (c), respectively. Similarly, for Ih2, the
percentages are 35 % for the peak in 4 (d), 30 % for 4 (e),
and 8 % for 4 (f). Thus, the low-energy excitations ex-
hibiting a large CTR have relatively more contributions
from screening transitions than the excitations close to
the original LSPR peak. These transitions contributing
negatively lie mostly on the E = εf − εi line, meaning
that the energy of the transitions is approximately the
energy of the whole excitation. In contrast, the strongest
positive excitations lie mostly below this line.

The DTCMs and induced densities for the peak with
the highest CTR value for the rest of the systems with
S/r = 0.25r, Th2, Ch2, and Dh2, can be seen in figure 5.
The features are similar to those for the peaks with high-
est CTR values for the icosahedral systems. The cuboc-
tahedron, which has the most splitting in the 1P orbitals
of all the geometries, has consequently the biggest spread
of energy differences εf − εi in the contributing e-h tran-
sitions. The largest splitting can be explained by the
cuboctahedron having lower symmetry than the icosa-
hedron and the dodecahedron, and having more clusters
than the tetrahedron.

We can see strong negative contributions approxi-
mately on the E = εf − εi line also for all the excitations
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in figure 5. The percentages of the negative e-h contribu-
tions are 29 % for the excitation in figure 5 (a), 26 % for
(b), and 30 % for (c). The induced densities again show
that the temporary induced charge distributions are not
symmetric with respect to all the single clusters, only
with respect to the whole arrangement. These features
are similar to those for the CTP excitations for dimers of
the 8-electron clusters with separations of S/r = 0.5r and
S/r = 0 [21], which also appear in the same energy range
between approximately 1.5 and 2 eV. Using the same ter-
minology, the excitations seen in figures 4 (a), (b), (d),
and (e), and 5 can also be classified as CTPs.

IV. SUMMARY AND CONCLUSIONS

We have studied the plasmonic excitations in geometric
assemblies of 8-electron jellium clusters using lr-TDDFT.
We have also calculated the CTR index, a measure of the
charge transfer nature of the excitations, at different ex-
citation energies for each cluster. With the studied sep-
arations of approximately one or two Ångströms, even a
one Ångström change can have a big effect on the spec-
tra. However, we found excitations with CTP character
at low energies for both separations.

For all the studied geometries, we see the same trends
in the optical response. The two arrangements with the
same number of clusters but different geometries, icosa-
hedron and cuboctahedron, have very similar spectra es-
pecially for the longer separation. In addition, all the
clusters support one larger bonding plasmon peak (in
some cases with a shoulder), and one or several CTP
peaks at lower energies.

The different nature of the excitations can be also seen
in the DTCM analysis: for the peaks with significant
charge transfer nature, the e-h transitions contributing to
the transition dipole moment are mainly from 1P to 1D,
and they involve transitions with strong negative contri-
butions. The plasmon peaks at higher energies, on the
other hand, are formed mainly from positively contribut-
ing transitions, and include also 1P → 2S contributions.

The combination of the GPAW code and the simple
jellium model lends itself readily to the study of different
cluster arrangements. The geometries studied here are
regular polyhedra. Since GPAW is a real-space grid based
code, any arrangement of clusters is easy to assemble and
compute. The same methods and analysis tools can be
extended to more complicated or larger geometries, and
clusters of different shapes. Conductive linking between
the clusters can also be modeled by channels of suitable
jellium background density.

Compared to real 8-electron sodium clusters, the uni-
form spherical jellium background is an oversimplifica-
tion. For example, since atomic Na8 clusters are poly-
gons in shape, the relative orientations of the neighboring
clusters can also affect the charge transfer and plasmon
coupling in an assembly. The effect of the shape could be

studied by changing the jellium background from spher-
ical to the experimental geometry, which would be an
interesting follow-up work. Here, we concentrated on the
general trends varying the separation and arrangement,
the results representing rather an assembly of different
cluster orientations than a single atomic system.

In the experimental studies and applications, the clus-
ters usually consist of gold or silver atoms, not sodium.
In these noble metals, the d electron screening weakens
the surface plasmon resonance and thus reduces the in-
teraction between the plasmons of neighboring clusters
[33]. Additionally, gold and silver have smaller Wigner-
Seitz radii than sodium, resulting in larger background
density. This corresponds to smaller electron spill-out
lengths for these noble metals [34, 35]. Since the CTPs
require electron density overlap, this indicates that the
onset of the CTPs would happen at smaller separation in
gold or silver arrangements. Because of these differences,
noble metal assemblies are expected to show a weaker
coupling in the absorption spectra than the jellium ar-
rangements with the density of sodium studied here.

Exact comparison to existing experiments is also hin-
dered by the generally much larger size of the NPs and
inter-particle separations in the experimental plasmonic
assemblies, such as those mentioned in the introduc-
tion, compared to the jellium arrangements studied here.
Specifically, none of the articles [5–13] report CTPs,
which require very small inter-cluster separations. So
far, CTPs have not been observed for cluster systems
with similar arrangements and cluster sizes as studied
here. Atomically precise monolayer-protected metal clus-
ters [36] are promising candidates for building blocks of
assemblies that would enable the experimental study of
the plasmon coupling and charge transfer oscillations in
this size range.

The jellium studies can pave way to more realistic
atomistic calculations for modeling these systems. For
example, even though the induced densities and DTCMs
are more complex for assemblies of monolayer-protected
gold clusters, the trends can be expected to be the same
as here. By comparing the results of jellium calculations
and atomistic calculations, the effect of the atomic struc-
ture can be separated. In addition, the results for jellium
assemblies can help to identify the different features in
the optical spectra for the atomistic systems.
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[19] V. Marjomäki, T. Lahtinen, M. Martikainen, J. Koivisto,
S. Malola, K. Salorinne, M. Pettersson, and H. Häkkinen,
Site-specific targeting of enterovirus capsid by function-
alized monodisperse gold nanoclusters, Proc. Natl. Acad.
Sci. U.S.A. 111, 1277 (2014).

[20] E. Selenius, S. Malola, and H. Häkkinen, Analysis of lo-
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[36] T. Tsukuda and H. Häkkinen, Protected Metal Clusters:
From Fundamentals to Applications, Vol. 9 (Elsevier,
2015).



9

FIG. 3. The absorption spectra and CTR values for all the studied systems. The absorption strength has been divided by
the number of clusters for each system. The spectrum of a single cluster, shown with a different y axis scale, is included for
comparison.
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FIG. 4. The DTCM figures and isosurfaces of induced densities for selected peaks for the icosahedral geometries. (a)–(c):
separation S = 0.5r (Ih1 ), (d)–(f): separation S = 0.25r (Ih2 ). The red and blue colours of the contour plot show positive
and negative contributions to the transitions dipole moment, respectively. The colors of the PDOS indicate the superatomic
symmetries of the orbitals around each individual cluster in the arrangement, and the PDOS shown is the sum of these
projections. The gray color indicates higher symmetries and electron density outside of the projection spheres.
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FIG. 5. The DTCM figures and isosurfaces of induced densities for the peak with the highest CTR value for (a) Th2, (b) Ch2,
and (c) Dh, which all have a separation of S = 0.25r.
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