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Abstract. A portion of light scalar dark matter, especially axions, may organize into
gravitationally bound clumps (stars) and be present in large number in the galaxy today. It
is therefore of utmost interest to determine if there are novel observational signatures of this
scenario. Work has shown that for moderately large axion-photon couplings, such clumps can
undergo parametric resonance into photons, for clumps above a critical mass M?

c determined
precisely by some of us in Ref. [1]. In order to obtain a clump above the critical mass in the
galaxy today would require mergers. In this work we perform full 3-dimensional simulations
of pairs of axion clumps and determine the conditions under which mergers take place through
the emission of scalar waves, including analyzing head-on and non-head-on collisions, phase
dependence, and relative velocities. Consistent with other work in the literature, we find
that the final mass from the merger M?

final ≈ 0.7(M?
1 +M?

2 ) is larger than each of the original
clump masses (for M?

1 ∼ M?
2 ). Hence, it is possible for sub-critical mass clumps to merge

and become super-critical and therefore undergo parametric resonance into photons. We find
that mergers are expected to be kinematically allowed in the galaxy today for high Peccei-
Quinn scales, which is strongly suggested by unification ideas, although the collision rate is
small. While mergers can happen for axions with lower Peccei-Quinn scales due to statistical
fluctuations in relative velocities, as they have a high collision rate. We estimate the collision
and merger rates within the Milky Way galaxy today. We find that a merger leads to a flux
of energy on earth that can be appreciable and we mention observational search strategies.
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1 Introduction

A wide range of astrophysical observations, including large scale structure, anisotropies of the
cosmic microwave background radiation, gravitational lensing, and galactic rotation curves,
are well explained after including cold dark matter [2]. However, its particle physics origin
remains unknown. By considering shortcomings in the Standard Model of particle physics,
the QCD axion is one of the strongest dark matter candidates. Some of the primary motiva-
tions for axions come from the strong CP problem [3–5] and unification with gravity in the
framework of string theory (e.g., see [6–8]).

In recent years, the searching for axion dark matter has captured a large amount of
attention from the physics community. This interest has lead to the development of a diverse
search program including, but not limited to, haloscopes [9–12], helioscopes [13, 14], axion-
induced oscillating electric dipole moment [15–17], atomic and molecular transitions induced
by axions [18, 19], and indirect axion searches [20–28]. A significant part of these searches
are based on the axion-photon coupling through the dimension 5 operator ∆L ∼ gaγγφE ·B,
where φ is the axion field, gaγγ is the axion-photon coupling constant and E and B are the
electromagnetic field components, respectively. In particular, ground based experiments, such
as the ADMX experiment [29] in which axions move through a large magnetic field in order
to produce a cavity photon, try to detect the axion by exploiting the axion-photon coupling.
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Even though a detection of axions is plausible in the next few years, such phenomena have
not been observed yet.

Hence, it is very important to explore possible novel phenomena associated with this
coupling in different contexts, including astrophysics. In this paper, we continue our investi-
gation from Refs. [1, 30, 31] about Bose-Einstein condensates (BECs) of axion dark matter
and their possible astrophysical consequences. Of particular interest to us here are the prop-
erties of gravitationally bound objects, known in the literature by various names, including
“dark matter clumps” or “axion stars” or “Bose stars” 1. These clumps are held together
by the inward gravitational force and the outward pressure provided by the fact that at high
occupancy the axion is accurately described by classical field theory with an associated pres-
sure from field gradients. These clumps can have a range of masses, but they have an upper
limit beyond which there is an instability due to the axion’s attractive self-interactions; we
will return to all these details in later sections.

Of particular interest in this work will be on merger of these clumps, and the subsequent
possible phenomenon of parametric resonance of the clumps into photons in the Milky Way
galaxy today. Other important work on this subject includes [36–39]. In the following, we
will first briefly explain the different scenarios at which axion clumps may be formed. Then,
we shall describe the main features of axion clumps and how these astrophysical objects may
be detected today in our proposed set up.

The QCD axion is a pseudo-Goldstone boson associated with a spontaneously broken
PQ symmetry, introduced as a solution of the strong CP problem [3–5]. After the QCD phase
transition, the axion acquires mass and begin to behave as cold dark matter. In the scenario at
which the PQ symmetry is broken after inflation, the axion field remain inhomogeneous from
one Hubble path to the next by causality. Hence, large field fluctuations after the QCD phase
transition allows the field to undergo strong mode-mode gravitational interactions and re-
organize into a type of BEC of short-range order [40]; this is the “clump” or “axion star” [41].
Dynamical relaxation can occur in the so-called kinetic regime [42], while another relevant
time scale (Γcond ∼ 8πGNmφnφ/k

2) occurs in the so-called condensation regime [43, 44]. Here
one normally needs to assume axion models with a domain wall number equal to the unity
NDW = 1, so that the axion overabundance coming from the decay of topological defects is
avoided 2. When the axion mass is the order of the Hubble time, the axion begins to oscillate
and roll downs to one of the NDW degenerate minima. For example, in the Kim-Shifman-
Vainshtein-Zakharov (KSVZ) model [47, 48], NDW corresponds to the number of heavy quarks
carrying U(1)PQ charge so that NDW = 1 can be realized. By contrast, in the Dine-Fischler-
Srednicki-Zhitnitsky (DFSZ) model [49, 50], NDW is single or double of the number of flavours
of quark which carry U(1)PQ charge, e.g. NDW = 3 or 6. There is no clear theoretical reason
to choose one model over others, although one might argue that phenomenologically the
NDW = 1 case may be more reasonable. However, if this is the case, the axion can be the
cold dark matter in the Universe in the mass range 10−2 eV . ma . 10−4 eV, which is related
to 109 GeV . Fa . 1011 GeV for the standard QCD axion [46] 3.

In the scenario at which the PQ symmetry is broken before or during inflation, the

1Axion stars are a particular type of boson star. For a complete review about dynamic properties of boson
stars see, for example, [32]. For novel extensions in this topic, see [33–35]

2The QCD axion can be rescued for NDW > 1 by the inclusion of a bias term in the PQ potential [45, 46].
3An even slighlty the lower bound of F > few×108 GeV comes from constraining the cooling rate originated

by the production of axions in the core of the supernova SN 1987A [51], though for such low values of Fa, it
is difficult to constitute all the dark matter
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axion field is driven to be highly homogeneous on large scales, so that it is unclear if the
axion may form a BEC in the late Universe in the way we explained above. However, we
recently showed for the first time in Ref. [52] that axion dark matter clumps may kinetically
nucleate in dark mini-halos around primordial black holes (PBHs) 4. If PBHs exists, as is a
possible interpretation of the gravitational waves events detected by LIGO-Virgo collabora-
tion [62–70], and the axion is the dominant component of dark matter, they will unavoidably
acquire dark mini-halos mainly during the matter dominated era. These mini-halos satisfy
the needed conditions to form kinetically axion dark matter clumps before first galaxies for-
mation. Nucleation likely occurs in the so-called kinetic regime, where the wavelength of
the axion field is much smaller than the mini-halo radius and the relaxation rate reads as
Γkin ∼ nφσgrvφN [42, 52]. Here σgr ∝ (GNmφ/v

2
φ)2 is the scattering cross section due to

gravitational interaction, N is the ocupancy number related to Bose enhancement and vφ
is the axion virial velocity in mini-halos. Depending on the PBH masses, we expect the
nucleation of axion clumps composed by the QCD axion or string axions. Indeed, taking a
conservative 0.5% in the fraction of dark matter in axion stars, we expect up to 1017 and 109

axion clumps in the solar neighborhood for the QCD axion and string axions, respectively.
Complementary to this scenario, recently authors in Ref. [71] show that clumps composed by
axion-like-particles may form when the PQ symmetry is broken before or during inflation.
The formation mechanism is mainly via tachyonic instability after considering a multiple co-
sine potential for the axion-like-particles potential coming from non-perturbative corrections.

In the scenario at which the PQ symmetry is broken before or during inflation, topolog-
ical defects are not an issue due to the exponential cosmic expansion during inflation. Thus,
the axion abundance is given in terms of the initial misalignment angle Θi as 5

Ωah
2 ∼ 0.7

(
Fa

1012GeV

)7/6(Θi

π

)2

. (1.1)

(where the power of 7/6 comes from estimates of the axion mass temperature dependence).
If the initial Θi is taken to be O(1), then this shows that QCD axions must satisfy the
constraint Fa . 1012 GeV (or equivalently ma & 10−5 eV) to avoid the over-closure of the
Universe [72–74]. However, there is no upper bound on the axion decay constant coming
if a small initial Θi is considered. The presence of inflation also ensures that there is no
additional problems from relic density constraints. This small Θi may require explanation
as it appears as an additional fine-tuning. It is sometimes referred to as axion anthropic
window, where Fa � 1012 GeV and Θi � 1 [75–78]. However, the axion field acquires fluc-
tuations proportional to the Hubble parameter during inflation leading to large isocurvature
density perturbations [79–83]. Since these kind of perturbations are tightly constrained by
cosmic microwave background observations, the so-called isocurvature perturbation problem
arises. However, several solutions have been proposed to this problem in the literature as
the proposed in Ref. [84]. Altogether, for the QCD axion as dark matter, the axion decay

4PBHs behave as a cold dark matter being stable for sufficiently large masses. Since the first detection
of two merging black holes by LIGO-Virgo Collaboration, the possibility of the existence of PBHs have been
strongly revitalized. For a review about PBHs and their mechanism of formation in the early Universe, see
Refs. [53–57]. For novel physics phenomena associated with PBHs, such as novel contraints in mixed dark
matter scenarios with WIMPS, primordial gravitational waves, or effects on direct detection of dark matter,
you may read Refs. [58–61].

5We are assuming that there is no dilution coming from, for example, late decays of particles beyond the
standard model.
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constant can conceivably span the range 109 GeV . Fa . 1017 GeV. Here the upper bound
comes from black hole spins measurements [85].

Furthermore, we note that ideas associated with unification and string theory often
point to high values of Fa, and such values are often suggested by various kinds of axions
beyond QCD and axion-like particles [8]. We will return to these high Fa later in our work.

We are mainly interested in spherically symmetric axion dark matter clumps which
correspond to a true BEC. The combination of gravity, the axion attractive self-interaction,
and kinetic pressure together allow for the formation of stable configurations in the non-
relativistic regime. Due to the fact that this condensate is a coherently oscillating axion
field, we can expect axion clumps to undergo parametric resonance of the electromagnetic
field from the axion-photon coupling under suitable conditions. The output of coherent radio
waves may potentially be detected on the earth.

In conventional QCD axion models, we have gaγγFa ∼ O(10−2). However as we showed
in Ref. [1], for spherically symmetric axion clumps, the necessary condition for parametric
resonance is gaγγFa > 0.3 (earlier estimates include Refs. [36–38]). Hence for the conventional
QCD axion models, resonance from spherically symmetric clumps would not be possible. At
these values, resonance is not possible for true BEC of axion dark matter. However, we
can have gaγγFa & 1 for unconventional QCD axion models, axion coupling with hidden
sector photons [86], or from axion-like particles, so that the resonant decay of axions may
happen. Furthermore, the resonance condition is altered for clumps that carry finite angular
momentum; indeed non-spherical symmetric QCD axion clumps may undergo resonant decay
for sufficiently large angular momentum, as were analyzed in Ref. [31].

For a given value of the axion-photon coupling constant gaγγ , there exists a critical
number of particles which allows for resonance in a clump, N?

c . Consider an axion clump
with a number of particles N? and a value of the axion-photon coupling gaγγ . Suppose
that this coupling is large enough so that axion clumps may undergo resonant decay if their
number of particles is larger than the critical one. After axion dark matter clump formation,
one would expect a distribution for their masses. On the one hand, clumps with a number
of particles greater than the critical number, i.e., N? > N?

c , will undergo resonant decay into
photons. These clumps will quickly lose mass until their number of particles reaches the
critical number, i.e., N? → N?

c . On the other hand, clumps with a number of particles less
than the critical number, i.e., N? < N?

c , may capture axion dark matter from the smooth
background so thatN? will slowly grow towardsN?

c . Thus, we expect a kind of mass pile-up at
a unique value M?

c = N?
cmφ. Interestingly, this unique number depend only on fundamental

constants. If this scenario is realized, we should expect to have a mass pile-up of axion stars in
the Milky Way halo today. After suitable conditions, these astrophysical objects may collide
and merge leading to a new BEC axion clumps with a total number of particles greater than
the critical one. Thus, emission of photons via axion resonant decay could then happen and
be relevant in the galaxy today. We also note that in the halo today, the effective plasma
mass of photons is very small, allowing this process to potentially occur, while it would be
forbidden in the early universe due to the higher plasma mass back then.

The outline of this paper is as follows: In Section 2 we briefly explain the main features
of axion field theory, axion dark matter clumps, and the parametric resonance phenomenon
associated with these astrophysical objects. We summarize main results from our previous
work in Refs. [1, 30]. In Section 3 we numerically study the collision of spherically symmetric
axion dark matter clumps and obtain the needed conditions for mergers to take place. In
Section 4 we analyze the collision and merger rates for axion clumps in the Milky Way halo,
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as well as the main features of the parametric resonance phenomenon. In Section 5 we
present our summary and outlook. Finally, in Appendices A and B we explicitly compute
some needed results for the numerical set up performed in Section 2.

2 Axions and Photons

The general dynamics of the QCD axion has been studied and reviewed in many papers.
Here we focus only on points which are relevant for this work. For a general review, see, for
example, Refs. [87–89].

2.1 Axion Field Theory

The QCD axion φ is the pseudo-Nambu-Goldstone boson of the Peccei-Quinn (PQ) solution
to the strong CP problem 6 in the Standard Model [3–5]. While the axion is massless at the
classical level, non-perturbative quantum effects in QCD give rise to a potential for the φ
at low temperatures. Starting from the very early universe, this potential becomes relevant
at temperatures of order the confinement scale. At that time, the axion acquires a small
mass and the field relaxes to the CP conserving minimum. As a dark matter candidate, cold
axions are sufficiently light to be in the high occupancy regime and, as a result, they are well
described by classical field theory (after performing a suitable ensemble averaging [94]).

In the effective theory for axions, the Lagrangian density of the field can be written in
the canonical form as 7

L =
√
−g
[
R

2κ2
+
gµν

2
∇νφ∇µφ− V (φ)

]
, (2.1)

where g = det(gµν) is the determinant of the metric tensor, κ =
√

8πGN is the gravitational
coupling and R is the Ricci scalar. Since we shall focus only on the non-relativistic regime
for axions, we can expand the potential V (φ) around the CP conserving minimum φ = 0 and
keep the first two leading terms as

V (φ) =
1

2
m2
φφ

2 +
λ

4!
φ4 +O(λ2φ6/m2

φ) , (2.2)

where mφ is the axion mass and λ is the quartic coupling constant. For the standard QCD
axion, the axion mass is given by [4]

mφ =

√
mumd

(mu +md)

fπmπ

Fa
≈ 10−5 eV

(
6× 1011 GeV

Fa

)
(2.3)

where mu,md,mπ are the up quark, down quark and pion masses, fπ is the pion decay
constant and Fa is the PQ symmetry breaking scale (or axion decay constant). Note that
here we have taken Fa = 6 × 1011 GeV as a typical reference value for axions in the classic
window. However, as we will discuss later, higher values of Fa are of considerable interest to
the phenomenology; these correspond to lighter axion masses ma.

6The fact that the axion solves the strong CP problem makes it a strong dark matter candidate. However,
several solutions to this problem have been proposed in the literature. For discrete symmetry solutions, see
Refs. [90–92]. Recently, it was proposed in Ref. [93] an interesting new solution which relies on the horizontal
gauge symmetry and CP invariance in a full theory.

7We work in natural units ~ = c = 1 with a metric signature of (+ - - -).
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The self coupling constant λ can be parameterized in terms of the axion mass and the
PQ symmetry breaking scale as

λ = −γ
m2
φ

F 2
a

, (2.4)

which is negative for the attractive axion self-interaction and γ ∼ O(1) is a parameter of order
unity. As we mentioned earlier, the potential for the axion arises from QCD instantons. While
the computation of this potential under the standard dilute instanton gas approximation
leads to γ = 1, a more accurate computation combining chiral perturbation theory plus
lattice QCD leads to γ = 1− 3mumd/(mu +md)

2 ≈ 0.3 [95].
To take the non-relativistic limit, it is useful to express the real axion field in terms of

a slowly varying complex scalar field ψ(x, t) as follows

φ(x, t) =
1√
2mφ

[
e−imφtψ(x, t) + eimφtψ∗(x, t)

]
. (2.5)

The complex field ψ(x, t) introduces small corrections to the fundamental frequency ω0 = mφ

in the non-relativistic regime. Inserting this expression into the above Lagrangian density,
taking the non-relativistic limit in a non-expanding background (as we are interested in
behavior in the galaxy today), and passing to the Hamiltonian formalism, the dynamics of
the axion is determined for the following non-relativistic Hamiltonian

Hnr = Hkin +Hint +Hgrav , (2.6)

where

Hkin =
1

2mφ

∫
d3x∇ψ∗ · ∇ψ , (2.7)

Hint =
λ

16m2
φ

∫
d3xψ∗2ψ2 , (2.8)

Hgrav = −
GNm

2
φ

2

∫
d3x

∫
d3x′

ψ∗(x)ψ∗(x′)ψ(x′)ψ(x)

|x− x′|
. (2.9)

Here Hkin, Hint, and Hgrav refer to the different components of the non-relativistic Hamil-
tonian, e.g. the kinetic, the self-interacting, and the gravitational energy, respectively. This
Hamiltonian can also be derived by using many-particle quantum mechanics as shown in
Ref. [40]. The Hamiltonian in Eq. (2.6) is invariant under the field transformation ψ → ψeiβ,
where β is a constant. This global U(1) symmetry is associated with a conserved number of
particles

N =

∫
d3xψ∗(x)ψ(x) , (2.10)

which is expected in the non-relativistic limit where particle-number violated processes are
usually suppressed. However, there can still unavoidably number changing processes through
the axion-photon coupling, as we discuss later in the paper, where we will be interested in
the resonance regime at which axions decay in pair of photons with exponential growth. The
output of this phenomenon are classical electromagnetic waves.

Using the Hamilton equation, we can readily derive the equation of motion of the field
in the non-relativistic regime. This, together with the Newton-Poisson equation for the (non-
dynamical) Newtonian potential, φN = φN (ψ,ψ∗), are a pair of coupled partial differential
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equations governing the time evolution of the system. We have,

iψ̇ = − 1

2mφ
∇2ψ +mφψφN −

|λ|ψ∗ψ2

8m2
φ

, (2.11)

∇2φN = 4πGNmφ|ψ|2 . (2.12)

For numerical purposes, it is convenient to rescale the axion field, the Newtonian potential,
and the temporal and spatial coordinates to go to the dimensionless version of these equations.
Recalling that |λ| = γm2

φ/F
2
a , the suitable transformations for the variables are the following:

x =

(
mPlγ

1/2

mφFa

)
x̃ , t =

(
m2

Plγ

mφF 2
a

)
t̃ , (2.13)

ψ =

m1/2
φ F 2

a

mPlγ

 ψ̃ , φN =

(
F 2
a

m2
Plγ

)
φ̃N , (2.14)

where a similar transformation for spatial varables (y, z) is understood. Here, mPl = 1/
√
GN

is the Planck mass and variables with tilde accent marks refer to dimensionless quantities.
Then, we can rewrite Eqs. (2.11, 2.12) as follows

i
˙̃
ψ = −1

2
∇̃2ψ̃ + ψ̃φ̃N −

ψ̃∗ψ̃2

8
, (2.15)

∇̃2φ̃N = 4π|ψ̃|2 . (2.16)

Later, we shall analyze the merger of pairs of axion stars by starting from two initially
separate star configurations, which independently satisfy the time independent version of
Eq. (2.15), and then track their self consistent non-linear evolution.

2.2 Axion Dark Matter Clumps

The axion BEC is defined by a fixed number of particles. While the true BEC is spheri-
cally symmetric, higher eigenstates of the axion condensate includes the presence of non-zero
angular momentum. Here we will mainly focus on the true BEC configurations which corre-
sponds to the state of minimum energy at fixed number of particles. On the other hand, we
will also study mergers of non head-on collisions, which can lead to some non-zero angular
momentum, albeit typically small. We will recap the most important features of spherically
symmetric axion clumps, which were studied in detail in Refs. [30, 96, 97]. A ground state
configuration can be written as a spherically symmetric stationary solution as

ψ(r, t) = Ψ(r)e−iµt, (2.17)

where µ ≈ mφ as expected in the non-relativistic limit and Ψ(r) describes the radial profile.
For example, the radial profile and the corresponding Newtonian potential for a pair of ground
state solutions is given in Fig. 1.

For most of this paper we will obtain precise numerical results of the equations of
motion, but it is useful to compare to analytical approximations, which we discuss now. We
showed in Ref. [30] that a sech and exponential-linear ansatz for the radial profile are very
accurate in comparison to Ψ(r) obtained numerically. In particular, the sech ansatz reads as

ΨR(r) =

√
3N?

π3R3
sech(r/R) , (2.18)
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Figure 1: Radial profiles of the axion field (right) and corresponding Newtonian potentials
(left) of the stable ground state configurations with a number of particles Ñ? = 4.55418 (blue
solid line) and Ñ? = 3.56503 (red solid line).

where the shape of the clump is controlled by the length scale R and the coefficients in front
of the function ensure the normalization, i.e., N? =

∫∞
0 dr 4πr2Ψ2(r). We use the variational

method to find equilibrium solutions of the axion field. Using the dimensionless variables
defined previously and replacing any localized ansatz depending on a single scale into the
Hamiltonian, the energy of the system after a suitable integration takes the form

H̃(R̃) = a
Ñ?

R̃2
− bÑ

2
?

R̃
− cÑ

2
?

R̃3
, (2.19)

where coefficients a, b, c depend on the localized ansatz, and, as we will see, are O(1) num-
bers. Here, the dimensionless Hamiltonian, H̃, the dimensionless scale length, R̃, and the
dimensionless number of particles, Ñ?, are related by

H =

(
F 3
a

mPlmφγ3/2

)
H̃ , R =

(
mPlγ

1/2

mφFa

)
R̃ , N? =

(
mPlFa

m2
φγ

1/2

)
Ñ? , (M? = mφN?).

(2.20)
Now, as we will see, the typical axion stars have dimensionless quantities H̃, R̃, Ñ? that are
not especially large or small (at least for the heavier stars), so the dimensionful prefactors
give one a rough idea as to their values. In particular, we see that for higher Fa, the stars
will carry a larger (negative) binding energy and be more robust to undergo mergers (we
will return to this later in our work), as well being more massive (note that maFa is fixed in
terms of the QCD scale for the QCD axion, so the radius does not change with larger Fa).

For the specific case of the sech ansatz, coefficients in Eq. (2.19) are given by

a =
12 + π2

6π2
, b =

6[12ζ(3)− π2]

π4
, c =

π2 − 6

8π5
(2.21)

Extremizing the Hamiltonian with respect to the variational parameter R at fixed number of
particles in Eq. (2.19), we can map out the basic solutions of the axion-gravity-self-interacting
system in the non-relativistic regime. As shown in Fig. 2 (left), there are two branches of
solutions which are associated with the extrema of the Hamiltonian according to

R̃ =
a±

√
a2 − 3bcÑ2

?

bÑ?

. (2.22)
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Figure 2: (Left) Two branches of solutions when the axion system is treated in the non-
relativistic regime for the dimensionless radius R̃90

?,min (which encloses 90% of the clump mass)

as a function of the dimensionless number of particles Ñ?. The upper blue curve corresponds
to stable solutions for spherically symmetric axion clumps, which are the configurations of
our interest. The lower red curve refers to the corresponding unstable configurations. The
sech ansatz approximation in Eq. (2.18) is used to draw both curves. (Right) Parameter
space for the axion-photon coupling gaγγ [γ1/2F−1

a ] with respect to the number of particles
on the stable blue branch, normalized to N?,max [mPlFam

−2
φ γ−1/2]. Parametric resonance of

axion clumps into photons occurs in the upper right blue shaded region.

For a given N?, while the global maximum of H̃(R̃) corresponds to an unstable solution, the
local minimum is a stable solution. When gravity dominates over self-interactions (upper
blue curve), BEC axion clumps are stable against perturbations and can be spatially large.
By contrast, when axion self-interactions dominates over gravity (lower red curve), BEC
axion clumps are unstable against perturbations and can be spatially small (for very small
clumps, higher order terms of the potential V (φ) eventually become important, leading to
new solutions called axitons [98], but this will not be our focus here). Since we are interested
in to analyze the resonance phenomenon of photons coming from merger of axion clumps,
we will focus from now exclusively on the stable branch.

From Eq. (2.22), we see there is a maximum number of particles which can be in
a clump, Ñ?,max ≡ a/(

√
3bc), which is associated with a minimum length scale. At this

particular point of the parameter space of stationary solutions, gravity and self-interacting
forces are comparable and the stable and unstable branches converge.

Returning to dimensionful variables, we can express the maximum allowed mass for an
axion clump, M?,max = N?,maxmφ, and its associated radius in terms of the axion mass and
the PQ scale. Since axion clumps do not have a hard surface, we define the clump radius R90

?

as the radius at which is enclosed the 90% of the total clump mass. Using the sech ansatz
approximation, we obtain

M?,max ≈ 2.4× 1019 kg

(
10−5 eV

mφ

)(
Fa

6× 1011 GeV

)(
0.3

γ

)1/2

, (2.23)

R90
?,min ≈ 80 km

(
10−5 eV

mφ

)(
6× 1011 GeV

Fa

)( γ

0.3

)1/2
. (2.24)
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where R̃90
?,min ≈ 2.799R̃(Ñ?,max) for the sech ansatz approximation.

A simple manipulation allows us to express M? and R? of any axion clump in function
of M?,max(R90

?,min) and R90
?,min, respectively, as

M?(R?) = αM?,max(R90
?,min) , (2.25)

R? = g(α)R90
?,min , (2.26)

where
g(α) ≡ (1 +

√
1− α2)/α with α ∈ (0, 1]. (2.27)

where the dimensionless quantity α parameterizes the branch of stable solutions: α → 0
corresponds to going far up the upper blue branch to small masses and large radii. While
α→ 1 corresponds to the end of the stable blue branch where the clumps are more massive
and smaller radii and where it meets the unstable red branch.

The corresponding relativistic field φ(x, t) is obtained by replacing in Eq. (2.5) the
ground state configuration ψ(r, t) from Eq. (2.17) to obtain

φ(r, t) = Φ(r)cos(ω0t) , (2.28)

where the radial profile is Φ(r) =
√

2/mφΨ(r) and the oscillation frequency is ω0 = mφ+µ ≈
mφ. Coherent harmonic oscillations with a frequency close to the axion mass can lead to
resonance of the electromagnetic field, depending on the value of the axion-photon coupling,
as we shall explain now.

2.3 Parametric Resonance of Photons

Here we briefly review the axion-photon interaction and the parametric resonance phe-
nomenon in axion clumps. The axion clump resonance of photons was studied in detail
by us in Ref. [1], while other work includes Refs. [36–39].

In essentially all axion models, the axion couples to photons through the chiral anomaly,
where a pair of photons is connected with the axion by a fermion loop. The interacting
Lagrangian density is given by

Laγγ = gaγγφE ·B , (2.29)

where gaγγ is the axion-photon coupling constant, which has units of inverse mass, and
E and B are the electromagnetic field components. The coupling to E · B is appropriate
since the axion is also a pseudo-scalar and so this term is CPT invariant. As mentioned
earlier, detection of axions in ground based experiments often relies on the axion-photon
coupling. Thus, different values taken by gaγγ in different theoretical realizations is of crucial
importance for many experiments. In some classic models of the QCD axion, the coupling
constant is written as

gaγγ =
α

2πFa

[
Ē

N̄
− 2(4 +mu/md +mu/ms)

3(1 +mu/md +mu/ms)

]
, (2.30)

where α is the fine structure constant, Ē and N̄ are the electromagnetic and color anomalies,
respectively, and mu, md and ms are the usual quark masses. The ratio between these
anomalies is model dependent, but for conventional axion models |gaγγ |Fa ∼ O(10−2) 8.

8For ease notation, we will send gaγγ → |gaγγ | due to only its magnitude is relevant to the resonance
phenomenon.
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Since the axion dark matter clumps are coherently oscillating, the axion condensate
may undergo parametric resonance of photons. During the resonance, there is an exponen-
tial growth in photon occupancy number and subsequent radio wave emission. Due to this
exponential growth, the final result is essentially classical electromagnetic waves. The elec-
tromagnetic background coming from CMB and astrophysical sources, plus the inevitable
quantum fluctuations in the vacuum, ensure the presence of seed fluctuations to trigger the
resonance.

As a useful, though as we shall see overly simplistic, starting point, one may treat the
axion field as a homogeneous condensate. Even though such a configuration is unstable
against perturbations to collapse from gravity and attractive self-interactions, we shall see
later that the resonance phenomenon in such configuration sets a relevant time scale for
the growth rate associated with the resonance in localized axion clumps. For small field
amplitudes, the homogeneous axion takes the form

φ(t) = φ0cos(ω0t), (2.31)

where ω0 ≈ mφ and φ0 is the amplitude for oscillations.

Consider the quantized four vector potential Âµ = (Â0, Â) and take the Coulomb gauge
∇ · Â = 0. The variation of the Lagrangian density of axion-photon interaction in Eq. (2.29)
with respect to the four vector potential leads to the following modified Maxwell equation
for the two photon propagating degrees of freedom:

¨̂
A−∇2Â + gaγγ∇× (∂tφÂ) = 0 , (2.32)

where gradients of the axion field are neglected within the non-relativistic approximation.
Passing to Fourier space in this background homogeneous approximation, the electromagnetic
modes decouple and the corresponding mode functions sk of the vector potential satisfy the
classic Mathieu equation as

s̈k + ω2
k(t)sk = 0 , (2.33)

where ωk = k2 − gaγγω0kφ0sin(ω0t) is an effective frequency in the k-space. Since the fre-
quency of the pump is periodic, i.e., ω2

k(t) = ω2
k(t+ T ) with T = 2π/ω0, there is parametric

resonance for modes with certain values of k. In the small amplitude regime, a spectrum of
narrow resonant bands is observed equally spaced at k2 ≈ (n/2)2ω2

0 for n = 1, 2, 3, .... The
resonance is dominated by the first instability band having a maximum growth rate given by

µH ≈ gaγγmφφ0/4. (2.34)

The center of the resonance band is k = (ω0/2)
√

1 + g2
aγγφ

2
0/2, which can be approximated

as k ≈ mφ/2 for small amplitudes. The bandwidth is

∆k = kr,edge − kl,edge ≈ gaγγmφφ0/2 (2.35)

where kr,edge and kl,edge are the left and right hand edge of the first instability band, respec-
tively.

Now we turn to the important situation at hand, involving inhomogeneous spherically
symmetric clumps on the stable branch. Here the equation of motion of the quantized
vector potential in Eq. (2.32) can be expressed in terms of their mode functions v and
w through a vector spherical harmonic decomposition involving functions Mlm and Nlm.
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By exploiting the spherically symmetry of the axion field, the complicated tridimensional
problem is transformed into an effective 1-dimensional problem. This decomposition reads
as

Â(x, t) =

∫
d3k

(2π)3

∑
lm

[
â(k)vlm(k, t)Mlm(k,x)− b̂(k)wlm(k, t)Nlm(k,x) + h.c.

]
. (2.36)

The vector spherical harmonics are defined in terms of the scalar spherical harmonics Ylm(θ, ϕ)
and the spherical Bessel functions jl as usual as

Mlm(k,x) =
ijl(kr)√
l(l + 1)

[
im

sin θ
Ylmθ̂ −

∂Ylm

∂θ
ϕ̂

]
, (2.37)

ikNlm(k,x) = −∇×Mlm(k,x) , (2.38)

where r = |x| is radius, θ is polar angle, and ϕ is azimuthal angle. Neglecting gradients of
the axion field, the equation of motion of the vector potential becomes a coupled system of
equations for the mode functions vlm and wlm as follows∫

d3k

(2π)3

∑
lm

[ (
v̈lm + k2vlm − ikgaγγ∂tφwlm

)
Mlm

−
(
ẅlm + k2wlm + ikgaγγ∂tφvlm

)
Nlm

]
= 0 . (2.39)

Choosing one resonant channel for simplicity, considering axion field configurations which
slowly vary in space, and rewriting the axion spatial profile by a 1-dimensional (real) Fourier
transform, the system of coupled differential equations become simpler to treat numerically.
For the specific channel l = 1 and m = 0, for example, the modes functions obey the relation
w10 = ±iv10(k, t), where

ẅ10(k, t) + k2ω10(k, t)− igaγγω0ksin(ω0t)

∫
dk′

2π
v10(k′)Φ̃1d(k − k′) = 0 . (2.40)

Here 2πΦ(r) =
∫
dk̃ cos(k̃r)Φ̃1d(k̃) and ω0 is the fundamental frequency for the corresponding

homogeneous case.
Numerical solution of the system based on Floquet Theory in our earlier work shows

that the growth rate of the resonance phenomenon is well approximated by

µ? ≈
{
µH − µesc, µH > µesc

0, µH < µesc
(2.41)

where µH ≈ gaγγmφφ0/4 is the maximum growth rate for the case of a homogeneous con-
densate as shown in Eq. (2.34) and µesc ≈ 1/(2R?) is the photon escape rate. Taking the
sech ansatz radial profile to set the axion field amplitude as

φ0 =

√
2

mφ
Ψ0 =

√
6N?

mφπ3R3
, (2.42)

the resonance condition takes the form

gaγγFa > 0.28
( γ

0.3

)1/2
[
g(α)

α

]1/2

, (2.43)
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where we recall from earlier that g(α) ≡ (1 +
√

1− α2)/α and α ∈ (0, 1]. When α = 1, the
number of particles of the axion clump reachesN?,max leading to gaγγ,min = 0.28F−1

a (γ/0.3)1/2.
Equation (2.43) sets a general relation between the axion-photon coupling constant and the
number of particles in the clump to obtain photon emission via resonance. This inequal-
ity is shown in Fig. 2 (right). For a fixed axion-photon coupling, lighter clumps are less
likely to undergo parametric resonance. While for the conventional models for the QCD
axion gaγγFa ∼ O(10−2) does not satisfy the resonance condition, axion models with atyp-
ical axion-photon coupling gaγγFa & 1 as well as with couplings to hidden sector photons
may undergo parametric resonance. In particular, a theoretical realization of a QCD axion
model in the GUT framework with hidden sector photons is performed in Ref. [86]. These
authors obtain an enhancement factor for the axion-photon coupling of about 10-100 for
Fa ∈ [1010, 1016] GeV. However, it would obviously be of particular interest to have large
couplings to visible sector photons for observational purposes.

3 Axion Stars Merger

3.1 Numerical Setup

Now let us focus on the procedure that we shall follow to analyze the merging process of axion
stars by numerical simulations. We work in rectangular coordinates under periodic conditions
defining the spatial and time domains as [x̃start, x̃end] and [t̃initial, t̃final], respectively. We
discretize the x̃-rectangular coordinate as x̃i = x̃start + i∆x̃ for i = 0, ..., N−1. An analogous
discretization apply for ỹ and z̃-coordinates. In addition, we discretize the time coordinate as
t̃q = t̃initial + q∆t̃ for q = 0, ...,M . Here ∆x̃ and ∆t̃ correspond to the dimensionless spatial
and time step sizes.

Generally speaking, the Schrödinger equation can be solved numerically by using a
symmetric split-step beam method [99, 100] according to

ψ̃(x̃, t̃+ ∆t̃) = e−i
∫ t̃+∆t̃
t̃

H̃dt̃′ψ̃(x̃, t̃) ,

' e−iH̃∆t̃ψ̃(x̃, t̃) ,

' e
−i
(
− ∇̃2

2
+Ṽ
)

∆t̃
ψ̃(x̃, t̃) , (3.1)

where in the second line we have taken the integrand to be approximately constant for enough
small ∆t̃. Here ∇̃2 is the Laplacian operator with respect to the dimensionless coordinates
x̃, ỹ, and z̃ and H̃ = (−∇̃2/2 + Ṽ ) as usual. Since we do not expect that ∇̃2 and Ṽ operators
commute each other, we have exp[−i(−∇̃2/2+ Ṽ )∆t̃] 6= exp[i∇̃2∆t̃/2]exp[−iṼ∆t̃]. However,
one can prove that

e
−i
(
− ∇̃2

2
+Ṽ
)

∆t̃
ψ̃(x̃, t̃) ' e−iṼ

∆t̃
2 ei

∇̃2

2
∆t̃e−iṼ

∆t̃
2 ψ̃(x̃, t̃) , (3.2)

where the leading order term for the error is proportional to (∆t̃)3 (see Appendix A for
details). The action of exp(i∇̃2∆t̃/2) over exp(−iṼ∆t̃/2)ψ̃(x̃, t̃) can be worked out in the
momentum space according to [99]

ei
∇̃2

2
∆t̃e−iṼ

∆t̃
2 ψ̃(x̃, t̃) = F−1

(
e−i

k̃2

2
∆t̃F

(
e−iṼ

∆t̃
2 ψ̃(x̃, t̃)

))
, (3.3)
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where k̃2 = k̃2
x̃+ k̃2

ỹ+ k̃2
z̃ and F(F−1) is the Fourier (inverse) transform. Thus, we can express

the dimensionless axion field at the (t̃+ ∆t̃) time as

ψ̃(x̃, t̃+ ∆t̃) ' e−iṼ
∆t̃
2 F−1

(
e−i

k̃2

2
∆t̃F(e−iṼ

∆t̃
2 ψ̃(x̃, t̃))

)
. (3.4)

For the particular case Ṽ (x̃, t̃) = φ̃N (ψ̃(x̃, t̃)) − |ψ̃|2(x̃, t̃)/8, Eq. (3.4) corresponds to the
solution of (2.15). Here the solution for the Newtonian potential at a time (t̃+∆t̃) is obtained
by solving Eq. (2.16) in the momentum space. Take t̃ fix and consider the three-dimensional
Fourier transform of the Newtonian potential and the local number density ñ(x̃, t̃) = |ψ̃(x̃, t̃)|2
as

φ̃(x̃, t̃) =
1

(2π)3/2

∫
φ̃k̃(t̃)ei k̃·x̃d3x̃ , (3.5)

ñ(x̃, t̃) =
1

(2π)3/2

∫
ñk̃(t̃)ei k̃·x̃d3x̃ , (3.6)

and insert them into Eq. (2.16) to obtain∫ (
φ̃k̃(t̃)k̃2 + 4πñk̃(t̃)

)
ei k̃·x̃d3k̃ = 0 , (3.7)

φ̃(x̃, t̃) = F−1
(

4π∇̃−2ñk̃(t̃)
)

= F−1

(
−

4πñk̃(t̃)

k̃2

)
. (3.8)

We use a discrete Fourier transform for Eq. (3.6) as

ñk̃x̃,k̃ỹ ,k̃z̃(t̃) =
N−1∑
m=0

N−1∑
l=0

N−1∑
n=0

ñ(x̃m, ỹl, z̃ñ, t̃)e
−i 2π

N (k̃x̃m+k̃ỹl+k̃z̃n) , (3.9)

and since the Newtonian potential in Eq. (2.16) is real, we have

φ̃k̃x̃,k̃ỹ ,k̃z̃(t̃) = φ̃N−k̃x̃,N−k̃ỹ ,N−k̃z̃(t̃) . (3.10)

The Laplacian operator is taken to be

∇̃2
m,l,n =

e−
i2π
N
m + e

i2π
N
m − 2

∆x̃2
+
e−

i2π
N
l + e

i2π
N
l − 2

∆ỹ2
+
e−

i2π
N
n + e

i2π
N
n − 2

∆z̃2
, (3.11)

where we recover the rightmost expression in Eq. (3.8) when N → ∞. At that limit, we
have ∇̃2

m,l,n = −(2πm/L)2− (2πn/L)2− (2πn/L)2 for L ≡ ∆x̃N (see Appendix B for further
details).

Since we operate in a finite size box, we need to absorb outgoing modes at boundaries to
avoid unphysical reflection back to the central region of the grid where the merging process
takes place. We implement a sponge at the boundaries through adding an imaginary potential
such that

Vsponge = −iV0

2

[
2 +

tanh(r̃ − r̃sponge)

δ
− tanh(r̃sponge/δ)

]
, (3.12)

where r̃2 = x̃2
i + ỹ2

j + z̃2
k is the radius of a given point in the discrete spatial domain. Note that

this potential is a smooth version of a step function with amplitude V0, where r̃sponge and
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δ are the center and the width, respectively. The imaginary potential actually behaves as a
sink of outgoing particles. In our numerical simulations, we choose V0 = 104, r̃sponge = N/2,
and δ = 0.5.

We choose the spatial and temporal step sizes as well as the size of the cosmological
box to obtain enough resolution to accurately analyze the merging process and avoid loss
of particles absorbed by the spherical sponge which are still bounded to the whole system.
Typical values taken by us are a cosmological box with a volume (384)3 in dimensionless
units, a temporal step size ∆t̃ ' 0.08, and spatial step sizes ∆x̃ = ∆ỹ = ∆z̃ ' 0.08.

We check the numerical stability of our code by evolving in time a ground state con-
figuration placed at the origin. Figure 3 (left) shows two snapshots of the dimensionless
local number density ñ(x̃, t̃) = |ψ(x̃, t̃)|2 along the z̃-direction with (x̃, ỹ) ' (0, 0) of a stable
ground state configuration with Ñ? = 3.56503 that we showed earlier in Fig. 1. While the
black solid line refers to the initial time, the yellow dashed line refers to the time t̃ = 300.
Figure 3 (right) shows the corresponding evolution of the dimensionless number of particles
and Hamiltonian. As expected, the shape of the square of the field norm keeps unchanged
as times goes on as well as the dimensionless number of particles and energy of the system.
Indeed, the change rate of the dimensionless number of particles is negligible at all time dur-
ing the simulation. In particular, dÑ?/dt̃ ∼ O(10−12) at t̃ = 300. Thus our code is faithfully
preserving the conserved quantities in the system accurately. Note that the conservation of
energy is non-trivial because the evolution operator used is no longer exactly the Hamilto-
nian, and furthermore, the conservation of energy and particle number is non-trivial because
of the absorbing boundary condition which breaks unitarity.

In addition, we check our program code by running the time evolution of one clump
using as a initial condition at t̃ = 0

ψ̃(x̃)initial = ψ̃(r̃)eiṽz̃ z̃ , with ṽz̃ = (mPlγ
1/2/Fa) vz , (3.13)

where ṽz̃ is the dimensionless clump velocity in the z̃-direction. Note that pzz = mφvzz = ṽz̃ z̃,
where pz is the associated linear momentum. Here ψ̃(r̃) corresponds to the radial profile of
a ground state (stable solution) with Ñ? = 3.56503 or Ñ? = 4.55418 for the ground state
configurations that we showed earlier in Fig. 1. Here ψ̃ground-state = ψ̃(r̃)exp(−iµ̃t̃) where µ̃
is the (dimensionless) eigenfrequency as was mentioned in Sec. 2.

We take ṽz̃ = 0.5 and run the simulations. Figure 4 (left) shows three snapshots of the
dimensionless local number density along the z̃-direction with (x̃, ỹ) ' (0, 0) at the times
t̃ = 0, 8, 16 of both configurations. Figure 4 (right) shows the corresponding time evolution
for the dimensionless Hamiltonian for the case Ñ? = 4.55418. As we expect, both clump
solutions just travel in the z̃-direction without changing in shape and energy (and total
number of particles).

3.2 Head-on collision between two ground state axion stars

Here we study the head-on collision between two ground state axion stars. Since we are
mainly interested in collision between clumps of the same (or similar) number of particles,
we focus on the special case Ñ?,1 = Ñ?,2, where (Ñ?,i)

i=1,2 refers to the initial number of
particles of each clump. The generalization for the initial wave function in Eq. (3.13) for the
case of two clumps traveling towards each other reads as

ψ̃(x̃)initial = ψ̃(
√
x̃2 + ỹ2 + (z̃ + z̃0)2)eiṽz̃ z̃ + ψ̃(

√
x̃2 + ỹ2 + (z̃ − z̃0)2)e−iṽz̃ z̃ , (3.14)
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Figure 3: (Left) Snapshots of the dimensionless local number density along the z̃-direction
with (x̃, ỹ) ' (0, 0) at times t̃ = 0 (bue solid line) and t̃ = 300 (yellow dashed line) for
the ground state configuration with Ñ? = 3.56503. As a initial condition we use ψ̃(x̃)initial

from (3.13) with the corresponding radial profile shown in Fig. 1 and ṽz̃ = 0. (Right)
Corresponding time evolution of the dimensionless number of particles Ñ? (purple line),
total Hamiltonian H̃total (red line), H̃kin (blue line), H̃grav (orange line), and H̃int (green
line) for the ground state configuration shown in the left panel. This shows that the code is
faithfully preserving the expected conserved quantities in the system.

Figure 4: (Left) Snapshots of the dimensionless local number density along the z̃-direction
with (x̃, ỹ) ' (0, 0) at times t̃ = 0, 8, 16 for the ground state configuration with Ñ? = 4.55418
(blue solid line) and Ñ? = 3.56503 (red solid line). As a initial condition we use ψ̃(x̃)initial

from (3.13) with the corresponding radial profile shown in Fig. 1 and ṽz̃ = 0.5. (Right)
Corresponding time evolution of the dimensionless number of particles Ñ (purple line), total
Hamiltonian H̃total (red line), H̃kin (blue line), H̃grav (orange line), and H̃int (green line) for
the ground state configuration shown in blue line in the left panel. This system is Galilean
boosted compared to the type of system considered in Fig. 3 and so it again shows that the
code is faithfully preserving the expected conserved quantities in the system.
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Figure 5: Head-on collision of two clumps each with Ñ? = 3.5650. Here ṽz̃ = 1.5 in
Eq. (3.14). (Left) Dimensionless local number density along the z̃-direction with (x̃, ỹ) '
(0, 0) at times: t̃ = 0, t̃ = 3.5, and t̃ = 5.5. (Right) Time evolution of the dimensionless total
energy (and their components) from the collision of the two clumps. The traveling clumps
pass through each other without merging.

where 2z̃0 is the distance between the respective center of mass (COM) of the two clumps and
ṽz̃ is the magnitude of the initial velocity of the clumps in the z̃-direction. Equation (3.14)
is the sum of the wave functions of each clump. Even though we expect these wave functions
hold uncorrelated complex phases between them, for now we will only consider a null phase
difference (and explore the phase dependence shortly). In this scenario, for a fixed initial
distance between clumps, they will merge or pass through each other depending on the initial
total energy of the system, H̃ initial

tot .
We take ṽz̃ = 1.5, z̃0 = 6, and Ñ?,1 = Ñ?,2 = 3.56503 as initial conditions in Eq. (3.14).

Figure 5 (right) shows three snapshots at different times of the dimensionless local number
density. Clumps approach and pass through each other without a final merge. Note that
the total energy of the system is constant, which shows the code is working well. And
importantly, the total energy is positive, so this is expected to be an unbounded system,
which is consistent with the results of Fig. 5 (left).

To analyze the merger of axion stars in their ground state configurations, we repeat
the same initial conditions as before but we decrease the initial velocity as ṽz̃ = 0.3. Figure
6 (left) shows the temporal evolution of the dimensionless total number of particles of the
system. At the beginning of the merger process around t̃ ∼ (15 − 25) a violent relaxation
happens and a large number of particles escape. The rate for the loss of particles reach values
about dÑ?/dt̃ ∼ (10−2 − 10−1). After that, the resultant clump keeps losing particles but
with a lower rate. The particles which escape from the central clump are absorbed by the
sponge when they reach the boundary. Number of particles approach to the asymptotically
value Ñ? ∼ 5 at around t̃ ∼ 8× 103, which is equivalent to (recall Eq. (2.13))

t ∼ 2 yrs
( γ

0.3

)(10−5 eV

mφ

)(
6× 1011 GeV

Fa

)2

. (3.15)

(later we will explain that it will be interesting to also consider large Fa ∼ 1016 eV, or so,
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Figure 6: Head-on collision of two clumps each of one with Ñ? = 3.56503. Here ṽz̃ = 0.3
and z̃0 = 6 in (3.14). We have used a cosmological box with a volume (384)3 in dimensionless
units and a temporal and spatial sizes equal to ∆t̃ = 0.082 and (∆x̃,∆ỹ,∆z̃) ' 0.078,
respectively. (Left) Evolution of the dimensionless number of particles of the system during
the whole simulation. (Right) Evolution of the total energy of the system and their different
components (H̃kin, H̃grav, and H̃int). The reduction in total number and total energy over
time is due to emission of scalar waves that go into absorbing boundary conditions.

so this time scale can be relatively short, t ∼ 1 hour). At that time, the ejecting rate for
particles is quite small: dÑ?/dt̃ ∼ O(10−7). Figure 6 (right) shows the temporal evolution
of the total energy of the system and its different components. The negative initial energy
(red line) indicates a bounded system and so one can expect the merger to occur [101]. All
components of the energy show an oscillatory behavior which tend to stabilize as the resultant
clump approaches to its ground state configuration. Note that the total energy of the system
(red line) decreases as a result of the ejection of particles during the merger process and their
subsequent destruction after hitting the sponge at boundaries.

We stop our simulation at t̃ ∼ 8×103, when the final clump seems to stabilize. At lates
times the absolute value of the field at the center of mass of the clump oscillates around a
central value of ψ̃(r̃ = 0) ' 1.8; this is shown in Fig. 7 (left). To confirm that the resultant
clump is close to a ground state configuration (stable solution), we compare this solution with
the theoretical solution obtained by solving the pair of Eqs. (2.15, 2.16) using a stationary
solution ψ̃(r̃, t̃) = Ψ̃(r̃)e−iµ̃t̃ with a central value for the field Ψ̃(r̃ = 0) = 1.814 in Eq. (2.17).
Fig. 7 (right) shows the radial profile of the resultant clump (red points) at t̃ = 8121 and
the theoretical numerical solution for a ground state with the same central value for the field
(blue line). We see that both solutions agree extremely well. In addition, Table 1 shows
values for the energy components of the theoretical ground state BEC and the corresponding
values for the resultant clump at the end of the simulation. The percentage relative error
for the total energy and its components are quite small, indicating that the resultant clump
is close to a ground state axion clump, and we expect that it will approach closer to this
solution over time due to slow scalar wave emission.

A very important quantity for the phenomenology that we will discuss in the next
section is the ratio between the final number of particles of the resultant clump and the
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Figure 7: (Left) Value of the field at late times after the merger of two (stable) ground
state clumps as detailed in Fig. 6. (Left) The field value at the origin (x̃, ỹ, z̃) = (0, 0, 0);
green solid curve is absolute value of field, dashed blue curve is imaginary part of field, and
dashed orange curve is real part of field. (Right) Red points are absolute value of the field
in the z̃-direction with (x̃, ỹ) = (0, 0) of the resultant clump at t̃ = 8121. Blue solid curve
is theoretical (stable) ground state configuration obtained by solving Eqs. (2.15, 2.16) with
Ψ̃(r̃ = 0) = 1.814 in Eq. (2.17).

H̃kin H̃grav H̃int H̃total

Stable Ground State (Ψ̃(r̃ = 0) = 1.814) 7.5356 -14.1402 -0.3103 -6.9149

|ψ̃(r̃, t̃ ' 8× 103)| 7.4980 -13.8390 -0.3085 -6.6495
Percentage Relative Error (ξ) 0.5% 2.1% 0.6% 3.8%

Table 1: Total energy (and their components) of a theoretical stable ground state configu-
ration with Ψ̃(r̃) = 1.814 and the resultant clump at t̃ ' 8 × 103 generated by merging two
(stable) ground state clumps with Ñ = 3.56503 and ṽz̃ = 0.3.

initial number of particles. Numerically, we find it to be

N?
final ' 0.7(N?,1 +N?,2) (3.16)

where Ñ?,1 = Ñ?,2 = 3.56503. Note that since M? = mφN?, this relation also applies to the
final mass; as reported in the abstract. In words, the final clump is approximately formed
by 70% of the total initial number of particles of the original colliding clumps, whereas the
remaining 30% is radiated off by scalar wave emission. This is consistent with the work of
Ref. [102].

Since we expect a dependence on the initial total energy of the system on the final
clump mass, we performed several runs with different initial energies. The final clump tends
to accumulate more particles from the progenitor’s clumps as the magnitude of the total initial
energy increases, however this tendency was found to be somewhat weak. So in a rather robust
way, all merger processes follow essentially the same pattern: after the coalescence, the system
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tends to settle down to the ground state configuration by releasing an excess of particles.
Similar results were reported in Ref. [102] through numerical simulations of the merger of
solitonic cores in the context of ultra-light axion dark matter halos. However, we note that
in that work, the axion self-interaction was irrelevant, while we are exploring clumps whose
self-interaction is relatively important (albeit marginally sub-leading to gravity). Related
work in the early universe includes Ref. [103].

3.3 Non-head-on collision between two ground state axion stars

So far we have only discussed head-on collisions between the axion stars. The general case for
collisions can be studied with a non-zero impact parameter b̃. For the initial profile considered
in Eq. (3.14), a finite impact parameter means the vector which joins the respective center
of mass of the two clumps has a non-zero component along the (x̃, ỹ)-direction. We have run
several simulations with different impact parameters to verify that the primary conclusions
obtained for the case of head-on collisions remains essentially the same. If the total initial
energy of the system is negative, the two clumps merge leading to a resulting clump, unless
the impact parameter is quite large and the clumps completely miss each other.

Figure 8 shows countour levels of the local number density |ψ̃(x̃, 0, z̃)|2 at different
times for the non-head-on collision of two identical ground state configurations with number
of particles Ñ = 4.55418, ṽz̃ = 0.5, z̃0 = 6, and an impact parameter b̃ = 2 along the x̃-
direction. We see that as clumps approach they begin to interact with each other in a rather
complicated way. The coalescence process takes a longer time in comparison to the head-on
collision case. We ran simulations with different impact parameters to conclude that as the
impact parameter increases, clumps take a longer time to merge after undergoing an inspiral
motion. However, after they finally merge the process at which the resultant clump begins
to settle down to the ground state configuration by releasing the excess of particles occurs in
a similar way to those for the head-on collision case.

3.4 Parameter Space for Merger

As we already mentioned, if the initial total energy of the system composed by two colliding
clumps is negative, i.e., H initial

tot < 0, clumps will merge leading to a resulting clump. If the
initial separation between clumps is large compared to the size of each of the two clumps
radii, we can estimate the total energy of the system as follows: the sum of the individual
energies of each configuration, i.e., (Hnr,i)

i=1,2 = (Hkin,i + Hgrav,i + Hint,i)
i=1,2, plus the

additional kinetic ((Hcm
kin,i)

i=1,2) and gravitational energy (H?−?
grav) parts associated with the

kinetic energy of the center of mass of each clump and the gravitational attraction between
clumps treated as point masses in this regime (for other work see Ref. [104]). In detail, these
new extra pieces for the clumps energy reads as

Hcm
kin,i =

M?,iv
2
cm,i

2
=

(
F 3
a

mPlmφγ3/2

)
Ñ?,iṽ

2
cm,i

2
, (3.17)

H?−?
grav = −GNM?,1M?,2

d
= −

(
F 3
a

mPlmφγ3/2

)
Ñ?,1Ñ?,2

d̃
, (3.18)

where d is the initial distance between the center of mass of each clump and (vcm,i)
i=1,2 is the

center of mass velocity of each clump. The corresponding dimensionless energies associated
with Eqs. (3.17, 3.18) can be readily defined as H̃cm

kin,i = Ñ?,iṽ
2
cm,i/2 and H̃?−?

grav = −Ñ?,1Ñ?,2/d̃.
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Figure 8: Non-head-on collision between two clumps that are originally in their ground
state configurations; both with a number of particles Ñ? = 4.55418. The center of mass of
the two clumps are initially separated by a distance equal to

√
(2z̃0)2 + (2x̃0)2 =

√
122 + 22

and have an initial velocity in the z̃-direction equal to ṽz̃ = 0.5.
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Since we are mainly interested in the case of collisions between two clumps with Ñ1 ' Ñ2,
the initial energy of the system is just given by

H initial
tot ' 2Hkin + 2Hgrav + 2Hint + 2Hcm

kin +H?−?
grav . (3.19)

By simplicity, let us assume the head-on collision of two (stable) ground state axion stars with
(Ñ?,1, Ñ?,2) ' Ñ?. Both clumps are traveling towards each other in the z̃-direction with equal
but opposite velocities. As was explained in Sec. 2.2, the sech ansatz for the radial profile of
an axion clump is a good approximation for the ground state configuration. Thus, going to
the dimensionless variables, we can reexpress Eq. (3.19) in terms of this approximation as

H̃ ' 2ab2Ñ3
?

(a+
√
a2 − 3bcÑ2

? )2

− 2b2Ñ3
?

a+
√
a2 − 3bcÑ2

?

− 2b3cÑ5
?

(a+
√
a2 − 3bcÑ2

? )3

+ Ñ?ṽ
2
z̃ −

Ñ2
?

2z̃0
, (3.20)

where the dimensionless clump velocity in the z̃-direction is defined through

vz =

(
Fa

mPlγ1/2

)
ṽz̃ , (3.21)

coefficients (a, b, c) are listed in Eq. (2.21) and 2z̃0 is the distance between the center of mass of
each clump. This scaling suggests that for velocities on the order of the ratio of PQ to Planck
scale, then mergers are reasonable; we will return to this point shortly. We will consider
collision between clumps with a number of particles such that Ñ? . 0.7Ñ?,max in order to
avoid that the resulting clump overpasses the maximum mass for an stable configuration
leading to a collapse and explosion in relativistic axions [105]. 9

Figure 9 (left) shows the evolution of the initial total (dimensionless) energy of the
system for two identical clumps, Eq. (3.20), with respect to the magnitude of the clumps
velocity ṽz̃. Results are shown for different initial total number of particles. In detail, green,
orange, red, and blue lines refer to the cases Ñ?,1 = Ñ?,2 = (3, 5, 6, 0.7Ñ?,max), respectively. In
Eq. (3.20), we have set the initial distance between clumps to be 2z̃0 = 2×8R, where R is the
length scale of each clump as shown in Eq. (2.18) . Note that this distance is about 11 times
larger than the geometrical mean of the length scales, e.g.

√
2R. At that distance, numerical

calculations show the Newtonian Hamiltonian in Eq. (3.20) is a reasonable approximation
for the initial total energy of the system. We define the critical initial velocity of clumps,
ṽz̃,crit, as the velocity at which the initial total energy of the system vanishes. Above this
velocity the system is no longer bounded and the head-on collision will not lead to a final
merger. We have marked in Fig. 9 (left) with a square the critical velocity for different initial
number of particles. The larger the initial number of particles, the larger the critical velocity
because H̃cm

kin,i depends only on the number of particles to the first power. In Fig. 9 (right)
we show the contour-level of the critical relative velocity of the clumps in the parameter
space (Ñ?, Fa). This velocity is calculated using ṽz̃,crit = ṽz̃,crit(Ñ?) from Fig. 9 (left) and the
following transformation

vrel, crit ' 2× 448 km/s

(
Fa

1016 GeV

)
ṽz̃,crit(Ñ?). (3.22)

9We have set the fraction for N?/N?,max no larger than 0.7 considering the typical mass of the resulting
clump. However, if the clump somehow overpasses Mmax, numerical computations in Ref. [105] shows a final
remant M? < M?,max after multiple cycles of collapse and explosion.
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Figure 9: (Left) Initial total (dimensionless) energy of the system, H̃total, with respect to
the magnitude of the maximum initial velocity of both two clumps, ṽz̃,max, to lead to a
merger after a head-on collision. A sech ansatz is used to approximate the clumps radial
profile. Results are shown for different initial total number of particles. In particular, green,
orange, red and blue line refer to the cases Ñ?,1 = Ñ?,2 = (3, 5, 6, 0.7Ñ?,max), respectively.
The initial distance between the center of mass of the clumps is set to be 2 × 8R, where R
is the clump lenght scale in Eq. (2.18). (Right) Contour-level of the clumps critical relative
velocity vrel, crit [km/s] in the parameter space (Ñ?,1 = Ñ?,2, Fa), e.g. the initial number
of particles of each clump and the PQ symmetry breaking scale, respectively. The critical
relative velocity for clumps is calculated using ṽz̃,crit = ṽz̃,crit(Ñ?,1 = Ñ?,2) from the plot on
the left and Eq. 3.22.

We find the following empirical relationship between the critical velocity of each clump and
the number of particles in the clump:

ṽz̃,crit(Ñ?) ≈ 0.4 Ñ? (3.23)

with corresponding relative velocity ṽz̃,rel,crit = 2ṽz̃,crit. Since we expect clumps today have
relative velocities ∼ O(102) km/s in the galactic halo, our results show that in order for a
typical pair of clumps to readily merge, one needs an axion decay constant of

Fa & 1015 GeV (3.24)

On the other hand for Fa � 1015 GeV, mergers are still possible for situations in which the
relative velocity is accidentally small. Since the distribution of velocities vrel has zero mean
(but large variance), this can happen occasionally, and will be estimated in the next Section.
Also note that lower Fa allows for more numerous clumps (since clump mass is ∝ Fa/ma, as
seen in Eqs. (2.23, 2.25)) and so the collision rate will be high for lower Fa.

3.5 Interference effects during the axion stars merger

Since clumps at the initial time hold uncorrelated phases, we should include a relative complex
phase δ in Eq. (3.14) to completely characterize the initial total wave function. Thus, we
expect an interference pattern at the superposition time.
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Figure 10: Head-on collision between two clumps in their ground state configurations both
with a number of particles Ñ? = 4.55418 but different phase differences: δ = 0, π/2, 3π/2
and π for the rows (1,2,3,4), respectively. For all cases, the center of mass of the two clumps
are initially separated by a distance equal to 2z̃0 = 12 and have an initial velocity ṽz̃ = 1.

Figure 10 shows contour levels of the local number density |ψ̃(x ' 0, ỹ, z̃)|2 at different
times for the head-on collision of two identical ground state configurations with number of
particles Ñ? = 4.55418, ṽz̃ = 1, z̃0 = 6, and negative total initial energy. The rows (1,2,3,4)
refer to values of the phase difference δ = (0, π/2, 3π/2, π), respectively.

As we expect, the head-on collision of the two clumps for the case of correlated phases
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lead to the formation of a new clump after merger (Fig. 10-1c). By contrast, for the case of
phase opposition, destructive interference leads to a void region between clumps preventing
them for merging (Fig. 10-4d) and acting like an effective repulsive force (Fig. 10-4c). We can
understand this phenomenon considering the interference pattern at the time of maximum
interaction t̃int formed by two traveling (identical) ground state configurations as follows

ψ̃(x̃, t̃) = ψ̃(
√
x̃2 + ỹ2 + (z̃ + z̃0)2)ei(ṽz̃ z̃+µ̃t̃) + ψ̃(

√
x̃2 + ỹ2 + (z̃ − z̃0)2)e−i(ṽz̃ z̃−µ̃t̃+δ) ,

|ψ̃(x̃, t̃int)|2 = 2|ψ̃
√
x̃2 + ỹ2 + z̃2|2 [1 + cos(2ṽz̃ z̃ + δ)] . (3.25)

The maximum interaction between clumps occurs when z̃0 = 0. When δ = π, the destructive
interference leads to |ψ̃(x̃, ỹ, 0), t̃int)| = 0. This void in the plane (x̃, ỹ, 0) can be seen as an
effective repulsive force which acts on each clump preventing them for merger. An analog
effects was reported in Ref. [106] in the context of solitonic galactic cores made of ultralight
axions, where the axion self-interaction was neglected. For the case of any phase difference
different from π, clumps merge. For completeness, we have added in Fig. 10 particular
cases δ = (π/2, 3π/2). For δ = π/2, the destructive interference at t̃int occurs in the plane
(x̃, ỹ, ṽz̃ z̃ = π/4). Thus, the new clump formed by the merger feels a repulsive force from the
right which pushes it to the −z̃-direction (Fig. 10-2c). Obviously, the same situation occurs
for δ = 3π/2, but now the resultant clump feels a repulsive force from its left (Fig. 10-3c).
We note that despite appearances, linear momentum is in fact conserved in these processes.
That is because the scalar wave emitted carries off the equal and opposite momentum. We
have explicitly checked that the subsequent scalar wave cooling occurs in a somewhat similar
way for any value of δ different from π.

4 Astrophysical Signature via Resonant Photon Emission

4.1 Collision and Merger Rate for Axion Stars

We expect that axion stars form a fraction of the dark matter fDM
? in the Milky Way halo.

The collision rate per halo per year between two axion stars, with masses (M?,1,M?,2) 'M?,
is given by an integral over the halo

Γ?−? = 4π

∫ Rhalo

0

r2

2

(
ρhalo(r)fDM

?

M?

)2

〈σeff(vrel)vrel〉 dr (4.1)

where ρhalo(r) is the density profile associated with the dark matter distribution within
galactic halos, 〈. . .〉 is the average over the axion star relative velocity vrel distribution in
halos and Rhalo is a characteristic radius such as R200

10. The (1/2) in Eq. (4.1) is a symmetry
factor to avoid a double counting coming from the fact collisions occur between the same kind
of astrophysical objects, and we are assuming spherical symmetry of the halo for simplicity.
The effective cross section of the collision, σeff, corresponds to the usual geometric cross
section enhanced by the gravitational focus as

σeff(vrel) = π(R? +R?)
2

(
1 +

v2
?,esc

v2
rel

)
= 4πR2

?

(
1 +

2GNM?

R?v2
rel

)
(4.2)

10This is the radius at which the enclosed mass M200 has a mean overdensity 200 times greater than the
critical density.
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where v2
?,esc = 2GN (M?+M?)/(R?+R?) is the mutual escape speed between the axion stars.

Considering that vrel is the order of the dark matter velocity in the halo, v, we have

〈σeff(v)v〉 = 4π

∫ vesc

0
p(v)σeff(v)v3dv , (4.3)

where

p(v) = p0 exp[−v2/v2
0] (4.4)

is a Gaussian velocity probability distribution in the Galactic frame depending on two pa-
rameters: a characteristic escape velocity vesc and v0. The value of v0 is usually taken as the
circular velocity at the Solar position. The value of the normalization constant is obtained
from 4π

∫ vesc

0 v2p(v)dv = 1 as

p0 =
1

(πv2
0)3/2

(
Erf[vesc/v0]− 2vesce

−v2
esc/v

2
0

√
πv0

)−1

. (4.5)

which is quite close to 1/(πv2
0)3/2 for most cases of interest (vesc & v0).

Evaluating Eq. (4.2) requires an expression for the axion star mass and radius. Before
calculating Γ?−? in Eq. (4.1), we explicitly calculate the gravitational enhancement as

2GNM?

R?v2
∼ 10−7

[
7.46

(g(α)/α)|α=0.5

](
Fa

6× 1011 GeV

)2(0.3

γ

)(
220 km s−1

v

)2

. (4.6)

We notice that even though the gravitational focusing is negligible for the classical QCD
axion-window, 109 GeV . Fa . 1011 GeV, we see that the gravitational attraction between
axion stars when they pass near each other becomes at least as big as the geometric cross
section for Fa & 1015 GeV; this is indeed the same value we obtained for efficient mergers,
which is not a coincidence because there is considerable overlap in the physics here.

To obtain a first estimate of the collision rate for axion stars, we calculate Eq. (4.1) for
the case at which the dark matter density profile in galactic halos is homogeneous. Suppose
that the whole dark matter resides on Milky Way-like halos with characteristic mass M200 ∼
1012M� and uniform density ρ̄halo ∼ 200ρ0

m such that M200 = (4π/3)ρ̄haloR
3
200. Thus, the

collision rate between axion stars per year and galaxy for the homogeneous case, Γhom
?−? , is

given by

Γhom
?−? ∼ 3

[
(g(α)/α)|α=0.5

7.46

]2(fDM
?

0.01

)2 ( γ

0.3

)2
(

6× 1011 GeV

Fa

)4

×[
1 + 10−7

[
7.46

(g(α)/α)|α=0.5

](
Fa

6× 1011 GeV

)2(0.3

γ

)]
collision

yr× galaxy
, (4.7)

where we have taken v0 = 220 km s−1 and vesc = 544 km s−1 from typical values of the
Standard Halo Model [107, 108]. Note that the collision rate does not depend directly on
the axion mass. However, for the case of the QCD axion, this mass is linked to the decay
constant via Eq. (2.3).

A more accurate estimate of the collision between axion stars follows by considering a
radial profile for the dark matter distribution within Milky Way-like halos. Since a fraction
of the whole dark matter is in axion stars, it is plausible to consider that they distribute
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Table 2: Main dark matter halo parameters for three different Milky Way mass models
(best-fit models).

Profile R200 M200 rs ρs ρ� R� v0 vesc

[kpc] [M�] [kpc] [GeV/cm3] [GeV/cm3] [kpc] [km/s] [km/s]

NFW [113] 237 1.43×1012 20.2 0.32 0.395 8.29 239 622
B [114] 291 1.11×1012 9.26 1.57 0.487 7.94 241 576

NFW [114] 319 1.53 ×1012 16.1 0.53 0.471 8.08 244 613

according to a typical halo dark matter profile such that a Navarro-Frenk-White profile
(ρNFW

halo ) [109] or Burkert profile (ρB
halo) [110]. While an Einasto dark matter profile was

assumed in Ref. [111] for the study of radio signals generated by collisions between axion and
neutron stars, a NFW profile was assumed in Ref. [112] to analyze collisions between axion
stars and astrophysical objects. Both considered halo profiles parameterized as follows

ρNFW
halo (r) = ρs

(
r

rs

)−1 [
1 +

(
r

rs

)]−2

, (4.8)

ρB
halo(r) = ρs

(
1 +

r

rs

)−1
[

1 +

(
r

rs

)2
]−1

, (4.9)

where ρs and rs are the scale density and the scale radius, respectively. While rs in the NFW
profile is the radius at which dlogρNFW

halo /dlogr = −2, in the Burkert profile rs is the radius
of the region of approximately constant density. The corresponding best fit Milky Way halo
parameters associated with these specific halo mass models are summarized in Table 2.

As shown in Fig. 11 (left), the collision rate for the three possible parameters are ap-
proximately the same. In comparison to the homogeneous case, the gravitational focusing
enhancement of the collision rate is approximately unaltered because the values of v0 and vesc

are all quite similar. However, including a mass profile for the halo significantly enhances the
geometrical cross section and, as a result, the total collision rate increases by two orders of

magnitude, i.e.,. Γ
NFW/B
?−? /Γhom

?−? = O(102). Apart from the strong dependence of the collision
rate on the decay constant, this rate depends also on the number of particles of the colliding
clumps and the fraction of dark matter in axion clumps, i.e., αN?,max and fDM

? . Figure 11
(right) shows the expected range of values for the collision rate (orange shaded region) in the
parameter space (0.005, 10−4) ≤ (α, fDM

? ) ≤ (0.7, 10−1). The larger fDM
? (or the smaller α),

the larger the collision rate.

The above gives an estimate for the collision rate. However, as we discussed in Section
3, not all collisions lead to mergers. In fact the typical speeds of stars in the galaxy indicate
that they will typically carry too much energy for a 2-body merger to take place when the
PQ scale is small; recall Fig. 9. So in order to estimate the fraction that immediately lead to
mergers from a single collision, we can return to the velocity distribution above, and instead
of cutting off the integral at the escape speed of the galaxy vesc, we cut off the integral at the
critical velocity for merger vrel, crit from Eqs. (3.22, 3.23) (or vesc if it is smaller). This leads
to Fig. 12. Note that now for small Fa, instead of the rate rising as 1/F 4

a , as indicated in
Eq. (4.7), we instead have a constant rate. This can be understood as follows: For small Fa,
we have to take into account that vrel, crit ∝ Fa, which becomes statistically disfavored. The
probability that the relative velocity is this small, scales as v3

rel, crit ∝ F 3
a . In addition the
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Figure 11: (Left) Collision rate for close encounters between axion dark matter clumps
versus the PQ scale using a homogeneous density for the Milky Way halo (blue line) and
three different mass profile for the halo. We have used for all cases N?,1 = N?,2 = 0.4Nmax and
fDM
? = 0.01. We have used halo parameters (best-fit models) obtained in Refs. [113] (NFW

profile), [114] (Burkert profile), and [114] (NFW profile) in red, purple, and orange lines,
respectively. The purple line corresponds to the homogeneous case at which ρ̄halo ∼ 200ρ0

m.
(Right) Collision rate for close encounters between axion dark matter clumps versus the PQ
scale for the parameter space (0.05, 10−4) ≤ (α, fDM

? ) ≤ (0.7, 10−1) (orange shaded region),
where N?,1 = N?,2 = αNmax. In particular, blue, red and orange lines correspond to values
(α, fDM

? ) = (0.7, 10−4), (0.4, 10−2), (0.05, 10−1), respectively. The collision rate for all cases
is calculated by using a NFW profile for the dark matter halo [113].

scattering rate is suppressed by another power of vrel, crit ∝ Fa, since for slow movers they
take longer to reach one another. Together these 4 powers of Fa in the merger rate cancel the
1/F 4

a of the collision rate giving a flat rate. We see that the rates seen in Fig. 12 are quite
small. We note, however, that this plot indicates only a conservative lower bound on the
merger rate, as it is only based on pair-wise 2-body interactions, while 3-body interactions
and multiple encounter can enhance the rate, especially considering that the rate of collisions
can in fact be quite high (at least for lower Fa). On the other hand, it is possible that the
increased collisions could destabilize the clumps, since they the low Fa clumps have rather
lower binding energies.

Recall that for a fixed axion-photon coupling constant, clumps need to more than a
critical number of particles to undergo resonant decay into photons, as shown in Eq. (2.43)
and plotted in Fig. 2 (right). Thus, considering the empirical rule for merger obtained in
Sec. 3.2, i.e., Ñ?

final ' 0.7(Ñ?,1 + Ñ?,2), two colliding clumps both with number of particles
Ñ?,1 = Ñ?,1 = αN?,max would lead to a new clump as N?

final ' (1.4 × α)N?,max. This new
clump can be associated with a critical axion-photon coupling constant for resonant decay
through Eq. (2.43). For values 0.05 ≤ α ≤ 0.7 shown in Fig. 11(right), the minimum value
for gaγγ to have resonance reads as

0.28
( γ

0.3

)1/2
. gaγγ,minFa . 5.7

( γ

0.3

)1/2
, (4.10)

where the lower bound is obtained for α ' 0.7.
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Figure 12: Merger rate from pair-wise interactions from a single collision between ax-
ion dark matter clumps versus the PQ scale to the decay constant for the parameter
space (0.05, 10−4) ≤ (α, fDM

? ) ≤ (0.7, 10−1) (orange shaded region), where N?,1 = N?,2 =
αNmax. As in Fig. 11, the blue, red and orange lines correspond to values (α, fDM

? ) =
(0.7, 10−4), (0.4, 10−2), (0.05, 10−1), respectively. The collision rate for all cases is calculated
by using a NFW profile for the dark matter halo [113], and making the simplified assump-
tion that mergers arise from 2-body pair-wise interactions only. For small Fa this provides a
conservative lower bound on the actual merger rate, which can be enhanced due to 3-body
processes, etc.

4.2 Photon Emission

After axion star formation sometime in the earlier history of the universe, we expect a
distribution for number of particles as shown in the blue curve of Fig. 2 (left). For a fixed
axion-photon coupling constant, there is a critical number of particles Nc which allows for
resonance. Suppose that the axion-photon coupling g?aγγ lies in the blue shaded region of
Fig. 2, so that g?aγγ ≥ gaγγ,min and N?

c ≡ Nc. All clumps which have a number of particles
such that N? > N?

c , they will undergo parametric resonance into photons. These clumps
will quickly lose energy by electromagnetic radiation and decrease their number of particles
(or, equivalently, their masses) until N? → N?

c . After that point, the resonance phenomenon
would shut-off. For example, for g?aγγ = 2[γ1/2F−1

a ], we have N?
c ' 3.6[mPlFam

−2
φ γ−1/2]

as shown in Fig. 2 (right). On the other hand, all clumps which initially after formation
had a particle number less than the critical N?

c for resonance would tend to capture axion
dark matter from the background and to move down through the blue curve 11 in Fig. 2
(right) until N → N?

c . Thus, one may expect that in the Milky Way halo today a pile-up of
axion dark matter clumps at a unique value of particle number or mass, which for spherically
symmetric clumps, is given in terms of fundamental constants.

The idea then is that some fraction of clumps today in the Milky Way can collide with
each other leading to the formation of a new resultant clump. Conditions for an effective
merger and collision rate were discussed in Sec. 3,4.1 and we shall comeback to this later.
Under suitable conditions, we found that clumps can merge and produce a new clump accord-

11The total energy of a stable BEC axion clump decreases as the number of particles increases reaching its
lower values at H̃(Ñ?,max) ' −a2b1/2/(9

√
3c3/2), where (a, b, c) are given by Eqs. (2.21).
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ing to the relation N?
final ∼ 0.7(N?,1 +N?,2) ' 1.4N?, where we have used N? ' (N?,1, N?,2).

Since N? & Nc, the new clump will undergo parametric resonance as soon as it settles down
to a ground state configuration. The energy released by the electromagnetic radiation during
resonance, E?,γ , can be estimated as

E?,γ =
[
0.7(Ñ?,1 + Ñ?,2)− Ñ?

c

] mPlFa

mφγ1/2
' 1.4(α− 0.71αc)M?,max , (4.11)

where N? = αN?,max, N?
c = αcN?,max. Note that M?,max can be rewritten from Eq. (2.23) as

M?,max ∼ 1.4× 1046 GeV

(
10−5 eV

mφ

)(
Fa

6× 1011 GeV

)(
0.3

γ

)1/2

. (4.12)

The release of this energy will occur very quickly due to it being a resonant process. When
the axion-photon coupling is large enough for a fixed number of particles, the Bose-Einstein
statistics allows for exponential growth of the photon occupancy number leading to a final
output of classical electromagnetic waves. The time scale for this exponential growth τ
can be estimated from the growth rate. As explained in Section 2.3, the growth rate µ? is
well approximated by the difference between the maximum growth rate for the case of an
homogeneous condensate and the photon escape rate. Thus, τ = 1/µ? ≈ 1/µH so that the
time scale reads as

τ . 2× 10−4 s g(α)
( γ

0.3

)1/2
(

6× 1011 GeV

Fa

)(
10−5 eV

ma

)
, (4.13)

where we have used gaγγ,minFa = 0.28 (γ/0.3)1/2[g(α)/α]1/2 as the minimum axion-coupling
constant to satisfy the resonant condition in Eq. (2.43). This is valid once the clump mass
is somewhat larger than the critical mass and we have reached the ground state. In practice
the approach to the ground state may be somewhat slow, so this may be somewhat of an
over-estimate of the true growth rate. This deserves further investigation in future work.

The electromagnetic radiation output corresponds to a narrow line near the resonant
wavelength of λEM ≈ 2π/k ≈ 4π/mφ, which can be expressed as

λEM ≈ 0.25 (mφ/10−5eV)−1 meters . (4.14)

The bandwidth can be estimated from the width of the first instability band for the homo-
geneous case, ∆k ≈ gaγγmφφ0/2. Using the sech ansatz radial profile to set the axion field
amplitude, the frequency line of emission is

νEM ≈ 1.2 GHz
( mφ

10−5 eV

)
± 1.6 kHz

g(α)

(
Fa

6× 1011 GeV

)( mφ

10−5 eV

)(0.3

γ

)1/2

(4.15)

where the bandwidth in the frequency is related to the growth-time scale as ∆νEM = 1/(τπ).
The energy density flux of the signal on the Earth, the energy per unit area per unit

time, from a resonance event at distance D in the Milky Way halo is given by

S =
P

4πD2
=

∆E/∆t

4πD2
(4.16)

When the axion merging is still taking place, the resonant emission would be suppressed.
However, once the resonance can take place, one can expect exponential growth in photons
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may be possible. The energy output comes from Eq. (4.11), so we can estimate ∆E ∼ E?,γ ,
while the characteristic time we can estimate as the growth rate ∆t ∼ τ . For the distance to
merger D, we may consider D ∼ 50 kpc as a typical distance in the galaxy. Altogether this
gives an estimate of the energy density flux as

S ∼ 5× 10−3 W/m2

(
α− 0.71αc

g(α)

)(
Fa

6× 1011 GeV

)2(50 kpc

D

)2(0.3

γ

)
(4.17)

(again the true value should be lower for a slow merger). For comparison, we can compare
this to the energy flux from the sun of Ssun = 1370 W/m2. Hence for large Fa mergers, which
in fact are the ones most robust as discussed earlier, the energy flux on earth is appreciable.
We note that relevant wavelengths are radio waves, and that for high Fa axions, one is
probing deep into long wavelengths, which may be difficult to achieve; but possible with
future telescopes.

For astronomical observations, it is important to note the received flux per bandwidth,
or the spectral flux density, SB = S/∆B, where ∆B ∼ ∆νEM = 1/(τπ), as mentioned above.
This can be quite appreciable, since the signal is anticipated to be highly monochromatic, as
indicated in Eq. (4.15). We obtain

SB ∼ 3× 10−6 W/m2/Hz (α− 0.71αc)

(
Fa

6× 1011 GeV

)(
10−5 eV

mφ

)(
50 kpc

D

)2(0.3

γ

)1/2

(4.18)
Note that for high Fa we also have low mφ, so this can be quite large (although this will be
reduced for slow mergers).

4.3 Detectability

The signal frequency of the resonant phenomenon is related to the axion mass as shown
in Eq. (4.15). As we explained in Sec. 3 (see Fig. 9), collisions between isolated pair of
axion clumps which typically lead to merger require large values of the axion decay constant.
However, mergers for moderate values of Fa are still viable since the collision rate is much
more larger in that regime.

For the QCD axion and an axion decay constant in the range 1010 GeV . Fa . 1013 GeV,
the central frequency of emission ranges as 70 MHz . νEM . 70 GHz. This range of frequen-
cies is covered by current (and prospective) radio telescopes. For example, while the Arecibo
Observatory with a 305-meter single aperture telescope covers frequencies from 300 MHz
to 10 GHz [115], the Five hundred meter Aperture Spherical radio Telescope (FAST) from
70 MHz to 3 GHz [116], the Karl G. Jansky Very Large Array (JVLA) from 1 GHz to 50
GHz [117], and the Green Bank telescope (GBT) from 290 MHz to 115.3 GHz [118]. The
Square Kilometre Array (SKA) phase 1 to be constructed during the period 2018-2023 can
cover frequencies from 50 MHz to 350 MHz (SKA-low frequencies) and from 350 MHz to 14
GHz (SKA-mild frequencies) [119].

In the regime of Fa & 1015 GeV, mergers of axion clumps are more robust, but the
resonant axion decay leads to low frequency photon emission which would require radio
telescopes from space to be detected. Detection of frequencies less than ∼ 30 MHz is highly
limited on the Earth due to the absortion and scattering produced by the ionosphere. The
plasma frequency of this layer is about 15 MHz (10 MHz) on the day (night) side of the Earth
near sunspot maximum (minimum). Thus, the layer is opaque to all lower frequencies. The
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detection of electromagnetic waves from the galaxy in the window ∼ (30 kHz − 30 MHz) 12

requires a space or Lunar-based radio telescope. The Orbiting Low Frequency Antennas for
Radio Astronomy Mission (OLFAR) is an ambitious plan of building a swarm of hundreds
to thousands of satellites to analyze frequencies below 30 MHz. The phase 4 of the mission
is planned to be carried out at 2030, which corresponds to the development and deployment
of orbiting nano satellites on the far side of the moon. This mission and others similar will
offer in the future a chance for detection of low frequency photons emitted by axion clumps
at high Fa regimes [120].

Apart from the range of frequencies involved in the phenomenon of study, the sensitivity
of radio telescopes is a crucial factor to be considered. The smallest spectral flux density
that a radio telescope can detect depends on the observation time, tobs, the bandwidth of the
signal, ∆B, and the ratio of the effective collecting area of the telescope, Aeff, to the system
temperature, Tsys, as follows 13 [121]

SB,min ≈ 9× 10−28 W/m2/Hz

(
1 MHz

∆B

)1/2(1 ms

tobs

)1/2(103 m2/K

Aeff/Tsys

)
. (4.19)

This critical spectral flux needs to be compared with the spectral flux density obtained in
Eq. (4.18). For instance, for the SKA (Phase 1) [122], the effective area to system temperature
isAeff/Tsys = 2.7×103 m2/K. Thus, we obtain SB,min ∼ 3×10−28 (1 MHz/∆B)1/2 (1 ms/tobs)

1/2W/m2/Hz.
In the frequency range detectable for SKA, we see that SB � SB,min for emissions in the
galaxy (even when taking into account the reduced flux for a slow merger).

5 Discussion

In this work we have explored a novel way to possibly detect axion dark matter, by com-
puting axion star mergers and the possible resulting resonance into photons. As our earlier
work showed there is a critical mass for clumps beyond which they can undergo parametric
resonance into photons, depending on the axion-photon coupling. However, it was unclear
if sub-critical mass clumps could ever go beyond criticality to achieve the condition for res-
onance in the late universe. This work shows that this is indeed possible under the right
conditions; we discuss the rates shortly. We find that when mergers take place, the resultant
clump has a mass moderately larger than the original clump masses, despite the loss of mass
in scalar wave emission. This means that sub-critical mass clumps can become super-critical
and undergo photon emission for moderate to large axion-photon couplings. We note that
the plasma mass in the halo of the galaxy m2

plasma ∼ (6× 10−12 eV)2ne/(0.03cm−3) will can
make the resonance kinematically forbidden for sufficiently small axion masses. However,
this is only a problem for rather extreme values of parameters.

We found that the collision rate can be appreciable, although it depends strongly on
the PQ scale Fa. For smaller Fa, the number of clumps and their cross sections are large,
so the collisions are very frequent in the galaxy today (see Fig. 11). However, such clumps
have a small binding energy and so such collisions typically don’t lead to mergers, at least
not between a single isolated pair (see Fig. 9). However, this can happen via statistical
flukes in the galaxy due to the Maxwellian distribution of relative velocities (see Fig. 12).

12The lower bound is set just about the local plasma frequency of the interplanetary medium.
13In unit of Jansky (Jy), which is the usual unit of measurement in radio astronomy, we have SB,min ≈

0.09 Jy (1 MHz/∆B)1/2(1 ms/tobs)
1/2[103(m2/K) / (Aeff/Tsys)].
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We emphasize that this provides only a lower bound on the merger rate, as they can be
enhanced by 3-body interactions, which are not taken into account here. They could be
destabilized too. We leave this for future work.

On the other hand, for a typical collision to usually lead to mergers requires larger
values of the PQ scale of Fa & 1015 eV; although in this case the rate of collisions is much
smaller. The possible signal arising from larger values of Fa (from clumps that are more
robust against disruption) would be very interesting, although it seems to be a very rare
event. In fact it is ordinarily rather difficult to probe these high Fa regimes since couplings
to matter are then further suppressed since it is through dimension 5 operators. As explained
in the introduction, large values of the axion decay constant are achievable in the scenario
in which the PQ symmetry is broken before or during inflation, when fine tuning over the
misalignment angle is allowed. In many string compactifications, the axion decay constant is
in the range 1015 GeV− 1018 GeV, though there are exceptions [6]. Apart from the presence
of the QCD axion, which can be plausibly emdedded in this framework, string models predict
the presence of many axion-like-particles with masses distributed logarithmically [8].

Furthermore, kinetic nucleation of QCD and string axion stars in mini-halos around
PBHs [52] and axion-like-particles clumps formed by tachyonic instability [71], etc, are pro-
cesses that can take place for general values of the PQ symmetry scale, so they may provide
other ways to achieve enhanced merger rates. On the other hand, lower Fa is the more
traditional window on the QCD axion, and it has the feature that the collision rate is much
larger; so it strongly suggests simulations that include 3-body interactions, etc, for a more
complete understanding of the merger rate.

Higher Fa models corresponds to smaller axion masses ma and since this sets the char-
acteristic frequency of the radio wave emission, one would therefore need telescopes with
sensitivity to rather low frequencies. While for more moderate values of Fa and more moder-
ate axion masses, the mergers are statistically rare, though they are still possible due to the
fact that their collisions are much more frequent. Their characteristic time scale for relax-
ation towards the ground state is rather long and therefore the resonance may be a slower,
gradual process, leading to a lower flux of photons on the earth. These issues all deserve
further exploration.
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A Proof of Evolution Approximation

First, consider the expression

e(A+B)h+F (h) = eBh/2eAheBh/2 , (A.1)
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where F (0) = 0. We take a derivative with respect to h of (A.1) to obtain

(A+B + F ′(h))e(A+B)h+F (h) =
B

2
eBh/2eAheBh/2 + eBh/2AeAheBh/2 + eBh/2eAh

B

2
eBh/2 ,

(A.2)

(A+B + F ′(h))eBh/2eAheBh/2 =
B

2
eBh/2eAheBh/2 + eBh/2AeAheBh/2 + eBh/2eAh

B

2
eBh/2 ,

(A.3)

F ′(h) = −B
2

+ eBh/2Ae−Bh/2 −A+ eBh/2eAh
B

2
e−Ahe−Bh/2 ,

(A.4)

where we have used (A.1) to obtain (A.3). From (A.4) we obtain F ′′(h) as follows

F ′′(h) =
B

2
eBh/2Ae−Bh/2 − eBh/2AB

2
e−Bh/2 +

B

2
eBh/2eAh

B

2
e−Ahe−Bh/2+

eBh/2AeAh
B

2
e−Ahe−Bh/2 − eBh/2eAhB

2
Ae−Ahe−Bh/2 − eBh/2eAhB

2
e−Ah

B

2
e−Bh/2 ,

= eBh/2
[
B

2
, A

]
e−Bh/2 + eBh/2

[
B

2
, eAh

B

2
e−Ah

]
e−Bh/2 , (A.5)

where we have used d
dx(eAxBe−Ax) = eAx[A,B]e−Ax. Similarly, we obtain F ′′′(h) as

F ′′′(h) = eBh/2
[
B

2
,

[
B

2
, A

]]
e−Bh/2 + eBh/2

[
B

2
,

[
B

2
, eAh

B

2
e−Ah

]]
e−Bh/2+

eBh/2
[
B

2
, eAh

[
A,

B

2

]
e−Ah

]
e−Bh/2 + eBh/2

[
B

2
, eAh

[
A,

B

2

]
e−Ah

]
e−Bh/2+

eBh/2eAh
[
A,

[
A,

B

2

]]
e−Ahe−Bh/2 . (A.6)

We then Taylor expand the F (h) function around h = 0. Noting that F (0) = 0 and the first
two derivatives of F (h) evaluated at h = 0 are zero, i.e.,

F ′(0) = −B
2

+A−A+
B

2
= 0 , (A.7)

F ′′(0) =
BA

2
− AB

2
+
B2

4
+A

B

2
− B

2
A− B2

4
= 0 , (A.8)

we obtain F (h) = F ′′′(h)h3/6! +O(h4), where

F ′′′(0) =

[
B

2
,

[
B

2
, A

]]
+

[
B

2
,

[
A,

B

2

]]
+

[
B

2
,

[
A,

B

2

]]
+

[
A,

[
A,

B

2

]]
=

[
A+

B

2
,

[
A,

B

2

]]
.

(A.9)

B Discrete Fourier Transform (DFT)

For an arbitrary one-dimensional array φa, the DFT φ̃l is defined to be

φ̃l =
N−1∑
a=0

φae
− i2π

N
al . (B.1)
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If φa’s are real, then φ̃k = φ̃N−k. So, evaluating half of {φ̃k} is enough, which is a fast
discrete Fourier transform (FFT). Let us consider the centered finite difference scheme for
the second derivative of φi as follows

φ′′i '
φi+1 − 2φi + φi−1

(∆x)2
, (B.2)

where the error is O((∆x)2). Using Eq. (B.1), the DFT of Eq. (B.2) reads as

φ̃′′l '
1

(∆x)2

[
N−1∑
a=0

φa+1e
− i2π

N
al − 2

N−1∑
a=0

φae
− i2π

N
al +

N−1∑
a=0

φa−1e
− i2π

N
al

]
, (B.3)

' 1

(∆x)2

[
N∑
a=1

φae
− i2π

N
(a−1)l − 2

N−1∑
a=0

φae
− i2π

N
al +

N−2∑
a=−1

φae
− i2π

N
(a+1)l

]
, (B.4)

' (e
i2πl
N − 2 + e−

i2πl
N )

(∆x)2

[
N−1∑
a=0

φae
− i2π

N
al

]
, (B.5)

' (e
i2πl
N − 2 + e−

i2πl
N )

(∆x)2
φ̃l , (B.6)

where we have assumed periodic boundary conditions to obtain Eq. (B.5). Thus, the Laplace
operator in momentum space is expressed as

(∇2)a =
e−

i2π
N
a + e

i2π
N
a − 2

∆x2
. (B.7)

(B.8)

Generalization of this formula from one to three dimensions is given by

(∇2)a,b,c =
e−

i2π
N
a + e

i2π
N
a − 2

∆x2
+
e−

i2π
N
b + e

i2π
N
b − 2

∆y2
+
e−

i2π
N
c + e

i2π
N
c − 2

∆z2
. (B.9)
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