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SEMMES SURFACES AND INTRINSIC LIPSCHITZ GRAPHS IN THE
HEISENBERG GROUP

KATRIN FASSLER, TUOMAS ORPONEN, AND SEVERINE RIGOT

ABSTRACT. A Semmes surface in the Heisenberg group is a closed set S that is upper
Ahlfors-regular with codimension one and satisfies the following condition, referred to as
Condition B. Every ball B(z,r) with z € S and 0 < r < diam S contains two balls with
radii comparable to r which are contained in different connected components of the com-
plement of S. Analogous sets in Euclidean spaces were introduced by Semmes in the late
80’s. We prove that Semmes surfaces in the Heisenberg group are lower Ahlfors-regular
with codimension one and have big pieces of intrinsic Lipschitz graphs. In particular, our
result applies to the boundary of chord-arc domains and of reduced isoperimetric sets.
The proof of the main result uses the concept of quantitative non-monotonicity devel-
oped by Cheeger, Kleiner, Naor, and Young. The approach also yields a new proof for the
big pieces of Lipschitz graphs property of Semmes surfaces in Euclidean spaces.
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1. INTRODUCTION

A study of quantitative rectifiability has recently been initialised in the Heisenberg
groups H¥, modelled after the Euclidean theory of uniformly rectifiable sets, developed by
David and Semmes in the 90’s. A starting point for the theory in H* is the notion
of intrinsic Lipschitz graphs introduced by Franchi, Serapioni, and Serra Cassano [21}, 22],
see also [19]]. Some evidence already suggests that intrinsic Lipschitz graphs are suitable
building blocks for developing a theory of quantitative rectifiability, see for instance the
papers of Naor and Young and of the first two authors with Chousionis [11]] (we
note that the class of intrinsic Lipschitz graphs studied in [21} [11] coincides with the class
considered in B1]], see Remark [2.5)). The present paper continues this line of research
and provides further evidence in this direction.

We focus on Semmes surfaces in H¥. These sets were introduced in Euclidean spaces
by Semmes [32] in connection with the study of the boundedness of certain singular
integrals. David [17] proved that Semmes surfaces in R" are uniformly rectifiable, and
they even satisfy the stronger property of having big pieces of Lipschitz graphs. The main
result in the present paper is the Heisenberg analogue of this theorem.

Before discussing the results more thoroughly, we recall some definitions. We refer to
Section 1] for more details about the Heisenberg group H*, which agrees with R?* x R
as a set and which can be viewed as a metric space of Hausdorff dimension 2k + 2 when
equipped with the Koranyi metric.

Definition 1.1 (Upper and lower Ahlfors-regular sets). Let k € Nand 0 < s < 2k + 2.
A closed set E C H* is upper Ahlfors-reqular with dimension s if there is a constant C' > 0
such that

H¥(B(p,r)NE) < Cr®, peHF, r>o. (1.2)
Similarly, a closed set E C H* is lower Ahlfors-regular with dimension s if there is a constant
¢ > 0 such that

H¥(B(p,r)NE) > cr®, peE, 0<r<diamkFE. (1.3)

If E is both upper and lower Ahlfors-regular with dimension s, then E is called Ahlfors-
reqular with dimension s.
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We will mostly be concerned with Ahlfors-regular sets with dimension 2% + 1. So we
will shorten the terminology and say that a closed subset of H is upper/lower Ahlfors-
regular, without specifying the dimension, to mean that it is upper /lower Ahlfors-regular
with dimension 2k + 1.

We denote by A¢ := H¥ \ A the complement of a set A C HF.

Definition 1.4 (Condition B). A closed set S satisfies Condition B if there is a constant
¢ > 0 such that the following holds. For all p € S'and 0 < r < diam S, there exist ¢, g2 in
different connected components of S¢ such that

q1,q2 € B(p,r) and min{dist(q1,S),dist(g2,S)} > cr. (1.5)
Semmes surfaces are then defined as follows.

Definition 1.6 (Semmes surfaces). A closed set S C H* is called a Semmes surface if S is
upper Ahlfors-regular and satisfies Condition B.

We refer to Definition 23] for the definition of intrinsic L-Lipschitz graphs in H* and
give below the definition of a set with big pieces of intrinsic Lipschitz graphs.

Definition 1.7 (BPiLG). A closed set S C H* has big pieces of intrinsic Lipschitz graphs (or
BPiLG in short) if there exist constants L > 0 and ¢ > 0 such that the following holds.
Forall p € S and 0 < r < diam S, there exists an intrinsic L-Lipschitz graph I" such that

HZFY(B(p,r)NnSNT) > cr?htl,

As in the Euclidean setting, BPiLG is a scale-invariant and quantitative notion of recti-
fiability. It implies (2k + 1)-dimensional H-rectifiability, or equivalently H-rectifiability,
in the sense of [33] Definition 4.101]. Namely, up to a set of null H2k+1 measure, a closed
Ahlfors-regular set with BPiLG can be covered by countably many intrinsic Lipschitz
graphs, but the BPiLG condition is significantly stronger than H-rectifiability.

Our main result reads as follows.

Theorem 1.8. Semmes surfaces in H¥ are lower Ahlfors-regqular and have big pieces of intrinsic
Lipschitz graphs.

The constants L and c in the BPiLG property can be chosen depending only on &, and
on the upper Ahlfors-regularity and Condition B constants for the Semmes surface. The
lower Ahlfors-regularity constant only depends on k, and the Condition B constant. The
lower Ahlfors-regularity of closed sets satisfying Condition B actually holds in much
more general metric measure spaces than H¥, see Remark .3l

Before we give an outline of the proof of Theorem [[.8] we give some applications. We
tirst recall the corkscrew condition for open sets.

Definition 1.9 (Corkscrew condition). An open set 2 C HF satisfies the corkscrew condi-

tion if for every p € 02 and 0 < r < diam 0}, there exist points ¢; € Q@ and ¢» € Q°
satisfying (L.5) with S := 99.

It is clear that the boundary of an open set satisfying the corkscrew condition satisfies
Condition B. However, there are Semmes surfaces that do not arise as the boundary of
some open set satisfying the corkscrew condition, see Section [8.] for more comments in
this direction. Going back to the corkscrew condition, Theorem [I.8 has the following
immediate consequence.
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Corollary 1.10. Let Q C HF be an open set satisfying the corkscrew condition whose boundary
is upper Ahlfors-reqular. Then 0S) is lower Ahlfors-regular and has BPiLG.

Corollary should be viewed as a quantitative counterpart of the following qual-
itative statement. If Q@ C H* is an open set satisfying the corkscrew condition whose
boundary has locally finite H2k+1 measure, then 99 is (2k + 1)-dimensional H-rectifiable,
or equivalently H-rectifiable, in the sense of Definition 4.101]. This follows from
the theory of finite H-perimeter sets in HF, developed by Franchi, Serapioni, and Serra
Cassano in [20], by noting that the topological boundary of such a set coincides with its
measure-theoretic boundary.

We recall that NTA domains are examples of domains satisfying the corkscrew condi-
tion together with an additional (interior) Harnack chain condition. In Euclidean spaces,
NTA domains were introduced in 1982 by Jerison and Kenig [24] and have found nu-
merous applications, in particular in the study of harmonic functions and in the theory
of elliptic equations and free boundary problems. The boundary of an arbitrary NTA
domain need not be rectifiable, let alone have big pieces of Lipschitz graphs. Imposing
the additional assumption that the boundary is Ahlfors-regular leads to the notion of
a chord-arc domain, as stated in Definition [.1T] below in the Heisenberg setting. For
more information and references, we refer for instance to the recent papers [2] of Azzam,
Hofmann, Martell, Nystrom, and Toro, [1] of Azzam, and [3] of Badger in the Euclidean
setting. NTA domains in H* have been investigated by Capogna and Tang [§], and in
more general Carnot groups by Capogna and Garofalo [5] and Monti and Morbidelli
[29]. See also the survey [7] by Capogna, Garofalo and Nhieu.

Definition 1.11 (Chord-arc domains). An NTA domain with Ahlfors-regular boundary
in H* is called a chord-arc domain.

Corollary [I.10lapplies in particular to chord-arc domains.
Corollary 1.12. The boundary of a chord-arc domain in H* has BPiLG.

To illustrate Corollary we next discuss a simple example of a chord-arc domain in
H* that is not an intrinsic Lipschitz domain, even though it has smooth boundary in the
Euclidean sense. The same example was presented in [5, Proposition 15] as a motivation
for studying NTA domains in H!.

Example 1.13. Let Q := {(v,t) € H* : ¢ > 0} be the upper half-space whose boundary is
H := R% x {0}. It is easy to see that H N B(0, r) is not an intrinsic Lipschitz graph for any
r > 0. Nevertheless, we now check that 2 is a corkscrew domain with upper Ahlfors-
regular boundary, so H has BPiLG by Corollary[I.10 First, 2 is actually an NTA domain.
This follows for instance from a result of Monti and Morbidelli since H is smooth.
Alternatively, one can check that Q2 satisfies the corkscrew condition via direct geometric
arguments. Next, the upper Ahlfors-regularity of H follows directly from [6, Theorem
1.2], or can be deduced from Corollary 7.7(i)]. Indeed, using left translations and
dilations, the upper Ahlfors-regularity of H is equivalent to

sup H2**H(B(0,1)Np - H) < +oo.
peEH
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If P :=p- H for some p € H, then P is the boundary of a C' domain, and it follows
from [20] Corollary 7.7(i)] that

HEBO) NP~ [ (Clanl M

B(0,HNP
where n denotes the unit Euclidean normal to P, the expression of |C(p)n| is given
in @I1), and HZ . denotes the 2k-dimensional Hausdorff measure with respect to the
Euclidean distance. Since B(0,1) is contained in a Euclidean ball with radius 2, it fol-
lows that #?**+1(B(0,1) N P) < 1 which proves the upper Ahlfors-regularity of H. The
lower Ahlfors-regularity of H will be proven in (&.12)), or follows again from [6, Theorem
1.2]. This last remark together with the previous ones hence show that Q2 is a chord-arc
domain.

Other examples of Semmes surfaces in H* are given by the boundaries of reduced
isoperimetric sets. We recall that a measurable set ' C H* is said to be isoperimetric if

Pery (E, H) < Pery(F, HF)

for every measurable set ' C H* such that H?**2(F) = H?**2(E), where Pery denotes
the H-perimeter. We refer to for the definition of H-perimeter. The existence of
isoperimetric sets in H¥, and more generally in any Carnot group, has been proven by the
third author with Leonardi [26] Theorem 3.2]. It is still an open question to find explicitly
which sets are isoperimetric in this setting. One of the reasons why this question remains
open is the difficulty of proving a priori regularity estimates for isoperimetric sets. It was
however shown in [26] that every isoperimetric set E is equivalent to a unique open set
2, meaning that 7-[2”2(E A Q) = 0, which satisfies the corkscrew condition and whose
boundary is Ahlfors-regular Theorem 3.3]. Such a set (2 is still isoperimetric and is
called a reduced isoperimetric set. Corollary can hence be applied to boundaries of
reduced isoperimetric sets.

Corollary 1.14. The boundary of a reduced isoperimetric set in H* has BPiLG.

We give now an outline of the proof of Theorem[L.8] the details of which can be found
in Sections Bl to [/l As already mentioned, Theorem [L.§ is the Heisenberg analogue of
David’s Euclidean result [17, Proposition 2]. Several different proofs for the Euclidean
result, besides [17], are available in the literature and can be found in [14] and [18]. The
general strategy of our proof is inspired by the strategy in [18]. However, as far as we
can tell, the arguments to make this strategy work in the Euclidean setting do not eas-
ily translate to H¥, and neither do the other known proofs of the Euclidean analogue
of Theorem Our arguments to implement the strategy in the Heisenberg setting
will hence be quite different from Euclidean ones, and are inspired by the concept of
non-monotonicity introduced by Cheeger, Kleiner and Naor in [10], and by some of the
techniques developed by Naor and Young in [31]].

Following the general strategy of [18], we prove that a Semmes surface S is lower
Ahlfors-regular and has BPiLG by showing that S has the following properties. First,
S is lower Ahlfors-regular by Proposition .l This will be obtained as a consequence
of the relative isoperimetric inequality in H*. Next, S has big vertical projections (BVP),
see Definition 4.4 and Proposition Roughly speaking, BVP is a uniform and scale
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invariant way of requiring that, for every ball B centred on S, there is a vertical sub-
group onto which B N S has a large projection in #**! measure. Finally, S satisfies the
weak geometric lemma (WGL) for vertical hyperplanes, see Definition[6.Tland Proposition[6.3]
Informally, WGL for vertical hyperplanes states that .S can be well-approximated by ver-
tical hyperplanes at most points and scales. For closed Ahlfors-regular sets in H¥, the
implication

BVP + WGL for vertical hyperplanes — BPiLG

is the Heisenberg analogue of a Euclidean result due to David and Semmes The-
orem 1.14]. It has been proven in H! by the first two authors with Chousionis in [11]].
The extension of this result to higher dimensional Heisenberg groups will be given in
Section[7] see Theorem[Z.] and this will allow us to conclude the proof of Theorem[L.8

A challenge in H* is to deduce from Condition B, which does not include any refer-
ence to the horizontal distribution of the Heisenberg group, information about the family
of vertical projections and their fibers, which are horizontal lines. This challenge is not
present in R”, where lines in all directions appear as fibers of orthogonal projections.
Moreover, unlike orthogonal projections in R”, group projections onto a vertical sub-
group are not Lipschitz maps when both H* and the vertical subgroup are equipped
with the Kordnyi distance. Consequently, while showing that a Semmes surface in R”
has big projections is a rather immediate consequence of Condition B, proving the cor-
responding results in H” is not so simple. Complications related to the fact that we are
dealing with a restricted family of lines also appear in the proof of WGL for vertical
hyperplanes.

We introduce in Section [B.1] the notion of horizontal width as a central tool in the proof
of both BVP and WGL for vertical hyperplanes. This notion is inspired by the con-
cept of non-monotonicity, introduced by Cheeger, Kleiner, and Naor in [10]. The non-
monotonicity of a given set is indeed controlled by the horizontal width of its boundary;,
see Lemma B.4land Proposition[3.71 The novelty here is that horizontal width turns out
to be a suitable tool to deal with Semmes surfaces that do not necessarily arise as bound-
aries of sets satisfying the corkscrew condition.

We show that if the horizontal width of a Semmes surface S is small inside a ball,
then S is well-approximated, in a bilateral way, by a hyperplane inside a slightly smaller
ball, Corollary Our proof goes through a first step, Corollary which combines
the control of the non-monotonicity of every connected components of the complement
of S by the horizontal width of S with a result due to Naor and Young [31, Proposi-
tion 66]. Naor and Young’s result is itself inspired by a deep stability theorem for mono-
tone sets due to Cheeger, Kleiner and Naor. Condition B first appears in the second step
of the proof of Corollary and allows us to prove that if S satisfies the conclusion
of Corollary 313 namely, if all connected components of its complement are measure-
theoretically close to half-spaces inside a ball, then S is rather flat in a slightly smaller
ball, see Proposition 3.15

With Corollary in hand, we can then proceed to the proof of BVP and WGL for
vertical hyperplanes. The proof of BVP is given in Sectiond Then Section[B]is devoted
to the proof of the validity of the bilateral weak geometric lemma (BWGL) for vertical
hyperplanes, see Definition 5.8 and Proposition 5.1T] BWGL is stronger than WGL and
obviously implies WGL for vertical hyperplanes, see Section[fl Our proof of the validity
of BWGL for vertical hyperplanes relies on the following facts. First, we prove that, for
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a closed upper Ahlfors-regular set, balls with large horizontal width satisfy a Carleson
packing condition, Proposition 5.l Combined with Corollary this implies that a
Semmes surface is well-approximated, in a bilateral way, by arbitrary hyperplanes at
most points and scales, Proposition 5.7 Then we upgrade this approximation by arbi-
trary hyperplanes to a similar approximation by vertical hyperplanes, Proposition Bl
We explicitly note in Section [5.3] that the validity of BWGL for vertical hyperplanes for
a closed Ahlfors-regular set is equivalent to the validity of BWGL for arbitrary hyper-
planes, Theorem .10l The proof of this latter fact is already essentially contained in the
work of Naor and Young [31].

We end the paper with a section where we first comment on connections as well as
differences, between Naor and Young’'s work Section 9] and the setting and results
of the present paper. This suggests further questions to better understand the theory
of “uniform rectifiability” that is now emerging in the Heisenberg setting. In the final
Section we go back to Euclidean spaces and note that the method of the current
paper applies to the Euclidean setting, too, and gives a direct proof of the validity of the
bilateral weak geometric lemma for Semmes surfaces in R". As a consequence, it also
gives a new path for the proof of the big pieces of Lipschitz graphs property for Semmes
surfaces in Euclidean spaces.

2. PRELIMINARIES

In this section, we introduce some of the concepts frequently used in the rest of the
paper and state notational conventions.

2.1. The Heisenberg group. For a fixed integer k£ > 1, we identify the Heisenberg group
H* with R?* x R equipped with the group law

(v,t) - (V' ) == (v +o t+t + w(v,v')/Q) . (v,t), (V1) e HF,

where w(v,v') := Zle 0V g — ViV for v = (vi, ..o vgp), 0 = (v, .. vy ) € R2,
We equip H* with the Kordnyi norm || - || and Kordnyi metric d defined respectively by

(v, )| := V]ol* + 16t and  d(p,q) == llg~" - pl,

where | - | denotes the Euclidean norm in R?".

The metric d is homogeneous, meaning that it is left-invariant, thatis, d(p - ¢,p - ¢') =
d(q,q') for all p,q,q € H¥, and one-homogeneous with respect to the Heisenberg dilations
(0r)r>0 given by

o HE - HE, 6,.(v,t) == (rv,r?t),
that is, d(6,(p),6-(q)) = rd(p,q) for all p,q € H* and r > 0. We recall that the family
(6,)r>0 of dilations is a one-parameter group of group automorphisms of H¥. We also
recall that any two homogeneous distances on H* are biLipschitz equivalent.

For s > 0, we denote by 7* the Hausdorff measure of dimension s with respect to the
Koranyi metric. We recall that #2%*2 is a Haar measure on H* and is (2k + 2)-uniform.
In particular (H¥, d) is a metric space of Hausdorff dimension 2k + 2. A thorough intro-
duction to (H*, d) can be found for instance to the monograph [4].

Unless otherwise explicitly stated, all metric notions in H* will always be defined with
respect the Kordnyi metric. In particular, we write B(p,r) := {q¢ € H* : d(p,q) < r} fora
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closed ball in (H¥, d) centred at p € HF with radius r > 0. By default, a ball will refer to a
closed ball.

2.2. Subgroups, projections, and intrinsic Lipschitz graphs. We denote by S?*~! the
Euclidean unit sphere in R?*. Given A C R?*, we denote by A the linear subspace
orthogonal to A in the Euclidean sense in R?".

Given v € $%~1 we set

L,:=Rvx {0} and W,:=v" xR.

These sets are complementary homogeneous subgroups of H¥ which means that both L,
and W, are subgroups of H” closed under the family of dilations (4,),~¢ and every point
p € H* can be uniquely written as p = pw, - pr, for some pw, € W, and pr, € L,. We
call horizontal subgroup a set of the form LL,, for some v € S**~! and vertical subgroup a set
of the form W, for some v € S#~1,

Given v € S*~1, we define the vertical and horizontal projections onto W, and L, re-
spectively by

mw, :H* = W, mw,(p) = pw,
m, cHY - L, m,(p) =pL,.
Note that, given v € S*~! and p = (v,t) € H¥, we have
7, (B) = (0 — (0, )0t — (o, (v, 1)0)/2), 1)
m, (p) = ((v,1)v,0), (2.2)

where (-, -) denotes the Euclidean scalar product in R?*. Unlike orthogonal projections
in Euclidean spaces, vertical projections 7y, are not Lipschitz maps from (H*, d) to W,
equipped with the restriction of the Kordnyi distance.

Giveny > 0and v € S*~!, we define the Heisenberg cone with vertex at origin, opening
~ and direction v by

Cy(v) = {p € H*: |mw, ()|l < 7llmw, ()}

Definition 2.3 (Intrinsic Lipschitz graphs). Let L > 0 and v € S?*~!. We say that a set
I' C H* is an intrinsic (L,v)-Lipschitz graph (over W,,) if mw, (I') = W, and

(p-Ciyr(v))NT = {p} forallpeTl. (2.4)

We say that I' C H* is an intrinsic L-Lipschitz graph if it is an intrinsic (L, v)-Lipschitz graph
for some v € S?*~1, and we say that I' C HF is an intrinsic Lipschitz graph if it is a intrinsic
(L,v)-Lipschitz graph for some L > 0 and v € S?¢~1,

This definition was introduced by Franchi, Serapioni and Serra Cassano, see for in-
stance [21,22]]. An intrinsic (L, v)-Lipschitz graph I" as in Definition 2.3 can be written as
I'={p- () :pcW,} for some map ¢ : W, — L,. Moreover, if I' C H satisfies (Z4)
for some L > 0 and v € S¥~!, then thereis L' > 0, depending only on L, and an intrinsic
(L', v)-Lipschitz graph I" (over W, ) as in Definition 2.3 such that ' C I"'. A detailed
discussion of intrinsic Lipschitz graphs and their properties can be found for instance in
Serra Cassano’s lecture notes [33]].

The class of intrinsic Lipschitz graphs given by Definition is invariant under a
change of homogeneous norm on H¥. Namely, since any two homogeneous norms on
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H* are bilipschitz equivalent, replacing the Koranyi norm by any other homogeneous
norm in the definition of the cones C.,(v) gives rise to the same class of intrinsic Lipschitz
graphs.

Remark 2.5. A different definition for intrinsic Lipschitz graphs was given by Naor and
Young in [31] Section 2.3] using the cones

Ca(v) == {p € H" : Xdsr(p,0) < dsr(mw, (p),0)},
where v € and dspr denotes the sub-Riemannian distance. According to this defi-

nition, a set I' C H* is an intrinsic Lipschitz graph if there exist A € (0,1) and v € S?~!
such that

SQkfl

(p- 5’,\(1/)) NI=0 forallpeTl. (2.6)
It is easy to see that intrinsic Lipschitz graphs in the sense of (2.6) are intrinsic Lipschitz
graphs in the sense of Definition[2.3] Conversely, an intrinsic Lipschitz graph in the sense
of Definition is an intrinsic Lipschitz graph in the sense of 2.6) as we explain now.
We note that, although the class of intrinsic Lipschitz graphs given by Definition is
independent of the choice of the homogeneous norm, the Koranyi norm will nevertheless
play a role for the definition of the cones C, () in the following argument. This argument
works with some other choices of homogeneous norms, but does not work for every
arbitrary choice. The Kordnyi norm has indeed the useful property that there exists e > 0
such that for every v € S%-1 one has

pll* > lle, (@)II* + ellmw, (p)[|*  forall p € H. (2.7)

This sort of strict convexity property is not true for arbitrary homogeneous norms. For
instance N (v,t) := max{|v|,/[t|} defines a homogeneous norm on H* for which there
exists a point p with mw, (p) # 0, yet N(p) = N (L, (p)). Inequality 2.7) for the Koranyi
norm implies for every v > 0 the existence of A € (0, 1) such that

Ca(v) € Cy(v) \ {0}
as can be seen by the following simple computation. For p ¢ C,(v), one finds
Il = N, )"+ ellmw, ) I* = llmw, 0)]* + ey, (o)1,

so that

dsr(p,0)" > [Ip|* = (1 +e") [lm, )" = (1 + ev*) dsr(m, (p), 0)*,
and hence p ¢ Cy(v) for A = (1 4 ey*)~1/4,
2.3. Horizontal lines.
Definition 2.8 (Horizontal lines). A horizontal line in HF is a left-translate of a horizontal

subgroup, that is, a set of the form p - I, for some p € H* and v € S%~1. We denote by £
the family of all horizontal lines in HF.

Considering horizontal lines in the Heisenberg setting is natural in light of the specific
geometry of H¥. Restricted to a horizontal subgroup, the Kordnyi metric agrees with
the Euclidean distance. Using left-translations, it follows that horizontal lines endowed
with the restriction of the Kordnyi metric are isometric to the real line with its standard
Euclidean distance and consequently have Hausdorff dimension 1 in (H¥, d). Moreover,
one finds for every horizontal line ¢ € £ and for every segment I C /¢ that H!'(I) =
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diam(7). On the contrary, non-horizontal lines have Hausdorff dimension 2 with respect
to the Koranyi metric.

Up to a multiplicative constant, there exists a unique non-trivial left-invariant measure
hon £, in H' see [10] Section 4.2]. The following expression for h will be convenient for
our purposes. For a Borel set A C £, we write

hA) = H*H ({peW, :p-L, € A})dv (2.9)
S2k—1

where dv denotes the surface measure on S?~1,

Measures of this form appear in the kinematic formula given for Carnot groups in [28]
Proposition 3.13], but the presentation simplifies in our setting. It can indeed easily be
checked that (2.9) defines a non-trivial measure h on £. Moreover, | is left-invariant, as
we verify in Lemma 211l By uniqueness, § coincides, up to a multiplicative constant,
with the left-invariant measures on £ used in [10] and [31]]. For a related discussion,
see Section 11.1]. Note that h has the following homogeneity property,

h(5,(A) = r?**1h(A), for every Borel set A C L, r > 0.

As an immediate consequence of (2.9), we also note for future reference that
b(L(A) = [ H¥H(mw, (4))dv (2.10)
S2k—1
where L(A) := {¢ € L : N A # ()} denotes the set of horizontal lines meeting A C HF.
Lemma 2.11. The measure b is left-invariant. Namely, for every Borel set A C L and p € HF,
one has h(p - A) = h(A).

Proof. Start by writing

h(A) = / H*HUpeW,:p-L, e A})dv = / HZ*H(A) dv, (2.12)
SQk—l SQk—l
where A, := {p € W, : p-L, € A}. Now, for v € S?~! and p € H* fixed, we define the
map ¢, ,: W, — W, by
pu(q) =mw,(p-q)=p-q-7,()", qeW,.
Note that
O, = (Bpy) " (2.13)
Then, we recall a result of Franchi and Serapioni Lemma 2.20], which states that ®,, ,,
seen as a map of R?*, has Jacobian identically equal to 1, which implies that
HA (@), (4))) = H* (A, peHt ves™TL
Then, we write
P, (A) ={Pp(q) €W, :q-L, € A}
={qgeW,:®,1,(q)- L, € A}
={qeW,: ﬂwy(p_l -q)-L, € A}
:{QEWVZQ'LVGP'AL
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using (2.13) in the passage to the second line. Consequently, by 2.12),

o) = [ M4 dv

:/ 7—[2k+1({q€WV:q-L,,Gp-A})dl/Zf)(p-A),
SQk—l
as claimed. U

2.4. Notations. For A, B > 0, we write A <; B to mean that there is a constant C' > 0
whose value depends only on the dimensional parameter % of H* such that A < CB.
We write A ¢y B to mean that the value of C is allowed to depend also on the regu-
larity, that is, upper/lower Ahlfors-regularity and/or Condition B, constants of the set
or measure under consideration, in addition to the dimensional parameter k. Given an
auxiliary parameter h, distinct from the dimensional parameter k, we write A <), B to
mean that the value of C' is allowed to depend also on 4, in addition to the data men-
tioned above. We abbreviate the two-sided inequalities A < B Si A, A Speg B Sreg A,
and A <, B S Aby A ~p B, A ~,¢y B and A ~), B respectively. We shall also of-
ten shorten the terminology, saying that a constant depends only on the upper/lower
Ahlfors-regularity and/or Condition B constants of a given set, and/or on other auxil-
iary parameters, when the constant may also depend on the dimensional parameter k.

3. APPROXIMATING SEMMES SURFACES WITH SMALL WIDTH BY HYPERPLANES

In this section, we introduce the notion of horizontal width and prove a bilateral ap-
proximation by hyperplanes for Semmes surfaces with small width. See Corollary
that will be a key tool in the proof of both BVP and BWGL for Semmes surfaces.

3.1. Horizontal width. Given a horizontal line ¢ € £, we define the horizontal width of a
set £ C H* with respect to £ in a ball B by

widthp(E, () := diam(B N ENY).

Recall that balls in this paper are closed, unless otherwise specified. The definition of
width is inspired by the notions of non-convexity and non-monotonicity introduced by
Cheeger, Kleiner and Naor in [10} Section 4.2]. Given ¢ € £, aset A C H* such that AN ¢
is H! measurable, and a ball B ¢ H¥, the non-convexity NCp(A, ¢) of A with respect to ¢
on B is defined by

NCg(A,¥?) ::inf{/ IXa— xr|dH' T Clis aninterval}
B¢

where we allow the interval I to be empty in the infimum above. The non-monotonicity
NMp (A, ¢) of A with respect to £ on B is then defined by

NMp(A, ¢) := NCp(A, ) + NCp(A, ).

For a fixed line ¢ € L, the relationship between the non-monotonicity of a set and
the horizontal width of its boundary is given by Lemma 3.4 below. We start with the
following observation regarding non-convexity. Recall that L(A) :=={¢ € L:{NA # 0}
denotes the set of horizontal lines meeting A C H*.
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Lemma 3.1. Let A C H¥, let B be a ball, and let £ € L(B N OA) be a line such that AN ¢ is H*
measurable. Then,

NCp(A%,0) < HY (AN J),

where, picking any orientation for ¢, we denote by J the segment from min(B N JA N ¢) to
max(BNOANY).

Proof. Note that since B is Euclidean convex when identifying H* with R?* x R, the set
BN /is an interval. We may assume that BN A°N ¢ # (), otherwise NCp(A€, ¢) is trivially
zero. Let I be the (possibly degenerate) segment from inf(B N ¢ N A°) to sup(B N ¢ N A°).
We observe that

Ixac(®) — x1(@)| < xan1(p), peBNL (3.2)

Indeed, if the expression on the left-hand side is non-zero, then either p € A°\ I or
p € I\ A°. But the first case cannot occur, since B N A° N ¢ C I by definition of I. In the
second case, p € AN I as claimed.

FIGURE 1. The set A, and segments I and J.

Next, we note that
ANIcC AnJ. (3.3)

To see this, it suffices to argue that I \ J C A°. We write ¢ := min(B N 0A N ¢) and
b := max(B NJANYL) so that J = [a,b], see Figure[ll Note that I \ J consists of at most
two half-open segments I! and I”; one to the left of a, and one to the right from b. Since
there are no points of B N 0A to the left of a, the segment between min(B N ¢) and a —
including I L lies entirely in A, or in A°. In the latter case we are done. In the former
case, the definition of I implies that min/ > a, and hence I L' = (. A similar reasoning
shows that I" C A°.
Now, we may combine (3.2) and (3.3) to deduce

NCp(A°, () < /

IXac — x1|dH' < H' (AN J),
Bt

which concludes the proof of the lemma. O

Lemma 3.4. Let A C H¥, let B be a ball, and let ¢ € L such that AN ¢ is H! measurable. Then,
NMp(A, ) < widthg(0A, ).
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Proof. Assume that ¢ € £(B N 0A), otherwise the lemma is trivial. Pick any orientation
for ¢ and write J for the segment from a := min(B N 0A N ¢) to b := max(B NIANY).
Since ¢ € L is a horizontal line, we have H!(J) = diam(J) = widthp (A, ¢). Then apply
Lemma[3.J]to A and A°¢. Since 0A = 0A¢, we obtain

NCp(A%,0) <HY(ANJ) and NCp(A,l) < HY(ANJ),
and hence,
NM5p (A, £) = NCg(A,£) + NCpg(A°,¢) < H'(J) = widthp(dA, ),
as claimed. O

Next, following [10], we define the non-monotonicity of a measurable set A C H* in a
ball B of radius r > 0 by

NMp(A) = TQ,% /E NMy(4, ¢) db(0). (35)

The quantity NMp(A) is invariant under left translations and scaling (of both B and A
simultaneously). We remark, leaving the details to the reader, that if A C HF is measur-
able, then A N ¢ is H' measurable for h almost every ¢ € L,s50 NMp(A,?) is well defined
b almost surely, and the map ¢ € £ — NMp(A,¢) is h-measurable.

In a similar fashion, for a closed set E ¢ H*, we define the horizontal width of E in a
ball B of radius r > 0 by

widthp(E) = T%% /ﬁ widthg(E, £) db(0), (3.6)

We justify briefly the h-measurability of the map ¢ € £ — widthg(E, ¢). Since we assume
that F is closed, the intersection £N B is compact. Hence, for any n € N, we can cover £N
B by finitely many balls of radius 1/n. If the union of these balls is denoted by E,,, then
itis clear that ¢ € £ — widthp(E,, ¢) is h-measurable, and widthp(E,, ) \, widthg(E, {)
for any fixed line ¢ € L, by the compactness of £ N B. Hence ¢ € £ — widthg(F, /) is
h-measurable.

By Lemma [34] every measurable set A C HF satisfies NMp(A) < widthp(9A). We
apply now this inequality to the connected components of the complement of a given
closed set E/, noting that their boundaries are contained in E.

Proposition 3.7. Given a closed set E C H*, one has
NMp(Q) < widthg(E) for all connected components €2 of E°.

Next, we recall that, given ¢ € £, aset I C / is said to be a monotone subset of ¢ if its
characteristic function is a monotone function on ¢, up to a null set. Equivalently, up to a
null set, I and ¢\ I are intervals. As the terminology suggests, the non-monotonicity of a
set A C H* with respect to a horizontal line ¢ € £ on a ball B gives a way to measure how
AN/ differs from being a monotone subset of ¢ inside B, see Lemma[3.10l A set A C H* is
said to be monotone if for h almost all £ € L, the intersection A N ¢ is a monotone subset of
¢. These definitions are due to Cheeger and Kleiner [9]. For the sake of completeness, we
recall below the classification of monotone sets in H* proved in [9] for £ = 1 and in
for k > 2.
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Theorem 3.8. [9, Theorem 5.1 (k¢ = 1)] [31, Proposition 65 (k > 2)] If a measurable set
A C H¥ is monotone, then, up to an H***2 null set, either A = (), A = H* or A is a half-space.

Here a half-space denotes an open subset of H* whose boundary is an affine hyper-
plane when identifying H* with R?* x R as a real vector space.

Remark 3.9. A slightly different definition of non-monotonicity, denoted by NM B(A, 1)
below, is given in [31]. Namely, given ¢ € £, a measurable set A C H* such that AN ¢ s
H! measurable, and a ball B ¢ H¥,

NMp (A, £) i inf{ /

Ixa — xz|dH' : I is a monotone subset ofﬁ} ,
B¢

and
— 1 —

where r > 0 denotes the radius of B. As an immediate consequence of the definitions,
one has NCg(A4,l) < I\AH\//IB(A,Z) and I\AH\//IB(A,Z) = I\AH\//IB(AC, ?), hence NMp(A) <
QWB(A). Conversely, Lemma below shows that mB(A) < NMp(A). Hence
the two notions of non-monotonicity are comparable.

Lemma 3.10. Let A C H*, let B be a ball, and let ¢ € L such that AN ¢ is H* measurable. For
every € > 0, there is a monotone subset I of ¢ such that

/ XA — x1| dH' < NMp(A,{) +e.
BN

Proof. Assume that ¢ € L£(B), otherwise I can obviously be taken to be the empty set. Let
1y, I, C ¢ be intervals such that

/ Ixa — x1,|dH' < NCp(A, ) +€/2,
B¢

/ ae — x1,| AH" < NCp(A,£) + /2.
B¢

Pick any orientation for ¢ and let a := min(B N ¥¢), b := max(B N ¥¢). If a € I;, then
I := (—oo,max I;] is a monotone subset of ¢ with I " B = I; N B. Hence I gives the
required conclusion by the choice of I;. Similarly, if b € I3, then I := [min I, +00) gives
the required the conclusion. If a € Iy, then J := (—o0, max I5] is a monotone subset of ¢
with J N B = I, N B. Hence, setting I := J¢, we get

/ XA — x1]dH' = / IXae — X1,| dH',
B¢ BN

and I gives the required conclusion by the choice of I. Similarly, if b € Iy, then I :=
(—o0, min I5] gives the required conclusion. It remains now to consider the case where I;
and I are strict non-empty subintervals of B N ¢. If min I; < min I5, see Figure[2, we set
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I := (—oo,max I;]. We have [a, min I1) C I§ N I, hence,

/\m—m%ﬂs/ RWWQWHJP A — x| dH?
Bn¢ a,min I1]

[min I7,b]

< / ’XAC - XI2’ dHl +/ ‘XA - XI1‘ dHl
Bne BN¢
< NMp(A, L)+ €
by the choice of I; and Ir. If minly < minl;, we set I := [max [y, +00). We have

FIGURE 2. The intervals I1 and Is.

[a, min Iy) C I{ N I¢ hence,

[ b=l < [ paealart+ [ - glaw
BNe [@,min I] [min I2,b]

< / XA — X1, | dH" +/ IXae — X1, | dH'
BNe BNe
< NMB(A, f) +e€
by the choice of I; and I5. O

3.2. The approximation. The main goal of this section is Corollary which roughly
states that a Semmes surface with small width in a given ball can be bilaterally approxi-
mated by a hyperplane in a slightly smaller ball.

Corollary is obtained by combining Propositions [B.IT] and The former
states that a set with upper Ahlfors-regular boundary and small non-monotonicity in
some ball is measure-theoretically close to a half-space in a slightly smaller ball. This
result is due to Naor and Young Proposition 66]. It is inspired by a deep result of
Cheeger, Kleiner, and Naor, Theorem 4.3]. Proposition[3.11lis less quantitative than
Theorem 4.3], but sufficient for our purposes. The statement of Proposition B.11] dif-
fers slightly from Proposition 66], however, taking into account Remark[3.9] the proof
given in can be verbatim rephrased to give a proof of Proposition[3.11]as stated here.
The argument uses indeed only upper Ahlfors-regularity rather than Ahlfors-regularity
of the boundary and is based on Theorem 3.8 together with a compactness argument.

A hyperplane in H” is an affine hyperplane when identifying H* with R?* x R as a real
vector space. In the rest of the paper, a hyperplane will be typically denoted by P. A
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hyperplane is either vertical, which means that thereis v € S?~1 such that P = p- W, for
every p € P, or horizontal, which means that there is a unique p € P such that P =p - H
where H := R* x {0}. Given a hyperplane P, the two half-spaces with boundary P will
be denoted by P~ and P™.

In the next statement, we say that a set is C-upper Ahlfors-reqular if the set is upper
Ahlfors-regular (with dimension 2k + 1) and C is a positive constant for which (1.2)
holds with s = 2k + 1.

Proposition 3.11. Proposition 66] For every C > 0and § > 0, there exists 0 < v < 1
such that the following holds. If F C HF is measurable with C-upper Ahlfors-regular boundary,
p € HF, r > 0, and NMpg,, .y (F) < ~**T3, then there is a half-space P~ C H* such that

HF2([F A P7] N B(p,7r))
H2+2(B(p,yr))

Thanks to PropositionEZl we infer that if a closed upper Ahlfors-regular set has small
horizontal width in some ball, then one can apply Proposition B.I1] to every connected
component of its complement and one gets the following corollary.

<4 (3.12)

Corollary 3.13. Let S C HF be a closed upper Ahlfors-reqular set. For every § > 0, there is
0 < v < 1, depending only on &,k and the upper Ahlfors-reqularity constant for S, such that
the following holds. If p € H*, » > 0, and widthB(p,r)(S) < A2kt3 then, for every connected
component Q of S, there is a half-space Py, C H¥ such that

210 AN PSIN B
H2H2(B(p, 7))
Condition B first appears in Propositionbelow. It states that a closed set satisfying

Condition B whose complementary components are measure-theoretically close to half-
spaces in some ball is itself close to a hyperplane in a slightly smaller ball.

Proposition 3.15. There is a dimensional constant € > 0 such that the following holds for
every 0 < € < & Assume that S C HF is a closed set satisfying Condition B. There exists
d > 0, depending only on €,k and the Condition B constant for S, such that if p € S and
0 < r < diam S are such that for every connected component 2 of S¢, there exists a half-space
P, C H* with

H*H2([Q A PN B(p,7))
< .
WERBp. ) 10
then, there exists a hyperplane P C H¥ such that dist(q, P) < er forall ¢ € S N B(p,r/80) and
dist(q, S) < er forall ¢ € PN B(p,r/80).

Proof. Fix € > 0, which we may assume to be sufficiently small, depending only on %,
for the following arguments to work. Left translations and dilations send connected
components to connected components, hyperplanes to hyperplanes, and half-spaces to
half-spaces, and also preserve the relative size of balls from Condition B, so we may
assume that p = 0 € S and r = 1. We will prove that there is a universal constant
¢ > 0 such that, for every ¢ > 0 fixed small enough, depending only on £, there exists
a hyperplane P (= P;) C H* such that dist(q, P) < ce for all ¢ € S N B(0,1/40) and
dist(q, S) < 2ce for all ¢ € P N B(0,1/80), provided § in (3.16) is chosen small enough,

see (3.22) and (B.23).



SEMMES SURFACES AND INTRINSIC LIPSCHITZ GRAPHS IN THE HEISENBERG GROUP 17

We start with the following observation. For every connected component (2 of S¢,
points in S N P, N B(0,1/2) must lie close to the boundary P, of P,. Indeed, pick
qg € SN P, N B(0,1/2) and assume that dist(¢q, Po) > €. Since ¢ € S, we may apply
Condition B to the ball B(q,¢) C P, N B(0,1) to find inside B(q, €) two balls in different
connected components of S¢ with radii ~,, €. In particular, one of the balls, say B, lies
in [Py \ ] N B(0,1) which gives the lower bound

MR A Py )0 B0,1) 2 HA2(P7 \ Q)0 B0, 1) 2 HHF2(B) 2y 42

So, taking 6 much smaller than €2**2 in (3.16), this gives a contradiction. Hence, for every

connected component 2 of 5S¢, we have
dist(q, Po) <€ forallg e SN P, NB(0,1/2). (3.17)

Next, we would like to find one connected component 2 of HF \ S for which we can
reach a similar conclusion for points ¢ € SN P N B(0,1/40). To this end, we start
by singling out two connected components 25, {25 of S¢ in the following way. Let 0 <
p < 1 be a suitable constant, to be chosen small later depending only on e. Then, apply
Condition B to the ball B(0, p) to find two distinct connected components €21, Q29 of S¢,
and two balls

B c ) ﬂB(O,p) and B, C Q9 ﬂB(O,p)

with radii ~,c4 p. Then, let P;", P,” be the half-spaces, with boundary Py, P, respectively,
associated to ; and € as in (3.16), namely,

HPFT2(Qy A PT)INB(0,1)) <6 and  HP*FT2([Qe A Py )N B(0,1)) <6 (3.18)

If § is small enough, we claim that both hyperplanes P, and P, intersect B(0, p). To
see this, assume for instance that this fails for ;. Then both balls By, By lie either in
P1+ or P; . Both cases lead to a contradiction. First, if B lies in P1+ , then By C Q; \
P c Q1 A P, which violates the first part of (3.18) for § much smaller than p*F+2, since
HP*H2(By) ~reg P2t Similarly, if B liesin P;, then By C P; \ Q1 C Q; A P;, which
once again violates the first part of (3.18).

Now let Bgy. denote the Euclidean ball centred at the origin with radius 1/20 so that

B(0,1/40) C Bgye C B(0,1/2).

We claim that the hyperplanes P and P lie very close to each other inside Bgy,, provided
p was chosen small enough compared to € . We quantify this by claiming that P, N By
lies in the closed Euclidean e?>-neighbourhood Py gyuc(€?) of Py, that is,

P, N Bgye C Pl,Euc(Ez)- (3.19)

The argument to prove (3.19) is completely Euclidean. To see what is going on, it is help-
tul to first visualise what happens if the hyperplanes P;, P» both contain 0. In this case,
if Py N Bpye € PLEUC(EQ), then the intersection P;” N P, N By, contains a Euclidean ball
Bg,,. with radius ~j, €2, see Figure[3l Then, we note that the same remains true if P, P
intersect the small ball B(0, p), provided p was chosen sufficiently small compared to e.
We indeed start by translating both planes in the Euclidean sense by < cp for some uni-
versal constant ¢ > 0 so that they contain 0. This is possible since dguc(p', ¢') < ed(p’,q")
forp’,q' € B(0,1/2) and for some universal constant ¢ > 0. Then we find a Euclidean ball
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FIGURE 3. The planes P;, P» and the e2-Euclidean ball B!

bue C Pr NPy N
Bgyc drawn in black.

with radius ~ €% as above, and finally shift back, making the ball a bit smaller if neces-
sary. Since H2¥*2 coincides, up to a multiplicative constant, with the (2k+1)-dimensional
Lebesgue measure on R?* x R, we have H*2(Bf ) ~; ¢*™? and we get

H22(PT N Py N B(0,1))

But if 6 is chosen much smaller than ¢**2, this contradicts (3.I8). Indeed, writing A :=
P NP, NnB(0,1), we have

HZF2(A) = HEFZ(A N Q) + HFH2(AN\ Q)
< HFE([Py \ Qo] N B(0,1)) + H* ([P \ 4] N B(0,1)) (3.20)
< HAF2(Qy A Py 0 B(0,1)) + HEF2([04 A PT] 0 B(0,1)) S .
Hence (3.19) holds. As a corollary, we now show that
P' N Py N Beye € Py puc(€?). (3.21)

> (M2,

~

To see this, let U; and Us be the two connected components of Bgyc \ P guc(€?), labelled
sothat Uy C P, and U, C P;", see Figured By (3.19), the hyperplane P, also separates
Uy and Uy, hence, either U; C P, and Uz C P, orU; C P2Jr and Uy C P, . Arguing by

FIGURE 4. The planes Py, P» and the components Uy, Us.

contradiction, if Pf’ N P2Jr N Bguc € Pl,Euc(eQ), then P1+ N P2Jr N Bgyc meets Us. In particular,
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Us N Py # () and it follows that Uy C Py and Uy C P; . Hence Uy C P; N Py, N Bgye.
On the other hand, assuming that e is sufficiently small, then 7—[2k+2(U 1) ~, 1 and we get
that H2*+2(P; NPy, NB(0,1)) 2 1. Choosing § small enough, this contradicts (3.20) and
hence (3.2T) holds.

Now we can conclude the proof of the proposition. Recall that we already know
by (B.17) applied to Q; that dist(¢, P) < e forall ¢ € SN P, N B(0,1/2). Next, pick
q € SN PN B(0,1/40). First, if ¢ € Py then ¢ € P;" N Py” N Bpye C Py guc(€?) by BG21),
hence dist(g, P1) < c’e for some universal constant ¢ > 0. Indeed recall that P gyc(€?)
refers to the Euclidean e?-neighbourhood of P; and that d(p/,¢') < dguc(p’,¢')"/? for
p',q¢ € B(0,1/2) and for some universal constant ¢ > 0. The same obviously still works
if ¢ € P, by (3.19). Finally, if ¢ € SN P, N B(0,1/40), then dist(q, P») < e by (3.17) applied
to Q5. But P, N Bpye C PLEUC(EQ), hence dist(g, P1) < (1 + ¢’)e. So we have now proven
that

SN B(0,1/40) C Py (ce) (3.22)

for some universal constant ¢ > 0 and where P, (ce) denotes the closed ce-neighbourhood
of P, in the Kordnyi metric. In other words, S is close to P; inside B(0, 1/40).
We show now that also P is close to S inside a slightly smaller ball, namely,

P, N B(0,1/80) C S(2ce) (3.23)

where S(2ce) denotes the closed 2ce-neighbourhood of S in the Koranyi metric. This will
complete the proof of the proposition choosing P := P;.

We denote by U and U}, the two connected components of B(0,1/40)\ P; (ce), labelled
so that U] € P[ and U} C P;". Since U] is connected and does not meet S by (322), it is
contained in some connected component of S¢, that must be ; by the first part of (3.18).
Indeed, otherwise U] C [P \ ©1] N B(0,1) and since H**2(U]) ~j, 1, at least if € is
sufficiently small, depending only on &, this contradicts the first part of (3.18) choosing
§ small enough. Hence U; C Q5. By (38.19) and the choice of the universal constant c,
we have P, N B(0,1/40) C P; guc(€?) C Pi(ce), hence either U] C Py or U] C Py . We
have that U] C P;", because otherwise U] C [P; \ Q2] N B(0,1) and this contradicts now
the second part of (3.18). Since P, separates U; from UJ, it follows that U) C P, . Then,
arguing in a similar way as we did for U] and using the second part of (3.18), we get that
Ul C Q9. In particular U] and U} are contained in different connected components of
S¢. Going back to the proof of (3.23), we argue by contradiction and assume that there
is ¢ € P, N B(0,1/80) with dist(g,S) > 2ce. Then, choosing ¢ small enough, we get
that B(q,2ce) € B(0,1/40) \ S. On the other hand, B(q, 2ce) meets both U] and U}, and
since U] and U}, are contained in different connected components of S¢, the ball B(q, 2ce)
should meet S, a contradiction. O

Combining Corollary B.13]and Proposition[3.I5shows that small horizontal width for
a Semmes surface implies flatness.

Corollary 3.24. There is a dimensional constant € > 0 such that the following holds for every
0 < e <€ Let S C HF bea Semmes surface. There is 0 < v < 1, depending only on €, k and
on the upper Ahlfors-reqularity and Condition B constants for S, such that the following holds.
Ifpe S, 0<r<diams,and widthp,, (S) < (807)%3, then there is a hyperplane P C H*
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such that

sup  dist(¢, P)+ sup  dist(q,S) < eyr.
q€SNB(p,yr) qePNB(p,yr)

4. LOWER AHLFORS-REGULARITY AND BIG VERTICAL PROJECTIONS

We first prove in this section that closed subsets of H* satisfying condition B, and
therefore Semmes surfaces, are lower Ahlfors-regular.

Proposition 4.1 (Lower Ahlfors-regularity for sets satisfying condition B). Let S C H* bea
closed set satisfying condition B. Then S is lower Ahlfors-reqular with a lower Ahlfors-regularity
constant depending only on k and the Condition B constant of S.

Proof. The proof follows from the relative isoperimetric inequality in H*. Recall indeed
that there is A > 1 such that, given £/ C H* measurable, p € H*, and r > 0, we have

min{H?*2(B(p, A~'r) N E), HF 2 (B(p, A7)\ B)} 352 < W (U (p,r) NOE) , (42)
where U(p,r) denotes the open ball with center p and radius r. This follows from
Theorem 1.18], recalling that the Kordnyi distance is biLipschitz equivalent to the sub-
Riemannian distance together with the following fact. If #***+(U(p,r)NOE) < +oo, then
Pery(E,U(p, 7)) < H2*H(U(p,r) N OF) where Pery denotes the H-perimeter. Now let
S C H* be a closed set satisfying condition B, p € S and 0 < r < diam S. It follows from
condition B that there are two distinct connected components 2, 25 of S¢ such that

min{H*T2(B(p, \"1r) N Qy), H*2(B(p, A\ 1r) N Qo)) >, 262
Together with (£2) we get
HZH(B(p,r) N 8) = MU (p,r) N 0)
2k41

> min{H**2(B(p, \"'r) N ), HF T2 (B(p, A7) \ Q) } 2

2k+1

> min{H>*2(B(p, A\"'r) N Q1), H*T2(B(p, A1) N Qg) } 2542

T as!

~

which concludes the proof of the proposition. O

Remark 4.3. The proof of Proposition £.1] can be extended, with minor modifications, to
get codimension one lower Ahlfors-regularity for closed sets satisfying condition B in
complete doubling metric measure spaces supporting a weak (1, 1)-Poincaré inequality.
Variants of the relative isoperimetric inequality hold indeed true in such spaces, see for
instance [25], which allow to mimic the proof of Proposition [4.1]in this more general
setting.

We next prove that Semmes surfaces in H* have big vertical projections. We first recall
the definition of the big vertical projections property.

Definition 4.4 (BVP). We say that a set £ C H* has big vertical projections (or BVP in short)
if there is ¢ > 0 such that, for all p € E and 0 < r < diam E, there is v € S?**~! such that

H*(rw (B(p,7) N E)) > cr?*tt, (4.5)

This rest of this section is devoted to the proof of the following proposition.
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Proposition 4.6 (BVP for Semmes surfaces). Let S C H* be a Semmes surface. Then S has
BVP. Moreover, the constant ¢ on the right-hand side of (&.3) can be chosen depending only on k
and the upper Ahlfors-regularity and Condition B constants of S.

Remark 4.7. Note that lower Ahlfors-regularity for a Semmes surface S C H* can also be
recovered as a consequence of Proposition Although projections 7y, are not Lips-
chitz with respect to the Koranyi distance, it however follows from [19, Lemma 2.20], see
also [21, Lemma 3.14] and [11, Lemma 3.6], that, for every v € S?*~! and A C H¥, one
has H%# (7w, (A)) < H2 F1(A). Then lower Ahlfors-regularity follows applying this
for A := B(p,r) N S together with @.5).

We begin the proof of Proposition We will actually prove the following slightly
stronger result: we will find a constant ¢ > 0, depending only on k£ and on the upper
Ahlfors-regularity and Condition B constants for the Semmes surface S, such that, for all
peSand 0 <r < diam S,

/ H2P (y, (B(p,7) N S)) dv > cr?F L, (4.8)
S2k—1

The expression on the left-hand side of {@.8) can be thought of as a Heisenberg version
of the Favard length of B(p,r) N S. The proof of @38) for an arbitrary Semmes surface
will follow from its validity for hyperplanes, Lemma together with a compactness
argument, Lemma .13} and Corollary

Lemma 4.9. There is a dimensional constant ¢ > 0 such that if P C H* is a hyperplane, p € P,
and r > 0, then

/ H2* (. (B(p,r) N P))dv > er?F+!,
§2k—1
Proof. 1t follows from @2.10) that

/S HH (m, (B(p,7) O P)) dv = b(L(B(p,7) O P)).

Using dilations, left translations, and Lemma 2.11} we may assume with no loss of gen-
erality thatr =landp=0¢€ P.

Next, we use the notion of H-perimeter measure Perg(E,-) of a measurable set £ C
H2+1 to evaluate this expression further. See for instance [20] for the definition and
properties of H-perimeter. We take E := P~ to be one of the two half-spaces bounded by
P. Since P is of class C! in the Euclidean sense, P~ is of locally finite H-perimeter. We
apply to P~ and the open ball U(0, 1) the kinematic formula originally due to Montefal-
cone [28], see also (6.1)] and (112)]. Specialized to our setting, this ensures the
existence of a dimensional constant 0 < ¢, < +oc such that

/ Per(P™ N, U(0,1) N¢)dh(¢) = ¢ Perg(P,U(0,1)).
L
On the one hand, we note that
/ Per(P~ N, U(0,1) Ne)dh(¢) =b(L(U(0,1) N P)). (4.10)
L

Indeed, since P~ is a half-space bounded by P, then Per(P~ N ¢,U(0,1) N ¢) = 1 for
horizontal lines ¢/ € £ meeting P transversally inside U (0, 1), and Per(P~N¢,U(0,1)N¢) =
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0 otherwise, that is, if either ¢ C Por ¢ ¢ L(U(0,1) N P). Since h({¢ € L: £ C P}) =0,
(4.10) follows, and thus

h(L(U(0,1) N P)) = ¢ Perg(P,U(0,1)).

On the other hand, we show that Pery(P~, U(0, 1)) is uniformly bounded away from
zero for all hyperplanes P containing the origin. Indeed, there exists p > 0 such that
U(0,1) contains a Euclidean ball with radius p, hence P N U(0,1) contains a Euclidean
2k-dimensional ball B%’flc(o, p) and it follows from [20] Corollary 7.7(i)] that

Perg(P~, U(0,1)) > / C(p)n| dHZ: ()
B2k (0,p)

where H2F _denotes the 2k-dimensional Hausdorff measure with respect to the Euclidean

distance, n = (n1,...,nok+1) is the Euclidean outward unit normal vector to P~, and
k 1 2 1 2
ICloin = | > (nz - §Ui+kn2k+1> + (nkJrz' + §Uin2k+1> (4.11)
i=1

for p = (v,t) € H* with v = (vq,...,v9) € R?*. Denoting by S?* the Euclidean unit
sphere in R?*1, the map

neS¥* |C(p)n| dHn(p)

B (0,0)

is continuous and non-vanishing. Hence, by compactness of S% we have
it [ (Cnl dHp) >0
nes?t J B2k (0,p)

and it follows that
Perg (P, U(O, 1)) 2k 1. (4.12)
This yields

/g2k—1 HMH (7w, (B(0,1) N P)) dv > h(L(U(0,1) N P))

2k PerH(Pf, U(O, 1)) 2 1
and concludes the proof. O
Estimates similar to (£12) are also valid in more general Carnot groups, see [6, The-

orem 1.2]. The next lemma comes as a consequence of Lemma [£9] via a compactness
argument.

Lemma 4.13. There is a dimensional constant € > 0 such that the following holds for every
0 < e <& Let P C H* be a hyperplane, p € P and r > 0. Let Uy, Uy denote the two connected
components of B(p,r) \ P(er) where P(er) denotes the closed er-neighbourhood of P. Then,

h(L(U) N L(U)) > er?ktL,

Proof. Using left translations and dilations, we may assume with no loss of generality
that p = 0 € P and r = 1. First, for a fixed hyperplane P > 0, Lemma [4.9] together
with (2.10) implies the existence of some ep > 0 such that

h(L(Ui(ep)) N L(Ua(ep))) 2k 1 (4.14)
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where U;(ep) and Us(ep) are the two connected components of B(0,1) \ P(ep). Indeed,
each line ¢ € £ hitting P transversely inside U (0, 1), where U(0, 1) is the unit open ball
centred at the origin, must pass through both Ui (e, p) and Us(ey p) for some ¢, p > 0
small enough, so @.14) follows from Lemma [£.9]by measure-theoretic considerations.
Next, if £.14) holds for some hyperplane P > 0 and some ep > 0, it also holds for all
hyperplanes P’ 5 0 in an (ep/2)-neighbourhood of P, where the latter means that P’ N
B(0,2) C P(ep/2), and for the connected components U (ep/2) and Uj(ep/2) of B(0,1)\
P'(ep/2), simply using P'(ep/2) N B(0,1) C P(ep) N B(0,1) for such P’. Finally, the
(ep/2)-neighbourhoods form an open cover of the compact set of hyperplanes { P C H* :
0 € P}, so one may pick a finite subcover. Then choosing € > 0 less than the minimum of
the numbers ep/2 occurring in this finite cover, and less than the dimensional constant
implicit in (4.14) proves the lemma. O

We now turn to the proof of .38) from which Proposition 4.6 follows.

Proof of @.8). Using left translations and dilations, we may assume with no loss of gen-
erality that p = 0 € Sand r = 1. Let ¢ > 0 be a suitable constant to be chosen small
enough later, depending only on % and the Condition B constant of S. Let A > 0 be
another suitable constant to be chosen small enough, depending on ¢, k, and on the up-
per Ahlfors-regularity and Condition B constants of S. We argue by contradiction and
assume that

A> H*H (ry, (B(0,1) N S)) dv = h(L(B(0,1) N S)) (4.15)

S§2k—1

where the last equality follows from (2.10). Recalling the definition (3.6) of the horizontal
width of S in B(0, 1), we get

widthp(1)(S) < 2h(L(B(0,1) N S)) < 2.

Assuming that e < € where € is the dimensional constant given by Corollary we
now let 0 < v < 1 be given by Corollary applied to the parameter ¢ and we let
A be small enough so that 2\ < (807)?**3. Then the previous inequality together with
Corollary imply the existence of a hyperplane P C H* such that

B(0,7) NS C P(ey) (4.16)

where P(ey) denotes the closed ey-neighbourhood of P. Replacing € by 2¢, we may
assume with no loss of generality that 0 € P.

To reach a contradiction, we show now that if S > 0 is a closed set with diam S > 1
satisfying Condition B and @.I6) for some hyperplane P > 0, then

L(Uy) N L(Uy) € L(B(0,7) N S) (4.17)

where U; and U; denote the two connected components of B(0,v) \ P(ey), provided e
is chosen small enough. To see this, we prove that U; and U, are contained in different
connected components of S¢. Indeed, apply Condition B to the ball B(0,~) to find two
distinct connected components €25, Q5 of S¢ and two balls B; C €; N B(0,7) and By C
Qs N B(0,~) with radii ~,¢4 7. If € > 0 is chosen small enough, depending on the radii
of these balls, it follows that both balls By, By intersect either U; or Us. Moreover, if By
intersects Uy, say, then By cannot intersect U;. Indeed, otherwise By, Bs lie in the same
connected component of S¢ as a consequence of @.16). Hence Bs intersects Us. Then it
follows, once again from (@.16), that U; C ©; and Us C Q9. Now, fix £ € L(Uy) N L(Us),
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and letu; € £NUj for j € {1, 2}. It follows from the previous argument that the segment
[u1, ug] has its end points in different connected components of S¢ and hence must cross
S. Moreover, by Euclidean convexity of B(0,v), the segment [u;, uz] crosses S inside
B(0,~) and this concludes the proof of @.I7).
If € > 0 was chosen small enough, we then get from Lemma
h(L(B(0,1) NS)) = H(L(B(0,7) NS)) = H(L(U1) N L(Us)) > ey

for some dimensional constant € > 0, which contradicts @.15) provided A was chosen
small enough. This concludes the proof of {.8). O

5. THE BILATERAL WEAK GEOMETRIC LEMMA

The main result in this section is the validity of the bilateral weak geometric lemma
for vertical hyperplanes, Definition 58] for Semmes surfaces in H¥, see Proposition 5.1

5.1. Width is integrable. The aim of this section is to prove that if £ C H* is a closed
upper Ahlfors-regular set, then balls with large horizontal width are quite rare. Namely,
they satisfy the following Carleson packing condition.

Proposition 5.1. Let E C H* be a closed upper Ahlfors-regular set. Then,

R ds _ R
/ 1 ({g € ENB(p,R) : widthp(ge)(E) > €}) ~ Sreg
0

foralle >0,p € E,and R > 0.

Proposition 5.1] is a consequence of the following stronger result, which states that
the map (g,s) + widthp, ) (E) is L'-integrable under mild assumptions. In the next
proposition, an upper Ahlfors-reqular measure p (with dimension 2k + 1) is a locally finite
Borel measure for which there exists C' > 0 such that

w(B(p,r)) < CT2k+1, p e Hk, r > 0.

Theorem 5.2. Assume that E C H* is a closed set and 1 is an upper Ahlfors-reqular measure.
Then

| widthg g (8) dute) S < o (p),
0 HE S
where C' > 0 depends only on the upper Ahlfors-regularity constant of fu.

The only tool needed in the proof of Theorem is the following Crofton-formula
type upper bound proven in [12, Lemma 5.3] in H!, whose proof easily extends to all
higher dimensional Heisenberg groups. Namely, for every v € S?*~1, one has

/ card(E N W@i {p}) dH* T (p) <p HAFTU(E), E C H*.

Here [* stands for the upper integral, see [27, Chapter 1]. It is not hard to see that the
integrand p — card(E N W@VIU {p}) is a Borel function when E C H* is closed. Now,
recalling the definition (2.9) of the measure b, it follows that

/ card(E (1 0) db(¢ / / card(E N il {p}) dHZH (p) dv < HHU(E)  (5.3)
L SQk 1 v

for E C H* closed.
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Proof of Theorem With no loss of generality, assume that H***!(E) < +oc. Note that
width is approximately monotone in the sense that

for all balls B C B’ with comparable radii (see (3.9)). In particular, we have

/ /Hk width (g (E) du(g) — S Z/ widthp(g on) (E) duu(q). (5.4)

Next, for n € Z fixed, pick a maximal 2"-net {¢},q},...} C HF, and write Bl =
B(q®*,2"1). Then
WidthB(an)(E) <k WidthBln (E), q € B(q',2").

Since the balls B(g}*,2"), i € N, cover HF, we can further estimate as follows,

GCA) <k Z Zwidthgg(E) “w(B(4i,2")) Sreg Z ZWldtth 9(2k+1)n

neZ ieN neZ ieN
dlamEﬂB ne) dlamEﬂB”ﬂﬁ
SuX Y [ Lano = [ S5 L an(e),
neZ ieN neZ ieN

where the implicit constants in the two last inequalities depend only on k£ and the upper
Ahlfors-regularity constant of . Now, fix a horizontal line ¢ such that card(E N ¢) =
N < +o0. This is true for h almost every line, since H*HYE) < +o0. Letay,...,ay be
an enumeration of the points in £ N ¢, in increasing order for some fixed orientation of .
Write [ := [aj,a;41] for 1 <j < N — 1, and note that

diam(E N B'N¥) Z diam(7 neZ, i€eN.
I;CBr
Consequently,
B 2n
neZ ieN j=1 n€Z,ieN,
I;CBr
Forj € {1,..., N — 1} fixed, the summation over n can be restricted to those values with

272 = diam(B!") > diam(;). Moreover, for every such n fixed, the balls B?, i € N, have
bounded overlap, so I; C B can occur only for Sy 1 indices ¢ € N. These observations
yield

N-1
e
3 dl%n(]) <k N —1 <y card(E N 0),
j=1 neZ €N,
Ij CBZL
so finally
& d
| vt (B du@) 5 Srey [ card(E00)d(0) Sy W (E)
0 H* e
using (5.3), and the proof is complete. O

Now we prove Proposition[5.1]
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Proof of Proposition5.1l For p € E and R > 0 fixed, we apply Theorem 5.2 with i :=
H* Y g gy, ) - Note that whenever g € B(p,r) and 0 < r < R, one has

WidthB(%s)(E) = WidthB(q,s) (ENB(p,2R)).

This yields
® e ds
/ H* ' ({qe ENB(p,R): WidthB(qJ)(E) > €}) -
0
1 [ 2+1(p N B 2
< —/ / WidthB(%s)(EﬂB(p, 2R)) du(q) @ Sreg i (B0 B(p, R))
€ Jo HE S €
This completes the proof by the upper Ahlfors-regularity of E. O

5.2. Bilateral weak geometric lemma for arbitrary hyperplanes. In this section, we
prove that a Semmes surface satisfies the bilateral weak geometric lemma for arbitrary
hyperplanes. Roughly speaking, this means that it is bilaterally well-approximated by
hyperplanes at most scales and locations, see Definition 5.5 and Proposition[5.7]

Given E C H*, p € E, and s > 0, we define the bilateral 3-number bBg(p, s) for arbitrary
hyperplanes inside a given ball B(p, s). We mimic here the Euclidean definition, see for
instance [16, 1.2.1], and set

bBp(ps) i=inf 4 sup M@)o dsU@E)
P geB(p,s)NE S 4€B(p,s)NP s

where the infimum runs over all hyperplanes P C HP*. This definition takes into account
the distance from points in E to hyperplanes P, as well as the distance from points in P
to E.

Definition 5.5 (BWGL for arbitrary hyperplanes). We say that a set £ C H* satisfies the
bilateral weak geometric lemma (or BWGL in short) for arbitrary hyperplanes if

R
/ WX (g € BB, R)  bp(a,5) > ) © 5o B (5.6)
0

foralle >0,pc E,and R > 0.

The fact that Semmes surfaces satisfy BWGL for arbitrary hyperplanes comes as a
rather immediate consequence of Corollary [3.24l combined with Proposition[5.1]

Proposition 5.7 (BWGL for arbitrary hyperplanes for Semmes surfaces). Let S C H¥ be
a Semmes surface. Then S satisfies BWGL for arbitrary hyperplanes. Moreover, the implicit
constant on the right-hand side of (5.6)) can be chosen depending only on e, k and on the upper
Ahlfors-reqularity and Condition B constants of S.

Proof. Let0 < e < €be fixed, where € is the dimensional constant given by Corollary 3.24]
and let 0 < v < 1 be given by Corollary[3.24l Let g € S and s > 0 be such that b3s(q, s) >
e. It follows from Corollary B.24] that widthp(, 14 (S5) > (807)%#*3. Then we get from
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Proposition 5. that

R ok ds
| e S0 BB bs(a.5) > )

N - . ds

< / 7_[2k+1({q €SN B(p,’y 1R) :WldthB(qﬂ*ls)(S) > (807)2k+3}) ?
0

< (R

which concludes the proof since v depends only on ¢, k£ and the upper Ahlfors-regularity
and Condition B constants of S. O

5.3. Bilateral weak geometric lemma for vertical hyperplanes. In this section, we up-
grade Proposition 5.7] from the previous section to a similar statement concerning ap-
proximation by vertical hyperplanes, Proposition 511l We actually note that, more gen-
erally, the validity of BWGL for arbitrary hyperplanes, recall Definition 5.5 for a closed
Ahlfors-regular set in H* is equivalent to the validity of BWGL for vertical hyperplanes,
see Definition 5.8]and Theorem[5.10l A proof of a result close to Theorem [5.10/is already
implicitly contained in the reduction from Proposition 75] to Proposition 68], so
we will only give an outline of the proof here and refer to for part of the details.

Given E C H*, p € E, and s > 0, we define the bilateral S-number Bu.E(p, s) for vertical
hyperplanes in a similar way than the bilateral S-number for arbitratry hyperplanes except
that we restrict the infimum to run over vertical hyperplanes. Namely, we set

| o
b8, £(p.5) :=i€wf{ wp  UH@W) o, it )}

q€B(p,s)NE S qEB(p,s)NW S

where the infimum runs over all vertical hyperplanes W C HF, that is, hyperplanes of
the form W = p/ - W, for some p’ € H* and v € S?~1.

Definition 5.8 (BWGL for vertical hyperplanes). We say that a set E C HF satisfies the
bilateral weak geometric lemma (or BWGL in short) for vertical hyperplanes if
R
d
/ H* M ({g € ENB(p,R) : bBy,5(q,5) > €}) ;5 Se R (5.9)
0

foralle >0,pc E,and R > 0.

Note that, since b3 (q, s) < bB, r(q,s) for every ¢ € E and s > 0, it is immediate that
BWGL for vertical hyperplanes implies BWGL for arbitrary hyperplanes. As already
mentioned, it turns out that both versions of the bilateral weak geometric lemma are
equivalent for Ahlfors-regular sets in H*.

Theorem 5.10. Let E C H* be a closed Ahlfors-reqular set. Then E satisfies BWGL for vertical
hyperplanes if and only if it satisfies BWGL for arbitrary hyperplanes.

Going back to Semmes surfaces, we know from Proposition B.]] that they are lower
Ahlfors-regular, and hence Ahlfors-regular, and from Proposition 5.7] that they satisfy
BWGL for abitrary hyperplanes. Hence the validity of BWGL for vertical hyperplanes
follows from Theorem 5.10l
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Proposition 5.11 (BWGL for vertical hyperplanes for Semmes surfaces). Let S C HF bea
Semmes surface. Then S satisfies BWGL for vertical hyperplanes. Moreover, the implicit constant
in (5.9) can be chosen depending only on €, k and on the upper Ahlfors-reqularity and Condition B
constants of S.

We give now an outline of the proof of Theorem which is based on arguments
developed in [31} Section 9.4]. Recall that if a hyperplane P C H* is not vertical, then it
is horizontal and there is a unique p € H* such that P = p - H (see the comment before
Proposition[3.17). In other words, a horizontal hyperplane P coincides with the set of all
horizontal lines passing through some point p € H* which we call the centre of P. As
observed by Naor and Young, inside a ball far from its center, a horizontal hyperplane
is close to some vertical hyperplane, see [31, Corollary 73]. Hence, if a set E is close to a
horizontal hyperplane P in a ball far from the center of P, then E is close to some vertical
hyperplane in a slightly smaller ball.

Before proceeding further, and mainly for technical convenience, we recall the notion
of David cubes on Ahlfors-regular sets. A system of David cubes on a closed Ahlfors-
regular set £ is a collection D of subsets of £ with the following properties. We set ] := Z
if Fisunbounded,and J := {j € Z : j < n} wheren € Zis such that 2" < diam E < 2"*!
if £/ is bounded. First, D = U;cyD; where, for each j € J, the letter D; denotes a family
of disjoint subsets of E such that H**1(E \ Ugep,Q) = 0. Next, for every j € J and
Q € Dj;, we have diam Q <, 2/, and there is a ball By = B(cg,c2?), centred at some
point ¢ € @ and called the centre of @, such that By N £ C Q. The constant ¢ > 0
depends only on the Ahlfors-regularity constants of £. Finally, for i, j € J with i < j, if
Q € D;and Q' € Dj, theneither QN Q' =0 or@Q C Q. Forj € Jand Q € D;, we set
£(Q) := 2. One should think of £(Q) as a substitute for the “side-length” of the cube Q.
The existence of systems of David cubes on Ahlfors-regular sets in Euclidean spaces has
been proven in [17]. The construction has been extended to spaces of homogeneous type
in [13], to which we refer for more details.

To prove the non-trivial implication in Theorem we let E C HF be a closed
Ahlfors-regular set satisfying BWGL for arbitrary hyperplanes and D be a system of
David cubes on E. We fix a constant Cy > 2, depending only on the Ahlfors-regularity
constants for F, such that

2diam @ < Cpl(Q), QeD. (5.12)
For Q € D, we set b3g(Q) := CybBE(cg, Col(Q)), that is,

) dist(p, P) dist(p, F)
(@) =infd sup ooBl) g, SSURE)
Ip(Q) =1y {peé(‘éSmE 1D e Q) }

where the infimum runs over all hyperplanes P C H* and B(Q) := B(cg, Col(Q)). Sim-
ilarly, we set b3, g(Q) := Co bBy r(cg, Col(Q)), that is,

b (Q) — int { dist(p, W) sup dist(p, F) }

nl sup ————~— +

veBQne Q) peBQrw Q)
where the infimum runs over all vertical hyperplanes W C HE.

As a classical fact, it is easy to reformulate the BWGL conditions in terms of the num-
bers b3 (Q) and b3, £(Q). Namely, a closed Ahlfors-regular set £ C HF satisfies BWGL
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for arbitrary, respectively vertical, hyperplanes if and only if, for every e > 0 and Qo € D,

> U S Qo) (5.13)
Q€eD(Qo)
bBE(Q)>e

respectively

ST UQHF < Qo) (5.14)
Q€eD(Qo)
b8y, E(Q)>€
Here D(Qp) :={Q € D: Q C Qo}-

Remark 5.15. The precise value of the constant Cj in the definition of b5 (Q) and b3, £(Q)
does not matter here. More precisely, the validity of (5.13), respectively (5.14), for a sys-
tem of David cubes D on E and a choice of Cj > 0 such that diam @ < Cy¢(Q) for Q € D
implies the validity of BWGL for arbitrary, respectively vertical, hyperplanes, which is
in turn equivalent to (5.13), repectively (5.14), for every system of David cubes D on E
and every choice of Cy > 0 such that diam @ < Cpl(Q) for Q € D. The implicit constants
in (5.13) and (5.14) will then naturally depend on Cj. Our choice of Cy, recall (5.12), lies in
this admissible range and is also suitable for our proof of Theorem [5.10 (see in particular
the proof of Lemma [5.20).

Let E and D be as above. Fix ¢ > 0 and a cube @)y € D, and let n > 0 be another
parameter, to be fixed later small enough depending only on ¢, k, and on the Ahlfors-
regularity constants for E. By Remark[5.I5] the family of cubes

Bo(n) :=={Q € D(Qo) : bBr(2Q) = n}
satisfies the Carleson packing estimate
D U5, 6Qo)™ Y,
QEBo(n)

where b3 (2Q) = 2C bBE(cg, 2Col(Q)). We set Go(n) := D(Qo) \ Bo(n) and we are going
to define a subset B (¢) of Gy(n) in such a way that, for all @ € Gy(n) \ Bi(e),

b/BU,E(Q) Sﬂ“eg € (5.16)
and B; (¢) will satisfy the Carleson packing estimate
Z UQ)® Se U(Qo)?, (5.17)
QEB (e

provided 7 is chosen small enough, dependlng only on ¢, k, and on the Ahlfors-regularity
constants of E. This will complete the proof of Theorem (.10l
As in [31], given p € H* and a hyperplane P C HF¥, we set

dguc(m(p), m(q)) if P = q- H is horizontal,
ap(P) = P, .
+00 if P is vertical.

Here 7: H* — R?* stands for the projection 7(v,t) := v which is a 1-Lipschitz mapping
between (HF, d) and (R?*, d,.). By definition, a,(P) is a number in [0, +o0] and a,(P) =
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+o0 if and only if the hyperplane P is vertical. On the other hand, when «,(P) is finite,
then the hyperplane P is horizontal and one has

Z(T,p~' - P) = arctan(2/a,(P))

where Z(T,p~! - P) denotes the minimum Euclidean angle between the vertical axis
T := {(0,¢t) € H* : ¢+ € R} and a line in p~! - P that passes through the point where
T intersects p—! - P. Here we interpret "arctan(2/0)" as "7 /2". This can be deduced from
the definition of o, (P) together with elementary computations. It follows that large val-
ues of oy, (P) imply that, inside every ball centred at p, the hyperplane P is quantitatively
close to some vertical hyperplane, see [31, Corollary 73]. In particular, we get from [31}
Corollary 73] combined with Lemma 52(3)] that, for every Q € D, every ¢ € (), and
every hyperplane P, there is a vertical hyperplane V' such that

sup  dist(p, V) + sup  dist(p, P) Sreg U(Q)? /g (P) (5.18)

pE2B(Q)NP pE2B(Q)NV
where 2B(Q) := B(cg,2Col(Q)).
We go back now to Gy(n). We associate to every @@ € Gy(n) a hyperplane Py with

sup  dist(p, Pg) + sup  dist(p, E) < nl(Q). (5.19)
PE2B(Q)NE pE2B(Q)NPq
We set (Po)
a
o = inf 29
(@) e 4(Q)
and

By (€) :=={Q € Go(n) : a(Q) < 1/e}.

It follows from (5.18) and (5.19) that every Q € Gy(n) \ By (¢) satisfies (5.16)), provided n
is chosen small enough, depending only on ¢, k, and on the Ahlfors-regularity constants
of E. To conclude the proof, it thus remains to prove that the Carleson packing esti-
mate (5.17) holds, provided 7 is chosen even smaller if necessary, and depending only on
€, k, and on the Ahlfors-regularity constants of E.

The proof of (5I7) runs essentially in the same way as the end of the proof of
Proposition 75], but we rephrase a few details. They are virtually the same as in [31], but
our set-up is quite different from that in Proposition 75] (see Section [8.1] for further
comments). Also, our notion of “close to a hyperplane” is somewhat different from the
notion of “close to a half-space” employed in [31].

Following [31], we say that a cube R € Gy(n) is a good descendant of Q € Gy(n), if all the
cubes Q' € Dwith R C Q' C @ lie in Gy(n). For Q € Gy(n), we denote by G(Q) the good
descendants of (), and we write

G(Q,e) ={R e G(Q) : a(R) < 1/e}.
The next lemma is an analogue of [31, Lemma 76].
Lemma 5.20. Let 0 < e < 1. If n > 0 is sufficiently small, depending only on ¢, k, and on
the Ahlfors-regqularity constants for E, then G(Q, €) is a tree for all Q € Gy(n). More precisely,

whenever R € G(Q,¢) and Q' € Dwith R C Q' C Q, then Q' € G(Q, €). Further, the cubes in
any fixed tree G(Q, €), Q € Go(n), satisfy a Carleson packing condition,

Z f(R)szrl 56 f(Q)szrl.

ReG(Qse)
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Proof. To prove the tree property, fix Q@ € Go(n) and R € G(Q,¢€). It suffices to show
that the parent of R, say @', lies in G(Q,¢€). First, since R € G(Q) by definition, also
Q' € G(Q). So, it remains to show that a(Q’) < 1/e. Since a(R) < 1/¢, we can find a
point p € R with

o (PR) < U(R)/e.

Now, we would like to argue that

ap(Por) < Q') /e

if n > 0 is sufficiently small. Since p € R C 2B(R) N E, we have by the choice of Pr that
dist(p, Pr) < n¢(R). By our choice of the constant Cy, we also have B(p,{(R)) C B(R) C
2B(R) C 2B(Q’). By the choice of P and Py, it follows that

sup dist(q, Pyr) + sup dist(q, Pgr) < 3nl(R),
4€B(p,(R))NPr 4EB(p,L(R))NPy

at least provided 7 is small enough, depending only on Cj, and hence only on the
Ahlfors-regularity constants for E. This forces in particular the Euclidean angle between
Pr and P to be small and, taking into account that o, (Pr) < ¢(R)/e, it follows from the
proof of [31, Lemma 74] that oy, (Py/) < 2¢(R)/e = £(Q’)/e, provided 7 is chosen small
enough, depending only on ¢, k, and on the Ahlfors-regularity constants for E. This
proves that a(Q’) < 1/¢, hence Q' € G(Q, €) and the tree property has been established.
The rest of the proof is now verbatim the same as in [31, Lemma 76], noting that, as
we just did in the previous argument, the U-local distance between the half-spaces Pég

and P}J{ considered in [31] (see [31, Definition 51]) has to be replaced by quantities of the
form

sup dist(p, Pr) + sup dist(p, Pg)
peUnPg peUNPx

in our setting. We will thus not repeat further the details. O

With Lemma (.20 in hand, the remainder of the proof of Theorem that is, the
proof of (5.17), is precisely the same as the end of the proof of [31], Proposition 75], so we
also omit the details. This concludes the proof of Theorem [5.10

6. SEMMES SURFACES HAVE BIG PIECES OF INTRINSIC LIPSCHITZ GRAPHS

We conclude in this section the proof of Theorem [[.§l We know from Proposition[5.11]
that Semmes surfaces satisfy the bilateral weak geometric lemma for vertical hyper-
planes. As an immediate consequence, we get the validity of the weak geometric lemma
for vertical hyperplanes of which we recall now the definition.

Given E C H*, p € E, and s > 0, we define the S-number Bu,E(p, s) for vertical hyper-
planes in a similar way than the bilateral S-number except that we only take into account
the distance from points in E to vertical hyperplanes inside a given ball B(p, s), that is,
we set

Bu.e(p,s) :==inf  sup dist(q, W)
w qeB(p,s)NE S

where the infimum runs over all vertical hyperplanes W C HF.
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Definition 6.1 (WGL for vertical hyperplanes). We say that a set E C H” satisfies the
weak geometric lemma (or WGL in short) for vertical hyperplanes if

R
d
/ H 1 ({q € ENB(p,R) : fup(a,s) > e}) — S B (62)
0

foralle >0,p € E,and R > 0.

Since B,,1(q,s) < bBy.E(q, s) for every ¢ € E and s > 0, it is immediate that BWGL for
vertical hyperplanes implies WGL for vertical hyperplanes and the following proposition
is then a straightforward consequence of Proposition 5.11]

Proposition 6.3 (WGL for vertical hyperplanes for Semmes surfaces). Let S C HF be a
Semmes surface. Then S satisfies WGL for vertical hyperplanes. Moreover, the implicit multi-
plicative constant in the right-hand side of (6.2) can be chosen depending only on €, k, and on the
upper Ahlfors-regqularity and Condition B constants for S.

To conclude the proof of Theorem [L.8] recall that we also know from Propositions £.1]
and that Semmes surfaces are lower Ahlfors-regular, and hence Ahlfors-regular, and
have big vertical projections. We then use the fact that a closed Ahlfors-regular set with
BVP and satisfying WGL for vertical hyperplanes in H* has big pieces of intrinsic Lip-
schitz graphs. In H!, this result is due to the first two authors with Chousionis [11}
Theorem 3.7]. The extension of this result to all Heisenberg groups is given in Section[7]
see Theorem[Z.1]

7. BVP + WGL FOR VERTICAL HYPERPLANES IMPLY BPILG

It has been proven in [11, Theorem 3.7] that a closed Ahlfors-regular set with big ver-
tical projections (BVP, Definition 4.4) and satisfying the weak geometric lemma (WGL)
for vertical hyperplanes (Definition[6.1)) in H! has big pieces of intrinsic Lipschitz graphs
(BPiLG, Definition[I.7). We extend in this section the proof given in [11] to all Heisenberg
groups.

Theorem 7.1. Let k > 1 and E C HF be a closed Ahlfors-regular set. Assume that E has BVP
and satisfies WGL for vertical hyperplanes. Then E has BPiLG.

The proof given in [11] for £ = 1 relies on two steps, [11, Lemma 3.8] and [11] Theo-
rem 3.9], together with a concluding argument. The proof of [11, Theorem 3.9] and the
concluding argument can be verbatim extended to H*, so we omit the details. The higher
dimensional version of [11, Lemma 3.8] is given in Lemmal[Z.2l

Lemma 7.2. Let E C H* be a closed Ahlfors-reqular set. For every ¢ > 0 and M > 1, there
are € > 0 and v > 0, depending only on ¢, M, k, and the Ahlfors-reqularity constants for E,
such that the following holds. Let D be a system of David cubes on E and () € D. Assume that
H*H (1w, (Q)) > cHPFYQ) for some v € S**~Land B, 5(Q) < e. Then, for every p € Q
and q € B(Q) N E such that M~11(Q) < d(p,q) < MI(Q), one has q & p - C+(v).

Here 5, £(Q) := Co Bu,6(cq, Col(Q)), that is,
) dist(q, W)
v = inf — A
R - M (7)

where the infimum runs over all vertical hyperplanes W. Recall from Section [5.3] that

B(Q) = B(cg, Col(Q)).
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Proof. We assume that the conclusion of the lemma fails in the following sense. We con-
sider a closed Ahlfors-regular set £ C H* with a system of David cubes D and Q € D
such that

0eQand /(Q) =1,

H2H (7, (Q)) > ¢H2FH1(Q) for some v € ST,

Bo,e(Q) < € and

there exists ¢ € B(Q) N E such that M~ < d(0,¢q) < M and ¢ € C,(v).

We will show that these conditions lead to a contradiction. It is not difficult to reduce
the general case to this one, see the beginning of the proof of [11, Lemma 3.8] for more
details.

Here is a sketch of the proof. If v is very small, then ¢ € C,(v) implies that ¢ ~ 7, (¢).
Since also ¢ € @ and d(0,q) ~ 1, it follows that a small neighbourhood of the well-
approximating vertical hyperplane W,, — guaranteed by 3, (Q) < e — must contain
L, N B(0,Cp). But mw,(L,) = {0}, so mw, (W, N B(0,Cp)) is contained in a small
neighbourhood of a codimension-1 subspace of W,. But () is well-approximated by
W, NB(0,Cy), so also 7y, (Q) is contained in a small neighbourhood of a codimension-1
subspace of W,,. This contradicts H2**! (7, (Q)) > cH*+1(Q) ~ 1.

We turn to the details. Let ¢/ € H* and +/ € S?*~! be such that

sup  dist(p’,q - W,/) < 2. (7.3)
p'€B(Q)NE

We first show that there is u € S?*~! such that Ru C 7(W,,) and the unoriented
Euclidean angle Z(u, v) between u and v satisfies Z(u,v) Sy (7 + €), provided € and v

are chosen small enough depending only on M. On the one hand, we have ¢ = (v,t) €
C,(v), thatis,

7w, (@) < vl (@)l
with myw, (¢) = (v— (v, v)v, t —w(v, (v,v)r)/2) and 7, (¢) = ((v,v)r,0), see @.I) and 2.2).
Then, taking into account that, by assumption, d(0,q) ~s 1, computations similar to
those used to obtain [11} (3.8)] give |v| ~s 1, provided ~ is chosen small enough. On
the other hand, by [11, Remark 3.4], which extends to the HF setting, we know that (Z.3)
implies that, forallp’ € B(Q)N E,

dist(p/, W,/) < 4e. (7.4)
In particular, since ¢ € B(Q) N E, there is (v/,t') € W, such that d(q, (v/,t')) < 4e. Hence

lv —v'| <d(q, (V,t')) < 4e. Since |v| ~ps 1, it follows that |v'| ~ys 1 provided ¢ is chosen
small enough depending only on M. Then we get
o' = (0 v < o= ()] + (0 = () = (v = (v, ))] Su (v + O]

Hence u := o' /|[v/| € S?**~!is such that Ru C 7(W,,) and Z(u,v) <as (v + €) as required.

We set W, := ©(W,)) = v+ and W,/ := 7(W,/). By the previous argument, we get that,
for € and ~ chosen small enough depending only on M, we have W, + W, = R2¥. Thus
dim(W, N W) =2k —2and W, = Ru® (W, N W,/). WesetV := (W, N W,/) x R and
we next show that there is a constant A > 0 depending only on the Ahlfors-regularity

constants for F, such that, for every 7 € (0,1), one can choose ¢ and 7 small enough
depending only on 7, M, and on the Ahlfors-regularity constants for E, so that

7w, (Q) C (VN B(0,A)), :={p € W, : dist(p/, VN B(0,A)) < 7}. (7.5)
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Indeed, letp’ € Q C B(Q)NE. By (Z4) thereis (v, s’) € W, such that d(p/, (v, s)) < 4e.
We have w' = au + @ for somea € Rand w € W, N W,,.. We set w” := av + & and
p" = (w",s"). Then
mw, (p") = (W" — (W", v)v, s —w@w”, (W, v)v)/2)
= (0,5 — w(w,av)/2).

Hence 7w, (p’) € V. Furthermore, we have

l7ew,, (p")1 < 2d(0,p")

0, (w',s")) + d((w',s"),p"). Since p’ € Q and d(p/, (v',s")) < 4e, we
have d(0 ,(w’,s’) reg 1 Next, this 1mphes that |a(u,v)| < |w'| < d( (W', ") Sreg 1.
Since Z(u,v) Sy (v + €), one can choose € and v small enough dependmg only on M so
that 1/2 < (u,v) < 1and |u — v| < (7 + €). Then we get |a| Spey 1 and it follows that

[w” —w'| = |a(v —u)| Sreg (7 + €). We also have || = |au — w'| < |a] + |w'| Speg 1 and
ww', w") = wlau + W, av + )
= a’w(u,v) + aw(u — v, W)
= d*w(u — v, v) + aw(u — v, ),
hence,

w(w',w")| < a®lu—v| V] + al [u = V| [@] Sreg [u =] Sreg 7 + €.
Since (w', ") p" = (" — W', —w(w',w")/2), we get

d((w/ Sl)ap//) greg (v + 6)1/2-

It follows that ||mw, (p”)|| Sreg 1. Hence, there is A > 0, which depends only on the
Ahlfors-regularity constant for F, such that mw, (p”) € B(0,A) provided e and v are
chosen small enough depending only on M. Remembering that vertical projections are
locally 1/2-Holder continuous, we then get

dist(mw, (p), VN B(0, 7)) < d(mw, (p), 7w, (p"))
Sﬂ’eg d(p/,p//)l/Q
Sreg (AP, (W', 5") + d((w, 8),p") " Speg (v + )M,
which concludes the proof of (Z.5).

To conclude the proof of the lemma, we first note that #2*+1(V N B(0,A)) = 0. This
can be seen from the fact that V is a (2k — 1)-dimensional linear subspace of W, and
H?k+1|yy, coincides, up to a multiplicative constant, with the 2k-dimensional Lebesgue
measure when identifying W, with R#*~! x R. Hence

lim H2* (VN B(0,A)),) =

T—0

It follows that one can choose 7 > 0 small enough, depending only on ¢ and on the
Ahlfors-regularity constant for F, so that, for ¢ > 0 and v > 0 chosen small enough
accordingly, and hence, depending only on ¢, M, and on the Ahlfors-regularity constant
for E, one has H% 1 (1w, (Q)) < H**L(VNB(0,A));) < cH?***1(Q) (recall that £(Q) = 1
and hence H?**1(Q) ~,¢, 1) and this gives a contradiction. O
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8. COMMENTS

8.1. Regular triples and corona decompositions. Mimicking the terminology introduced
in [31], given a measurable set E C H¥, we say that (E, E¢,0F) is reqular if there is ¢ > 0
such that

H2H2(B(p,r) A E) > ert2, peE, 0<r<diamdE, (8.1)

H*H2(B(p,r)\ E) > cr?2, pe E°, 0<r < diamdE, (8.2)

and OF is Ahlfors-regular (with dimension 2k + 1, see Definition [L.T).

Local versions of regular triples, for which (1.2), (L.3), (8.1) and (8.2) are required to
hold for r € (0, 7] for some ry > 0, have been considered in [31]. We could also have
considered local versions for the definition of a Semmes surface S, where (1.2) and ({@.5)
are required to hold for r € (0, o] for some r¢y > 0. Our arguments in the present paper
also apply in this case to give big pieces of intrinsic Lipschitz graphs inside balls centred
on S with radius r € (0, r]. For the sake of simplicity, we discuss here the link between
(global) regular triples and (global) Semmes surfaces, noting that these links can be easily
extended for the local versions.

The link between regular triples and open sets satisfying the corkscrew condition, Def-
inition[L.9] is given in the next proposition.

Proposition 8.3. Let S C HF. The following are equivalent.

(i) There is a measurable set E C HF such that (E, E¢,OE) is reqular with S = OF.
(ii) The set S is a closed upper Ahlfors-reqular set and there is an open set Q2 C H¥ satisfying
the corkscrew condition such that S = 0S).

Proof. If (ii) holds, then E := Q) satisfies (8.I) and (8.2) as a rather immediate consequence
of the corkscrew condition. Moreover, when (ii) holds, then S = 92 is a Semmes surface
and we know from Proposition .1l that S is lower Ahlfors-regular and hence Ahlfors-
regular. It follows that (€2, Q¢, 09) is regular and hence (i) holds.

To prove the converse implication, we let £ C H* be measurable such that (F, E¢,0F)
is regular with S = 0. We denote by () the interior of ¥ and we prove that S = 0Q
and € satisfies the corkscrew condition. Since 02 C JF = S, to prove the first claim,
we only need to check that S C 99Q. Letp € S. Then B.1) and (8.2) imply that for every
0 < r < diam S, we have

min{’H%Jrz(B(p, r)NE), 7—[2k+2(B(p, ")\ E)} Zreg 7’2k+2,

where 2., means here that the implicit multiplicative constant depends on k and on the
regularity constant ¢ coming from (@.I) and (8.2). Since OF is Ahlfors-regular, we have
H*H2(OF) = 0, hence

HP2EAQ) =12 EAQ) =0.
It follows that
min{H%Jrz(B(p, r)NQ), H2k+2(B(p, r)\ )}
= min{H**"*(B(p,r) N E), H*2(B(p,r) \ B)} Zyeq v

for every 0 < r < diam S. Hence p € 02 and S C 09 as claimed.
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To prove that (2 satisfies the corkscrew condition, we let p € 9Q and 0 < r < diam 0f2.
It follows from the previous argument that

min{H** (B (p,r/4) N Q), H* T (B(p,r/4) \ Q)} Zyeg 1272, (8.4)

Let0 <t < 1/4 and A be a maximal family of points in S N B(p, r/2) at mutual distance
> tr. Since the balls B(q,tr/2), g € A, are disjoint and contained in B(p,r), we get from
the Ahlfors-regularity of S = 0f2 that

(tr)* T card A Speg > H* (S 1 B(g, tr/2))
qgeA

Sreg HHH(S N B(p, 7)) 2

<reg r

~

and hence card A <, t~2#+1). Next, since

{qd € B(p,r/4) : dist(¢',S) < tr} C U B(q, 2tr),
geA

we get
H*T2({q € B(p,r/4) : dist(q, S) < tr}) Speg trXF+2.

Choosing t small enough, depending only on the regularity constants for (E, E¢,0F),
this last estimate together with (8.4) implies the existence of ¢; € B(p,r/4) N Q and
q2 € B(p,r/4)\ Q with dist(g;, S) > tr, i = 1,2. Hence (2 satisfies the corkscrew condition
and this concludes the proof of the proposition. O

It follows from Proposition [8.3 that OF is a Semmes surface whenever (E, E¢,0F) is
regular. However, as already mentioned in the introduction, there are Semmes surfaces
that do not arise as the boundary of some open set satisfying the corkscrew condition. A
simple example is given by the union of the unit sphere 0B (0, 1) with the intersection of
the unit ball B(0, 1) with a hyperplane through the origin. Also, a connected component
of 5S¢ where S is a Semmes surface may not satisfy the corkscrew condition. Examples
in the Euclidean setting can for instance be found in [1]. Hence the setting in the present
paper includes boundaries of sets I for which (F, E¢,0F) is regular, or equivalently,
boundaries of open sets satisfying the corkscrew condition with upper Ahlfors-regular
boundary, but is slightly more general.

It is proven in [31, Section 9] that if (E, E¢,JF) is regular then the pair (E,JE) ad-
mits a “corona decomposition”. We will not enter the details of the definition of such a
decomposition here, and refer to [31 Definition 53], and [16] 1.3] for its Euclidean ana-
logue. In Euclidean spaces, having big pieces of Lipschitz graphs (BPLG) for a closed
Ahlfors-regular set implies the existence of a corona decomposition. The latter is one of
several characterisations of uniform rectifiability in R and it is equivalent to the validity
of the bilateral weak geometric lemma. In the Euclidean setting, it is also known that
BPLG is stronger than uniform rectifiability, as there are examples of uniformly rectifi-
able sets without big projections, and hence, without BPLG. In the Heisenberg setting,
the possible links, or differences, between the analogues of these various notions are not
well understood at the time. Understanding them better would be one further step in
the development of the theory of “uniform rectifiability” in Heisenberg groups.
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8.2. Semmes surfaces in Euclidean space. In this section, we discuss the analogues of
our arguments in the Euclidean setting. We recall that a Semmes surface in R" is a closed
upper Ahlfors-regular set with dimension n—1 that satisfies Condition B. The definitions
of upper Ahlfors-regularity with dimension n —1 and of Condition B in R" are analogous
to the versions we stated for the Heisenberg group in Definition [[.T and Definition [[.4]
except that all metric concepts are now, as well as in the rest of this section, defined with
respect to the Euclidean distance. We refer to [16] Definition 2.2] or (8.10) below for the
definition of the bilateral weak geometric lemma in R".

We first recall that a set S satisfying Condition B in R” is automatically lower Ahlfors-
regular, and hence Ahlfors-regular, with dimension n — 1 and even has big projections.
This is a rather immediate consequence of the definitions together with the fact that or-
thogonal projections onto subspaces are Euclidean Lipschitz maps. Then, the fact that
Semmes surfaces in R" satisfy BWGL has been proven by David and Semmes through
an intermediate “local symmetry condition” Theorem 1.20] together with Propo-
sition 5.5]. We record here that the method of the current paper works in R", too, and
hence gives a new and direct proof of BWGL for Semmes surfaces in Euclidean spaces.

The definitions of width, non-convexity, and non-monotonicity with respect to a line
in a ball are verbatim the same in R as in H¥, except that we consider all possible lines,
that is, all one-dimensional affine subspaces of R”. The conclusion of Lemma 3.4 holds
for every line in R" since every line ¢ has now the crucial feature that for all line segments
I C ¢, one has diam(I) = H!(I).

It is well-known that there exists a unique, up to a multiplicative constant, non-trivial
isometry-invariant measure on the set Lr» of all lines in R". We denote such a measure
by 7. Then, in perfect analogy with (3.5) and (8.6), we define

1
NMB(JC’T) (A) = — NMB($7T) (A,@) dn(@)

" J g
and )
WidthB(mm) (E) = V“_n . WidthB(mm) (E, f) d’l’](f)
]Rn
for measurable sets A C R™ and closed sets E C R™. The conclusion of Proposition 3.7
can then obviously be rephrased in the Euclidean setting using these latter definitions.
We recall now that the classification of monotone sets in R" is much easier than its
analogue in H* and can for instance be found in [31, Lemma 64], see also [9, Lemma 4.2].
Then the proof of Lemma [3.10] and Proposition B.1T] can be easily translated to the Eu-
clidean setting to give the following

Proposition 8.5. For every C' > 0 and 6 > 0, there exists 0 < ~ < 1 such that the following
holds. If I C R™ is measurable with C-upper Ahlfors-regular boundary with dimension n — 1,
peR" r>0,and NMg . (F) < A"t then there is a half-space P~ C R"™ such that
H"([F A PN B(xz,qr)) <5
H™(B(x,7r)) T
Next, the proof of Proposition 3.I5] can be translated to the Euclidean setting without
any modifications, except for the trivial ones, to give the following

Proposition 8.6. There is a dimensional constant € > 0 such that the following holds for every
0 < € < & Assume that S C R" is a closed set satisfying Condition B. There exists § > 0,
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depending only on €,n and the Condition B constant for S, such that if p € Sand 0 < r <
diam S are such that for every component €0 of S¢, there exists a half-space P, C R™ with
H'([QA Po 10 B(p,r))
H™(B(p, 7))
then, there exists a hyperplane P C R" such that dist(q, P) < er forall ¢ € S N B(p,r/80) and
dist(q, S) < er forall ¢ € PN B(p,r/80).

<4,

As a consequence, one gets the following Euclidean version of Corollary [3.24]

Corollary 8.7. There is a dimensional constant € > 0 such that the following holds for every
0 < e <eée Let S C R" bea Semmes surface. There is 0 < vy < 1, depending only on e,n and
on the upper Ahlfors-reqularity and Condition B constants for S, such that the following holds.
Ifpe S, 0<r<diams$, and widthp, . (S) < (80)"", then there is a hyperplane P C R"
such that
sup  dist(¢, P)+ sup  dist(q,S) < eyr.
qeSNB(p,yr) qgePNB(p,yr)

Finally, the proof of Theorem and Proposition B.I] can be rephrased to give the

following statements in R".

Theorem 8.8. Assume that E C R™ is a closed set and i is an upper Ahlfors-reqular measure
with dimension n — 1 in R™. Then

/ / WidthB(m,s) (E) dILL(x)
0 n

Proposition 8.9. Let £ C R" be a closed upper Ahlfors-regular set with dimension n — 1. Then,
Rn—l

ds

=< HYE
S

Sreg (E).

R
d
/ anl({q e N B(p, R) : WidthB(q,s) (E) > 6}) :S Sreg
0

foralle >0,p € E,and R > 0.

The only noticeable difference in the proof of Theorem [8.8is that (5.3) should be re-
placed by

/ card(E N £) dn(l) <, HY(E),
Lgn

which holds by the same argument as for (5.3).

We recall now the definition of the bilateral weak geometric lemma for sets with codi-
mension one in the Euclidean setting Definition 2.2]. Given £ C R", p € E, and
s > 0, we define

dist(q, P dist(q, E
bBe(p,s) := inf sup w + sup M ,
P q€B(p,s)NE S q€B(p,s)NP S
where the infimum runs over all hyperplanes P C R". We say that a set & C R" satisfies
the bilateral weak geometric lemma (or BWGL in short) if

R
/0 H" Y({ge ENB(p,R) : bBr(q,s) > €}) % <. Rv! (8.10)

foralle >0,pc E,and R > 0.
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The validity of BWGL for Semmes surfaces in R can now be obtained as an easy
consequence of Corollary 8.7and Proposition[8.9] following the arguments given for the
proof of Proposition[5.71

To conclude, we go back to the analogue of Theorem [I.§ in the Euclidean setting. As
already said, as an easy consequence of Condition B, Semmes surfaces in R" have big
projections and are lower Ahlfors-regular. Since BWGL obviously imply WGL (see for
instance [18 Definition 1.16] for the Euclidean version of the weak geometric lemma),
one can implement the arguments described above to recover that Semmes surfaces in
R™ have big pieces of Lipschitz graphs (BPLG), the last step of the proof being given
by Theorem 1.14] which states that a closed Ahlfors-regular set with big projections
and satisfying WGL in R™ has BPLG.
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