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Abstract

We prove an asymptotic Lipschitz estimate for value functions of tug-of-war games with
varying probabilities defined in 2 C R”". The method of the proof is based on a game-
theoretic idea to estimate the value of a related game defined in 2 x €2 via couplings.

Keywords Dynamic programming principle - Local Lipschitz estimates - Stochastic
games - Normalized p(x)-Laplacian

1 Introduction
1.1 Motivation and Statement of the Main Result

Tug-of-war games have gained attention after the seminal papers of Peres, Schramm,
Sheffield and Wilson [9, 10]. They showed that these two-player zero-sum games have con-
nections to homogeneous and inhomogeneous normalized PDEs in non-divergence form
via dynamic programming principle (DPP for short). Regularity properties of value func-
tions of tug-of-war games have been studied in [7, 8] by using translation invariance and
good symmetry properties, which are no longer available in the natural generalization to
the case where probabilities depend on the location. In this space-dependent case Luiro and
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A. Arroyo et al.

Parviainen [6] showed asymptotic local Holder regularity for value functions by develop-
ing a game-theoretic method in the spirit of couplings. Our aim is to improve this result by
showing an asymptotic Lipschitz estimate.

The object of our study is the value function u, : 2 — R of the variant of tug-of-war
game that is explained in Section 1.2 below. The function u, satisfies the DPP

1 —1
ug(x) = 5 Sup a(@Xug(x +v) + Bx)f ue dL"

[vl=¢ By (x)

+l inf (a(x)ug(x +v)+ B ue d,c"—l) (1.1)
2 |v|=¢ BY(x)

for x € Q, where @ C R” is a bounded domain, ¢ > 0, B} (x) denotes the (n — 1)-

dimensional ball of radius ¢ > 0 centered at x € R” and orthogonal to v # 0, and Ln-1

stands for the (n — 1)-dimensional Lebesgue measure. The coefficients « : 2 — (0, 1] and

B : Q — [0, 1) are continuous probability functions such that o(x) + 8(x) = 1 and

0 <omin <ax) <1

for all x € Q.
Next suppose that, in particular, the functions « and j take the form
—1 1
aw = LY=L g gy = AL
n+ p(x) n+p(x)

where the function p : 2 — (1, oo] is continuous and bounded away from 1.

Under these assumptions, Arroyo, Heino and Parviainen [1] showed that for a given
continuous boundary data and a suitable boundary cut-off function, it holds that u, — u
uniformly when ¢ — 0, where u is the viscosity solution of the normalized p(x)-Laplace
equation —Ag(x) u(x) = 0. Here

Ay () 1= Au(x) + (p(x) = )AL u(x),

where A% stands for the infinity Laplacian defined by
Du Du
um, Dl
Moreover, by [1, Theorem 4.1], the function u, is asymptotically Holder continuous.
In this paper we introduce a new game-theoretic strategy to show asymptotic local Lip-

schitz regularity for u, under the assumption that the function p(-) is Holder continuous.
The main theorem is stated as follows.

Alovou 1= (D2

Theorem 1.1 Assume that the function o : Q — (0, 1] is Holder continuous with a Holder
exponent s € (0, 1) and a Holder constant Cy, > 0. Let Bo.(x0) C Q for some r > 0. Then,
for a solution u, of Eq. 1.1 it holds

lue(x) —ue (@) < C(Ix —z| + &) when x, z € By (xo),
Jfor some constant C > 0 depending on ain, Co, 5, n, r and supg, |ul, but independent of e.
Observe that, recalling [1, Theorem 6.2], it turns out that by passing to a subsequence
if necessary, u, converges uniformly to a viscosity solution to —AQ’( i) =0, and thus

by Theorem 1.1 it follows that the limit is Lipschitz continuous. However, uniqueness of
viscosity solutions to —Ag(x)u(x) = 0 is an open question, and therefore the Lipschitz
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Lipschitz regularity for stochastic games

continuity of viscosity solutions can not be deduced from this result. In particular, given a
viscosity solution, it is not known whether there exists a sequence of functions satisfying
the DPP (1.1) and converging uniformly to this solution. Regarding the question of the reg-
ularity of the PDE, if p(-) is Lipschitz continuous, the C-* regularity of viscosity solutions
to —Ag( x)u(x) = (0 is obtained in [13]. We also refer the reader to [2] for an account of
regularity theory of the normalized p-Laplace type equation.

1.2 Heuristic Idea of the Game and the Method of the Proof

Although the proofs in this paper are mainly written without the game terminology, the
intuition behind the proofs comes from the stochastic games, and this point of view helps in
understanding the proofs below. The function u, satisfying the DPP (1.1) in Q with some
continuous boundary data is the value function of the following game. There are two players,
Player I trying to maximize the payoff and Player II trying to minimize it. First the token is
placed at xg € 2. Both players choose a vector of length . Let vt be the choice of Player
I and v~ the choice of Player II. Then they flip a fair coin. If Player I wins the toss, with
probability & (x() the token moves to xo + v, and with probability 8(x), the token moves
somewhere in the (n — 1)-dimensional ball B, " (x0) according to the uniform probability
density. Similarly, if Player II wins the fair toss, with probability «(xg) the token moves to
X0+ v, and with probability (xp) it moves somewhere in B} " (x0), again according to the
uniform probability density. The game continues until the token hits R" \ 2 for the first time
at, let us say x., and then Player II pays Player I the amount given by the payoff function at
x7. Intuitively, by summing up the probabilities at xo we get the DPP (1.1) at the point xp.
For a more detailed presentation of the game and its connection to the DPP (1.1), we refer
to [1].

To explain the starting point of the proof with a simple notation, we consider for a
moment a more simple DPP related to the limit case «(-) = 1 and S(-) =0,

Uug(x) = 1 sup ug + 1 inf ug, (1.2)
2 B.(x) 2 Be(x)
which was studied in [10], and has a connection to infinity harmonic functions. To start
with, observe that
ug(x) —ue(z) =: G(x, 2)
can be written as a solution of a certain natural DPP in R?": for all (x, z) € € x Q it holds
that

1
G(x,2) =ue(x) —ug(z) = = ( sup ug + inf u, — sup u, — inf u,)
2° B Be(x) B.(2) Be(2)
1 1
=~ sup G+~ inf G. (1.3)
2 Bg(x)x%g(z) 2 Be(x)x B (2)

This resembles the original DPP for u, in R” but is for G in R?". In this way the question
about the Lipschitz regularity of u, is converted into a question about the absolute size of a
solution of Eq. 1.3 in  x Q C R?",

Next we explain the idea of estimating |G (x, z)| via a stochastic game in R?". We utilize
the observation that G = 0 in the diagonal set

T:={(x,2):x =z}

The rules of the game are as follows: two game tokens are placed in Q2. Two players, we
and the opponent, play the game so that at each turn, if the game tokens are at x; and zj
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A. Arroyo et al.

respectively, they have an equal chance to win the turn. If a player wins the turn, he can
move the game token at x; to any point in B¢ (x;) and the game token at z; anywhere in
B.(zx). The game stops if 1) game tokens have the same position or 2) one of the game
tokens is placed outside 2. The pay-off is zero if the game ends due to the first condition
and 2 sup |ug| if the game ends due to the second condition. We try to minimize the pay-
off and the opponent tries to maximize the payoff. In other words, we try to pull the game
tokens to the same position before the opponent succeeds in moving one of the game tokens
outside €2.

Heuristically speaking, the expected value of this game should evidently be larger or
equal than |G| since we are using boundary values that are obviously larger than |G| at the
boundary, taking the comparison principle and even existence of the value of this game for
granted at this point.

Thus it suffices to estimate the value of this game. For this we need a suitable strategy in
the game. Let us consider the following natural candidate as an example: what happens if
we always simply move, in the case we win the coin toss, the game tokens straight towards
each others. Indeed, if the game tokens are at x and z, our moves are

X —z xX—z

and h;:=c¢ .
lx —z] lx —z|

hy := —¢

It turns out that this strategy does not work well enough. The reason is that if the opponent
plays against our moves but with a slight turn, by choosing

-~ X—z ~ X =2z
hy :=5T9< ) and £, I=8T9<— )
lx —zl |x —z|

where Tp is a rotation matrix of a very small angle 6 (for 6§ ~ &3/%), the distance to the
boundary is expected to decrease much faster than the distance between the game tokens.
Indeed, think of one step of length ¢ and twist 6. Then in the direction x — z, the oppo-
nent’s expected one step loss is approximately %892 = %85/ 2 whereas in the perpendicular

direction his expected gain is €8 = &’/4, which is much larger for small &.

To prevent the opponent taking advantage of the slight turn phenomenon, a more promis-
ing idea is to follow a threshold angle strategy: we could set a lower threshold and then
define our strategy according to this threshold. If the step of the opponent almost taking her
to SUPp_ (x)x B, (z) G makes an angle greater than the threshold with the direction x — z, then
our strategy could be to pull the tokens straight towards each other. On the other hand, if
the angle is less than the threshold, then we could pull against the step of the opponent. It
turns out to be hard to evaluate the game value directly, but instead, one should try to find
an explicit super-value f of the game, i.e.,

fD >+ sup £

Bg(x>ng(z)f 2 non
where 2 sup,q |#:| < f on the boundary of 2 x €, and |f(x,z)| S |x — z|® for some
8 > 0. In [6], these ideas combined to a comparison argument guaranteed that the game
value is less than or equal to f inside 2 x € and yielded an asymptotic Holder estimate for
the function u, satisfying (1.2).

To obtain an asymptotic Lipschitz estimate, on the other hand, we further need a super-
value with a stronger requirement | f (x, z)| < |x — z| in  x Q. This idea is applied for
our proof of Theorem 1.1. The change of the comparison function gives us substantially
less advantage in choosing our strategy compared to the Holder requirement. Hence, our
threshold angle strategy cannot be fixed but it needs to depend both on the distance of the
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Lipschitz regularity for stochastic games

points and the Holder exponent of the probability function «(-). For details of our strategy,
see Section 3.

Usually when starting from a game in R” one could derive several different games in
R?", and we need to choose the game that is suitable for our purposes. In stochastics or
optimal mass transport language, we choose the couplings of the probability measures on
R” in such a way that we get a probability measure on R?* having the original measures as
marginals.

It has turned out that the above approach has connections to the method of couplings
dating back to the 1986 paper of Lindvall and Rogers [5], see also for example [4, 11, 12]
for recent applications to PDEs. In the theory of viscosity solutions, this is related to the
doubling of variables procedure, and in particular Ishii-Lions regularity method introduced
in [3]. A key point in the Ishii-Lions method is to utilize the celebrated theorem of sums at
the maximum point of u(x) — u(z) — f(x, z). Our proof does not rely on the theorem of
sums. In addition, even if as a corollary our result also implies a similar result for the PDE,
our main objective is to prove regularity for stochastic games with nonzero step size. For
example the small turn phenomenon is not present in the PDE setting.

1.3 Outline of the Paper

In Section 2 we fix the notation, introduce our super-value f and state the key Lemma 2.2
for this comparison function. In Section 3 we prove Theorem 1.1 in the case |x — z| >> ¢,
and in Section 4 in the case |x — z| < ¢. Finally, in Section 5 we consider a less technical
alternative game in order to prove Theorem 1.1 in the restricted case 2 < p(x) < oo.

2 Preliminaries
2.1 Notation

Given v # 0, let
B!(x):=B.(x)N{}r ={6eR" : |E—x|<e and (v, —x)=0}.

Fori = 1,2,...,n, we denote by e¢; € R" the column vector containing 1 in the i-th
component and 0 in the rest. For simplicity, we denote

B :=B'"(0)={§€R" : |§ <1 and & =0}.
Let us denote by O (n) the n-dimensional orthogonal group
On) := [P eR™ . PTP=PP = I] ,
where P stands for the transpose of P. Given v € R” such that |v| = 1, we denote by
P, € O(n) an n-dimensional orthogonal matrix sending the vector e; to v, that is,
P,e; =v. 2.1)

Note that this is a matrix whose first column vector coincides with v and it is not unique.
Thus, due to the symmetries of the ball B¢, we can write

Bl(x) =x +¢P,B%, 2.2)

with no dependence on the particular choice of the matrix P, as long as Eq. 2.1 holds.
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A. Arroyo et al.

Remark For the rest of the paper, we fix ¢ > 0 and denote u : = u, to simplify the notation.
Given a bounded set of real numbers {a; }; <7, we will use the notation
. 1 1.
midrange a; = — supa; + - infa;
iel iel iel
for brevity. For the same reason we introduce the auxiliary function
Agu(x,v) 1= a()u(x +ev) + ) F u@) dL(#), (2.3)
By (x)
where |[v| = 1. Hence, Eq. 1.1 reads as

u(x) = midrange A.u(x, v), 2.4)

lv|=1

for all x € Q. Fix any orthogonal matrix P,, satisfying (2.1), then, performing the change of
variables ¢ = P £ in the integral part of Eq. 2.3 and recalling (2.2), we get

Agu(x,v) = a(@)u(x +ev) + ,B(x)][ ulx +ePy0) dL10). (2.5)
Be1

Again, we remark that the choice P, € O(n) does not play any role in Eq. 2.5. However,
the particular choice of the matrix P, will become important later for obtaining estimates.

2.2 Comparison Function
For the construction of a suitable comparison function in R?", first we define an increasing

function w : [0, 0c0) — [0, co) having the desired regularity properties. To be more precise,
let

| \Mo-D
o) =1 —wot”  for 0<t<a)1:=< ) | 2.6)
2ywo

For t > wy, the precise formula is not relevant. Here y = 1 4 s, where 0 < s < 1 is the
Holder exponent of the function «(-), and

o (and thus w1 < r)

-
2rr—1
is a constant depending on the function «(-) to be fixed later (see Eqs. 3.4 and 3.18). Note

that, defined in this way, w is an increasing and strictly concave C2-function in (0, w1 ].
Moreover,

1
o' (t) € [5’ 1} when 0<1? <o,
and
o"(t)=—-y(@y —Dwpt’ 2 <0 for 0<t<ow. 2.7
Next, we define the function f; : R?* — R by
fil,2) = Co(lx —z)) + M |x + 2%,

where C > 0 is a constant depending on the function Cy, &min, S, ¥ and sup By, |u| that will
be fixed later (see Egs. 3.3, 3.19, 3.30, 4.1 and 4.5). As we have remarked, the key term in
the comparison function f; is Cw(|x — z|), while the role of the term M |x + z1%is just to
guarantee that

lu(x) —u()| < filx,2) when x, z € By \ By, 2.8)
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Lipschitz regularity for stochastic games

for certain M > 0. Indeed, if x, z € By, \ B, such that |[x — z| < r, then
Ix+z> =2 x> +2z1* — |x — z|* = 3r2.

Therefore, choosing

M = % sBlflul, 2.9)
we obtain

u(x) —u(@)| < 2sup fu| =3Mr* < M |x + 21 < fi(x, 2).
By,

On the other hand, if |[x — z| > r, since r > w, we can extend w outside [0, w;] in such
a way that w is increasing and Cw(r) > 2sup |u|. Then w(|x — z|) > w(r) and Eq. 2.8
follows.

Note that the concavity of w turns out to be crucial when estimating the second order
terms in the Taylor’s expansion of f; in Sections 3.2 and 3.3. Moreover, the importance of
the explicit formula for w” (2.7) and the choice y = 1 + s is made clear in the estimate
(3.17). To get an idea, recall that the function «(-) is Holder continuous with exponent s,
that is,

le(x) —a(2)] < Co lx — 2/, (2.10)
for every x, y € Q2 and some C, > 0. The coupling method leads us to estimate terms with
coefficients of the type

la(x) — )]
lx —z|
together with terms including o” (|x — z|).

However, due to the discrete nature of the DPP, functions satisfying (1.1) can present
jumps in the e-scale. For that reason, in order to control the small scale jumps, we need to
define an annular step function f> as

CXN=Dg if (x, z) € A;,

2.11
0 if |x —z| > fe, 2.1

f(x,2) :{

where

Ai2={(X,z)€R2” : llO 5<|x—z|§1l—08} fori =0,1,..., N.

Here N is a large constant depending on C, wg, Cy and amiy (but not on &) and will be chosen
later (see Eqs. 3.9 and 3.29). Note that f> vanishes when |x — z| > %s and sup fo = CWN¢
is reached on the set
T::Aoz{(x,z)e]Rz" : x:z].
Therefore, our comparison function f : R? — R is defined as
f(x,2) = filx,2) = fa(x, 2).

Thus, due to Eq. 2.11, the definition of f>, we will use separate arguments along the proof
of Theorem 1.1, distinguishing between f> = 0 (Section 3) and f> # O (Section 4).
2.3 Statement of the Key Lemma for the Comparison Function
Since our comparison function is f = fi — f», where the terms in f; have been chosen
such that Eq. 2.8 holds and sup f> = C*N¢, then

lu(x) —u(z)| < f(x,z) + C*Ne when x, z € By, \ B,. (2.12)
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A. Arroyo et al.

Then, our aim is to show that this inequality also holds in B, for properly chosen constants
C and N, that is,
lu(x) —u(z)| < f(x,z) + C*Ne when x, z € B,. (2.13)

This will guarantee the local Lipschitz estimate of Theorem 1.1. We will argue by
contradiction. If inequality (2.13) does not hold, then we can define a constant

K:= sup (u(x)—u@)—f&, 7)) >Cc*e. (2.14)

x',7’€B,

In what follows, we may assume that o(x) > «(z) because the other case follows from
a symmetric argument. In order to obtain a contradiction, as a first step, in Lemma 2.1,
we derive lower and upper estimates for the quantity u(x) — u(z) by using the counter-
assumption and the DPP (2.4). These estimates imply an inequality in terms of f, see the
estimate (2.16) below. After that, in the key Lemma 2.2, we show precisely the opposite
(strict) inequality for f, Eq. 2.20, mainly using the properties of the comparison function
f, getting a contradiction and implying the desired Lipschitz estimate (2.13).

Lemma 2.1 Given a function u satisfying (2.4), suppose that the counter-assumption (2.14)
holds. Then, for any n > 0, there exist x, z € B, such that the comparison function satisfies

ux) —u(z) — f(x,2) =K —n (2.15)
and
f(x,z) < midrange F(f, x, z, vy, vz, &) + 27, (2.16)
[vy[=[vz]=1

where F is the function defined by
F(x,z,vx,v7) 1= F(f,x,2,vx, v, 8) 1= a(2) f(x + €vy, 2+ €1;)

n—1
+ﬂ(x)]{Bel fa+eP, g z+eP, ) dL" () 2.17)

Fa) — a(z»][ P+ eve 2+ e Py.0) AL,
Be1

with P, Py, € O(n) satisfying P, e; = vy and P,_e; = v;.

Proof By the counter-assumption (2.14), given n > 0, we can immediately choose x, z €
B, so that Eq. 2.15 holds. To estimate u(x) — u(z) from above, by recalling the DPP (2.4)
we have

2[u(x) — u(z)] =2midrange A u(x, vy) — 2| _]Agu(z, v;)

loe|=1 V|

= supAgu(x, vy) — infAzu(z, v;)
Vy Vz
+i‘51ngu(x, vy) — supA.u(z, v;), (2.18)

where all the sup and inf are considered over the unit sphere. Next we look at the difference
between Agu(x, vy) and A.u(z, v;). Using the definition (2.5), adding and subtracting the
terms
a(2)u(x +evy) - ﬁ(x)][e uz+ePy.0) dL"7H(Q),
and since B(x) — B(z) = —(a(x) — a(z)), E/el: can write
Aeu(x, vy) — Acu(z, vy)
= tx(z)]%u(x + evy) —u(z +&v;)]

+B()F  [ux + PO —uz+e P, 0)] AL (@)
Bl

o) - a(z»][ [ + evo) —u(e + £ Py.0)] dLQ),
Be1
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for any pair of vectors |vx| = |v;| = 1 and orthogonal matrices P,, and P,_ satisfying
P,.e; = vy and P, e; = v;. By the definition of K in Eq. 2.14 together with Eq. 2.12, the
inequality

ux) —u@) <K+ f(x',2)
holds for every x’, 7/ € By,. Applying this inequality to each of the terms in the equation
above we get

Acu(x,vy) — Aeu(z,v;) < K + F(x, z, vy, vy), (2.19)
where F is the function defined in Eq. 2.17.
Now, let |V | = |V;| = 1 such that

Agu(x, V) = sup Agu(x, vy) — g
Vx

Asu(zvﬁz) < ill}fAsu(z’ V) + g

Then, using Eq. 2.19, we get
sup Agu(x, vy) — ilr}lanu(z, v) < Asu(x,vy) — Asu(z,v;) + 1
v Z

X

A

IA

K+ F(x,2,%, %) +1n
K + sup F(x,z, vy, ;) + 1.

Vx,Vz

A

On the other hand, let [V;| = [V;| = 1 such that

F(X»ZyGX7ﬁz) < inf F(x, z, vy, Vz)+n-
Vy, Vg

Hence,

iilf.Agu(x, vy) —sup Agu(z, v;) < Aqu(x,vy) — Asu(z, v;)

IA

K+ F(x,z,7:,7;)
K + inf F(x,z, vy, v;) + 1.
Vx,Vz

IA

Then, combining these estimates with Eq. 2.18, we obtain

2[u(x) — u(z)] = sup Aqu(x, vy) — iglngu(z, ;)
—i;ilr)lngu(x, vy) —sup Agu(z, v;)

< 2K + sup F(x, z,vy,v;) + inf F(x,z, vy, v;) +2n.
Vy, Uy Vx,Vz

Dividing by 2 and using the midrange notation we obtain

u(x) —u(z) < K + midrange F(x, z, vy, v;) + 1.

[vx|=[vz|=1

Finally, this together with Eq. 2.15 yields (2.16). O

Next we state the key lemma, which together with Lemma 2.1 implies the result.

Lemma 2.2 Let f be the comparison function and let F be the function defined in Eq. 2.17.
For small enough n = n(¢) > 0and x, z € B, as in Lemma 2.1, it holds that

f(x,z) > midrange F(f, x, z, Vx, vz, &) + 2n. (2.20)

[vx|=lve|=1
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The proof of this lemma, which is the core of the present paper, will be presented in
Sections 3 and 4, where a distinction depending on the value of |x — z| is made.

3 Proof of the key Lemma 2.2. Case |x — z| > %e

In this case, f>(x,z) = 0 and

fx.2) = fikx,2) = Collx —z) + M |x + 2>, (€B))
where x, z € B, have been fixed in Lemma 2.1 satisfying (2.15) with some fixed n > 0.
Next fix |vy| = |v;| = 1 such that

F(x,z,vx,v) > sup  F(x,z,0,70;) — 1.
[Vx [=[V; =1

Then, for any pair of vectors |V, | = [V;| = 1, it holds

2 midrange F(x, z, Dy, V;) < F(x, 2, vy, v;) + F(x, 2, Vy, V) + 1.

\’U}|=ﬁ)\z\=1
Thus, Lemma 2.2 will follow if we can find appropriate vectors |V;| = |V;| = 1 such that
F(x,z, v, v7) + F(x, 2,0, V) —2f(x,2) < =51 (3.2)

This we will show by using Taylor’s expansion.

But before this, since the explicit formula for @ given in Eq. 2.6 only holds in the range
[0, w1], first we need to choose large enough C ensuring that |[x — z| < w;. From Eq. 2.15
we have, in particular, that u(x) — u(z) — f(x, z) > 0 and, in consequence,

2sup |u| > u(x) —u(z) > f(x,z) > Co(lx — z|).

B

Since 1 < y < 2, we have

1 1 1/(y—1) 1 1/(y=1
=(1-— 2 .
(@) ( 2y> <2Vwo> > (16wo)

C > (16w0)"/" =V sup |u] (3.3)

B,

Hence, for all

we observe that
Cw(w1) > 2sup|u| > Co(|x — z|).
B,
Then w(|x — z|) < w(wp) and |x — z| < w; follows from the monotonicity of w whenever
(3.3) holds. In addition, by imposing

wo > (and thus w < 1), (3.4)

=2
we also ensure that |x — z| < 1.

3.1 Taylor’s Expansion for F and Game Intuition

First, we need to compute the second order Taylor’s expansion of f (x+hy, z+h;), where h
and /&, denote column vectors in R”. For that purpose, we start by introducing the following
notation, that will be useful in what follows: for fixed x # z in B,, let

. X =2
o=z
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and denote by V the vector space V = span{v}. Given 1 € R", we denote by iy the
projection of & on the space V and by hy 1 the modulus of the projection on the (n —
1)-dimensional space of vectors orthogonal to v. That is,

hy := (v, h),
B2 = (Vi) =Tr{v®Vv -h®h}, (3.5)
h i=1h> —hy =Tefd—vOV) - h®h}.

Lemma 3.1 Let f be the comparison function (3.1). Then the second order Taylor’s
expansion of f is

f4+he,z+h)— f(x,2)
< Co(Ix =z (hy — ho)v +2M(x + 2, hy + h)

C C o'(x —z)
+E o (|x = z|)(hy — hz)%/ + 5 ﬁ(hx - hz)%/J_
+(@4M + 1) |x — 2|V 2 &2, (3.6)

for every |hy|, |h;| < e.
Proof We need to compute each term in the second order Taylor’s expansion
fO+he,z+hy) = fx,2)
= (Df(x,2), [Z ]) D2/ 0) [2 ] , [2 ]> +Ecalhehd). B

For that reason, we will make use of the formulas for the gradient and the Hessian

X —2z 1 X —z X —z
Dy |x —z| = and Dyy |x —z| = (I_ ® >7
lx —z| lx —z] lx —z| ~ |x —z
X —z

|x — z|

D, f(x,2) = Co'(|x —z)V+2M (x + 2),
D, f(x,z) =—Ca&'(Ix —z)V+2M(x +2),
Dy f(x,2) =D, f(x,2) =L+2MI and
Dy, f(x,2) = —L +2ML,

for x # z. Then, since v = and differentiating (3.1) we get

where

/ —
L:Ca)”(|x—zl)v®v+CM(I—v®v).
X —2

Thus we obtain

Df(x’Z):Cw/(lx_1|)|:—VVi|+2M|:§i§i|

and
2 | L —-L II
prroa =] 4 ] ram[11]
Plugging these into the terms in Eq. 3.7 yields

(Df(x, 2), |:Zx i|) =Cao'(Ix —z){v,hy —hy) +2M(x +z, hy + hy)

@ Springer



A. Arroyo et al.

and

1

soseali] [ =gl e 1]}

ol L L [h®h ha®h,

"MM-L L ||h,®h h,0h,
LI|[|hy®hy hy @ I,

+MTr”II][hZ®hx hz®hz]}

1

= ETr{L “(hy — hy) @ (hy — hy))

+MTr{(hy +h;) ® (hy + hy))

N = N =

C
=5 " (Jx —zZDTr{v® V- (hy — h;) ® (hy — h;)}
C o'(Ix —z)
2 |x—z
+M |hy + h |,

Tr{I—v®V): (hx —hy) ® (hx — h)}

and replacing in the second order Taylor’s expansion (3.7), we obtain
fG+he,z+h) — fx,2)
=Co(lx — ZDAV, hy — he) +2M(x + z, hy + hy)

£SO (= DTV ® V- (b — o) ® (b — o))

C o —
CON =D v @) (hy = hy) ® (hy — h2))
2 |x—z|
+M |hy 4 ho > 4 Ex o (hy, By). (3.8)

Moreover, since |x — z| < w1, by the explicit form of the function w, Eq. 2.6,
i

0" (1) = —y(y — D(y — Dawot” ™,
for every |hy|, |h;| < &, by Taylor’s theorem, it holds

H

whenever |x — z| > 2¢. Since 1 < y < 2, using the hypothesis |x — z| > {V—Os and choosing
large enough natural number N > 40 depending on C and wy,

N > 21210 Cawy, (3.9)

3

Exzlhe hy) <y(y —1DQ2—y)Cay (Ix — z| — 26)7 73,

we can estimate

y—3
X =2
Evolhy, hy) < 2Cawp(26)? (%)

< 2172C Ix —z|7 72 &2
lx —z|
2117210 Cwy _2 2
< — |x—2z/" " ¢
N
< |x—z|" 2 &%

On the other hand, since |x — z| < 1 and y —2 < 0, we have

M \hy + h,|? <4Me* <4M |x — 2|2 &2,
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and then the last two terms in Eq. 3.8 are bounded by
@AM +1) |x —z|" 2 &2

Finally, recalling the notation introduced in Eq. 3.5, we obtain (3.6). O

Now, we utilize expansion (3.6) for obtaining an estimate for the function F defined in
Eq. 2.17.

Lemma 3.2 Let x, z as at the beginning of this section and |vyx| = |v;| = 1. Then, there is
a pair of matrices P, and P, such that P, e = vy, P,_e; = v, and the function F defined
in Eq. 2.17 satisfies

F(x,z,vx,v7) — f(x,2)
< Co/(Ix = zD) [a@(x = v)v + (a(x) — () (v)v] &
F2M(x + z, 0 (2)(vy + V) + (a(x) —a(2))vi) €

+E (= 2D a@ s — v} €

2
C o'(lx —2z) o )
5 ﬁ[a(zxvx b2 0+ B vy + vl
@) —a@) [1+ 00} ] |2
@AM + 1) [x — 2" 2 6% (3.10)

Proof First, replacing hy = v, and h, = e v, in Eq. 3.6, we get the following for the
a(z)-term in Eq. 2.17,

fx+eve, z4+ev) — f(x,2)
< Co'(Jx —zl)(x — vy e +2M(x + 7, v + 1) &
C C o'(lx — 2z
+> o"(Ix =z (vy — v)y £° + 5 ﬁ("x — vy e’

+@M +1) |x — 2|7 2% (3.11)
Similarly, for the B(x)-term,

fOx+eP,t,z+eP,0) — f(x.2)
<Co(x—z) Py —P, Ove+2Mx+z, P, +P, ()¢
C o/l =z

-{-g o"(Ix —z]) Py, ¢ — Pw{)%/ &’ +
2 X < 2 |x —Z|

Py, L =P, 0), &
+(AM +1) |x — 7|72 2.

Integrating with respect to the (n — 1)-dimensional Lebesgue measure on B! the first order
terms vanish, while for the second order terms, we use the concavity of w to estimate w” <
0. Moreover, since we can choose P, and P, satisfying

|vag _Pvzd < vy + vl
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for every ¢ € B¢ (see Appendix Lemma A.1), we get

][ fa+ePy g z+eP, ) dL () — f(x,2)
Bel

C o(x—z _
= EH vx +vel? &2+ @M + 1) |x — 2”2 (3.12)

Finally, for the last term in Eq. 2.17,

fx+eve,z4+eP,0)— f(x,2)
<Co(x—z) (v =Py .Ove+2M{x +z,vc + Py 0) e

C o'(lx —zl)

C
+5 0" (ke = 2D = Pu0)y e + 5 (r =P 05 &7

lx —z|
+(AM +1) |x — 7|7 722
Due to symmetry, the first order terms containing ¢ cancel out after integration over B!,

while for the second order terms, we use the rough estimate @” < 0. For the remaining
term, we develop (v — P,,Zg“)%/L using notation (3.5),

(vy — Pvzg)%/L = |V)c - Pv1§'|2 —(vx — Pvzg)%/
el = W03 + [Pt = P03 — 2 [(0, Pog) — 0 v (P 0y ]
= )y + P05 =2 — )V, PO,

Note that, again by symmetry, the last term vanishes after integration and, since (P, 02, <

yiL =
1 for any || < 1, we get
][ (r =Py0)7L AL < ()yL + 1
Be1 )
Therefore,
fxtev, 24P, 0)dL" () — f(x,2)
B
C o(x —z
< Collr = 2DOv e+ 20+ 2 v) e+ 5 T [T ] &
+(AM + 1) |x — z]" 22 (3.13)
Then, replacing each of the terms (3.11), (3.12) and (3.13) in the formula for F (2.17),
we get (3.10) and finish the proof. O

Now we are in position to explain the game intuition behind our argument of the proof
of Lemma 2.2. Recall that the crucial point in proving the key Lemma 2.2 is that, given
the choices vy, v, of our opponent, we need to find appropriate vectors [Vy| = [V;| = 1
so that Eq. 3.2 holds. Before moving on to details, we will give intuition for our strategy.
We mentioned already in Section 1.2 that the strategy of always pulling the points directly
closer to each other does not provide the desired result in general. Hence, our response will
depend on the opponents choice. If the opponent chooses to pull the points almost as far
from each other that is possible, our response is to pull directly to the opposite direction by

choosing Vy = —v, and v, = —v,. Otherwise, we just pull the points directly towards each
other by choosing 7, = —vand V; = v, where v = <=%.. The way of making the distinction

[x—2]
is to consider the projection (v, — v;)y and fix the threshold ® = O (x, z). As we will see

in Eq. 3.17, the particularities of our comparison function f; make it necessary to require
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the function «(-) to be Holder continuous (with a Holder exponent s > 0) and to choose the
threshold depending both on the distance of the points as well as the Holder exponent of «,
O, z) =|x —z* € (0,1].

Now we continue with the proof of the key Lemma 2.2.

3.2 Casel.(vx —v;)} > 4—©.

This is the case where the opponent plays pulling the points almost in the opposite direction.
In this case, as a response to the choices of our opponent, we select Vy = —vy and v, = —v,.
Replacing these in the right hand side of Eq. 3.2 and recalling the expansion (3.10), it turns
out that the first order terms cancel out and we get
F(x,z,vx,v7) + F(x, 2, —vg, —v2) = 2f(x, 2)
< Co"(lx — 2D a@ vy — vy &
o' (Jx —zl)
+C ﬁ{a(z)(vx - Vz)%/J_ + B [vx + vz |?
+a() = a@) [1+ 00d, ] |2

+2(4M + 1) |x — 7|V % &%

Recalling the properties of the function w, % <& <1and ®” <0, we obtain
F(x,z,vx,v) + Fx, 2, —vx, —vz) = 2f(x, 2)
< 3amnC w”(|x -z &2

+C

1
- [e@0 = b, + BG) oy + e

+Ha) —a@) [14+ 00 ] |2
+2(4M + 1) |x — 2|72 €%, (3.14)

where the inequality (v, — vz)%, > 4 — ® > 3 has been used together with «(z) > amin-
Thus, we need to obtain estimates for (v, — vz)%ﬂ, vy + vzl2 and (vx)%/r The first one
follows directly from the hypothesis and Pythagorean theorem,

(vy — Vz)%/L = |vy — Vz|2 — (v — Vz)%/ <4 — (v — Vz)%/ <0,
while for the second one we recall the parallelogram law,

|Vx+vz|2=4_|‘)x_Vz|2§4_(vx_Vz)%/ < 0.

On the other hand,
)y = (1 - V4= 0)%,
and since
0\? 2 ®
V-0 = 2—— ) ——<2——, 3.15
( 4) 16 — 4 ( )
then

)
(1—\/4—@)2:5—@—2«/4—931—5.

Consequently, we obtain the following estimate for (vx)%/ I

©)

WOy =l = )y =1- () < -
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Thus, recalling that 8(x) = 1 — «(x) and a(x) > a(z),

(@ =} + B Iy + 0. + @) — @) [1+ 0. ]

®
< (@(@) + ()0 + (a(x) — a(2)) (1 + 5)

®
=0+ (ax(x) —a(2)) (1 — E)

<O+ alx)—a(2).
Then, replacing this estimate in Eq. 3.14, we get

F(x,z,ve,v) + F(x,z, v, —v;) —2f(x,2)

S{C[3“minw"(|x—z|)+ © +a(x)_a(Z)}+2(4M+1)|x—z|y_2}62,

[x — z] lx — z|
(3.16)

Then, by inserting (2.7) with y = 1 + s, using the precise choice of the threshold ® =
|x — z|* and the Holder estimate (2.10) for the function «(-), we obtain
(S a(x) —a(z)
lx — z] lx —z]
< (=3 amns(1 + o+ 14+Cy) lx — 2z, (3.17)

3 amin " (Jx — z]) +

Then, fixing
Cy+2
0= 7>
3amins (1 +5)
and replacing these in Eq. 3.16 we get

F(x,2,ve,v) + F(x, 2, —vy, —1;) = 2f(x,2) < {24M + 1) = C} |x —z° ! &%

W, (3.18)

Choosing large enough
C>24M+1), (3.19)

where M is the constant fixed in Eq. 2.9, the negativeness of the previous expression is
ensured and Eq. 3.2 is proven.

3.3 Case2.(vx —v;)} <4-0O.

In that case, by Eq. 3.15,
®

vy — vy <2 — Z (3.20)
As we noted before, this corresponds to the case where the opponent is not playing near
optimality. Then, as a response to her choices, we choose ¥, = —v and U, = v. Then,

replacing in Eq. 3.10 and estimating the »”-term directly by zero,
F(x,z,=Vv,V) = f(x,2) < Co'(Ix — z]) [2e(2) — (@(x) —a(2))] &
+2M(x +z, —(a(x) —a(2)v) &

% M(a(x) —a(z) &
lx — z]

+@AM + 1) |x — 7|7 2 &%
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Using this and Egs. 3.10 in Eq. 3.2, together with the rough estimate ” < 0, we have
F(x,z,ve,v) + F(x,2,%,7;) —2f(x, 2)
< Co/(Ix = 2) (@) [ = vy = 2] + (@(x) — (@) [(w)y — 11} ¢
+2M (x +z, a(2)(vy +v2) + (@(x) —a(2)(vx — V) €
= 7“’/&)6__;') [e@@=vds + B0 oy + v
+Ha) —a@) 2+ 0] ] £
F2(4M + 1) |x — 2|72 €2

N .
16¢ and rearranging terms,

Now, recalling that (vx)%/i <L)y =1 lx—z >
F(-x7 Z, Vx, UZ)+F(x5 Z’(JX5’UZ) - zf(x5 Z)

S2M{x + z, a(2)(vx +v7) + (@(x) —a(2)(vx —V)) €

+Co'(Ix — zl){a(z) [ —vo)v —2]

5
e @ =vhs 4+ B b+ e

F3(a(x) — a(z))” e

20 1
+N(4M+1)|x—z|7’ €. (3.21)
Let us estimate the first term in Eq. 3.21. We have
M (x 4z, a(2)(vx +v2) + (@(x) —a(2)(vx —V)) e <4M [x + 2] ¢.
Now we focus on the quantity |x + z|. Since x and z are points in B, satisfying (2.15), then
0 <u(x)—u@— fx,2)
=u(x) —u@@) — Co(lx —z|) = M |x +z|*
<u(x)—u(z) - Mlx+z?,
where we have taken into account the explicit form of the function f in this section, Eq. 3.1

and the fact that w is a positive function. We can rearrange terms and take the square root to
get

lx +z] < L [u(x) — u()]"?. (3.22)

v M
At this point, we recall a previous local regularity result from [1] stating that a function

u = u, satisfying (1.1) is asymptotically Ho6lder continuous for some exponent § € (0, 1),
that is,

) B
lu(x) —u(@)] < Cu(lx —z|° +¢°),
for some constant C,, > 0 depending on &min, ¥max, 1, ¥, SUP By U and 4. In particular, using
the inequality

b \2
a—l—b<a(1+—> (a,b > 0),
2a

1/ e VT
u(x) — u(@)| < Cy lx — z/° [1+< ) } _
2 \|x — ¢

we obtain
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Now, replacing in Eq. 3.22,

[C. 5/ 1/ ¢
ZHox — 14—
x4zl < " |x —z| +2 Tl

[C. 5/ 1 /10\°
B 14— —=

< V x — z| +2 N
3

< wﬁ lx — 2|,
2V M

where in the second inequality we have recalled that |x — z| > %8 and the last inequality
follows by choosing large enough N € N (N > 10). Thus, the first term in Eq. 3.21 is
bounded by

AM |x +z| e < 6/MC, |x —z|%? &.
Then, replacing this and the Ho6lder regularity estimate for « in Eq. 3.21 we get
F(x7 Z» vx, UZ)+F(X, Zt TjX» T)IZ) - 2f(x9 Z)

<6/MCy |x — % ¢ + %(41\4 +Dlx—z” e
+Co'(|x — zl){a(z) [y —v)v —2]
5
o [0 @ s = v} + B v+ v
+3C, |x — z|5” ;. (3.23)

Thus, we need to estimate the terms in braces of the above inequality. One special case
happens when (v, — vz)%/ 1 < ©. Then, the rest of the terms can be easily estimated by using
the hypothesis (3.20) and the desired result follows. However, we don’t have any control on

the size of this term and, for that reason, we need to define a new variable ¢ € [1, %] as

follows:

1
—(vy — VZ)ZL if (vy — Vz)2 L >0,
Y i=0((x,z) = ® Y Y (3.24)

1 otherwise.
When ¢ > 1, we have

DAS)
(Ux—UZ)VS\/4—19®§2_T.

Note that, by Eq. 3.20, this inequality also holds when ©# = 1. Thus,

0
2—(vy—v)v = D (3.25)
Therefore, by Egs. 3.24 and 3.25,
(e — )3 <90 <4[2— (0 —v)v]. (3.26)
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For the second term in brackets, using the parallelogram law we get

[vy + Vz|2 =4—|v, — Vz|2
<4—( -y

3.27
= 24 0 — v ] [2 = (o — v2)v] 62D
<4[2— (e —v)v],
and, since ® = |x — z|* and ¥ > 1,
3Cq Ix —zI' <3Ce¥O <4-3C4 [2— (v —vy)v]. (3.28)

Then, combining (3.26), (3.27) and (3.28), and since ' (x) > «(z),

@@y — v)3u + BE) [vx + vz P +3Cq [x —zIF <4BCo+ D [2— (e —v)v].
Therefore, replacing in Eq. 3.23,

F(x,z, vy, vz) + F(x, 2,7V, V) = 2f(x, 2)

20
< 6J/MC, |x —z*? & + M+ D |x — " e
) 20
+Cw (|x —z|) [2 — (vy — vz)v] —a(z) + N(?’Ctx + 1) e.

Choosing N € N such that

3C, + 1
N > 40 ot , (3.29)

Qmin

and since a(z) > amin, We get

Qmin
< 0.

@+ 2@C, + 1) <
[6AV4 N o =

Finally, recalling (3.20), o’ > %, ®=|x—z/"ands =y — 1 = §/2, we obtain

F(x,z, vy, v;) + F(x, 2,0, V;) —2f(x,2)

w [(4M+1 C
5[6\/Mcu+“m‘“'< * >]|x—z|s €.

2 3C,+1 8

Choosing large enough

C>38 M 1 + 12 MC (3.30)
> —_ u .
3Cy + 1 Umin

depending on M, Cy, amin and C,,, we ensure that Eq. 3.2 holds.

N

4 Proof of Lemma 2.2. Case |[x — 2| < 35

&

In the previous section, we proved Lemma 2.2 in the case |x — z| > %8. The other case

x —z| < %8 is similar to [1]. In Section 2.2 we briefly commented that in this case we
need an annular step function f, < e. Recalling (3.6) and for large enough

C >8Mr +1, 4.1)
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we obtain the following rough estimate for fi,

filx +hy, 24+ hy) — fi(x,2)

<Co(x — 2Dy —h)y +2M{x + 2, hy + h) +|x —z[" L e
<Q2CH+4M|x +z|+ De “4.2)
< 3Ces.

Replacing f = fi — f> in Eq. 2.17, we decompose F = G| — G, where
Gi(x,z,vx,v) 1= F(fi,x,2,vx,v7,8) = (2) fi(x + €vx, 2+ &v;)

+/3(x)][ fix+ePy ¢ z+eP, 0)dL " (¢)
Be1

+(a(x) — a(z))][ filx +eve, z+eP,.2)dL ™ (Q),
Be1

fori = 1, 2. Then, by Eq. 4.2, we can estimate
sup Gi(x, z, vy, v7) < f1(x,2) + 3Ce. 4.3)

Vx,Vz

Together with f, > 0, these estimates yield

sup F(x, z, vy, v;) < fi(x,z) +3Ce. 4.4)
Vy,Vz
Recalling the definition of the step annular function (2.11), fix i € {0,1,2,..., N} such

that (x, z) € A; and choose [Vy| = |V,| = 1 such that (x + &Vy, z + €V;) € A;_;. Then for
C > 1 large enough such that

ominC? —2 > 7C, (4.5)
we can estimate

sup Ga(x, z, vy, v;) = Gal(x, z, Vy, Vz)

Vx,Vz

%

a(2) fo(x + eV, z + V;)

Omin f2(x + &Vy, 2+ 8’]71)

_ ammCZ(NfiJrl)g

= apinC>C*N =D —2C*N=De 4 2f5(x, 2)

2 .
= Gmin <02 - —) C*WN"De 426 (x, )
> T7Ce + 2 fr(x, 2),

vV v

Qmin

where we use f> > 0 in the second inequality and oy, > 0 in the last inequality. Therefore,
by f = f1 — f> and Eq. 4.3 it holds

inf F(x,z,vy,v;) < sup Gi(x, 2, Vx, v;) — sup Ga(x, z, Vx, V)

VxsVz Vx,Vz Vx,Vz

=< filx,2) = 2fa(x, 2) — 4Ce.
Combining this inequality with Eq. 4.4, we get

sup F(x, z, vy, v;) + Vinlli F(x,z,vx,v;) <2f(x,2) — Ce.

Vx,Vz

Letting large enough C, we get (3.2), and this proves Lemma 2.2 in the case |x — z| < {V—Os.
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5 An Alternative Formulation in the Case 2 < p(x) < o0

As we noted at the beginning of this work, the authors in [1] showed that the solutions u,
of the DPP (1.1) converge uniformly as ¢ — O to a viscosity solution of the normalized
p(x)-Laplace equation

AN u(x) = Aux) + (p(x) = 2) AL u(x) =0,

provided that p : Q2 — (1, 00] is a continuous function. In this section we consider a
different DPP whose solutions are asymptotically related in the same way to the normalized
p(x)-Laplace equation when p(x) > 2 for all x € Q. Given 2 C R”" a bounded domain
and small enough ¢ > 0, let u = u, : Q2 — R be a function satisfying the DPP

1 1

u(x) =a(x){= sup u+ = inf u g+ B(x) u 5.1
2Bx)y 2B B (x)

forx € @, where o : Q2 — (0, 1] and 8 : Q — [0, 1) are continuous probability functions

depending on p and defined as follows:

ey = PP =2 d By = P2
n+ p(x) n+ p(x)

As it happens with (1.1), the DPP (5.1) is related to a slightly different tug-of-war game,
compared to the DPP (1.1). Indeed, the main difference between this game and the previous
one is that, in this case, the random noise can displace the token to any point in the n-
dimensional ball Bg(x), instead of moving it to a random point in the orthogonal (n —
1)-dimensional ball B} (x), where v is the direction chosen by the winner of the toss. That is,
the possible random displacement of the token in a single step is not affected by the choices
of the players. For more details, see [8] where this game is described for fixed o and .

In a previous result (see [6, Section 5]), it was shown that, for given bounded domain
Q C R" and By, (x0) C 2, a solution u = u, of Eq. 5.1 satisfies

lu(x) —u@@)| < Cy (Ix — 21> + &%) where x, z € B, (x0), (5.2)

for some exponent § € (0, 1).
As in the case studied in previous sections, provided that the function p is Holder
continuous, that is,

lp(x) = p(@) < Cplx —z|*,
for every x, y € € and some C;, > 0 and s € (0, 1), the asymptotic estimate (5.2) can be
shown with § = 1.

Theorem 5.1 Let Q C R” be a bounded domain and By, (xg) C Q for some r > 0. Then,
for a solution u = u, of Eq. 5.1 it holds
lu(x) —u(@)| = C(x —zl +¢) when x, z € By (xo),
Jor some constant C > 0 depending on pmin, Cp, n, r and supg, u.
We show that the asymptotic regularity result for solutions u of Eq. 5.1 stated in the
previous theorem can be directly derived from the arguments in Sections 3 and 4. Let us

rewrite (5.1) using the midrange notation introduced at the beginning of this article. Since
the B(x)-term of the DPP does not depend on any parameter, Eq. 5.1 can be written as

u(x) = midrange Aqu(x, h),
heB
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where B = Bj(0) stands for the unitary ball centered at the origin and
Aeu(x, h) = a(x)u(x +¢eh) + ﬂ(x)][ u(x +¢t)de,
B

which is a similar version of Eqs. 2.4 and 2.5, respectively. Thus, given x,z € B, and
hy, h; € B and assuming without any loss of generality that «(x) > «(z), we analogously
get

-Asu(x’ hy) — AEM(Z, hy) = a(z) [”(x +ehy) —u(z+ Shz)]

+'B(X)]€B [u(x +e¢) —u(z+¢e¢)] dg

+(a(x) — ot(z))][ [u(x +ehy) —u(z+¢e¢)] d¢.
B

Proceeding by contradiction in the same way as in Section 2 (see Lemma 2.1), we will end
up defining a function F as follows,

F(X,Z, hxvhz) L= F(f"x7 Z7h/\'shz’8) ::(X(Z)f(X‘i‘é‘hx,Z—'—ShZ)
B[ forecz e dc
B

+(a(x) —oz(z))][ f(x+ehy,z+e¢)de, 5.3)
B

for hy, h; € B, and we show the following expansion for F':

Lemma 5.2 Let hy, h; € B. Then, for |x —z| >> ¢, the function F defined in Eq. 5.3
satisfies
F(X, Zy th hZ) - f(xs Z)
< Co'(Ix —z]) [ @) (hx — b))y + (@(x) — () (he)v] &
+2M (x + z, a(2) (hx + hz) + (@ (x) — a(2)hy) €

oy
+ (1 — 2D @)y — h)} e

z %{a(x)mx — )} + @) —a@) [ 1+ (. | |
+@M + 1) |x — 2|72 €% (5.4)

Proof The a(z)-term in Eq. 5.3 follows directly from Eq. 3.6,

f(x+ehy,z+¢eh) — f(x,2)
= Cw/(lx —zD)(hy —h)ve+2M{x +2z,hy + h;)e

C C o'(x —2z|)
+E " (Ix — z|)(hy — hz)%/ &2+ 5 ﬁ(hx - hZ)%/L g?
+@M + 1) |x — 2|72 &% (5.5)

For the (x)-term,
fr+et,z4+el)— flx,2) <4M{x +2,8) e+ (@M + 1) |x — 2" 2 &%

Integrating over B the first order term vanishes, then,

][ Ftetz+e0)de— f(r,2) < GM+1) |x — 27262, (5.6)
B
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Finally, for the last term in Eq. 5.3,
fx+ehe,z4+e8)— fx,2)
< Co'(lx —z) (hy = O)v e +2M(x +z,hy +8) e

c 2 2, Col(lx—z s 2
+Ew/(|X—Z|)(hx—§)V8 +Eﬁ(hx—§)vu’3
+(AM +1) |x — 7|V 7262

Due to symmetry, the first order terms containing ¢ cancel out after integration over B, while
for the second order terms, we use the rough estimate @” < 0. For the remaining term, we
develop (hy — ;)%/L using notation (3.5),
(hy — O}, = |he —¢1* = (he — 0},
= |hel> = (h0)} + 1C P = ¢f = 2[(he, ¢) — (h)v V]
= (ho)yo + &y = 2{he — (h)vV, €).

Note that, again by symmetry, the last term vanishes after integration and, since ;“2/ L <1
for any |¢| < 1, we get

]{B(hx S O2Lde < (), 1.

Therefore,

][f(X+8hx,z+8§)d/3"_l(§)—f(x,Z)
B

C o'(x —
< Ca/(lx —aDhv e +2Mlx 42 b e + % [1+ 003 ]
+(AM +1) |x —z|" 262 (5.7)
Then, replacing (5.5), (5.6) and (5.7) in Eq. 5.3 we get (5.4). O

Note that Lemma 5.2 is the analogous version of Lemma 3.2 in the case 1 < p(x) < oo.
Then, the next step is to show the key Lemma 2.2 for the function F defined in Eq. 5.3. In
fact, since B(x) |hy + hZ|2 > (), the expansion for F, Eq. 5.4, is smaller than

F(x,2,he,h;) — f(x,2) < Co/(Ix —2]) [@ (@) (hy — )y + (@(x) — a(2))(h)v] &
F2M{x + z, a(2) (hy + hy) + (a(x) — a(z)hy) €

+£ 0% = 2D a@ (i — 1)3, &

2
Colx=2) e ,
2 |x—z| {Ol(z)(hx hl)vi + B(x) |hy + he]

() —a@) [1+ 0} ] fe?
HAM +1) x — 277262,

which contains exactly the same terms as in Eq. 3.10, its analogous in Section 3. Thus,
proceeding exactly as in Section 3, we prove the key lemma in the case |x — z| > %8.
Finally, repeating the same argument from Section 4, we show the key lemma in the case
x —z| < %8, and thus we conclude the proof of Theorem 5.1.

Observe that the above proof can be modified to have stability when p(x) is close to 2.
To this end we should use a mirror point coupling for the noise term, as it is done in [6] in
the case of the Holder regularity. However, for consistency with the previous sections, we
have made this expository choice here.
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Appendix A: Orthogonal Transformations

Lemma A.1 Let |vy| = |v;| = 1. There exist P, , P, € O(n) such that P, e; = vy,
P, e =v; and

|va§ _Pvzf| < |vx + vy
for every ¢ € BEL.

Proof In order to show this result, we construct explicit orthogonal matrices satisfying the
required conditions. For each fixed |vx| = |v;| = 1, we choose P, and P, in O(n) as
follows. First, we denote by (v, {vz}l and {v,, vz}L the vector spaces

v}t 1= {E e R" : (1, &) =0},
v}t i={EeR" : (v,£) =0},
{ve, vt r= {u N vt

Then dim {v,}* = dim{v.}* = n — 1. If v, = Fv,, then {v}= = {v.}, otherwise
dim {vy, vz}L = n — 2. In both cases, we can find a (n — 2)-dimensional vector space
contained in {v,, UZ}J‘. Then, let {r3, r4, ..., r,} be a collection of n — 2 unitary column
vectors in R” that form an orthonormal basis for such subspace. Let R € R"*=2) be the
matrix containing all the elements of the basis as column vectors, i.e.,

R:=[r3rg ---ryp].
Note that, therefore, the vector space
R} = {g cR" : R'¢ =0}

defines a (2-dimensional) plane containing the unitary vectors v, and v;. In addition, for
vy € {R}, there exist a unique unitary vector o, € {R}* N {vy}* such that

P, =[viorR]€0m) and detP, = 1.
Analogously, let o, € {R}* N {v.}* the unique unitary vector such that

P, =[v.0:R]e0m) and detP, = —1.
Then,

P, —P, =[vi—v; 0x—0: 0],
and, for any ¢ € B®!, ¢; = 0 and
P& —P.g| =10(0x — 0] < lox — ezl
Finally, we show that, for this particular choice of the vectors o, and g, it holds

lox — 0z = vy + |
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By the properties of the n-dimensional orthogonal group, the matrix PIX P, is also in
O (n) with determinant det(PIx P,.) = —1, and it takes the form

T, _|Q 0
PUxPVz - |: 0 In—2i|’

where

_ (v, vz) (vx, 0z)
Q= |:<Q)n Vz) (Qx»Qz>i| € 0@

has determinant detQ = —1, that is, Q is a reflection matrix in R? and, thus, there exists

o € [0, 27r) such that
sino  coso
Q= |:cosa —sinaj| )

Then, in particular, {0y, 0;) = —{vx, V) and
lox — 0:1* =2 = 2(0x, 02) = 2+ 2{vy, v2) = |vy + ;2. O
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