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Introduction

Multiobjective optimization problems involve multiple conflicting objective functions to be
optimized simultaneously. When solving such problems, we generate Pareto optimal solutions
reflecting different trade-offs among the objectives. Typically, some type of preference
information coming from a decision maker, a domain expert, is needed to identify the most
preferred Pareto optimal solution as the final one.
By studying different Pareto optimal solutions and providing preference information, the
decision maker can learn about interdependencies among the objectives. This task can be
supported by visualizations. Visualizations can also be used to represent the progress of the
solution process.
Surveys of various visualization techniques to represent a set of Pareto optimal objective
vectors include [9, 12, 13, 18]. They discuss widely-used visualization techniques like parallel
coordinate plots (sometimes known as value paths), spider web charts, petal diagrams, star
coordinate plots, and glyphs. Examples of more recently proposed visualization methods
for multiobjective optimization are heatmaps [6], knowCube [16], interactive decision maps
[11], the prosection method [17], and 3d-radvis [7]. Visualization aspects in multiobjective
optimization are also discussed in [5].
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Questions involved in developing and applying visualizations include how to scale visualizations with increasing numbers of objectives; how to support the decision maker to gain
understanding of the progress of the solution process; how to conduct “sensitivity analysis”
by which the decision maker can understand the consequences of actions; can visualizations
point to directions where small sacrifices in some objective can provide good improvement
in some other objectives; how to find solutions with “robustness” properties; and how to
communicate this to the decision maker. Overall, the decision maker should be able to affect
the appearance of the visualization.
Our motivation is to develop visualizations to provide support to decision makers by
identifying interesting aspects of Pareto optimal objective vectors as solution candidates and
of the solution process itself. We aim at handling larger numbers of objectives (say between
five and nine) in a comprehensible way without cognitively burdening the DM too much.
When using traditional visualization techniques, e.g., radar plots or parallel coordinates
plots, the decision maker can conveniently grasp important interrelationships among the
objectives when they are placed close to each other yet finding the best order in which to
present the objectives may require some trial and error. Our goal is to assist the decision
maker in identifying aspects of interest by pre-processing the set of solution candidates.
We have two goals: to detect which objectives are strongly correlated or uncorrelated with
one another, and to reduce the number of solutions presented when desirable by detecting
similarities among them. The latter can be understood as finding good representative
solutions.
One can detect correlations among objectives, for example, to reduce the computational
burden by decreasing the number of objectives (see, e.g. [1, 2]). However, we are not aware
of any such approach that is applied in a combined way to reduce the visual effort of the
decision maker by clustering both objectives and solution candidates simultaneously.
We propose a new visualization technique by applying bi- or co-clustering to the set of
Pareto optimal objective vectors. In this way, we can simultaneously visualize similarities
and differences among objective functions and solution candidates. To communicate the
information visually, we modify the idea of parallel coordinate plots so that the distances
between correlated objective functions are shorter than otherwise and similar solutions are
given the same color. Thanks to this kind of visualization, the decision maker can handle
higher numbers of objectives and solution candidates and concentrate on aspects that are of
greatest interest.
As for the following, in Section 4.5.2 we describe how data for a study like this can be
obtained. In Section 4.5.3 we survey clustering techniques applicable to our needs, and in
Section 4.5.4 the new visualization technique of this study is proposed. Finally, we conclude
in Section 4.5.5.

4.5.2

Data generation

As mentioned above, we want to support the decision maker in handling larger numbers of
objectives than is usually the case and by this we mean problems with 5 or more objectives.
Of course, if one thinks long enough, one can probably imagine problems with almost any
number of objectives, but because of the almost total lack of work in the area, we will in
this paper only focus on problems with up to 9 objectives to get things started. However,
there is a kind of “Catch-22” with problems in this area. On one hand, people are reluctant
to attempt applications with many more than 5 objectives as there are essentially no tools
for processing points from such high-dimensional Pareto fronts, and on the other hand,
people have been slow to begin work on tools for processing high-dimensional solution vectors
because of the lack of data from problems upon which to test such tools.
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To get around this we describe two methods for randomly generating nondominated
vectors in objective space. The first method is for the generation of Pareto optimal solutions
as if coming from a problem in which all of the objectives have no especial correlations
with one another. This method uses the random multiple objective linear program (MOLP)
generator described in the documentation for Adbase [15] and then uses that code to solve
the resulting MOLPs for all nondominated vertices of the problem’s feasible region in the
objective space. Data sets of any size for any number of objectives can be generated in
this way by adjusting the parameters (numbers of objectives, constraints, variables) of the
generator. Once a data set of Pareto solution vectors is generated, it is immaterial how it
was generated for testing.
The second method is for the generation of Pareto solutions as if coming from a problem
in which there are groups of objectives that have within group correlations with one another.
For instance, consider a problem with 9 objectives such that 4 of the objectives are clustered
in one group, 3 are in another, and the last two are in a third. In this method, the feasible
region of a problem is generated in the same way as the first method, but instead of letting
the MOLP generator generate the gradients of the objectives, the gradients of the objectives
are randomly generated by a special routine that assures the clusters desired and their within
group correlations. In this way, we can develop as many data sets of the types desired as
needed. As for the example of this report, only the second method was necessary to generate
data for it.

4.5.3

Clustering techniques

We now assume a given two-dimensional data set where each row corresponds to a Pareto
optimal objective vector (solution candidate) and each column corresponds to an objective
function. Our aim is to aggregate the given data matrix into solution-objective clusters
according to the following rules.
1. Objectives are clustered if the values in any solution are “similar”.
2. Solutions are clustered if the values in any objective are “similar”.
“Similar” means as close as possible with respect to a specified distance, e.g., a Manhattan
or Euclidean distance. The clustering is to be done simultaneously in both dimensions, rows
and columns.
In the literature, there exist the concepts of biclustering and co-clustering which seem
to denote the same, but are used in different communities and/or applications. A helpful
survey is presented in [10].
Biclustering was first applied to bioinformatics, in particular to identify co-expressed
genes under a subset of all conditions/samples, see [19] for a recent overview. A mathematical
review of successful biclustering techniques is given in [3]. The authors particularly show
that most of them are based on singular value decomposition (SVD). However, algorithms
differ in the definition of biclusters. Some assume constant values in the data on rows within
one cluster, some on columns, some on both. Others are more flexible and allow coherent
values along rows and/or columns.
There are also “spectral” variants, i.e., “spectral biclustering” and “spectral co-clustering”,
that make use of the underlying graph structure of the problem. Spectral algorithms are
common in graph partitioning problems and refer to algorithms that compute eigenvalues,
eigenvectors, and singular values to solve the underlying graph problem, see e.g., the lecture
notes https://courses.cs.washington.edu/courses/cse521/16sp/521-lecture-11.pdf. There, we
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also find an illustrative example in which common clustering methods like k-means fail while
a spectral algorithm detects a meaningful cluster. In [4], a spectral co-clustering algorithm is
proposed for a text mining problem.
In the next section, we use a Python implementation of the biclustering algorithm of
[8]. One should note that even though the terms bi- and co-clustering are often regarded
as synonyms, they refer to different algorithms in the scikit-learn package employed. More
details are given below.

4.5.4

Preliminary results

We present tentative numerical results for a data set containing 88 mutually nondominated
objective vectors with nine objective functions. The data were generated by the second method
described in Section 4.5.2, aiming at three objective clusters. The tests were implemented in
Python 3.7 using the scikit-learn package for data clustering [14] and plotly.express to generate
the parallel coordinate plots. The data were clustered w.r.t. objective vectors (rows) and
objective functions (columns) using spectral biclustering [8]. This includes an automatic data
normalization which was implemented as log-normalization, see the documentation on https:
//scikit-learn.org/stable/modules/generated/sklearn.cluster.SpectralBiclustering.html for
further details.
The original, unclustered data are shown in a parallel coordinates plot in Figure 18a,
while Figures 18b to 18d show the results obtained with spectral biclustering using lognormalization for different numbers of solution clusters (S) and objective clusters (O). Each
solution cluster is identified by a specific color, and the objective clusters are distinguished
by larger distances between the coordinate lines of the different clusters.
The visualizations nicely demonstrate that biclustering is a valuable tool to reveal
tendencies among the solutions and correlations between the objective functions. For
appropriately chosen values of S and O, the three objective clusters that are present in the
data are retrieved. However, we note that the outcome largely depends on the parameter
settings, in particular on the choices of S and O, but also on the employed normalization
method.
In the future, we would like to use a measure to evaluate the quality of the visualization.
Moreover, it would be interesting to automatically test different sizes of row and column
clusters and present the “best” (with respect to a quality measure) result or results to the
decision maker. Another open question is the way the columns are ordered. So far, we simply
use the output of the biclustering algorithm. In the figures presented above we manually
inserted gaps between the different clusters. By varying the sizes of these gaps, they could
also serve as a source of information for the decision maker, e.g. by linking larger distances
to a lower correlations between clusters. This and other technical issues like an automation
are left for further improvements in the future.

4.5.5

Conclusions

We have proposed a novel way of visualizing sets of Pareto optimal objective vectors by
applying bi- or co-clustering and modifying parallel coordinate plots. Thanks to these
visualizations, the decision maker can gain insight in the correlations among both objective
functions and objective vectors simultaneously.
The novel visualizations can be applied to analyze any set of objective vectors. They can
also be applied as a part of an interactive solution process. Our future research direction is to
apply the findings and develop visualization assistance for solving multiobjective optimization
problems with more than three objective functions.
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(a) Original data set

(b) BC with S = 5 and O = 3

(c) BC with S = 3 and O = 4

(d) BC with S = 5 and O = 4

Figure 18 Spectral biclustering applied to a data set containing 88 nondominated points (a).
Subfigures (b)-(d) show biclustering results for S solution clusters and O objective clusters.
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Introduction

The problem of multiobjective optimization changes qualitatively as soon as many decision
makers are involved. All problems that occur when a single decision maker is involved are
inherited, but new problem aspects are added. Three main additional aspects are:
1. The different decision makers can differ on the constraints and objective functions that
are relevant for the problem, and the way they are computed.
2. They may have different preferences for the different objective functions and this way the
problem of fairness arises, that is the problem of considering different preferences in a
balanced manner.
3. There is a possibility of negotiations and group dynamics that should be considered in
designing decision making processes. Moreover, decision makers might form coalitions
and there might be different types of (power) relations between decision makers and
hidden objectives/agendas.
In this report we consider the somewhat ideal situation of a group of equal decision makers
that are able and willing to express their preferences. In such cases computer systems can be
used to find out solutions that are non-dominated with respect to all objectives considered
by the decision makers and among them present solutions that achieve a high performance
in fairness on the one side, and total gain in terms as being close in average to the decision
makers’ preferred solutions or reference points on the other side.
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