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The Cosmic Microwave Background (CMB) demonstrates extreme uniformity,
with only small temperature anisotropies of the order of O

(
10−5). These aniso-

tropies are believed to originate from primordial density perturbations, caused by
quantum fluctuations of scalar fields during the cosmic inflation. In the canonical
scenario, the single-field slow-roll inflation, these perturbations are assumed to
be sourced by one field, the inflaton. However, it is possible that there are multi-
ple fields present during inflation, that give contribution to the perturbations.

In addition to the temperature anisotropies, the CMB spectrum encodes a
wealth of information on the thermal history of the early universe. The measured
frequency spectrum of the CMB is remarkably close to a black-body spectrum,
meaning that the photons and electrons in the early universe plasma were ex-
tremely close to a thermal equilibrium. However, in the concordance model of
cosmology, ΛCDM, there are mechanisms present that lead to unavoidable devi-
ations from the black-body, dubbed as spectral distortions. The diffusion of the
acoustic oscillations, that are created due to the initial perturbations, leads to mix-
ing of photons of different temperatures, creating of spectral distortions, which
are expected to be below the current observational sensitivity. In the literature,
this mechanism is dubbed as the Silk damping.

In this thesis we study the formation of µ-type spectral distortions due to
the Silk damping in models, where the primordial perturbations are sourced by
multiple scalar fields. Our main task is to investigate the spectral distortion sig-
nal of inflationary two-field models. We find that generally, the µ-signal can be
greatly enhanced compared to the single-field model value. We further show that
in a specific two-field model, the mixed inflaton-curvaton model, the µ-distortion
testable by future CMB surveys in conjunction with bounds on the tensor-to-
scalar ratio r, can efficiently constrain the curvaton model parameter space.

Keywords: inflation, many field models, curvaton, primordial perturbations, cos-
mic microwave background, spectral distortions, µ-distortion
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PREFACE

“Minä olen valvonut tuhat yötä
Tehnyt työtä tyhjää niin kuin kuolemaa”

— Timo Turunen (Tenavatähti 1990),
“Minä olen muistanut” (san. E. Kettunen)
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1 INTRODUCTION

Modern cosmology gives a description of the history of the universe that spans
from the time when the universe was only picoseconds old to 14 billion years
later, the present day. The concordance model of cosmology, ΛCDM, describes
how the light elements such as hydrogen and helium were formed, the formation
of the observed cosmic microwave background (CMB), and the distribution of
large-scale structures in our expanding universe. There are still open questions
on its foundations such as the microscopic nature of dark matter and dark energy,
and the exact mechanism for the baryon asymmetry, i.e. how the abundance of
matter overwhelms antimatter in our universe.

Cosmic inflation, i.e. a very early universe epoch of accelerated expansion,
appears to be a key element of large-scale structure and the evolution of the uni-
verse. The inflationary paradigm can explain the temperature anisotropies seen
in the CMB, that are believed to originate from the primordial density perturba-
tions. These perturbations are in turn assumed to be caused by the quantum fluc-
tuations of scalar fields during the cosmic inflation, but the microscopic nature of
these fields is still not known. In addition to the temperature anisotropies, the pri-
mordial curvature perturbations can leave an imprint on the CMB as deviations
from the pure black-body, dubbed as the spectral distortions. The prediction for
the spectral distortions depends on details of the inflationary model: for example,
whether the primordial perturbations are sourced by a single or multiple scalar
fields.

The thesis is organized as follows. We start by giving a brief introduction of
the generalities of the standard model of cosmology: we discuss thermal history
of the universe and the formation of the CMB, the inflationary paradigm and the
primordial perturbations. In Chapters 2 and 3, we concentrate on the compu-
tation of primordial curvature power spectrum due to the fluctuations of scalar
fields. We will use both the linear order cosmological perturbation theory and
the ∆N formalism in the computation. Chapter 4 is devoted to the discussion
on the CMB spectral distortions: we give a review on the literature and compute
the prediction for µ-distortion in the canonical single-field slow-roll inflation. In
Chapter 5, we discuss the scientific work related to this thesis, where we study
the formation of µ-type spectral distortions due to the diffusion of primordial
perturbations in models, where the primordial perturbations are sourced by two
scalar fields. We conclude the thesis in Chapter 6.

1.1 The Friedmann—Lemaître—Robertson—Walker Cosmology

On large distance scales, i.e. distances larger than O (100) Mpc, the universe
seems to be rather homogeneous and isotropic, i.e. all places and directions look
the same [1, 2]. For smaller scales one obviously sees structures such as galax-
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ies and super clusters, but to a first approximation these can be neglected. In
the early universe — before the structure formation — the homogeneous and
isotropic universe is even better approximation. In the standard model of cos-
mology one thus adopts the Robertson—Walker metric, which is the most general
metric that describes a homogeneous and isotropic universe [3]:

ds2 = −dt2 + a2 (t)

(
dr2

1− Kr2 + r2dθ2 + r2 sin2 (θ)dφ2

)
, (1)

where t is the physical time, a (t) is the scale factor that describes the evolution
of distances and thereof the expansion of the universe, and the three-metric part
represents the spatial line element in comoving spherical coordinates. The pa-
rameter K describes the geometry of the universe: positive, negative and zero —
or values K = {1,−1, 0}— curvature indicate closed, open and flat universe [3].
Note that in this work we use the natural units, i.e. we set h̄ = c = kB = 1.

The evolution of the scale factor a (t) depends on the energy content of the
universe. The equations of motion for the scale factor can be derived by starting
from the Einstein equations 1

Gµν = Rµν −
1
2

gµνR = M−2
Pl Tµν, (2)

where Gµν is the Einstein tensor, gµν is the metric tensor, Rµν and R are respec-
tively the Ricci tensor and Ricci scalar, the reduced Planck mass is defined as
MPl = (8πGN)

−1/2, where GN is the Newton gravitational constant and Tµν is
the energy-momentum tensor. The information of the geometry of the universe
is encoded on the left-hand side of eq. (2), while the information about the en-
ergy content of the universe is described by the energy-momentum tensor Tµν on
the right-hand side of eq. (2). In the concordance model of cosmology one as-
sumes that the matter content of the universe is described by ideal fluids. In the
comoving coordinates, the energy-momentum tensor can be written as

Tµν = diag
(

ρ, p
a2

1− Kr2 , p a2r2, p a2r2sin2 (θ)

)
, (3)

where ρ and p are the fluid energy density and pressure, respectively. The energy-
momentum tensor satisfies the continuity equations ∇µTµν = 0, which can now
be written as

ρ̇ + 3H (ρ + p) = 0, (4)

where H = da/dt/a = ȧ/a is the Hubble parameter that measures the expansion
rate. For a fluid with a constant equation of state, p = wρ, the scaling of the fluid
energy density can be written as

ρ (t) ∝ a (t)−3(1+w) . (5)

1 Note that we do not include the cosmological constant term gµνΛ on the right-hand side of
eq. (2). However, we allow the existence of a vacuum energy ρΛ, which has the same effect
as the inclusion of the cosmological constant term (one would then define ρΛ ≡ M2

PlΛ.
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For example, for radiation we have that wr = pr/ρr = 1/3, i.e. ρ ∝ a−4, while for
pressureless non-relativistic matter (wm = 0) we have ρm ∝ a−3. The equation of
state parameter w can also be a dynamical quantity, as we will see in Section 1.3,
where we discuss the evolution of the inflaton field.

The evolution eqs. for the scale factor a(t) can then be derived by computing
the left-hand side of eq. (2) from the metric (1). These eqs. are referred to as the
Friedmann equations and are usually written in the following form [3]

H2 =
ρ

3M2
Pl
− K

a
(6)

ä
a
= −ρ + 3p

6M2
Pl

. (7)

From the Friedmann eqs. it is quite straightforward to see how the energy content
of the universe affects the evolution of the scale factor and thus the expansion of
the universe. We can see that while the energy stored in the matter fluid and the
curvature affect the rate of expansion in eq. (6), in the acceleration eq. (7) also the
pressure of the fluid contributes to the acceleration of a(t), and thus the overall
evolution.

The equation for the Hubble parameter can also be written in terms of the
different energy components. In the ΛCDM matter consists of radiation ρr, non-
relativistic matter (both baryonic and dark matter) ρm, vacuum energy which we
refer to as the dark energy ρDE and the energy stored in the curvature ρK, hence
we have

H2 = H2
0

[
Ωr,0

( a0

a

)4
+ Ωm,0

( a0

a

)3
+ ΩDE + ΩK,0

( a0

a

)2
]

, (8)

where a0 = a (t0) (it is customary to choose that t0 refers to the present time), and
we defined the density parameter Ωi,0 = ρi/ρcr,0, where ρcr,0 = 3M2

PlH
2
0 is the

critical density, which describes the critical value of the energy density related to
the curvature of the universe. Note that we defined the curvature density to be
ΩK,0 = −K/a2

0H2
0 . The total energy density can be written as

Ω = 1 +
K

a2H2 = 1−ΩK. (9)

That is, the flat universe with K = 0 corresponds to Ω = 1 (or ρ = ρcr), while
Ω > 1 to corresponds to closed geometry and Ω < 1 to open geometry. Physically
this roughly means that in the case ρ > ρcr the gravitational pull is strong enough
to curve the universe into a closed and finite form, while for ρ < ρcr the universe
is left open and finite. From observations we know that the total energy density
of the universe is extremely close to the critical value Ω0 ≈ 1, i.e. the geometry
of the universe seems to be flat, and as |ΩK| = |Ω− 1| ∝ t2/3 (t) in the matter
(radiation) dominated epoch, at earlier times t < t0 we would have that |Ω− 1|
would be even closer to zero. In the ΛCDM-model it is then assumed that ΩK,0 =
0 [4]. Assuming the base-ΛCDM model, at present the current best-fit values
for the different energy components are roughly Ωm,0 ≈ 0.315, ΩDE ≈ 0.685,
Ωr,0 ≈ 10−5 and H0 ≈ 67.4 kms−1Mpc−1 [4].
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1.2 Thermal history and the Cosmic Microwave Background

In this section we give a brief review of the thermal history of the universe.
We mainly focus on the creation of the cosmic microwave background and its
anisotropies. The given presentation follows closely the refs. [5, 6, 7].

1.2.1 Brief thermal history of the universe

The very early universe was in a very hot and dense state. After the inflationary
and reheating epochs (the exponential expansion of space and the creation of par-
ticles present in the universe — see Section 1.3), the early universe plasma was
in a thermodynamic equilibrium, i.e. the different elementary particles present
shared the same temperature T. As the universe expanded, the plasma cooled
down, and different particle species started to decouple from plasma as their in-
teraction rates Γ could not keep up with the changing equilibrium due to the
expansion described by the Hubble rate H.

In the following we will briefly describe the key events in the thermal his-
tory of the universe:

• Baryogenesis. During this event the observed over-abundance of matter
(baryons) over antimatter was generated. The exact mechanism for the cre-
ation of the asymmetry is not known, and the baryogenesis models try to
derive the observed baryon-to-photon ratio η = nb/nγ ∼ 10−9.
• Electroweak transition . At T ∼ O (100) GeV, the elementary particles

receive their masses via the Higgs mechanism. The corresponding time and
redshift are t ∼ 10−12 s and z ∼ 1015.
• QCD phase transition. At the temperature T ≈ 150 MeV the previously

free quarks and gluons are bound into hadrons (i.e. baryons, three-quark
configurations, and mesons, quark-antiquark configurations). In terms of
time and redshift this transition happens at t ∼ 10−9 s and z ∼ 1012.
• Neutrino decoupling. Neutrinos, which only interact via weak interactions,

decouple from the thermal bath at T ∼ 1 MeV
(
1 s, 6× 109).

• Electron-positron annihilation. Electrons and positrons annihilate shortly
after the decoupling of neutrinos (0.5 MeV, 6 s, 2 × 109), i.e. e− + e+ →
γ + γ. Due to the neutrino decoupling, the annihilation mostly heats up
photons, but not the neutrinos, which is why the photon temperature today
T0 is greater than the neutrino temperature Tν,0.

• (Big Bang) Nucleosynthesis. The light elements (hydrogen, helium, lithium
and beryllium) are formed, when the reactions between neutrons and pro-
tons fall out of equilibrium. This happens roughly at T ∼ 100 keV (10 min, 108).
• Matter-radiation equality. After z ≈ 3400 (60 000 yr, 0.8 keV), the non-

relativistic matter starts to dominate over the radiation.
• Recombination. Free protons and electrons combine to form neutral hydro-

gen via the process e− + p → H + γ, when the reverse reaction is not effi-
cient. Recombination happens when the universe is roughly 400 000 years
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old (z ∼ 1300, T ∼ 0.3 eV).
• Photon decoupling. Before the recombination the Thomson/Compton scat-

tering , e− + γ → e− + γ, binds the photons to the electrons and rest of the
plasma. As the recombination starts the number of free electrons rapidly
drops, and the universe becomes electrically neutral. As the Compton scat-
tering becomes inefficient, the photons decouple from the plasma (at the
redshift z ≈ 1100) and start to stream freely through the universe. This is
observed as the cosmic microwave background (CMB).
• Reionization. The radiation from the formed stars reionizes the interstellar

gas when the universe was roughly O
(
106) years old (z ∼ O (10)).

• Dark energy-matter equality. Dark energy starts to dominate over matter
when the universe is 9× 109 years old (z ∼ 0.4).

In the next section we will discuss the CMB and its temperature anisotropies.

1.2.2 The Cosmic Microwave Background

As discussed above, the photons decoupled from electrons and baryonic mat-
ter at tdec ≈ 3.8 × 105 yr, and this last-scattering surface at tdec is referred to
as the cosmic microwave background. The temperature of the CMB photons
has cooled to the present day value T0 = 2.725 K, and their distribution is ex-
tremely close to a black-body distribution (see Chapter 4). The CMB has been
mapped to a very high precision, and observed to be highly isotropic with small
temperature anisotropies: T (θ, ϕ) = T0 + δT (θ, ϕ), where the anisotropies are
δT ∼ O

(
10−5T0

)
[8, 9]. This great uniformity also introduces a problem, as dur-

ing the photon decoupling, the scale of causal horizon (i.e. how far information
could have propagated, effectively described by the Hubble scale H−1) was such
that the CMB consisted of over O

(
103) distinct causal patches — the problem

being, that how the whole CMB could have thermalized to the same tempera-
ture, as there could not have been particle interactions between different causal
patches. We will come back to this problem in next section, where we will dis-
cuss how the inflation can bring the different patches to causal contact at the very
early universe epoch.

These anisotropies are believed to originate from the primordial density
fluctuations, which in turn are believed to be generated during inflation from the
quantum fluctuations of scalar fields. Due to gravity, these small overdensities
grew to form the structures, e.g. galaxies, that we see today. The imprint left on
the CMB acts then as a probe to the primordial physics. Quite obviously, a thor-
ough discussion on both the theoretical and experimental side of CMB physics
and its connection to the primordial perturbations is well beyond the scope of
this work, and in the following we choose to go through some chosen points.

The temperature perturbation today can be decomposed to two different
sources [7]

δT
T

∣∣∣∣
t0

=
δT
T

∣∣∣∣
intrinsic

+
δT
T

∣∣∣∣
journey

, (10)
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where T is the all-sky average temperature, and the first term on the right-hand
side describes the original anisotropies in the baryon-photon fluid at t = tdec,
while the second term describes the possible anisotropies generated as the pho-
tons have traveled in the expanding universe from the decoupling time tdec to
the present time t0. The observed anisotropy is usually expanded in spherical
harmonics:

δT (θ, ϕ)

T
=

∞

∑
l=1

l

∑
m=−l

almYlm (θ, ϕ) , (11)

where the information of the primordial density perturbations is encoded in the
coefficients alm. It is customary to define the two-point function2 of the anisotropies
in terms of the angular power spectrum:〈(

δT (θ, ϕ)

T

)2
〉

= ∑
l

2l + 1
4π

Ĉl, (12)

where we sky-averaged (over θ and ϕ) and Ĉl is the observed angular power
spectrum, which is measured per multipole l (larger the multipole, smaller the
distance scale). One can also define and compute the theoretical angular power
spectrum Cl, and find that the squared difference is〈(

Ĉl − Cl

)2
〉

=
2

2l + 1
C2

l , (13)

which is dubbed as the cosmic variance, which limits the accuracy in compar-
ing the observed CMB data to the theoretical prediction (there is only one uni-
verse/CMB that we can observe). This is also seen in Figure 1, where the scaled
angular power spectrum Dl = ĈlT2

0 l (l + 1) /2π is plotted. On the small multi-
poles, i.e. large distance scales, the statistical error grows. We can also see that
the angular power spectrum in Figure 1 has different behaviour on different mul-
tipoles. In the following we would like to briefly describe the main effects in the
creation of the observed spectrum.

In the case of a instantenous recombination, the evolution of the tempera-
ture anisotropy can be approximated as [5]

Θ|t=t0
≈ (Θ + Ψ)|t=tdec

− (n̂ · ve)|t=tdec
+
∫ t0

tdec

(
Ψ̇ + Φ̇

)
dt, (14)

where Θ = δT/T, Ψ and Φ are gravitational Bardeen potentials, that are related
to metric perturbations and are discussed in Chapter 3; as discussed there, one
can usually assume that Ψ = Φ. The second term on right-hand side, where ve
is the electron velocity and n̂ the direction, is dubbed as the Doppler term, that
describes the shift in the photon energy as photons scatter off moving electrons.
The first term is the Sachs-Wolfe (SW) term, that is combination of the intrinsic

2 The CMB anisotropies are nearly Gaussian, and for a Gaussian distribution all the informa-
tion is stored in the two-point correlator.
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temperature anisotropy at t = tdec and the gravitational redshift of photons due
to the potential wells in the photon-baryon fluid. The last term is referred to as
the Integrated Sachs-Wolfe (ISW) term, which takes into account the evolution of
gravitational potentials along the line-of-sight — see more details in refs. [5, 7].

On distance scales larger than the Hubble horizon at decoupling, H−1 (tdec),
the causal interactions do not affect the primordial density perturbations δρ/ρ.
On these scales, the SW-term dominates the CMB anisotropies in eq. (14), and one
can write δT/T ∼ Φ ∼ −δργ/ργ at t = tdec [5]. Note also that the gravitational
redshifting SW-term dominates over the intrinsic temperature fluctuations [5].
In Figure 1, these large scales corresponds to the so-called Sachs-Wolfe plateu at
multipoles l < O (100).

On subhorizon scales, the primordial density fluctuations are affected by the
causal interactions in the photon-baryon plasma. Before the decoupling, t < tdec,
the master evolution equation for the temperature perturbation can be written in
the Fourier k-space as [5]

Θ̈k +
HRb,γ

1 + Rb,γ
Θ̇k + c2

s k2Θk = −
1
3

k2Ψk + Φ̈k +
Ṙb,γ

1 + Rb,γ
Φ̇k, (15)

where the comoving Hubble parameter is H = aH, the baryon fraction is Rb,γ =

3ρb/4ργ and the sound speed is defined as c2
s =

(
3
(
1 + Rb,γ

))−1. The sound
speed cs is related to the sound horizon rs = csH−1, which describes the scale
on which the causal interactions affect the photon fluctuations. At early times
Rb,γ � 1 and cs ≈ 1/

√
3, i.e. the sound horizon is nearly equal to the comoving

Hubble radiusH−1. However, just before the photon decoupling the baryon ratio
Rb,γ becomes significant and the sound horizon rs is significantly smaller than the
Hubble radius [5].

The photon fluctuations are effectively frozen until they cross the sound
horizon rs. After the crossing, they start to oscillate according to eq. (15), and
this oscillatory behaviour is usually referred to as the acoustic oscillations. As the
photons decouple, these oscillations leave an imprint on the CMB sky, which can
be seen in Figure 1 at multipoles l > O (100). The seen acoustic peaks allow one
to probe the early universe physics: for example, the gravitional potentials are
probe to the baryonic matter and dark matter, and the sound speed probes the
ratio of baryons and photons. See e.g. ref. [5] for solutions to eq. (15), and more
detailed discussion.

There is still an important effect that is seen in Figure 1 that we have not
discussed: the damping of the CMB acoustic oscillations on small scales. The
effect stems from the finite mean free path for the photons and the (finite) dura-
tion of recombination, where the former is often referred to as the Silk damping.
The non-zero mean free path means that photons can diffuse out the perturba-
tions. The small scales are especially damped, as these are the scales that become
subhorizon before the larger scales, and have spend longer time in the diffusive
regime. In this heurestic picture, on these small scales the photons have more
time to diffuse to surroundings and thus damp the initial fluctuations, as seen in
Figure 1 on multipoles l > O (1000). An important consequence of the diffusion
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FIGURE 1 The Planck 2018 angular power spectrum, Dl = ĈlT2
0 l (l + 1) /2π. On the

small multipoles one can see the Sachs-Wolfe plateu (see text), while the
acoustic oscillations are present on multipoles l ∼ O (100− 1000). For larger
multipoles we can see the effect of diffusion damping, which damps the seen
acoustic peaks. Figure from ref. [10].

is the creation of small deviations from the black-body spectrum, due to energy
release and mixing of photons from different regions having different tempera-
tures — we will discuss this in Chapter 4. A more in depth study of the photon
diffusion is beyond the scope of this work, and we will refer e.g. to refs. [5, 7] for
more detailed introduction to the CMB physics.

1.3 Inflationary cosmology

In the previous section we briefly discussed the known key events of thermal
history of the universe. This time-line is usually referred to as the hot big bang
model, and it describes the abundances of light elements and explains the for-
mation of the CMB. However, it leaves open the question of initial values of the
model of the universe: why is the universe initially in such a homogeneous and
isotropic state? One way to tackle this question is inflation, that is, an early uni-
verse epoch when the expansion of the universe was accelerating 3.

Historically the inflationary epoch was proposed as an solution to the hori-
zon problem (why is CMB so homogeneous?), flatness problem (why is ΩK so
close to zero) and the lack of certain relics, such as topological monopoles and
domain walls, that might have been produced in the very early universe. How-
ever, the most important prediction of inflation is the formation of nearly scale-
invariant primordial perturbations, from which the structure of the universe grew:
these initial perturbations and their evolution can explain the source of the small

3 The introduction of an inflationary period does not exactly remove the initial value prob-
lem, but in reality pushes the problem to even further in the past. See for example refs.
[11, 12], where the low-entropy state of the universe and the inflation are discussed.
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temperature fluctuations observed in the CMB that were discussed in the pre-
vious section. Let us then next briefly discuss these initial condition problems,
and then move on to the discussion on how we actually define the inflationary
period and from there continue to discuss the most studied model of inflation
— the slow-roll inflation. Most of the discussion in this section follows ref. [13].
Historically, the inflation as a solution to the aforementioned problems and the
slow-roll inflation were first discussed e.g. in refs. [14, 15, 16, 17, 18, 19].

1.3.1 Initial condition problems

As discussed, the inflationary paradigm can provide a setting that to some extent
resolves the initial condition problems of the hot big bang model. Let us then
start by discussing the horizon problem. It has been experimentally verified that
the CMB temperature is extremely uniform – the temperature fluctuations are
at most of the order of δT/T ∼ O

(
10−5). However, we know that the causal

interactions that would thermalize the plasma in the very early universe have a
finite distance horizon (when ä < 0), that is, the CMB seems to consist of roughly
O
(
103) causally disconnected regions at the time of recombination, and thus the

thermalization should not be a viable scenario. It is of course possible, that the
initial conditions resulted in such a uniform configuration that the right degree
of uniformity and fluctuations are observed today in the CMB. However, this
level of fine-tuning might be a somewhat of a turn-off. This problem is resolved
by inflation, which gives dynamical mechanism, in which all the disconnected
patches at recombination are brought into causal contact in a earlier phase of the
universe.

Observationally we know that the total energy density seems to be close to
unity, that is |Ω0 − 1| < 0.005 [20]. As discussed earlier, this means that the cur-
vature is extremely close to zero, and the geometry of the universe seems to be
flat. The curvature energy density was defined as |ΩK| = |K| /a2H2, and there-
fore in the matter dominated epoch it scales as |ΩK| ∝ t2/3 and in the radiation
dominated epoch |ΩK| ∝ t. This means that the curvature has to have been even
smaller in the earlier universe! It is quite straightforward to show that at the big
bang nucleosynthesis the total energy density was approximately

|Ω− 1|BBN . 10−17, (16)

that is, the universe is extremely close to a flat geometry. This seems to again
be a fine-tuning problem, as for random initial conditions it seems somewhat
unnatural-ish to end up in a universe, where the total energy density is right at
the critical value ρcr. Again, inflation allows a dynamic mechanism for driving
the curvature to the observed extremely small values.

Inflation has also been seen as a solution for the problem of unwanted relics.
In certain theories such as the supersymmetric grand unified theories, the high
energy behaviour of symmetry breaking allows the formation of topological de-
fects such as magnetic monopoles. However, these configurations have not been
observed in the universe, and one would like a mechanism to remove these kinds
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of (model-dependent) objects. A long enough inflationary epoch in the very early
universe can effectively remove these symmetry breaking remnants due to dilu-
tion via the rapid expansion of space [21]. If these relics are produced after infla-
tion, one needs to take them into account in the hot big bang cosmology — this
is a possible scenario for example in axion scalar dark matter models, where the
breaking of global U (1) symmetry can induce the creation of strings and domain
walls (see e.g. ref. [22]).

1.3.2 Conditions for inflation

Let us then define more quantitatively, what we mean by inflation. We start by
defining inflation simply as an era of accelerated expansion, i.e.

ä > 0. (17)

What are then the requirements for the energy fluid content of the universe to
achieve this? The second Friedmann eq. (7) turns the requirement of an acceler-
ated expansion to the following relation:

ä > 0→ ρ + 3p < 0→ p
ρ
< −1

3
. (18)

That is, the equation of state of the fluid needs to be such that w = p/ρ < −1/3,
which is the condition for gravity being repulsive — as for the so-called ordinary
matter the gravity is always attractive, ρ+ 3p ≥ 0. Inflation then requires a matter
fluid that has a negative pressure, p < −ρ/3. Important examples of this type
of matter are vacuum energy pΛ = −ρΛ and certain type of scalar models, such
as the slowly-rolling inflaton field that is discussed in the next section. The latter
is important for the inflationary physics, while the former is important for the
current and future evolution of the universe (see eq. (8)).

We can also write the requirement (17) as

ä > 0↔ d
dt

1
aH

< 0, (19)

which tells us that the curvature density is driven to zero during inflation, i.e.

|Ω− 1| = |ΩK| =
|K|

a2H2 → 0. (20)

What is then the amount of inflation needed, i.e. the elapsed time of accelerated
expansion, to solve the flatness problem? It is customary to measure the amount
of inflation in terms of e-folds, i.e.

Nk ≡ log
(

aend

ak

)
, (21)

where ak and aend are the values of the scale factor at some point during and at
the end of inflation, respectively. It is straightforward to estimate the amount of
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e-folds needed, and in a typical estimation one ends up needing roughly Nk ≈ 60
e-folds to drive the value of ΩK to meet to current observational constraints [5].

It happens that the estimated growth of ak/aend ≈ e60 needed to solve the
flatness problem coincides with the value needed to solve the horizon problem
[13]. As discussed, to explain the homogeneity of CMB the observed universe
needs to originate from a single causal patch. If we have a phase of decreasing
comoving Hubble horizon, i.e.

d
dt
H−1 =

d
dt

(aH)−1 < 0, (22)

that lasts long enough, one can bring all the observed scales within the same
causal patch [6]. As we saw above, eq. (22) is condition for ä > 0, which means
that during inflation the comoving Hubble horizon H−1 = (aH)−1 shrinks, and
allows one to bring the last-scattering surfaces to causal contact during inflation.
See e.g. refs. [6, 13] for more in-depth discussion.

The value N ∼ 60 e-folds is regarded loosely as the target value for the
different inflation models. The exact value needed to explain the aforementioned
problems and other details involving for example the primordial perturbations,
is dependent on the inflationary model details, in particular, the reheating of the
universe (see e.g. refs [6, 13]).

1.3.3 Slow-roll scalar field inflation

In the previous section we saw how the inflation requires the inflation driving
matter to have an equation of state parameter w < −1/3. A classic example of
this kind of behaviour can be found by considering a scalar field model, where
the potential of the field dominates over the kinetic term and the friction of the
expanding universe dominates over the field acceleration, i.e. the field is slowly-
rolling. In this kind of setup, the scalar field dominates the whole energy density
of the universe and as it drives the inflationary dynamics it is referred to as the
inflaton field.

We can start by considering a scalar field in a curved space. The action is
then given by [3]

Sφ = −
∫

d4x
√
−g
[

1
2
∇µφ∇µφ + V (φ)

]
, (23)

where∇µ is the covariant derivative,
√−g is the determinant of the metric tensor

and V (φ) is the potential of the field which we for now leave unspecified. For a
homogeneous scalar field, φ = φ (t), in a flat FLRW universe one can easily find
the pressure pφ and the energy density ρφ to be [6]

pφ =
1
2

φ̇2 −V (φ) , ρφ =
1
2

φ̇2 + V (φ) . (24)

The dynamics of the FLRW universe dominated by the inflaton are then described
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FIGURE 2 A conformal time diagram of the the last-scattering light-cones. The causally
separated light-cones are brought into contact if the inflation lasts long
enough. Figure remade and adapted from ref. [13].

by the following equation of motion for φ and the φ-dependent Hubble parameter

φ̈ + 3Hφ̇ + V,φ (φ) = 0 (25)

3M2
PlH

2 = ρφ =
1
2

φ̇2 + V (φ) , (26)

where the subscript ,φ = d/dφ. We can then see, that if we have φ̇2 � V (φ), the
inflaton equation of state parameter wφ is

wφ =
pφ

ρφ
=

1
2 φ̇2 −V (φ)
1
2 φ̇2 + V (φ)

≈ −1, (27)

which is the desired value for the accelerated expansion (18). The requirement
φ̇2 � V (φ) means that the slope of the potential is shallow enough, that the
scalar field rolls slowly towards the minimum of its potential while keeping its
kinetic term small enough to allow ä > 0. The slow-roll state ends when the field
reaches and starts to oscillate around the minimum its potential and decays into
radiation — see Figure 3.

It is customary to define the dimensionless slow-roll parameter εH ≡ −Ḣ/H2,
which allows us to turn the acceleration requirement ä > 0 to the condition

εH < 1. (28)
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ϕcmb

δϕ

ϕend

ϕ

V(ϕ)

FIGURE 3 Sketch of the inflaton potential, that shows an example potential and mecha-
nism of the slow-roll inflation. The field starts from a certain initial value and
starts to roll towards the minimum of its potential. The fluctuations observed
at the CMB are created at φcmb, which needs to be roughly N ∼ 60 e-folds
before the end of inflation at φend. As the inflation ends, the scalar field starts
to oscillate around its minimum, and decays into radiation, which is usually
referred to as the reheating of the universe. Figure remade and adapted from
ref. [13].

This requirement can also be written as φ̇2 < V (φ), and εH < 1 implies that the
kinetic energy must be smaller than the potential of the field. Inflation ends by
definition when ä < 0↔ εH > 1.

In the limit εH � 1, one an also see how does the Hubble parameter evolve
during slow-roll inflation,

εH � 1→ H =
ȧ
a
= H∗ (1−O (εH)) (29)

→ a (t) ∝ eH∗t(1−O(εH)), (30)

where H∗ is the value of Hubble parameter during inflation and the scale factor
grows exponentially during inflation. If εH = 0, the Hubble parameter is constant
and the universe is described by the de Sitter spacetime, a = exp (H∗t). Most of
the studied models of inflation predict εH � 1, and therefore are described by a
nearly de Sitter spacetime.

In the standard slow-roll approximation, one then requires that

φ̇2 � V (φ) , |φ̈| � 3H |φ̇| , (31)

where the latter condition constrains φ̈ to be small so that the φ field is in the
slow-roll state long enough for the universe to inflate the required Nk ∼ 60 e-
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folds. Assuming these requirements the slow-roll eqs. are then

φ̇ = −
V,φ

3H
, H2 =

V
3M2

Pl
. (32)

These allow us to write the standard slow-roll parameters that only depend on
the scalar potential V (φ) and its derivatives

εV =
M2

Pl
2

(
V,φ

V

)2

(33)

ηV = M2
Pl

V,φφ

V
. (34)

A necessary condition for the shape of the potential in slow-roll approximation is
then

εV � 1, |ηV | � 1. (35)

We can see that for small values the two ε-parameters coincide, εH ≈ εV .
The slow-roll parameters (33) and (34) are usually descriptive enough when

studying the leading-order behaviour in slow-roll. For example, the spectral in-
dex that describes to first-order the scale-dependency of the curvature power
spectrum (that is, if there is change in the perturbation on different distance
scales), can be written in terms of eqs. (33) and (34). However, if one wants to
compute the prediction of the studied inflation model for the running of the spec-
tral index (scale-dependency of the spectral index), one needs to take into account
next-to-leading order slow-roll parameters, such as ξV = M4

Pl

(
V,φV,φφφ/V2). For

a more thorough formalization of the slow-roll treatment, see for example ref.
[23].

1.4 Primordial perturbations

We have briefly mentioned the formation of the primordial density fluctuations,
that act as a seed of structure growth and have left an imprint on the CMB map
(see Section 1.2). The inflation provides a mechanism for the creation of these ini-
tial perturbations. During inflation the quantum fluctuations of the scalar fields
are expanded to large scales: as the comovingH−1 shrinks, the different scales of
the quantum fluctuations become classical perturbations as they become larger
than the horizon. The evolution of these superhorizon fluctuations is effectively
frozen. After the inflation ends, and the universe transitions to the standard hot
big bang era via the reheating, and the horizon starts to grow (first in the radia-
tion dominated epoch, then in the matter and vacuum/dark energy dominated
epochs), and the scales of cosmological interest come back within the Hubble
horizon. As the fluctuations of the initial scalar fields become subhorizon, they
start to evolve according to the causal physics, and thus can be related to ob-
servable quantities. This mechanism is depicted in Figure 4. In the following
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FIGURE 4 The evolution of the primordial perturbations. During inflation the quantum
fluctuations of scalar field δφ, are translated into curvature perturbationsR,
that become classical stochastic quantities on superhorizon scales. As they
re-enter the Hubble horizon, the density perturbations are related to the ob-
served temperature anisotropies δT, that are measured in terms of the CMB
angular power spectrum Cl . Figure from. ref. [5].

chapters we will discuss the formation and evolution of the quantum fluctua-
tions, the primordial perturbation theory needed to quantify the perturbations
and their power spectrum. We will also discuss different scalar field models,
where the primordial perturbations are sourced by multiple fields, in contrast to
the standard single-field slow-roll inflation, where the inflaton is responsible for
the inflationary dynamics and the perturbations.



2 QUANTUM FLUCTUATIONS OF SCALAR FIELDS

In this chapter we study the quantum fluctuations of nearly massless scalar fields
in (quasi) de Sitter spacetime. We start by considering small fluctuations of the
field, and follow to quantize the field and finally to define the power spectrum of
the scalar field fluctuations. The discussion given in this chapter follows mostly
refs. [24, 25, 26].

2.1 Fluctuations of a generic light scalar in de Sitter

2.1.1 Action and equation of motion

We start by considering a test scalar field σ (τ, x) in a de Sitter space, i.e. a =
eHt = −1/Hτ, where H ' constant and the conformal time is dt = adτ, and√−g = a3. The action of the scalar field can then be written as

Sσ = −
∫

dτd3x
[

1
2

a2
((

σ′
)2 − (∇σ)2

)
+ a4V (σ)

]
, (36)

where the superscript ′ = d/dτ. Note that we assume that the scalar field σ

is both light, V,σσ = ∂2V/∂σ2 < H2, and subdominant during inflation, i.e.
ρσ � ρφ, where ρφ is the inflaton energy density. In this case the field does
not contribute to the overall spacetime dynamics, and one can consider the scalar
σ in this fixed background. For the inflaton field this is generally not true, as
one needs to take into account the metric fluctuations in the calculation. We will
discuss the inflaton spectrum and the perturbations generated during inflation in
Section 3.2.1.

As we are interested in the quantum fluctuations of the field, it is custom-
ary to divide the scalar field σ to the background field σ̄ (τ) and to the small
perturbed part δσ (τ, x)

σ (τ, x)→ σ̄ (τ) + δσ (τ, x) = σ̄ (τ) +
χ (τ, x)

a (τ)
, (37)

where we also defined the scaled field χ = aδσ, which will be useful in the calcu-
lation and it allows us to use the results derived in this chapter in Section 3.2.1,
where we will compute the primordial power spectrum in the single-field slow-
roll inflation.

To find the linearized equation of motion for the scalar field, one needs to
expand eq. (36) to second order in fluctuations, and then use the equations of mo-
tion for the background field σ̄. One can then write the action for the perturbed
field χ = aδσ as

Sχ =
1
2

∫
dτd3x

[(
χ′
)2 − (∇χ)2 +

(
a′′

a
− a2V,σσ

)
χ2
]

. (38)
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With the Euler-Lagrange equation one can compute the equation of motion for χ

which now reads

χ′′ +

[
−∇2 − a′′

a
+ a2V,σσ

]
χ = 0, (39)

where a′′/a can also be written in the de Sitter space as a′′/a = 2a2H2.
As we are interested in the information encoded in the different distance

scales of the fluctuations, we perform the following Fourier decomposition

χ (τ) = a (τ) δσ (τ, x) =
∫ d3x

(2π)3 eik·x χk (τ) , (40)

and the equations of motion for the mode functions χk read

χ′′k +
[
k2 + a2

(
V,σσ − 2H2

)]
χk = 0. (41)

We can see, that if the field is light, V,σσ � H2, eq. (41) has two different asymp-
totic limits: for k � aH the solution is χk ∝ eikτ, and for k � aH we have
χk ∝ a. In terms of the non-scaled mode functions σk = χk/a, we have that
σk (k� aH) ∝ eikτ/a and σk (k� aH) ∝ constant. For a light scalar the mode
functions then behave like plane waves within the horizon (k � aH), while out-
side the horizon in the superhorizon limit (k � aH) the fluctuations approach a
constant value — see Figure 4.

Eq. (41) can be cast in a Bessel equation form

χ′′k +

(
k2 −

ν2 − 1
4

τ2

)
χk = 0, (42)

where ν2 = 9/4−V,σσ/H2. Eq. (42) has a general solution that can be expressed
in terms of the Hankel functions of first and second kind H(1,2)

ν [24]

χk (τ) =
√
−τ
[
c1,k H(1)

ν (−kτ) + c2,k H(2)
ν (−kτ)

]
, (43)

where the coefficients c1,k and c2,k are constant in time. The value chosen for the
coefficients is equivalent to the freedom of choosing the vacuum on which the
fluctuations are interpreted. We will come back to this below, after we quantize
the scalar field.

As above, we are interested in the asymptotical behaviour of the mode func-
tions. Assuming that

√
V,σσ/H < 3/2 (which is fulfilled in the case of light

scalar), the Hankel functions have the following asymptotical behaviour [25]

H(1)
ν (−kτ)→

√
2

π (−kτ)
e−ikτ−π(ν+1/2)/2 (44)

H(2)
ν (−kτ)→

√
2

π (−kτ)
eikτ+π(ν+1/2)/2, (45)
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when −kτ � 1 → k � aH, i.e. in the subhorizon limit the mode functions
behave as positive/negative plane waves. In the superhorizon limit, −kτ � 1→
k� aH, the asymptotic behaviour is [25]

H(1)
ν (−kτ)→ −i

√
2
π

2ν−3/2 Γ (ν)

Γ (3/2)
(−kτ)−ν (46)

H(2)
ν (−kτ)→ i

√
2
π

2ν−3/2 Γ (ν)

Γ (3/2)
(−kτ)−ν , (47)

i.e. in the superhorizon limit σk = χk/a ∝ (−τ)3/2−ν ∝ constant, when ν ≈ 3/2.

2.1.2 Quantization of the field and choosing the vacuum

As we are studying the quantum fluctuations of the field, we want to quantize
the field. To quantize the scalar field σ, we promote

δ̂σ (τ, x) =
∫ d3k

(2π)3

(
eik·x uk (τ) âk + e−ik·x u∗k (τ) â†

k

)
, (48)

where âk and â†
k are respectively the annihilation and creation operators, the

mode functions uk (τ) satisfy the equation of motion eq. (41) (χk ∝ uk/a). When
we impose the canonical equal-time commutation relations for δ̂σ (t, x) and its
canonical momentum Π̂δσ,[

δ̂σ (x) , Π̂δσ (y)
]
= iδ (x− y) (49)[

δ̂σ (x) , δ̂σ (y)
]
=
[
Π̂δσ (x) , Π̂δσ (y)

]
= 0, (50)

we can also write the equivalent commutator relations for the creation and anni-
hilation operators:

[âk, âk′ ] =
[

â†
k, â†

k′

]
= 0 (51)[

âk, â†
k′

]
= (2π)3 δ

(
k− k′

)
, (52)

with the normalization condition [24, 26]

uku∗′k − u∗k u′k = ia−2, (53)

where the conformal time derivatives originate from the canonical momentum.
The problem of choosing the vacuum still lingers. In quantum field theory

in curved spacetime there is in general no unique or preferred choice of vacuum:
the dynamical spacetime leads to a time-dependent minimum-energy state, i.e. in
Schrödinger picture, the state Ψ0 which we define to have zero particle number
at a certain time τ0 can generally have a non-zero particle number at time τ1 > τ0
(see for example ref. [27]). However, in the context of inflation we have a natural
choice for the vacuum, as in the beginning of inflation all relevant modes of the
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fluctuations were deep inside the horizon (assuming that the total amount of e-
folds is Ntot � 60). In this limit, eq. (41) tells us that

k� aH → χ′′k + k2χk = 0, (54)

for V,σσ ≈ 0, i.e. the modes have time-independent frequencies and the result
coincides with that of a Minkowski space. From eqs. (43), (44) and (45), we have
that the mode function in the limit −kτ � 1 reads

χk →
√

2
πk

(
c1,k e−ikτ−π(ν+1/2)/2 + c2,k eikτ+π(ν+1/2)/2

)
. (55)

As we define particles in the Minkowski space as positive frequency plane waves,
we choose the vacuum such that χk matches the Minkowski result (54) in this
limit. This then corresponds to setting

c2,k = 0→ χk =

√
2

πk

(
c1,k e−ikτ−π(ν+1/2)/2

)
. (56)

The coefficient c1,k is fixed by the normalization condition (53) for the non-scaled
mode functions uk, which yields

c1,k =

√
π

2
. (57)

The vacuum choice (56) and (57) is referred to as the Bunch-Davies vacuum [28].
To recap, this choice corresponds to defining particles as positive frequency plane
waves, and in the context of inflation this means that the modes deep within the
horizon coincide with the flat space interpretation of particles.

And finally, we can write the mode function uk as

uk (τ) =
χk (τ)

a (τ)
= (−τ)3/2 H

√
π

2
H(1)

ν (−kτ) , (58)

and we can also write the field operator δ̂σ (τ, x) as

δ̂σ (τ, x) =
∫ d3k

(2π)3

(
eik·x uk âk + e−ik·x u∗k â†

k

)
(59)

=
∫ d3k

(2π)3 eik·x
(

uk âk + u∗k â†
−k

)
(60)

≡
∫ d3k

(2π)3 eik·xσ̂k (τ) , (61)

where we used the isotropy condition uk = uk.
We are then ready to compute any n-point correlator of the field. For ex-

ample, the two-point function between modes k and k′, which gives the power
spectrum that is to be discussed more in the next section, is given by

〈σ̂k (τ) σ̂k′ (τ)〉 = 〈0 |σ̂k (τ) σ̂k′ (τ)| 0〉 = uku∗k′〈0
∣∣∣âk â†

−k′

∣∣∣ 0〉 (62)

= (2π)3 δ
(
k + k′

)
uku∗k′ = (2π)3 δ

(
k + k′

)
|uk|2. (63)
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As discussed in the previous section, the mode functions of the field fluc-
tuations behave like plane waves within the horizon. Therefore, deep within the
horizon the field behaviour is in a quantum state. However, when the corre-
sponding wavelength crosses the Hubble horizon, the quantum state becomes a
squeezed state, which essentially corresponds to a classical stochastic configura-
tion, after the decaying mode is neglected [29, 30, 31]. One can then compute
the expectation value of the quantum field, which at later times (when the cor-
responding scale has exited the horizon) is then matched with the variance of a
classical stochastic variable. See for example refs. [29, 30, 31].

2.1.3 Power spectrum of fluctuations

The power spectrum Pσ is usually defined as the Fourier transformation of the
real space equal-time two-point correlator, i.e.

〈0
∣∣∣δ̂σ (τ, x) , δ̂σ (τ, y)

∣∣∣ 0〉 =
∫ d3k

(2π)3
d3k′

(2π)3 〈σ̂k (τ) σ̂k′ (τ)〉eik·xeik′·y (64)

=
∫ d3k

(2π)3 |uk|2 eik·(x−y) =
∫ d3k

(2π)3 Pσ (k) eik·(x−y).

(65)

In the literature one usually defines the scaled power spectrum Pσ = k3Pσ/2π2,
which has the following solution with the Bunch-Davies vacuum choice

Pσ (k) ≡
k3

2π2 Pσ (k) =
k3

2π2 |uk|2 (66)

=

(
H
2π

)2 π

2
(−kτ)3

∣∣∣H(1)
ν (−kτ)

∣∣∣2, (67)

where we used the result (58). We can then use the late-time asymptotic limit
expressions for the Hankel function given in eq. (46). For the light scalar, the
power spectrum Pσ in the superhorizon limit −kτ � 1 is then

Pσ (k) ≈
(

H
2π

)2

×
(

k
aH

)3−2ν

, (68)

where the index ν can be written as

ν =
3
2

√
1− 4

9
V,σσ

H2 ≈
3
2
− V,σσ

3H2 =
3
2
− ησ, (69)

where we used the condition V,σσ � H2, and defined the second slow-roll pa-
rameter ησ for the field σ.

The power spectrum of the fluctuations that the scalar field acquires is then

Pσ (k) ≈
(

H
2π

)2

×
(

k
aH

)2ησ

, (70)
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or in the massless case V,σσ = 0,

Pσ (k) ≈
(

H
2π

)2

. (71)

This demonstrates that the light scalar field acquires nearly scale-invariant per-
turbations for the modes that have exited the horizon in de Sitter space. As we
can see, for the massless case (71) the power spectrum is scale-invariant. How-
ever, before discussing the fluctuations of the inflaton field, we need to take into
account the fact that due to the need to end inflation at some point, the spacetime
cannot be a pure de Sitter space. We will discuss how this affects the calculations
in the next section.

2.2 Fluctuations of a generic light scalar in quasi de Sitter

So far we have studied the evolution of the light scalar field in pure de Sitter
space, i.e. the Hubble rate is assumed to be constant and the expansion fol-
lows a = eHt. However, during inflation the Hubble rate is not constant, as
we saw in Section 1.3.3, the change of Hubble rate is described by the parame-
ter εH = −Ḣ/H2. Luckily, the inclusion of this quasi de Sitter behaviour does
not drastically alter the computation that was described in the previous section.
There are two ways we can introduce the time-dependent H or ε into the analysis.
In the first one we assume that there is ε dependency in the scale factor, and in
the second one we take the pure de Sitter result (70) and then reinstate the time-
dependency in the Hubble rate and compute the spectral index, which describes
the scale-dependency of the spectrum.

2.2.1 Effect of quasi de Sitter spacetime

First, we can write the scale factor as

a (τ) =
−1

Hτ1+εH
. (72)

For small values of εH, which are required for a successful inflationary period,
the only change is that in eq. (39), the term a′′/a acquires εH proportional term,
a′′/a ≈ (2 + 3εH) /τ2. We can then write eq. (42) as before, but replace the
previous index ν with

ν =

√
9
4
− V,σσ

H2 → ν =

√
9
4
+ 3εH −

V,σσ

H2 . (73)

Assuming that the field is light, and that εH remains small, we can use the
result (68) for the power spectrum Pσ, except now

ν ≈ 3
2
+ εH − ησ. (74)
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The power spectrum for the light scalar field in the quasi de Sitter space, in the
superhorizon limit, is then given by [24]

Pσ (k) ≈
(

H
2π

)2

×
(

k
aH

)−2εH+2ησ

. (75)

Where we can see that the scale-dependency (k-dependency) of the spectrum
changed due to the spacetime being non-pure de Sitter.

2.2.2 Alternative approach and parametrization of the spectrum

Alternatively, we can take the pure de Sitter solution (70)

Pσ (k) ≈
(

H
2π

)2

×
(

k
aH

)2ησ

, (76)

and consider that there is a scale-dependency in the Hubble rate. In this case,
reinstate that there is a small time- or scale-dependency in the Hubble rate H →
Hk. The value of the Hubble rate then corresponds to the given wavelength k−1

that exits the horizon during inflation, and from thereon remains frozen due to
the superhorizon behaviour discussed previously.

It is customary to define the scale-dependency in the spectrum in terms of
the spectral index [4]:

nσ − 1 =
d logPσ

dlog k
. (77)

As we assume that the scalar field is in slow-roll, we can then compute eq. (77).
First, we note that dlog k = dlog a + dlog H ≈ dlog a, as we work first-order in
slow-roll. We can then write [5, 24]

nσ − 1 =
d

dlog k
log
(

Hk

2π

)2

+
d

dlog k
log
(

k
aH

)2ησ

(78)

=
2
H

dH
dlog k

+ 2ησ =
2
H

dH
dt

dt
dlog a

+ 2ησ (79)

= 2
Ḣ
H2 + 2ησ = −2εH + 2ησ, (80)

which reproduces our result (75). We can then write

Pσ (k) =
(

H
2π

)2( k
aH

)nσ−1

, (81)

and we can see, that for small slow-roll values nσ − 1 ≈ 0.
We have now seen that the fluctuations of a light scalar field yield a power

spectrum that is nearly scale-invariant. It is customary to approximate this weakly
scale-dependent power spectrum P by a power-law form. In the literature the
standard parametrization is [4]

Pσ (k) = Pσ (kref)

(
k

kref

)nσ−1+ 1
2 ασlog

(
k

kref

)
+ 1

6 βσlog2
(

k
kref

)
+...

, (82)
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where kref is the reference or pivot scale which, i.e. the scale kref = arefHref that
crosses the horizon during inflation, and Pσ (kref) is the amplitude of the spec-
trum at the pivot scale. The parameters ασ and βσ are referred to as the running
of the spectral index and running of the running, respectively. They describe the
scale-dependency of the spectrum in next-leading orders in slow-roll. The spec-
tral index, running and running of the running are defined as [4]

nσ = 1 +
d logPσ

dlog k

∣∣∣∣
k=kref

(83)

ασ =
d2 logPσ

dlog k2

∣∣∣∣∣
k=kref

(84)

βσ =
d3 logPσ

dlog k3

∣∣∣∣∣
k=kref

, (85)

where the quantities are evaluated at the horizon crossing k = kref. We will come
back to the discussion on the power spectrum in Section 3.2, where we will study
the spectrum of primordial perturbations.



3 PRIMORDIAL PERTURBATIONS

In this chapter, we will give a brief review on the primordial perturbations, the
small deviations from the homogeneous and isotropic universe, that allow the
emergence of the growth of structures that are seen today. These perturbations
are believed to originate from the initial fluctuations of the scalar fields present
during inflation. We start by going through the linear order cosmological per-
turbation theory in Section 3.1, that is needed in quantifying and computing the
curvature perturbations, and their relation to the matter content of the universe.
In Section 3.2.1, we compute the primordial curvature perturbation power spec-
trum in the single-field slow-roll inflation, i.e. perturbations that originate from
the fluctuations of the inflation-driving inflaton field. We also give a brief re-
view on an alternative approach to perturbation theory, the separate universe
approach or ∆N formalism [32, 33, 34, 35] in Section 3.3. The ∆N formalism al-
lows us to compute the primordial curvature perturbation in multifield scenarios,
where the perturbations are sourced by multiple scalar fields. As a case-example,
we study the curvaton scenario [36, 37, 38] in Section 3.4, which is a two-field
model, where the inflaton is responsible for the inflationary dynamics, while the
primordial perturbations originate from a spectator field dubbed as the curvaton.

3.1 Cosmological perturbation theory

In this section we study the cosmological perturbation theory, that is needed in
the computation of primordial perturbations. We start by discussing the scalar-
vector-tensor decomposition of the perturbed metric, and move on to discuss the
different gauge-invariant quantities. We briefly touch on the matter of adiabatic
and non-adiabatic perturbations and their evolution on superhorizon scales. This
section is mostly based on the presentation of cosmological perturbation theory
given in refs. [13, 25, 39].

3.1.1 Metric perturbations and SVT-decomposition

We start by writing the perturbed metric gµν as

gµν = ḡµν (τ) + δgµν (τ, x) , δgµν � ḡµν, (86)

where ḡµν = a2 (τ) diag (−1, 1, 1, 1), is the standard unperturbed FRW-metric
(in conformal time) and δgµν is the small perturbation on the FRW-background.
As before, the barred quantities refer to the background values, and quantities
without bars are the perturbed quantities. We know the form of the metric on the
homogeneous and isotropic FRW-background, but what is the general form for
the perturbed part? It happens that the metric perturbations can be decomposed
according to the their transformation properties under spatial rotations. First,
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the spacetime is sliced into homogeneous constant-time spacelike slices (referred
to as the (3 + 1) -split). Then the rotations on these hypersurfaces of constant
time leads to three different perturbations: scalar, vector and tensor perturba-
tions. This is referred to as the SVT-decomposition. [25]

In SVT-decomposition one usually starts by writing the components of the
metric perturbation as [25]

δgµν = a2 (t)
(
−2A −Bi
−Bi hij

)
, (87)

where A = A (τ, x), Bi = Bi (τ, x) and hij = hij (τ, x). The quantity hij is usually
further decomposed into the trace and traceless parts hij = −2Dδij + 2Eij. The
full metric then reads

gµν = a2 (τ)

(
−1− 2A −Bi
−Bi (1− 2D) δij + 2Eij

)
. (88)

It is then straightforward to show that under constant rotation gαβ = Λµ
αΛν

βgµν,
where Λµ

ν = diag
(
1, Λi

j
)

is the rotation matrix, the components of gµν trans-
form such that A and D transform as scalars, Bi transforms as a vector and Eij
transforms as a (0, 2)-tensor. It is customary to further decompose the Bi and Eij:

Bi = ∂iB + BV
i (89)

Eij =

(
∂i∂j −

1
3

δij∇2
)

E +
1
2
(
∂iEj + ∂jEi

)
+ ET

ij , (90)

where B and E transform as scalars, BV
i and Ei transform as vectors and ET

ij trans-
forms as a tensor.

In the SVT-decomposition the perturbed metric has all in all ten degrees of
freedom: four scalars A, B, D and E (1 degree of freedom for each), two vectors Bi
and Ei (2 degrees for freedom for each) and one tensor ET

ij (2 degrees of freedom).
In linear order perturbation theory the scalar, vectorial and tensorial degrees of
freedom decouple from each other, i.e. their evolution can be studied indepen-
dently [25]. The vector perturbations are decaying solutions, and not much of
interest in the context of this thesis, as they are not excited during inflation [25].
The tensor perturbation ET

ij is gauge-invariant quantity and corresponds to grav-
itational waves [25]. The interest of this thesis are scalar perturbation degrees of
freedom, as they couple to the matter density and the curvature perturbation. In
the following sections we will focus on the scalar perturbations.

3.1.2 Scalar perturbations and gauge freedom

The line-element of the scalar part of the metric reads [13, 25]

ds2 = a2
[
− (1 + 2A)dτ2 − 2∂iBdτdxi +

(
(1− 2ψ) δij + 2∂i∂jE

)
dxi dxj

]
, (91)

where we defined the quantity ψ as

ψ = D +
1
3
∇2E, (92)
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which is referred to as the curvature perturbation, as the scalar curvature 3R, the
spatial part of the Ricci scalar, can be written in terms of it, (3)R =

(
4/a2)∇2ψ

[25].
As expected, there are certain gauge-freedom in the computation. Although

we start from a configuration with scalar perturbations, for a general gauge-
transformation generated by the vector field ξµ

(
τ, xi), it is possible that the trans-

formation induces vector perturbations. These remnants are not physical, as they
are only effects of a badly chosen gauge. To avoid these pure gauge effects, it is
then customary to divide the spatial part of the vector ξ i to the scalar and vecto-
rial part

ξ i = χi + ∂iξ, (93)

and only consider the following gauge transformations

x̃0 = x0 + ξ0 (τ, x) , x̃i = xi + δij∂jξ (τ, x) . (94)

With these choices and with the requirement that the line-element (91) is invariant
under the above gauge-transformation, one can check how the scalar quantities
in eq. (91) transform: [25]

Ã = A− ∂0ξ0 −Hξ0, B̃ = B + ξ0 − ∂0ξ (95)

D̃ = D +
1
3
∇2ξ +Hξ0, Ẽ = E− ξ (96)

ψ̃ = ψ +Hξ0. (97)

In the perturbed metric (91) we have four different scalar quantities A, B, E, ψ,
and if we take into account the inflaton ψ, that dominates the energy density of
the universe during inflation, there are five different scalar degrees of freedom
in total. If one fixes the two gauge degrees of freedom (94), and takes into ac-
count the constraint eqs. coming from the continuity conditions ∇µGµν = 0 and
∇µTµν = 0, there is one scalar degree of freedom left — assuming that only one
scalar field contributes to Tµν. Next we then identify different gauge-invariant
scalar quantities, that are used in the computation of primordial perturbations.

Let us first define the Bardeen potentials [40]

Φ ≡ A−H
(

B + E′
)
−
(

B + E′
)′ , Ψ ≡ ψ +H

(
B + E′

)
, (98)

one can check using the transformation of A, B, E and ψ that Φ and Ψ are indeed
gauge-invariant quantities. In the conformal Newtonian gauge one sets the scalar
perturbations B and E to zero, which is achieved from any gauge that has E, B 6= 0
by choosing ξ0 = E′ + B and ξ = E. In the Newtonian gauge we then have that

Ã = A− ∂0ξ0 −Hξ0 = A−
(

B + E′
)′ −H (B + E′

)
(99)

ψ̃ = ψ +Hξ0 = ψ +H
(

B + E′
)

, (100)
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i.e. the Bardeen potentials Φ and Ψ coincide with the scalar perturbations A and
ψ. In the conformal Newtonian gauge the metric is then simply just

gµν = a2
(
−1− 2Φ 0

0 (1− 2Ψ) δij

)
. (101)

In the case, where the perturbed system is described by an ideal fluid which
anisotropic stress vanishes, the Bardeen potentials are equivalent Φ = Ψ [25]. The
conformal Newtonian gauge is useful when computing structure formation from
the perturbed Einstein eqs. δGµ

ν = M−2
Pl δTµ

ν . In the subhorizon limit the con-
formal Newtonian gauge approaches the standard Newtonian description, and
in this limit one can understand the Bardeen potential as a Newtonian gravita-
tional potential due to density perturbations. The Bardeen potentials are then of-
ten used when the subhorizon evolution of perturbations are studied, but due to
non-trivial time evolution, different gauge-invariant measures of the scalar per-
turbations are used on the superhorizon levels.

In the context of inflation, one of the most used quantities is the curvature
perturbation on uniform-density hypersurfaces [39]

−ζ = ψ +
H
ρ̄′

δρ = ψ|δρ=0 , (102)

where δρ is the perturbation of the energy density. The name refers to working
in a uniform-density gauge, where δρ = 0. In this gauge, by construction, it is ζ

that represents the gravitational potential ψ on uniform energy density slices. We
know that the scalar quantities transform as δS̃ (xµ) = δS (xµ)− ξ0S̄′ (t) [25], and
it is then clear from eq. (97), that eq. (102) is obtained by setting ξ0 = δρ/ρ̄′. In
the literature ζ is often written as

−ζ = ψ− δρ

3 (ρ̄ + p̄)
, (103)

where we used the continuity equation for the background field ρ̄′+ 3H (ρ̄ + p̄) =
0. The advantage of using ζ in the computation of the scalar perturbations is its
superhorizon evolution: in the single-field slow-roll inflation ζ is conserved on
superhorizon scales [39]. We will discuss the evolution of ζ in Section 3.1.3. We
will encounter ζ also in Section 3.3, where we will discuss the separate universe
method of computing perturbations.

Another often used gauge-invariant quantity is the curvature perturbation
on comoving slices R. It is defined in terms of ψ and the inflaton field φ (single-
field case), as for the observers on the comoving slices the expansion is isotropic,
and thus there is no measured energy flux, T0i = 0 [13]. During inflation T0i ∝
∂iδφ, which means that these observes measure δφ = 0 on comoving slices [13].
We know that the perturbation of the scalar field transforms as δφ̃ = δφ− φ̄′ξ0,
i.e. we choose ξ0 = δφ/φ̄′ on the comoving slice. The definition for the comoving
curvature perturbationR is then

R = ψ +Hξ0 = ψ +Hδφ

φ̄′
= ψ + H

δφ
˙̄φ

. (104)
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Perturbations ζ and R can be related via the linearized Einstein equations,
and in Fourier space this reads [13]

−ζk = Rk +

(
k
H

)2 2ρ̄

3 (ρ̄ + p̄)
Ψk, (105)

where Ψ is one of the Bardeen potentials. We can see, that on superhorizon levels,
k � H, the two quantities coincide −ζk ≈ Rk. Also, ζ and R are equal during
(single-field) slow-roll [13]. This means that as ζ is conserved in the superhorizon
limit, so is R. In the Newtonian gauge, the curvature R can be written in terms
of the Bardeen potential Φ:

R = Φ +
2

3H (1 + w)

(
Φ′ +HΦ

)
, (106)

where w = p̄/ρ̄ [25]. For w = const., as is for the single-field case, where per-
turbations are adiabatic, the superhorizon result for eq. (4) in Fourier space reads
[39]

Rk =
5 + 3w
3 + 3w

Φk. (107)

Therefore, the superhorizon value of the gravitational potential is related to the
conserved curvature perturbationR.

One can also consider a spatially flat gauge ψ̃ = 0. Starting from a non-flat
gauge, this gauge choice corresponds to fixing ξ0 = −ψ/H. This of course fixes
also the perturbation of the inflaton field, i.e.

δφ̃ = δφ− φ̄′ξ0 = δφ + φ̄′
ψ

H . (108)

We then define the so-called Sasaki-Mukhanov variable Q as [13, 41, 42]

Q = δφ + φ̄′
ψ

H =
φ̄′

HR =
˙̄φ

H
R, (109)

where we used the definition (104) for R. This gauge-invariant quantity de-
scribes the inflaton fluctuations on a spatially flat slicing, i.e. Q = δφ|ψ=0. This
allows us to connect the curvature perturbation R to the inflaton fluctuations,
R =

(
H/ ˙̄φ

)
δφ. We are going to come back to this result in Section 3.2, where we

compute the power spectrum of the curvature perturbationR.

3.1.3 Evolution of ζ & adiabatic and non-adiabatic perturbations

Generally, to study the evolution of the perturbations one needs to start from the
Einstein eqs. (2). On the left-hand side of eq. (2) one computes the Einstein tensor
from the perturbed metric (86), by first computing the Christoffel connections and
then proceeds to compute the Riemann tensor and Ricci scalar etc. On the right-
hand side of eq. (2), one also perturbs the matter content in Tµν, i.e. ρ → ρ̄ + δρ
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and p → p̄ + δp. This is straightforward albeit laborious. In the end, one ends
up with four Einstein equations and two continuity equations for the perturbed
quantities.

However, as we are now interested in the superhorizon evolution of the
perturbations, we do not need to perform the laborous process of going through
the full perturbed Einstein equations. The local conservation of ∇µTµ

ν = 0 can
be used to derive the result for the time-evolution of ζ [43]. Assuming that all
gradients vanish at large enough scales, the superhorizon result reads [43]

ζ ′ ≈ − H
ρ̄ + p̄

(
δp− p̄′

ρ̄′
δρ

)
= − H

ρ̄ + p̄
δpnad, (110)

where pnad is the referred to as the non-adiabatic component of the pressure.
For adiabatic perturbations δpnad = 0, which implies that ζ is conserved on su-
perhorizon scales. For non-adiabatic perturbations the curvature perturbation ζ

evolves on the superhorizon scales.
The adiabatic perturbations correspond to a change in the total energy den-

sity ρ. Adiabatic perturbations have the property, that the value or state of the
matter at (τ, x) in the perturbed universe is the same as in the background uni-
verse at some different shifted time (τ + δτ, x). For example, we have that for the
energy density and pressure the adiabatic condition says that [6]

δρ (τ, x) = ρ̄ (τ + δτ (x))− ρ̄ (τ) = ρ̄′δτ (x) (111)
δp (τ, x) = p̄ (τ + δτ (x))− p̄ (τ) = p̄′δτ (x) . (112)

As the shift is common for both of the scalar quantities, we get the adiabatic
condition

δρ

ρ̄′
=

δp
p̄′

, (113)

which is fulfilled for barotropic fluids, which have the equation of state p =
p (ρ) = wρ, where w is constant, i.e. δp = wδρ. We can then see, that for adi-
abatic perturbations (113) the non-adiabatic pressure δpnad in eq. (110) vanishes,
that is, for adiabatic perturbations the curvature perturbation ζ is constant on
superhorizon scales:

ζ ′ = 0, (114)

if δpnad = 0 on superhorizon scales during inflation. It is then justified to com-
pute the value of ζ at the horizon exit and to ignore the superhorizon evolution.
This effect is essentially just the conservation of entropy, as there are no perturba-
tions between different fluid components.

If the universe contains multiple fluids I, J, and there is no energy transfer
between the fluids at the background level, we can write the above condition
(113) as

δI

1 + wI
=

δJ

1 + wJ
, (115)
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where δI = δρI/ρ̄I , and where we used the continuity eq. ρ̄′I + 3H (1 + wI) ρ̄I =
0. For example, in the case universe contains matter (wm ≈ 0) and radiation
(wr = 1/3), we have that for adiabatic perturbations δr = 4δm/3.

While the adiabatic perturbations respect the conservation of entropy, this
is not true for the non-adiabatic perturbations that are usually referred to as en-
tropy or isocurvature perturbations. Isocurvature perturbations correspond to
perturbations between the different fluid components. Following eq. (115) it is
customary to define the isocurvature perturbations as [6]

SI J =
δI

1 + wI
−

δJ

1 + wJ
= −3H

(
δρI

ρ̄′I
−

δρJ

ρ̄′J

)
, (116)

which vanishes for adiabatic perturbations, i.e. SI J = 0. In the uniform-density
gauge ψ = 0, eq. (116) can also be written as SI J

∣∣
ψ=0 = 3 (ζ I − ζ J) [43]. We can

also define the isocurvature perturbation in terms of δpnad:

δS =
H
ρ̄′

δpnad = H
(

δp
p̄′
− δρ

ρ̄′

)
, (117)

which also allows us to write eq. (110) as ζ ′ = 3HδS.
In the single-field slow-roll inflation, the perturbations generated during in-

flation are adiabatic [44, 45] (see also ref. [13]). On the superhorizon scales the
curvature perturbation ζ is thus conserved. If there are multiple fields involved
in the inflationary dynamics, one generally can have isocurvature (or entropy)
perturbations. With multiple fields, it is possible to redefine the fields such that
one field is responsible for the adiabatic perturbations, while other fields can be
either purely isocurvature perturbation or a mixture of both [46]. If there are
multiple fields present during inflation, the evolution of both the adiabatic and
non-adiabatic perturbations is non-trivial, as the entropy perturbations (that can
also have superhorizon evolution) can be transformed into adiabatic ones. Impor-
tantly, current observations are consistent with purely adiabatic perturbations [4].
See e.g. refs. [39, 46] for more details.

3.2 Curvature perturbation in singe-field slow-roll

We are finally ready to discuss the primordial perturbation originating from the
inflaton field. In principle, there are various different ways how to proceed on
computing the emerging perturbations. First, one can start from the full Einstein-
Hilbert action

S =
∫

d4x
√
−g

(
M2

Pl
2

R + Lφ

)
, (118)

where R is the Ricci scalar and Lφ is the Lagrangian of the inflaton field. From
here one then proceeds to expand the perturbed Ricci scalar etc. Another way
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is to compute the perturbed Einstein and energy-momentum tensor in a gauge-
invariant way and find the evolution equations. Both of these methods are quite
labourious, and we will not go through them in this present work — see e.g. refs.
[13, 25, 39] for details.

In this work, we first compute the power spectrum of curvature perturba-
tion R by identifying that the quadratic action for R coincides in the comoving
gauge, that was discussed in Section 3.1.2, with the action for a massless test
scalar discussed in Chapter 2, where we did not have to take into account the
metric perturbations in the computation. We can therefore use the already de-
rived results in computing the power spectrum PR.

One can also use the separate universe approach or ∆N formalism, to com-
pute the primordial perturbations. This approach is especially helpful when
studying scenarios involving multiple scalar fields in the very universe. We will
discuss the ∆N formalism in Section 3.3.

3.2.1 Power spectrum of curvature perturbations generated by the inflaton

The quadratic action forR can be written as [13, 47]

SR =
1
2

∫
dτd3x

(
aφ̄′

H

)2 [
R′2 − (∇R)2

]
. (119)

We can write eq. (119) in a more familiar form, if we define q = zR, where
z = aφ̄′/H. The action for q reads [13]

Sq =
1
2

∫
dτd3x

[(
q′
)2 − (∇q)2 +

z′′

z
q2
]

, (120)

which has the same form as the action for the scaled test scalar χ = aδσ in eq.
(38), except the effective mass term a′′/a− a2V,σσ is replaced by z′′/z. In the pure
de Sitter limit, where H ' const., we have z′′/z = a′′/a = 2/τ2, i.e. eq. (120)
describes a massless scalar field that was already discussed in Chapter 2. In the
quasi de Sitter limit, where the time-dependency of H is described the slow-roll
parameter εH, the field acquires a small effective mass that depends on the slow-
roll parameters (as was the case in the quasi de Sitter limit discussed in Chapter
2).

In the spatially flat gauge we have that the scaled Sasaki-Mukhanov vari-
able (109) is

q|ψ=0 =
a ˙̄φ
H
R|ψ=0 = a Q|ψ=0 = a δφ|ψ=0 , (121)

i.e. we can write the gauge-invariant curvature perturbation R in the Fourier
space as

Rk =
H
˙̄φ

δφk, (122)
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where we dropped the subscript ψ = 0 referring to spatially flat gauge. We can
then follow to define the curvature power spectrum PR to be

〈RkRk′〉 =
(

H
˙̄φ

)2

〈δφkδφk′〉 = (2π)3 δ
(
k + k′

) 2π2

k3 PR (k) . (123)

The curvature spectrum PR is then the scalar spectrum multiplied by the factor
coming from the Sasaki-Mukhanov variable:

PR (k) =

(
H
˙̄φ

)2

Pδφ (k) . (124)

We can then use the slow-roll eqs. (32) to write (H/ ˙̄φ)2 =
(
2εφM2

Pl

)−1. As dis-
cussed, the action for q = aδφ describes fluctuations of a light scalar field, and
as we know that the curvature perturbations R freeze on superhorizon scales
in single-field slow-roll inflation, we can evaluate Pδφ at the horizon crossing
k = aH and use the result (71). The primordial curvature spectrum PR is then
given by

PR (k) =
1

2εφM2
Pl
×
(

H
2π

)2
∣∣∣∣∣
k=aH

, (125)

which is the main result of this section.
We can find the scale-dependency of the curvature spectrum PR as we did

in Sec. 2.2.2, by considering that the Hubble rate H is not exactly constant. The
spectral index ns for the primordial curvature perturbation is then

ns − 1 =
d logPR
dlog k

∣∣∣∣
k=aH

(126)

=

(
− 1

εφ

dεφ

dlog k
+

2
H

dH
dlog k

)
k=aH

(127)

= −4εφ + 2ηφ − 2εφ = −6εφ + 2ηφ, (128)

where we used the slow-roll equations (32) and set εH = εφ. Note that all quan-
tities are evaluated at the horizon crossing k = aH. Note that compared to the
power spectrum of test scalar (80), the spectral tilt for curvature perturbations is
more tilted due to the extra εφ terms.

3.2.2 Current constraints on PR and testing inflationary models

Let us then briefly discuss the constraints on the power spectrum (125) and how
they are used in constraining the inflationary models. As discussed previously, it
is customary to parameterize the spectrum as [4]

PR (k) = As

(
k

kref

)ns−1+ 1
2 αslog

(
k

kref

)
(129)
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where we took the parameterization only to second-order in slow-roll, and As =
PR (kref) is the amplitude of the spectrum at the pivot scale. In terms of the slow-
roll parameters, the running of the spectral index αs is given by [39]

αs = −24ε2
φ + 16εφηφ − 2ξφ. (130)

The Planck 2018 best-fit values for the spectral index and its running are ns =
0.9641 ± 0.0044, αs = −0.0045 ± 0.0067, where the Planck pivot scale is kref =
0.05 Mpc−1 [4]. The Planck 2018 data is then consistent with a vanishing running
of the scalar spectral index ns. The scale-invariant Harrison-Zeldovich spectrum,
ns − 1 = 0, is also ruled out in a great accuracy [48]. At the Planck pivot scale
kref = 0.05 Mpc−1, the amplitude of the primordial perturbations is observed to
be As ≈ 2.09× 10−9 [4].

Given the inflaton potential V (φ), one can compute the slow-roll param-
eters and the spectrum (125) in terms of the model parameters. These need to
satisfy the observed values for the amplitude and and the scale-dependency of
PR. The exact details depend on the model details, such as how the end of in-
flation and reheating (decay of inflaton) affect the amount of e-folds between the
horizon exit of the observed CMB scale and the end of inflation.

Another important observable quantity is the spectrum of tensor perturba-
tions PT, which measures the primordial gravitational waves coming from infla-
tion — see for example refs. [13, 25] for more information. The power spectrum
is given by [13]

PT (k) =
8

M2
Pl
×
(

H
2π

)2
∣∣∣∣∣
k=aH

, (131)

that is, the amplitude of tensor perturbations depends only on the inflationary
scale H, and not on the inflaton model details. The amplitude of the tensorial per-
turbations is usually characterized in terms of the tensor-to-scalar ratio r, which
is defined as [13]

r =
PT

PR
. (132)

In the single-field slow-roll inflation the tensor-to-scalar ratio (132) is then given
by

r = 16εφ, (133)

where εφ is evaluated at the horizon crossing. The current observational limit
for the tensor-to-scalar ratio is r < 0.06 at the pivot scale kref = 0.002 Mpc−1 [4].
The upper-bound on r is then also a direct constraint for the slow-roll εφ. Eq.
(133) also acts as a consistency relation for single-field inflation: if the relation is
observationally found to be violated, the inflation is not driven by a single scalar
field.
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3.3 Alternative approach to perturbations: ∆N formalism

We have now seen how in the linear perturbation theory one can straightfor-
wardly compute the spectrum of adiabatic perturbations, for which the curvature
perturbation is conserved on the superhorizon scales. In short, one can choose
the preferred slicing in which to do the computation, as the different gauges co-
incide at the large-scale limit. However, if one wants to study higher-order ef-
fects, such as non-Gaussianities (which involve higher-order field correlators),
one is required to use higher-order perturbation theory. Albeit straightforward,
the non-linearities in the calculation become labourious already in the second-
order. This problem is also present in the case, where one wants to consider mul-
tifield models, where one needs to take into account the effect of non-adiabatic
(isocurvature) perturbations. Fortunately, there is an alternative approach, the
∆N formalism or the separate universe approach, which we will discuss in this
section, before moving on to discuss multifield models in Section 3.4. We mostly
follow refs. [32, 33, 34, 35, 49].

3.3.1 Separate universes and gradient expansion

The gist of the separate universe approach [32, 33, 34, 35] is to consider the re-
sult of gradient expansion [32, 33], that each super-horizon sized region of the
universe evolves like a separate FLRW universe. The matter content, i.e. en-
ergy density and pressure, can be have different values in each patch, but these
patches are still homogeneous and isotropic. The idea is then that in this ap-
proach the perturbation is not defined as a deviation from a background value,
as in the linear perturbation theory, but as a difference between different separate
patches.

For these patches to evolve independently without causal contact, they need
to be separated by scales larger that H−1 = (aH)−1. Also, as we assume that the
different patches are individual FLRW universes, there needs to exist a smooth-
ing scale λs & H−1, that allows to treat the patch as a homogeneous region free
of gradients — see for example Figure 1 in ref. [43]. One then needs to consider
a local (FLRW) region, which is significantly smaller than the smoothing scale λs,
but also larger than the Hubble horizon, as we are interested in the superhori-
zon evolution of the curvature quantities, that is, the treatment applies on scales
H−1 < k−1 < λs. [33, 34, 43]

One then starts from a generic metric (in the ADM formalism [50]), and
deals with the resulting inhomogeneities in the Einstein eqs. by expanding the
spatial gradients in some expansion parameter ε̃, i.e. the gradient quantities are
multiplied by ε̃ and it is assumed that ε̃ � 1 [32]. Assuming that the smoothing
scale is large enough, in the first-order gradient expansion the Einstein eqs. re-
duce in leading-order to the standard homogeneous Friedmann equations, and
the gradient terms yield an additional term, that acts as a momentum constraint
equation of general relativity [32, 33].
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3.3.2 The metric and local scale factor

In the separate universe approach the metric is parameterized as in the Arnowitt-
Deser-Misner formalism [50], and to first order in gradient expansion it can be
shown to be [32]

ds2 = −N 2dt2 + γijdt
(

Nidxj + N jdxi
)
+ γijdxidxj, (134)

whereN is the lapse function, Ni is the shift-function and γij is the spatial metric.
The three-metric is then written as γij = e2αγ̃ij, and the locally-defined scale
factor ã is then defined as [32]

ã = eα = a (t) e−ψ(t,x), (135)

where the coordinate x refers to the coarse-grained quantities, and the global scale
factor a (t) and the quantity ψ were factored out. We can then see that the differ-
ence between the evolution of the different patches described by the local scale
factors ã, is encoded in the quantity ψ. If the perturbation ψ vanishes for example
at our location of the observable universe, we have that a (t) is the scale factor of
our part of the universe. The local Hubble parameter is then given by [32]

H̃ =
1
N

dα

dt
=

1
N

d
dt

log
(

a (t) e−ψ(t,x)
)
=

1
N

(
ȧ
a
− ψ̇

)
. (136)

As expected, we would like to relate the scale factor ã to the matter content
of the universe, as we are interested in the perturbations coming from the inflaton
or other scalar fields. In the gradient expansion the evolution equations reduce
to the FLRW ones point by point, the continuation equation is just [32]

dρ

dt
= −3H̃N (ρ + p) , (137)

which allows us to relate the derivative of the local scale factor to the matter
content:

ȧ
a
− ψ̇ = −1

3
ρ̇

ρ + p
, (138)

which we are going to use in the next section where we will define the quantity
∆N. Note that we have not discussed the mentioned constraint eqs. coming from
the gradient expansion. We refer the interested readers to (the appendix of) ref.
[32] and references therein for a detailed discussion on the matter.

3.3.3 Definition of ∆N

The number of e-foldings of expansion along a comoving worldline between ini-
tial time t1 to final time t2 is then defined to be [32]

N (t2, t1; x) =
∫ t2

t1

H̃Ndt =
∫ t2

t1

d
dt

log
(

a (t) e−ψ(t,x)
)

dt (139)

= log

(
a (t2) e−ψ(t2,x)

a (t1) e−ψ(t1,x)

)
= −1

3

∫ t2

t1

ρ̇

ρ + p
dt, (140)
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where we used eq. (138). We can then write that the difference in ψ, when one
goes from a slicing to another, is given by the difference of the perturbed and
“background” universe e-folds:

−ψ (t2, x) + ψ (t1, x) = N (t2, t1; x)− log
(

a (t2)

a (t1)

)
. (141)

Note that this is still a general result as we have not fixed the gauge. Here the
background universe refers to the value of e-folds determined by the global scale
factor a (t). We can see, that in a flat gauge ψ = 0 the number of e-folds N (t2, t1; x)
coincides with the background value log (a (t2) /a (t1)), as expected.

Let us then choose the time-slicing to be such that the initial hypersurface is
spatially flat, ψ (t1 = t′, x) = 0, and that the final hypersurface at t2 = t is uniform
in density, i.e. ρ = ρ (t). With this choice we can write eq. (141) as [32]

ζ (t, x) = −ψ (t, x) = N
(
t, t′, x

)
− log

(
a (t)
a (t′)

)
≡ ∆N

(
t, t′, x

)
, (142)

where we used that on uniform-density slices −ζ = ψ. We then have, that the
defined quantity ∆N measures the shift in the e-foldings between the flat and the
uniform density hypersurfaces.

If the universe is filled by an ideal fluid with p = p (ρ) (i.e. we can change
the variable dt→ dρ in eq. (140)), it is straightforward to show that eq. (142) can
be written as [32]

ζ (t, x) =
1
3

∫ ρ(t′,x)

ρ(t′)

dρ

ρ + p
, (143)

where ρ (t′) is the background energy density value, and ρ (t′, x) is the perturbed
value on the initial spatially flat hypersurface. As ζ does not explicitly depend
on the time-coordinate t, it is therefore conserved quantity for adiabatic pertur-
bations (to the first order in gradient expansion) [32]. We can see, that the first
order result (102) is obtained by linearizing eq. (143) [32].

3.3.4 ∆N in terms of scalar field content

We know that in the single-field slow-roll inflation the amount of e-folds is deter-
mined by the inflaton field, N = N (φ). Starting from eq. (143), and as ρ = ρ (φ)
and p = p (φ), one integrates φ from the initial spatially flat hypersurface, where
the are no scalar metric perturbations, but only fluctuations of the matter fields,
i.e. φ̄ + δφ, to the final uniform-energy hypersurface, where the energy density ρ,
i.e. inflaton field is unperturbed. The curvature perturbation ζ can be written as
[49]

ζ (t, x) =
∫ φ̄

φ̄+δφ

H
φ̇

dφ = N,φ (φ̄) δφ (x) +
1
2

N,φφ (φ̄) δφ (x)2 + . . . , (144)

where the field derivatives are N,φ (φ̄) = dN (φ) /dφ|φ=φ̄ etc., δφ (x) is the in-
flaton perturbation on the spatially flat slicing, and we Taylor expanded to the
second order in δφ.
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As ζ is conserved on superhorizon scales for adiabatic perturbations, we
can compute the spectrum Pζ at the horizon exit of a scale k = aH. Following the
standard definition power spectrum in Fourier space (123), the spectrum for ζ is
given by

Pζ (k) =
(

N,φ
)2 Pδφ (k) , (145)

where the derivative of the amount of background e-folds N (φ̄) is

N,φ = −H
˙̄φ

. (146)

It is then clear that eq. (145) reduces to

Pζ (k) =

(
H
˙̄φ

)2 (
H
2π

)2
∣∣∣∣∣
k=aH

, (147)

which coincides with the result (125) for PR in the single-field slow-roll inflation.
The ∆N formalism generalizes easily to computing the primordial curvature

ζ in models where there are multiple scalar fields present. If we consider a set of
scalars φi, one can show that the linear combination of these fields corresponds
to the adiabatic field, i.e. the inflaton, while the remaining fields are the entropy
fields (non-adiabatic perturbations) — see for example ref. [46]. Let us then first
evolve the unperturbed fields φ̄i from the initial spatially flat hypersurface to the
uniform-energy density slice with δρ = 0. And let us denote the corresponding
amount of expansion in e-folds as N (ρ (t) , φ̄). We can then proceed to perform
the same for the perturbed fields φ̄i + δφi, i.e. evolve them from the flat (unper-
turbed) slice to the final hypersurface, and denote the corresponding amount of
e-folds as N (ρ (t) , φ̄i + δφi), where the ρ (t) corresponds to evolving both of the
unperturbed and perturbed field configurations to the same hypersurface. Note,
that in the single-field case the final hypersurface corresponds to δφ = 0 slicing
(as seen above), due to the fact that that ρ = ρ (φ). However, in the scenario
where multiple fields are present, this is generally not the case. It is also clear,
that with multiple fields, one generally cannot write p = p (ρ) and therefore eq.
(143) is not applicable.

In the multifield setting we can then write ζ or ∆N as [49]

ζ (t, x) = ∆N = N (ρ (t) , φ̄i + δφi)− N (ρ (t) , φ̄i) (148)

= ∑
i

N,iδφi (x) +
1
2 ∑

i,j
N,ijδφi (x) δφj (x) + . . . , (149)

where N,i = ∂iN = ∂N/∂φi, Nij = ∂i∂jN, and we again Taylor expanded as-
suming that the perturbation δφ is small. We can see that eq. (149) allows the
curvature perturbation ζ to have two two different sources of deviations from
the Gaussian distribution: the intrinsic non-Gaussianity of the fields on the initial
slice δφi, and the non-Gaussianity arising from the non-linear relation between ζ
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and the fields δφi [39]. One often assumes that the initial field distributions are
gaussian, while the non-gaussianities arise from the following non-linear evolu-
tion after the horizon crossing [39]. The discussion of non-Gaussianities is beyond
the scope of this present work, and we refer to e.g. ref. [39] for more detailed dis-
cussion.

Assuming that the fields are initially purely Gaussian and do not have cor-
relations with each other, we can write the power spectrum Pζ as a sum of nearly
massless scalar fields [39]

Pζ (k) = Pδφ

(
∑

i
N2

,i

)
=

(
H
2π

)2
(

∑
i

N2
,i

)∣∣∣∣∣
k=aH

, (150)

where the derivatives of the number of e-folds depend on the details of the model.
We can also follow to decompose eq. (150) to the adiabatic and non-adiabatic
parts

Pζ (k) = Pad
ζ (k) +

(
H
2π

)2
(

∑
j

N2
,j

)∣∣∣∣∣
k=aH

, (151)

where the adiabatic part Pad
ζ follows the standard (inflaton) paradigm that was

discussed in Section 3.2.1 [39].

3.4 Curvaton model

So far we have mainly concentrated on inflationary models where the inflation-
ary dynamics and primordial perturbations are sourced by only a one field, the
inflaton. However, it is possible that there are multiple scalar fields present in
the very early universe. These fields can have multiple different roles: they can
act as drivers of the inflationary dynamics, e.g. there can be double inflationary
scenario with two acceleration phases [51], or they can be subdominant spectator
fields that do not affect the dynamics of inflation, but after inflation can for ex-
ample lead to creation of curvature perturbations [36, 37, 38] or contribute to the
energy density as a dark matter component (see e.g. refs. [52, 53, 54]).

As we have discussed previously, as soon as there are multiple scalar fields
present, one needs to consider how the possible non-adiabatic fluctuations af-
fect the evolution of the universe. We know the non-adiabatic entropy perturba-
tions can alter the evolution of curvature perturbations on superhorizon scales,
as given by eq. (110). In a setting, where there are multiple scalar fields present
during inflation, one can generally perform such a field rotation that the arbi-
trary field perturbation can be decomposed into the adiabatic and entropy com-
ponents. [46]

The evolution of the entropy modes is model-dependent, and the produc-
tion of the primordial isocurvature perturbation depends for example on the de-
tails of reheating [55]. In certain cases, the initial isocurvature mode can be con-
verted into adiabatic curvature perturbations well after the inflationary epoch.
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This is the case in the curvaton scenario [36, 37, 38], which we will discuss in
more detail below, where the initial light spectrator field (and thus isocurvature
mode) decays to radiation after the field has become massive. We will then leave
the general discussion of the details of adiabatic and non-adiabatic perturbations
out of this work, and refer to the detailed discussion e.g. in refs. [46, 56]

3.4.1 Curvaton scenario

In the curvaton scenario [36, 37, 38] there are two scalar fields present during
inflation: the inflaton φ, which is responsible of the dynamics of inflation, and
a spectator field referred to as the curvaton σ, which is at least partly responsi-
ble for the primordial perturbations. In the simplest curvaton models (see e.g.
[36, 37, 38]), the primordial perturbations generated by the inflaton are assumed
to be negligible, and that the observed adiabatic perturbations originate from the
conversion of the initial isocurvature perturbations of the curvaton field as it de-
cays into radiation after inflation. In the literature there are various different cur-
vaton models discussed (see e.g. [57, 58, 59]), but in this section we will mainly
mention the main points of the simplest models.

We assume that during the inflation there are only the two scalars present,
i.e. the inflaton φ and the curvaton σ, and that they are uncoupled, that is

V (φ, σ) = V (φ) + U (σ) , (152)

where V (φ) and U (σ) are the inflaton and curvaton potentials, respectively. The
curvaton field is assumed to act as a spectator field during inflation, i.e. it does
not take part into the inflationary dynamics. Therefore it is required that the
curvaton is subdominant, ρσ � ρφ. We also assume that the curvaton is light
during inflation, U,σσ < H2. As discussed, a light scalar acquires perturbations
via the quantum fluctuations δσ around it’s classical background value σ̄ with the
nearly scale-invariant spectrum:

Pδσ =

(
H
2π

)2
∣∣∣∣∣
k=aH

, (153)

where the Hubble rate is evaluated during the horizon crossing. From the dis-
cussion in Section 2 we know that the spectral index of this kind of light scalar is
nσ − 1 = 2εφ − 2ησ.

After the inflaton has decayed to its decay products and the thermalization
of said particles, the universe enters a radiation dominated epoch. We assume
that the inflaton produced curvature perturbation is negligible, and therefore the
radiation filled universe is highly homogeneous ρr ≈ ρr (t). On the superhorizon
scales the still subdominant curvaton evolves according to the standard equation
of motion [60]

σ̈ + 3Hσ̇ + U,σ = 0, (154)
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where the Hubble parameter is H = 1/2t during radiation domination. We can
further decompose this to the equations for the background field and the pertur-
bation, i.e. σ = σ̄ + δσ [60]:

¨̄σ + 3H ˙̄σ + U,σ = 0 (155)
δ̈σ + 3H ˙δσ + U,σσδσ = 0. (156)

We can see that the fractional perturbation, δσ/σ, does not change if the potential
U (σ) is quadratic U (φ) = 1

2 m2
σσ2 or is flat enough U,σ, U,σσ ≈ 0, as the back-

ground and perturbations follow the same equations of motion [60]. This result
allows us to connect the value of the curvaton field at the end of the inflation σ∗
to the computed curvature perturbation ζ.

During the curvaton slow-roll, the field value remains roughly constant.
The evolution changes as the Hubble friction no longer dominates, U,σσ ≈ H2

osc,
and the curvaton σ starts to oscillate around the minimum of its potential. The
scaling behaviour of the field amplitude, denoted now by σamp, is determined by
the shape of the potential. If the potential is quadratic, the field behaves like non-
relativistic matter, and the curvaton energy density scales like ρσ = 1

2 m2
σσ2

amp ∝
a−3. If the curvaton has self-interaction term in its potential, e.g. the potential is
of the form U (σ) = 1

2 m2
σσ2 + 1

4 λσσ4, the field can first enter a phase in which it
oscillates according to its self-interaction term and scales like radiation (ρσ ∝ a−4),
and then proceeds to oscillate in the quadratic phase like non-relativistic matter
(see e.g. ref. [57]). For simplicity, in the following we will assume, that the
curvaton is a free massive field with the potential U (σ) = 1

2 m2
σσ2.

So far we have assumed that the universe is radiation dominated at least
until the quadratic field oscillations start. The gist of the curvaton mechanism is
that with respect to radiation the curvaton energy density grows, i.e. ρσ/ρr ∝ a,
when m2 > H2 and ρσ/ρr ∝ a4, when m2 � H2. This means, that while the
curvaton might be a subdominant component at the start of field oscillations,
it can have a significant contribution to the total energy density at some later
time, and therefore the perturbation of the curvaton field can generate curvature
perturbations. Following the definition of eq. (103), we can define the curvature
perturbation ζi for individual fluid components as [60]

ζi = −ψ +
δρi

3 (ρ̄i + p̄i)
, (157)

which allows us to write the total curvature perturbation ζ in this two fluid con-
figuration ρ = ρr + ρσ as [60]

ζ =

(
1− 3ρσ

4ρr + 3ρσ

)
ζr +

3ρσ

4ρr + 3ρσ
ζσ, (158)

where we used that for non-relativistic curvaton pσ = 0 and for radiation pr =
ρr/3. The individual curvature perturbations ζi have their individual evolution
following eq. (110), and according to the adiabatic condition (113) they are con-
served, if the fluids do not interact. In this section we approximate that the cur-
vaton field and the radiation only interact at the time when the curvaton instan-
taneously decays into radiation.
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As we assume that the radiation is almost homogeneous, we can neglect
the curvature perturbation resided in the radiation, ζr ≈ 0, and the curvature
perturbation ζ is given by [60]

ζ ≈ 3ρσ

4ρr + 3ρσ

∣∣∣∣
dec

ζσ = rdecζσ. (159)

Here we assumed that the produced curvature perturbation ζ is evaluated at the
time of the curvaton decay, and defined the parameter rdec. We can see, that
the evolution and produced amount of ζ is determined by the evolution of the
energy densities ρr and ρσ, as we have that ζσ = constant in the case of quadratic
potential. On the spatially flat slicing, the curvaton perturbation ζσ can be written
in the first order perturbation theory as [60]

ζσ =
1
3

δρσ

ρ̄σ
=

2
3

δσ

σ
=

2
3

(
δσ

σ

)
∗

, (160)

where in the last equality the subscript refers to the value of the field and its
perturbation at the end of inflation, and we used the result that δσ/σ is conserved
with the quadratic potential. Note that eq. (160) can receive large second order
corrections that lead to significant non-Gaussianities [60].

The curvature perturbation ζ then becomes

ζ =
2
3

rdec

σ∗
δσ∗. (161)

And using eq. (153) we can write the power spectrum of curvature perturbations
as

Pζ (k) =
4
9

r2
dec
σ2
∗

(
H
2π

)2
∣∣∣∣∣
k=aH

. (162)

We can see that the power spectrum (162) depends on the initial value of the cur-
vaton field and the fractional energy density rdec. In the limit where the curvaton
is dominant at the time of its decay, rdec → 1. If the curvaton is subdominant dur-
ing the decay, the rdec is heavily suppressed, and the quantity δσ∗/σ∗ needs to ac-
commodate for the observed curvature perturbation ζ ∼ 10−5. This means, that
second-order effects might become important, which leads to creation of large
non-Gaussianities (which can be computed with the ∆N formalism) [60].

A comprehensive study of the simplest curvaton model and the observa-
tional constraints can be found in ref. [61] (see also references therein). A system-
atic analysis of single-field slow-roll inflation with an extra light scalar field (that
can act as a curvaton), where different inflaton potentials and reheating scenarios
are studied can be found in ref. [58]. While the simplest model can be in mild ten-
sion with the observations, it is generally not ruled out [61]. In cases where the
curvaton is highly suppressed at the time of its decay, the constraints on the non-
Gaussianities can be used to rule out certain parts of the model parameter space
[61]. Generally, the tension is alleviated if the inflaton perturbations are allowed
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to be non-negligible [61]. Deviations from the simplest models, where the curva-
ton is allowed to have self-interactions, alter the model predictions and typically
have a rich structure of non-Gaussianities, which can be used in constraining the
models — see for example refs. [57, 59, 62] and references therein.

3.4.2 Curvaton and ∆N formalism

We can also use the ∆N formalism to compute the curvature perturbation ζ, i.e.
we compute the field-derivative of e-folds, N,σ. In the curvaton generated primor-
dial perturbations setup, we can compute the amount of e-folds from the end of
inflation, where the curvaton has a inital value σ∗, to the time when the curvaton
decays into radiation, N = log (adec/aend). However, as the field σ is assumed
to be very subdominant before the field oscillations start at V,σσ ∼ H2

osc, we can
safely neglect the e-folds coming from this era and write [49]

N = log
(

adec

aosc

)
=

1
3

log
(

ρσ,osc

ρσ,dec

)
, (163)

where we used that after the field oscillations start the curvaton energy density
scales likes non-relativistic matter, ρσ ∼ a−3. As we assume the potential to be
U (σ) = 1

2 m2
σσ2, we can write that ρσ,osc ≈ 1

2 m2
σσ2
∗ . We would then like to compute

∂

∂σ∗
N ≈ 1

3
∂

∂σ∗
log
(

ρσ,osc

ρσ,dec

)
=

1
3

(
∂σ∗ρσ,osc

ρσ,osc
− ∂σ∗ρσ,dec

ρσ,dec

)
. (164)

As we are dealing with a two-fluid system, ρ = ρr + ρσ, it is straightforward to
show that

∂

∂σ∗
ρσ,dec =

8
3

1
σ∗

ρr,decrdec. (165)

And therefore eq. (164) is [49]

∂

∂σ∗
N ≈ 1

3

(
2
σ∗
− 2

σ∗

4ρr,decrdec

3ρσ,dec

)
=

2
3

rdec

σ∗
, (166)

i.e. we see that the ∆N formalism reproduces the result (161) obtained in previous
section:

ζ = N,σδσ∗ =
2
3

rdec

σ∗
δσ∗. (167)

The ∆N formalism is especially useful when computing higher-order quan-
tities that are used in the computation of non-Gaussianities. These quantities
correspond to calculating higher-order derivatives of the amount of e-folds, i.e.
N,σσ etc. Note also that, in models where the field value at the start of quadratic
oscillations σosc is not exactly the initial value, but non-trivial function of if, i.e.
σosc (σ∗) 6= σ∗, the above results are modified. See for example refs. [49, 62]
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3.4.3 Mixed curvaton-inflaton model

In the above discussion on curvaton scenario we assumed that the adiabatic cur-
vature perturbations are sourced solely by the curvaton field σ. It is of course
interesting also to study two-field models, where both the inflaton and curvaton
can source the perturbations1. Assuming that the scalar potential is separable,
we can write the full curvature power spectrum according to eq. (151) in leading
order in slow-roll as

Pζ (k) = N2
,φ (k)Pφ (k) + N2

,σ (k)Pσ (k) =
(

N2
,φ + N2

,σ

) ( H
2π

)2
∣∣∣∣∣
k=aH

, (168)

where we still maintain the assumption that the field σ is energetically subdomi-
nant and light during inflation.

In this double field setup we are interested in the amount of e-folds between
the initial time t∗ during inflation and the final decay of the curvaton to radiation
at time tdec, i.e. N = log (adec/a∗). As the amount e-folds is determined by the
dominant inflaton between a∗ and the end of inflation at aend we can write

N2
,φ =

(
H
˙̄φ

)2

=
1

2εφ (k) M2
Pl

. (169)

While the the value of N,σ depends on the specific model.
We can parameterize the scale-dependency of the spectra by defining the in-

dividual spectral index, its running and the running of running. We have shown
that the spectral index of the inflaton is nφ − 1 = −6εφ + 2ηφ, while the spectral
tilt for a light and subdominant scalar is nσ − 1 = −2εφ + 2ησ. In the scientific
work of this thesis [74], we study the spectral distortion signals of these kinds of
two-field models, where the curvature perturbations can be sourced by both of
the fields.

1 See e.g. refs. [63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73] for studies on the mixed inflaton-
curvaton models



4 CMB BLACK-BODY SPECTRUM AND SPECTRAL
DISTORTIONS

In addition to the anisotropies, the CMB holds another observable that encodes a
wealth of information of the thermal history of the early universe: the frequency-
spectrum. The spectrum of the CMB is known to be remarkably close to a perfect
black-body spectrum, with deviations from it being at most to one part in 105

[8, 9]. These departures from the black-body spectrum are referred to as spectral
distortions, and they occur when the photons and electrons are not in equilibrium
in the early universe plasma. The deviations from equilibrium can be caused by
many processes: for example, energy can ne dumped into the CMB by dissipation
of the energy stored in the density fluctuations, evaporating primordial black
holes and annihilating particles — see e.g. ref. [75] and references therein. Some
of the non-equilibrium processes are unavoidable effects in the standard ΛCDM
cosmology, while some are deviations from the concordance model requiring new
physics [75].

The current constraints for the spectral distortions date back to the mea-
surements by COBE/FIRAS in the early 90’s [8, 9], and while the COBE/FIRAS
measurement of a perfect black-body can exclude certain cosmological models,
the proposed next-generation experiments can achieve several orders of magni-
tude improvement in sensivity, and can offer a complementary probe of the very
early physics, such as the primordial perturbations and inflationary physics [75].

In this chapter we give a brief review of the CMB spectral distortions. While
we start from the discussion on the different types of distortions, we choose
to limit our discussion on the µ-type spectral distortion, which is interesting in
the scope of this work, i.e. as a probe of the inflationary models. We briefly go
through the interactions that affect the creation of µ-distortion and then move on
to give analytical expression for the µ-distortion derived in the literature: in this
work we concentrate on the µ-distortion created by the dissipation of the energy
in the density perturbations, where the µ-distortion depends on the shape of the
primordial power spectrum Pζ . The literature on CMB spectral distortions spans
over five decades, see e.g. ref. [76] for a reference list of significant contributions
to the study of CMB spectral distortions, and in this chapter we choose to mostly
follow refs. [76, 77, 78, 79] and references therein (most of these are either reviews
or comprehensive analyses on the CMB spectral distortions).

4.1 Photon black-body spectrum and spectral distortions

4.1.1 Photon black-body spectrum

In Section 1.2, we discussed the formation of the cosmic microwave background
from the photon decoupling shortly after the time of recombination. The formed



55

CMB is remarkably close to a black-body spectrum, meaning that the universe
was extremely close to thermal equilibrium at the time of decoupling. The inten-
sity of the black-body photon spectrum can written as [76]

I (E) =
2E3

h2c2
1

eE/T − 1
=

2E3

h2c2
1

ex − 1
=

2E3

h2c2 fbb (x) (170)

where the photon energy is E = |p| = p = hν, where ν is the photon frequency,
fbb is the black-body spectrum (with zero chemical potential µ) and the redshift-
independent variable is x = p/T. We note that black-body spectrum is charac-
terized by one number, its temperature T. The COBE/FIRAS measurement tells
us that the variations in the intensity cannot be larger than δI/I ∼ 10−4 . . . 10−5

[8, 9]. The photon energy density ργ and number density nγ, in the case of a pure
black-body, read

nγ,bb = gγ

∫ d3p

(2π)3 fbb =
2ζ (3)

π2 T3 (171)

ργ,bb = gγ

∫ d3p

(2π)3 E fbb =
π2

15
T4. (172)

As we are interested in the deviations from the black-body, we would like to
know what effects can distort the spectrum. As the temperature T characterizes
the shape of the spectrum, we can find out what happens when we perform a
small change in the temperature, i.e. consider shift T → T′ = T + ∆T. Let us
assume, that the temperature change comes from a energy injection/extraction
to/from the photon side ∆ργ, which allows us to write

∆T
T
≈ 1

4
∆ργ

ργ,bb
, (173)

where we used the above result ργ,bb ∝ T4. It is quite clear, that to keep the black-
body spectrum, we need to also change the photon number density, as the change
in temperature ∆T does not retain the black-body relation nγ,bb ∝ T3. To keep the
black-body spectrum, the change in the number density can be written as [78]

∆nγ

nγ,bb
≈ 3

∆T
T
→ ∆nγ

nγ,bb
− 3

4
∆ργ

ργ,bb
= 0, (174)

where we gave the condition between the change in the number density and the
energy density. We then have the necessary condition, which states that in the
event of energy injection/extraction, the number of photons needs to change in
the system to keep the black-body spectrum. However, the above consideration
does not tell us how the added/removed photons are distributed in energy — it
is clear that if one adds photons of only one frequency/energy, the distribution
does not follow a black-body distribution albeit the above condition is satisfied.
There is then inherently need for a frequency-dependent processes, where the
number-changing processes need in addition energy redistributing processes to
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thermalize the possible energy or photon injections — see e.g. ref. [78] for more
details. If we require that the spectrum at the temperature T′ is also a black-body
spectrum, we get that the change between the two black-bodies is [78]

∆ fbb = fbb
(
T′
)
− fbb (T) ≈

xex

(ex − 1)2
∆T
T

= −x
∂ fbb

∂x
∆T
T

, (175)

which gives the change as a function of derivative of the black-body and tem-
perature, and the function −x∂x fbb, is usually in the literature referred as the
temperature shift function — see e.g. ref. [78] for its spectral shape.

We have now seen, that an energy injection/extraction or addition/destruction
of photons can cause deviations from the black-body spectrum. We know, that
there are some unavoidable effects that can perturb the equilibrium between the
electrons(/baryons) and photons in the CMB. For the CMB this means, that there
must be number-changing and energy redistributing processes, that can thermal-
ize these perturbations to the level observed today. In the following sections we
proceed to discuss the evolution of the photon spectrum under the different in-
teraction processes, and give a brief review of the different types of deviations
from the black-body spectrum that are usually studied in the literature.

4.1.2 The Photon Boltzmann equation

As we are interested in the formation and evolution of the CMB spectrum, we
need to study the evolution of the photon phase space distribution, f (xµ, pµ),
where pµ are the components of the four-momentum, which evolves according
to the Boltzmann equation [76, 77]

d f
dt

= C [ f ] , (176)

where the left-hand side accounts the effects of gravity, and collision terms C [ f ]
account the interactions of photons with other particle species in the universe.
On a FLRW background, where f = f (t, p), the left-hand side of eq. (176) can be
written as [7, 77]

d f (t, p)
dt

=
∂ f (t, p)

∂t
− Hp

∂ f (t, p)
∂p

, (177)

where the second term describes the cosmological redshift.
The right-hand side of eq. (176) encodes all the possible photon interac-

tions. However, in this context, the most important processes for the photon in-
teractions are the Compton scattering (CS), double Compton scattering (DC) and
Bremmstrahlung (BR) [77, 78], which we will discuss below. It is also possible
to have non-standard processes, as decaying particles, that add a source term for
the photons [77, 78]. We then write the photon collision term C [ f ] as

C [ f ] = C [ f ]|CS + C [ f ]|DC + C [ f ]|BR + C [ f ]|source , (178)
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where we decomposed the collision term to the individual collision terms. We
can see, that if we neglect the collisions, i.e. C [ f ] = 0, the solution to eq. (176) is

∂ f
∂t

=
ȧ
a

p
∂ f
∂p
→ f (t, p) = f

(
t0, p

a (t)
a (t0)

)
, (179)

which means that the shape of the photon spectrum is conserved while the mo-
menta is redshifted according to p ∝ a−1 [76].

It is convenient to switch to the variable x = p/T (t), where the photon/CMB
temperature is T (t) = T0 (1 + z) ∝ a−1 and T0 is the observed CMB temperature
today. This change of variables allows us to write the Boltzmann equation in a
compact form for the spectrum f = f (t, x) [76]:

∂ f (t, x)
∂t

= C [ f (t, x)] , (180)

where it is easy to see that for C [ f ] = 0 the shape of the spectrum is conserved. In
the literature one often changes the time-coordinate to the Thomson optical depth
dτ = neσT dt, where ne is the electron number density and σT is the Thomson
cross-section, and also writes eq. (180) as

∂ f (τ, x)
∂τ

=
∂ f (τ, x)

∂τ

∣∣∣∣
CS

+
∂ f (τ, x)

∂τ

∣∣∣∣
DC

+
∂ f (τ, x)

∂τ

∣∣∣∣
BR

+ S (τ, x) , (181)

where S (τ, x) is an additional photon source term — see for example refs. [77, 78,
79] and references therein. Before discussing the solutions to eq. (181), we need
to find the forms of the collision terms for the different interactions.

4.1.3 Compton scattering

The most important interaction process between CMB photons and free electrons
is the Compton scattering, i.e.

e− (k) + γ (p)
 e−
(
k′
)
+ γ

(
p′
)

, (182)

where the kinematic conditions is p + k = p′ + k′. The Compton scattering ef-
ficiently distributes energy between the photons and electrons, and is the pri-
mary mechanism for the CMB thermalization [77]. Important thing to note is,
that while the Compton scattering is efficient in redistributing energy, it is non-
number-changing process, i.e. in the event that that extra photons are dumped
into a thermalized configuration, it by itself cannot maintain a black-body.

The calculation of the Compton scattering collision term is beyond the scope
of this work — see for example ref. [77] and references therein for the computa-
tion. The Compton scattering term appearing in eq. (181) can be written as [78]

∂ f
∂τ

∣∣∣∣
CS
≈ θe

x2
∂

∂x

{
x4
[

∂ f
∂x

+
T
Te

f (1 + f )
]}

, (183)

where one has averaged over the scattering cross-section and the electron ve-
locity distribution [77], and expanded to first order in θe = Te/me and hν/me,
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where ν is the photon frequency and me and Te are the electron mass and temper-
ature, respectively [76]. Note that the (fine structure) coupling α is absorbed in
the time-variable τ as it depends on the Thomson cross-section σT. The first term
in eq. (183) describes the Doppler boosting (diffusion of photons in energy due to
Doppler effect) and the second term accounts for the recoil effect, where photons
are downward scattered in frequency — see details for example in refs. [77, 78].

From eq. (183) one can compute differential energy change of the photon
field [78]

∂ργ

∂τ

∣∣∣∣
CS
≈ 4θeργ

(
1− Teq

e

Te

)
, Teq

e =
T
4

∫
x4 f (1 + f )dx∫

x3 f dx
, (184)

where Teq
e is the Compton equilibrium temperature, which is important in dis-

tinguishing the direction of energy transfer. If Te > Teq
e , electrons are cooled and

photons heated, and vice versa. If the system is in equilibrium, Te = Teq
e , no

energy exchange happens. Note that if the photon field is a black-body, f (x) =
1/ (ex − 1), the photon temperature and the electron equilibrium temperature are
equal, T = Teq

e . As we expect that the photon spectrum does not deviate greatly
from the black-body, we also expect that if the electron temperature Te is smaller
than the photon temperature T, the photons can loose energy and heat up the
electrons. This is also seen when due to the expansion of space the temperature
of photons and electrons scale differently, which results in electron cooling. This
is usually referred to as adiabatic cooling of electrons, and it can lead to creation
of observable spectral distortion signal [78, 79].

It is important to know how long can the Compton scattering efficiently
thermalize the CMB photons. It is straightforward to show that the Comptoniza-
tion time-scale (i.e. energy-transfer from electrons to photons) becomes longer
than the Hubble expansion time at the redshift zK ≈ 5× 104 [77]. This means,
that below the redshift∼ 104, the Compton scattering is inefficient in distributing
the energy in the photon-electron system and thus cannot maintain a black-body
spectrum in the event of energy injection. The redshift z ≈ zK is usually seen as a
transition between the µ- and y-type of spectral distortions — see Section 4.1.5.

4.1.4 Bremsstrahlung and Double Compton scattering

The most relevant number-changing processes involving electrons and photons
in the early universe plasma are Bremsstrahlung and double Compton scattering.
The relevant Bremsstrahlung process is the electron-ion (or proton) interaction

e− (k) + H+ (l)
 e
(

p′
)
+ H+

(
l′
)
+ γ (k) , (185)

where the forward process describes the emission of photon, and backwards pro-
cess absorption of photon. The double Compton scattering is the first radiative
correction to the Compton scattering and has the form

e− (k) + γ (p)
 e−
(
k′
)
+ γ

(
p′
)
+ γ (l) . (186)
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As with the Compton scattering, the derivation of the collisions terms for
the BR and DC processes are beyond the scope of this work. The number-changing
process part of eq. (181) can be expressed as

∂ f (τ, x)
∂τ

∣∣∣∣
BR

+
∂ f (τ, x)

∂τ

∣∣∣∣
DC
≈
(

KBR
e−xe

x3
e

+ KDC
e−2x

x3

)
× (1− f (exe − 1)) ,

(187)

where KBR and KDC are z and momentum/energy dependent functions and xe =
p/Te. The parameters KBR and KDC can be approximated as [78, 79]

KBR ≈ 1.4× 10−6
(

ḡeff

3.0

)(
Ωbh2

0.022

)
(1 + z)−1/2 (188)

KDC ≈
16π3

45
αθ2 ≈ 1.7× 10−20 (1 + z)2 , (189)

where ḡeff is the so-called effective Gaunt factor for the BR process, that encodes
different couplings and details of the plasma interactions (see e.g. ref. [78] and
references therein), Ωb is the scaled energy density of baryonic matter, h is the
scaled Hubble parameter, α is the fine-structure constant and θ = T/me. Com-
paring BR and DC processes, one finds that at redshifts higher than z > few× 105,
the double Compton scattering dominates over the Bremsstrahlung [80]. In the
computation of the µ-distortion, which is assumed switched off roughly at z ≈
zK, one usually takes into account only the DC contribution. However, at late
times the BR processes need to be taken into account — see for example ref. [79].

4.1.5 Different types of spectral distortion

The final evolution equation for the photon distribution function f (τ, x) is then
obtained by substituting eqs. (183) and (187) to eq. (181). The resulting equation
can be solved numerically, and importantly one can also find analytical solutions
in certain limiting cases. As discussed above, the inefficiency of Comptonization
starts approximately at zK ≈ 5× 104, which marks a transition between the chem-
ical potential type of µ-distortion and the y-distortion, which describes the inef-
ficient energy-transfer between photons and electrons. Let us then next briefly
discuss the different eras of spectral distortions.

It can be shown, that at very early times, z & zDC ≈ 2× 106, the different
processes between electrons and photons are efficient in maintaining the thermo-
dynamic equilibrium. The number-changing processes double Compton scatter-
ing and Bremsstrahlung and the energy redistributing Compton scattering are
efficient in balancing out any perturbations, and the photon spectrum is to a very
high accuracy a black-body spectrum [77]. Below the redshift zDC ≈ 2 × 106,
the number-changing processes start to become inefficient in maintaining the
chemical equilibrium between the electrons and photons in the event of energy-
injection or injection of particles, such as diffusion of energy stored in the pri-
mordial perturbations or decaying particles. Between the redshifts 5× 104 . z .
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2× 106, where the Comptonization is still efficient, the deviation from a black-
body is then characterized by a spectrum with a chemical potential µ. The µ-type
of spectral distortion cannot be generated at lower redshifts, and therefore is a di-
rect probe of the early universe, pre-recombination, physics [81]. We will discuss
the µ-distortion in more detail in next section.

After the Compton scattering has become inefficient, the deviation from a
black-body spectrum is described by the y-type spectral distortion. The Compton-
y-variable measures the energy transfer between the electrons and photon and is
written as (in the limit |y| � 1) [76]

y =
∫ τ

0
(θe − θ)dτ′, (190)

where θ(e) = T(e)/me, and one assumes that the photon spectrum is initially at
τ = 0 a black-body spectrum. We can see that for θe = θ → Te = T, we have
y = 0.

First studies of formation of y-distortion in our universe were done in the
context of photons traveling through clusters of galaxies [82]. The hot free elec-
trons residing in the potential wells of these clusters can scatter of the CMB
photons and distort their spectrum. This process is referred to as the thermal
Sunyaev-Zeldovich effect [82] (see review of SZ-effect in ref. [83]). In this case
Te � T, we can write

y ≈
∫ τ

0
θedτ′ ≈ θeτ, (191)

as θe = Te/me, y-distortion be used to probe the integrated electron pressure of a
cluster medium [78]. The thermal SZ effect is independent of redshift, and allows
one to track the growth of structures (clusters), and to constrain cosmological
parameters and evolution of dark energy — see ref. [83] for more details.

The Compton-y-parameter (190) can have both positive and negative val-
ues: if y > 0, overall energy is transferred from the electrons to the CMB photons
(Comptonization), while for y < 0 the energy flows from the CMB photons to
the electrons (Compton cooling). Most processes yield a positive y, but the adia-
batic cooling of matter in our expanding universe (the electron temperature drops
faster than the radiation) can yield a negative y-distortion — see e.g. ref. [78, 79].
This effect is also seen on the µ-distortion side, where most processes yield a pos-
itive µ, while the cooling of electrons yields negative-valued µ-distortion [79].

Note that, in reality the transition between the µ- and y-type distortions is
not a simple step-function at zK ≈ 5× 104, but a gradual transition. In the liter-
ature, the intermediary distortions are usually referred to as i-distortions (inter-
mediate) or r-distortion (residual). The r-distortion signal, that is seen between
redshifts z ∼ 104 . . . 105, can be used to study time-dependency of distortion pro-
cesses such as decaying particles — see for example refs. [84, 85]. The discussion
of the residual distortions is beyond the scope of this work, and in the next sec-
tions we will only concentrate on the µ-type spectral distortions.
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FIGURE 5 Evolution of spectral distortions as a function of redshift and time. The effi-
cient interaction processes between the CMB photons and electrons maintain
a black-body spectrum at redshifts z > 2× 106, while at lower redshifts the
spectrum distortion can be expressed in terms of a µ-, y- and residual types
of distortion. Figure from ref. [75].

4.2 Analytic approximation for µ-distortion

In this section we give a brief review of the formation of µ-distortion and give the
analytic approximations for the µ-distortion that are often used in the literature.

4.2.1 Equilibrium solution and distorting the black-body

The equations given in the previous section describe the evolution of the photon
spectrum under the different collision terms coupled with the evolution of the
electron temperature. In a general case the kinetic equation (181) needs to be
solved numerically, but one can find analytical approximations for the evolution
depending on what are the dominant effects in the system. Luckily, in the so-
called µ-era, the photon spectrum and resulting distortions can be approximated
with relatively simple equations. The given presentation in this section mainly
follows the treatment presented in refs. [77, 78] and references therein.

We know that in the µ-era the kinetic equilibrium is efficiently maintained
by the Compton scattering. If we for now neglect the number-changing absorp-
tion and emission processes, i.e. double Compton scattering and Bremsstrahlung,
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the efficient Comptonization drives the system to equilibrium and we have that
∂ f /∂τ ≈ 0. We then have that the eq. (183) can be written as

θe

x2
∂

∂x

{
x4
[

∂ f
∂x

+
T
Te

f (1 + f )
]}
≈ 0. (192)

It is straightforward to show that the general solution for eq. (192) is

f =
1

exe+µ0 − 1
, (193)

which describes a Bose-Einstein distribution at the electron temperature Te with
dimensionless chemical potential µ0. We can see that, for positive values, µ0 > 0,
the spectrum (193) is more suppressed than the black-body spectrum at T = Te.
This means that there are fewer photons present than in a black-body at Te, which
corresponds to a energy release to the photon side and/or destruction of photons.
The negative values corresponds to a surplus of photons, which can be a result of
energy extraction from the photon side or a injection of photons [78]. This devia-
tion from the black-body spectrum is then the so-called µ-type spectral distortion.
We can derive an expression for the µ0-parameter by considering small changes
in the photon energy and number densities.

Let us then assume that we start from configuration where the initial black-
body and electrons are at the same temperature Te,i = Tγ,i = Ti, and we change
both the energy and number density of the photon field by

ργ, f = ργ,i

(
1 +

∆ργ

ργ,i

)
(194)

nγ, f = nγ,i

(
1 +

∆nγ

nγ,i

)
, (195)

where the initial photon energy and number density are given by the black-body
results in eqs. (171) and (172), i.e. ργ,i =

(
π2/15

)
T4

i and nγ,i = 2
(
ζ(3)/π2) T3

i .
After the change of energy and number density the Compton scattering

drives the system to a kinetic equilibrium, with a final temperature Tf = Ti + ∆T,
but not to a chemical equilibrium, and hence the deviation from thermal equi-
librium is described by the chemical potential µ0 [77]. Assuming that both the
resulting distortion µ0 and the change of temperature are small, i.e. µ0 � 1 and
∆T � Ti, we can write

ργ, f =
T4

f

π2

∫ ∞

0
dx

x3

ex+µ0 − 1
≈

T4
f

π2 I3

(
1− 3

I2

I3
µ0

)
(196)

nγ, f ≈
T3

f

π2 I2

(
1− 2

I1

I2
µ0

)
, (197)

where In =
∫ ∞

0 dxe xn
e / (exe − 1) = n!ζ(n + 1). We find the expression for µ0 by

combining eqs. (194) and (195) with eqs. (196) and (197), and by considering the
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quantities µ0 and ∆T to first order. The result reads

µ0 ≈
1
8

(
π2

12ζ(3)
− 270

8
ζ(3)
π4

)−1 (
3

∆ργ

ργ,i
− 4

∆nγ

nγ,i

)
(198)

≈ 1.401
(

∆ργ

ργ,i
− 4

3
∆nγ

nγ,i

)
. (199)

From eq. (199) we can clearly see that the number changing processes can bal-
ance the distortion coming from the energy injection, and in the case ∆ργ/ργ,i =
(4/3)∆nγ/nγ,i the chemical potential is driven to zero and chemical equilibrium
is established. In this case the spectrum retains the black-body form, and only its
temperature is increased.

4.2.2 Evolution of the distortion and simple analytic approximation for µ

In the previous section we gave the initial value of the µ-distortion as a function of
the change of photon energy and number density. However, we did not include
any photon production (e.g. double Compton scattering and Bremsstrahlung) in
the picture, as we only assumed that it was the Comptonization that changed
the photon field. The number-changing processes are however integral for the
creation of a black-body spectrum, as these are the processes that can reduce the
initial spectral distortion.

As discussed earlier, at higher redshifts (z & 104) the Compton and double
Compton scattering dominate over the Bremsstrahlung. This is important for the
discussed µ-distortion, and at the early times it is the double Compton scattering
that changes the number of photons at the low photon frequencies, while the
Compton scattering redistributes these photons in frequency. Obviously, if this
process is efficient enough the initial distortion (caused by for example energy-
injection) can be reduced greatly. Let us then next briefly discuss the evolution of
µ in the early universe and give the analytic approximations that are often used
in the literature. More detailed discussion on this matter is given for example in
refs. [77, 78, 79, 86].

Let us assume that the non-zero chemical potential µ0 in eq. (199) charac-
terizes the distortion for the epoch of interest. From eq. (199), we can see that the
µ-distortion evolves according to

dµ0

dτ
≈ 1.401

(
d log

(
a4ργ

)
dτ

− 4
3

d log
(
a3nγ

)
dτ

)
. (200)

As the evolution of the µ0 depends on the photon energy and number density, one
then needs to include the number-changing processes double Compton scattering
and Bremsstrahlung. In the literature there are several ways presented how to
proceed on defining and calculating the evolution of µ. Here we do not go into
details, and follow and quote the results from ref. [78].
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The photon heating term in eq. (200) can be parameterized as

d log
(
a4ργ

)
dτ

=
Q̇∗

ργ
, (201)

where Q̇∗ is the effective heating rate of electrons and baryons (energy release per
volume and Thomson scattering time τ) [78, 86]. The rate Q̇∗ includes both the
effect of electron heating (by the considered process) and the adiabatic cooling of
electrons [78, 86].

The photon production term in eq. (200) depends only on the number-
changing terms and the source term in eq. (181). One can obtain approxima-
tive form for it by expanding eq. (181) in the low the frequency limit, where the
double Compton scattering and Bremsstrahlung are more effective than at the
higher frequencies, and considering the system to become quasi-stationary, i.e.
∂ f /∂τ ≈ 0 [78]. The solution reads

d log
(
a3nγ

)
dτ

≈ xcθ

2ζ(3)
µ0, (202)

where xc is the critical frequency that describes the frequency-dependency of the
chemical potential. It comes from the intermediary solution
µ(τ, x) ≈ µ0(τ) exp(−xc(t)/x), i.e. for x � xc the chemical potential is con-
stant while for smaller frequencies µ exponentially decreases as the photon ab-
sorption/emission processes are efficient there. The computation of the critical
frequencies for double Compton and Bremsstrahlung can be found in ref. [86].

We can then write eq. (200) as 1 [78]

dµ0

dτ
≈ 1.401

Q̇∗

ργ
− 2xcθ

3ζ(3)
µ0. (203)

By defining the so-called thermalization optical depth

τµ (z) ≈
2

3ζ(3)

∫ z

0
θxc

σTne

H(1 + z′)
dz′, (204)

and assuming that there is no initial distortion (at very early times), the solution
can be written as [78]

µ0 (z) ≈ 1.401
∫ ∞

z

Q̇∗

ργ

e−(τµ(z′)−τµ(z))

H (1 + z′)
dz′. (205)

It is customary to define the so-called spectral distortion visibility function
between the two redshifts z′ and z, i.e. Jµ (z′, z) ≡ exp

(
−
(
τµ(z′)− τµ(z)

))
—

see for example ref. [78]. The visibility function Jµ (z′, z) describes the fraction of
energy injected at z′ that is still visible as a spectral distortion at redshift z. When

1 In the literature this differential equation is often shown in the form dµ/ dt ≈ 1.4Q̇∗/ργ −
µ/tDC,BR, where tDC,BR is the timescale of the dominant number-changing interaction, see
e.g. refs. [80, 87, 88, 89].
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Jµ ≈ 1, the distortion has not thermalized, while for Jµ � 1 the initial distortion
has mostly thermalized and the energy is converted into the temperature shift
that was discussed in the previous section.

Assuming that the dominating number-changing process during the µ-era,
i.e. between redshifts z ≈ 2× 106 and z ≈ 5× 104, is the double Compton scat-
tering, the visibility function can be approximated to be [80]

Jµ,DC
(
z′, z

)
≈ Jµ,DC

(
z′, 0

)
≈ e−(z

′/zDC)
5/2

, (206)

where zDC = 4.1× 105 (1−Yp/2
)−2/5 (Ωbh2)−2/5 ≈ 2× 106, where Yp denotes

the primordial helium abundance [88]. This allows us to write the value of µ

today as (see e.g. ref. [78])

µ = µ0 (z = 0) ≈ 1.401
∫ ∞

0

d
dz′

(
Q∗

ργ

)
e−(z

′/zDC)
5/2

Θ
(
z′ − zK

)
dz′, (207)

where we also introduced the step-function Θ (z′ − zK) that kills the integral at
zK ≈ 5× 104, as below the redshift zK the Comptonization is not efficient enough
in redistributing the photon energy, and thus the spectral distortion is not any-
more of the chemical potential type. In the calculations one often replaces the
upper limit with z ≈ 2× 106, as the contribution to µ above z > zDC is negligible.

Albeit there are plethora of spectral distortion sources, for the interest of
our present work we need to take into account only two different sources of
µ-distortion: the adiabatic cooling of electrons, which we denote by µcool, and
the dissipation of energy stored in the density fluctuations, i.e. Silk damping of
acoustic waves, denoted by µsilk. The latter we will talk in more detail in next
section. The detailed study of the former is beyond the scope of this work, and
we just briefly describe it here. We know that at high redshifts the Compton scat-
tering couples the electrons and CMB photons, i.e. Te ∼ T. Without the efficient
Compton scattering, due to the expansion of the universe, the temperatures of
the free electrons and CMB photons deviate below T < me. This means that to
counter the effect of expansion, the electrons (or baryonic matter) needs to ex-
tract energy from the CMB photons. Consequently, this leads to a unavoidable
distortion signal, which is expected to yield negative µ- and y-distortions, both
valued roughly at µcool, ycool ∼ −few× 10−9 — see e.g. refs. [79, 90] for more
information. In the computation of the µ-signal, we thus divide the energy in-
jection term in eq. (207) as Q∗ = Qcool + Qsilk, resulting in the overall distortion
µ = µcool + µsilk.

4.3 Distortion from the dissipation of primordial perturbations

As already mentioned in Section 1.2, the diffusion damping of the acoustic os-
cillations in the CMB, dubbed as the Silk damping, leads to creation of spectral
distortions. This is due to the energy release and mixing of the photons of dif-
ferent temperature black-bodies (see e.g. Figure 3 in ref. [91], where the mixing



66

of photons from different phases of acoustic waves is discussed). Here we give a
brief review of the estimation of the energy injection coming from the diffusion
of acoustic modes following ref. [90] and references therein. More refined anal-
ysis of the dissipation of the energy stored in the energy density perturbations is
given in ref. [92].

The comoving energy density Qsilk stored in the in acoustic waves in the
photon-baryon plasma can be written as [93]

Qsilk ≈
c2

s
1 + wγ

ργ〈δγ(x)2〉, (208)

where ργ is the photon energy density and δγ is the photon density perturba-
tion and for the radiation we have that the sound speed of photon fluid is c2

s ≈
1/3 = wγ to first approximation. Note that in eq. (208) we have taken into ac-
count the relativistic correction to the classical non-relativistic solution found in
the literature, that predicts a factor of 4/3 larger energy injection (see e.g. [92] for
discussion on this matter). We can write the averaged photon density perturba-
tion as

〈δγ(x)2〉 =
∫ d3k

(2π)3 Pγ (k) =
∫ d3k

(2π)3 ∆2
γ (k) Pi

γ (k) , (209)

where Pγ (k) is the photon power spectrum, which we further decomposed into
two terms: Pγ (k) = ∆2

k Pi
γ (k), where Pi

γ is the initial power spectrum and ∆γ

is the transfer function that describes the diffusion of the modes inside the hori-
zon [90]. The photon power spectrum follows the curvature power spectrum Pζ

according to the following expression [90]

Pi
γ (k) =

4

((2Rν/5) + (3/2))2 Pζ (k) ≈ 1.45 Pζ (k) ≡ AνPζ (k) (210)

where Rν = ρν/(ργ + ρν) ≈ 0.4 [90]. The transfer function can be written as [90]

∆2
γ (k) ≈ 9cos2 (krs) e−2k2/k2

D , (211)

where rs is the sound horizon and kD is the Silk damping diffusion scale. We
can see that the perturbations related to the small-scale modes k � kD are expo-
nentially damped. The photon damping diffusion scale can be computed to be
[94]

1
k2

D
=
∫ ∞

z
dz′

(1 + z′)
6H (1 + R) ne (z′) σT

(
R2

b,γ

1 + R
+

16
15

)
, (212)

where Rb,γ = (3ρb/4ργ), σT is the Thomson scattering cross-section and ne is the
electron number density, which can be written as ne = ne,0 (1 + z)3, where the
free electron number density before the recombination is given by ne,0 = nH,0 +
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2nHe,0. The solution for eq. (212) during the radiation dominated epoch is then
[90]

kD = A−1/2
D (1 + z)3/2 (213)

AD ≈
8

135H0Ω1/2
r σT

≈ 5.9× 1010 Mpc2, (214)

where H0 and Ωr denote the current Hubble rate and radiation density, respec-
tively.

The energy injection part in eq. (207) is then of the following form

d
dz

Qsilk

ργ
≈ 1

4

∫ d3k

(2π)3 AνPζ (k)
d∆2

γ (k)
dz

(215)

≈ 27
4

∫ d3k

(2π)3 Aν AD (1 + z)−4 k2 Pζ (k) e−2k2/k2
D , (216)

where the cos2-term was replaced with its average value over oscillation of 1/2
[90]. The value of µ-distortion related to the dissipation of acoustic waves is then
approximated by

µsilk ≈ 1.401
∫ z2

z1

dz e−(z/zDC)
5/2
(

d
dz

Qsilk

ργ

)
(217)

≈ 0.479Aν AD

∫ z2

z1

dz e−(z/zDC)
5/2
∫ ∞

0
dk k4 Pζ (k) (1 + z)−4 e−2k2/k2

D , (218)

where we set the integration limits to go from z1 = 5 × 104 to z2 = 2 × 106

as discussed in the previous section. We can see that the eq. (218) takes the
primordial perturbation power spectrum Pζ as an input, and therefore we can
compute the µ-signal for example in models where the perturbations are sourced
by one or two scalar fields.

4.4 Spectral distortions as a constraint on inflationary models

In the previous section we discussed how the dissipation of the energy resided
in the acoustic waves of the photon-baryon system allows us to connect the µ-
distortion to the initial primordial perturbations power spectrum Pζ . This un-
avoidable effect of a distortion signal coming from the perturbations opens up
the possibility to constrain the inflationary models via their prediction for the
µ-signal.

As the µ-distortion signal originates from the energy dissipation between
the redshifts 2× 106 and 5× 104, the diffusion damping scale kD in eq. (213) sets
the relevant scales probed by the µ-distortion to be 50 Mpc−1 < k < 104 Mpc−1.
Importantly, these are much smaller scales than probed by the CMB anisotropies
or large-scale structures, i.e. O

(
10−3) Mpc−1 < kCMB < O (0.1) Mpc−1 and
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O
(
10−2) Mpc−1 < kLSS < O (1) Mpc−1. This means that the spectral distortions

can open up an additional window of∼ 5 . . . 10 e-folds into the inflation, roughly
doubling the currently probable inflationary physics [95]. While primordial black
holes (PBHs) also constrain similar and smaller scales [96], their constraints on the
power spectrum are significantly weaker than what can be achieved by proposed
future experiments, i.e. PIXIE-like experiments where the sensitivies are of the
order of µ ∼ 10−8 [75, 81, 97], significantly improving the COBE/FIRAS upper
bound |µ| . 10−4 [8, 9]. This is also illustrated in Figure 6, where the current and
future projected constraints for the scalar power spectrum from different sources
are plotted.

Let us then estimate the value of the µ-distortion coming from the dissipa-
tion of acoustic waves. We will use the standard parametrization of the primor-
dial perturbation power spectrum Pζ :

Pζ (k) =
2π2

k3 Pζ (k) =
2π2

k3 As

(
k

kref

)ns−1

, (219)

where the Planck pivot scale is kref = 0.05 Mpc−1, and we have neglected any
higher-order scale-dependencies, such as the running αs. As eq. (218) takes Pζ (k)
as an input, it is easy to compute the µ-distortion from the given spectra. Also,
as we can relate the spectral index to the single-field slow-roll parameters, i.e.
ns = 1− 6εφ + 2ηφ, we can in principle compute the µ in terms of the slow-roll
parameters or the inflationary potential and its derivatives (at the reference scale).

It is then straightforward to compute the unavoidable µ-type spectral dis-
tortion prediction of ΛCDM from eq. (218):

µsilk ≈ 1690 Mpc2
∫ 2×106

5×104
dz

e−(z/zDC)
5/2

(1 + z)4

∫ ∞

0
dk k

(
k

kref

)ns−1

e−2k2/k2
D(z) (220)

≈ 1.9× 10−8, (221)

where we used the Planck 2018 best-fit values, ns ≈ 0.965 and As ≈ 2.09× 10−9

[4]. The µ ≈ 10−8 is a standard prediction of ΛCDM (see e.g. refs. [79, 90]),
and is usually assumed to be the target sensitivity for future experiments. As
the discussed adiabatic cooling of electrons yields a negative contribution to the
µ-signal that is roughly an order of magnitude smaller than µsilk, i.e. µcool ≈
O
(
10−9), one expects that there is an observable signal without any exotic non-

ΛCDM physics. A non-detection at this level could prove to be a problem for the
ΛCDM, and might be a hint of new physics [81].

Of course, there is still some leeway for the value of µ: one can extent the
scale-dependency in eq. (219) to higher-orders, i.e. include the running of the
spectral index αs and the running of running βs. However, as the power spectrum
parameters are already quite constrained, the affect of inclusion of the running,
which is expected to be αs ∼ O

(
(1− ns)

2
)

, does greatly not alter the prediction
for µ — see for example ref. [98], where the authors studied the ΛCDM + αs
predictions for the µ-distortion.
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FIGURE 6 Forecast constraints on the primordial perturbation power spectrumPζ com-
ing from the CMB anisotropies, µ-distortion and PBH studies. The proposed
µ-distortion experiments can probe the values µ . O

(
10−8), which allows

to set constrains on the spectrum Pζ on levels and scales inaccessible to other
probes. Figure from ref. [81].

However, a more significant departure from the standard prediction can be
achieved, if one considers the primordial perturbations to be sourced by multiple
fields. In this case the individual power spectrum parameters (ni, αi and βi) can
conspire such that the spectrum is greatly enhanced at the smaller scales sensitive
to spectral distortions, while being constrained at the larger scales probed by the
CMB anisotropies. We will come back to this scenario in Chapter 5, where we
discuss the scientific work [74] related to this thesis.



5 CMB SPECTRAL DISTORTIONS IN GENERIC
TWO-FIELD MODELS

So far we have given a review of the standard inflationary cosmology, the produc-
tion of primordial perturbations and the formation of CMB spectral distortions.
These all are needed for the discussion of the scientific work related to this thesis.
In this chapter we briefly go through the analysis done in ref. [74], where we
studied the formation of the µ-type spectral distortion in two-field inflationary
models. The main production mechanism for the µ-distortion is assumed to be
the diffusion of the acoustic oscillations, i.e. Silk damping, that was discussed
in Chapter 4. As discussed in Sections 4.3 and 4.4, the strength of the µ-signal
is related to the primordial power spectrum Pζ , which allows the µ-distortion to
be used as a constraint on the underlying inflationary model. In the work done
in ref. [74], we studied the production of µ-type spectral distortions both in a
general two-field setup and in a more specific inflaton-curvaton scenario.

5.1 General parameterization of two-field models

In Section 4.4 we discussed how the CMB spectral distortions can be used to con-
strain inflationary models. In the context of single-field inflation, it was found in
refs. [89, 98, 99] that the future measurements of the µ-distortion could place a
significant constraint on the scale-dependence of the spectral index. The spectral
distortion predictions in the mixed inflaton-curvaton models have been previ-
ously studied for example in ref. [100]. In ref. [74] we studied a general two-field
setup, where the spectrum of primordial perturbations is parameterized as

Pζ = P1 + P2 =
As

1 + R

( k
kref

)n1−1+ 1
2 α1ln

(
k

kref

)
+ 1

6 β1ln2
(

k
kref

)

+R
(

k
kref

)n2−1+ 1
2 α2ln

(
k

kref

)
+ 1

6 β2ln2
(

k
kref

) , (222)

where As is the total amplitude of the primordial power spectrum at the refer-
ence scale, As = Pζ (kref), and R is defined as the ratio of the individual spectrum
amplitudes, i.e. R = P2/P1 at the reference scale. The parameters ni, αi and
βi, where i = 1, 2, are the individual spectral index, the running and the run-
ning of the running of the two scalar fields, evaluated at the reference scale kref =
0.05 Mpc−1. The phenomenological parametrization (222) can be used to describe
two-field configurations such as two-field inflation models and curvaton-type
models. As discussed in Section 3.4, in curvaton models the primordial perturba-
tions can be sourced both by adiabatic and isocurvature scalar fields.

In the analysis we set the curvature spectrum amplitude As equal to the
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observed (Planck 2015) best-fit value Pobs = 2.19 × 10−9 [101]. For the other
power spectrum parameters in eq. (222) we chose to have the following prior
ranges:

n1,2 ∈ [0, 2], α1,2 ∈ [−0.1, 0.1], β1,2 ∈ [−0.01, 0.01], R ∈ [0, 1] . (223)

Note that, we chose the ratio R such that P1 denotes the dominant part of the
power spectrum Pζ , while the P2 is chosen as the subdominant part. An obvious
requirement is that the Taylor expansion of the power spectrum should hold over
the probed scales, i.e. O (0.05)−O

(
104) Mpc−1. The expansion remains valid

in this interval as the priors for the spectral index, its running and the running of
the running are chosen such that each successive term is parametrically smaller.

An important feature of the two-field model is that the spectral index ns,
its running αs and the running of the running βs are functions of the individual
power spectrum parameters. They can be straightforwardly computed from eq.
(222), and they read:

ns ≡ 1 +
dlnPζ(k)

dln(k)

∣∣∣∣
k=kref

=
n1 + Rn2

1 + R
, (224)

αs ≡
dns

dln(k)

∣∣∣∣
k=kref

=
α1 + Rα2

1 + R
+

R(n2 − n1)
2

(1 + R)2 , (225)

βs ≡
d2ns

dln(k)2

∣∣∣∣
k=kref

=
β1 + Rβ2

1 + R
+

3R(n2 − n1)(α2 − α1)

(1 + R)2 +
R(1− R)(n2 − n1)

3

(1 + R)3 .

(226)

Note that, the difference between the spectral indices n1 6= n2, induces both run-
ning αs and running of the running βs of the spectral index, even if the individual
running parameters are negligible or zero. This is an important feature, that al-
lows the spectrum and the µ-distortion signal to be enhanced compared to the
single-field case. We can also see, that the configurations for which the power
spectrum parameters are equal are degenerate with the single-field configuration
with R = 0.

5.1.1 Analysis of the distortion constraints on the models

In the analysis of ref. [74], we scanned over the seven model parameters (223),
and proceeded to first compute the spectral index ns, its running αs, running of
the running βs according to the eqs. derived in the previous section, and then the
spectral µ-distortion coming from the dissipation of the primordial perturbations
from eq. (218) derived in Section 4.3. We also took into account the small neg-
ative µ-distortion generated by the adiabatic cooling of electrons, as discussed
in Section 4.2.2. As constraints, we imposed the Planck 2015 bounds on ns, αs
and βs [101], and the COBE/FIRAS upper bound on the spectral µ-distortion, i.e.
|µ| < 9 × 10−5 [8, 9]. We also compared the computed µ-distortion signals to
the sensitivity of the future PIXIE-like experiment (∆µ = 1 × 10−8 [97]) which
was discussed in Section 4.4. In the analysis we performed a scan over 5 000 000
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FIGURE 7 Left panel: distribution of µ-values compatible with the Planck constraints
at 99 % C.L. in the single-field (red) and two-field (blue) cases. Right panel:
the distribution of the running of the running βs and µ-distortion in the two-
field model. Figure reproduced from ref. [74] with permission.

parameters sets in the prior range (223), of which 12 628 generated sets were com-
patible with the imposed constraints. Here we only briefly summarize the main
results of ref. [74], and refer the article for a more detailed discussion.

The key outcome is seen in the left-panel of Figure 71. The histogram shows
the µ-value distributions for the single-field (R = 0) and two-field models that
satisfy the imposed constraints. In ref. [74], we argued that the wider spread of
µ-distortion values in the two-field configuration originates from the fact that the
second field allows a more significant scale-dependency, while still being con-
sistent with the Planck 2015 bounds on (ns, αs, βs) at the reference scale k =
0.05 Mpc−1. We found three different structures leading to enhanced distortion
signal: large tilt n2 of the subdominant field, large difference between the tilts n1
and n2, discussed already in ref. [102], and large difference between the runnings
α1 and α2. Due to the scale-dependency of the spectrum, the second field can arise
to give a dominant contribution at smaller scales, while still being subdominant
at the observed CMB scales. This can happen especially, if the spectral index n2 is
blue-tilted on the scales probed by µ-distortion. As mentioned, the enhancement
of the µ-signal is due to the difference in the spectral indices or runnings, which
can induce large positive running αs and running of the running βs.

The right-panel of Figure 7 shows correlation between the running of the
running βs and the µ-distortion for the two-field setups. Interestingly, in our
analysis the distribution seems to be centered around βs = 0, and does not lie
within the Planck 2015 best-fit value for βs = 0.025± 0.013 [101].

1 In ref. [74], we also plotted the correlations of the different spectrum parameters ni, αi and
βi with each-other as a function of the predicted µ-signal, which allows (albeit somewhat
weakly) to constrain the two-field model parameter space.
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5.2 A specific example: mixed inflaton-curvaton case

We have now seen, that in a general two-field setting the individual power spec-
trum parameters can conspire such that the µ-signal is greatly enhanced while
still fulfilling the Planck constraints. It is then interesting to study a more specific
setup, where the constraints on the power spectrum parameters can be turned
into constraints onto the model-dependent parameters, i.e. slow-roll parameters
that depend on the specific potential of the inflationary model. As a concrete two-
field model example, in ref. [74] we studied the mixed inflaton-curvaton scenario,
which was already briefly discussed in Section 3.4.3.

In ref. [74], we assumed that the inflationary scalar potential is separable
and is given by

V (φ, χ) = V1 (φ) + V2 (χ) , (227)

where φ is the inflaton field and χ is now the curvaton field. As we studied the
curvaton scenario, we assumed that the field is subdominant during inflation, i.e.
V1 (φ) ≈ 3H2M2

Pl � V2 (χ). Furthermore, as in ref. [74] we probed the parameter
space on the level of the individual running of the running, we need to consider
the higher order slow-roll parameters than we have previously discussed in this
work. In ref. [74], we argued that the relevant slow-roll parameters are

εφ =
M2

Pl
2

(
V,φ

V

)2

, ηφ = M2
Pl

V,φφ

V
, ηχ = M2

Pl
V,χχ

V
, ξφ = M4

Pl
V,φV,φφφ

V2 , (228)

ξχ = M4
Pl

V,χV,χχχ

V2 ' 0, σφ = M6
Pl

V2
,φV,φφφφ

V3 , σχ = M6
Pl

V2
,χV,χχχχ

V3 ' 0. (229)

Note that, we assumed that that the slow-roll parameters ξχ and σχ are either zero
or negligible. This was discussed in Section 3.4, where we argued that in the cur-
vaton scenario potential needs to be flat enough that V,χ ' 0, which indicates that
the curvaton is close to the isocurvature field space direction. As we mentioned
in Section 3.4, this is fulfilled in the case of a quadratic curvaton scenario.

As discussed in Sections 3.3.4 and 3.4, the spectrum of the primordial cur-
vature perturbations is given in the ∆N formalism as

Pζ (k) = N2
,φPφ (k) + N2

,χPχ (k) , (230)

where the leading-order slow-roll result reads

Pφ (k) = Pχ (k) =
(

H
2π

)2

k=aH
, N,φ =

(
MPl

√
2εφ

)−1
. (231)

Note that N,χ depends on the exact details of the curvaton model, as was dis-
cussed in Section 3.4. If we define

R =
N2

,χ (kref)

N2
,φ (kref)

, (232)
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the two-field power spectrum (230) coincides with the phenomenological spec-
trum (222) discussed in the previous section. Note that, unlike in the general
parametrisation of the previous section, here we let the ratio R to be R ∈ [0, ∞[. If
R = 0, the inflaton dominates the curvature spectrum at the reference scale, while
for R� 1 the primordial perturbations are sourced by the dominant curvaton.

As in the previous section, we want to find the spectral index ns, its running
αs and running of the running βs, which are given by the derived eqs. (224), (225)
and (226), where the individual parameters are now replaced by n1 = nφ, n2 = nχ

etc. These individual power spectrum parameters are straightforward to com-
pute, and they read

nφ = 1− 6εφ + 2ηφ , (233)
nχ = 1− 2εφ + 2ηχ ,

αφ = −24ε2
φ + 16εφηφ − 2ξφ ,

αχ = −8ε2
φ + 4εφηφ + 4εφηχ ,

βφ = 2σφ − 8εφ(4η2
φ + 3ξφ) + 2ηφξφ + 192ε2

φηφ − 192ε3
φ ,

βχ = −64ε3
φ − 8εφηφ(ηφ + ηχ) + 8ε2

φ(7ηφ + 3ηχ)− 4εφξφ .

In the analysis we also used the constraints on the tensor-to-scalar ratio r,
that was discussed in Section 3.2.2, to constrain the available parameter space.
As the spectrum of tensorial modes, i.e. gravitational waves, can be written as
PT = 8H2/(4π2M2

Pl), the spectrum (230) can be recast in the form

Pζ (kref) = PT (kref)
1 + R

16εφ (kref)
, (234)

which allows us to write the tensor-to-scalar ratio at the reference scale as

r =
PT (kref)

Pζ (kref)
=

16εφ (kref)

1 + R
, (235)

i.e. we can turn the constraint on r to constraints on the
(
εφ, R

)
plane.

5.2.1 Analysis and results

Again, in ref. [74], we fixed the observed spectrum amplitude value as Pζ =
2.19 × 10−9 [101]. As we also included the computation of tensor-to-scalar ra-
tio r in this section, we also imposed the Planck 2015 + BICEP2/KECK bound
r < 0.07 (at 95 % CL) [103] in addition to the already discussed Planck 2015 and
COBE/FIRAS constraints. We then proceeded to scan over the five slow-roll pa-
rameters ε, ηφ, ηχ, ξφ, σφ and the spectrum amplitude ratio R with the chosen prior
ranges

εφ ∈ [0, 0.1], ηφ, ηχ ∈ [−0.1, 0.1], ξφ ∈ [−0.01, 0.01],
σφ ∈ [−0.001, 0.001], R ∈ [0.01, 100] . (236)
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We argued that the prior range for R for all practical purposes describes the con-
figurations from the inflaton domination to the curvaton dominated limit. In the
analysis we performed a scan over the generated 3 000 000 models, of which 121
086 models (roughly 4 percent) were compatible with the imposed Planck and
COBE/FIRAS bounds. Again, here we only recap the main results of ref. [74],
and refer there to a more detailed discussion.

As one might expect from the previous two-field model findings, we found
that the mixed inflaton-curvaton setup also allows a more wider spread of µ-
values compared to the pure inflaton case. This is again due to the fact that the
two sources can conspire such that the runnings of the spectral index are en-
hanced.

In terms of the curvaton parameter space, the main result of ref. [74] is
shown in Figure 8, where the the dependence of µ-distortion on the curvaton pa-
rameters ηχ and R is depicted. If the tensor-to-scalar ratio bound is not imposed,
the µ-values are heavily degenerate on the curvaton parameter (ηχ, R) plane (this
is depicted in the first panel). For large R values (i.e. curvaton dominated part),
the large negative and positive ηχ values are excluded, as they yield a too small
or large spectral index. As seen in the second panel: imposing the tensor-to-
scalar ratio bound r < 0.07, has the effect of removing parameter combinations
which yield large µ-values in the inflaton dominated limit, R � 1, where the
curvaton contribution is small. In this regime the r-bound constrains the posi-
tive ηφ values, which give a positive enhancement to αs and βs and thus correlate
with large µ-distortions. When the inflaton and the curvaton contributions to the
power spectrum are of the same order at the pivot scale, i.e. R ∼ 1, the curvaton
slow-roll parameter values ηχ & 0.05 are cut out, as the constraints would require
ηφ < −0.1 which is excluded by our choice of priors.

Figure 8 also shows the effect of tighter tensor bounds that could be ex-
pected from future data. As we decreased the tensor-to-scalar ratio (depicted
in the the two lower panels), we saw that the size of the cut-out region fur-
ther increased. It is however important to note that, the two depicted curvaton
parameters, ηχ and R, do not completely fix the value of µ-distortion. The µ-
distortion continues to depend on the inflaton slow-roll parameters even in the
curvaton dominated limit. In ref. [74], we argued that while the degeneracy was
present, the obtained results indicated that the measurement of µ-distortion in
conjunction with the improving bounds on tensor-to-scalar ratio r could reduce
and place interesting constraints on the curvaton parameter space, thus allow-
ing to break the parameter degeneracies in the curvaton sector. For example,
taking µ < 0.5× 10−8 and r < 0.01 as sample values of futuristic bounds, our
results would suggest that there are two different outcomes for the curvaton sec-
tor. Either the curvaton contribution vanishes, or the curvaton dominates the
primordial perturbations. In the latter case, the curvaton slow-roll parameter ηχ

is constrained to have values between −0.007 < ηχ < 0.045. This goes some way
in demonstrating that the constraints on the µ-distortion originating from the dif-
fusion of acoustic waves are compelling observable especially with the forthcom-
ing next-generation polarization probes (see e.g. ref. [104]) that can give strong
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FIGURE 8 The mixed inflaton-curvaton µ-signal predictions as function of the curvaton
parameters ηχ and R. Figure reproduced from ref. [74] with permission.

bounds on the tensor-to-scalar ratio r.



6 CONCLUSIONS

In this thesis we have reviewed the primordial perturbations generated by scalar
fields during inflation: how they are generated and how they can be related
to observational quantities. We have discussed the preliminaries of the ΛCDM
cosmology, the inflationary paradigm, the cosmological perturbation theory and
the formation of the CMB spectral distortions. We have concentrated on scalar
field models, where the primordial perturbations are sourced by multiple fields,
whereas in the standard single-field slow-roll inflation both the inflationary dy-
namics and the density perturbations are sourced by the inflaton field.

Due to the efficient thermalization, the CMB is remarkably close to a perfect
black-body spectrum, with deviations, dubbed as spectral distortions, at most to
one part in 105 allowed. These spectral distortions can be created when the ther-
malization of the disturbances in the primordial plasma, in form of energy or par-
ticle injections, is not efficient enough. The deviations from thermal equilibrium
can be caused by many different early universe processes, e.g. exotic processes
like decaying dark matter particles or evaporating primordial black holes. How-
ever, in the ΛCDM there is an unavoidable source of distortions: the diffusion of
energy stored in the primordial density perturbations due to the Silk damping.
This effect allows one to connect the µ-type spectral distortions to the primordial
power spectrum Pζ .

In ref. [74], we studied the µ-distortion predictions in generic two-field
models, where two uncorrelated sources can contribute to the primordial curva-
ture power spectrum. We studied both a more general phenomenological model,
where the underlying model be can be for example two-field inflation, and also
a more specific model, a mixed inflaton-curvaton model. We found that in the
two-field setups the µ-signal can be greatly enhanced compared to the expected
single-field model value, i.e. µ ≈ O

(
10−8). The second field can be subdomi-

nant at the observed CMB scales, and thus fulfilling the observational constraints,
while still giving a major contribution to the primordial power spectrum on the
smaller scales probed by the spectral distortions. In the mixed inflaton-curvaton
case, we showed that at the sensitivity levels of the proposed spectral distortion
measurements, in conjunction with the bounds on the tensor-to-scalar ratio, can
efficiently probe the values of the curvaton model parameter space. In the anal-
ysis done in ref. [74], we neglected the discussion of correlating µ-distortions
with various other observables, such as non-Gaussianities, which we expect to
further improve the efficiency of the spectral distortions as tests for the abundant
inflationary models.
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