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1 | INTRODUCTION

The vanishing velocity u on the boundary of the computational domain is the standard boundary condition in fluid flow models.
In practice, depending also on properties of solid surfaces in a fluid’s path, a slip along such surfaces can be observed. The slip
affects the fluid flow ([1]], [2]]), therefore it has to be involved into the mathematical model. The Navier slip law is the simplest
one. It says that the shear stress o, is a linear function of the tangential velocity u,. Clearly, u, # 0 if and only if o, # 0, i.e.
the slip response is instantaneous. On the other hand, there are situations, for example a water flow along hydrophobic surfaces,
when the slip behavior has a threshold character: a slip along surfaces may occur only if the shear stress o, attains certain bound
g while below this bound is u = 0. The constitutive law between ¢, and u, in this case is expressed by inclusions for appropriate
multivalued mappings. Consequently, the resulting mathematical models lead to inequality type problems, complexity of which
depends on a particular threshold bound g. In the simplest case, g is represented by a function which is given a-priori. This choice
of g corresponding to the Tresca model of friction in solid mechanics, has been studied by Fujita in the frame of the Stokes and
Navier-Stokes system [3]], and in time dependent problems [4]. Later on, the analysis has been extended to g:s depending on the
solution itself, e.g. on the tangential velocity u_ (S]], [6]), or Coulomb’s type slip condition in which g depends on the normal
stress o, ([7], I8, [90).

It often happens that not all data we need in computations are available. If it is so then a possible way how to get the missing
ones is to use an identification procedure when on the basis of measurements of appropriate physical quantities we are able
to reveal remaining data. The present paper is devoted to an identification of the threshold slip function g which depends on
u.. To this end we use an optimal control approach with the integral least squares cost functional and the target represented
by measurements of u, in a vicinity of the slip part of the boundary. The Stokes system with this threshold slip condition
serves as the state problem and the slip bound g plays the role of the control variable. Owing to the state relation, the resulting
optimization problem is nonsmooth, i.e. the minimized functional (or function after a discretization) might be nondifferentiable
at some points. This fact restricts the choice of classical gradient type methods. Formally, they can be used together with the
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standard sensitivity analysis, however obtained results are not satisfactory since minimization methods usually fail due to false
gradient information. For this reason a special differential calculus which uses deep tools of the multivalued analysis and special
methods for minimization of nonsmooth functions have been developed. It is not surprising that knowledge of such techniques
is a domain of a limited community of specialists. To overcome this inconvenience we propose and theoretically justify another
way which is based on a regularization approach. The original state relation (P) will be replaced by a sequence of smooth
problems (P,) depending on a parameter € — 0+4. Under appropriate assumptions, solutions of (P.) tend to solutions of (P) if
€ — 04. A natural idea arises, namely to replace the original state () in the optimization problem by its regularized form (P, ).
The resulting optimization problems then become smooth. Consequently standard optimization techniques can be used.

The rest of the paper is organized as follows. In Section[2] we present the weak velocity-pressure formulation () of the Stokes
system with the slip bound function g depending on the tangential velocity u_, further specify the set U, of admissible g:s and
define the identification problem (?). We show that solutions to (P) are stable with respect to g € U, i.e. they depend in a
continuous manner on such g:s. This property guarantees the existence of a solution to (P). Section[3|starts with the definition of
the regularized state problems (7,). We prove that (P,) has a solution for any € > 0 and any g € U;. If, in addition g is one sided
Lipschitz continuous, the solution is unique. Then keeping € > 0 fixed, we prove that solutions to (P, ) are stable with respect to
g € U,,,. Consequently, the identification problem (P, ) using (P,) as the state relation has a solution. In Section ] the mutual
relation between solutions to (P) and (P, ) as € — 0+ is studied. The rest of the paper is devoted to computational aspects. For
the approximation of the regularized state problem, the P2/P1 elements are used together with the Bezier type parametrization
of the slip bound function g. We present results of a model example. It deals with the identification of g using measurements
of the tangential velocity in a vicinity of the slip part of the boundary .S. The stability of numerical results with respect to the
regularization parameter, the degree of the Bezier functions and the distance of measurements from .S is illustrated.

In the paper we use following notation. For a bounded domain Q in R? we denote by H*(Q), k > 0 integer, the space of all
Lebesgue integrable functions which are together with their generalized derivatives up to order k square integrable in €, i.e.
belong to L*(Q) := H°(Q). The norm in H*(Q), L*(Q) will be denoted by || - ||, o and || - ||¢.o. respectively. Finally, the cones
of all non-negative functions from L?(Q), the space C(R +) of all continuous functions in R, will be denoted by Li(Q), and
C, (R,), respectively.

2 | SETTING OF THE PROBLEM

Let Q C R? be a bounded domain with the Lipschitz boundary 0Q which is decomposed into two non-empty parts I" and .S':
0Q=TUS,T'nS = ¢ In Q we consider a viscous incompressible Newtonian fluid obeying the Stokes system with the no-slip
condition on I" and the impermeability and slip conditions on .S. The classical formulation of this problem reads as follows: find
the velocity u = (u;, u,) and the pressure p satisfying

-

—div(2nDu) + Vp=f inQ

divu=0 inQ
u=0 onl

< 2.1
u,=0 onS

lo.| < g(lu;]) on.S

g(lufl)u‘[ = —|MT|O'T on S’

\

where f is a force acting on the fluid, # > 0 is the dynamic viscosity, v, T are the unit outward normal, and the tangential vector
to 0Q, v, = v - v, v, = v - 7 denote the normal, and tangential component of a vector v, respectively. Finally, o, = 25n(Du)v),
is the shear stress, where Du = %(Vu + (Vu)") is the symmetric part of the gradient of u. The last two boundary conditions in
(2-T) express the threshold slip model. The non-negative function g represents the slip bound which depends on the tangential
velocity u,. Slip at a point x € S may occur only if |,(x)| = g(|u.(x)|) and o,, u, have opposite signs.

To give the weak formulation of we introduce the velocity, pressure space:

VQ) ={veH'Q)|v=00nT, v, =00n S}

and
L}(Q) ={q€ L* Q)| [,qdx =0},



g(h)

g(0)

FIGURE 1 Graph of g.

respectively.
The weak formulation of (2.1]) leads to the following implicit inequality type problem:

Find (u, p) € V(Q) X L(€) such that
a(u, v —u) = b —u,p) + j,(lu.l, [, ) = j(u. |, lu. ) = (f, v —u)o Vv € V(Q), (2:2)
bu,q)=0 Vg€ L}(Q),

wherd!] f € (L2(Q))? and

a(u,v)z/[Du : Dvdx, b(v,q)z/qdivvdx, jg(lurl,lurl)=/g(|uT|)|UT|ds.
Q Q S
The mathematical analysis of (2.2)) based on a fixed-point approach has been done in [6] and in [10] which contains also a
finite element discretization of (2.2)) and the respective convergence analysis. It has been shown that under appropriate growth
conditions on g, problem has a solution. In addition, if g is one-sided Lipschitz continuous in R, i.e. there exists a constant
Log > 0 such that
(8(x1) — 8(x))(x; — x) < Log(x; — x2)2 Vx,x, ER, (2.3)
then has a unique solution provided that L is small enough, more precicely it satisfies (3.16), see below. Let us observe
that any non-decreasing function g satisfies (2.3) automatically with Lyg = 0. Finally, if g is Lipschitz continuous in R, with
sufficiently small modulus of Lipschitz continuity L then the respective fixed-point mapping is contractive and the method of
successive approximations converges to its unique fixed-point. Each iterative step is represented by the Stokes system with the
slip conditions of Tresca type, meaning that the unknown slip bound g(|u,|) in (2.I) is replaced by a function g given a-priori.
This paper is aimed to the identification of the slip bound g on the basis of the tangential velocity measurements on .S. The
set of admissible g:s is defined as follows (see Figure[I ):

UV, =18 € CL(R,) | 8(0) < gy, 18(&) — g(&)| < LI¢ —&| V&, & € [0,A]g(8) = g(A) VE > A}, 2.4

where g, L and A are given positive constants which do not depend on g, i.e. U, is the set of all non-negative functions which
are equi-bounded and equi-Lipschitz continuous in [0, A] with modulus L > 0. From the definition of U, and the Arzela—Ascoli
theorem it follows that U, is compact in C([0, A]).
In the sequel we shall not impose any other condition on L. Therefore 2.2 with g € U, may have more than one solution.
Let G be the graph of the generally multivalued control-to-state mapping:

G={(g.ut,p®) | g € V,y, W’ p®)solves (P(g)) },

ITo simplify presentation we set 7 = % here and in what follows.
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i.e. (U8, p?) e V(Q) x L%(Q) satisfies

a(é, v —u®) — b —u, p¥) + j (lué], |v 1) — j (lufl, [uf])
> (f.v—ub)o YveV(Q), (P(g)
b, q)=0 Vq€& Ly(Q).

The identification problem that we shall study reads as follows:
Find (g*,u®’, p*') € argmin{ I(g,u®, p*) | (g,u,p*) €G }, (®)

where [ is the least squares functional defined by

I(g,us,pb) = % / (uf - 57)2 ds
s
and %, € L2(.S) is the measured value of the tangential velocity on S.
Here and in what follows we denote by ‘l/'fd C U,,; asubset of U, for which (P(g)), g € Ujd has a unique solution. Then
(P) can be written in the standard form
(P%)

J(gH<J(@g VgeU!

{Find ghe U':d such that
ad’

where
J(g) 1= I(g,u, p*)
and (u8, p%) solves (P(g)). As an example of U'jd which guarantees uniqueness of solutions to (P(g)) and will be used in
computations we mention
U’jd = {g € UV, | g is non-decreasing in [0, A]} . 2.5)

Our aim is to show that the identification problem (P) has a solution. To this end we prove the following auxiliary result.

Lemma 1. Let g, = g (uniformly) in [0,A], g,, g € Uy, and {v,}, {w,} be sequences in L*(S) such that v, — v, w, > w
in L*(S). Then

/g,,<|u,,|>|wn|dsﬂ/g(|v|>|w|ds, . 2.6)
S S
Proof. It holds:
/gn(|un|>|wn|ds—/g(|v|>|w|ds s/g,,uvm—gn(wn 0,] ds
S S S
+ [ [eteblie,) = edeblel|ds = 1,4 1.

s
From the definition of U,; we have:

I, < L/ lv, —vllw,lds < L|lv, = vllgsllw,llgs = 0, n— oo.
s

Further,

Iz,nﬁ/Ign(IUI)Ilwn—WIdS+/Ign(lvl)—g(IUI)IIWIdS
S S

< g, (vDllosllw, —wllo.s + llg, (1) — gvDllgsllwlle.s = 0, n— 0.

In the next theorem we prove the fundamental property of the graph G.
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Theorem 1. The graph G is compact in the following sense: for any sequencﬁ {(g,, ub, p5)}, (g,, ué, pt) € G there exist:
its subsequence, which will be denoted by the same symbol and an element (g, ué, p*) € G such that

8,3 g in[0,A] 2.7
ub — uf in (H'(Q)), (2.8)
p* = pfin L*(Q), n— oo. 2.9)

Proof. Since U, is compact in C([0, A]) we may assume that {g,} satisfies 7). Owing to [6], [[10], a solution (uér, pé)
to (P(g,)) exists for any g, € U, and the sequence {(u, p*)} is bounded: there exists a constant C > 0 such that

||ug”||1,g <C (2.10)
1P lloq < C @11
holds for any n € N. Indeed, it is readily seen that the inequality in (P(g,)) is equivalent to
a(s, ub) + j, (Jug'], lug']) = (f, us)g g, (2.12)
and
a®, v) — b, p) + j, (luf'], v, ) = (f,0)gq YV € V(Q). (2.13)

The upper bound Z.10) follows from Z12)) and Korn’s inequality. To prove 2.11) we use the following inf-sup condition
([L1)):

) /Q qdivvdx
p:= inf sup — > 0. (2.14)
qELﬁ(Q)vE(Hé(Q»z ”51”0,9”1’”1,9
v#0
This, 210) and Z.13) with test functions v € (H,(Q))* yield @T1). Indeed,
/Q gdivvdx
Bliptlloe < sup —————— <cllu®|l, o + [ flloq:
ve(H ) @)? ” V” 1.Q

v#0
where ¢ > 0 is an absolute constant. Thus one can pass to a subsequence of {(us, p)} tending weakly to an element (i, p)
in (H'(Q))* X L%(Q). Passing to the limit with n — oo in 212), 2-13) and using Lemma or the limit passages in the slip
terms we see that (1, p) = (u8, p8) solves (P(g)), i.e. (g,us, p?) € G.
From 212) and Lemma it follows that a(ué,us) — a(u®,u?) implying strong convergence of ué to ué in (H'(Q))>.
Observe that 2.13)) with test functions v € (H(} (Q))? takes the form

a(ugna v) - b(U, pg”) = (f’ v)O,Q
a(uf,v) — b, p*) = (f.v)0q v € (Hy(Q)".

Substracting both equations, and using 2.14), 28) we arrive ar (2.9). O

Theorem 2. Problem (P) has a solution.

Proof. Let {(g,,u®, p*)}, (g,,us", ps) € G be a minimizing sequence of 1. From Theorem|Z| it follows that there exists its
subsequence (denoted by the same symbol) and an element (g*,u®", p¥) € G such that ZI)—2-9) hold with g := g*. Hence

inf 1(g,uf, p*) = lim I(g,, u®, p*) = I(g*,u®’,p%),
n—0o0

making use of continuity of the functional I in G. [

| REGULARIZED OPTIMIZATION PROBLEMS

Due to the presence of the non-smooth slip term Jg in (P(g)) the minimization problem ([P) is generally non-smooth, as well.
To overcome this drawback, we will regularize (P(g)), i.e. (P(g)) will be approximated by a sequence of nonlinear but smooth

2If (P(g)) has more than one solution, we take one of them.
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equations which will be used as state relations in (). As a result, we obtain a sequence of smooth optimization problems which
can be solved by standard gradient type methods.

Let € > 0 be a regularization parameter destined to tend to zero and define the following C!-approximation of the absolute

value:
lqgl  if|g]l >
T.(q) = (3.1
T if jg] <.

The regularization (3:1)) enjoys the following important properties.
Lemma 2. Let v, — v in L*(S). Then
T, (v,) = |v| in L*(S), (3.2)
T! ()v, = vl in LX(S), n— o, (3.3)
forany e, — 0+.

Proof. It holds:

7.0 =10l]| o < |72 00 = 10al]| o + 1eat = 1e1]| g =2 i+ Lo

By the assumption, I, — 0 as n — oo. To estimate I, , we use the definition of T:
2 2
2 vi+ €2 vl + €2 )
| = — —u,| ) ds< ds = O(g,),
0,8 2¢, 2¢, "
lv,I<e, v, ]<e,
UZ

2
since 0 < |u,| < %for lv,| < €,. To prove (3.3) it is sufficient to estimate the term || T, (v,)v,~|v,|llo.s:

v? ? vt
7 o= il = [ (Z=10d) as<2 [ (L i) as =0
" ‘ €, €

n

TE,,(U}'I) - |Un|

|v,|<e, |v,1<¢,
O
Using T, instead of the absolute values in j, we obtain the following problem:
Find (u?, pf) € V(Q) X L(€) such that
a(ué,v —ub) — b(v — ué, p?)
£ £ £ £ (3.4)

+ jg(Tg (uif)’ Tg(U‘[)) - jg(Tg (ME’T)9 Tg(ui,r)) 2 (f’ v— uf)O,Q Vv € \/(9)7
b, q)=0 Vqe Ly(Q),

where uf . = uf-7. Further

Je(T w8 ). To(v,) = o (T ), TG ) = / g(T,(uf )T, (v,) — T, @l ) ds
S

2/g(Te(uf!T))Tg'(uif)(Ur—uﬁj)ds (3.5
s

making use of convexity of T,.
The final form of the regularized state problem (7(g)) reads as follows:

Find (uf, p%) € V(Q) X L}(Q) such that

a@s,v) - b(v, pf) + / g(T. (s NI/ Jv, ds = (f.v)o Vv EV(Q), P.(2)

K
_ 2
bs,q) =0 Vqe€ Lj(Q).

Let us note that (P,(g)) and (3.4) are equivalent and both will be used in the forthcoming analysis.
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Now we prove that (7,(g)) has a solution for any € > O and g € V,,. Let g € U; and € > 0 be fixed. For any ¢ € L? 28
we introduce the following auxiliary problem:

Find (uf (@), pi(@)) € V(Q) X Lé(Q) such that

aué(@),v) — b(v, pi(p)) + / g@T (e (@)v,.ds = (f,v)gq YveEV(Q), P?(g))
S
b(us(9).q) =0 Vg€ Ly(Q)

which is nothing else than the Stokes system with the regularized Tresca slip condition. Using standard arguments one can show
that (P¢(g)) has a unique solution (uf (¢), pi (¢)) for any ¢ € L2(S), g € U,,;, and € > 0.

To prove the existence of a solution to (P.(g)) we use the weak form of the Schauder fixed-point theorem. For the sake of
simplicity we shall suppose that the slip part S is represented by a straight line segment which is parallel to one of the axes. By
H'/2(S) we denote the trace space on S defined by

H'2(S)={pe L*S)|Iwe H(Q), v=gonS}={pe L*S) | ol s < o},

where
1/2

2
lollins = ||(p||OS // lo()— <5|(2y)l dxdy

is the norm in H/2(S) (for details see [12]]). From the deﬁn1t1on of || - Il /2,5 and B.1) it easily follows that

1T (@)1 2.5 < ll@lly )25 + c(e) (3.6)

holds for every ¢ € H'/?(S), where c(¢) — 0 as ¢ — 0+. Finally, let H}L/ 2(S) stand for the cone of non-negative functions
from HY2(S).
Define the mapping @ : HJlr/z(S) - HJlr/z(S) by
O(¢) = T, (uf (). (3.7)

Comparing the definitions of (P,(g)) and (P¢(g)) we see that (uf(¢), pé(@)) being the solution to (P¢(g)) solves (P, (g)) if and
only of ¢ is a fixed-point of the mapping ®.

Lemma 3. It holds:

o there exists R > 0 which does not dependon g € U, @ € Hl/z(S), and € > 0 such that
D(B(0) N H.*(S)) C BRr(0)n H)*(S), (3.8)
where Bg(0) is the ball of radius R and center at zero;
.
@ is weakly continuous in HJlr/ 2(S). 3.9
Proof. The first equation in (P?(g)) yields:
aluS@)I o < aus (@), ut(e)) + / EOIT! (W (@)l (9)ds = (f .u(@)oq (3.10)

S
making use of the Korn inequality with the constant « > 0 and the fact that T' (u8 @)t (¢) > 0on S holds for any
geV,, pE H, 1/ 2(S ), and € > 0. The existence of R such that (3.8) is sansﬁed follows from the trace theorem and (3.6).
Clearly, R does not depend on the parameters mentioned in the lemma.
Let @, — @ in H'%(S), ¢,, ¢ € HJlr/z(S) and (us(@,), p(p,)) be the unique solution to (P"(g)). Then

lut(@)lljo <R VneN (3.11)

and also
It (@)llpg <C VneN (3.12)



using (3.10) and the inf-sup condition @.14) in (PZ"(g)). The constant C in (3.12)) does not depend on g € U,;, @, €

H}r/ 2(S), and € > 0 just as R. Thus one can pass to subsequences denoted by the same symbol such that
ul(p,) = u in(H'(Q)?, n— oo, (3.13)
P(@,) =P in L*(S), n— oo, (3.14)

where (u,p) € V(Q) X L%(S ). It is easy to show that (u,p) = s (@), p¥(@)) is a solution to (P?(g)). Only what we have to
verify is the limit passage with the slip term (recall that € > 0 is fixed):

/g((pn)TE'(uf,,((ﬂn))U, ds — /g((p)Tg(ﬂ,)v,dS

N S

< / (8(@,) - g(@)| 0.1 ds + / (@)
S

)

T/ ()

Tgl(ug’.[((pn)) - T!(Er)

v, ds

< Lllg, - olloslo.los + / ¢(@) l0.]ds =0, n—oco (3.15)

S

T/ (p,) — T!(@,)

using that g € U, is Lipschitz continuous, |T£’ (@)l £ 1Vq € R, Ve > 0 and the fact that ¢, = ¢ in L*(S) owing
to compact embedding of H'/?(S) into L*(S). The last term in (3.13)) tends to zero because of (B.13), continuity and
boundedness of T! together with the Lebesgue dominated convergence theorem. Thus (u, p) = (ut(@), pi(@)) solves (P{(g))
and the whole sequence {(u(@,), pi(®,))} tends weakly to (us (@), pt (@)). From (313) we obtain:

ué (p,) = ué (9) inL*(S), n— oo,

and consequently
T,(f (¢,) = T, (@) in L*(S), n— co.

Since {||T£(u§,,((p,,))||1/zqs} is bounded there exists y € Hi/z(S) such that T,(uf .(¢,)) = x in HJlr/2(S). Hence y =
T, (uf .(9)) proving (3:9). O

Corollary 1. From (3.8), (3:9), and the weak version of the Schauder fixed-point theorem it follows that ® has a fixed point

in Hi/ 2(S) or equivalently (P.(g)) has at least one solution for any g € U,; and € > 0.

Theorem 3. Let g € U, be one-sided Lipschitz continuous in R, with modulus Lyg > 0 satisfying
1

—>
tr

Los < (3.16)

where ¢, > 0 is the norm of the trace mapping tr : V(Q) — L*(S), trv = v, assuming that V(Q) is equipped with the
norm \/a(v, v). Then the mapping ® has a unique fixed-point. Consequently (P.(g)) has a unique solution for any g € U,
and € > 0.

Proof. Let (uf, pf), ¥, p?) be two solutions of (P,(g)). Then

a(us, v — u$) — b — uf, p) + jo (TG ). T, (0,)) = Jo(T, WS ). T, )

> (f.v—ud) VveV(Q), (3.17)
a(a;, v —u;) = bv — ;. p) + j,(T.@; ). T,(v,) = j, (T, @ ). T, )
> (fiv-u) VvevQ). (3.18)

Inserting v = Ef, v :=uf into B17), and (3:18), respectively and adding both inequalities we obtain:

a(u —u,uf — ) < / (8@ ) - Tt ) (T ) = T,@E ) ds
S

e3 _ _
< Lo / T, 8 ,) = T,@ )’ ds < Logllué 7 |55 (3.19)
N
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Here we used the fact that b(ug, p¥) = b}, p%) = 0 and |T!(q)| < 1Vq € R, Ve > 0. From (3.19) and the definition of the
constant c,. > 0 it follows:

1 —¢ 12 —g —g —¢ 12
_2”u§,‘r - ui,‘r”O,S S a(uf - ue’“ﬁ - ue) S LOS””?,T - ug,‘r”O,S'
tr

If Log < 1/c thenuf , =¥ _on S. Consequently, uf = u® in Q. Uniqueness of p is due to the inf-sup condition Z.14). [

£,

Now we proceed to the definition of the identification problem which uses the penalized state problem (P,(g)), € > 0 fixed.
As before, we introduce the graph G, of the respective generally multivalued control-to-state mapping:

G, = {(g.ub,p%) | g € Uy, (U, p?) solves (P.(g))} .
The identification problem reads as follows:
Find (g7, u", pi*) € argmin {I(g,uf,p?) | (g, ué,pf) €G, }, ®,)

where
I(g,ué, pt) = %/(uf’r —u,)*ds
s

with a straightforward modification of (°,) when (P_(g)) has a unique solution for any g € V. This is the case when g € Ujd

is defined by 2:3), e.g.
To prove the existence of solutions to (I°,) we shall need the compactness property of the graph G, for any € > 0 fixed. We

shall prove the following result parallel to Theorem I}

Theorem 4. The graph G, is compact for any € > O in the following sense: for any sequence {(g,, u%", p¥)},,, (g,, ut", pi") €
G, there exist: its subsequence denoted by the same symbol and an element (g, uf, p§ ) € G, such that

g, g inl0,Al (3.20)
uf” > ut in(H(Q)*, n— o, (3.21)
pir = pf in LA(Q), n— oo. (3.22)

Proof. We may assume that {g,,} satisfies (3.20) for some g € U,,. From (3.11)) and (3:12) which are valid with the constants
R and C independent of g € U, ¢ € Hi/z(S) and € > 0 it follows that {(u’", p5")} is bounded in (H'(Q))> X L*(Q). Thus
one can pass to a subsequence such that

ub —~u in(H'(Q)?, n- o, (3.23)
=P inL¥Q), n-— . (3.24)
To show that (u, p) solves (P.(g)) we pass to the limit with n — oo in (P,(g,)) written now in the form
a@f, v —uf") — b —uf, pi) + j, (T, T,(v,)) = jo (T, W), T, u,)
> (fiv—uiyg YveEV(Q),
b, q) =0 Vg€ Ly(Q).
Clearly (u,p) € V(Q) X Lg(Q) and divu = 0 in Q. Weak lower semicontinuity of a and (3.23)) entail:

lim sup a(u®,v — u®") > a(u,v — u). (3.25)
Further
lim b(w — uf", p{") = lim b(v, p{") = b(v,p) = b(v — u, p) (3.26)

using that divu?" = divu = 0 in Q and (3.24). Finally
{jgn (T, ). T,(v,) = j(T.@,). T,(v,))

_ _ (3.27)
Jo TWE), T.u) — jo(T.@,). T.(@,))
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making use of Lemma 1 and the fact that ||T,(uf",) — T,(u)los = 0asn — oo which is an easy consequence of (3.23) and
the definition of T,. Since divu = 0 in Q it follows from (3.23)-(3.26)) that the pair (u, p) = (uf, pf) i.e. it solves (P.(g)). To
prove strong convergence in (3.21) we use the definition of (P.(g,)):

lim < a(u®", uf") + / g (T WENT' W yul. ds
S
= lim (f,uf") = (f,u®) = a(u, u®) + / g(T,(ué NT,(uf Jué ds. (3.28)

Ky
Further,

lim / & (T g DT, (U ug' ds = lim / g (T e DT, (Ui u _ds
n—oo ’ ’ ’ n—oo ’ ’ >
S S

+ r}l»ngo / (T W DT (Wi )W, — u yds=:1,+1,,
K
It easily follows that

I, - /g(Tg(uff))TE’(ufr)ufr ds, n— oo,
s

and trivially I,,, — 0 as n — co. From this and (3:28)) we see that a(u?", uf") — a(ué,uf), as n — oo. Strong convergence

(3:22)) follows from the inf-sup condition 214) and (B:21). O

A direct consequence of this theorem is the following existence result.

Theorem 5. Problem (P,) has a solution for any € > 0.

4 | RELATION BETWEEN (P) AND (P,), ¢ — 0+
In this section we shall study the mutual relation between the original identification problem (P) and (P,) if € — 0+. To this
end we shall need the following stability result of solutions to (P.(g)) with respectto g € U, and € = 0+.

Theorem 6. For any {(g,,u, p¥)},, (g..u¥, p¥) € G,, € — O+ there exist: a sequence {¢,}, €, — 0+ as n — oo and an
element (g,us, p%) € G such that

g, =3¢ inl0,Al, (g,:=g.) 4.1
ui' > uf in (H'(Q), 4.2)
pf: > pt inL*(Q), n- . 4.3)

Proof. Since U, is compact in C([0, A]) and {(g,,u’, p¥)}, is bounded in (H'(Q))* x L*(Q) uniformly with respect to
g € U, and € - 0+, we obtain (&1) and the existence of u € V(Q), p € LS(Q) such that

uf ~u in(H'(Q)
pf: —~7 inL*Q), n- o.
To prove that (u, p) solves (P(g)) we use @
auf, v —ul) — b —uf', pi) + j, (T, W ), T, (v,) = j, (T, @ ), T, @)
> (f.v-ul)e YvEV(Q),
b(uf:, q9)=0 Vge L%(Q).
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Letting n — oo and using that
Jo (T @5 DT, 0) = (il o))
Jo (T, W ), T, ")) = j(li |, |, ), n— oo

as follows from Lemma (B2) and the fact that ut - u, in L*(S) as n — oo we see that (i1, p) = (ué, p?) solves (P(g)).

£,,T

To prove strong convergence in (&2)) we use the definition of (P, (g,)) with the test function v = uf: :

1 n n n n . n A
nan;) a(u§n7 ufn) + / gn(Tgn(ugn,r))Tg,n(ufn,'[) ds = nll)rg(fv ufn)()’,Q = (f9 ug)(),,Q = a(ug7 ug) + Jg(|u§|9 |u§|)
K
From this, Lemma[I|and (3.3) it follows that
8 1 8n
a(u;",u;") = a(®,uf), n— oco.
Strong convergence @3)) is a consequence of the inf-sup condition 214) and (3.21). O

Let G be a set of all accumulation points of {(g,, ufﬁ , pfé)}g, (g, uf‘ s pfé) € G,, € = 0+, in the sense of @)—@ From the
previous theorem it follows that G C Gbut it is not clear whether G = G or not. In other words, are all solutions to (P(g), g €Uy,
attainable by solutions to regularized problems? The answer is positive if g € U’:d since (by the definition of Ujd) (P(g)) has
unique solution which is the limit of solutions to (P.(g)). Now we are ready to prove the following convergence result.

Theorem 7. From any sequence {(g}, ufj, I)g)}E of solutions to (P,), € — O+ one can find a subsequence denoted by the
same symbol and an element (g*, ut’,p¥) e G such that

g =g" in[0,Al
us = uf in (H' Q) (4.4)
pf: - p* inL*(Q), €- 0+
and

(¢",u®,p*) € argmin{I(g,u®, p*) | (g,u’,p*) € G}.
In addition, any accumulation point of {(g, uf‘ , pf‘)}g in the sense of {&.4) enjoys this property.

Proof. It easily follows from the definition of (P,), Theorem|[6|and continuity of I. O

It is worth noticing that if the state problems (P(g)), g € U, have multiple solutions then the triplet (g*,u¢ , p¥") might be
suboptimal since it minimizes I on G. On the other hand if g € ‘lf:d, i.e. (P(g)) has a unique solution for any g € Ujd then
(g*,uf", pf) is an optimal solution to (IP).

Remark 1. So far we did not specity any particular form of g € V. In this remark we shall present a class of affine g:s, i.e.

g(lu, ) =k + klu,|, 4.5)

where «, k are nonnegative functions from L®(.S). The slip conditions (2.1))5 ; with g defined by (4.5) read as follows:

{uf(x> =0 = |o,()| <x() “6)
u,(x) #0 = o0,(x) = —k(x)u (x) — k(x)signu(x)), x€S.
The conditions in (4.6) involve three important slip models:
a) classical Navier slip if « = 0 on .S
b) Tresca slip if k = 0 on .S;
c) threshold Navier slip if both k', k # 0 on S
The weak formulation of the Stokes system with the slip conditions (4.6) is defined as follows:
Find (u, p) € V(Q) X L}(RQ) such that
au,v—u)—bw—-u,p)+j.(v|)—j.(u,
k( ) = b( p)+j(v ) —J (Zl(fl?v_u)o’Q . Ph.x))

b(u,q) =0 Vg€ Ly (Q),
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where

a,(u,v) = /[Du :Dvdx + / ku,v.ds, b, q) = /q divvdx, j.(lv,])= / klv,|ds.
Q Ky Q S

Problem (P(k, x)) has a unique solution for any (k, k) € (Lf(S ))2. It can be used as the state problem in (P¥) with the

admissible set
Uk ={(k,x) € (L¥(S)* |0 < k < kpyyr 0 <k < Ky ) » 4.7)

> 0 are given (now the parameter A appearing in (2.4) is not needed). Let us observe that all the results
which have been proven above, remain valid also in this case. In addition, the proofs are much more simpler due to the fact
that g is a linear function of |u,| and the set U’jd defined by (.7 is weak* compact in L®(.S).

max?

where K., Kmax

S | APPROXIMATION AND NUMERICAL REALIZATION OF (P,)

In this section we describe how to discretize and numerically realize optimal control problems governed by the Stokes system
with the regularized threshold slip condition. The slip bound function g € VU, will be discretized by a linear combination of
suitable functions, while a finite element method will be used to discretize the state equation (P.(g)).

Let us assume that Q is a polygonal domain such that .S is a line segment in the x,-coordinate direction. Let {7}, }, h — 0 be
a regular family of triangulations of Q. With any 7, we associate the following finite dimensional spaces:

V, = {v" = !, uh) € (C(Q))* | V"|p € (Py(T))’VT € Ty, v" =0onT, v} =0on S}

0,=1d"eC®|¢";r € AMNVT €T}, [q"dx=0}.

This choice corresponds to the P2/P1 element satisfying the Ladyzhenskaya—BabuSka—Brezzi (LBB) condition [[13].
In addition, we define the following Bezier (or polynomial in Bernstein form) type parametrization of g:

m
g&) ~ g,9) 1= ) a;B,(©), (5.1)
i=0
where {B,}, are the Bernstein basis polynomials of degree m on the interval [0, A]. Thus the discrete control variable is
the vector a = (ay, a,, ...,a,) € R™!. The use of the Bernstein basis polynomials instead of the monomials {& }, in the
parametrization allows us later on to include easily the sign and slope constraints imposed on g,.
The finite element approximation of the state problem with the parameterized control g, then reads (the superscript g, and
subscript & are omitted for clarity of notation, e.g. u" := uf“’h):

Find (u", p") € V, X Q,, such that

a@", vy — b@", p") + / T WNT W ds = (f.v")yg V"€V, (Ph(a))
S
bu",¢") =0 Vq" € 0,.

In the rest of the paper we shall suppose that de is defined by (2.3) and g, € U'fd which together with the LBB condition
guarrantee uniqueness of the solution to (Peh(a)). The algebraic form of (Pf(a)) leads to the system of nonlinear algebraic
equations:

Au+c.(a,u)—Bp—f

BTy =0, (5.2)

r(a,q) := [
where q := [uT, pT]T is the vector of degrees of freedom containing the nodal values of the discrete velocity u” and the pressure
p". The block matrices A, B and the vector f arise from the standard discretized Stokes system. The nonlinear term ¢, (a, u) is
obtained by integrating numerically the boundary integral term in (Pgh(a)). The system will be solved efficiently by Newton’s
method.

Owing to the use of Newton’s method we need the C!-regularity of g € ‘I/fd in R To this end we will use a slightly smaller

set of admissibe slip bounds in the numerical examples, namely

Ul ={ge U, |ge C'(0.A]), g'(4) =0}.
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Let us recall that U':d is defined by (2.5). From the basic properties of the polynomials in Bernstein form ([14}, Ch. 7]) it follows
that the constraint g, € U‘J , 1s equivalent to a € U, where

U = {a e R™*! |a; >0, i=0,..,m, a,, —a;>0,i=0,..,m-1, a,=a,_,
LA LA
— g, —a <22 0= 0,...,m—1}.
m m

Let T be the discretization of the cost functional I and denote § : U" - R, §(a) := I(a,q(a)), where q(a) solves (5.2).
Then the mathematical programming problem to be solved reads:
Find a* € argmin{{(a) | a € U'}. (5.3)

Gradient type optimization algorithms for the numerical solution of (3.3) need the gradient of . To compute the partial
derivatives of {§, the standard discrete adjoint variable approach (see e.g. [15], [[16]) is used:

03(a) _ d1(a,q) wT Jr(a,q)
da, da, da,

] , k=0,...m, 54

where w solves the linear adjoint problem

T
a &l
@Dy I@q). (5.5)
oq 1
Here %Z’q) is the Jacobian matrix of r at (a, q) that is needed in Newton’s method, too.

Remark 2. The evaluation of the partial derivatives of r(a, q) in (5.4) and (5.3) requires in fact C-continuity of the smooth
approximation of the absolute value function. However, this is not the case of T, defined by (3.1). The additional smoothness
is obtained if we use the piecewise quartic regularization

lq] if |q| > €
T(q) =3 —¢* + 662¢> + 3¢* . (5.6)
2 if |g| < e.
£

It is obvious that the regularization (5.6) also enjoys the properties (3.2) and (3.3).

Remark 3. In practice, one usually is not able to measure the target tangential velocity directly on .S to obtain the target i, .
Therefore, the slightly modified cost functional, e.g.

_1 2
I(g,ué, p) = S lluf —ally 5
can be used. Here Sy; 1= 5+ (0, H), H > 01is a parallel shift of .S inside of € and # is the measured velocity field on S;.

Remark 4. Let us comment the choice of A from (2.4). For a given forcing function f there exists a constant A >0
such that maxg |iZ.| = A,. Ideally, A should be chosen such that A > A, but not too large. Indeed, if A > A, there is
not enough information (and therefore too much freedom) to determine g on the interval ]A 1 A]. In practice one can do
several measurements with different forcing terms { f*'} and to set A = max{A’}}, where A’} = maxg |a®| and &® is the
tangential velocity on .S corresponding to f*'. Similarly we define A when the velocity vector is measured on .S - H >0
small enough.

6 | NUMERICAL EXAMPLES

In this section we present numerical results of a model identification problem. We will study effects of the choise of the regular-
ization parameter ¢, the location of the observed velocity (see Remark 3)), and the degree of the Bezier functions on numerical
results.

In what follows we assume that Q =]0, 1[x]0, 1[, S =]0, 1[x{0}, = 0Q\ .S, and # = 1. We use a structured but non-uniform
P2/P1 triangular mesh whose elements are defined by a grid of N, X N, points (see Fi gure@. The state solver was implemented
using MATLAB [17]]. In minimization, the fmincon (with >interior-point’ option) from MATLAB Optimization Toolbox
was used. As expected, using gradient based optimization methods with exact analytic derivatives resulted in very efficient
implementation. The elapsed real computing time of the computations needed in each example varied between 1 to 3 minutes
on a desktop computer with Intel Core i7-7700 CPU @3.6 GHz and 16GB RAM.
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FIGURE 2 A non-uniform structured mesh (N, = N, = 11).

6.1 | Identification problem

We assume that the velocity field on .S (or S ) is known. It will be represented by the numerical solution of (P.(g)), with
g(®) =3+ jarctan(3§), £€R,, (6.1)

and the force f acting on the fluid given by

0,120), x,>0.7
f(x) = )
(0,0, otherwise.

The functions g and f are chosen in such a way that both slip and no-slip occur on .S. We use the finite element mesh with
N, = N, =31 (8403 DOFs) and the regularization parameter € = 1078. The same mesh size is used in all numerical examples
in this section. The identification problems considered are not very sensitive to mesh size and results obtained using finer meshes
would be visually indistinguishable. Computed results serve as the reference solution which will be denoted as (u"', p™!). The
tangential velocity urff and tangential stress o-ief on S are shown in Figure|3 | Pressure contours and streamlines of the reference
solution are plotted in Figure [ |

In the next two examples we assume A = 1. Moreover, it turned out that there is no need to impose the Lipchitz constraints
on g, in computations.

Example 1. Our aim is to reconstruct g from (6.1)) by minimizing the cost functional

I(g’ ug’pg) = %/(uf _’1’71)2 dS,
N

with u; = urlef taking into account that ¢ = (1,0) on .S. We use the Bernstein polynomials of degree m = 4 and a? =
1.25, i=0, ..., m as the initial guess of a. The minimization problem used three different values of the penalty parameter, namely
€ € {1072,1073,1074}.

The reconstructed slip bounds g* are depicted in Figure E} One can observe that they are not very sensitive to the choice of
th? regularization parameter and practically coincide with the target g for £ small enough. In Figure EI we compare uff with
u and o™ with of for e = 1072,

Finally, the dependence of the identified g on the degree m of the Bezier polynomials is visualized in Figure One can
observe the stable behavior of g* with respect to m.

Example 2. As mentioned in Remark the measurements of , on .S are not usually possible in practice. If the measurements
of both velocity components are available on the shifted line segment .S, we minimize the modified cost functional

1 ~12
I(g.uf.p*) = Hlut ~ @2 .

where % = u™" in our case. We study the sensitivity of the reconstructed slip bound g, e= 1073 on the choice of H. The results
are shown in Figure@ The sensitivity of g* on the choice of H is surprisingly small.
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7 | CONCLUSIONS

The paper deals with an identification problem for the Stokes system with threshold slip boundary conditions. Our aim is to
identify the slip bound function g depending on the solution having the use of measurements of the velocity vector or its
components. To this end we use an optimal control approach with an appropriate choice of a least squares cost functional. Due
to the slip conditions, the state and hence also optimization problems are nonsmooth. To handle the problem in its original
non-smooth form, we need deep knowledge of the generalized differential calculus [18] to get subgradient information in the
theoretical part and to use non-smooth bundle trust methods in the computational part [[19]. For the application of the nonsmooth
approach in solid mechanics, in particular in shape optimization, we refer to [20]. To make the implementation comprehensible
for a wide community of potential users, we use a regularized, i.e. smoothed form of the slip conditions in the Stokes system.
As a result, the whole optimization problem becomes smooth, so classical gradient type minimization methods can be used in
computations. The theoretical justification of this approach is done in the first part of the paper. The second part is concerned
with computational aspects. The state problem is discretized using the P2/P1 finite elements in the velocity-pressure formulation
of the problem. The slip bound functions g € U, which play the role of the control variables are modelled by the Bezier
functions. The paper is completed by numerical results of a model example. For the numerical minimization of the nonlinear
objective function we used the default interior point algorithm of the MATLAB Optimization Toolbox with hand coded analytic
gradient computations. These results confirm the efficiency of this approach, in particular its stability with respect to the choice
of the regularization parameter, the degree of the Bezier functions and the place of measurements.
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FIGURE 3 Tangential velocity (left) and tangential stress (right) on .S of the reference solution.
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FIGURE 4 Pressure contours (left) and streamlines (right) of the reference solution.
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FIGURE § Target slip bound g (dashed line) and reconstructed slip bounds g for different values of e.
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FIGURE 6 Left: Target tangential velocity urlef (dashed line ) and identified approximate solution with £ = 102 (solid line).
Right: Target tangential stress o-ff on S (dashed line) and the tangential stress for the identified approximate solution with
€ = 1072 (solid line).
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FIGURE 7 Target slip bound g (dashed line) and reconstructed slip bounds g (¢ = 107?) for different values of m.
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FIGURE 8 Target slip bound g (dashed line) and reconstructed slip bounds g’ for different values of H.
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