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Two-neutrino double-beta-decay matrix elements Mj, and single beta-decay branching ratios were
calculated for 48Ca and %Zr in the interacting nuclear shell model using large single-particle valence
spaces with well-tested two-body Hamiltonians. For 48Ca the matrix element Mo, = 0.0511 is obtained,
which is 5.5% smaller than the previously reported value of 0.0539. For °6Zr this work reports the first
large-scale shell-model calculation of the nuclear matrix element, yielding a value Mj, = 0.0747 with

extreme single-state dominance. These matrix elements, combined with the available gS-decay half-life
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data, yield effective values of the weak axial coupling which in turn are used to produce in a consistent
way the B-decay branching ratios of (7.5 + 2.8)% for “8Ca and (18.4 £ 0.09)% for 26Zr. These are larger
than obtained in previous studies, implying that the detection of the g-decay branches could be possible

;‘zCa in dedicated experiments sometime in the (near) future.
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The nuclei 8Ca and %6Zr share an interesting feature, the two
being the only known nuclei where single S-decay transitions
compete with the dominant two-neutrino double beta (2v88) de-
cay [1]. This exceptional situation is due to the large angular-
momentum difference (A ] =4,5, 6) between the initial and final
states of B decays, as well as the relatively small decay ener-
gies (Q values). Both theoretical and experimental studies have
been carried out regarding decays of both nuclei [2-8]. The two-
neutrino-emitting modes are dominated by the ground-state-to-
ground-state transitions with resent half-life estimates of 6.41“}:‘1‘
for 48Ca [9] and 2.35 £ 0.21 for %6Zr [10]. These two nuclei are
favorable for experimental double-beta-decay studies due to their
large Q values: #8Ca having the largest known double-g Q value
Qpp(*8Ca) = 4269.08(8) keV, and 5Zr having the third largest
value Qgs(%Zr) = 3356.03(7) keV, with only '"°Nd between them
[11].

The single-8 channels have not yet been observed but lower
limits for the half-lives stand at 1.1 x 102% yr for #8Ca [5] and 2.6 x
10'° yr for %Zr [12]. Were these observed, they would provide
valuable information about the validity of current nuclear models,
which could be used to improve the accuracy of calculations of the
matrix elements of neutrinoless 88 decay.
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In this Letter we revisit the previous theoretical studies, giv-
ing an updated estimate for the 2vp3pB-decay matrix element for
48Ca and for the first time a shell-model estimate for the %6Zr
2vBB-decay matrix element. Using this information we present
improved estimates for the B-decay branching ratios. This knowl-
edge can in the future be used to design optimal experiments for
the detection of the g-decay branches.

The theory of 8 decay, including the forbidden transitions con-
sidered here, is extensively treated in the work of Behrens and
Biihring [13]. A streamlined presentation of the theory, including
all the technical details of how the calculations were carried out
also in the present work, can be found from [14]. The basic the-
ory behind the 2vg8 decay can be found in much more detail for
example from [15].

For B decay the probability of the electron being emitted with
kinetic energy between W, and W, +dW,; is

P(We)dW, = 6r 1 C(We)
&5 T (he) 273h ¢
X PecWe(Wo — We)?Fo(Z, We)dWe, (1

where p. is the momentum of the electron, Z is the proton num-
ber of the final-state nucleus, Fo(Z, W.) is the so-called Fermi
function, and Wy is the end-point energy of the 8 spectrum. The
nuclear-structure information is encoded as form factors in the
shape factor C(wg). In the impulse approximation, where we as-
sume that the decaying nucleon does not interact with the other
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A — 1 nucleons at the moment of decay, these form factors map
to nuclear matrix elements (NMEs), which can in turn be cal-
culated using a many-body framework, such as the interacting
nuclear shell model. The axial-vector coupling ga and the vector
coupling gy, which enter the theory of B8 decay when the vec-
tor and axial-vector hadronic currents become renormalized at the
nucleon level, appear as multipliers of the various axial-vector and
vector matrix elements respectively.
The half-life of 8 decay can be written as

K
t1=—=, (2)
/ C

where C is the integrated shape function and the constant « has
the value [16]

27317 In2
K= —F—"—"——
m32c4(Gg cos 6¢)>
Oc being the Cabibbo angle. To simplify the formalism it is tradi-
tional to introduce unitless kinematic quantities we = We/mec?,

wo = Wo/mec? and p = pec/(mec?) = /w? —1, and so the inte-
grated shape function can then be expressed as

= 6147 s, (3)

Wo

C= / C(We)pWe(Wo — We)?*Fo(Z, we)dwe. (4)
1

The shape factor C(w,) of Eq. (4) contains complicated combina-
tions of both (universal) kinematic factors and NMEs. As in the
previous studies regarding forbidden g decays [14,17,18] we take
into account the next-to-leading-order terms of the shape factor as
well as screening and radiative effects.

For the 2v 88 decay the half-life expression is analogous to that
of B decay in Eq. (2) and can be written as [15]

@v) 1
- 5
1/2 G(Zv)gmMzMZ’ (5)

where G@) is the phase-space integral (the expression for this is
given in, e.g. [15]) and My, is the matrix element given for 8~ 8~
decay by

Moy =3 (091107~ 11) (1510 7~ [10g2,
' [3 Qs + E(1ip) — Mil/me + 1

m

(6)

where m, is the electron rest mass, E(1;;) — M; is the energy dif-
ference between the mth intermediate 1% state and the ground
state of the initial nucleus, and Qgg is the energy released in the
decay (i.e. Q value).

The nuclear-structure calculations were done using the in-
teracting shell model with the computer code NuShellX@MSU
[19]. Following the earlier shell-model studies regarding the half-
lives of the transitions #3Ca(0") — 48Sc(4t,5%,6%) [6] and the
2vBB-decay channel [20], the full fp model space with the inter-
action GXPF1A [21,22] was used.

For the decay of %Zr a model space including the proton or-
bitals 0fs/>, 1p3/2, 1p1/2 and 0gg/> and the neutron orbitals 0g7 />
1ds;2, 1d3;2 and 2s1; were used together with the interaction
glekpn [23]. In the previous shell-model study [8] the calcula-
tions were done in the much smaller proton 0gg/2-1p1/2 and neu-
tron 1ds/>-2s1/, model space with the Gloeckner interaction [24].
While the exclusion of a large number of important orbitals can af-
fect the accuracy of the computed half-lives of the various S-decay
branches, the problem is even more severe for the ground-state-
to-ground-state 2v BB decay, which is strictly forbidden in such a

Table 1
Shell-model calculated 2vB8 NMEs and the extracted effective value gf\ff of the
axial-vector coupling.

Nucleus  |[May| G (10718 yr1y [25] Tffz (10'® yr) g
48ca 00511  14.805 6.4714 [9] 0.80 +0.04
967y 0.0747  6.420 235+0.21[10] 1.04790

0.02

limited model space. In the present study this transition can pro-
ceed by simultaneous Gamow-Teller transitions between the pro-
ton 0gg/2 and neutron 0g7,, orbitals.

Since the computational burden for description of these decays
is manageable for modern computers, we included all the inter-
mediate 11 states of 2v88 decay in “8Sc and 26Nb. This is an
improvement over the previous calculation regarding the matrix
element of “8Ca [20], where only 250 intermediate states were
used. For 48Sc our extended calculation includes 9470 1% states
and excitation energies up to 60 MeV, while for °Nb we have
5894 17 states reaching energies of roughly 18 MeV. Since the ex-
act energies of the intermediate states play an important role in
the determination of the 2v88 NMEs, the excitation energies of
the 17 states in *8Sc were shifted such that the lowest-lying state
is at the experimental energy of 2200 keV [11]. For “*Nb no 1t
states are known experimentally, so that the shell-model excita-
tion energies were used. However, the paper by Thies et al. [30]
suggests that the state at 694.6 keV could be the lowest 17 state.
The branching-ratio calculations were thus repeated also for this
scenario.

The phase-space integrals are taken from the work of Neacsu
and Horoi [25]. The Q values are taken from [11] and are
Qpp(*8Ca) = 4269.08(8) keV, Qp(*8Ca) = 279(5) keV, Qp5(°°Zr) =
3356.03(7) keV, and Qg(°®Zr) = 163.97(10) keV.

In the following we will first report on the computed results
for the 2088 NMEs of 48Ca and %6Zr and then extract effective val-
ues ggff of the weak axial coupling based on comparisons with the
measured 2vB8 half-lives. These g¢ff, listed in Table 1, are then,
in turn, used to predict the B-decay branching ratios for transi-
tions to the lowest 4+, 5%, and 61 states of #8Sc and 6Nb. This
we consider to be a consistent approach since the 2v88 and 8 de-
cays are low-momentum-exchange processes and thus the related
axial couplings are expected to be quenched by a similar amount
[26,27]. A further evidence comes from the very recent analyses
of the electron-spectrum shape of the 4th-forbidden non-unique
B~ -decay transition '3Cd(1/2%) — '3In(9/2%) by the COBRA
collaboration [31]. There values g&' ~ 0.91 — 0.95 were obtained
in three different theory frameworks. These values are consistent
with those shown in Table 1.

The computed shell-model 2v 38 NMEs are given in Table 1. For
48Ca the shell-model calculation gives |M3,| = 0.0511, which is 5%
smaller than the value 0.0539 reported in [20]. The accumulation
of the matrix element is in agreement with the previous results
(see Fig. 1). The lowest 17 state is the most important, contribut-
ing an amount of 0.0454 to the total NME. The next dozen states
are mostly constructive, adding up to a maximum value of 0.0847
of the NME, beyond which the states start to contribute destruc-
tively. When taking a closer look at the main constitution of this
“bump” in the cumulative NME one notices that it emerges from
the inclusion of both of the spin-orbit partners 0f7,, and 0fs/,
in the calculations. The 0f7,2 — 0f7,2 contributions produce the
rapid increase and the 0f7,, — 0f5,> contributions cause the fast
decrease of the NME. Our cumulative NME agrees with the previ-
ous result when 50 intermediate states are used (reaching at about
9.4 MeV). The next approximately 150 states (reaching 13.4 MeV)
add destructively to the cumulative NME bringing the NME to a
value 0.0505. The 200th to 460th states (up to 16.9 MeV) add con-
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Fig. 1. Cumulative 2v88 NME My, for “8Ca as a function of excitation energy of the
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Fig. 2. Cumulative 2v88 NME M,, for %Zr as a function of excitation energy of the
intermediate state in %Nb.

structively beyond which the cumulative matrix element tapers off
to the final value 0.0511.

In the case of %Zr (see Fig. 2) there is a clear single-state dom-
inance (SSD) [28,29], with the first excited state contributing an
amount of 0.0747 to the total NME, while the sum of the other
contributions is zero to three significant digits. This agrees with
the measurement of Thies et al. [30] where extreme SSD was re-
ported to be found in the 2v88 NME of %7Zr in a high-resolution
96Zr(3He, t) experiment. Hence, our calculations confirm the ex-
perimental result of [30]. The accumulation for %6Zr is very similar
to the 48Ca case with the first 15 states adding constructively to
0.0765, beyond which the rest of the states contribute destruc-
tively. Beyond the first 100 states (7.5 MeV) the contributions are
negligible.

Solving for ga from equation (5) and using the experimental
half-lives from [9,10], phase-space integrals from [25], and the
present shell-model NMEs, we get the effective ga values gf\ff =

0.80 £ 0.04 for “8Ca and g = 1.04700> for %Zr. These values of

gf\ff are specific for the used model spaces and Hamiltonians. In the
work of Barea et al. [35] a relation g = 1.269 x A=%12 between
the axial-vector coupling and the mass number A was found when
analyzing the values of the 2v88 NMEs obtained in earlier calcu-
lations using the interacting shell model. Based on this, we would
expect g8 = 0.80 for #8Ca and g = 0.73 for %Zr. For calcium the
values match perfectly, while for zirconium less quenching seems
to be needed. However, the 96Zr value seems to be consistent with
the recent calculations on 3%Te and 136Xe [36,37], where a value
gf\ff =0.94 was found, since we expect these heavier nuclei to re-
quire more ga quenching than the lighter %Zr.

As mentioned earlier, the measurement of Thies et al. [30] sug-
gests that the state at 694.6 keV in %°Nb might be the first 1

state. If we repeat the calculations with this assumption, the to-

B
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6'gagg (10%04) x 107%
» 67 3.509
BR" » 6+ 3.333
4 — 2296
2 0987
4+£28)Y
(92:4228)% » 0O* - 0.000
48Ti

Fig. 3. Decay scheme of “8Ca. Also indicated are our shell-model computed B-decay
and 2vpBp-decay branching ratios.

tal matrix element for 9Zr decay is increased to 0.0854, which in
turn gives g&" = 0.97100 for %7r.

At this point it should be made clear that the presently adopted
valence spaces are not complete which is reflected in the effective
values gf\ff of Table 1. Furthermore, the valence-space truncations
affect differently the “8Ca and %Zr decays. For the “8Ca decay we
are able to include all spin-orbit partners but for the %Zr decay
we are forced to leave out the proton 0g7,, orbital (partner of the
0gg/> orbital) and the neutron 0gg/> orbital (partner of the 0g7,2
orbital) due to an excessive growth of the computational burden.
This could affect the final value of the 2v 38 NME and thus the cor-
responding value of g/e\ff. In particular the 7 -side transitions could
be affected as pointed out by Towner [32]. More insight into the
problem of missing spin-orbit partners could be obtained by com-
puting the 2v88 NME of %®Zr by the use of the proton-neutron
quasiparticle random-phase approximation (pnQRPA) [33]. Here
the result depends very much on the value of the particle-particle
strength parameter gpp [34]. Performing pnQRPA calculations of
the %Zr 2v88 NME within a reasonable interval of gpp values
indicates that the presently omitted spin-orbit partners have an
effect in the pnQRPA calculations. These orbitals introduce small
negative contributions to the first contribution which is positive
and by far the largest one. This interference of the first contribu-
tion and the high-lying contributions can lead to a reduction of
the 2vBB NME in the range of tens of per cent, depending on the
value of gpp. Most likely something similar could be expected for
the shell-model calculation, thus increasing the value of g&™ from
the value given in Table 1 and altering the g-decay branching ra-
tios given below. Since adding the spin-orbit partners affects also
the B-decay strengths it is hard to predict how the branchings to
B decays would be altered in the end.

The g transitions to the 4%, 5%, and 61 states in “8Sc and
9Nb are 4th-forbidden non-unique, 4th-forbidden unique and 6th-
forbidden non-unique, respectively. A priori, without any calcu-
lations, one could predict that the 6th-forbidden non-unique B
transition is much suppressed relative to the other two due to the
much higher degree of forbiddenness that overwhelms the posi-
tive boost coming from the slightly larger Q value relative to the
other two transitions. With less certainty one could predict that
the NMEs of the two 4th-forbidden B transitions are on the same
ball park and the difference in the Q value is most likely the
decisive element in defining the branching between the two transi-
tions. In the following we test these hypotheses by the shell-model
calculations of the involved NMEs.

The B-decay and 2vpBB-decay branching ratios calculated for
48(a are indicated in Fig. 3. As expected, the 2v 8 branch is clearly
dominant with a 92.4 + 2.8% branching. The B-decay branches

to the 4*,5%,6% states are (1.7733) x 1072%, 7.5 + 2.8% and

(1.040.4) x 10~7%. The branching to the 5% state therefore poten-
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Fig. 4. Branching ratios of all the decay branches of “8Ca as functions of ga. The
solid line represents the 2vpB-decay branching and the dashed and dotted lines
the B-decay branches. The B-decay branches are labeled by the spin-parity of the
final state.
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Fig. 5. Branching ratios of the two dominant branches of “8Ca as functions of gj.

tially competes with the 2v88 branch in a significant way, as was
pointed out in [6]. The decay to the 67 state is greatly hindered by
the fact that it is sixth-forbidden. Based on the change in angular
momentum, we would expect in general the decay to the 4T state
be the fastest. However, in this case this branch is quite small due
to the relatively small Q value. In the work of Haaranen et al. [6]
the half-lives for the 4T and 6T states were reported for ga = 1.0
and ga = 1.27. The half-lives are shortened from 3.97 x 1023 yr
to (3.47 £0.09) x 1023 yr for the 41 state and from 6.39 x 1028
to 5.61 x 10%® yr, when our 2vB8-determined ga = 0.80 & 0.04 is
adopted instead of ga = 1.00. The unique-forbidden 5% branch is
50-60% stronger than suggested in [6], since the presently adopted
heavier quenching of ga affects stronger the 2vBg branch. The
small differences in the half-lives compared to the calculations in
[6] are due to the inclusion of the next-to-leading-order NMEs and
kinematic factors in the present study as well as the updated Q
value, which is 1 keV larger than used in the study of [6]. As ga
is quenched more, the significance of all the g-decay branches in-
creases. For the unique 5% transition the ga dependence of the de-
cay half-life is well known and roughly g;z but for the non-unique
transitions this is not the case due to the more complex structure
of the shape factor. The uncertainties related to the branching to
the 47 state are especially large due to the fact that the 5 keV un-
certainty makes a large percentage of the 26.65 keV Q value. An
accurate measurement of the Q value would decrease the uncer-
tainties significantly and thus would be desirable.

The ga dependence of all the decay branchings from #3Ca is
studied in Fig. 4. As can be seen the dependence on the value of ga
is similar for the B branchings and they decrease substantially with
increasing value of ga. At the same time the 2v3p-decay branch-
ing increases slowly towards one, as can be better seen in Fig. 5
where only the 2v88 and 4th-forbidden-unique decay branchings

B
o+ - -2
9671 —> 4+ (2.5£0.3) x 107%%
—> 5t (18.4+0.9) % 8
L—» g+———— (1.14£0.04) x 10 °%
6 %6ND ( ) o
» 6 2.441
BB » 5+ 2.439
p A VT
1.6+0.9) %
(81.620.9) % » 0" 0.000
9%6Mo

Fig. 6. Decay scheme of 9®Zr. Also indicated are our shell-model computed -decay
and 2vBp-decay branching ratios.
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Fig. 7. Branching ratios of all the decay branches of %Zr as functions of ga. The
solid line represents the 2vgB-decay branching and the dashed and dotted lines
the B-decay branches. The B-decay branches are labeled by the spin-parity of the
final state.

are plotted as functions of ga. For reasonable values of ga the
branching to the 5% state is always below 20%.

The computed branching ratios for °Zr are presented in Fig. 6.
Like for “8Ca the 2vBB branch for %Zr is the largest one at
(81.6£0.9)% but the dominance is not as significant as in the 48Ca
case. The branching ratios for the B-decay transitions are qualita-
tively similar to calcium case with 4% state having a branching ra-
tio of (2.540.3) x 1072%, the unique 5% branch (18.4+0.9)%, and
the ground-state-to-ground-state branch being by far the weakest
at (1.14 £ 0.04) x 10~8%. Using the computed B-decay half-lives
reported in the previous shell-model study [8] of the decay of %6Zr
we can extract the corresponding branching ratios of 2.6 x 1072%,
17.6%, and 1.21 x 1078% in line with the presently determined
branchings. The non-unique S branches in the present study are
slightly smaller than those obtained in [8] but the branching to
the 5% state is notably stronger than expected based on Ref. [8].
This seems to confirm that the B8 decay might be up to 2.3 times
faster than predicted by the older QRPA calculations in [7].

With the assumption that the first 17 state in °Nb is at
694.6 keV, the branching ratios remain largely unchanged amount-
ing to (83.3 + 0.8)%, (3.0 + 0.4) x 1072%, (16.7 £+ 0.9)%, and
(1.19 £ 0.15) x 1078% for the 2v8B, 41, 5T, and 61 decays re-
spectively.

The dependence of all the 6Zr decay branchings on ga is stud-
ied in Fig. 7. As can be seen, a similar g4 dependence as in the case
of 48Ca is recorded. A closer look at the two leading branchings to
the 2vBB and 4th-forbidden-unique decays, depicted in Fig. 8, in-
dicates that their ga dependence is much stronger than in the case
of 8Ca. In the %6Zr case the g branching to the 5% state can reach
values up to 40% for low values of ga. Such large branchings could
be measurable in dedicated experiments sometime in the future.
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In this Letter the 2vBf matrix elements and single-B-decay
branching ratios were calculated for 48Ca and 26Zr in the frame-
work of the interacting nuclear shell model using large single-
particle valence spaces and matching well-tested many-body
Hamiltonians. For #8Ca a 2vg8 matrix element My, = 0.0511
was obtained, which is 5.5% smaller than the value of 0.0539 re-
ported in the previous calculation of Horoi et al. [20]. For %Zr
this was the first large-scale shell-model calculation yielding a
value of M5, = 0.0747 using the shell model excitation energies
and My, = 0.0854 when the first 11 state is assumed to be at
694.6 keV in %Nb, as suggested by the high-resolution *Zr(3He, t)
experiment of Thies et al. [30]. An extreme single-state dominance
was found thus verifying the result of the mentioned charge-
exchange experiment [30]. Using these matrix elements, combined
with measured values of 2v88 half-lives, effective quenched val-
ues of the weak axial coupling g4 were extracted to be further
used in the analyses of the B-decay branchings. In this way a con-
sistent treatment of both the 2vBg decay and the competing B
decays was achieved.

The 2vBB-decay and B-decay branching ratios were studied for
their ga dependence and the total branchings to the B channels
were determined to be (7.5 2.8)% for “3Ca and (18.4+0.09)% for
967r using the mentioned consistent effective values of ga. These
branchings are in both cases larger than predicted in previous
studies and could be large enough to be detected in underground
experiments in the near future. The bulk of the uncertainty related
to the “8Ca branching ratios is due to the imprecise knowledge
of the Q values. Therefore, a precise measurement of the ground-
state-to-ground-state Q value for this case would be desirable.
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