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In recent years, there have been important advances in understanding the far-from-equilibrium
dynamics in different physical systems. In ultra-relativistic heavy-ion collisions, the combination of different methods led to the development of a weak-coupling description of the early-time
dynamics. The numerical observation of a classical universal attractor played a crucial role for
this. Such attractors, also known as non-thermal fixed points (NTFPs), have been now predicted
for different scalar and gauge theories. An important universal NTFP emerges in scalar theories
modeling ultra-cold atoms, inflation or dark matter, and its scaling properties have been recently
observed in an ultra-cold atom experiment. In this proceeding, recent progress in selected topics
of the far-from-equilibrium evolution in these systems will be discussed. A new method to extract the spectral function numerically is a particularly promising tool to better understand their
microscopic properties.
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1. Introduction
In recent years there have been important advances in understanding isolated quantum systems in extreme conditions far from equilibrium. Prominent examples include the reheating process in the Early Universe after inflation, the initial stages in ultra-relativistic heavy-ion collisions
(URHICs) at large laboratory facilities like the Large Hadron Collider (LHC) at CERN and the
Relativistic Heavy Ion Collider (RHIC) at BNL, as well as table-top experiments with ultra-cold
quantum gases. Even though the typical energy scales of these systems vastly differ, they can show
very similar dynamical phenomena at weak self-couplings g2  1.
Non-thermal fixed points (NTFPs) and universality classes far from equilibrium
An important phenomenon emerging far from equilibrium is the concept of a nonthermal
fixed point (NTFP) [2], which is illustrated in Fig. 1. When the initial conditions are far from
thermal equilibrium, as, for instance, with large typical occupation numbers f ∼ 1/g2 , the system can approach an NTFP during its space-time evolution. However, when occupation numbers
become f ∼ 1, quantum effects draw it away and towards thermal equilibrium. NTFPs are farfrom-equilibrium attractor states and can be characterized by a self-similar evolution of the singleparticle distribution function
f (t, p) = (Qt)α fs ((Qt)β p),

(1.1)

where t is time, p is momentum and Q is a constant momentum scale. The scaling exponents α,
β and the scaling function fs (p) are universal, i.e., not sensitive to the details of the original initial
conditions [3, 4, 5]. Therefore, when approaching an NTFP, the system loses its memory of the
initial state. An NTFP is often connected to a conservation law that relates the scaling exponents.
In some systems, like scalar field theories, more than one scaling region can be found. Usually two
regions appear, one at low (IR) and another one at high momenta (UV), and correspond to particle
number and energy conservation, respectively. The IR region will be discussed in Sec. 2.2.
1
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Figure 1: Visualization of different ways to approach thermal equilibrium. Far-from-equilibrium initial
conditions like high initial occupation numbers f ∼ 1/g2 may lead to an NTFP where the dynamics slows
down considerably and the memory of details of the initial state gets lost. Eventually, the system thermalizes,
leaving the attractor. (figure developed as an online illustration of the highlighted article Ref. [1])
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Methods to study far-from-equilibrium dynamics
In these systems, the large occupation numbers f  1 at relevant modes enable an approximative description of the full quantum field theory in terms of classical field dynamics while preserving the full quantum initial state [14], which is referred to as the classical-statistical approximation
(CSA). The CSA is a commonly used method to study far-from-equilibrium phenomena on a realtime lattice and have been used for the systems discussed above. Kinetic theory is another important
tool, where one studies the underlying microscopic dynamics in terms of scattering processes of
quasiparticles if occupation numbers are not too large f . 1/g2 and a quasiparticle assumption is
valid [15]. When a scale separation between soft and hard typical momentum modes exists, hard
thermal loop (HTL) perturbation theory is also applicable [16]. Recently, a new method has been
developed in Ref. [17] that, extending CSA simulations, enables to obtain the spectral function in
highly-occupied out-of-equilibrium systems directly in real time, which will be discussed in Sec. 3.
Content and outline
In Sec. 2, we focus on the emergence of NTFPs and their importance for the respective physical
systems. An emphasis will be given to recent progress in the extraction and description of their
properties and how they link disparate physical systems. A new numerical method to obtain spectral
functions for dynamical systems will be presented in Sec. 3. This introduces a novel tool to study
far-from-equilibrium dynamics. In Sec. 4, we summarize and discuss some open questions in the
considered physical systems and how they can be addressed with the new method.

2. Non-thermal fixed points in different physical systems
We will now discuss important applications of far-from-equilibrium dynamics in different
2
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Such attractor states have been found in different quantum field theories describing physical
systems. Important examples involve URHICs, where a discovered NTFP [6, 7] helped to establish
our current understanding of the dynamics at early times in heavy-ion collisions at weak couplings,
models of the inflaton during cosmological reheating in the Early Universe [8], where an NTFP in
the UV led to the “Turbulent thermalization” scenario [3], and ultra-cold atomic gases [9] where
the scaling properties of a universal NTFP in the IR have been predicted in Ref. [10] and where
this and other scaling behavior have been recently observed experimentally in Refs. [11, 12].
Universality classes far from equilibrium are an intriguing new concept that connects NTFPs
from different theories [1, 10]. Here one uses the set of exponents and scaling function α, β and
fs (p) of an NTFP to define a universality class. In general, an NTFP depends on the underlying
microscopic field theory, its symmetries, the momentum region of interest, conservation laws and
the metric. If, however, the scaling properties are the same for different microscopic theories,
then the theories are said to lie in the same universality class. Such behavior has been found in [1]
between scalar and gauge theories with a longitudinally expanding metric that reflects the geometry
in URHICs, and in [10] for different scalar theories that underlie descriptions of ultra-cold atoms
and inflation models in cosmology. In [13] it was even found that NTFPs of both universality
classes emerge in different momentum regions of a scalar system. This provides an intriguing link
connecting URHICs, ultra-cold atoms and the Early Universe in a single system.
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physical systems with large occupation numbers. With Quantum Chromodynamics (QCD), relativistic scalar field theories and non-relativistic scalar field theories, respectively, their underlying
quantum field theories are vastly different. Nevertheless, the emergence of NTFPs and universality
poses strong links between them.
2.1 NTFP at initial stages in ultra-relativistic heavy-ion collisions
In ultra-relativistic heavy-ion collisions (URHICs) as performed at LHC and RHIC a locally
equilibrated quark-gluon plasma (QGP) is expected to be formed shortly after the collision. The
quarks and gluons forming this state interact via the strong force QCD. Having an ab-initio understanding of the initial stages during which the plasma reaches local equilibrium (or when a
description in terms of hydrodynamics becomes valid) is crucial for the phenomenological analysis
of heavy-ion collisions.
The evolution of the plasma to local equilibrium is a multi-stage process. At initial stages, the
plasma is far from thermal equilibrium. Using weak-coupling techniques, it is expected to be in
the approximately boost-invariant Glasma state right after the collision [18, 19, 20]. This state is,
however, unstable because quantum vacuum fluctuations break the approximate boost invariance
explicitly. This results in exponential growth of quantum fluctuations for a range of momenta,
which are called instabilities [21, 22, 23]. The growth stops when non-linear interactions of these
unstable modes become important [24, 25]. This leads to a highly occupied mainly gluonic plasma
with occupation numbers being f (Q) ∼ 1/g2 for typical momenta Q, where g2 is the gauge selfcoupling.
With CSA lattice simulations, the subsequent evolution of highly occupied non-Abelian plasmas was studied in Refs. [6, 7]. It was shown that for a wide range of initial conditions, the plasma
3

PoS(Confinement2018)136

Figure 2: Self-similar behavior of expanding gauge and scalar systems at fixed transverse momentum pT
shown as a function of longitudinal momentum pz for different times. Left: The distribution is shown at
different times for a non-Abelian gauge plasma. The arrows indicate that occupation numbers and typical
longitudinal momenta decrease. Next to it, the same distributions are shown with rescaled occupation numbers and momenta. (figure taken from [6]) Right: The longitudinal distribution of a scalar system is shown
for different times, the longitudinal gauge distribution is also included. Their momenta and occupation numbers have been normalised at the reference time τ1 to become comparable. Curves at later times τ > τ1 have
been obtained by rescaled occupation numbers and momenta with power laws in time with the universal
exponents (2.2). (figure published in [1] with few changes)
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approaches an anisotropic NTFP with1
f (τ, pT , pz ) = (Qτ)α fs ((Qτ)β pT , (Qτ)γ pz )

(2.1)

and universal scaling exponents
2
α =− ,
3

β =0,

γ=

1
.
3

(2.2)

2.2 NTFPs with ultra-cold atoms and cosmological models
Another interesting class of NTFPs emerges in physical systems that can be described by scalar
field theories. Prominent examples involve ultra-cold atoms and cosmological models of inflation
or of dark matter. There it is possible to construct initial conditions where typical occupation
numbers of momentum modes below a characteristic scale p . Q are large f ∼ 1/λ while λ  1
is weak. In the context of ultra-cold atoms, λ corresponds to the diluteness parameter, which is
proportional to the quartic self-coupling2 g2 of a non-relativistic scalar field theory [9, 10]. For
the given examples in cosmology, λ is the quartic self-coupling of O(N) symmetric relativistic
1 To

account for the high velocities of the colliding nuclei, it is convenient to change time t and spatial coordinate
z to eigen-time τ and rapidity η. This introduces a longitudinally expanding (Bjorken) metric. As a consequence, the
system becomes anisotropic between transverse and longitudinal momenta pT and pz , respectively.
2 Usually, its symbol is g. We changed it to g2 here to be consistent with the common notation for gauge theories.

4
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The self-similar evolution is demonstrated in the left panel of Fig. 2 for an SU(2) non-Abelian
gauge theory. Because of β = 0, we only show here that the distribution at fixed pT is self-similar
as a function of pz . While the occupation numbers and typical longitudinal momenta shrink with
time as illustrated by the arrows, rescaling them with suitable power laws in time results in a single
curve as demonstrated in the adjoining plot marked as “Rescaled”. This curve corresponds to the
universal scaling function fs that, together with the scaling exponents, characterizes the NTFP. Its
functional form turns out to be of Gaussian shape.
In Ref. [1], the same scaling properties have been found in CSA lattice simulations for O(N)
symmetric relativistic scalar theories with quartic interactions and the same longitudinally expanding metric. Despite being entirely different theories, relativistic scalars exhibit a scaling momentum
region with the same scaling exponents (2.2) and the same scaling form fs . This is demonstrated in
the right panel of Fig. 2. Here the longitudinal scalar distribution at fixed pT is rescaled for different times using the universal scaling exponents, with all distributions falling onto the same curve.
For comparison, a gauge theory curve is also included. This shows that this scaling behavior in
longitudinally expanding scalar and gauge theories forms a universality class far from equilibrium.
The finding of this NTFP in non-Abelian gauge plasmas was a crucial step in the formulation
of a consistent picture of the initial stages in URHICs. While different kinetic scenarios had been
suggested for the non-thermal plasma, the extracted scaling exponents (2.2) favored the ‘bottomup’ scenario [26] that only requires elastic 2 ↔ 2 and inelastic effectively 2 ↔ 1 processes and can
be formulated within an effective kinetic theory [27]. While the bottom-up scenario consists of
three stages, the NTFP corresponds to its first stage. Numerical simulations of this kinetic theory
confirmed the scaling properties of the NTFP and are incorporated in current descriptions of the
pre-equilibrium (and pre-hydrodynamic) evolution in URHICs [28, 29].
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Figure 3: Self-similar evolution of the IR region in scalar systems. Times and momenta are normalized
differently in the panels, while the same exponents (2.3) for d = 3 are used. Left: The rescaled distribution
function is shown at different times as function of rescaled momentum for a relativistic scalar theory with
N = 2 fields. The inset illustrates the original distribution before rescaling. These data have been computed
with CSA numerical simulations. (plot taken from [10]) Right: The rescaled distribution is shown at different times for a non-relativistic scalar theory. These curves have been computed with the Large-N kinetic
theory. (figure taken from [30])

scalar field theories with a λ (ϕa ϕa )2 /(24N) interaction term in the potential. A situation of large
occupation numbers can arise, for instance, after an instability phase during preheating [3, 8].
In the subsequent evolution, the highly occupied systems approach attractors that involve two
scaling regions, one at low momenta in the infrared (IR) and one at high momenta for ultraviolet
(UV) modes. Each region has a separate set of scaling exponents and functions and evolves selfsimilarly according to (1.1). While at high momenta, energy density is conserved and transported
to the UV [3], in the low-momentum region particle density is conserved and transported to lower
momenta, adding to the zero-momentum mode [2, 9, 10]. The scalar attractor hence forms a dual
cascade.
In general, every scalar theory can have a separate scaling region. For instance, non-relativistic
and relativistic (massless) scalar theories have different scaling properties in the UV [3]. However,
the IR region turns out to be the same for different N and for both relativistic and non-relativistic
scalar theories, which has been found in Ref. [10]. The scaling behavior computed with CSA
simulations in that work is shown in the left panel of Fig. 3 for a relativistic scalar theory with
N = 2 fields. While the inset shows the original distribution as a function of momentum at different
times, the curves lie on top of each other after rescaling in the main plot. The exponents are to a
good approximation given by
α=

d
,
2

β=

1
,
2

(2.3)

for d = 3 spatial dimensions. The scaling function fs is the same for different N as well as for
non-relativistic scalar theory, forming a universality class of scalar theories in the IR.
The properties of this region can be understood within a Large-N kinetic theory
∂ f (t, p)
= C[ f ](t, p) ,
∂t
5

(2.4)
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Figure 4: Illustration of a new method to compute spectral functions on a classical lattice, see main text for
a description. (figure developed as an online illustration of the highlighted article Ref. [17])

with a collision integral C that results from a systematic expansion in 1/N to next-to-leading order
(NLO) [2, 10, 31, 32]. Plugging the scaling ansatz (1.1) into the kinetic equation already leads to the
scaling exponents (2.3), as demonstrated in Ref. [10]. The scaling function fs has been determined
in Ref. [30] by solving the Large-N kinetic theory numerically, which is shown in the right panel of
Fig. 3. The rescaled distribution is shown at different times as a function of rescaled momentum.
With time, all curves fall on top of each other, forming the scaling function fs . As for the lattice
results shown in the left panel, the lowest momenta describe a rather flat distribution, while higher
momenta follow a p−κ power law with κ = 4 for the kinetic theory in d = 3 dimensions (see also
[33]) and κ ' 4 − 4.5 for the lattice results. We note that the observed scaling can also be described
with a recently developed effective low-energy theory [34].
Such a scaling region emerges in a variety of different scalar systems. Such include theories
with φ 6 self-interaction at sufficiently large occupancies even when the quartic coupling is negative
[35], theories in different spatial dimensions [36, 37, 38] or with a longitudinally expanding metric
[13]. In the latter two cases, the scaling function or the scaling exponents may receive corrections
but can still be well described by the Large-N kinetic theory. Remarkably, in a recent experiment
with a spinor Bose gas [11], an NTFP was found with the scaling behavior (2.3) predicted in [10].

3. Next step: Spectral functions
While we have mainly discussed the evolution of the distribution function so far, the next step
is to study the underlying excitation spectrum that is encoded in the spectral function ρ(t, ω, p).
This time-dependent quantity shows the excitation spectrum in frequency domain for each momentum. Here quasiparticles emerge as Lorentz peaks
∝

1
(ω − ω(t, p))2 + γ 2 (t, p)

(3.1)

with the quasiparticles’ energy (dispersion relation) ω(t, p) and inverse life time (damping rate)
γ(t, p). Additionally, more complicated structures may emerge like Landau damping or extra poles.
6
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ha j (t, p)i = GR, jk (t,t 0 , p) jk (t 0 , p),

(3.2)

where a j (t, p) is the Fourier transformed response field. To reduce computational costs, the source
perturbs the system at several momentum modes simultaneously.5 Finally, the spectral function ρ
results from
GR, jk (t,t 0 , p) = θ (t − t 0 ) ρ jk (t,t 0 , p) .

(3.3)

This technique has been applied to an isotropic non-Abelian gauge theory as a first application.
Its NTFP reveals a self-similar evolution (1.1) that transports energy density to harder momenta
with scaling exponents β = −1/7 and α = −4/7 [5]. In this system, a hard scale Λ(t) can be
R
defined as the momentum where the energy density ∼ d3 p p g2 f (t, p) receives its dominating
contributions while a mass m can be defined using the hard thermal loop (HTL) formalism [16].
The self-similar evolution leads then to Λ(t)/Q ∼ (Qt)1/7 and m(t)/Q ∼ (Qt)−1/7 , where Q is a
constant momentum scale, such that the scale separation between soft and hard modes increases
with time as
Λ(t)/m(t) ∼ (Qt)2/7  1 .

(3.4)

Because of this scale separation, the HTL formalism is applicable to this system and the spectral
function determined with the new numerical method can be compared to known results from HTL.
3 To

be more precise, the gauge covariant link fields U j (t, x) ≈ exp(igas A j (t, x)) are used instead of the gauge fields
in the evolution equations. See, e.g., Refs. [7, 17] for details.
4 The remaining gauge freedom is fixed by Coulomb gauge ∂ A
j j t=t 0 = 0 right before the perturbation to provide
the interpretation of the source as a perturbation at momentum p.
5 This trick has been developed for non-relativistic scalar theory in Ref. [40] and adapted to non-Abelian gauge
theory in Ref. [17].

7
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With spectral functions, non-equilibrium dynamics can be better understood and quasiparticle assumptions underlying kinetic theories can be tested.
A numerical method has been recently developed in [17] to compute the spectral function for
non-Abelian gauge theories, that uses linearized equations of motion that had been derived before
in [39]. The new method combines linear response theory with CSA lattice simulations. While we
will not discuss details of the method here, its working principle is illustrated in Fig. 4. In CSA
simulations, gauge A j (t, x) and chromo-electric fields E j (t, x), with j = 1, 2, 3, are discretized on
a cubic lattice of size Ns3 with lattice spacing as and are evolved by solving classical equations of
motion (EOM) of SU(Nc ) gauge theory in temporal gauge.3 In the upper left part of the figure,
a snapshot of a 2-dimensional slice of the lattice is shown for ∑ j Tr(E j E j ), where the trace goes
over gauge degrees of freedom. This system is perturbed by an instant source j at time t 0 with
momentum p that corresponds to a plane wave in x direction, resulting in the snapshot shown
in the upper right panel right after the perturbation.4 Numerically, the response fields caused by
the perturbation are separated from the gauge fields A j (t, x) 7→ A j (t, x) + a j (t, x) and analogously
for E j . While the remaining background fields follow the unperturbed classical EOM as before,
the response fields a j and e j are evolved to later times t > t 0 by solving linearised equations of
motion developed in [39]. The retarded propagator GR is extracted from a (classical) average of the
response field by use of linear response theory

Kirill Boguslavski
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Figure 5: Left: Spectral function of transversely polarized gauge bosons at different momenta as a function
of time difference ∆t and frequency ω. Dashed black lines are computed consistently in the HTL formalism
at LO. Right: The corresponding damping rate (inverse life time) of quasiparticles for both transverse
and longitudinally polarized bosons for different lattice discretizations as functions of momentum. For
comparison, the corresponding asymptotic mass is m ≈ 0.15 Q. The value γHTL (p = 0) as calculated in the
HTL formalism [41] is also included. (both figures are taken from [17])

The transversely polarized spectral function,6 computed as described above, is shown in the
left panel of Fig. 5 for different momentum modes at a fixed time t when the system is close to its
NTFP and, thus, evolves self-similarly. In the left part of that panel, ρT is plotted as a function of
the time difference ∆t = t − t 0 with ∆t  t while its Fourier transform with respect to ∆t is plotted
in the right part of the left panel. Additionally, black dashed curves correspond to the spectral
function computed in the HTL formalism at LO. For each momentum mode, one observes two
structures in the frequency domain: a quasiparticle excitation emerging as a Lorentzian peak (3.1)
and a continuum at low frequencies |ω| ≤ p that can be identified as Landau damping. Remarkably,
the HTL curves at LO agree well with the Landau cut region and with the position of the peak, i.e.,
with the extracted dispersion relation.
The LO HTL curves mainly differ from the data by neglecting the finite width of the peak,
which corresponds to the damping rate γ(p), since this quantity is of next-to-leading order (NLO)
in the HTL formalism. The numerically extracted damping rate is shown in the right panel of
Fig. 5 for both transverse and longitudinal polarizations as a function of momentum for two lattice
discretizations. The damping rate is observed to grow for low momenta p . 0.15 Q ≈ m. Interestingly, both polarizations follow the same curves within their uncertainties. At higher momenta,
the curves become flat. The value γHTL (p = 0) calculated in the HTL formalism to NLO [41] is
seen to be roughly consistent with the numerical results. This shows that the system is dominated
by quasiparticles with relatively narrow width. Hence, kinetic theory is indeed applicable to this
far-from-equilibrium system. In particular, this is the first time that the full momentum dependence
6 One can distinguish longitudinal and transverse polarizations ρ
L = p p∗ /p2 and on δ − PL , respectively.
by Pjk
j k
jk
jk

8
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and ρT by projecting ρ jk on the sub-space spanned
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of the damping rates was computed. This extends the known HTL results and hence, improves our
understanding also of the thermal state at high temperatures where HTL is applicable.

4. Conclusion
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We have discussed the emergence and relevance of NTFPs for different physical systems. In
ultra-relativistic heavy-ion collisions (URHICs), an NTFP helped to establish our current understanding and weak-coupling description of the dynamics of pre-equilibrated matter created in the
collision [6, 7]. Some important open questions remain to complete our understanding of initial
stages in URHICs. One difficulty is the correct description of the instability phase leading from
the initial state right after the collision to the onset of kinetic theory. While it is technically challenging to correctly include vacuum fluctuations [4, 42, 43], the duration and details of this phase
are sensitive to the way how the quantum vacuum is modeled as well as to other model parameters in the initial state [23, 44]. Having a detailed description of the earliest stages has important
phenomenological consequences, allowing to assess transport coefficients at early times.
The same scaling behavior emerges in the low-momentum region of scalar theories describing
ultra-cold atoms and cosmological models of inflation or of dark matter, forming a broad universality far from equilibrium [10]. Its universal quantities can be reproduced by the Large-N kinetic
theory [10, 30]. Despite the progress in recent years, some aspects of the IR region are not fully
understood yet, as, e.g., when quasiparticles or defects dominate for different N [9, 10, 34, 36, 45].
A promising method to address these problems has been recently developed in [17] for nonAbelian gauge theories and in [40] for non-relativistic scalar theory. Combining linear response
theory with classical simulations, spectral functions can be computed numerically in highly occupied systems. In [17], it was applied to a non-Abelian plasma close to its NTFP and it was shown
that the results were consistent with HTL theory but also indicated effects surpassing its leading
order. Specifically, the momentum dependence of the damping rates was obtained for the first time,
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the method to relativistic scalar theories, also the N dependence of the IR region can be studied.7
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