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Recent work on layered structures of superconductors (S) or normal metals (N) in contact with ferromagnetic
insulators (FI) has shown how the properties of the previous can be strongly affected by the magnetic proximity
effect due to the static FI magnetization. Here we show that such structures can also exhibit a new electron
thermalization mechanism due to the coupling of electrons with the dynamic magnetization, i.e., magnons in FI.
We here study the heat flow between the two systems and find that in thin films the heat conductance due to
the interfacial electron-magnon collisions can dominate over the well-known electron-phonon coupling below a
certain characteristic temperature that can be straightforwardly reached with present-day experiments. We also
study the role of the magnon band gap and the induced spin-splitting field induced in S on the resulting heat
conductance and show that heat balance experiments can reveal information about such quantities in a way quite
different from typical magnon spectroscopy experiments.

DOI: 10.1103/PhysRevB.100.035423

I. INTRODUCTION

The progress in low temperature solid state device tech-
nology, such as thermometry and electromagnetic radiation
detection [1–9], electron refrigeration [10,11], and new so-
lutions for quantum information processing [12], call for an
improved understanding of the thermalization mechanisms.
This is particularly relevant at their usual sub-Kelvin operat-
ing temperatures and in hybrid structures. We schematically
represent an example hybrid structure in Fig. 1, based on a
thin-film normal metal (N) or a thin-film superconductor (S)
in contact with a thin-film ferromagnetic insulator (FI). It can
be a part of some low-temperature thermometric device, such
as a thermoelectric radiation detector (TED) [8,9]. When such
devices are operated, they are often brought out of equilibrium
via a process involving absorption of an electromagnetic field
with power Pγ . This power may be the one under study as
in radiation detectors or one inadvertently brought in when
operating the device. As schematized in Fig. 1, this power
initially heats up the electrons of the N or S, and then the
hot electrons dissipate the heat via coupling to larger heat
baths, typically via coupling to the phonons (ph) [7,13–16]. In
systems with ferromagnetic elements, such as the one shown
in Fig. 1, the electrons can also couple to the magnons, which
can then conduct the energy away from the heated region. This
mechanism we study in this paper.

The interfacial electron-magnon interaction strength can be
quite large, and hence important for the thin film materials, as
the recent work on superconductivity induced in a metal due
to interfacial electron-magnon interaction [17], and spin trans-
port across normal metal and ferromagnetic insulator [18,19],
suggest. There have been various research works, such as
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spin pumping, spin and charge tunneling current in magnetic
multilayered structures [20–24], which one can also inde-
pendently analyze via interfacial electron-magnon interaction.
In this work we demonstrate that the electron-magnon heat
flow can be as important as electron-phonon heat conduction
below a certain characteristic temperature, for a certain regime
of electron-magnon interaction strength, magnon band gap,
and spin-splitting field. At high temperatures electron-phonon
heat flow dominates over electron-magnon heat flow. The
dominance of the interfacial electron-magnon heat flow over
electron-phonon heat transport in the bulk below a character-
istic temperature is due to the difference of the magnon and
phonon dispersions, and hence the dissimilarity in the magnon
density of states at the N-FI or S-FI interface and the phonon
density of states in the bulk.

Our present work is especially important in the context
of proposals for a new kind of a low temperature thermo-
electric radiation detector (TED) [8,9], which can rival the
contemporary device technologies, such as transition edge
sensor (TES) and kinetic inductance detector (KID) [1–6].
The TED is based on a combination of a thin film spin-split
superconductor with a spin-polarized tunnel junction, and it
utilizes the recently discovered giant thermoelectric effect
in superconductor-ferromagnet hybrid structures [16,25–30].
Spin-split superconductors can also be used to generate dif-
ferent types of devices combining thermoelectricity and the
macroscopic phase coherence of the superconducting state
[31,32]. One way to realize the spin-split superconductor is
to couple the S with FI. Such devices are the most sensitive at
the lowest temperatures reached. This is why understanding
the thermalization mechanisms directly improves the design
of such devices.

In what follows we first present the theory of electron-
magnon heat transport in N-FI and S-FI contacts. Then
we discuss our results on electron-magnon heat conduc-
tance and compare it with electron-phonon heat conductance
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FIG. 1. (a) Schematic of a hybrid bilayer of a normal metal (N)
or a superconductor (S) of thickness dN or dS in a good contact with
a ferromagnetic insulator (FI) of thickness dFI. (b) Pγ denotes the
incident radiation power, which increases the electronic temperature
by an amount �T from some initial temperature T dictated by the
temperature of the baths. For a low and constant power Pγ , the mag-
nitude of �T = Pγ /Gtot

th is dictated by the total heat conductance,
Gtot

th , to the heat bath. This heat conductance is typically due to the
coupling of the electrons (e) to the phonons (ph), but at a low enough
temperature also magnons (m) in the FI film start to be relevant and
eventually may become the dominant heat conduction mechanism.
Here h denotes the spin-splitting field possibly induced to N or S via
the magnetic proximity effect. Q̇q-ph and Q̇q-m stand for the rates of
heat flow due to electron-phonon interaction and electron-magnon
collisions, respectively, and Gq-ph and Gq-m are the corresponding
heat conductances.

of N or S to establish the regime where the previous
dominates.

II. THEORETICAL MODEL

To study the heat conduction due to interfacial electron-
magnon collisions in N-FI or S-FI hybrid structures, we
consider the effective model Hamiltonian

Ĥ = Ĥe + Ĥem + Ĥm, (1)

Ĥe =
∑
�kσ

(ε�kσ
− μ)c†

�kσ
c�kσ

for N,

=
∑
�kσ

E�kσ
γ

†
�kσ

γ�kσ
for S, (2)

Ĥm =
∑

�q
ω �qa†

�qa �q, (3)

Ĥem = −gem

∑
�k, �q

c†
�k↑c�k+�q↓a†

�q + H.c. (4)

Here Ĥe, Ĥm, and Ĥem stand for the Hamiltonian of the
quasi-two-dimensional (thin film) N or S, for the quasi-two-
dimensional FI [33] and the electron-magnon interaction due
to the N-FI or S-FI contact [17]. We assume low enough
temperatures so that the thickness dN/S satisfies dN/S �
2π h̄vF /(kBT ), where vF is the Fermi velocity of the electronic

system and T is the temperature. In this case the thin films can
be considered effectively two dimensional and the sums over
�k, �q in Eqs. (2)–(4) are also two dimensional.

In Eq. (2) we denote the electron energy ε�kσ
= ε�k − hσ

for spin σ , where σ = ±1 for σ =↑ / ↓, and the spin de-
pendent Bogoliubon energy E�kσ

= E�k − hσ . Hence ε�k = μ +
h̄vF (k − kF ) and E�k = √

(ε�k − μ)2 + �2, where μ and kF are
the chemical potential and the magnitude of the Fermi wave
vector in the N or S. � is the superconducting gap of S and
h stands for the spin-splitting field exerted on N or S due to
FI. In Eq. (3) ω �q = ω0 + Bq2 represents the magnon energy
dispersion relation in FI, with ω0 � 0 and B = Jexzsζ 2/2 > 0
[33], where Jex, s, z, and ζ are the isotropic exchange cou-
pling energy, effective lattice spin, coordination number, and
the lattice constant of FI, respectively. The effective electron-
magnon coupling energy is defined as gem

√
A = −Jζ

√
2s,

where A is the area of the contact surface, J is the exchange
energy between the electrons of the N or S with FI, and
ζ 2 = A/N0 where N0 is the number of lattice points of FI at the
surface of the N-FI or S-FI contact. In Eqs. (2)–(4) c, γ , and
a are the annihilation operators for the electrons of the N or
S, Bogoliubon operator of S, and magnon operator for FI, re-
spectively. For S we have c�kσ

= v�kσ
γ

†
−�k−σ

+ u∗
�kσ

γ�kσ
, |u�kσ

|2 +
|v�kσ

|2 = 1, u�k↑ = u�k, u�k↓ = u�k , v�k↑ = v�k and v�k↓ = −v−�k ,

�∗v�k/u�k = E�k − (ε�k − μ), 2|v�k|2 = [1 − (ε�k − μ)/E�k].
Using the Hamiltonians of Eqs. (1)–(4), we calculate

the heat flow from the magnons of the FI to the elec-
trons of the N or S, according to the Kubo linear response
theory, as 〈 ˙̂Hm(t )〉 = 〈 ˙̂Hm(t )〉0 − i

h̄

∫ t
−∞ dt ′〈[ ˙̂Hm(t ), Ĥem(t ′)]〉0

[34]. Here 〈· · ·〉0 stands for thermal averaging over the non-
interacting system. As a result we obtain the rate of heat flow
from the magnons to the electrons as

lim
t→∞〈 ˙̂Hm(t )〉 = A	(Q(+)

q−m − Q(−)
q−m ), (5)

	 =
(
k2

F Jζ
√

2s
)2

(16π2h̄μ2)
(6)

and

Q(±)
q−m = 2

∫ ∞

−∞
dE

∫ 4ωF +ω0

ω0

dω[n(ω, Te) − n(ω, T )]

× K (±)(E , ω)[ f (E ∓ ω, Te) − f (E , Te)], (7)

where n(x, T ) = [exp[x/(kBT )] − 1]−1 and f (x, T ) =
[exp[x/(kBT )] + 1]−1 are the Bose-Einstein and Fermi-Dirac
distributions, respectively. ωF = Bk2

F is the magnon
equivalent of the Bloch-Grüneisen energy, originating from
the requirement for simultaneous energy and momentum
conservation. T and Te are the temperatures of the magnons
and electrons. The matrix element of the coupling results
in the kernel terms K (±)(E , ω), which are given below
for normal and superconducting metals coupled to the
ferromagnetic insulator [Eqs. (10) and (14), respectively].
Finally let us obtain the electron-magnon heat conductance,
Gq−m, within linear response �T = Te − T � T as

Gq−m = lim
t→∞

〈 ˙̂Hm(t )〉
�T

= 	A(G(+)
q−m − G(−)

q−m ), (8)
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where

G(±)
q−m = 1

2kBT 2

∫ ∞

−∞
dE

∫ 4ωF +ω0

ω0

dω ω sinh−2

(
ω

2kBT

)

× K (±)(E , ω)[ f (E ∓ ω, T ) − f (E , T )]. (9)

The steps leading to Eqs. (5)–(9) correspond to the Born
approximation similar to the one used for studying electron-
phonon heat transport in earlier works [13–15].

In what follows we assume kBT, h, ω �q and ωF � μ,
where ω �q are the relevant magnons at low temperatures. As

a result, we obtain the kernel term for N-FI as (see the
discussion in Appendix A) K (±)(E , ω) = K (ω) with

K (ω) =
√

ω

ωF

√
ω

ω − ω0

[
4 −

(
ω − ω0

ωF

)]−1/2

. (10)

Since the kernel is independent of E , we can perform the
integral over E in Eq. (8) and obtain

Gq−m = 	A

kBT 2

∫ 4ωF +ω0

ω0

dωK (ω)ω2 sinh−2

(
ω

2kBT

)
. (11)

The remaining integral cannot be evaluated analytically, but
we can study its different limiting cases. We get

Gq−m = 	AkB

√
πe−ω0/(kBT )

[
8ω3

0 + 12kBT ω2
0 + 18(kBT )2ω0 + 15(kBT )3

]
4(kBT )3/2ω

1/2
F

, for kBT � ω0 � ωF (12a)

= 	AkBL0
(kBT )3/2

ω
1/2
F

, for ω0 � kBT � ωF (12b)

= 	AkB
π

[
ω0 + 2ωF )(12(kBT )2 − 10ω2

F − 4ω0ωF − ω2
0

]
3(kBT )2

, for ω0, ωF � kBT . (12c)

Here L0 = ∫ ∞
0 dxx5/2[cosh(x) − 1]−1 ≈ 8.91647. Note that

as a function of temperature, Gq-m is monotonically increas-
ing, but it saturates when kBT � ωF . On the other hand,
with respect to both the magnon band gap ω0 and the Bloch-
Grüneisen type parameter ωF the behavior is nonmonotonous
when ω0 � ωF , with a maximal value obtained when ωF/0 is
of the order of kBT .

To compare the electron-magnon heat conductance Gq-m of
the thin film N-FI with the electron-phonon heat conductance,
we here consider the bulk electron-phonon heat conductance
of N as [13]

Gq-ph = 5
�T 4, (13)

where 
 is the material dependent electron-phonon coupling
constant and � is the volume of the quasi-two-dimensional N.
Comparing the analytical estimate of Gq-m in Eqs. (12a)–(12c)
with Gq-ph in Eq. (13), we conclude that for small magnon
band gaps at relatively low temperatures where ω0 � kBT �
ωF , the electron-magnon heat conductance can dominate over
the electron-phonon mechanism, whereas at high tempera-
tures the electron-phonon heat conductance is the dominant
thermalization mechanism. The relative importance of these
two processes changes at a crossover temperature, where both
heat conductances are equal to each other. Note that Gq-ph in
Eq. (13) is obtained after assuming a continuous spectrum
of three-dimensional wave vectors, whereas for the electron-
magnon heat conductance we include only a two-dimensional
integral. The latter is primarily due to the fact that in the N-FI
bilayer the electron-magnon coupling is a surface effect and
secondarily due to our assumption of thin films. In thin films
then Eq. (13) overestimates the actual electron-phonon heat
conductance and underestimates the crossover temperature. In
addition, the interface could in principle have some dynamical
modes (say, some charges hopping from one place to another),
but these would have to connect to the continuum to realize a
full heat conductance for bulk materials. They hence do not

form a new channel but can modify the coupling constants.
We here disregard such effects due to their nongeneric nature.

Motivated by the detector application, we also study the
electron-magnon heat transport for the quasi-two-dimensional
S-FI hybrid structure. The kernel term in this case is (see the
discussion in Appendix A)

K (±)(E , ω) =
√

ω

ωF

√
ω

ω − ω0
NS (E ∓ h)NS (E±h ∓ ω)�(E )

×
[

1 + �(E ± h ∓ ω)
�2

(E ∓ h)(E ± h ∓ ω)

]

×
[

4 −
(

ω − ω0

ωF

)]−1/2

, (14)

where NS (E ) = |Re[(E + i)/
√

(E + i)2 − �2]| is the re-
duced superconducting density of states,  � � is the Dynes
parameter [35], and �(x) is the Heaviside function. Note that
Eq. (14) couples the two different spin components of the
superconducting density of states. This is due to the spin-
flip mechanism via electron-magnon interaction, as Eq. (4)
represents. Now, using Eqs. (5)–(9) and (14) and considering
ω0 = h = 0, kBT < � � 2ωF we analytically estimate the
electron-magnon heat conductance of S-FI film as (see the
derivation in Appendix B)

Gq-m = k5/2
B T 3/2	A√

ωF

(
�̃e−�̃

∞∑
n=0

Dn

�̃n
+ �̃5/2e−2�̃

∞∑
n=0

En

�̃n

)
,

(15)

where �̃ = �/kBT . The lowest-order coefficients are D0 =
4.82, D1 = 2.88, E0 = √

2π , and E1 = π/
√

2. The two
sums in Eq. (15) are for quasiparticle-magnon scattering
and magnon driven quasiparticle recombination, respectively.
Contrary to the electron-phonon heat conductance discussed
below, the scattering term dominates at all temperatures, so
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the recombination term can also be disregarded to the first
approximation. The analytical estimate reveals the dominant
exponential decay of Gq-m at low temperatures kBT � �.
As kBT approaches �, Gq-m follows a linear combination of
different power laws as a function of temperature.

We compare the electron-magnon heat conductance of the
thin film S-FI with the electron-phonon heat conductance of
the superconductor, obtained from [8,16,36]

Gq−ph = 
�

96ζ (5)k6
BT 2

∫ ∞

−∞
dE E

∫ ∞

−∞
dω ω2|ω|LE ,E+ωFE ,ω,

(16a)

LE ,E ′ = 1

2

∑
σ=↑,↓

Nσ (E )Nσ (E ′)

×[1 − �2/[(E + σh)(E ′ + σh)]], (16b)

FE ,ω = −1

2

[
sinh

(
ω

2kBT

)
cosh

(
E

2kBT

)
cosh

(
E + ω

2kBT

)]−1

,

(16c)

where 
 is the material dependent electron-phonon coupling
constant, � is the volume of the film, Nσ (E ) = NS (E + σh)
where σ = ±1 for σ = ↑/↓, and ζ (5) is the Riemann zeta
function. The analytical estimate of the bulk value of Gq-ph is
[8,16]

Gq−ph ≈ 
�

96ζ (5)
T 4

[
cosh(h̃)e−�̃ f1(�̃) + π�̃5e−2�̃ f2(�̃)

]
,

(17)

where h̃ = h/kBT and �̃ = �/kBT . In Eq. (17) the terms
f1 and f2 represent the scattering and recombination
processes. The latter dominates over the previous for
kBT � 0.1� and vice versa, so both terms need to be
taken into account. The functions f1(x) = ∑3

n=0 Cn/xn and
f2(x) = ∑2

n=0 Bn/xn, where C0 = 440, C1 = −500, C2 =
1400, C3 = −4700, B0 = 64, B1 = 144, B2 = 258.
Comparing the two analytical estimates, for Gq-m in Eq. (15)
and for Gq-ph in Eq. (17), we note that the electron-magnon
thermalization process can dominate the electron-phonon
process at low temperatures, whereas electron-phonon is the
dominating mechanism at high temperatures. As a result there
can be a crossover temperature, where both heat conductances
are equal to each other. Here also it is important to note, as
in the case without superconductivity, that Eqs. (16a)–(16c)
and (17) are obtained assuming the continuous spectrum
of three-dimensional wave vectors of the superconducting
electrons, whereas for the electron-magnon heat conductance
we include only a two-dimensional integral. As a result
this overestimates Gq-ph and underestimates the resulting
crossover temperature.

III. RESULTS AND DISCUSSIONS

In what follows we numerically analyze the electron-
magnon heat conductance of the thin film normal
metal-ferromagnetic insulator, N-FI, and the thin film

(a)

(b)

(c)

(d)

(e)
(f)

(a′)

(b′)

kBT/ωF

FIG. 2. Electron-magnon Gq-m [Eqs. (8)–(10), curves (a)–(c) and
(a′),(b′)] and electron-phonon heat conductance Gq-ph [Eq. (13),
curves (d)–(f)] vs temperature T for the thin film normal metal-
ferromagnetic insulator hybrid structure. In (a) and (b) the chosen
magnon band gap is ω0 = 0 and ω0 = 0.8ωF , respectively. Curve
(c) is the analytical estimate of electron-magnon heat conductance
from Eq. (12b), valid at kBT � ωF for the magnon band gap ω0 = 0.
The curves (a′) and (b′) in the inset represent the corresponding
extended plots of (a) and (b), respectively. Curves (d)–(f) show the
electron-phonon heat conductance for three different thicknesses of
the normal-metal film, for dN/dl = 2, dN/dl = 6 and dN/dl = 10,
respectively.

superconductor-ferromagnetic insulator, S-FI, hybrid
structures. We also compare the electron-magnon heat
conductance with the bulk electron-phonon heat conductance
in the absence and in the presence of superconductivity.

A. Normal metal-ferromagnetic insulator

Here we first discuss the electron-magnon heat conduction
in a thin film N-FI hybrid structure. In Fig. 2, we plot the
electron-magnon heat conductance Gq-m vs temperature T , for
various magnon band gaps ω0 and compare with the analytical
estimate of Gq-m for ω0 = 0. In line with Eqs. (12a)–(12c), we
find that Gq-m decreases exponentially with a decreasing T for
kBT � ω0 and reaches a constant value, 4πkB	A(ω0 + 2ωF ),
for kBT � ωF . Figure 2 also contains the bulk electron-
phonon heat conductance Gq-ph of the thin film N vs T for
various film thicknesses dN of the normal metal. To find
out the relative importance between electron-magnon and the
usual electron-phonon thermalization mechanisms, we now
compare Gq-m with Gq-ph. For the comparison, we define a
crossover temperature T ∗, where the Gq-ph vs T curve crosses
the Gq-m vs T curve. At the characteristic temperature we
thus have

Gq−m(T = T ∗) = Gq−ph(T = T ∗). (18)

Since the electron-magnon heat conduction is an interface
process, and the electron-phonon conduction is a bulk pro-
cess, the crossover temperature depends on the normal metal
thickness dN . As expected, we can see from Fig. 2 that the
electron-magnon process dominates below T ∗ and vice versa
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ω0/ωF = 0
ω0/ωF = 0.8

dN/dl

Eqs. (19) and (20)

FIG. 3. Temperature T ∗ below which the electron-magnon ther-
malization dominates the electron-phonon mechanism, as a function
of the thickness dN of the normal metal film. The curves are for
two different values of the magnon band gap. The dotted line shows
the analytical estimate from Eq. (19). The thickness is scaled by dl

defined in Eq. (20).

for the electron-phonon process. Using Eqs. (12b) and (13),
we get

kBT ∗ = 1.26 ωF (dl/dN )2/5, (19)

with dl = k5
B(	/
)ω−3

F (20)

for ω0 = 0 and kBT ∗ < ωF . This estimate works quite well
even for a nonzero ω0, as shown in Fig. 3.

Let us also estimate typical values of parameters and the
resulting T ∗. In particular, we consider EuS/Al and EuO/Al
hybrid structures, where EuS and EuO are ferromagnetic
insulators, and Al is a metal. The Al characteristic electron-
phonon coupling constant 
 = 0.2 × 109 Wm−3 K−5 [7].
Both EuS and EuO are characterized by the effective lat-
tice spin s = 7/2 [17], lattice constant ζ = 5.1 Å [17], and
the characteristic (Bloch-Grüneisen type) magnon frequency
ωF /kB = TF = 53 K [17]. The interfacial coupling energy is
around J = 10 meV [17], for both hybrid structures, EuS/Al
and EuO/Al, but its precise value depends on the quality of
the contact. Using these values and μ = h̄2k2

F /(2me) with a
free electron mass me, we get 	 = 7.5 × 1048 J−1 m−2 s−1

and dl = 50 pm. As a result we get the crossover temperature
T ∗ = 3 K for both hybrid structures with the Al thickness
of 100 nm. Electron-magnon thermalization hence becomes
relevant in modern-day low-temperature experiments on thin
film bilayers.

B. Superconductor-ferromagnetic insulator structure

Because many functionalities of low-temperature devices
[7,16,36] employ superconductivity, we also analyze the
effect of superconductivity on the electron-magnon heat con-
duction. In this case two new energy scales show up: The
superconducting energy gap � and the exchange field h
induced by the magnetic proximity effect into the supercon-
ductor [36,37]. The latter might be present also in the normal

kBT/Δ0

(a)
(b)

(c)

(d)

(e)

(f)

FIG. 4. Electron-magnon Gq-m [Eqs. (8), (9), and (14), curves
(a)–(d)] and electron-phonon heat conductance Gq−ph [Eqs. (16a)–
(16c), curves (e)–(f)] vs temperature T for the thin film
superconductor-ferromagnetic insulator hybrid structure. The param-
eters for the curves are (a) ω0 = 0, ωF = �0 and (b) ω0 = 0, ωF =
10�0 and (c) ω0 = 0.5�0, ωF = 10�0. The curve (d) is the ana-
lytical estimate [Eq. (15)] of the electron-magnon heat conductance
for the given parameters in (b) curve. The thin film superconductor
thicknesses are in curve (e) dS/d� = 0.4 and (f) dS/d� = 0.8. For all
the curves we set h = 0 and  = 10−3�0.

state, but there it is not relevant to the magnitude of the heat
conductance as long as it is much smaller than μ.

Since the superconducting gap �(T, h) depends on h and
T , in what follows we introduce scaling energy as the mag-
nitude of the gap �0 at T = 0 K and h = 0. We compute
�(T, h) self-consistently using Eq. (C1) (see Appendix C).
Self-consistent calculation is significant near the critical mag-
netic field [38,39], and near the critical temperature, but does
not otherwise affect the results much. In Fig. 4 we plot again
the two heat conductances Gq-m and Gq-ph in the case where
the metal is in the superconducting state. As in the analytical
estimates, Eqs. (15) and (17), both decay exponentially at low
temperatures kBT � � due to the exponential decay of the
number of quasiparticles, ∼ exp(−�/kBT ). It is thus easier
to compare their ratio, or the temperature T ∗ at which they
become equal. That temperature is plotted in Fig. 5. We can
see that the overall behavior with respect to dS is quite similar
to the normal state, but superconductivity affects the two
processes slightly differently. In Figs. 4 and 5, we introduce
a length scale

d� = k5
B(	/
)�−3

0 , (21)

associated with scaling energy �0. Note that in the usual
case ωF � �, d� � dl introduced in Eq. (20). In order to
get the crossover temperature T ∗ to be significantly below
the superconducting critical temperature Tc, we would hence
have to assume thicker films or smaller exchange couplings
than those discussed in the previous section. Besides ωF and
�, also the precise value of the magnon band gap affects
T ∗. However, we find that T ∗ is slowly varying with the
superconductor film thickness (dS) irrespective of the small
magnon band gap in Fig. 5.
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dS/dΔ

(a)

(b)

(c)

FIG. 5. Crossover temperature T ∗ below which electron-magnon
thermalization becomes dominant, as a function of the thickness dS

of the superconductor. For all curves we set h = 0 and  = 10−3�0.
The parameters for the curves are (a) ω0 = 0, ωF = 26�0, (b) ω0 =
0.5�0, ωF = 50�0, and (c) ω0 = 0, ωF = 50�0.

In Sec. III A, we find that an EuS/Al film with 100 nm
Al layer can have a crossover temperature at 3 K, much
above the Al Tc (usually 1.2 K in thin films in the absence of
spin-splitting field). Hence, to find the crossover in EuS/Al
films in the superconducting state, the Al layer should be
much thicker. Using the parameters of EuS/Al and EuO/Al
as in Sec. III A with �0/kB = 2 K [40], we get d� = 900 nm.
Hence dS = 100 nm would correspond to T ∗ > Tc, consistent
with the normal-state estimate.

Let us next study the effect of the induced spin-splitting
field on the electron-magnon heat conductance. That is plotted
in Fig. 6 at three different temperatures for a low value of the
magnon gap ω0. Note that we here neglected the effect of spin

h/Δ0

(c)

(b)

(a)

FIG. 6. Electron-magnon heat conductance Gq-m vs spin-splitting
field h for the thin film superconductor-ferromagnetic insulator
hybrid structure. For all curves ω0 = 0.1�0, ωF = �0, and  =
10−3�0. The curves (a), (b), and (c) are for kBT = 0.2�0, kBT =
0.3�0, and kBT = 0.4�0, respectively.

(a)

(b)

(c)

ω0/Δ0

FIG. 7. Electron-magnon heat conductance Gq-m vs magnon
band gap ω0 for the thin film superconductor-ferromagnetic insulator
hybrid structure. For all the curves h = 0.1�0, ωF = �0, and  =
10−3�0. The curves (a), (b), and (c) are for kBT = 0.2�0, kBT =
0.3�0, and kBT = 0.4�0, respectively.

relaxation, which may become especially relevant for higher
h. Perhaps surprisingly, the effect of the spin splitting on Gq-m

is quite modest, taking into account that the field reduces the
energy gap from � to � − h for one of the spin species.
However, since the electron-magnon coupling couples both
spins, this reduced gap is not immediately visible.

In the superconducting case, also the relation between
the spin-splitting field and the magnon gap ω0 affects the
magnitude of the electron-magnon heat conductance. This is
shown in Fig. 7 showing Gq-m as a function ω0 for h = 0.1�0.
When ω0 ≈ 2h, Gq-m has a shallow maximum (a kink), as
this is where the magnons just above the gap edge couple the
electrons at the edges of the two spin bands [see Eq. (14)].
However, due to the low density of states of the magnons at the
gap edge, the dependence is not very strong. It might however
be observable in the case where the spin-splitting field is
tuned with an external magnetic field. Hence especially in the
superconducting case the electron-magnon heat conductance
can be used to obtain spectroscopic information about the
magnons.

IV. CONCLUSIONS

In this work we have studied heat transport between the
electrons in a metallic thin film in a normal or a superconduct-
ing state and the magnons in a nearby ferromagnetic insulator
film, resulting from the interfacial electron-magnon interac-
tion. This mechanism can dominate over the electron-phonon
heat transport at low temperatures and hence should be taken
into account in device concepts [16] utilizing such hybrid
structures at low temperatures. The crossover temperature
below which the electron-magnon process starts to dominate
depends on the properties of the magnet and naturally on
the electron-magnon interaction, but also on the thickness of
the metal film. For reasonable values of the parameters of
these films we find that this crossover temperature can be
of the order of 1 Kelvin. In this work we assume that the
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magnons flow away and only somewhere far from the inter-
face thermalize with the phonons. In this situation the extra
heat resistance related to this thermalization mechanism can
be disregarded. Similarly, depending on the device geometry,
one might have to include the (Kapitza) thermal boundary
resistance for thermalizing the phonons, and this would affect
the overall heat balance and the crossover temperatures. In
the superconducting state, the magnitude of the induced spin-
splitting field also affects the size of the heat conductance.
In particular, the heat conductance obtains a maximum when
the spin-splitting field equals half of the gap in the magnon
spectrum. Because the spin-splitting field can be varied by
using an external field (see, e.g., Ref. [41]), this dependence
can be studied in detail. Such a study would hence reveal
spectroscopic information about the magnon spectrum in the
ferromagnetic insulator.
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APPENDIX A: DISCRETE TO CONTINUOUS
TRANSFORMATION

Here we demonstrate the discrete to continuous transfor-
mation for the case of the N-FI hybrid structure. For thin films
�k and �q are two dimensional, and hence we have the following
discrete to continuous transformation

∑
�k, �q

F (ε�k, ω �q )δ(ε�k+�q − ε�k ± ω �q ∓ 2h) =
(

A

4π2

)2 ∫
d2k d2q F (ε�k, ω �q )δ(ε�k+�q − ε�k ± ω �q ∓ 2h)

=
(

πk2
F A2

32π4Bμ

) ∫ ∞

0
dε�k

∫ ∞

ω0

dω �q
∫ 2π

0
dθ F (ε�k, ω �q )δ(ε�k+�q − ε�k ± ω �q ∓ 2h). (A1)

To obtain Eq. (A1) we have used the energy dispersion of
the normal-metal electrons, ε�k = μk2/k2

F , and the energy dis-
persion of the magnons, ω �q = ω0 + Bq2. Therefore we have
kdk = k2

F /(2μ)dε�k and qdq = 1/(2B)dω �q. We also have

ε�k+�q − ε�k ≈ h̄vF

√
ω �q − ω0

B
cos θ + μ(ω �q − ω0)

Bk2
F

, (A2)

where θ is the angle between �k and �q, and the Fermi energy
μ is much larger than the relevant magnon energies ω �q. Here
after integrating the Dirac delta function over θ in Eq. (A1),
we obtain the following result,∫ 2π

0
dθ δ(ε�k+�q − ε�k ± ω �q ∓ 2h)

= 1

μ

√
ωF

ω �q − ω0

∣∣∣∣∣Re

[
1 − 1

4

(
ω �q − ω0

ωF

)]−1/2
∣∣∣∣∣, (A3)

assuming the relevant magnons and the weak spin-splitting
field satisfy (ω �q ± 2h)/μ → 0. Equations (A1)–(A3) are used
in Eqs. (5)–(10).

Next, we have followed the similar mathematical proto-
col in the case where the metal becomes superconducting.
In this case |dE�k+�q/dθ | = 2μ| sin θ |/NS (E�k+�q ) and dε�k =
NS (E�k )dE�k , where E�k =

√
(ε�k − μ)2 + �2. Here NS is the su-

perconducting density of states. After the discrete to continu-
ous transformation and integrating the Dirac delta functions
analogous to that above, we get the kernel terms K (±) in
Eq. (14).

APPENDIX B: ELECTRON-MAGNON HEAT
CONDUCTANCE OF S-FI AT LOW TEMPERATURES

In order to obtain the analytical expression of Gq-m of
a S-FI hybrid structure we here consider ω0 = h = 0 and

kBT < � � 2ωF , such that we can effectively have
4ωF /kBT → ∞ and ω/4ωF → 0. Now using Eqs. (9) and
(14) we have

G(±)
q−m = ±k5/2

B T 3/2

8
√

ωF

∫ ∞

0
dx

∫ ∞

0
dy y3/2ÑS (x)ÑS (x ∓ y)

×
[

1 + �(x ∓ y)
�̃2

xy

]
F (x, y), (B1)

F (x, y) = cosech
( y

2

)
sech

( x

2

)
sech

(
x ∓ y

2

)
, (B2)

where ÑS (x) = lim̃→0 |Re[(x + ĩ)/
√

(x + ĩ)2 − �̃2]| and
�̃ = �/kBT . The integrand in Eq. (B1) is nonzero only for
x � �̃ and x ∓ y � �̃, hence at low temperatures we can
approximate

sech
( x

2

)
≈ 2e−|x|/2, (B3)

sech

(
x ∓ y

2

)
≈ 2e−|x∓y|/2. (B4)

Combining Eqs. (B1)–(B4) we obtain

G(+)
q−m − G(−)

q−m

= k5/2
B T 3/2

8
√

ωF

∫ ∞

�̃

dx
∫ ∞

�̃

dy
xy + �̃2√

(x2 − �̃2)(y2 − �̃2)
F1(x, y)

+ k5/2
B T 3/2

8
√

ωF

∫ ∞

�̃

dx
∫ −�̃

−∞
dy ÑS (x)ÑS (y)F1(x, y), (B5)

F1(x, y) = 4|x − y|3/2cosech(|x − y|/2)e−|x|/2e−|y|/2. (B6)

The first term on the right hand side in Eq. (B5) repre-
sents quasiparticle-magnon scattering, whereas the second
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term is due to quasiparticle recombination processes. Now
approximating sinh−1 ( 2�̃+x+y

2 ) = 2e−�̃e−(x+y)/2 for x, y > 0,
we finally have

G(+)
q−m − G−

q−m

= k5/2
B T 3/2

√
ωF

(
�̃e−�̃

∞∑
n=0

Dn

�̃n
+ �̃5/2e−2�̃

∞∑
n=0

En

�̃n

)
, (B7)

⇒ Gq−m

= k5/2
B T 3/2	A√

ωF

(
�̃e−�̃

∞∑
n=0

Dn

�̃n
+ �̃5/2e−2�̃

∞∑
n=0

En

�̃n

)
, (B8)

with the lowest-order coefficients D0 = 4.82, D1 =
2.88, E0 = √

2π, E1 = π/
√

2.

APPENDIX C: SELF-CONSISTENT
EQUATION FOR �(T, h)

Neglecting spin relaxation effect, we have the self-
consistent equation for the superconducting gap, �(T, h), as

� = λ

2

∫ �D

−�D

dε Im[F01(ε)] tanh

(
ε

2kBT

)
, (C1)

where λ is the effective coupling constant, �D is the Debye
cutoff energy, and

F01(ε) = 1
2 [F0(ε + h) + F0(ε − h)], (C2)

F0(ε) = i�√
(ε + i)2 − �2

(C3)

with the Dynes parameter . We use this self-consistent
superconducting gap to compute various quantities in the main
text of the paper.
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