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Abstract
Primordial Black Holes(PBH) may have formed from collapse of high-density pri-
mordial fluctuations in the early Universe. Interest for PBH has been stirred anew
by the LIGO detection of gravitational waves from massive black hole mergers which
might be of primordial origin.
In this thesis, we discuss how primordial fluctuations are produced from vacuum fluc-
tuations, which get stretched out of causal contact by an early inflationary epoch.
Later, we discuss the thresholds above which these perturbations could end up in
forming black holes once re-entered in causal contact.
PBHs are distinct from those black holes of stellar origin precisely because the for-
mation proceed through a top-down accretion of structure. PBHs are expected to
form before the recombination era—the moment in the cosmic history when atoms
came into being for the first time—thus, defying the mass bounds from the nuclear
processes due to the exotic state of primordial matter. Finally, we present current
observational constraints on the abundance and mass spectrum of PBHs.
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Chapter 1

Introduction

Which came first, the chicken or the egg?

Plutarch, "The Symposiacs"

It was 1915 when Albert Einstein published the theory of General Relativity [1], a
geometrical theory of gravity which reduces to the Newtonian theory in the weak
field limit. It was only a handful of months later when Karl Schwarzschild, bedrid-
den at warfront in Russia, attained an exact solution to a asymptotically flat, static,
spherically symmetric, point-like mass distribution of Einstein’s equation [2], which
he promptly sent to Einstein. Much to his surprise, Einstein was positively impressed
by the results, which he admittedly thought would not held an exact solution.

Probably the biggest realizations of this work was the emergence of a characteristic
length scale related to the mass of the object being the source of the gravitational
field, the so-called Schwarzschild radius. There, the solution presents a singularity,
which puzzled physicists for a long time, especially because it was not clear whether
its nature was mathematical or physical. The value of the radius was already clear
to physics, already in the 19th century, Laplace derived the same radius using en-
ergy consideration, as the minimum radius for which not even light could escape the
gravitational pull of an homogeneous spherical body. In 1924 Eddington evinced
that the singularity can disappear [3] by a suitable choice of coordinates. Still the
behavior of null geodesics around the solution has remained ununderstood for about
40 years, when Finkelstein pointed out that the surface with Schwarzschild’s radius
must act as an event horizon. His results were already been found by Kruskal, al-
beit unpublished, and impelled him to publish a maximally extended solution of
Schwarzschild metric. Because of the presence of an event horizon, acting as a uni-
lateral membrane, Black holes were considered to be eternal, until Hawking proved
[4] that taking quantum effects into account then black holes should also radiate;
hence lose mass and have a finite lifetime.
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Along the history of research on black holes the main mechanism for their formation
was considered to be the gravitational collapse: as stars run out of fuel to sustain
the nuclear reactions in their core, they undergo a series of subsequent stages, of
which the Black Hole represents the ultimate phase. The physics of collapse of a star
is still an active field of research; however, for neutron stars it exist an upper limit
above which they collapse to black holes, the Tolman-Oppenheimer-Volkoff limit,
currently estimated around 1.5-3.0 solar masses [5], yet for black holes formed by
the collapse of a single star there is an upper mass theoretical limit around 10 solar
masses, due to the successive expulsions of material during the evolution [6].

Another kind of black holes was studied by Hawking [7], who indicated that the
formation mechanism could take place within the radiation dominated era in the
early phases of the universe, although such kind of objects had been already inde-
pendently proposed by Zel’dovich and Novikov in 1966 [8]. As opposed to stellar
black holes, the latter would arise from overdense regions in the thermal phase of the
universe, in other words fluctuations of the homogeneous primordial soup of parti-
cles, and as such would be older than any other star or structure actually known to
astrophysics. This class of black holes, now referred in the literature as Primordial
Black Holes(PBHs), have recently found renewed interest— following the detection
of Gravitational Waves by LIGO collaboration [9]— due to the fact that most of the
masses in the systems of coalescing black holes are typically one order of magnitude
above stellar mass. As a consequence, several groups [10][11][12] independently pro-
posed that these objects might be due to PBHs.

Primordial black holes are distinct from black holes of stellar origin in several ways.
First among all, primordial black holes form high density fluctuations in the early
Universe, in a era where the matter was still in the form of primordial plasma and
atoms or even nuclei still had not formed. For this reason, they are insensitive to
the chain of reactions taking place in the core of the stars, which matters for the
formation of astrophysical black holes. In this sense, the formation of PBHs could
only happen directly from high-density spacetime perturbation unable to resist the
gravitational interaction that ultimately leads to their collapse. The earlier the
process takes place in cosmic time, the smaller was the radius of causality and the
mass enclosed inside it; as a result, primordial black holes are expected to span a
huge range of masses.

There are several compelling reasons to study PBHs: they might act as seed for the
formation of galactic structures in later phases, they are ideal candidate for Massive
Astrophysical Compact Halo Objects(MACHOs) which are a type of Dark Matter
and they might account for inhomogeneities in the Cosmic Microwave Background
[13]. In addition, the observation of a superMassive black hole(SMBH) at early
cosmic epoch [14] and the observation of a swarm of X-ray binaries in the Galactic
Center [15], provided some support to the possibility that PBHs might accrete into
SMBH; thus providing a possible solution to the problem of formation of these be-
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hemoths.

This thesis is structured as follows:

• in Chapter 2, we introduce the basics of General Relativity, and the Friedman-
Lemaitre-Robertson-Walker(FRLW) cosmology describing the expansion of
the universe in its largest scales.

• in Chapter 3, we introduce cosmological perturbation theory to investigate the
growth of structures on top of the homogeneous and isotropic background. We
discuss the formation of primordial perturbations during inflation and present
an alternative approach to perturbation theory based on gradient expansion
on large scales and its first order truncation, also known as separate universe
approach.

• in Chapter 4, we investigate the collapse of primordial perturbations into black
holes and quantify the collapse threshold in several different settings.

• in Chapter 5, we make a link between mass and abundance of PBHs to details
of inflationary physics and discuss the cosmological constraints on PBHs.

Notations
In the rest of this manuscript, unless explicitly stated, we will adopt the natural
units convention with ~ = c = kB = 1, and define the reduced Planck mass asMP =
(8πG)−1/2. We denote partial derivatives as ∂µ(#) = #,µ, and covariant derivatives
as ∇µ(#) = #;µ, and repeated indices are summed over. We use ∇ to indicate the
covariant derivative with respect to metric restricted to spatial coordinates. A dot
indicates derivative with respect to time and an apostrophe with respect conformal
time, e.g ȧ = ∂ a

∂ t
and a′ = ∂ a

∂ η
. The metric signature is taken to be mostly plus, so

that ηµν = diag(−1, 1, 1, 1).
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Chapter 2

Fundamentals of General Relativity and
Cosmology

Spacetime tells matter how to move;
matter tells spacetime how to curve.

John Archibald Wheeler

The aim of this chapter is to briefly introduce some essential features of the nonper-
turbed cosmology and how the chronology of the universe can be divided in different
epochs.

Modern cosmology is based on two elements: the "Cosmological Principle"— stating
that our location in the universe is not special and the universe looks the same in
all the directions [16] —supported by the observations of the Cosmic Microwave
Background(CMB), and the empirical observation that the incoming light from far
galaxies appears redshifted the further they are from us; hence, galaxies are receding
from us and so the universe is undergoing an expansion. These two elements justified
the Big Bang Theory, which traced back the evolution of the universe toward a
series of high-density and -temperature phases to a phase of hot dense plasma, and
it resulted in specific prediction of Big Bang Nucleosynthesis(BBN). However, from
spectrum of CMB, it can be deduced that only a tiny percentage of the matter
content of the universe is known. In order to justify the growth of structure and
accelerating expansion of the universe, Dark Matter(DM) and Dark Energy(Λ) had
to be taken into account in the ΛCDMmodel, the prevailing paradigm of the universe
today.

The theory of General Relativity is the main framework on which Cosmology is
based. This theory describes how spacetime, a set of 4 dimensional points {xµ}, is
affected by its matter and energy content, characterized by the energy-momentum
tensor T µν . To do so, we need to specify a metric gµν = gµν(x) a (0, 2)−tensor which
gives the interval between two points: d s2 = gµν dxµ dxν . The metric of spacetime
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is determined by Einstein field equation [17]:

Gµν + Λgµν = 8πGTµν , (2.1)

whereG and Λ are the gravitational and cosmological constants andGµν = Gµν(gµν ; gµν,ρ)
is a non-linear, second-order differential operator of the metric. The Einstein tensor
can be written as:

Gµν = Rµν −
1
2 Rgµν

Rµν = Rα
µαν , R = gµνRµν

Rα
βµν = Γαβν,µ − Γαβµ,ν + ΓαµρΓ

ρ
βν − ΓανρΓ

ρ
βµ

Γαµν = 1
2 g

αβ(gβν,µ + gµβ,ν − gµν,β)

(2.2)

where the second line contains respectively the Ricci Tensor and Ricci Scalar, the
third line the Riemman tensor, and the last line the Christoffel Symbol. The
Christoffel symbol is used to assemble the covariant derivative of tensorial objects:
for instance the covariant derivative of a (1, 1)-tensor, such as T µν , is given by
T µν;α = T µν,α + ΓµαβT βν − ΓβανT

µ
β , and can be trivially generalized for an arbitrary

(p, q)-tensor [18]. Once the metric is obtained, free falling particles move along
geodesics(6), which is equivalent to say that in General Relativity the gravitational
effects are only induced by the curvature of spacetime and not by a force.

Expanding Universe
The Cosmological Principle, its earlier forms date as back as nearly Copernicus.
Isaac Newton already postulated a similar principle, but in his view he reached
different conclusions from nowadays cosmology. As a matter of fact, in his view the
universe was roughly uniform, with stars scattered in all the directions, static and
infinite, as it would collapse under its own gravity otherwise.

A counter argument was presented by a German astronomer H.W. Olbers in 1826,
which is known as Olbers’ Paradox [19]: assuming a static, infinitely old and large,
and uniform universe, then no matter which direction one chooses, in its line of
sight will find a star eventually. Thence every point of the sky should be lit by a
star, therefore night should be as luminous as the day. Mathematically, it can be
formulated as the number of stars in a thin spherical shell at distance d, increases
proportionally to d2, and their luminosity reaches Earth with a 1/d2 intensity, thus
leading to a constant brightness. He used this argument to yield that one or more
of the assumptions he made must be wrong.

Based on numerous observations, the modern interpretation is that the universe is
expanding under the effect of gravity, and this is inferred through the behaviour
of light we receive from distant sources. The wavelength of a light signal emitted
from a source moving at constant speed with respect to an observer is stretched or
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contracted according to whether the emitter is receding from or progressing towards
the observer; this is the relativistic Doppler effect. The effect can be summed up in
a single observable, called redshift z:

z = λobserver − λemitter

λemitter
, (2.3)

where λ is the wavelength as measured by either the observer or the emitter, this
relation is often more conveniently written as 1 + z = λobs/λem [20]. When the
Doppler effect was applied to the study of the luminosity of Cepheids, Hubble found
a rough proportionality between the velocity and the distance, far galaxies were
moving further at an higher speed (this is intended as average speed, i.e. after their
velocity with respect their local cluster was singled out). The actual observables are
the redshift and the brightness of the stars; the former being related to the speed,
and the latter can be used as standard candle and gives in turn an estimation of the
distance. This result is known as Hubble’s law which takes the form:

z ' H0d, (2.4)

where d is the distance, and H0 is the Hubble constant or rate [21]. There are
other ways to derive the Hubble rate, and it needs to be stressed that, although the
misleading name, it does not need to be a constant. In fact, along the last century the
measured value of the Hubble rate has given different results for different methods.
To keep track of the uncertainties it might be useful to redefine the Hubble’s constant
in term of a dimensionless Hubble parameter h:

H0 = h · 100km s−1Mpc−1. (2.5)

The value of H0 obtained by measurements from local sources, i.e. low redshift,
returns h = 0.7324 ± 0.0174 [22]. However, since we are interested in the physics
from early universe, we will make use of the result from the Planck experiment [23]
which sets h = 0.674±0.005, obtained through the observation of CMB. The tension
between the two values is still an open field of research and would deserve a more
detailed discussion.

Friedman-LeMâitre-Robertson-Walker models
We will now derive the metric for an expanding universe starting from the Cosmo-
logical Principle. Since different observers, described by different coordinate systems
xµ and x′µ, must give an equivalent description of the history of the universe; conse-
quently, cosmic fields must be form-invariant [24], meaning that at any coordinate
point y, gµν(y) = g′µν(y), T µν(y) = T ′µν (y). The statement that universe look the
same in all the directions, is equivalent to require the spatial part of the metric to
be isotropic; in other words, the metric must contain no dependence on the angular
components1. Requiring spatial isotropy at every point yields that the universe must

1In mathematical terms, a metric space filled with a congruence of timelike curves is spatially
isotropic about a point p if given a timelike vector uµ tangent to the curve at p and any two unit
spatial vectors sµ1 and sµ2— i.e. orthogonal to uµ—there exists an isometry ϕ that leaves the point
invariant, ϕ(p) = p, and turns one vector into the other, ϕ∗(sµ1 ) = sµ2 [25].
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Figure 2.1. In the figure are shown different 2-dimensional spaces embedded in a
higher 3-dimensional space. From left to right, we have an embedding of spaces as
hypersurfaces given by the constraints x2 + y2 − h2 = −1, x2 + y2 at h = const and
x2 + y2 + h2 = +12; where h is the additional dimension of the ambient space and K
is the extrinsic curvature.

be spatially homogeneous. Loosely speaking, at any arbitrary instant of time, any
point of space is undistinguishable from any other point2.To define an absolute time
we can use any cosmic scalar quantity: by the fact that the universe is expanding,
this is going to be monotonically decreasing everywhere, and so cosmic time can be
parametrized in terms of it.

Both homogeneity and isometry of the universe are to be intended as a coarse-grained
characteristic: they do not hold on a small scale, as if they were then the existence of
structures and different physical phenomena would be hindered. Nonetheless, they
are not mere simplifications, our universe does appear homogeneous and isotropic
on scales larger than ∼ 100Mpc [26], this is often called unperturbed cosmology.
Therefore deviations from these characteristics are allowed on smaller scales and, as
such, treated as perturbations. The study of how inhomogeneities develops into the
galaxy distribution is called Large Scale Structure(LSS).

A space which is both homogeneous and isotropic by every point is maximally
symmetric— it is uniquely specified by its curvature constant K and the signa-
ture of its metric— then a universe which is spatially homogeneous and isotropic
by each point will admit a maximally symmetric subspace. There exist only three
kinds of maximally symmetric spaces with simple topology: Lobachevski space, flat
space, and 3 dimensional sphere [27]. They can be described by embedding them
in a bigger 4 dimensional space, where they live on a hypersurface of constraint
h2 +Kx2 = 1, where K is negative, zero or positive respectively.

2A mathematical formulation of this concept is that a metric space is spatially homogeneous if
there exist a one-parameter family of spacelike hypersurfaces Σt that foliate the space such that
any two points of a given sheet can be connected by an isometry [25].
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The expansion of the universe is encoded in the scale parameter a(t), and we in-
troduce the comoving coordinates xi with i = 1, 2, 3, which characterize observers
at rest with respect to the expansion of space. We relate the measurable physical
(primed) and the comoving (unprimed) coordinates through x′i = a(t)xi; the scaling
can be extended to the extra dimension of the ambient space h′ = a(t)h. Therefore,
a purely spatial line element reads as d s2 = a2

[
dx2 +K dh2

]
, but the dependence

on the extra dimension can be made implicit by differentiating the hypersurface
constraint [28]: h dh = −Kx ·dx. To make the symmetry explicit, we use spherical
coordinates, so that dx2 = d r2 + r2 dΩ2

2 and r d r = x · dx; we can write down
the Friedman-Lemâitre-Robertson-Walker interval as:

d s2 = d t2 − a(t)2
[
dx2 +K

(x · dx)2

1−Kx2

]
= d t2 − a(t)2

[
d r2

1−Kr2 + r2 dΩ2
2
]
, (2.6)

where Ω2
2 = d θ2 + sin2(θ) dφ. In order to avoid the singularity at r2 = K−1, it is

convenient to define the metric distance coordinate χ such that dχ = d r/
√

1−Kr2,
and it is convenient to define the conformal time through d η = d t/a. Thus, we have:

d s2 = a(η)2[− d η + dχ2 + Sk(χ)2 dΩ2
2], (2.7)

with Sk(χ) = r =


sin(
√
Kχ)/

√
K if K > 0

χ if K = 0
sinh(

√
−Kχ)/

√
−K if K < 0

. (2.8)

The metric distance and the comoving coordinates coincide for a flat spacetime,
K = 0; in point of observations of CMB and Baryonic Acustic Oscillations(BAO),
this seems to be the case for our universe within 1σ accuracy of 0.2% [23].

Now if we consider the physical motion of an object at distance d in our coordinates,
we see that:

d
dt

d(t) = ȧ(t)χ + a(t)χ̇ = H(t)d(t) + upeculiar, (2.9)

where the upeculiar is the velocity of an object measured by an observer comoving
with the expansion of the universe, whereas the first term defines the Hubble flow,
which is the proper expansion as seen by non-comoving observers. With regard to
the Hubble flow we recognize H(t) as the Hubble parameter, related to the one in
Hubble’s law (2.4) by the H0 = H(t0), where t0 is referring to the current age of the
universe.

Cosmic components
The FLRW metric has been derived from first principles, we are going to make use
of Einstein’s field equations to attain predictions about the dynamical evolution and
time dependence of the scale factor. For this purpose, we need to know the energy-
momentum tensor,which by the requirement of homogeneity and isotropy, is forced
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to be that of a perfect fluid, and so it is characterized uniquely by its energy density
ρ, and isotropic pressure p:

T µν = (ρ+ p)uµuν + pδµν , (2.10)

where uµ is the 4-velocity of the fluid in the comoving frame, where the fluid can
be thought to be at rest: uµ = (1, 0, 0, 0). As a matter of fact, the identification
of −T 0

0 with the energy can be done only in this particular frame [29], and the
energy-momentum vector can be defined as Jµ = T µν u

ν .

Once we substitute the energy-momentum tensor inside the Einstein’s equations we
obtain two independent equations. The first is called Friedman equation:

(
ȧ

a

)2
= H2 = 8πG

3 ρ− K

a2 + Λ
3 , (2.11)

it describes the dependence of Hubble parameter in terms of energy density, cos-
mological constant and curvature. The second Friedman equation, also referred as
acceleration equation relates the expansion to pressure, density and the cosmological
constant:

ä

a
= Ḣ +H2 = −4πG

3 (ρ+ 3p) + Λ
3 . (2.12)

In addition to Friedman equations, as a consequence of the conservation of energy-
momentum tensor,T µν;µ = 0, we get a third independent equation describe the dy-
namic, called continuity equation:

uνT µν ;µ = 0 ⇒ ρ̇+ 3H(ρ+ p) = 0, (2.13)

where the contraction with the fluid velocity was performed for mere sake of covari-
ance. From the first Friedman equation, setting Λ = 0, there is a critical density
ρc(t) = 3H2(t)/8πG for which the universe appears flat [30]. A perfect fluid is com-
pletely specified by the equation of state which relate p = p(ρ, T ), but since for our
purposes T is constant at each instant of the cosmic time, we write:

p = wρ, (2.14)

this will be referred as the equation of state, with w called adiabatic index. From
the equation of state and continuity equation, it can be derived that the quantity
a3(1+w)ρ is constant in time. This relation can be reverted to give:

ρ(t) ∝ a(t)−3(w+1), (2.15)

which, remarkably, it is valid for any fluid which respects (2.13) and (2.14) indepen-
dently from the geometry of spacetime.

The density and pressure of the universe will be due to several components, for
simplicity they are taken to be non-interacting so that the total energy density and
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Figure 2.2. In the figure, the evolution of the scale factors of single components is
plotted using the data from Planck [23]. This allows to distinguish different epochs of
domination of one component over the others. In particular, the domination of matter
ends at z ' 0.29, and domination of radiation at z ' 3440.

pressure are given by the sum, ρ(t) = ∑
i ρi(t) and p(t) = ∑

i pi(t). As long as we
can treat them as perfect fluids; for each of them, we can write:

pi = wi(ρi)ρi, ρi(t) ∝ ai(t)−3(1+wi). (2.16)

This allows us to describe the behavior of the density as a function of the scale
parameter for each component, and few ideal cases can be distinguished:

• radiation: for ultra-relativistic matter w = 1/3, thus ρr = ρr,0a
−4,

• matter: non-relativistic matter, often called dust, is assumed as a cold pres-
sureless gas, p� ρ, and so wm = 0, giving ρm = ρm,0a

−3,

• vacuum or dark energy: if we consider the energy-momentum of vacuum T µνV ,
by Lorentz invariance in a locally inertial system, it must be proportional to
the Minkowski metric, this requires w = −1, so ρΛ = ρΛa

0.

Comparing this behaviours with observations from type Ia supernovae [31], we can
deduce that the universe is now in a phase where the density is dominated by the
a dark energy. Going back in time there was a matter dominated era, in which the
galactic structures formed; earlier that this, there was a radiation dominated era,
where the universe was so hot and dense that atomic structures where hindered by
frequent collisions of highly energetic particles [28].

It is conventional to set the scale factor at present time equal to unity, a(tnow) = 1.
Since the energy density during dark energy domination is constant, there we have
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a(t) = exp(
√

(Λ + 8πρ)/3(t − tnow)) until the time at which dark energy equated
the matter at tΛ. In the matter epoch the scale factor, neglecting the cosmological
constant, evolves with a time as t2/3, and we have a(t) = a(tΛ)(t/tΛ)2/3 during
teq ≤ t ≤ tΛ, where teq is the time of matter-radiation equality. For t ≤ teq we have
that the scale factor evolves as a(t) = a(teq)(t/teq)1/2.

As a matter of fact, another earlier phase of Inflation is thought to have happened.
Originally, it was a solution to three problems of the Big Bang theory [30]: the
Horizon Problem (the high degree of homogeneity and isotropy of CMB requires that
disconnected causal patches of the universe must have been in thermal equilibrium,
which can only be achieved by causality), the Flatness Problem (the fact that the
density has stayed compatibly close to the critical density along the various epoch
requires fine-tuned initial conditions, which is unlikely) and the problem of unwanted
relics the fact the no exotic relics of the high energetic phase have been observed. The
success of the inflationary paradigm lies in providing a mechanism that explains how
large scale fluctuations have emerged from random quantum fluctuations, and this
lead to predictions that have been successfully tested in the large-scale spectrum of
CMB [32]. In between the inflationary epoch and radiation domination there could
have been one or more additional phases called reheating or preheating in which the
energy is transferred from the inflationary field(s) to the other fields that play a role
during the Big Bang [33].
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Chapter 3

Primordial Perturbations

We cannot conceive of matter
being formed of nothing,
since things require
a seed to start from.

Lucretius, "De Rerum Natura"

The framework of homogeneous and isotropic cosmology developed in the previous
chapter will serve us as a base for perturbation theory in the FRLW background. In
order for to discuss the formation of primordial black holes one needs to understand
how perturbations formed in the early phases of the Universe and how can we
describe their evolution.

Cosmological Perturbation Theory
As we stated earlier, the homogeneous and isotropic metric has to be intended as
a coarse-grained approximation of the metric of the universe; thanks to the obser-
vations we can assume that this idea was particularly accurate at early times. The
mere existence of astrophysical objects—planets and stars (δρ/ρ̄ ∼ 1030), galaxies
(δρ/ρ̄ ∼ 105), clusters and voids (δρ/ρ̄ ∼ ±1) [34] —represents the most conspicuous
evidence that inhomogeneities must have ripened from early universe’s homogeneity,
and the structures must have formed and evolved from them.

The idea is to expand the Einstein’s equations around the FRLW metric as a back-
ground metric and treat the deviations from homogeneity as perturbations. The
linear order was pioneered by Lifshitz in 1945 [35], and later improved by Bardeen
[36] and others [37][38][39], the general metric can be split as follows:

gµν(t, xi) = ḡµν(t) + δgµν(t, xi), (3.1)

where ḡµν is the FRLW metric (2.6) and δgµν is the metric due to the perturbations.
Nonetheless, this way of developing perturbation theory does not come without
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repercussions: the approach of performing the splitting is not covariant; meaning
that the separate parts will not, in general, change as 4-tensors under any arbitrary
coordinate changes. The problem is that the perturbed part depend on the choice
of the coordinates, but doing so it spoils the diffeomorphism invariance1 of General
Relativity.

To distinguish space from time we introduce an arbitrary slicing of spacetime in
spatial sections at a given time Σt. This can be formally defined as a diffeomorphism
φ : M → Σ × I, where I ∈ R is the set of possible values time can assume and
Σ is the set of space points. Then, slices corresponds to the set of spacelike curves
Σt = φ−1(Σ×{t}), and threads are elements of the set of timelike curves φ−1(Σ×{t}).
Thanks to these curves we can introduce a Killing vector field, ∂t, associated with
the time coordinate, which can be split into components tangent to the slices Σt,
β, and orthonormal to them, nµ: ∂t = αn + βββ [41]. If we consider the case of the
background universe, the maximal symmetry makes the βββ vector vanish; then the
threads corresponds to the geodesics of comoving observers, and are orthogonal to
the slices, then by setting α = 1 we can identify the time coordinate with the proper
time of these observers. The perturbed spacetime no longer possesses this property:
threading cannot be orthogonal to the slices [30]. However, since coordinate points
{xµ} carry no physical meaning by themselves but act just a label for the points of
the spacetime manifold; we can make use of an infinitesimal gauge transformation,
generated by ξµ(x̄µ) and introduce another set of coordinates x̂µ = xµ + ξµ(x). By
this means, we can easily see how, in a FLRW universe, spurious perturbations arise
taking a look at the density in the newly introduced frame:

ρ̄(x̂) = ρ̄(x) + ξµ(x)ρ̄,µ(x) = ρ̄(t) + ξ0(x) ∂0 ρ̄(t). (3.2)

On the RHS we made use of the fact that that unperturbed density do not depends
on spatial coordinates because of the homogeneity of the metric—i.e. ρ̄(x̂) = ρ̄(t̂).
So it should be in the other framed because of form invariance of the FLRW metric.
Still, the 0th component of the generator can give rise to inhomogeneities,but it is
an artifact of choosing a different gauge which carries no physical meaning [42].

We can give a formal definition of the perturbation of a general tensor δQ as the
difference between the quantity in the physical spacetime Q and the quantity in
the background Q̄, but in order to take the difference of two tensors they must be
evaluated at the same point, but they are defined in two different manifolds. To
circumvent this difficulty, we need to make use of a diffeomorphism D : M̄ → M,
in order to relate points of the background to points of the physical space. In this
sense, a gauge choice can be understood as the choice of the diffeomorphism, and
then, once we pick a point p in the background, the perturbation is defined as:

δQ(p) = Q(D−1(p))− Q̄(p). (3.3)

1Diffeomorphism invariance derives from the principle of general covariance, according to which the form of
laws of physics is left unchanged under a general coordinate transformation [40]. This means that the group of
diffeomorphisms is taken as the gauge group of gravitation.
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The advantage of this procedure is that the change of the perturbation under an
infinitesimal gauge transformation can be expressed as the Lie derivative2 by the
infinitesimal generator vector field:

∆ξQ = δQ̂− δQ = LξQ, (3.4)

this method can be used to generalize for perturbations beyond the first order [43].
Loosely speaking, perturbations are objects living on top of the background space,
and once the spacetime is split into slices, we can characterize them in terms of
their behaviour under spatial rotations; for the same reasons we can use the spatial
part of the background metric, γ̄ to raise and lower their indices. Au contraire, for
tensors living on the whole spacetime, take T µν and uµ as two instances, the full
metric g is needed.

In the following sections we will endorse the background spacetime, (M̄, ḡ), with
a coordinate system {xµ} = {η, χi} corresponding to the metric given by equation
(2.7), and we will indicate with γ̄ij the spatial metric induced on Σ. This coordinate
system will define on the physical(perturbed) spacetime (M, g) the global 3 + 1
threading and slicing. Additionally, we introduce onM a locally orthonormal frame
(t, xi) corresponding to the physical coordinates of the perturbed spacetime.

Classifying the metric perturbations
Now that we have established how perturbations transform under a general in-
finitesimal gauge transformation, we can use this tool to construct gauge invariant
quantities.

Before doing it, we introduce the most general form of metric perturbation and
comment on the physical meaning of its components. As the metric itself carries
10 degrees of freedom the most general perturbation will contain 10 infinitesimal
parameters which, in turn, depend on the spacetime coordinates. As a first attempt,
we introduce a perturbation that takes into account the 3 + 1 slicing of the isotropic
and homogeneous metric, and to threat all the perturbations of the same dimensional
footing we switch to conformal time η; the form of the metric perturbation will then
be:

δg = a2
[
− 2A d η2 + 2βi d η dχi + (−2Cγ̄ij + 2eij) dχi dχj

]
, (3.5)

where eij is taken to be traceless. The A parameter is sometimes referred in the lit-
erature as the lapse perturbation3 [37], as its effect is to modify the redshift between
two adiacent sheets of the foliation. The βββ vector is referred as the shift-vector

2The Lie derivative of a given (1,1)-tensor Tµν by a generic vector V µ can be written as:

LV = V ρTµν,ρ − T ρν V µ,ρ + Tµρ V
ρ
,ν ,

where the second and third terms can be generalized to the case of an arbitrary (p,q)-tensor.
3This name is slightly inappropriate: the lapse function is given by the proportionality α of the proper time along

the threads with the normal vector to the slices, so we have 1− 2A = α2. In this sense, the lapse function measures
the coordinate time interval between two infinitesimally detached slices; A should be called linear perturbation of
the lapse.
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[37], in the locally orthonormal frame is the velocity with respect to the threads of
the worldline orthogonal to the slices: it introduces a dragging between adjacent
slices. The C parametrizes the local and isotropic modification of the scale factor,
whereas eij are the components of a tensor which adds anisotropies to the metric[29].
Nonetheless, the perturbations written in this form are not completely irreducible:
they can still be split in irreducible parts according to Helmholtz decomposition.
This implies that the shift vector can be uniquely factorized into a solenoidal part,
meaning divergence-free, and a part uniquely arising from the gradient of a scalar;
similarly, the anisotropy tensor can be uniquely factorized into a scalar, solenoidal
vector part and a traceless, transverse tensor(TT-tensor)[29]. In components this
read as:

βi = Si +∇iB,

eij = (∇i∇j −
1
3γij∇

2)E +∇(i Fj) + hij,
(3.6)

where ∇ stands for the covariant derivative of the spatial part of the metric γij, and
∇2 = γij∇i∇j. Therefore, we have ∇i Si = 0, ∇i Fi = 0, ∇i hij = 0 and hii = 0.
This decomposition guarantees that perturbations of different character do not mix
in linear perturbation theory,and so scalars, vectors and tensors evolve separately
according to their equation of motion [39]. Sometimes in place of C another scalar
parameter is introduced, called curvature perturbation ψ = C+ 1

3 ∇
2E [44]. It takes

its name from the spatial perturbation of the Ricci scalar:

δ(3)R = 4
a2 (∇2 +K)(C + 1

3 ∇
2E) = 4

a2 (∇2 +K)ψ. (3.7)

Additionally, it serves the purpose of getting rid of the double laplacian of E, greatly
simplifying the Einstein tensor.

To sum up we have 4 scalar degrees of freedom given by the the A,B,C,E param-
eters, 4 degrees given by the vectors S, F and two in the tensor h4. However, we
should not be too hasty in attaching physical meaning to the perturbations as they
are dependent on the choice of coordinates, and since the gauge freedom takes 4
degrees of freedom, we can only build 6 physical quantities. If we consider the vari-
ation of the metric under a gauge transformation, and we perform a decomposition
on the gauge vector ξµ = (ξ0, ξi +∇i ξ), where ξi is solenoidal, we can compare the
change in the perturbed metric in the two coordinates δĝµν = δgµν + Lξgµν to see
how the parameters are affected, and we derive:

Â = A+ (aξ0)′
a

, B̂ = B − ξ0 + ξ′, Ĉ = C − a′

a
ξ0 − 1

3 ∇
2 ξ,

Ê = E + ξ, Ŝi = Si + ξ′i, F̂i = Fi + ξi, ĥij = hij ψ̂ = ψ − a′

a
ξ0.

(3.8)

Interestingly, we can see that the tensor perturbations are automatically gauge in-
variant, and thus they represent the 2 degrees of freedom due to gravitational waves;

4It is important to stress that all the parameters are intended to be functions of the spacetime coordinates.
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these are called radiative modes, and are generated when the spherical symmetry of
the background is broken.

We can use the remaining relations to build gauge invariant quantities, but the
choice is not unique. The simplest choice is due to Bardeen, who first showed how
to derive such quantities [36], and are generally called Bardeen Potentials:

Φ = A+ 1
a

[a(B − E ′)]′, Ψ = C − a′

a
(B − E ′) + 1

3 ∇
2E, Φi = Si − F ′i , (3.9)

which carry in total 4 degrees of freedom: 2 from the scalar quantities, and 2 from the
vector potential. The understanding of their physical meaning must be postponed
to a later stage, till we will have derived their equations of motion.

Matter perturbations
Now, we turn to describe the perturbations of the energy-momentum tensor, the
background unperturbed part takes the same form we derived in equation (2.10):
T̄ µν = (ρ̄ + p̄)ūµūν + p̄δµν . At the level of first order perturbation theory both ρ̄
and p̄ behave as scalar quantities under a Lorentz transformation, because maximal
symmetry guarantees invariance under rotations, and Lorentz boosts contribute to
a change proportional to v2, which is second-order and thus neglected.

The perturbed energy-momentum tensor can be written as [45]:

δT µν = (δρ+ δp)ūµūν + δp δµν + (ρ̄+ p̄)(ūµδuν + δuµūν) + Σµ
ν , (3.10)

where Σµ
ν is the anisotropic stress tensor which characterizes the shear stress of the

perturbed fluid. This tensor is taken to be traceless, Σµ
ν = 0, because its trace

can be reabsorbed in the isotropic pressure, p; it is also chosen to be orthogonal to
the 4-velocity, Σµ

νu
ν = 0. The quantities δρ, δp, δuν and Σµ

ν are all taken to be
first-order in perturbation, and thus the orthogonality of the stress tensor with the
four-velocity guarantees that Σ0

0 = Σ0
i = 0; moreover, it can be decomposed in its

scalar,vector and tensor part: Σij = (∇i∇j −1
3 γ̄ij∇

2)σ + 2∇(i σj) + σij.
Since indices are raised and lowered with the unperturbed metric, equations are
made a little bit messier. To compute δuµ and δuµ, we recall that gµνuµuν = −1
and ḡµν ūµūν = −1, which yields δu0 = −A/a. Since at the background level ūi = 0,
we have that δui = ui = ẋi = xi′ dηdτ = vi/a, where vi is the rescaled peculiar
velocity of (2.9), or better its first-order part which grants us to use the lowest-order
expression for the τ(η), which otherwise has a non-linear dependence. Finally, we
can lower the index to find:

uµ = gµνu
ν = ḡµνδu

ν + δgµν ū
ν = (−a(1 + A), a(ui + βi)), (3.11)

thus δuµ = a(−A, vi + βi). The peculiar velocity can also be split into irreducible
parts: vi = v⊥i +∇i v, and it is useful to introduce the so-called velocity divergence
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parameter θ = ∇2 v, which coincide with the divergence of the peculiar velocity.

In the literature it is customary to introduce a fractional dimensionless parameter
instead of the perturbation of the density called density contrast [30]:

δ = ρ− ρ̄
ρ̄

, (3.12)

so that the perturbation of energy density is written as: δρ = ρ̄ δ. For the linear
perturbation theory to apply we need to have |δ| � 1, but this condition needs not
to be strictly satisfied at a general level; indeed, as δ approaches unity perturbation
theory breaks down and we need to switch to the non-linear theory instead. As a
matter of fact, on astrophysical scales we have |δ| ≥ 1 more often than not, and
equations are solved by recurring to numerical simulations.

In presence of anisotropic stress we can no longer expect the pressure to be depending
only on the energy density; instead we have p = p(ρ, S), a dependence on the entropy.
A direct consequence is that the pressure perturbation can be written in terms of
perturbations of energy density and entropy:

δp = dp
dρ

∣∣∣∣
S
δρ+ dp

dS

∣∣∣∣
ρ
δS = c2

Sδρ+ σδS (3.13)

We can identify cS as the adiabatic speed of sound, and σ with the scalar anisotropic
pressure [46]. This allows us to make an additional distinction between two classes of
perturbations: adiabatic perturbations and isocurvature(or entropy) perturbations.
The former are characterized by δS = 0, while the latter are given by δρ = 0
and do not affect the intrinsic spatial curvature. To state this differently, adiabatic
perturbations are local perturbations of the curvature, whereas the isocurvature
perturbation are local perturbations in the equation of state and, in order to have
this kind of perturbation, a multicomponent fluid is required so to have a local
variation of the number density of different components. It makes sense to define
the entropic perturbations in terms of the components: SAB = δA

1+wA−
δB

1+wB , where A
and B label the fluid type. This implies that for a 2-components fluid δρA = −δρB,
and SAB ≡ 0 for adiabatic perturbations [47]. In the following, we will also use the
quantity Γ = δp

˙̄p− δρ˙̄ρ
, so that for the total pressure we have δp = c2

sδρ + ṗΓ, and the

last term represents in the non-adiabatic pressure perturbation δpnad = ṗΓ = σδS.

In order to match the left side of the Einstein equation, we still need to lower one
index from the energy-momentum tensor with the full metric; doing so we attain
Tµν = ḡµρT̄

ρ
ν + (ḡµρδT ρν + δgµρT̄

ρ
ν) = T̄µν + δTµν , we can explicitly read:

δT00 = ρ̄a2(δ + 2A),
δT0i = −ρ̄a2[(1 + w)vi + βi],
δTij = a2[(δp+ 2C)γ̄ij + 2peij + Σij].

(3.14)
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We see that lowering an index generates a mixing between matter and metric per-
turbations [45]. We can now consider the variation of parameters of perturbation
under an infinitesimal gauge transformation. Yet first we recast continuity equation
(2.13) in terms of conformal time: ρ̄′ + 3H(ρ̄ + p̄) = 0, where H = a′/a, which we
can use inside of the density contrast and the variation of pressure:

Σ̂ij = Σij, v̂⊥i = v⊥i − ξi′,

δ̂S = δS, δ̂ = δ + ξ0 ρ̄
′

ρ̄
= δ − 3Hρ̄(1 + w)ξ0,

v̂ = v − ξ′, δ̂p = δp+ ξ0p̄′ = δp− 3Hρ̄c2
S(1 + w)ξ0,

(3.15)

from which we can construct gauge-invariant quantities; again, the choice is not
unique, tough.Furthermore, their construction necessarily involve mixing of matter
and metric perturbations [29]. With an eye towards our next developments, we make
a choice among the various gauge invariant combinations for the density contrast,
we present one choice of such perturbations:

V = v + E ′,

Vi = v⊥i + Si,

∆ = δ + ρ′

ρ
(v +B) = δ − 3H(1 + w)(v +B),

(3.16)

where ∆ is called comoving-gauge density contrast [20], and no expression for pres-
sure perturbation was given as it is entirely dependent on ∆ and δS.

Gauge fixing
In the study of the evolution of perturbations which is following, using a general
gauge with all the perturbations parameter is superfluous. Solving the linearized
Einstein equations is straightforward but tedious, and doing it in the most general
gauge can be messy and hide the physical content, as well.

Another way of proceeding is attained by fixing the gauge. This means that we give
some specific constraints on the form perturbation can assume so that the various
perturbations reduce to the gauge-invariant quantities. In practice, one chooses a
specific coordinate system and imposes the initial condition in that particular frame,
but, in doing so, special care is needed in discriminating the evolution of physical
modes from spurious modes due to the choice of coordinates [48]. In the following,
we will perform the transition from the most arbitrary gauge to a specific one by
fixing the time slicing by specifying ξ0, the space threading by ξ, the shearing by ξi.
There is a copious number of common gauges choices used in the literature , but we
will take under analysis only a small sample, mostly suited to our purposes:

• conformal Newtonian gauge
This gauge is chosen so that the perturbation matrix assume a diagonal form,
thus B̂ = 0 = β̂i [49]. This condition imposes ξ0 = B − E ′, ξi = −

∫
Si d η +
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Ξi(χχχ) and ξ = −E; fixing the gauge completely for the scalar sector, but
leaving a residual gauge freedom for the vector sector as expressed by Ξi(χχχ): an
arbitrary function of space coordinate carrying no physical value. Furthermore,
we have:

Â = Φ, Ĉ = ψ = Ψ, v̂ = V, v̂i = Vi. (3.17)

As a result, calculations done in this gauge in terms of the scalar Bardeen
potentials are valid in any other gauge. In particular, using this gauge we can
interpret Ψ itself as the source for the perturbation of the spatial curvature:
δ(3)R = 4

a2 (∇2 +K)Ψ; and write the non-homogeneous scale factor as:

a(η,χχχ) = a(η) + δa(η,χχχ) = a(η)
√

1− 2Ψ(η,χχχ). (3.18)

In this gauge one can assemble a different gauge invariant density contrast from
the one provided in (3.16) defined as δN = δ + ρ̄′

ρ̄
(v + B), but this quantity

can be related to the comoving one: ∆ = δN + ρ̄′

ρ̄
V .

• comoving time-orthogonal gauge
The choice of this gauge represents observers for which there is no net energy
flux out of the slices, which translates into T 0

i = 0. This yields v̂ = 0 = B̂
and v̂i⊥ = −Ŝi [37], and thus choosing ξ0 = B + v, ξ =

∫
vdη + Ξ(χχχ) and

ξi =
∫

(vi⊥−Si) d η+Ξi(χχχ), therefore leaving a residual gauge freedom expressed
by a generic vector field ΞΞΞ(χχχ). The nice feature of this gauge is that the slicing
is comoving, meaning that the in this gauge the fluid 4-velocity appears to be
orthogonal to the equal time surfaces.
It is conventional to introduce the comoving curvature perturbation R in this
gauge:

R = −ψ̂ = −ψ +Hξ0 = −ψ +H(B + v), (3.19)

the gauge time parameter can be expressed also as ξ0 = δφ
φ′
, where φ is the

inflaton field and δφ its fluctuations, this will be useful in the discussion of
initial conditions of the perturbations [50].

• uniform density gauge
Another gauge of interest is the gauge in which the time slicing is chosen
so that the density appears uniform on each slice δ̂ρ = 0, with the additional
requirement that Ê = 0 [51]. These two requirements completely fix the scalar
gauges quantities: ξ0 = − δρ

ρ̄′
and ξ = −E.

As in the comoving gauge, it result convenient to define the so-called primordial
curvature perturbation:

ζ = −ψ̂ = −ψ +Hξ0 = −ψ −Hδρ
ρ̄′
, (3.20)

this curvature will play an important role in generating the seeds of the col-
lapsing matter for the PBHs.
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• spatially flat gauge
This is the most important gauge when working with quantities deriving from
inflation, its name is self explanatory: it is obtained by requiring the spatial
curvature to vanish δ(3)R = 0, this can be attained by setting ψ̂ = 0 = Ê [20],
and so ξ0 = H−1ψ and ξ = −E; leaving no residual gauge freedom.

It needs to be emphasized that the fixing of the gauge presented are performed
starting from the most arbitrary gauge, yet it is also possible switch between any
two of these gauge by combining the gauge-fixing conditions. As an example, it can
be useful to relate R and ζ:

ζ −R = ∆
3(1 + w) , (3.21)

which was obtained by subtracting (3.19) from (3.20) and recalling the definition of
the comoving density contrast in (3.16).

Evolution of perturbations
As previously mentioned, the different sectors—scalar, vector, tensor— of the per-
turbations evolve independently in linear cosmological perturbation theory. Their
equations of motion can be derived by solving the perturbed Einstein equations
δGµν = 8πGδTµν , which can be opened to get a system of 10 equations. Yet the
system contains redundant equations; however, we have an additional independent
equation as Bianchi identities constraints δGµ

ν;µ = 0. Taking the tensorial part of
the Einstein equation we can find the evolution equation for tensorial modes:

h′′ij + 2Hh′ij + (2K −∇2)hij = 8πGa2σij, (3.22)

describing the evolution of gravitational waves in the expanding perturbed space-
time.
For non-tensorial modes we will be working in conformal Newtonian gauge; taking
vector modes into account, from the components G0i and Gij we can extract two
evolution equations, and one constraint comes from the Bianchi identities:

(∇2 +2K)Φi = −16πGρ̄a2(1 + w)v⊥i
Φ′i + 2HΦi = 8πGa2σi

v⊥i
′ + 3H(1− 3c2

S)v⊥i = −1
2

w

p̄(1 + w)(∇2 +2K)σi.
(3.23)

Nonetheless, vector modes do not play a major role in the evolution of structure
because they have a decaying behaviour [27].
Turning to the scalar modes we can take into account the following combinations:
δG0

0+3H∇−1
i δG0

i, δGi
j−δGk

kδ
i
j, δG0

i, δGi
i+3c2

sδG
0
0, δG

µ
0;µ and δG

µ
i;µ to obtain:

(∇2 +3K)Ψ = 4πGa2ρ̄∆, (3.24)
Ψ− Φ = 8πGa2σ, (3.25)

Ψ′ +HΦ = −4πρ̄(1 + w)V (3.26)
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Ψ′′+2H(1+ c2
S)Ψ′−KΨ+HΦ′+(2H′+H2)Φ+ 1

3 ∇
2(Φ−Ψ) = 4πGa2δS. (3.27)

In this form, these equations relate the evolution of six parameter Ψ,Φ,∆, σ, V, δS
between themselves are quite intricate, and one cannot expect to find a simple
closed solution. To make things worse, we should also consider that until now we
have only considered a single-component fluid, whereas we expect that different
components comes into play, as e.g. the simplest case consider the universe as a
two-components-fluid, namely matter and radiation; even though, more comprehen-
sive models include more fluids. Within ΛCDM, the multi-component fluid com-
prises five constituents [52]: photons(γ), neutrinos(ν), baryonic matter(m)5, dark
matter(DM)6 and dark energy(Λ). Needless to say, each component can be split
into other subspecies; this is the case for PBHs: upon formation, they contribute as
a part of the cold dark matter fluid.

The models of PBH formation usually take place in the universe, as such the evolu-
tion equations can be further adapted to suit our purposes. According to the scale
of interest and the cosmic time it is reasonable to reduce the number of the compo-
nents, because some of them were subdominant components or coupled to each other
and in thermal equilibrium. To all intents and purposes, neglected components only
affect the background and are said to be smoothed, thus δρa ≈ 0 and ρ̄ = ∑

a ρ̄a
where a spans the smoothed components [53].

Within the radiation epoch, evolution equations can be simplified by two assump-
tions. First, we can assume that the anisotropic stress vanishes; consequently, we
can reduce to a single Bardeen potential Ψ = Φ. This assumption is backed-up
by the high degree of isotropy in CMB as opposed to the following matter epoch
where the anisotropic stress grows with the scale factor [29]. The second assump-
tion is to neglect the background intrinsic curvature, K = 0, which allows us to
expand the perturbations in terms of their Fourier modes. In this way, the spatial
gradient can be replaced with the comoving wavenumber of the specific mode, e.g
∇i Ψk(η,k) = ikiΨk(η,k) and ∇2 Ψk(η,k) = −k2Ψk(η,k).

For K 6= 0 the Fourier modes are no longer eigenfunctions of the Laplacian oper-
ator and they cannot be used in the same way, in those cases one has to recur to
spherical harmonics and Bessel functions [37]. The vanishing of K turns out to be
a huge simplification that, in the case large scale density of the universe has stayed
closed to the critical density, stands on a solid physical ground and it is not merely
mathematical sleight of hand.

Hubble sphere and Jeans radius
One advantage of Fourier expansion is the introduction of a physical scale, given
by 1/|k| for each mode. It can be compared with the (comoving) Hubble radius

5In the cosmological context, the definition of baryon is relaxed to include also electrons and other heavy leptons
conversely from a particle physics point of view.

6Dark matter can be parted in several classes, the hot/cold terminology refers to the typical kinetic energy of
its components.
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1/H, which is the distance at which the speed of recession from the local reference
frame is c [54]. Objects outside the Hubble sphere recede faster than the speed of
light7. The comparison of these two scales gives us two regimes for studying the
evolution equations: the super-Hubble regime for |k| ≤ H(η) and the sub-Hubble
regime for |k| ≥ H(η). However, the comoving Hubble radius is not a quantity
constant in time and depending on the cosmic epoch it can shrink or grow, thence
modes are expected to exit or enter the sub-Hubble regime. This feature plays a
paramount role in the formation of structures: modes enter the sub-Hubble regime
either at radiation domination epoch or at matter domination—shorter wavelength
modes enter first and modes with longer wavelength enter later.

The evolution equations for non-relativistic matter fluid reduce to the equations we
would get from Newtonian mechanics: Poisson equation, Euler equation for fluids
and continuity equation. Yet, we have to bear in mind that the expansion of the
universe adds a feature that we could not deduce by Newtonian physics alone: it give
rise to a damping behaviour, which can be easily understood in terms of the Hubble
flow. Since cosmic fluids are moving in the expanding space, modes experience a
form of dynamical friction even when there is no source. In this regime another
important physical scale appears, the Jeans length or radius, which is the scale at
which the pressure of the fluid has the same magnitude of its gravitational potential
[55]: RJ = cs

√
3π/8Gρ̄. This length stands as the demarcation line between sound

waves of baryons tight to radiation, known as Baryon Acoustic Oscillations(BAO),
and the regime in which gravitational collapse takes over the thermal collisions.

Nonetheless, cold dark matter, being pressureless, has vanishing Jeans length, as
opposed to other matter species which Jeans length vanishes only after entering
the matter domination epoch, when the speed of sounds becomes negligible. The
dark matter then tends to clump together at earlier times and after recombination
the distribution of matter perturbations stops following the oscillatory behaviour
of radiation to gather around the dark matter dwells, which are deemed to be the
seeds of the first galaxies and stars.

The comoving Hubble radius in these two epochs—radiation and matter domination—
is growing monotonically, so following it back in time we expect to see that wave-
lengths from higher to lower k re-entering the Hubble scale, and thus going back in
time we can expect that almost all scales were lying outside the Hubble radius at
some point in the past. The nicest feature of the super-Hubble regime is that the
lack of causal contact makes the physics quite simple. In particular, if we contract
the four-velocity with the conservation of the energy-momentum tensor uνT µν;µ = 0
[56] we obtain that:

0 = uµρ;µ + uµ;µ(ρ+ p) ⇒ ζ ′k = H
ρ̄+ p̄

δpnad + 1
3k2(E ′ + v). (3.28)

On super-Hubble regime the second term is negligible and we obtain that primordial
curvature evolution only depends on the non-adiabatic pressure, and it is constant if

7For this reason the Hubble radius is often referred as horizon in cosmology.
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the latter is zero. This condition, as we will see soon, is satisfied in the inflationary
epoch, and provides the means to establish the initial conditions for the perturba-
tions re-entering the sub-Hubble regime. Moreover, by taking (3.21) together with
(3.24), we attain:

ζk −Rk = 2
9(1 + w)

k2 + 3K
H2 Φk, (3.29)

which tells us that in the linear regime, when the extrinsic curvature vanishes, the
modes of comoving and primordial curvature perturbations coincide on super-Hubble
scales (k/H � 1).

The inflationary paradigm
To justify why the modes are located outside the Hubble sphere initially, it has
been proposed that there was an earlier epoch in which the coming Hubble radius
shrunk; to see how it happened we need to bring into play the paradigm of Infla-
tion. The hot Big Bang model of cosmology alone has no causal explanation for
the existence of perturbation on super-Hubble scales; for this reason, when the per-
turbation theory was first developed the initial conditions where just postulated,
but through inflationary models these perturbations found a possible origin in the
zero-point quantum fluctuations of a scalar field8, the inflaton [57], which was once
the dominant cosmic component.

beginning of Inflation

end

now

Comoving Hubble length

den
sity

flu
ctu

ati
on

Inflation Hot Big Bang

physical Hubble scale

horizon re-entry

horizon exit

conformal time

physical scales

0

Figure 3.1. The picture shows the behaviour of the comoving Hubble sphere (left) and
Hubble radius in comparison with a mode of comoving momentum k, which at some
point exits the radius only to re-enter at later times, figure adapted from [51].

The inflationary epoch is a stage preceding the radiation domination epoch, in which
the universe undergoes a phase of exponentially accelerated expansion, with scale
factor a(t) ∼ exp(Ht). This expansion has the virtue of smoothing out accidental in-
homogeneities present in former stages of the universe and provides an explanations

8The inflationary paradigm might actually need more than one scalar field to work, the number of field required
has not been establish yet, since the microscopic theory is still unknown.
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for the similarity between causally-disconnected patches in the CMB [51]. Inflation
can be specified by three equivalent conditions:

d
d t

1
H
< 0 ⇔ ä > 0 ⇔ ρ+ 3p < 0, (3.30)

where the first condition simply states that the comoving Hubble sphere is shrinking,
the second asserts that the expansion is undergoing an acceleration phase and the
latter formalizes the requirement for pressure to be negative in order to cause the
expansion9 [51]. A central assumption for inflation to work is that the observable
universe, at the beginning of this phase, lies well within the Hubble radius—H(ηin)�
H0— and well outside it when this period stops—H0 � H(ηend) [53].

Having specified the conditions, we now take into account a specific model of in-
flation, namely single-field, slow-roll inflation [50] . In this model, we consider a
classical scalar field φ(t,x) living in the unperturbed spacetime in a non-equilibrium
state, relaxing toward its true vacuum. The exact dynamics is still left unspecified
and the field’s action and equations of motion for the modes are given by:

Sφ =
∫
d4x
√
−g(gµνφ;µφ;ν − V (φ)) ⇔ φ̈+ 3Hφ̇− 1

a2 ∇
2 φ+ V,φ = 0, (3.31)

where in practice the inflaton field is considered to be homogeneous, so that the
gradient term vanishes. The exact form of the potential is still unknown, and var-
ious potentials are actually explored in the literature [58], but they are generally
required to slowly decrease toward a minimum in φ = 0. The term 3H φ′k in (3.31)
represents a friction term which, after an initial phase, allows the inflaton field to
reach its terminal velocity and the Hubble parameter will remain almost constant, in
a quasi-de Sitter phase, where the expansion of the scale parameter is approximately
exponential [59].

One role of inflation is to drive the extrinsic curvature of spacetime toward flatness;
this can be attained by considering the first Friedmann equation (2.11) rewritten in
term of the curvature parameter Ω(a) for a non-flat universe:

|1− Ω(a)| = |K|
(aH)2 , (3.32)

if H is kept constant, as the scale increase then the universe is driven toward the
critical density, thus making Ω = 1 an attractor solution for inflation [51]10.

By direct comparison of the energy-momentum tensor of the inflaton field with the
source of an isotropic and homogeneous field in Einstein equations, we can infer the
density and the pressure to rewrite the Friedmann equations in term of the inflaton:

ρ = 1
2 φ̇

2 + V (φ), p = 1
2 φ̇

2 − V (φ)⇒

H2 = 8πG
3

(
φ̇2

2 + V
)
− K

a2 , H ′ = 8πG
3 (V − φ̇2).

(3.33)

9In present time the negative pressure is ascribed to the dark energy, but in the early universe its contribution
is negligible.

10This feature makes flatness a prediction of inflation, instead of being an ab-initio assumption.
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From the second Friedmann equation, we recast one of the conditions of inflation
as V > φ̇. The first slow-roll condition is given by the stronger assumption that
the kinetic energy of the field is negligible with respect to the potential energy,
φ′2 � a2V (φ). The second condition is given by the assumption that the former
condition last long enough, so that that K goes to zero and we can have that
H2 ' 8πG

3 a2V (φ); as a result, we can expect that the derivative with respect to the
time of the first condition holds, or equivalently that φ̈� V,φ(φ).
These approximations can be used in the equation of motion to obtain:

3Hφ̇ ' −V ′(φ) ⇒ φ̈ ' −Ḣ
H
φ̇− V,φφφ̇

3H . (3.34)

The two conditions can be reformulated in terms of the so-called slow-roll parameters
ε and η11 [50] defined by:

ε = − Ḣ

H2 = 4πG φ̇2

H2 = 1
16πG

V 2
,φ

V 2 , η = 1
8πG

V,φφ
V

= V,φφ
3H2 , (3.35)

which must respect the conditions ε � 1, |η| � 1. The parameters give the
constraints the potential must respect for the inflation to occur in the slow-roll
paradigm; conversely, when these inequalities do not hold anymore, as these param-
eters approach unity, it only means that inflation exits the slow-roll regime. After
the slow-roll regime the universe must enter a reheating phase in which the energy is
transferred from the inflaton to the other particle species. The ε parameter, which
actually takes account of the variation of the Hubble parameter, is a good indicator
of the end of inflation; indeed ä = a(Ḣ+H2) = a(1−ε)H2 and when it passes unity,
i.e. ε ≥ 1, inflation stops because the scale factor is no longer accelerating [50].
The duration of inflation is measured in terms of e-folds, the time interval in which
the scale factor grows by a factor e:

N = log
(
aend

ain

)
=
∫ tend

tin
H(t) d t =

∫ φend

φin

V

V,φ
dφ, (3.36)

where the slow-roll approximations were used in the RHS. To solve the horizon and
the flatness problems, the number of efolds is required to be N & 50− 60 [53].

The role of Inflation on perturbations

The reason we are interested in inflation is that it provides a mechanism to generate
the primordial curvature perturbations. In a similar fashion with the perturbation
theory for the metric, we now split the inflaton field into an homogeneous unper-
turbed part and a first-order perturbation: φ(x, t) = φ̄(t) + δφ(x, t) in uniform
density gauge. From the equation of motion for the perturbed inflaton field we can

11Not to be confused with the conformal time, which for inflation customarily varies from −∞ < η ≤ 0.
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derive the equation of motion of the perturbation, which can be written directly in
terms of the modes:

δ̈φ+ 3H ˙δφ− ∇
2

a2 δφ+ V,φ̄φ̄δφ = 0, (3.37)

we can define an effective mass term m2(t) = Ṽ,φ̄φ̄. However, as we consider the
Fourier expansion of this equation, modes behave as massless by virtue of the slow-
roll condition on η, which allows us to neglect the last term until few Hubble times
since exited the Hubble-sphere12. Thence, the equation of motion for the perturba-
tions reduce to that of an harmonic oscillator for sub-Hubble modes, they acquire
a damping term on near-Hubble scales and super-Hubble modes assume a constant
dominant solution [45], in comoving coordinates, the particular solutions take the
form:

wk(η) = e−ikη√
2k

(
1− i

kη

)
. (3.38)

On the other hand, taking the derivative with respect to time of equation (3.31),...
φ̄ + 3H ¨̄φ+ V,φ̄φ̄

˙̄φ = 0, we find that super-Hubble modes —for which the mass term
is no longer negligible— share the same form for the evolution with ˙̄φ ; thence, they
are proportionally related by a constant which depend on time:

δφ(t,x) = − ˙̄φ(t)δt(x) = −φ̄′(η)δη(χχχ), (3.39)

therefore, φ(t,x) = φ̄(t− δt(x)), the inflaton does not assume the same value in all
space at the same time because the effect of perturbations is to delay its propagation
[50].

We now assume that the perturbation field, can be promoted to quantum field on
the small scale, which resides in its vacuum state. A de Sitter space contains an
event horizon which coincide with the Hubble radius; as a result, the fluctuations
of vacuum give rise to perturbations of the inflaton field, in a similar fashion of the
Hawking radiation from a black hole [60]. The perturbations of the inflaton field
are generated as quantum fluctuations of the vacuum which are stretched over the
Hubble-radius; where they turn into a classical field and freeze to a constant value.
Then, we can derive the expectation value for a single massless mode δ̂φk(t) =
a−1(wk(t)âk + w∗k(t)â†k)13 to arise from the vacuum [61] as:

〈|δ̂φk|2〉 = 〈0|δ̂φ†kδ̂φk|0〉 = |wk|2

a2 = H2

2k3 (1 + k2η2) k�H−−−→ H2

2k3 , (3.40)

where the RHS express its value on super-horizon scales where the perturbations are
constants. The result is independent on the direction of k, so it is the same for their
real and imaginary part. As a consequence of the fact that various modes are inde-
pendent from each other, we expect the perturbations to arise as a Gaussian random

12This happens at time t = t∗, when k = a(t∗)H(t∗). The equation of motion with the mass term neglected is
known as Mukhanov-Sazaki equation.

13âk and â†k are creation and annihilation operators which satisfy the canonical commutation relations.
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field [30], meaning that the probability of finding a perturbation of amplitude |δφk|
follows a gaussian statistics:

P (|δφk|2) = 1
√2πσδφ

exp
(
− 1

2
|δφk|2

σ2
δφ

)
, (3.41)

where σδφ is the variance of the distribution, given by the mean-square in (3.40).
In position space, as this quantity depends on the superposition of all the Fourier
modes, it is more useful to express it in terms of its logarithmic contribution in an
infinitesimal interval of dk, also called spectrum Pδφ(k) defined by relations:

σ2
δφ(x) = 1

(2π)3

∫ ∞
0

d k
k
Pδφ(k) ⇔ 〈δ̂φkδ̂φk′〉 = (2π)3δ(k + k′)Pδφ(k). (3.42)

Since vacuum fluctuations continuously arise and get stretched by inflation we expect
the final distributions of perturbations to be almost scale-invariant.

Quantum fluctuations act as a source in the energy-momentum tensor in Einstein
equations, and thus induce metric perturbations, which in turn back-react to per-
turb the classical inflaton field. On flat-slices (ψ = 0), we can use (3.33) to relate
the density perturbation to its inflationary counterpart [62]: δρ = ∂ ρ

∂ φ
δφ = V,φ̄δφ.

We can finally connect the primordial curvature perturbation with the inflationary
perturbation:

ζ = −H δρ

ρ̄′
= 1

3
δρ

ρ̄+ p̄
=
V,φ̄

3 ˙̄φ2
δφ = 8πG

V,φ̄
V
δφ = 32(πG)3/2ε1/2δφ, (3.43)

where, in the end, we used the slow-roll approximations for ˙̄φ andH [63]. This allows
us to derive the power spectrum for the Fourier modes of the curvature perturbation
directly from the vacuum fluctuations of a single-field slow-roll inflaton [53]:

Pζ(k) = H̄2

4π2

(
H̄
˙̄φ

)2∣∣∣∣∣
k∗

, (3.44)

were the subscript k∗ stands to remind that these quantities are evaluated at horizon
exit, where their evolution enters the super-Hubble regime and stays frozen until they
re-enter the horizon.

The scale dependence of the primordial curvature perturbations is one of the observ-
ables in the CMB fluctuations, and, to measure it, we introduce the tilt, n(k) − 1,
and the spectral index n(k) [53]:

n(k) ≡ d lnPζ(k)
d ln k + 1. (3.45)

A perfectly scale-invariant spectrum has vanishing tilt14, and so it is constant,
Pζ(k) = Aζ . Nonetheless, since inflation last for finite amount of time, or equiv-
alently, because the Hubble parameter is not exactly constant, then the power

14This specific type of spectrum can be found in the literature as Harrison-Zel’dovich spectrum.
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spectrum is only approximately scale-invariant; thence, it necessarily has a scale
dependence [64]:

Pζ(k) = Pζ(kp)
(
k

kp

)n−1

≡ Aζ

(
k

kp

)n−1

, (3.46)

where kp is a pivot scale, serving the purpose of fixing the normalization Aζ of the
power law behaviour at kp � k.
In addition, the spectral index could also be running [64]:

n(k) = ns −
1
2!αs ln

(
kp
k

)
+ 1

3!βs ln2
(
kp
k

)
+ ..., (3.47)

where we call ns(k) the slope, αs the running of the spectral index, βs the running
of the running and so on, which are defined at the pivot scale:

ns ≡
d lnPζ
d ln k

∣∣∣∣∣
kp

+ 1, αs ≡
dns
d ln k

∣∣∣∣∣
kp

, αs ≡
d2 ns

d ln2 k

∣∣∣∣∣
kp

. (3.48)

Spectral parameters can be expressed in terms of slow-roll parameters [65]:

ns − 1 = 2η − 6ε, αS = 16εη − 24ε2 − 2ξ, (3.49)

where ξ = V,φV,φφφ/(8πGV )2, is a parameter for the third derivative of the infla-
ton potential; thus, providing a link between the slow-roll parameters and observa-
tions. In conclusion, CMB data from Planck [23] measures kp = 0.05Mpc−1, Aζ =
2.101+0.031

−0.034×10−9, ns = 0.9647±0.0043, αs = 0.0011±0.0099 and βs = 0.009±0.012,
leaving open the possibility that there could be a weak dependence of the spectral
index on the scale.

The Separate Universe Approach
The derivation of the spectrum for the primordial curvature perturbation of the last
paragraph is based on the assumption of single-field slow-roll inflation. As a result of
having only one field, the perturbations generated are granted to be gaussian and adi-
abatic [30], which in turn guarantees the constancy of the primordial curvature per-
turbations on scales beyond Hubble by virtue of equation (3.28). However, if more
than one field takes part in the late stages of inflation, approximate scale-invariance
gets necessarily broken at some scale; moreover, although observations still point
toward a gaussian behaviour of the inflationary fluctuations, non-gaussianities are
difficult to be ruled out [66]. In such cases, first-order cosmological perturbation
theory might be insufficient because of non-linearities arising from spacetime with
large-scale inhomogeneities; instead of recurring to higher-orders, Salopek and Bond
[67] explored an alternative way of performing perturbation theory: where the long-
wavelength perturbations are treated nonlinearly and the perturbative expansion is
formulated in terms of their spatial gradients.
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To consider a full non-linear characterization, perturbed spatial part of the metric
can be written as [53]:

gij = a2(x, t)γ̃ij(x) with a(x, t) ≡ a(t)e−ψ(x,t), γ̃ij(x) ≡
(
eẽ(x,t)

)
ij
, (3.50)

where ẽ is a traceless matrix of generators of the perturbations15. For the reason
that the interesting scales are those lying beyond the Hubble scale, one can choose
to expand in terms of the parameter ε = k/aH which is small on these scales. The
next step is, firstly, to assume that longer-than-Hubble wavelength modes have been
smoothed by the inflation so that they will evolve as if they were homogeneous—
making thus spatial gradients of order greater that ε negligible— and, secondly, that
they look locally isotropic at each position. These two assumptions embody the so-
called separate universe approach, which can be regarded as the first order approach
of the gradient expansion [68]. In practice, smoothing over long-wavelength modes
means to sum over the sub-ε scales, in a coarse-grained fashion:

φk,smooth(t,x) =
∫
d3x′W (t,x− x′)φk(t,x′), (3.51)

by introducing a window function, W (t,x− x′), the Fourier transform of which has
support only on scales k < H. In this way, each region of size H−1 can be thought
as a single point and its internal physics can be neglected.

Figure 3.2. The picture illustrate the hierarchy of scales introduced by the separate
universe assumption: λ0 � λ� λs & H−1, taken from [69].

In practice, adopting this approach is tantamount to consider that regions smaller
than the smoothing scale λs evolve as separate FLRW universes (with locally ho-
mogeneous perturbations), and large-scale perturbations of wavelength λ = a/k can
be formed by piecing these patches together. The FLRW background of cosmolog-
ical perturbation theory must be valid for the present largest cosmological scale,
λ0 = H−1

0 , or larger scales if no additional structure exists beyond the large-scale
15ẽ is analogous to the quantity defined in (3.6) but subtracting the laplacian term of E which, instead, is included

in ψ. All the generators no longer need to be considered infinitesimal; moreover, ψ can be taken to be −R comoving
slices, and −ζ of slices of uniform density.
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homogeneity and isotropy. Still, the role of the background can be now factored
out when taking into account the curvature perturbation ψ, because it can be taken
as the difference in the curvature perturbation of two points a and b at distance λ,
ψ = ψa − ψb; hence, maintaining its non-linear role.

If we now consider a gauge transformation, t 7→ T = t+ ξo, the spatial metric in the
context of the gradient at a given point transforms as: ĝij(T,x) = gij(t,x) +O(ε2).
Therefore, using (3.50) and taking the determinant and the logarithm of both sides
of the last relation: ψ(T )+ln a(T ) = ψ(t)+ln a(t), or equivalently, by the definition
of e-fold (3.36):

ψ(T ) = ψ(t) + ln a(t)
a(T ) ≡ ψ(t) +N, (3.52)

the curvature perturbations on different gauges are related by the number of efolds
occurring between the slices [70]. And so, the curvature perturbation at scale λ is
given by the difference of the local number of efolds in the two separated patches,
which in turn only depends on the perturbations of inflationary field. Still, this
result could seem to be dependent on the gauge-choice in the initial an final slices.
However, if we consider the initial slice to be a flat slice, and the final slice to be a
constant-density slice, since these two gauges leave no residual degrees of freedom
the problem do not arise [71]. For the reason that flat slicing requires the local
curvature perturbation to vanish, whereas the curvature perturbation coincide with
the primordial curvature perturbation on constant-density slices, we obtain the result
known as δN formalism [53]:

ζ = δN = N,aδφa + 1
2N,abδφaδφb + . . . (3.53)

where δφa are the scalar field components of the inflationary field16 and N,a = ∂ N
∂(δφa) .

For single-field inflation (3.53) shall reduce to the same result of the previous para-
graph; otherwise, we can single out the inflaton, δφ, contribution into the adiabatic
part of ζ from the non-adiabatic, letting the summation run over the fields δσa other
than the inflaton, and the generalized power spectrum in the first order expansion
in δN reads as [53]:

Pζ(k) = Pad
ζ (k) +

(
H

2π

)2∑
a

N2
,a

∣∣∣∣∣
k

. (3.54)

16Summation over the component indices is intended.
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Chapter 4

Thresholds for Primordial Black Hole
Formation

Every physicists should know six or seven
different representations of the same physics.

Richard Feynman

In the previous chapter, we explored the origin of primordial perturbations; in this
chapter, we describe how these perturbations can conglomerate to form PBHs. Sev-
eral mechanisms have been proposed to account for the creation of PBHs in the
literature, but the basic idea is the same: it all boils down to the local collapse of
the distribution of matter-energy within the Schwarzschild radius.

What distinguish PBHs from stellar black holes, is that the first kind arise from
primordial perturbations. For since universe was in the form of plasma of elementary
particles, their formation can defy the Tolman-Oppenheimer-Volkoff limit [72], which
sets a lower bound on the mass of black holes originating from stars. In addition,
black holes arising from stars are modeled neglecting the expansion of the universe,
collapsing in a asymptotically flat spacetime; for PBHs this assumption needs to
be dropped because initially parallel geodesics diverge asymptotically in a FLRW
spacetime 1.

After inflation, the comoving Hubble scale starts growing again, and the various
modes of the primordial perturbations re-enter consecutively the physical Hubble
scale. For all practical purposes, distances larger the Hubble scale recess faster
than the speed of light, and so causal interaction is hindered; whence, once the
causal contact is established again, perturbations might cumulate again. Moreover,
by merit of inflation, we can assume that the background metric has been driven

1The main consequence is that stellar black holes, which keep their mass constant over the
relevant time scales, have a well-defined event horizon, whereas in the dynamical context of an
asymptotically curved spacetime such a surface might not exist. PBHs can be still characterized
by the formation of an apparent horizon.
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towards having the Friedman critical density ρ0(t) = 3H2(t)/(8πG), so that the
universe is flattened to K = 0.

We are going to review PBH formation under the following formalisms:

• simplistic two FLRW universes description;

• auto-solution method of two FLRW universes;

• critical collapse;

• quasi-homogeneous numerical methods;

In all cases, PBH formation is studied under the assumptions of fixed equation of
state, and spherical symmetry. Later in the chapter, we relax these assumptions
taking into account formation during a phase transition and ellipsoidal collapse.

Simplistic model of collapse
In the first paper [73] that attempted to study black holes in a cosmological back-
ground, Hawking and Carr took into account spherically symmetric, self-similar
solutions of the Einstein equations in which the black hole radius expands at the
same rate of the universe. They reached the conclusions that, in order to contain a
black hole, a FLRW spacetime necessarily needs positive extrinsic curvature, and,
in the radiation epoch, there is always a pressure gradient directed radially outward.
The interest in this paper lies mainly in its pioneering character, and the K > 0
condition is a limitation towards viable applications to our universe.

Inspired by an earlier work of Harrison [74], Carr [75] studied again the formation
by describing a spherical perturbation evolving as a closed, K = 1, FLRW universe
embedded in an extrinsically flat unperturbed background. The overdense region
evolves independently from the background, so it might grow for a while, but will
eventually stop its expansion and start to collapse. Following the evolution of the
density contrast, an upper- and lower-bound for the density contrast needed to
obtain a PBH are established in the paper.

To put things into perspective, let us consider two coordinate charts: one describ-
ing the unperturbed extrinsically flat universe (t, r, θ, φ), and the other (τ, ξ, θ, φ)
describing the perturbed universe of curvature K. At an initial time t0, the pertur-
bation of density contrast δ0 is contained within a spherical region of physical radius
R0 in the flat chart; this radius corresponds to the areal radius of a sphere2. This
means that we can take the metric for this setting to be [76]:

ds2 =

− d t2 + ā2(t)(d r2 + r2 dΩ 2
2 ) if r ≥ R0/ā(t0)

− d τ 2 + a2(τ)
(

1
1−Kχ2 dχ2 + sin2 χ dΩ 2

2

)
if χ ≤ sin−1(R0/a(τ0))

, (4.1)

2If A denotes the surface area of a sphere, the areal radius is defined as
√
A/4π. This definition

is important because in the curved patch the proper distance from the origin is given by aχ in the
curved chart, which does not match the areal radius.
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where t and τ are the cosmic time for the flat and closed FLRW universes, r is the
comoving radius defined in both charts, and χ the metric distance. By requiring
the line elements inside and outside to match at time t0, or ā(t0) = a(τ0) and(
d ā
d t

)
0

=
(
d a
d τ

)
0
equivalently; since a3(1 + w)ρ and ā3(1 + w)ρ̄ are constant in time,

then the two time coordinates are related by [74]:

(1 + δ0)w/(1+w)ā3w d τ = a3w d t, (4.2)

when w > −1 , being w the equation of state parameter(cf. 2.14). Synchronizing
these time coordinates at the initial time, t0 = τ0 and comparing the Friedmann
equation (2.11) of the background and perturbed metrics, we obtain:

K = 8πG
3 ā2

0ρ̄0δ0 = 8πG
3 a2

0ρ0
δ0

1 + δ0
⇔ δ0 = 3K

8πGā2
0ρ̄0

= 3K
8πGa2

0ρ0 − 3K , (4.3)

Plugging it back inside, it allows us to rewrite the first Friedmann equation for the
perturbed patch as follows:

(d a
d τ

)2
= 8πG

3 (ρ(τ)a(τ)2 − ρ̄0ā
2
0δ0) = 8πG

3

(
ρ(τ)a(τ)2 − ρ0a

2
0

δ0

1 + δ0

)
. (4.4)

For the reason that background is extrinsically flat, the background density evolves
as the critical density, so the evolution of the background quantities can be worked
out to be:

ā(t) = ā0

(
t

t0

) 2
3(1+w)

, H̄(t) = 2
3(1 + w)t , ρ̄(t) = 1

6π(1 + w)2Gt2
. (4.5)

The specific evolution of the inner scale factor depends on the value of w, and finding
an analytical solution is not straightforward. For the two cases of most interest—
radiation and matter domination—it can be solved in terms of the conformal time
in the inner patch d τ = a(η) d η [27]:a(η) = am(1− cos η) for w = 0

a(η) = am sin η for w = 1/3
with τ = am(η + sin η), η ∈ [0, 2π]
with τ = am(1− cos η), η ∈ [0, π]

, (4.6)

where am is the maximum value of the scale factor, at turnaround time when the
scale factor stops expanding. Then, we can posit that every curved patch would
start to collapse after some time tm.

Instead of solving for the evolution of the density contrast in the inner patch, using
cosmological perturbation theory, we consider it as a perturbation in background
with the implicit assumption that its scale is much longer than the Jeans length,
so that the contrasting pressure can be overcome. The Jeans radius is obtained
at the crossover scale where the effects of gravity balance out the propagation of
sound waves [55]: 32πG

3 ρ̄δ = 2 ȧ
a
δ̇ + c2

sk
2δ. The Jeans length resulting is going to
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be λJ = 2π/k, and the Jeans radius is taken to be half of this value, which in our
setting is more easily expressed as:

RJ = cs

√
3π

8Gρ̄ =
√
w

H̄
. (4.7)

Then, in the synchronous gauge δ the equations ((3.24)-(3.27) give:

δ̈ + 4δ̇
3(1 + w)t −

2(1 + 3w)
3(1 + w)t2 δ = 0 ⇒ δ(t) = At

2(1+3w)
3(1+w) +Bt−1, (4.8)

with A and B normalization constants. If we assume that the enough time has
passed since the formation of the perturbation, so that the decaying part had time to
become negligible by the time t0, we get δ(t) = δ0(t/t0)

2(1+3w)
3(1+w) .The next assumption

is that δ(tm) ∼ 1 at turnaround time tm, the moment in which the inner metric
stops expanding and begin to collapse. This allows us to relate the turnaround time
with t0, and, as a result from the:

tm ∼ t0δ
3(1+w)
2(1+3w)
0 , R(tm) ∼ R0δ

− 1
1+3w

0 , H̄(tm) ∼ H̄(t0)δ
2(1+3w)
2(1+3w)
0 . (4.9)

Finally, by imposing that the radius of the perturbation at turnaround time needs
to be bigger that the Jeans length, R(tm) > RJ(tm), to overcome the pressure, and
smaller than the background Hubble scale, R(tm) < H̄(tm)−1, in order not to form
a disconnected universe3, we get [75]:

R2
J

R2
0
< δ0 <

R2
H̄

R2
0
. (4.10)

As a final remark, in a radiation-dominated era(w = 1/3), if the initial time is taken
to be the time of re-entry from the super-Hubble regime(R0 = H̄−1

0 ), the initial
density contrast is bound in the range 1/3 < δ0 < 1, which we will refer to as Carr’s
bound.

Caveats of the simplistic model
The above limit, albeit very popular in the literature, presents a set of issues in its
derivation, possibly due to its simplicity [76]. Due to the different evolution of the
scale factors in the inner and outer patches, and the constancy of the extrinsic cur-
vature K, the physical scale R0 evolves faster in the flat universe patch than it does
in the closed one, as shown in (4.1). This means that the evolution of the boundary
radius should be followed in terms of the inner scale factor, a; however, this setting
would still describe a top-hat distribution. Such a configuration, not only would be

3In its original derivation Carr denote this limit as the no-separate universe condition, which
clashes with the nomenclature of the separate universe assumption described earlier in the text(3).
In any case, the upper limit is better understood as the requirement that the collapse occurs inside
the radius of causality, the Hubble scale.
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R0

ρ̄

ρ̄+ ρ̄δ

t0

ρ̄

t0 < t < tm

Rmax

ρ̄

tm

Rb

Ra

ρ̄

t > tm

Figure 4.1. Following the evolution of the scale factors at later times, it appears like
a region of vacuum surrounds the overdense core. This region is interpreted as an
underdense region of width W = Rb −Ra [77]. For small values of W strong pressure
gradients will develop in this transition layer which can hinder the formation of the
black hole.

quite artificial, but also it cannot account for the exact spatial flatness outside the
perturbed region. In other words, there should be an underdense transition region
that compensates the excess density in the core in order to reach asymptotically an
exactly flat universe. Early numerical calculations [77] showed that the width of
this region affects the formation of PBHs by creating pressure gradients inversely
proportional to the core-boundary width.

Secondly, the cosmological perturbation theory breaks down well before the density
contrast reaches the value of 1, so its evolution formula (4.8) is taken outside its range
of validity. An alternative is represented by the application of gradient expansion
to attack the non-linearities; indeed, recent numerical simulations prefer to resort
to this method [78].

Another point deserving to be addressed more carefully is that the areal radius of
the perturbed region, the line of demarcation between the extrinsically curved and
flat patches, is obtained by cutting and gluing a closed universe model to the flat
one at some comoving radius r0. But since r = sinχ, for each value of r0 there
are two possible value of metric distance coordinate: χ0 and π − χ0. Since, once
a sphere is cut in two pieces, one can pick the lower- or the upper- dome; thence,
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Kopp, Hofmann and Weller suggested there are two ways of choosing perturbations:
those which 0 < χ0 < π/2 (type I), and those for which π/2 < χ0 < π (type II)4
[79]. Using this argument, Kopp argued that the upper limit condition of Carr is
too weak, and a stronger condition, geometric in nature, arises by asking that the
Rm < am and suggest a limit which is a factor π smaller than the condition that the
universe stay connected. As a result, formation of PBHs in radiation-domination
phase would be strongly suppressed if one insists in using δ as a determiner of the
range5; instead, they advocate for the use of primordial curvature perturbation to
characterize the PBHs formation range.

To address this issue, Carr and Harada repeated the calculation using a different
formalism [76], where they used the method of auto-solutions. This consist in the
observation that for any perfect fluid satisfying the continuity equation (2.13), then
the quantity ρan is a constant in time when n = 3(1 +w). The Friedmann equation
for the inner patch can be rearranged as follow:(

ȧ

a

)2
= 8πG

3 ρ− 1
a2 ⇒ ȧ2 = C1a

−(1+3w) − C2, (4.11)

with C1 and C2 are two constant quantities with respect to time:

C1 = 8πG
3 ρ(t0)a3(1+w)

0 = ȧ2
0Ω0a

1+3w, C2 = 1 = ȧ2
0(Ω0 − 1). (4.12)

Here Ω = 8πGρ/3H2 = (1+δ)(H̄/H)2 is the density parameter, that can be regarded
as the specification of the initial amplitude of the perturbation6.
At this point, one can define the proper radius L = aχ and follows its evolution up
to turnaround time, where am = (C2/C1)1/(1+3w). Therefore, we have that:

Lm = amχ0 = a0χ0

( Ω0

Ω0 − 1

)1/(1+3w)
= L0(1 + δ0)1/(1+3w). (4.13)

Then, since the metric distance takes values between 0 and π, the PBHs can form
if this distance is in the range RJ < Lm < πam; which can be reconverted to the
original Carr’s bound.

To conclude, I want to point out that if R0 is chosen to be the Hubble scale of the
background—meaning that we start to follow the perturbation at Hubble reentry—
then the comoving radius r0 is unambiguously fixed:

r0 = R0

ā0
= ˙̄a0 = 3(1 + w)

2 t0, (4.14)

4The limiting cases χ0 = 0 and χ0 = π correspond to the case of no perturbation, this can be
understood as the closed universe is completely disconnected from the flat one up to a point.

5Nonetheless, they argue that this does not constraint the formation of PBHs, which for type II
perturbations can happen even if part of the initial universe detach to form another closed universe,
in their point of view.

6The subscript zero refers to the initial time t0 and it is not related to the present time density
parameter of ΛCDM.
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depending only on the initial time t0 and the equation of state variable. This tells
us that PBHs cannot be described by this picture in a vacuum dominated epoch,
w = −1, and (4.10) should not apply in such case.

The choice of Jeans radius and gauge
The previous analysis shows that there are still open issues with this specific way
of modeling the perturbation, and further investigation are needed. The possibility
that type II PBHs—producing a detached close universe []—may form leaded to the
reinterpretation of the range for the density contrast as a range for its threshold
value δc leaving opened the issue of this second, more exotic kind of black holes [76].
We will see in the next section how this threshold should be better understood.
Before moving on to that topic, we think it is necessary discuss further the question
of the threshold for type I PBHs; because, even if the problems raised earlier were
fairly technical; another couple of points needs to be scrutinized and they bear a
more physical character.

To begin with, the choice of the Jeans radius in equation (4.7) has been derived
for the K = 0 metric; nevertheless, the perturbation is defined on the extrinsically
curved metric. The gist of the problem is that several formulae has been presented
in [80] and it is not clear what relation should be used for describing the competition
between the contrasting effects of gravity against pressure. In line of principle, the
Jeans length has been chosen to characterize the lower-bound without having to re-
sort to the detailed description of the microscopic physics coming into play. Yet, the
aforementioned formula was derived for the flat, radiation dominated, background
spacetime, and later generalized to suit equations of state of the form p/ρ ∝ w [80].
For this reason, one could expect a different formulation for the interior of the per-
turbation, due to the fact that the formula (4.7) does not account for the extrinsic
curvature.

Some alternative ways to calculate the Jeans radius have been proposed by Harada,
Yoo and Kohri [81]; thus, altering the lower threshold of the allowed range for the
formation of PBHs. Pressure gradients will force the overdensity away from the
center; equivalently, the outgoing pressure can be characterized by the propagation
of sound waves in the overdense medium. Therefore, if sound waves have time to
propagate out of the overdense region before fluctuations collapse to a black hole,
then the fluctuation distribution would be dispersed and the black hole would not
form. Comparing th time a sound wave takes to reach the border of the overdense
region with the time from turn-around to the total collapse into a point in a closed
universe, the Jeans radius can be defined as:

RJ = amax
1√
K

sin π
√
Kw

1 + 3w ⇒ δc = R2
J

R2
0

= 1
K

sin2 π
√
Kw

1 + 3w , (4.15)

which was originally provided in [81] for the caseK = 1. In addition to this criterion,
they also proposed a stronger and a weaker criteria. The first is obtained by asking
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Figure 4.2. In the picture we can observe the allowed range for the critical density
as a function of the equation of state, p̄ = wρ̄, in uniform Hubble gauge(blue) and
in comoving gauge(orange). Different graphics refer to different definitions of the
Jeans radius: the one used by Carr (4.7)—top left, the one obtained from the criterion
imposing the sonic wave not to leave the perturbed region (4.15)—top right, and its
stronger and weaker criteria (4.16)—bottom left and rigth.

that the distance along which the sound wave travels from the center should not
exceed the radius of the future apparent horizon of the black hole. The weaker
criterium is given upon the request that black hole horizon forms before a sound
wave had time to travel from the edge the overdensity inward, and once it gets
reflected by the center, out of the perturbation edge again [81]:

δc,strong = sin2 2π
√
w

1 + 2
√
w + 3w, δc,weak = sin2 π

√
w

1 +
√
w + 3w. (4.16)

Regardless of the way one choose to define the threshold, there is one last sensitive
aspect that needs to be taken into account: the fact that neither the extrinsic
curvature, nor the density contrast are gauge-invariant quantities; by the same token,
the bounds of the allowed range are affected by the gauge choice. Earlier we assumed
that the evolution of the density profile is attained in synchronous gauge [82]; the
condition that Hubble parameter of the inner patch matches the Hubble parameter
of the background at initial time is equivalent of choosing a gauge where the Hubble
parameter is uniform(uniform Hubble gauge)[83], and the homogeneity of extrinsic

38



curvature is entailed in the Constant Mean Curvature(CMC) gauge [84]. Evolution
of the density contrast is the same in these three gauges, but it differs in comoving
gauge. The density contrast in comoving gauge, δCOM can be related to the density
contrast in uniform Hubble gauge [81]:

δCOM = 3(1 + w)
5 + 3w δ(t∗)

RH̄

R

2

, (4.17)

where t∗ stands for the Hubble-crossing time, and RH̄/R defines the relative size
of the overdensity with respect to Hubble scale in the background. In comoving
gauge, a time-independent density contrast can be defined in combination with the
last quantity [81]:

δ̃ = δCOM

 R0

RH̄

2

, (4.18)

on which the bounds are conveniently derived in this gauge. This effectively implies
that bounds one obtains in the comoving gauge are a factor 3(1 + w)/(5 + 3w)
smaller with respect to those in uniform Hubble gauge, as explicitly shown in figure
(4.2). Note that if R0 = RH̄ in this slicing, than δ̃ ≡ δCOM; however, since the gauge
changed this is no longer valid.

Numerical models: Critical Collapse
Albeit simplistic, one important conclusion can be drawn from Carr’s model: since
the allowed range for density contrast is of order of unity, we can expect that the
mass of a PBH formed with this mechanism comes as a fraction of the Hubble mass
MH = 4π

3
ρ̄
H̄3—the mass contained inside the Hubble sphere assuming the density is

the same of the flat spacetime. Indeed, it can be seen that:

MPBH = 4π
3 ρ̄(tc)

(
1 + δ(tc)

)
R(tc)3 ∝ ρ̄0R

3
0 = MH, (4.19)

under the assumption that the initial radius corresponds to the Hubble scale and
that tc ≈ tm is the time at which the collapse happens.

To reinforce this conclusion, we now present the results of Choptuik [85]and Niemeyer
& Jedamzik [86][87]. The first studied numerically the gravitational collapse of a
massless scalar field φ immersed in a spherically symmetric time-dependent space-
time:

d s2 = −α(r, t)2 d t2 + a(r, t)2 d r2 + r2 dΩ 2
2 . (4.20)

The Einstein equations, Gµν = 8π(φ;µφ;ν − 1/2gµνgληφ;λφ;η), can be simplified upon
the introduction of two generalized momenta: Φ(r, t) ≡ φ,r and Π(x, t) ≡ aφ,t/α, so
that the dynamics of the field can be described by the following set of equations:

Φ,t

(α
a

Π
)
,r
, Π,t = 1

r2

(
r2α

a
Φ
)
,r
,

α,r
α
− a,r

a
+ 1− a2

r
= 0,

a,r
a

+ a2 − 1
2r − 2πr(Π2 + Φ2) = 0, a,t

α
− 4πrΦΠ = 0.

(4.21)
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One can choose a numerical scheme in which the only quantity to evolve in time is
the scalar field by using just the first four equations, so that a and α are numerically
integrated form it at each step, and the fifth equation is a physical constraint that
it is used to check the reliability of the computations.

In [85], it is also noted that these equations are invariant under arbitrary rescaling of
time and radial coordinates by a positive constant k; hence, embodying a spacetime
lacking a characteristic length scale. This was instrumental to understand that the
formation of a black hole behaves as a critical phenomenon; id est following the
evolution in phase space—the set of all possible initial data, in which every point
is just a constant-time slice of the spacetime— trajectories evolve toward two fixed
points: one representing a flat Minkowski spacetime, or the other representing a
spacetime with a black hole. Because in the latter case, we have the emergence of
a characteristic scale which is given by the black hole horizon; in turn, this implies
the existence of a critical surface in phase space, characterized by a parameter p∗.
Given S[p] a family of solutions depending continuously on the parameter p, then
evolution will eventually converge toward the Minkowski critical point for p < p∗,
or it will end up close to black hole spacetime for p > p∗ [88]. The nature of this
surface is universal, meaning that is independent of the specific form of φ’s initial
profile, and it presents a scaling behaviour, that becomes apparent in the form of a
power-law for the mass of the resulting black hole:

MBH ' C(p− p∗)γ, (4.22)

where C and p∗ depend on the particular choice of the initial family of profiles,
meanwhile γ ' 0.374 is a universal exponent, profile-independent. The simplicity of
this model makes it rather unsuitable for applications to stellar black holes, because
the massless scalar field is not a good representation of the physics of virialization and
quantum-mechanical interactions as they naturally introduce scales that invalidate
the initial assumptions. However, it gave the idea that a critical surface might exist
in the phase space and it motivated its search in numerical models.

Following this result, Niemeyer and Jedamzik went on to investigate the near-critical
collapse of PBHs forming in a radiation dominated universe [86]. They argued that,
for perturbations re-entering the Hubble sphere, the particular coincidence of scales
provides the degree of fine-tuning required for the model to apply. They took into
account three profiles for the perturbed energy density ρ:

A) ρ(R) = ρ̄

1 + A exp
(
− R2

2(RH/2)2

),
B) ρ(R) = ρ̄

1 + A

(
1− R2

R2
H

)
exp

(
− 3R2

2R2
H

),
C) ρ(R) = ρ̄

1 + A

9

(
1− R2

R2
H

)(
3− R2

R2
H

)2

θ
(√

3RH −R
),

(4.23)
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Figure 4.3. The results obtained in [86] for the different profiles: A) diamonds γc =
0.34, K = 11.9, δc = 0.7015; B) triangles γc = 0.36, K = 2.85, δc = 0.6745; C) crosses
γc = 0.37, K = 2.39, δc = 0.7122. The parameter δ was chosen to be the total mass
excess for the Gaussian perturbation, the mass excess contained inside the Hubble
sphere for the mexican-hat profile, and the perturbation amplitude for the polynomial
case.

corresponding to A) a gaussian , B) a mexican-hat and C) a polynomial profiles for
the perturbation. They numerically evolved the profiles varying the parameter A as
to input different initial conditions, and so they managed to corroborate the PBHs
mass follows a critical law:

MPBH = K(δ − δc)γcMH, (4.24)

at least for small values of the order parameter δ − δc. In order to fit the law so
as to obtain approximately the same value of γc for different profiles, δ was chosen
in different ways and datasets shown in Figure 4.3. The justification for why the
power law is followed on a narrow range above the threshold δc is that PBHs forming
closer to it develop a compression wave traveling outward and preventing further
accretion. On the contrary, getting further from δc, the initial mass is high enough
that surrounding material keeps falling into the horizon. All things considered,
the choice of initial time when perturbations were well within the Hubble radius,
was considered to be a weak point by following studies that, even if accepted the
results, kept investigating the threshold. For instance, Musco, Miller and Rezzolla
[89] reprised this work by including possible effects of the cosmological constant Λ.
Eventually, they found that affects critical exponent and threshold as follow:

γc(Λ) ' γc(0)− 8.3y
δc(Λ) ' δc(0) + 0.98y,

(4.25)
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being y = 4ΛM2
H/3 the ratio between vacuum energy and the total energy inside

the Hubble sphere. In other words, a positive cosmological constant would hinder
the formation of PBHs. Yet, in a later paper [90] Musco and Miller commented that
such modification of γc disappears around smaller values of δ− δc ∼ 10−3, and they
justified it with the rationale that smaller mass implies higher compactness. So the
effects of the cosmological constant again becomes negligible against the density of
the collapsing fluctuation.

These results verified that the mass of a PBH should be indeed proportional to
the mass contained in the Hubble sphere at the re-entry of the perturbation, but
they also hint that the mass at which PBHs form could be very small, if the initial
fluctuation is very close to the critical value.

Numerical models: Quasi-homogeneous formation
The studies we have presented this far evince that, for perturbations to clump into
PBHs, the critical density must overcome a threshold value δc. Complications aris-
ing from different grounds hint that this parameter do not unambiguously provides
a criterion for discriminating between density fluctuations that will eventually col-
lapse and those which will not. As emphasized earlier, solutions of the Friedmann
equations are difficult to find in a closed form, but for a limited number of models
with specific parameters.One way to skirt the non-linearity of Einstein equations, is
to recur to numerical simulations, to investigate how different initial conditions lead
to the formation of a apparent horizon. Numerical models follow the evolution of a
grid of characteristic lines; these are often chosen to be null geodesics, and follows
their evolution.

Under the assumption of spherical symmetry, it is possible to set the problem in a
way in which the Einstein’s equations are expressed in a general relativistic hydrody-
namics form, and describe the evolution of spacetime as a fluid. Fluid-dynamics can
be formulated in two pictures: Lagrangian picture which refers to a frame in which
coordinates follow the fluid, and Eulerian picture that fixes the coordinates with
respect some arbitrarily chosen point—usually chosen to be the center of mass—and
traces the evolution with respect to it7.

Let us start by casting the metric in Lagrangian coordinates, corresponding to co-
moving coordinates in a cosmological context [91]:

d s2 = −A(r, t)2 d t2 +B(r, t)2 d r2 +R(r, t)2 dΩ 2
2 , (4.26)

where R plays the role of the Eulerian radius, which coincide with the areal radius
introduced earlier. Next, we define U and Γ two quantities that express the comoving
proper time- and radial-rate of change of the a spherical shell of Eulerian radius [92]:

U = A−1R,t Γ = B−1R,r, (4.27)
7One mnemonic trick is: Lagrange likes to study the fluid while afloat; meanwhile, Euler watches

him from the bridge.
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The parameter U measures the radial speed of the fluid with respect to the center of
coordinate, or equivalently how a point at fixed areal radius moves with respect to
the center of mass. The other parameter can be considered as a generalization of the
Lorentz factor of flat spacetime. Within this formalism, it is convenient to introduce
a function of the comoving radius and time: the so-called Misner-Sharp-Hernandez
(MSH)-mass8:

m(r, t) = 4π
∫ r

0
dr′ρ(r′, t)R2(r′, t)R,r(r′, t), (4.28)

which can be interpreted as a measure of mass inside a sphere of areal radius R at
given time [94]; this quasi-local behaviour comes in handy to explore the formation
of apparent horizons. These 3 quantities are related by the constraint equation [95]:

Γ2 = 1 + U2 − 2Gm
R2 . (4.29)

which is a first integral, and it might slightly deviate from the equality while running
the numerical computation, but it serves the purpose of checking the accuracy of
the simulation. At a given point of comoving radius r, the formation of the black
hole can be checked by looking when 2m/R = 1 and U < 0, or equivalently when
U+Γ = 0. Similarly, if a spacetime point has 2m/R > 1 and U < 0, then that point
is situated inside the black hole horizon [96]. By the same token, one can locate the
Hubble radius by looking when when 2m/R = 1 and U > 0.

From Einstein’s equations and the conservation of energy-momentum tensor, setting
also G = 1, we obtain the hydro-dynamical equations of motion [95]:

Γ,t
A

= −U
ρ+ p

p,r
B
, (4.30)

Γ,r
B

= −U
ρ+ p

ρ,r
A

+ m

R2 −
2U2

R
− 4πρ, (4.31)

U,t
A

= −Γ
ρ+ p

p,r
B
− m

R2 − 4πpR, (4.32)

U,r
B

= −Γ
ρ+ p

ρ,t
A
− 2uΓ

R
, (4.33)

m,t = −4πpR2R,t, (4.34)
m,r = −4πρR2R,r, (4.35)

A,r = − p,r
ρ+ p

, (4.36)

B,t = − ρ,t
ρ+ p

− 4R,t

R
. (4.37)

The combination these equations with the equation of state allows to follow numer-
ically the evolution of a grid of past- and future-directed null geodesics. In order

8This mass function can be presented in two distinct formulations: the Misner-Sharp formulation
[92], or the Hernandez-Misner formulation when the time coordinate is replaced with the outgoing
null coordinate [93]; equivalent to the null slicing of spacetime.
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to perform such a computation, it is necessary to specify some initial conditions
of the perturbation at some initial time; but particular attention should be put on
how to impose these conditions: the perturbation size should be larger than the
Hubble scale so to agree with the predictions from the inflationary arguments. This
is especially important because, if the perturbation contains a decaying component,
this might blow up close to initial time inducing spurious effects [97].

Numerical evolution will break down if either the characteristics cross the apparent
horizon, in which case one chooses radial coordinates to define the mesh [95], or if
parallel characteristics self-intersect, as though a shock forms. The latter problem
had been addressed by the introduction of a viscosity parameter, that would impede
the overlap; however, this scheme has been deplored because it introduces spurious
quantities [98]. Both of these numerical difficulties can be alleviated by utilizing
an Adaptive Mesh Refinement—which reduces the characteristics spacing close to
regions where the spatial derivative become large—and by switching to null slicing,
i.e. a foliation of spacetime along geodesics of outgoing null rays [99]:

F (u, r) du = A(r, t) d t−B(r, t) d r. (4.38)

The quantity u is also referred as observer-time because it describe the time on the
reference of a photon reaching an observer outside of the horizon. This requires
to reformulate (4.30)-(4.37) in terms of the Hernandez-Misner formulation which,
however, contains the same physics and shall be not be analyzed here.

The role of extrinsic curvature
Earlier we briefly commented on the fact that the extrinsic curvature is not gauge
invariant, and since the numerical models are most conveniently set in the comoving
gauge, we will now introduce a model in which it becomes a function of the comoving
radius K(r), and act directly as a source for the density fluctuations. This is the
quasi-homogeneous model originally due to Polnarev and Musco [78]. Although it is
not the first numerical models, it was the first to implement the gradient-expansion
perturbation theory, and thus revived the research interests setting a new standard.

First of all, in this formalism, we set the description for the background by comparing
the metric (4.26) with the flat Friedmann (2.6). Thence, we have:

d2 s =

−Ā(r, t)2 d t2 + B̄(r, t)2 d r2 + R̄(r, t)2 dΩ 2

− d t2 + ā(t)2(d r2 + r2 dΩ 2)
⇒ Ā(t, r) = 1, B̄(t, r) = ā(t), R̄(t, r) = rā(t).

(4.39)

As a result, we get Ū = H̄R̄, which is equivalent to Hubble law, and Γ̄ = 1. For the
reason that we are using comoving coordinates, the density contrast corresponds to
the comoving density contrast ∆ introduced in the setting of cosmological pertur-
bation theory, but this does not prevent us to tackle the problem with the separate
universe approach(cf. 3).
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Now for the perturbed spacetime, we compare (4.26) with the Friedmann metric for
positive value of extrinsic curvature:

d2 s =

−A(r, t)2 d t2 +B(r, t)2 d r2 +R(r, t)2 dΩ 2

− d t2 + ā(t)2
(

1
1−K(r)r2 d r2 + r2 dΩ 2

)
⇒ A(t, r) = 1, R(t, r) = ā(t)r B(t, r) = R,r√

1−K(t, r)r2
.

(4.40)

With an eye on the gradient-expansion, we also compare the perturbed metric to
the one (3.50) of the separate universe approach. In doing so, we must be careful in
not to mix the coordinates of the two slicings:

d2 s =

−A(r̂, t)2 d t2 +B(r̂, t)2 d r2 +R(r̂, t)2 dΩ 2

− d t2 + ā(t)2e2ζ(r̂)(d r̂2 + r̂2 dΩ 2)
⇒ A(t, r̂) = 1, R(t, r̂) = ā(t)eζ(r̂)r̂ B(t, r̂) = R/r̂,

(4.41)

where we denoted with r̂ the radial coordinate for constant density slices. By com-
parison, we can derive the relation between the two radial coordinates: r = r̂eζ

and (1 −K(r)r2)−1/2 d r = eζ(1 + r̂ζ,r̂) d r̂, whence comes the relation between the
extrinsic curvature to the primordial curvature perturbation:

K(r)r2 = −r̂ζ,r̂(r̂)
[
2 + r̂ζ,r̂(r̂)

]
. (4.42)

The no-disconnected universe condition of Carr’s [75], which corresponds to the line
of demarcation between type I and II types of density fluctuations for Kopp [79], can
be reinterpreted in this formalism as the requirement that the B(r, t) coefficient of
the metric in (4.40) remains a real number, or again, that the metric remain positive
definite. This translates into a bound for the extrinsic curvature or the primordial
curvature perturbation profiles [100]:

K(r) < 1
r2 or ζ,r̂(r̂) < −

1
r̂
. (4.43)

Furthermore, it is possible to distinguish between compensated— in which the over-
density(underdensity) is surrounded by underdensity(overdensity):

4π
∫ ∞

0
dr(ρ− ρ̄)r2 = 0 ⇒ lim

r→∞
K(r)r3 = 0 or lim

r→∞
ζ(r̂)r̂ = 0, (4.44)

or uncompensated profiles for which the two parameters asymptotically behave as
K(r) ∼ rα and ζ(r̂) ∼ r̂β, with −3 ≤ α < 2 and −1 ≤ β < 0; resulting in a non-flat
universe on regions far from the perturbation.

Quasi-homogeneous solution in the gradient expansion
To discuss the solution of the MSH formalism together in the fashion of the gradient
expansion, we introduce the time-dependent ε(t) = 1/a(t)H̄(t)rk, where rk is the
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comoving scale associated to the perturbation of wavelength k in momentum space
[]. In this way, the parameter fixes simultaneously the physical scale of and the time
evolution of the system:

ε̇

ε
= 1 + 3w

2 H̄(t). (4.45)

Recalling that, within this approach, the metric evolves as the background solution
up to second order; thus, we can perturb the parameters as follows [100]:

A = 1 + ε2Ã, (4.46)

B = ā(t)√
1−K(r)r2

(1 + ε2B̃) = a(t)eζ(r̂)(1 + ε2B̃), (4.47)

R = ā(t)r(1 + ε2R̃) = a(t)eζ(r̂)r̂(1 + ε2R̃)., (4.48)
ρ = ρ̄(1 + ε2ρ̃), (4.49)

U = H̄R(1 + ε2Ũ), (4.50)

m = 4π
3 ρ̄(t)R3(1 + ε2m̃). (4.51)

The ∼ cap stands for the first-order quantities in the gradient expansion; virtually
different from the first order perturbations of Cosmological Perturbation Theory.
Since pressure is directly connected to density, pressure gradients are negligible
(O(ε4)) in this approach when ε � 1. As a result, the equation of state maintains
its form p = wρ. The constraint equation (4.29) gives us the first link among
the perturbations and the first connection among the curvature profile and the
perturbations parameter:

K(r) = ā2H̄2ε2(m̃+ Ũ) ⇒ K(r)r2
k = m̃+ Ũ . (4.52)

By the same token, perturbing Einstein equations, we attain how the growing modes
of density and velocity perturbations depend on the curvature profile to the O(ε)
order of the gradient expansion [100]:

ρ̃ = 3(1 + w)
5 + 3w

(r3K(r)),r
3r2 r2

k = −2(1 + w)
5 + 3w

e2ζ(r̂k)

e2ζ(r̂)

[
∇2 ζ(r̂) + 1

2ζ,r̂(r̂)
2
]
r̂2
k, (4.53)

Ũ = − 1
5 + 3wK(r)r2

k = − 1
5 + 3w

e2ζ(r̂k)

e2ζ(r̂) ζ,r̂(r̂)
(

2
r̂

+ ζ,r̂(r̂)
2

)
r̂2
k, (4.54)

which are the two most important perturbations, and could be expressed in terms
of each other:

ρ̃ = −1 + w

r2 (r3Ũ),r, Ũ = − 1
(1 + w)r3

∫
r2drρ̃. (4.55)

Similarly we can write the lowest order expressions for the other perturbations as
[100]:

Ã = − w

1 + w
ρ̃, (4.56)

B̃ = w

(1 + 3w)(1 + w)rρ̃,r, (4.57)
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R̃ = − w

(1 + 3w)(1 + w) ρ̃+ 1
1 + 3wŨ, (4.58)

m̃ = −3(1 + w)Ũ . (4.59)

Moreover, density contrast of cosmological perturbation theory can be related to
the gradient expansion quantities through δ = ε2ρ̃ +O(ε4)and the lowest orders of
the two approaches coincide when ε is set to 1, at Hubble crossing time, giving:

δ = 3(1 + w)
5 + 3w

(
1
āH̄

)2 (r3K),r
3r2 = −2(1 + w)

5 + 3w

(
1
āH̄

)2

e−2ζ
[
∇2 ζ + 1

2(∇ ζ)2
]
, (4.60)

which has the advantage of connecting the density contrast with the primordial
curvature perturbation.

The numerical evolution can then be launched: initial conditions are assigned on
space-like slices at times larger than the Hubble crossing time, a typically when
ε ∼ 10−2. The simulations generates a set of data according to the Misner-Sharp
equations, which are used to initialize the Hernandez-Misner evolution for the null-
slicing evolution. The perturbations grow initially, but slower than the Hubble
horizon and start to compactify once they re-entered the horizon [90]. Depending
on the steepness of their profiles, they might generate pressure gradients that, if
large enough, generates voids or outward-propagating waves, thus hampering fur-
ther collapse; this kind of behaviour is mostly followed by subcritical perturbations.
Nonetheless, as the critical region is approached, perturbations generally shrink to a
region of high compactness, and might settle to such a stage for long times without
collapsing further and then disperse back into the background. Still, this interplay
of growing and decaying modes, when perturbations are supercritical, eventually
reach the point in which the black hole is formed [90]. This is similar to the obser-
vation discussed earlier from the work of Niemeyer and Jedamzik [87] that PBHs
forming slightly above the critical threshold emit a shock wave screening them from
subsequent accretion from the background.

The unequivocal footprint of formation of a PBH in the simulation is provided by a
region in which the parameter U(t, r) becomes negative together with the freezing
of the lapse function F (u, r) = 0, meaning that a region of space has become unable
to be probed by outgoing null rays [78]. Additionally, the function 2m(r, t)/R(r, t)
tends to unity, signaling the formation of an apparent horizon that tends to the
event horizon, as shown in Figure 4.4.

Critical Parameters
In the previous paragraph, the use of the separate universe approach provided a
solid framework for discussing the evolution of prior to the re-entry and estimate
it initial amplitude. Now, we want to discuss some quantities that could be used
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Figure 4.4. In the graphs, the evolutions of the Misner-Sharp-Hernandez functions U ,
F , 2m/R are shown from a initial configuration u0, through an intermediate ui and
to the final formation of black hole uf . The pictures are adapted form [78].

as critical parameters to assess whether initial conditions evolve into PBHs. De-
pending on the model, the extrinsic curvature profile can be parametrized by a
several parameters and there is a considerable leeway for deciding which should be
used to supply a criterion for the formation of PBHs. For instance, we shall use
the compaction function C(rm), the average density contrast δ̃(r0) or the primordial
curvature perturbation ζ(rp) where rp is the point where the scale at which the
primordial curvature perturbation has a peak.

To quantify the amplitude of the whole perturbation one introduces the averaged
mass excess inside a ball of radius R [90]:

δ̃(r, t) = 1
V

∫ R

0
dR

∫ 4π

0
dΩ2

ρ− ρ̄
ρ̄

= ε2(t)3(1 + w)
5 + 3w K(r)r2

k +O(ε4)

'
(

1
ā(t)H̄(t)

)2 3(1 + w)
5 + 3w K(r),

(4.61)

where V = 4/3πR3 is the volume. We already came across this quantity in (4.18);
in fact, this is its generalization for quasi-homogeneous models [100]. Yet, in order
to gain full benefit out of this quantity, we also need to specify a scale for the
perturbation size.

At this point, it comes in handy to define the compaction function C, which firstly
introduced in [97] as a supplementary parameter to constraint the PBH formation9:

C(r, t) = 2δm(r, t)
R(r, t) , (4.62)

where δm(r, t) is the mass excess enclosed within a spheres of areal radius R(r, t).
The compaction function turns out to be also very useful to characterize the extrinsic

9The original definition of this function was slightly different, being a factor 1/2 smaller, the
provided definition follows from [100]
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curvature. More explicitly, the mass excess is evaluated as the difference in MSH-
mass between the perturbed universe and the background flat universe [101]; these
two masses explicitly read as:

m̄(r, t) = 1
2H̄

2(t)ā3(t)r3,

m(r, t) = 3
2H̄

2(t)ā3(t)
∫ r

0
dr(1 + ε2(t)ρ̃(r))

= m̄(r, t) + 3
2H̄

2ā3ε(t)2
∫ r

0
drr2ρ̃(r).

(4.63)

As a result, using (4.55) and (4.42) we can express the compaction function in terms
of K and ζ:

C = 3(1 + w)
5 + 3w K(r)r2 = −3(1 + w)

5 + 3w r̂ζ,r̂(r̂)
[
2 + r̂ζ,r̂(r̂)

]
. (4.64)

Owing to the choice made for the normalization of C, the compaction function and
the averaged mass excess agree at the comoving scale rk, C(rk) = δ̃(rk), at time for
which the perturbation re-enters the Hubble scale when ε = 1; showing that these
two parameters have equal footing on the description of the fluctuation.

In view of this last point, it would be nice to identify the scale rk with the scale rm
in which the compaction function reaches its maximum [100]:

C ′(rm) = 0 ⇔ K(rm) + rm
2 K,r(rm) = 0 = ζ,r̂(r̂m) + r̂mζ,r̂r̂(r̂m), (4.65)

which can be used to infer that δ̃(rm, t) = 3δ(rm, t), independently from the curva-
ture profile or the time; a point in favour of this scale.

It should be emphasized that the scale rk, arising from the linear order of perturba-
tion theory, is well suited to describe the idealized case of a single mode k evolving
in Fourier space for which the Hubble crossing happens when k/āH̄ = 1; never-
theless, the full non-linear process of collapse takes place in real space, where the
perturbation is composed of several Fourier modes. So, in a general setting the
comoving scale r0 = R0/ā(t0) at which the density contrast ultimately agrees with
the background can be different from rm and maintain dependence on the curvature
profile [100]. In such cases, we will define the scale r0 as the minimal value for which
ρ̃(r0, t9) = 0, or equivalently when K(r0) + r0/3K,r(r0) = 0.

Finally, there is another scale that can be used to quantify the strength of the
perturbation, namely the scale rp at which the density contrast assume a peak,
δ,r = 0; this is particularly useful when used in conjunction with the primordial
density perturbation [100].

Curvature profiles
Now we possess all the ingredients required to characterize the critical parameters
and proceed to study how they emerge with specific profiles of the curvature. In
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the following, we will describe the critical values for the parameters Cc ≡ C(rm),
δ̃c ≡ δ̃(r0) and ζc = ζ(rp). The black holes considered in these studies are assumed
to form in radiation dominated era with w = 1/3.

To begin with, let us consider a simple gaussian distribution for the curvature profile
and the density contrast that it yields [100]:

K(r) = K exp
[
− r2

2σ2

]
,

δ(r, t) = 2
3

(
1
āH̄

)2(
1− r2

3σ2

)
K(r).

(4.66)

The parameters K and σ control the amplitude and the width of the perturbation,
and the numerical factor in front of the density contrast is just the factor 3(1 +
w)/(5 + 3w). The three scales of interest are given by:

rm =
√

2σ, r0 =
√

3σ, rp = 0. (4.67)

For a perturbation normalized to K = 1 and σ = 1, the critical values for this profiles
are δ̃c ' 0.45, Cc ' 0.5 [100] and ζc ' 0.41 [84]; so these value should be scaled with
a factor K when this latter parameter moves away from unity. The strength of
this model is that it gives rise to a mexican-hat profile for the density contrast,
although it cannot model a compensated profile; in this sense the perturbation only
asymptotically approaches a FLRW-flat spacetime.

The previous profile has been generalized [78][84] introducing an additional param-
eter α as follows:

K(r) =
(

1 + α
r2

2σ2

)
exp

[
− r2

2σ2

]
,

δ(r, t) = 2
3

(
1
āH̄

)2[
1− 5α− 2

3
r2

2σ2 − α
r4

6σ4

]
exp

[
− r2

2σ2

]
.

(4.68)

The parameter gives the curvature a mexican-hat profile when negative, extend the
half-width of the profile when 0 < α ≤ 1, and add a off-centered peak when α > 1.
In the same way, α < 0 makes deeper the underdensity trough and add an extra
peak of overdensity after it, 0 < α ≤ 1 widens the peak of the mexican-hat, and
α > 1 make an off-centered centered peak appear, turning the mexican-hat into a
fedora. The overdensity regions are compensated by underdense one if α = −2, but,
for some reason, was only studied in ranges where α is positive by [84], and in the
narrower range 0 < α ≤ 1 by [78]. These studies shown that both α and σ affects
the threshold values, still, whereas Cc and δ̃c increase as α gets bigger, the ζc has an
opposite trend and decreases.

In order to identify the most crucial parameters that effectively distinguish between
which initial conditions lead to the formation of PBHs and which do not, a profile
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Figure 4.5. In the figures we can see different curvature profiles and the density
contrast that they generate. The dotted line in the left plot stands for the boundary
K(r)r2 = 1 above which the perturbations give rise to type II black holes. Comoving
radius is expressed in unit of Hubble scale.

with up to five parameters has been also studied [102]:

K(r) = β

[
1 + α

(
r

σ1

)2n
]

exp
[
−
(
r

σ1

)2n
]

+ (1− β) exp
[
−
(
r

σ2

)2
]
, (4.69)

where σ1 ≤ σ2. This profile reduces to the previous one if β = 1 = n, but the
splitting in two gaussian profiles serves the purpose of adding a tail to the profile,
while n regulate the steepness of the slope. The half-width of the profile is given
by the scale σ attained at the point Ω ≡ maxr |K,r(r)|, which can be taken as a
measure of the density gradient. In [102] it was shown that, by plotting δ̃c against
Ω, the parameter δ̃c fails to provide a clear-cut distinction between initial conditions
that eventually collapse and the others when the profiles have different shapes in
the center. Therefore, they went on to define empirically two parameters [102]:

∆p,q = rp − rq,

Is,j =
∫ rs

0
rjK(r)dr,

(4.70)

where the scale of reference are set now defined by the relation K(rp) = p. By
random generating initial value for the profile’s parameters, they managed to fit a
demarcation line between the two kinds of critical behaviour. The best-fit functions
obtained are ∆1/6,5/6 and I3/5,2, which can be interpreted as the width of the un-
derdense region and the integrated compaction function. In this sense the critical
surface in the (∆, I) space is given by the following broken line [102]:

[s1(∆−∆c) + Ic]Θ(∆c −∆) + [s2(∆−∆c) + Ic]Θ(∆−∆c), (4.71)

with critical parameters (s1, s2, Ic,∆c) = (−0.021, 0.32, 0.79, 0.41) and Θ is the Heav-
iside function. A caveat is needed, though. The critical line just presented do not
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Figure 4.6. The space of parameters can be divided by a rather clear demarcation line
between the two behaviours, up two an accuracy of 2.1%. The yellow stars represent
the point which are inconsistent with the critical law. Picture is adapted from [102].

have a 100% accuracy, and there is a 2.1% of false positives—points that evolve into
PBH in the sub-critical region or that do not collapse in the critical part. This
could be taken as a point against the existence of a critical surface for more realistic
scenarios of formation.

As a way around the usage of the extrinsic curvature as a source of the density
contrast fluctuations, we could use a specificly gaussian profile for the primordial
curvature perturbation [100]:

ζ(r̂) = Z exp
[
− r̂2

2σ2

]
,

δ = 2
3

(
1
āH̄

)2[
1− r̂2

3σ2

(
1 + ζ(r̂)

2

)] 2ζ(r̂)
σ2e2ζ(r̂) .

(4.72)

Assessing the edge of the perturbation δ(r0) = 0 give us r̂2
0 = 3σ2(1 + ζ(r̂0)/2)−1,

which is only implicitly defined in terms of ζ(r̂0). When plugged inside δ̃ it requires
the non-analytical evaluation of the value F0 ≡ −r̂0ζ,r̂(r̂0) = r̂2

0ζ(r̂0)/σ2 so that:

r̂0 = σ

√
3− F0

2 , ζ(r̂0) = 2F0

6−F0
, (4.73)

which tell us that the value of δ̃(r0) will depend both on Z and σ. Meanwhile,
the scale r̂m =

√
2σ which gives C(r̂m) = 8Z(1 − Z/e)/8e, telling that this latter

quantity depends only on Z. The numerical simulations give the critical values of
δ̃c ' 0.55, Z ' 0.8 and C ' 0.55. Altough technically more difficult, this way of
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inputting the profile using ζ it is more convenient for relating the perturbation to
the power spectrum Pζ from inflation; even though this possibility has been scarcely
explored in the literature [100].

Threshold during Phase Transitions

Along the cosmic history, especially during the radiation-dominated epoch the uni-
verse could have gone along several phase transitions as it cooled down. Under
the assumption that the universe is near thermal equilibrium, one can derive the
energy density of the radiation fluid from the quantum distribution function of its
relativistic particle [27]:

ρ(T ) = g∗(T )π
2

30T
4, (4.74)

where T is the temperature of the radiation fluid and g∗ the effective number of
degrees of freedom, which is the sum of the statistical weights of the fermionic and
bosonic relativistic species composing the fluid.
When the temperature falls below the mass scale of a specific specie of particles,
these decouple from the radiation fluid becoming non-relativistic and annihilating
with their antiparticles, thus reducing g∗(T ). As the equation of state gets modified
during the phase transition, the conditions for the formation of PBHs may differ
from the purely radiation domination case. In light of this, it can be useful to
understand how the critical parameters are affected around the turning points. In
this analysis, we will consider PBH formation during two kind of phase transition:
first order phase transitions—following the papers from Jedamzik [103], Cardall and
Fuller [104] and Soubrinho [105]—and a crossover transition—following [106] and
[107].

First-order Phase Transitions

First order phase transitions are characterized by the existence of a critical temper-
ature T?, above and below which the system is in a high- and low-energy density
state. When the critical temperature is reached, at some time t−, the two phases
will coexist in an intermediate phase. The pressure will vary continuously with a
discontinuous slope, the two phases exchange latent heat at expenses of an entropy
variation, while temperature is kept constant as parts of one phase turn into the
other until the transition is completed, at some time t+.

In the course of the transition, if the interaction rate of interested specie with the
radiation fluid is larger than the Hubble expansion rate, Γ/H � 1 then the transi-
tion proceed with the formation of sub-Hubble bubbles and thermal and chemical
equilibrium are approximately maintained [105]. In order for bubble to form the
high-energy density phase must have some excess energy, as if it lays in a false
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vacuum. Consequently, we can write [103]:

ρh(T ) = gh
π2

30T
4 +B, ph(T ) = gh

π2

90T
4 −B, sh(T ) = 4

3gh
π2

30T
3,

ρl(T ) = gl
π2

30T
4, pl(T ) = ρl

3 , sl(T ) = 4
3gl

π2

30T
3,

(4.75)

where B is the energy of the vacuum in the high-energy density phase, and s the
entropy density. At the transition temperature, we have ph(T?) = pl(T?), which we
can use to derive the energy of the vacuum:

B = 1
3
π2

30(gh − gl)T 4
? . (4.76)

The latent heat is given by L = T?
∂
∂ T

(ph − pl)|T? = T?(sh − sl) = ρh − ρl = 4B.
Conservation of entropy, sh = sl + L/T?, allows us to relate the scale factors at
the beginning and the end of the transition to the effective degrees of freedom:
ā(t+)/ā(t−) = (gh/gl)1/3. Energy density suffers a discontinuity from the interior to
the exterior of a bubble, but we can assume that the average energy density changes
continuously from ρ̄− to ρ̄+ accordingly to the volume fraction of space in one phase,
is given by [103]:

〈ρ̄〉(t) =
(
a(t−)
a(t)

)3(
ρh + ρl

3

)
− ρl

3 = π2

90

[
4gh

(
a(ti)
a(t)

)3

− gl
]
T 4
? , (4.77)

and it term of it we can define the effective sound speed: cs,eff =
√
∂ p/ ∂〈ρ〉10.

Bubble formation disrupts the propagation of acoustic waves; consequently, the
effective sound speed drops to zero for wavelengths larger than the bubble typical
size [109], and so sub-horizon overdense modes grow larger because the pressure
gradients are largely suppressed.

The most direct consequence of the freezing of the speed of sound is a reduction of
the Jeans Radius for overdensities re-entering the Hubble scale close to the phase
transition. This means not that it drops to zero because the interior of the bubbles
still behaves as a radiation fluid; but Cardall and Fuller [104] suggested it assumes
an effective value, with repercussion on δc:

RJ,eff = RJ

√
1− f ⇒ δc,eff = δc(1− f), (4.78)

where f is a qualitative parameter describing the fraction of overdense volume spent
in the "dust-like" phase.
To evaluate this parameter, it is convenient to introduce x = 〈ρ̄〉0/ρ̄− and y =
ρ̄−/ρ̄+; where 〈ρ̄0〉 is the average energy density of the background at the time the
overdensity re-enters the Hubble scale, ρ̄(i,f) are the background energy densities

10The derivative is more easily evaluated as: ∂〈ρ〉
∂ p = fh

∂ ρh
∂ p + (1− fh)∂ ρl

∂ p + (ρh − ρl)∂ fh
∂ p , where

fh is the fraction of fluid in the high phase [108]
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at the onset and offset of the phase transition [104]. The x parameter acts like a
clock adjusted so that when it reaches unity the phase transition begins and stops
when x = y−1. The average density contrast is evaluated at time of reentry t0 and
at turnover time tm. Based on the comparison of these two scales with the phase
transition times, using (4.4) and (2.15), it is possible to relate the perturbed scale
factor at turnaround time with the perturbed scale factor at Hubble re-entry:

am = a0

(1 + δ0

δ0

)1/2
. (4.79)

According to the phase in which the horizon-crossing time and the turn-around time
fall, in [104], six classes of perturbations are distinguished:

A: both t0 and tm in the high-energy phase.
These are characterized by two conditions: xδ0 > 1 − x for the constraint
t0 < t−, and xδ2

0 > (1 + δ0) imposing tm < t−.

B: t0 in the high-energy phase and tm in the mixed phase.
These are characterized by three conditions: xδ0 > 1− x, xδ2

0 < (1 + δ0) and
yδ3

0 > (1 + δ0)3/2x3/2 telling that tm < t+.

C: t0 in the high- and tm in the low-energy phase phase.
These are characterized the conditions: xδ0 > 1− x and yδ3

0 < (1 + δ0)3/2x3/2.

D: both t0 and tm in the mixed phase.
These are characterized by three conditions: xδ0 < 1−x, yδ3

0 > (1 + δ0)3/2x3/2

and xyδ0 > 1− xy which states that t0 < t+.

E: t0 in the mixed phase and tm in the low-energy phase.
These are characterized by the conditions: δ0 < x−1 − 1, yδ3

0 < (1 + δ0)3/2x3/2

and xyδ0 > 1− xy.

F: both t0 and tm in the low-energy phase phase.
Simply characterized by xyδ0 < 1− xy.

Let us denote ai and af the perturbed scale factors of the overdensity when it first
and last perceive the phase transition. Therefore, under the simplifying assumption
that the collapse happens at turnaround, the fraction of volume spent during the
softened epoch is given by [104]:

f =
a 3
f − a 3

i

a 3
m

. (4.80)

Now, for type A perturbation f = 0 because they are never affected by the phase
transition. Type B have a0 < a− = ai and af = am. For type C, a0 < a− = ai and
af = a+. Type D have a0 > a− = ai and af = am, but since their region lays always
on top of the regions for perturbation of type C and D, they are not constrained
from below, but in principle they could be constrained from above against type II
PBHs even if this has not been analyzed in the literature. Type E have a0 > a− = ai
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Figure 4.7. The gray lines show the boundaries between various perturbation types in
proximity of the phase transition. The solid coloured lines give the effective threshold
for the formation of type I PBH in the CMC(orange) and comoving(blue) gauses, while
the dashed line give the threshold type II as unaffected by the transition; y is chosen
to be 10, which corresponds to a duration of 2.3 e-folds.

and af = a+, and, finally, type F have a− = ai and a0 > af = a+. In the following
table, we summarize the form of f with respect to the x, y, δ0 parameters which
can be obtained through Friedman equations for a two-FLRW universes model:

A B C E F

f 0 1− x3/2δ3
0

(1+δ0)3/2
x3/4δ

3/2
0

y1/2(1+δ0)3/4 (y − 1) (xy)1/2δ
3/2
0

1+δ0 (1− y−1) (xy)3/4δ
3/2
0

(1+δ0)3/4 (1− y−1)

In this form, f is given in terms of the initial size of a perturbation and the x
parameter, so it cannot be used directly the equation of the effective critical density
contrast (4.78). To obtain the exact form one need to solve:δc,eff = δc(1− f(δ0))

δc,eff = δ0
, (4.81)

which give us a non-analytical bound for perturbation types C and F, as shown
in Figure (4.7). One feature of the threshold near a first-order phase transition is
the curve lose its monotonic behaviour and bends back. This can be understood
as follows: fluctuations that re-enters the Hubble scale with a initial overdensity
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between the crest and the critical threshold for radiation epoch are too heavy and
reach turnaround before the onset of the phase transition and disperse back into
background. The most significantly affected perturbation types that could then
collapse into PBHs are of type B and C; type F are affected the slightest, and δc,eff
rapidly tends to δc of a radiation dominated epoch again.

The speculation that the this kind of phase transition might have led to the gener-
ation of PBHs11 in the QCD-phase transition was first proposed by Crawford and
Schramm [110], but lattice QCD simulations later confirmed that QCD-transition
happened as a crossover [107]. Nonetheless, the possibility that first order phase
transitions might still have occurred at the end of EW-epoch has not been ruled out
yet[105](for example in the scenario of an heavy Higgs) and it being first-order is
paramount for having electroweak baryogenesis [111].

Crossover phase transitions
During a crossover phase transition the thermodynamics quantities varies without
incurring any discontinuities. This seems to be the case for the QCD-phase transition
in the early universe, which shall be the focal point of our discussion. Even though
a smooth transition lack a net separation between two phases, it is still possible
to introduce a critical temperature T? ' 170MeV and a range ∆T in which the
transition take place, which can be chosen to be ∆T = 0.1T?12, so that now t− and
t+ are now times associated with the epoch when the background had a temperature
T (t−) = T + ∆T and T (t+) = T −∆T . In this light, the thermodynamic quantities
(4.75) are still defined far from T?. The high phase will be the phase in which the
universe was in a state of plasma of quarks and gluons, and in the low phase quark
and gluons condensed in the form of an hadron-plasma.

To model a continuous variation in entropy, one can use a resolution of the step
function [112] and write:

s(T ) = 2π2

45 glT
3
[
1 + 1

2
gh − gl

gl

(
1 + tanh

(
T − T?

∆T

))]
. (4.82)

The speed of sound now will be a function of temperature, as such can be derived
as follows:

c2
s(T ) = ∂ p

∂〈ρ〉
= ∂ p

∂ T

∂ T

∂〈ρ〉
= s

(
T
∂ s

∂ T

)−1
=
(
∂ lnS
∂ lnT

)−1

, (4.83)

where we used the thermodynamics relations s = ∂ p
∂ T

and CV = ∂〈ρ〉
∂ T

= T ∂ s
∂ T

. During
the transitions, the speed of sound reduces its value instead of dropping to zero. As
a consequence, the equation of state gets softened in a similar fashion to first order

11Phase transitions do not generate the seeds for PBHs themselves; instead, an higher formation
rate is obtained by reinforcing seeds that would have been too weak to collapse otherwise.

12First order phase transition result should be recovered in the limit ∆T → 0 [106].
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phase transitions.
Following the treatment on first order phase transitions, we assume that PBHs form
at turnaround and define an effective Jeans radius in the same way as equation
(4.78) but we only need to generalize the definition of f , the volume fraction spent
in the softened state. Sobrinho et al. [106] introduced the following expression:

f = 1
a3
m

∫ am

ai

c̃s − cs(T )
c̃s

d a3, (4.84)

where c̃s = 1/3 is the speed of sound far from the transition. Then, using (4.79)
in conjuction with the fact that during a radiation epoch a ∝ t1/2, allow them13 to
connect the cosmic time of re-entry and turnaround:

tm = t0
1 + δ0

δ0
. (4.85)

Next, they express the temperature as a function of cosmic time by stacking back-
ward the evolution of background scale factor:

T (t) = T0

 exp
(√

Λ
3 (tΛ − tnow)

)(
teq

tΛ

)2/3( t

teq

)1/2
−1

, (4.86)

where T0 is present time CMB temperature, tnow present time, tΛ the time of matter-
vacuum equality and teq the time of matter-radiation equality. Putting (4.79), (4.85)
and (4.86) into (4.84), one can write:

f = 3
2

(
t0

1 + δ0

δ0

)−3/2 ∫ t0
1+δ0
δ0

ti
(1− 3cs(T (t)))

√
tdt. (4.87)

From this formula, using (4.81) a non-analytical bound can be obtained as shown
in figure (4.8).

The result, based on the use of formulas outside their regime and the stacking of
scale factors, is numerically sensitive to six parameters from the cosmic epochs as
such weak against their variation, still, it can be praised for its exploratory outlook
into a plausible scenario of PBH formation
Another way to deal with these transitions has been implemented by Byrnes et
al. [107]. As the thermodynamic quantities varies smoothly in a crossover, we can
replace the discontinuous quantity g with two quantities geff(T ) and heff(T ). Then,
starting from the form of quantities in (4.75), can be defined as:

geff(T ) = 30ρ̄(T )
π2T 4 , heff(T ) = 45ρ̄(T )

2π2T 3 . (4.88)

Using the thermodynamic relation linking pressure, energy and entropy densities,
p̄ = s̄T − ρ̄, the adiabatic index can be expressed as a function of the temperature:

w(T ) = 4heff(T )
3geff(T ) − 1, (4.89)

13This dependence actually applies only for the background scale factor as according to (4.6) the
perturbed scale as a profile of the type a(τ) = am sin(arccos(1− τ/am)).
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Figure 4.8. The softened critical density contrast found in [106]. Their notation differs
from ours in δk ≡ δ0, tk ≡ t0, t1t− and t2 ≡ t+.

from which one can obtain the effective speed of sound as a function of the temper-
ature:

c2
s,eff(T ) = 4

3
Theff,T (T ) + 4heff(T )
Tgeff,T (T ) + 4geff(T ) − 1. (4.90)

In [107], the numerical result of a lattice QCD study [113] is interpolate with a spline
to calculate geff and heff and obtain the profiles of w and c2

s, shown in figure (4.9) as
a function of the time expressed in terms of the Hubble mass through the following
relation:

MH(T ) ≈ 1.5× 105M�

(
T

1MeV

)−2( geff

10.75

)−1/2
. (4.91)

Next, four possible thresholds for the density contrast are provided using the value
of the adiabatic parameter at Hubble crossing time, at turnaround and two time
averages [107]:

δc,eff = 1
tm − t0

∫ tm

t0
δc(w(T ))dt,

δc,eff = 1
ln(tm/t0)

∫ tm

t0
δc(w(T ))dt

t
, (4.92)

under the assumption that PBHs form once turnaround is reached. Nonetheless,
they do not specify which relation they used for δc(w) but refer to the paper of
Musco and Miller [90] which only provides some numerical result of the dependence
of the threshold in terms of w.
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Figure 4.9. On top the adiabatic parameter w and the speed of sound c2
s as plotted

by a spline interpolation in [107] of the data points(blue dots) generated by numerical
lattice QCD simulations [113]. On the right the reduction of the threshold obtained
with 4 different methods is compared to the numerical result of δc for a radiation
dominated universe [90].

Ellipsoidal collapse
The critical thresholds we presented up to now were based on the assumption of
spherical collapse. Spherical symmetry is a convenient assumption to simplify the
calculation and to give a first-order approximation to investigate situations in which
departures from sphericity are small or which recover it along the course of collapse.
Nonetheless, since the universe is abundant with non-spherical configurations, to
draw better conclusions on the formation of PBHs it might be useful to have a bet-
ter understanding how the collapse is modified in configurations lacking this high
degree of symmetry. The ellipsoidal configurations represent the simplest compro-
mise between symmetry and more complexity. Inspired by a result conducted on the
ellipsoidal gravitational collapse of galaxy haloes in an Einstein-de Sitter spacetime14
[114], which relates the threshold of an ellipsoidal distribution to the threshold of a
spherical one:

δec
δe
' 1 + κ

(
σ2

δ2

)γ
, (4.93)

Kühnel and Sandstad [115] advanced the argument that the same result holds for
the case of PBHs in a arbitrary epoch.

To start with, we consider a ellipsoidal overdensity which is characterized by three
axis parameters a ≤ b ≤ c, which can be thought as the eigenvalues of the defor-
mation tensor. We use them to define the ellipticity e and the prolateness of the
configuration as follows [115]:

e = b2(c2 − a2)
2(a2b2 + a2c2 + b2c2) , P = a2b2 + c2(b2 − 2a2)

2(a2b2 + a2c2 + b2c2) , (4.94)

where 0 < e ≤ 1 and |P | ≤ e. Maximal prolateness, P = e, is obtained with
two equal small axes and a major one when b = a; maximal oblateness, P = −e,

14A matter-dominated universe with vanishing spatial curvature and cosmological constant.
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is obtained for two equal large axes and one small axis when b = c. Finally, we
can reduce back to a spherical scenario setting c = a, corresponding to e = 0.
The smallest axis is the first that start the collapse, and longer axes will follow
the collapse with a faster that linear dependence [116]. For this reason, ellipsoidal
collapse can be compared with the collapse of the largest sphere embedded, with a
radius equal to the smallest axis. The volume of the ellipsoid is related so to the
sphere’s volume by Ve/Vs = (1+3e)/

√
1− 3e; thus, under the assumption of uniform

energy density inside both objects, the masses scale as Me = MsVe/Vs. As a result,
the density contrast of the sphere δ(Ms) will be smaller by a factor δ(Me −Ms).
Referring Carr’s paper, they used that density contrast scales a δ(M) ∼ M2/315.
Therefore, comparing the critical density contrast of the sphere with the one of the
ellipsoid, to the lowest order in ellipticity, one obtains:

δec
δc

(
Me

Ms

)2/3
' 1 + 3e. (4.95)

Then considering a statistical Gaussian distribution of ellipsoidal overdensities of
different shapes, from their power spectrum it can be calculated that the expectation
values for ellipticity and prolateness read as [116]:

〈e〉 = 3σ√
10πδ

, 〈p〉 = 0. (4.96)

Using these values in (4.95), a relation in the same form of (4.93) was obtained in
[115]:

δec
δc
' 1 + 9√

10π

(
σ2

δ2
c

)1/2
. (4.97)

The derivation is admittedly heuristic, but served their purpose to show that inde-
pendently form the epoch of formation taking into account non-sphericity should
hinder the formation of primordial black holes16 and that this effect could be sub-
stantial. Interestingly, this can be used as argument for PBHs forming in a early
matter era [117], where the Jeans criterion considerably lowers the spherical thresh-
old, which to actually collapse need to have a shape very close the spherical; thus,
lowering the probability of their formation based on the unlikeliness for such config-
urations to occur.

15However, in Carr’s paper, the behaviour of the density contrast actually goes like δ(M) M2/3,
and also later in their paper equation (6) as the same behaviour.

16Unfortunately, following the same line of reasoning with the actual dependence M−2/3 leads
to the opposite conclusion, that the ellipsoidal threshold is lowered. However, this result is coun-
terintuitive and contrary to same behaviour in halos.
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Chapter 5

Abundance of Primordial Black Holes and
constraints

Our hopes and expectations
black holes and revelations.

The Muse, "Starlight"

In the previous chapter, we inspected how various thresholds in the density contrast
that lead to formation of PBHs when the density fluctuations re-enter the Hubble
scale after inflation. The focus of this chapter is going to be on the relative abun-
dance of a population of PBHs in the universe. This argument is strictly linked
with the possibility that PBHs might constitute at least a fraction of the measured
dark matter content of today universe, and can be used as a potential probe for
constraining the Physics on small cosmological scales in the Early universe. In this
sense, the most appealing feature of PBHs as a way to infer small scale characteristic
of the universe is that it does not require their actual observation; indeed, the lack
of PBH formation give us an upper bound on the spectrum of primordial density
fluctuations and so it provides other cosmological models with guidelines that would
help better constraints their form and feasibility.

The primordial black hole abundance function
In order to understand how to compute the abundance of primordial black holes and
why it is useful, it might be convenient to summurized the picture and the assump-
tions attached to the emergence of seeds for PBHs. The genesis of the grains that
are going to constitute the black holes stems from the generation of fluctuations
in the vacuum of field—or fields—during the inflationary epoch. The assumption
for these fluctuations is that they have a Gaussian statistics [118], and since space-
time is dilated by the quasi-exponential expansion, the fluctuations, through back-
reaction, induce perturbations in the metric. The physical Hubble scale H̄−1 stays
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approximately constant during this epoch, while the comoving Hubble scale (āH̄)−1

decreases so that perturbations grow and get stretched until they exit the Hubble
scale. If the nature of these fluctuations is adiabatic, they eventually stop evolving
far out of the Hubble scale, where their evolution gets frozen(cf. 3.28). Since the
duration of inflation lasts for an high number of efolds(∼ 50 − 65), the range of
perturbations having exited the Hubble sphere spans several orders of magnitude.
Once the inflationary epoch ends, it is followed by a reheating phase during which
the energy of the inflaton field is transferred to the other fields—or directly into the
radiation epoch. Irrespectively of which came first, the cosmic time is chosen in a
way that at the onset of the radiation era it ticks η = 0. At this point, the physical
Hubble scale grows quadratically in the scale factor and perturbations modes out-
side the Hubble scale progressively re-enters according to their physical wavenumber
k/ā.

In order to describe the perturbations, we have two fields of choice: the primor-
dial density perturbation ζ and the density contrast δ; briefly, we will see that this
leads us to a two ways of calculating the abundance, which it has been only recently
pointed out in the literature [119]. Nonetheless, within theseparate universe approx-
imation in the gradient expansion framework, we derived a relation between the two
quantities in equation (4.60), which can be linearized to relates their respective
modes as follows:

δk(t) = 2(1 + w)
5 + 3w

(
k

ā(t)H̄(t)

)2

ζk, (5.1)

which becomes particularly simple at the time of horizon crossing of a specific mode,
when k/(āH̄) = 1. Therefore, if the perturbation’s amplitude exceeds a certain
threshold value at the time of re-entry, a PBH will inevitably form with a fraction
of the horizon massMPBH = γMH , being γ the efficiency factor that depends on the
details of the collapse.

After the formation, the mass of PBH contributes to increase the fraction of dark
matter content of the universe. Naturally, the nature of dark matter is still undeter-
mined at present day and so it is the speculative nature of primordial black holes,
meaning that we still lack satisfactory evidence of their existence. Despite that, in
order to seek for connections with potential observables, it is necessary to study
their abundance and link it with available models.
To begin with, assuming that all the PBHs form in the radiation epoch—and that
the mass spectrum is monocromatic—meaning that they all form with the same
fraction γ—we can introduce the abundance function as follows [120]:

β(MPBH) = ρPHB(t∗)
ρtot(t∗)

= MPBH nPBH(t∗)
ρtot(t∗)

, (5.2)

where nPBH is the number density of such black holes, and the whole expression is
defined at the time of PBH formation t∗. This function has to be small at all the
time during radiation domination, β < 0.5; otherwise, the fraction of PBHs would
come to become the dominant component of the universe. This should be intended
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as a conservative estimation of the abundance at a specific value of MPBH, and we
will later discuss how it gets modified in the case of an extended mass spectrum.

The abundance function actually corresponds to the density parameter ΩPBH, but
it is convenient to maintain a distinction between the two functions. For instance,in
the case of formation at radiation domination epoch, since the PBHs fluid can be
assumed to behave as an ideal fluid of dust particles, the density parameter will grow
with respect to the background density parameter until the time of matter-radiation
equality. This is easily understood because the former goes down according to ā−3

and the latter as ā−4, then the expansion of the universe boost the density parameter
during this era:

ΩPBH(teq) = βeq(M) ≈ aeq

a∗
β(MPBH)Ωrad(teq), (5.3)

which is derived under the assumption ρtot ≈ ρrad that becomes increasingly inexact
as we approach teq because, at that time, one should have ρtot = ρrad + ρmat with
ρrad = ρmat

1; thus this should be considered a conservative approximation, as well.

If one drops the assumption of monocromaticity, then the mass fraction of the uni-
verse in the form of black holes should be given by the cumulative of the abundance
[121]:

ΩPBH =
∫ M(teq)

M(t∗)

dM
M

βeq(M). (5.4)

This effect it will not be present in the following epoch, since the background goes
as matter as well, so we can write ΩPBH,0 = ΩPBH(teq)/(1 + zeq)3 and introduce the
current PBH to dark matter ratio as follows [120]:

f = ΩPBH,0

ΩCDM,0
, (5.5)

this quantity will come in handy in discussing the observational constraints.

Press-Schechter Formalism versus Peak Theory

The evaluation of the PBH abundance requires to evaluate the number density of
the fraction of the universe in which either δ or ζ is above the critical value; to do
so, one can resort to two different methods:

• Press-Schechter formalism [122] which derives the abundancy of PBHs by tot-
ting up their probability of formation,

• Peak theory [123] which derives the number of peaks of a gaussian random
fields, based of their statistical properties.

1Moreover, we have to keep in mind that ρmat ≈ ρbarions + ρCDM and that ΩPBH is itself a
fraction of ΩCDM .
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The Press-Schechter formalism was originally proposed to study the formation of
large structures like galaxies and clusters, under the process of self-similar collapse.
The self-similarity entails the phenomenon of a bottom up condensation of struc-
tures where the random aggregation of perturbations of smaller scales acts like point
source for large scale ones. This is attained through coarse-graining, once a smooth-
ing scale R is chosen, the density contrast is smoothed by convolution with a window
function [124]:

δR(r, t) =
∫

d3 r′ W (R, r − r′)δ(r′, t) = 1
(2π)3

∑
k

∫
d3 kW̃ (k,R)δk(t)e−ik·r, (5.6)

where, for PBH settings, the scale is usually chosen to be the Hubble scale, R =
(āH̄)−1, and the density contrast is taken to be in comoving gauge [124]. Two
choices are often made for the window function, a top-hat or a gaussian profile; we
are going to choose W̃ (k, 1/H̄) = exp(−k2/2ā2H̄2) following [119], [125]. Since at
time of reentry, the relation (5.1) between δk and ζk is given by a simple numerical
proportionality, the choice of the smoothing scale makes so that the gaussian statis-
tics of the curvature perturbation modes is transferred transitively to the smoothed
density contrast. As a result, assuming Gaussian statistics for δ, we can write the
probability that a smoothed region has density contrast in an infinitesimal range dδ
is given by [124]:

P (R, δ) d δ = 1√
2πσδ

exp
(
− δ2

R

2σ2
δ

)
d δ, (5.7)

where the variance of the cross-grained density contrast field reads as :

σ2
δ =

∫ ∞
0

d k
k
W̃ 2(k,R)Pδ(k). (5.8)

Thence, integrating the probability over the allowed range for the formation of PBHs,
give us directly the abundancy of PBHs [124]:

β = 2
∫ δmax

δc
P (R, δ) d δ, (5.9)

where the factor 2 is a correction taking into account wrong counting of embedded
underdense in overdense regions2. If we assume that σδ � δc, motivated by the fact
that the PBHs must be scarce, the abundance formula can be expressed as:

β ≈ 2√
2πσδ

∫ ∞
δc

exp
(
− δ2

R

2σ2
δ

)
d δ = Erfc

(
− δc√

2σδ

)
≈
√

2
π

σδ
δc

exp
(
− δ2

R

2σ2
δ

)
, (5.10)

where the last approximation derives from the asymptotic expansion of the comple-
mentary error function: Erfc(x) = 1− Erf(x).

As we saw, the use of the Press-Schechter formalism considers the average of the
density contrast field, and sum its probability for values above the threshold for

2This problem is also known as cloud-in-cloud problem and it has been discussed in [126], [127].
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the formation of the black hole, which is a quantity that was actually defined for
the unsmoothed density contrast field. Motivated by the desire of improving this
calculation and to link the abundance to the primordial curvature perturbation field,
the Peak Theory was applied to the context of PBHs [119]. In addition, peaks in the
density contrast field might not corresponds to peaks in the curvature perturbation
field [101]. We begin by smoothing the curvature perturbation field within the
Hubble scale, with the same window function used earlier:

ζ(R = 1/H̄, r) =
∫

d3 r′ W (R, r − r′)ζ(r′) (5.11)

which can be expanded in Taylor-series around a point r0 as follows:

ζ(R, r) ' ζ0(r0) + (∇i ζ0)(r− r0)i + 1
2(∇i∇j ζ0)(r− r0)i(r− r0)j, (5.12)

where the short-hand ζ0 = ζ(R, r0) has been adopted. The coarse-grained field can
be considered gaussian [101] because the primordial curvature perturbations where
generated by the inflationary bubbling of vacuum; thus, it makes sense to define its
variance and higher-order statistical momenta:

σ2
ζ (R) =

∫ d k
k
W̃ 2(k,R)Pζ(k),

σ2
q (R) = 1

σ2
ζ

∫ d k
k
k2qW̃ 2(k,R)Pζ(k),

(5.13)

where the 0th momentum is normalized to be just 1. In proximity of a peak of ζ,
the first order derivatives in equation (5.12) vanish, and the hessian matrix ζij =
∇i∇j ζ̃0 is negative defined, so, in particular, it is invertible. We can use this to
write the gradient of the field and define the position of the peaks [123]:

ηi(r) ≡ ∇i ζ̃(r) '
∑
p

ζij(r− rp)j ⇒ r− rp ' ζ−1(rp) · η(r). (5.14)

In order to describe the peaks, the quantity ν = ζ̃0/σζ is introduced [101], which
acquires a critical threshold νc directly from ζc; distinguishing regions that collapse
into black hole from overdensities that disperse into the statistical background. Con-
sequently, the number density of the peaks can be written as a Dirac’s comb distri-
bution, n = ∑

p δ
(3)(r − rp) = ∑

p | det(ζ(rp))|δ(3)(η) [123]. Finally, the number of
peaks above the threshold value νc can be written as [125]:

n(νc, R) = 1
(2π)2

(
σ2

1(R)
3

)3/2
(ν2
c − 1) exp

(
− ν2

c

2

)
. (5.15)

If we assume that the power spectrum is in the form Pζ(k) = Aζ(k/kp)ns−1; plugging
it into (5.13), we get:

σζ = Aζ
2(k0R)ns−1 Γ

(
ns − 1

2

)
, σ2

1(R) = ns − 1
2R2 . (5.16)
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It follows that the abundance of PBHs in peak theory reads as [125]:

β(νc) = (ns − 1)3/2

4(33π)1/2 ν2
c exp

(
− ν2

c

2

)
≈ (ns − 1)3/2

4(33π)1/2
ζ2
c

σ2
ζ

exp
(
− ζ2

c

2σ2
ζ

)
= β(ζc), (5.17)

where the dependence on the smoothing disappears because we chose it to the same
as the re-enter scale of the perturbation, and we approximated ζc(R) ≈ ζc.

It should be emphasized that the two methods of Press-Schechter and Peak Theory
do not agree. It has been advocated [119] that for abundances above ΩPBH ∼
10−20 the two are in good agreement. On the other hand, another study [125]
have argued that such result included a mistake, and presented calculation should
modified by taking into account the peaks in the density contrast. This would affect
the calculation in the point of statistical momenta after having specified the power
spectrum:

σζ = 4(1 + w)2

(5 + 3w)2
Aζ

2(k0R)ns−1 Γ
(
ns + 3

2

)
, σ2

1(R) = ns + 3
2R2 (5.18)

Therefore, the abundance of PBHs obtained from the peaks in the density contrast
field:

β(δc) = (ns − 1)3/2

4(33π)1/2
δ2
c

σ2
δ

exp
(
− δ2

c

2σ2
δ

)
. (5.19)

Nonetheless, the assumption that the density contrast field acquires gaussianity
from the linearized equation (5.1) has been challenged as being too simplistic, and
if instead one consider the non-linear relation (4.60) then the density contrast will
be inevitably non-gaussian and this kind of non-gaussianity reduces the abundance
of PBHs [128].

As a final remark, we have worked under the assumption that primordial black holes
form mostly in the radiation era; this assumption can be justified a posteriori by
taking the result from the Pres-Schechter formalism. In line of principle, perturba-
tions are going to re-enter the Hubble scales all the time, so in the matter dominated
epoch that follows the radiation era, as well; however, a high-value of σδ is required
for these to collapse into black holes [129]. After the time of recombination, baryonic
matter will be in the form of atoms and black holes are likely to be of stellar origin
and subdue the Chandrasekhar limit.

Time of formation, scale and e-folds
Earlier when discussing the collapse, we saw that the mass of PBHs comes as fraction
of the Hubble mass. Under the assumption that this fraction is fixed we obtain an
remarkable result that the black mass is proportional to the cosmic time. The mass
of the black hole at formation time is proportional to ρR3 at collapse time. Then,
reprising equations (4.19) and assuming that formation happens in the radiation
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epoch, H̄ = 1/2t and ρ̄ = 3/32πGt2, we can relate its mass to the time of re-entry
of the perturbation:

MPBH = 4πρR3

3 = γ
4πc3ρ̄(t0)
3H̄3(t0)

= γ
c3t0
G
≈ 7.76

(
t0
1s

)
1034g ≈ 3.9

(
t0
1s

)
104M� (5.20)

where the speed of light was temporarily restored for clarity. In the last formula,
we used the used the value γ = 3−3/2 for the efficiency factor, as it is frequently
done in the literature [130]. This factor is estimated collecting the proportionality
of the black hole mass to the Hubble mass. In the case of Carr’s model then the
proportionality is given by (1 + δ(t∗)δ(t0)−3/2), and δ0 has a limited range for the
formation to happen—cf. equation (4.10)—so we can use its lowest value w. Critical
collapse hints that the efficiency factor could be as low as zero, still, because of the
power law dependence (δ(t∗)− δc)γc , low values of the mass require some fine tuning
for δ(t∗), being at a fraction O(1) most of the time.

If we assume that the entropy of the universe is conserved between the time of
formation and the matter-radiation equality, then the energy density evolves as
ρ̄ ∝ g−1/3ā−4 [131]—being g is the effective number of relativistic degrees of freedom
of the radiation fluid. Following this proportionality, together with the fact that
āH̄ ∝ ā−1 in the radiation epoch, we can rewrite equation(5.20) as follows [132]:

MPBH = γ
(
keq

k0

)2(geq

g0

)1/3
MH,eq, (5.21)

where keq is the comoving wavenumber at equality. In such a way, we have related
the mass of the PBH to the Hubble mass at teq, and transferred the dependence on
time on the ratio between the re-entry scale and the matter-radiation equality scale.
This is quite convenient as we can use the observed cosmological parameters [23] to
get:

Meq = 4π
3 2ρ̄rad,eqH̄

−3
eq = 8π

3
ρ̄rad,0

k3
eqāeq

, (5.22)

taking keq = 0.07Ωmh
2Mpc−1, Ωmh

2 = 0.14314, Ωrad,0h
2 = 4.17 × 10−5 and aeq '

3441, we obtain3 Meq ' 7× 1050g. Finally, we can use this to work out the scale of
re-entry for the collapsing perturbations:

k0

Mpc−1 = 2.65× 1023
(
g0

3.36

)1/6
γ−1/2

( 1g
MPBH

)1/2
, (5.23)

for reference geq = 3.36, and its maximum according to SM particles is g = 106.75.
Notably, the mass to scale proportionality isMpbh ∝ k−2 during radiation epoch. As
candidates for dark matter, PBHs must have a mass larger than 1015g at formation;
this corresponds to scales smaller than k ∼ 1022Mpc−1.

Alternatively, we can use the time-dependence of the mass on the cosmic time to
draw a link with the time the seeds where generated during the inflationary epoch.

3We worked under the assumption of 3 massless species of neutrinos.
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Figure 5.1. The mass of a PBH as a function of e-fold number neglecting reheating.
For it we have approximated HN ≈ Hend, as the Hubble parameter is approximately
constant during inflation, and used the upper bound Hend < 2.7 × 10−5Mp set by
the Planck collaboration [32]. The dotted and dashed lines serve as a reference for
an easier reading of the e-folds corresponding to the solar mass and the critical mass
distinguishing evaporated from non-evaporated PBHs respectively.

The point is that one the curvature perturbation where generated and stretched
beyond the Hubble scale, they remain constant. Consequently, we can associate the
physical radius of the curvature perturbation at time of re-entry with a comoving
wavenumber R0 = ā(t0)k−0 1. This wavenumber exited the Hubble scale during
inflation some N e-folds before the end of inflation, at which time k0 = āNH̄N =
e−NHN , being HN the Hubble parameter at that time. If we follow [133] and take
the radiation-dominated era to follow inflation, then using the evolution of the scale
factor,one can write:

ā(t) =
(

t

tend

)1/2
=
√

2Hendt (5.24)

where the subscript end stands for the quantities being evaluated at the end of
inflation. It follows that cosmic time of re-entry and black hole mass can be written
as:

t0 = H̄ende
2N

2H̄2
N

≈ e2N

2H̄end

, ⇒ MPBH = γ
H̄ende

2N

2H̄2
NG

≈ γ
4πM2

p

Hend
e2N , (5.25)

where the approximation used the fact that the Hubble parameter is approximately
constant during inflation. If a period of reheating sits in between inflation and the
radiation epoch, the evolution of the scale factor must be modified:

ā(t) =
(
t

trh

) 1
2
(
trh
tend

) 2
3(1+w)

= H̄
2

3(1+w)
end H̄

− 1−3w
6(1+w)

rh
√

2t, (5.26)
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Figure 5.2. In the picture, taken from [134], constraints on the power spectrum are
shown for different scales. The Strongest constraints are given by CMB and LSS on
the left; whereas, the weakest constraints come from the lack of observations of PBHs
on the right.

where now we introduced the time of the end of reheating and its associated Hubble
parameter, and w is now the adiabatic parameter of the reheating epoch. The
latter expression has the same form of (5.24), so we obtain the same result upon
substitution of H̄end → H̄

4/3(1+w)
end /H̄

(1−3w)/3(1+w)
rh . The PBH mass is affected as

follows:

MPBH = γ
H̄

4/3(1+w)
end e2N

2GH̄2
NH̄

(1−3w)/3(1+w)
rh

≈ 4πγM2
p

(
H̄−2−3w

end

H̄ 1−3w
rh

)1/3(1+w)

e2N . (5.27)

hence evincing that the mass could be sensitive to the reheating phase.

As a result, the mass of primordial black holes could be related to cosmic time
and the e-folds at which various modes of curvature perturbation exited the Hubble
scale. For this reason, if ever observed, such black holes could allow to probe specific
times of the inflationary period. The observations of Cosmic Microwave Background
and Large Scale Structure also allow to probe these modes, even if the only probe
a small window on the scales of its power spectrum. In fact, they span a range
of wavenumber between 10−4Mpc−1 . k . 0.1Mpc−1, a window of about 7 e-folds
of perturbations that exited the inflation around 56 − 63 e-folds [133]. They pose
very stringent limits to the power spectrum, which seems to be in accordance with
the adiabatic, single-field, inflationary picture presented in Chapter 3 and leading
to the almost scale-invariant power spectrum of spectral index ns = 0.965 ± 0.004
and pivot scale kp = 0.005Mpc−1.At smaller scales, observations from the y- and
µ-distortions4 of CMB and observation of Ultra-Compact Mini-Haloes(UCMH) pro-

4These stand for Compton scattering of photons off electrons, that creates a non-vanishing
chemical potential(µ-) and blue-shifts the CMB’s photons(y-type).
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duce weaker constraints [134] on a window of 10−1Mpc−1 . k . 108Mpc−1 corre-
sponding to a range of 56 to 40 e-folds before the end of inflation [133]. The bound
on the density contrast that can be derived ought to be respected by the primor-
dial population of black holes, which in these two windows is strongly suppressed.
Yet, as shown in picture 5.2 there is still a ∼ 40 e-folds window leaving the density
contrast fluctuations unconstrained.

Boosting the power spectrum
Although no exact mechanism prevent black holes to form during the inflationary
epoch and some exact solutions exist for black holes in a cosmological background
(e.g. Schwarzschild-de Sitter and McVittie solutions [135]), it is generally argued
that the exponential expansion due to inflation dilutes black hole abundance to
negligible values, and so eventual black holes formed during inflation would not be
of particular interest and can be neglected in our discussion. Nonetheless, since
the power spectrum of scalar perturbations is not exactly scale invariant, there are
several mechanisms with which inflation generates the seeds for PBHs and, vice
versa, primordial black holes can be used to constrain the inflaton potential. In
order for PBHs to form the curvature perturbation’s power spectrum needs to be
enhanced from it value of 10−9 to its threshold value, this is excluded on scales
between 10−4Mpc−1 . k . 108Mpc−1. This could be attained by requiring special
modifications to the inflationary picture, which we are going to discuss briefly.

Generating peaks with single field inflation

One way to boost the power spectrum was firstly proposed by Ivanov, Naselsky and
Novikov [136] is by asking the slow-roll conditions to halt for some time at some
scale that is unconstrained by the observations. They obtained this by exploiting
that the proportionality of the curvature power spectrum(cf. 3.44) Pζ(k) ∝ 1/V 2

,φ,
so that, upon the requirement of presenting a plateau—i.e. V,φ = 0—the curvature
power spectrum develops a spike at some small e-fold number. Following this line,
other authors have proposed that the plateau could have been as well interchanged
with the simpler requirement of local extrema [137], or an inflection point [138]. In
all cases, the slow-roll conditions needs to be broken in a range somewhat larger
than the region of interest in order to guarantee smoothness of the potential; yet,
the duration of this break should not be to long, lest too many black holes are
generated.

This lead to the realization [139] that this condition alone is not sufficient, as infla-
tion might abruptly end too soon without reaching the needed number of e-folds;
thence, an additional requirement is needed: the so-called ultra-slow-roll regime.
This regime is characterized by a phase in which the slow roll ε stay small but the
slow-roll η need not to be small, so that the inflaton field enters a phase of strong
deceleration due to the almost vanishing of V,φ. In this way, it is possible to main-
tain the inflection point in the potential and have a successive long phase of ultra
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slow-roll which does not kill inflation and boost the primordial curvature spectrum
according to its duration, Pζ ∝ eNusr . The increase in the power spectrum obtained
it such way might still not be sufficient to guarantee the formation of PBHs in the
radiation era, but it could be enough to generate seeds that would collapse during
the QCD phase transition.

Two-field Inflation

An alternative mechanisms to boost the power spectrum at some smaller scale is to
introduce a second scalar field in the inflationary picture, sometimes called spectator
or waterfall in what is sometimes called hybrid inflation [132]. The inflationary
potential V (φ, ψ) is given by the sum of two fields respective potentials, which as
an example could read as:

V (φ) = V0 + 1
2m

2
φ(φ)φ2,

V (ψ) = −
√
V0κ

6 ψ2 + κ

24ψ
4,

Vint = λ

4φ
2ψ2 ⇒ V (φ, ψ) = Vφ + Vψ + Vint.

(5.28)

In such scenario, the spectator field lives in a false vacuum for most of the inflationary
epoch, without modifying the usual inflationary picture which is corroborated from
observations at large scale. The inflaton dominated the as long as φ2 >

√
(8V0κ/3λ2).

At smaller scales(smaller e-folds from the end of inflation), once the inflaton drops
below that critical value, the spectator acquire a non-zero expectation value and
comes to dominate [132]. The alternating dominance of the two fields give rise to
two period of inflation with a break in the middle, and it is during this latter period
the slow-roll conditions are allowed to be violated and the primordial curvature
perturbation are amplified [140]. One disadvantage of this kind of model is the
generation of isocurvature perturbations due to the presence of two fields, which is
disfavoured by observations at least on the CMB scale [32].

Parametric resonances

Another possibility is given by the case in which, toward the end of inflation, when
|V,φφ| � H̄2, the long wavelength component of the dominant scalar field of infla-
tion assumes an oscillatory behaviour. This might cause a resonance with either
the inflaton, by self-interaction, or the spectator field in a case of hybrid inflation,
which amplifies the small wavelength component [141]. This, in turn, results in a
magnification of the curvature perturbation on sub-Hubble scales at late e-fold num-
ber, N ∼ 3; thus making it easy for PBHs to form if inflation ends in a matter-like
reheating phase [142], sometimes referred as early matter-domination epoch. These
primordial black holes would be very light; hence, they would evaporate before Nu-
cleosynthesis and have minor observational significance.

Nonetheless, a different kind of parametric resonance has been recently proposed
[141], where the presence of a non-canonical kinetic term of the inflaton results in
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an oscillating sound speed for the curvature perturbation inside the Hubble sphere.
If we denote by k∗ the oscillation frequency, then the curvature perturbation power
spectrum would present peak at harmonic frequencies, k = 2k∗, 3k∗, ..., in addition
of its usual form. Albeit a bit contrived, such a scenario has the advantage of
producing several windows at different scales for eventual seeds of primordial black
holes without affecting particularly the scale-invariant spectrum.

Observational Constraints
We now turn to discuss the present observational constraints of PBHs. As em-
phasized earlier, PBHs are still speculative, an unobserved prediction of cosmology.
Upon formation, their mass abundance contributes to increment the total of dark
matter content of the universe. This can be understood under the assumption that
the effects due to eventual charges are negligible. Again, assuming the formation
happens in the radiation era, the largest window for the mass of black holes is given
by:

γ
(
keq

krh

)2(geq

grh

)1/3
MH,eq .MPBH . γMH,eq ∼ 1050g ≡ 1016M�, (5.29)

where we used (5.21) to determinate the extrema. The lower bound depends on the
specifics of reheating, which are still unclear and unconstrained by observations as it
involves very small scales.If one ignores the details of reheating and naively assumes
that radiation epochs follows directly after inflation, then it could conclude that the
minimal mass of black holes could be as low at zero; this prediction can be expected
to fail sooner than the Planck’s scale it is reached.

In addition, another effect should be taken into account when considering black holes
of low mass, notably their evaporation, a process discovered in 1975 by Hawking [4].
In its original derivation, he considered the quantization of a massless scalar field in
the background of a Schwarzschild spacetime and found out that black holes emit
quanta of this field with a blackbody spectrum5 with a temperature: T ∝ 1/M .
The same process was derived again with various formalisms and for massive field
of various spin [143][144][145] and it is considered a solid theoretical prediction. In
this way, black holes lose eventual charges and angular momentum by emission of
lighter quanta on a time scale smaller than they lose their mass [146].

In each case, the evaporation happens when the temperature of the black hole is
higher than that of the surrounding universe. This allows us to determine a critical
mass Mcr = 5.1 × 1014g = 2.5 ∗ 10−19M�, which can be obtained by comparing
the black hole lifetime (.22) with the age of the universe, tnow = 13.8Gyr. Black
holes lighter than ∼ 1015g will have been evaporated by present time, and constraint
can be placed on their mass spectrum by following the requirement of not having
altered the understood processes in the early universe. Heavier black holes are either
undergoing evaporation now or are so massive that this process is negligible; thus,

5Details on the derivation of the Hawking radiation can be found in the appendix.
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they are still gravitationally relevant today. In the following we are going to focus
on these two classes separately.

Constraints on evaporated Black Holes
We will now discuss the origin of some of the constraints on the mass function of
small PBHs which have evaporated in the early universe. Once again, we are going
to assume a monocromatic mass spectrum to get conservative bounds. For this
purpose, once we write the mass of the PBHs in terms of the Hubble mass, β(M)
becomes dependent on the γ and γ, which are rather uncertain, so it is convenient
to define β′(M) = γ1/2(g/106.75)=1/4β(M) in order to factor out the dependence.

The critical mass Mcr corresponds to a black hole temperature of 21MeV; con-
sequently, all particles with mass lower than this value will be produced by the
evaporation. The spectrum of injected particles will have to components: a primary
component which create the particle directly, and a secondary component made by
the decay and hadronization of primary component. The spectrum of secondary
photons emitted is peaked at mπ0/2 ≈ 68MeV independently of the mass of a black
hole due to the decay of soft pions [144], black holes less massive than this tem-
perature will have the photon emission dominated by secondary component. These
can be used for the constraints coming from the observation of x- and γ−ray back-
ground. The total spectrum of photons emitted from primordial is peaked at Mcr

because photons from black holes with M > Mcr are at lower temperatures because
the secondary emission is hindered; whereas photons from M < Mcr have lower
energy because they get redshifted. This correspond to a sharp discontinuity at Mcr
that it is transferred to a discontinuity in the upper bound of β′ [120]:

β′(M) <

3× 10−27(M/Mcr)−5/2−2ε M < Mcr,

4× 10−26(M/Mcr)7/2+ε M > Mcr,
(5.30)

where ε is a parameter that depends on the observations and fluctuate between 0.1
and 0.4. The discontinuity is a consequence of the requirement of monocromatic
mass spectrum for the primordial black holes and it is expected to be smoothed
in a more realistic scenario in which mass are spread [120]. Moreover, if PBHs
are clustered into the galactic bulge, instead of being uniformly distributed in the
universe, we can also use the galactic gamma ray background to constrain their
abundance[120]. The bound from energetic photons lose validity for M < 3× 1013g
as below this limit the interaction with matter activate processes of pair-production
off of hydrogen and helium nuclei.

This gives us a way to compare the effects against the characteristic of Big Bang
Nucleosynthesis(BBN), which would have been affected if a too numerous population
of primordial black holes had occurred. For instance, the production of high-energy
pair of neutrinos-antineutrinos would change the neutron-proton ratio at electroweak
scale resulting in an increased 4He production in the range 109−1011g [120]. Another
effect of evaporation during BBN epoch is the increase in entropy: if too abundant,
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the radiation from black holes would modify baryon-to-entropy with consequences
on the ratio of 4He to deuterium D; in a similar manner, emission of either neutron-
antineutron or nucleon-antinucleon pairs would as well increase the abundance of D
by spallation processes of 4He, affecting black holes of mass 109 − 1013g. Then, for
black holes of mass > 1010g too copious photon emission could dissociate D, 6Li,
7Li and 3He [120].

Figure 5.3. The constraints on evaporated PBH mass abundance for a monocromatic
mass spectrum. The red line gives the strongest bounds due to Big Bang Nucleosyn-
thesis and gamma ray background. The picture is taken from [120].

Bounds obtained from the Big Bang Nucleosynthesis [147] are shown on the left
part of figure 5.3. The right part is dominated by the already discussed gamma
ray background constraints. In between these two, the CMB anisotropies limit the
initial mass abundance; this is because black hole evaporation would make more
uniform small scale anisotropies after recombination. The emission of e−e+ pairs
from black holes would scatter off CMB photons in an energy region above the
reionisation threshold; this means that before the recombination the same process
had happen by the mean of thermal collisions which kept the hydrogen nuclei ionized.
The lowest mass at which these observations serve as a useful constraint for PBH
is M = 2.5 × 1013g, which is the mass above which evaporation continues after
recombination; on the other hand, the heating of CMB by electron-positron pair is
no longer effective once opacity falls too low, which takes place at redshift z = 6 or
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equivalently M = 2.4× 1014g. The related bound on the initial mass abundance is
[120]6:

β′(M) < 3× 10−30
(

M

1013g

)3.1
. (5.31)

Weaker constraints can be obtained by taking into consideration the photon-to-
baryon ratio, observed at∼ 109, it can be used to constraints β′(M) < 109(MPl/M) ≈
104g/M [148]; telling that only black holes smaller than 104g could generate all of
the CMB. Otherwise, photon emission from 1011g < M < 1013g black holes would
produce CMB distorsions by emission of photon after freeze-out of the double Comp-
ton channel, leading to the development of a chemical potential for photons. The
flux of cosmic rays reaching Earth contains an antiproton-to-proton ratio lower that
10−4; PBHs, which produce them in equal amount, should be responsible to the
antiprotons flux because the production by evaporation has a cut-off below 0.2GeV ,
whereas cosmic rays production of antiproton by spallation off interstellar medium
has a cut-off below 2GeV . Another minor constraint comes from the emission of
neutrinos from PBHs, the spectrum of which is similar to that of photons up to
a normalization factor [120]. The observation of the neutrino background could in
principle help to constraint very precisely the black holes with a longer lifetime than
the time of neutrino decoupling. In any case, observation of electronic antineutri-
nos in the Super Kamiokande(SK) experiment gave us a way of constraining the
initial abundance of primordial black holes, which is weaker than the gamma ray
background [120].

At last, one last prospective constraint on evaporated black holes could come from
absorption band of hydrogen, the 21-cm line [149]. In fact, evaporation of PBHs
would heat up the intergalactic medium in region of the universe at red-shift z & 6
and consequently would cause emission rather than absorption of hydrogen clouds
not yet bounded into stars. This bound is shown in the Figure 5.3 by the dashed
line on the left. This is of particular interest because the results of EDGES [150]
experiment shown an existing discrepancy between the ΛCDM model and observa-
tions, hinting that either the intergalactic medium was colder or the CMB hotter
than expected.

Constraints on non-evaporated Black Holes

Now we turn our attention to the constraints to primordial black holes with a life-
time longer than the age of the universe, thus that did not have time to evaporate
completely. This class of primordial black hole are suitable candidates for constitute
part of the Dark Matter present in the universe. As such, we can immediately pose

6The actual paper includes a factor (0.1/fH), with fH is the fraction of emission coming out
in electrons and positron. However, we did not included this factor in the formula because the
numerical value used in the same paper is fH = 0.1 which cancels out in the end.
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a constraint by requiring ΩPBH < ΩCDM ≈ 0.12/h2 = 0.27, it can be written [120]:

β′(M) < 2.04−18
(ΩCDM

0.25

)(
h

0.72

)2( M

1015g

)1/2
, (5.32)

additional constraint will be lower than this value and are usually expressed in terms
of the fraction to dark matter f = ΩPBH/ΩCDM = 4.1× 108β′(M)(M/M�)−1/2. The
constraints we are going to comment are summarized in Figure 5.4.
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Figure 5.4. The constrained region is shown by the shade areas in the figure color-
coded according to their character: purple is the constraint of evaporation, green
stand for dynamical constraints, blue are constraints due to gravitational lensing and
orange constraints coming from accretion of black holes by absorption of radiation.
Dashed lines stand for possible constraints whose robustness needs to better assessed
or criticized. In this figure we updated a similar exclusion plot firstly produced in [130]
with the studies cited in this section.

Starting from lower masses, the first constraint comes from gamma ray emission from
black holes that have not completed their evaporation yet; gamma ray observations
pose the severest constraint on the possibility that PBHs could be part of dark
matter.

Even if PBHs might not to be responsible for the gamma ray bursts we observe,
PBHs in the mass range 1017 − 1020g possess a Schwarzschild radius comparable
to wavelength of gamma ray photons, and so they can cause interference patterns
known as femtolensing(γF); observations [151] constraint the fraction of dark matter
in the form of black hole to be less that 10− 20
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Small black holes in the range 1020−1022g if too abundant could disrupt the stability
of white dwarfs(WD), small stars whose nuclear reaction are in balance with the
gravitational effects thanks to the electron degeneracy pressure. If small black holes
were to pass through white dwarf, they would have negligible gravitational effects,
but could instead heat up the region surrounding their trajectory and thus cause
runaway processes that triggers the explosion of the star [152].

In a similar fashion, constraints can be obtained by asking that the gravitational in-
teraction between stars and black holes is such that when the latter passing through
them lose enough kinetic energy to get captured in their core; nonetheless disturb-
ing their stability. These constraints have been analyzed in the case of stars in
the process of formation(SC) [153] or for neutron stars(NSC)7 [154] in the region of
1017 − 1025g, black holes in the sublunar-mass range 10−17 − 10−9M�.

Going higher, from lunar- to solar-masses, the fraction to dark-matter is heavily
constrained above ∼ 1% by numerous gravitational microlensing experiments:

• the Kepler telescope(K) having an main goal the observation of planets tran-
siting in front of their stars [155];

• the Subaru Hyper Suprime-Cam(HSC) experiment which performed a millilens-
ing survey in the halos of Milky Way and Andromeda galaxies, which up-to-
date constitute the strongest and more robust constraint [156];

• the EROS [157] and MACHO [158] experiments which looked for microlensing
events in the Magellanic Cloud, constrained to less than ∼ 10% the possibility
of dark matter being composed of compact objects in the 10−7 − 1M� range;

• the OGLE [159] experiment, observing stars in the Galactic Bulge, surveyed
microlensing events and pushed to ∼ 1% the constraints in the region 10−6 −
10−2M�. Nonetheless, they claimed to have observed 6 events which could be
compatible with the possibility of PBHs of earth-mass, due to the low prob-
ability of observing free-floating planetary objects in such a region. However,
independent confirmation is needed to confirm this claim;

• microlensing of light coming from explosions of Super-Novae(SNe) [160] re-
duced to less than 3̃0% fraction of PBH of stellar mass as component of Dark
Matter. This region in of particular interest for the gravitational interferome-
try experiments on Earth;

• another possible constraint, in this the Earth-to-solar mass range, could come
from the observation of caustic crossing8 events, in which case the caustic

7In the Figure 5.4 this constraint is presented for 3 different dark matter density profiles:
ρDM = (4× 102, 2 ∗ 103, 104)GeVcm−3. Only the most conservative bound is shaded.

8The caustic of an extended gravitational lens is a region around the magnifying source in which
the magnification becomes infinity. In practice, magnification does not diverge because of finite
size of the objects.
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would be broken or its magnification reduced due the strong field of the com-
pact object transiting through it [161].

These constraints leave an open window for the possibility of PBHs forming more
than ∼ 10% at solar mass ranges ∼ 1− 100M�.

Above this mass window, tighter constraints come from the accretion of PBHs at
the expense of the surrounding gas. In the radiation era, PBHs are not expected
to accrete appreciably, massive ones could do so in between the matter-radiation
equality and recombination and therefore could leave footprints in the cosmic mi-
crowave background. This has been analyzed for spherical accretion a in [162] using
the data from the FIRAS(Far Infrared Absolute Spectrometer) and WMAP3 obser-
vations and in [163] using Planck15 data together with a model of accretion into a
disk; thus, limiting to less than 10−5 the possibility of PBH to form dark matter in
the range 103 − 1011

� .

Within these bounds, other constraints reinforce this conclusion. Most notably, the
effect of dynamical friction [164] which consists in the transfer of kinetic energy
from PBHs to nearby passing objects inside galaxies by sling-shot mechanism. As
a result, the more massive PBHs spiral down toward the center of the galaxies and
their abundance can be constrained by requiring that the mass concentration of the
center of galaxies do not exceed the observed limits.

In a similar fashion, if massive PBHs dwelt inside Ultra Faint Dwarf Galaxies—
satellite galaxies to the Milky Way and Andromeda which possess lower luminosity
and higher mass within their half radius, thence being ideal places for a concentration
of dark matter—then stars and black holes would frequently interact gravitationally.
So while massive black holes experience dynamical friction, stars are subject do
dynamical heating which, in average, would spread the star distribution wider. On
the contrary, if dark matter is composed of objects lighter than the stars, the roles
are swapped and stars cool down. Following this line of though, an upper bound
for f in ranges > 10M� was obtained in [165](UFDG) for ultra-faint dwarf galaxies
together with the cluster in Eridanus, and in [166] for the specific case of Segue
1(S-1), a Milky Way’s satellite.

If PBHs were present during the dark ages, they could have contributed to early
formation of structures; in such case, hydrogen clouds would have been illuminated
by the light emitted from the accretion around black holes. This has been used in
conjunction with the observation of Lyman-α forest9, originally by [167], to argue
that if primordial black holes with mass & 104M� formed all dark matter that
the flux would have been incompatible with observations. This analytical result
overestimated some parameter, but it has been worked out again by comparing
numerical simulations to observations in [168] and with updated observations in
[169] which is the curve(Ly − α).

9Lyman-α are the transitions lines between the ground and the excited states of hydrogen’s
electron orbitals.
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Another bound was obtained by requiring PBHs not to disrupt wide star binaries,
which being loosely bound would be easily separated if experienced dynamical heat-
ing by a massive black hole passing by. The disruption could be catastrophic, if
the disruption happens as a consequence of a single encounter, or diffusive for mul-
tiple events. Comparing time scales of the disruption to the age of the binaries, a
bound(WBD) is obtained in [170] out of 4 possible wide binary systems.

We conclude with a constraint coming from millilensing(M), which takes its name
from the fact that supermassive compact objects are expected to produce a two-
fold image of the same object with a separation of milliarcseconds. The result [171]
of Very-Long Baseline Interferometry(VLBI) observation of 300 radio sources was
inconclusive, thus limiting the possibility of uniformly distributed supermassive(∼
106 − 108M�) PBHs to less that ∼ 1% of Dark Matter.

Consequences and generalizations of constraints

The constraints that have been considered this far allow to exclude the possibility
that PBHs form the totality of dark matter at any mass range. It is possible to
identify at least three possible windows for the possibility that they form a significant
fraction of total dark matter:

• sublunar-mass black holes: this window lies between the constraints for neu-
tron stars capture and the microlensing experiments. The first study depends
on the assumption that dark matter is present in globular cluster which is
often criticized; if neglected then f can be extended up to unity in the region
between brown dwarf disruption and the HSC experiment.

• earth-mass black holes: between the HSC and OGLE microlensing surveys,
the fraction could attain values of O(1)−O(10)%, and as already mentioned
some observational anomalies might have been spotted around this window.

• intermediate-mass black holes: this window stretches between the microlens-
ing and accretion bounds. It is of particular interest because the LIGO-
VIRGO black-hole mergers event observed with the first detection of gravi-
tational waves are in this window, and it is still debated if these events have
primordial—formed during the QCD phase transition—or astrophysical origin—
forming from the collapse of binary of population III stars [172]. If primordial,
these black holes would have already cast doubt on some of the bound obtained
by accretion argument.

For completeness, the bound on capture by stars is often neglected by many papers,
for the same reason of the doubtful assumption on the dark matter density, but this
has the consequence of opening another window for subatomic-sized black holes,
and depending on the ε parameter of the gamma-ray bound f could vary between
0.55 − 0.8 in this window [130]. Of minor relevance, especially because of their
theoretical uncertainty, there are two other possible windows that lie below the Big
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Bang Nucleosynthesis constraints—if evaporation of black holes could leave stable
relics [173]—and above the CMB bounds for super-massive black holes.

All things considered, it must be stressed that the constraints are obtained under
the assumptions of 1) a monocromatic mass function, 2) the mass of PBHs is fixed-
fraction of Hubble mass, 3) PBHs are uniformly distributed in the universe after
formation.

The assumption 1), as stated previously, is admittedly over-simplifying and it is
used to derive conservative bounds. However, one simple extension one could make
is to considered a more realistic case of an extended mass-function; corresponding
to a scenario that different black holes form with different masses and at different
times. To account for the spread in mass, instead of using β = MPBHn/ρ̄tot, it is
more convenient to introduce [121] the following abundance function:

ψ(M) ∝M
dn(M)
dM

, (5.33)

where M is intended as the mass of PBHs, i.e. we dropped the subscript. As our
purpose is to work with the fraction to dark matter, we pick the normalization of
the previous function to be:

f =
∫

dMψ(M). (5.34)

The monocromatic bounds on f can be generalizes to this case by reparametrizing
a given astrophysical observable that depends on the abundance, i.e. O[ψ(M)], in
such a way to functionally expanded:

O[ψ(M)] = O0 +
∫

dMψ(M)K1(M) +
∫

dM1 dM2ψ(M1)ψ(M2)K2(M1,M2) + . . .

(5.35)
where O0 is the contribution of the background and Kj depend on the physical
details of the observable which can be obtained as follows. If a given measurement
yields O[ψ] ≤ Oexp for the monocromatic case, equation (5.35) implies10:

f ≤ Oexp −O0

K1(M0) , ⇒ K1(M) = fmax,mono(M)
Oexp −O0

, (5.36)

where fmax,mono is the monocromatic bound at the scale M .
For the non-monocromatic case, we replace the latter value of K1(M) in (5.35) so
as to get: ∫

dM
ψ(M)
fmax(M) ≤ 1, (5.37)

which can be integrated over a mass range (M1,M2) to obtain fmax(M) in the non-
monocromatic case, once ψ(M) is specified. The exact form of ψ(M) is actually

10Using ψmono(M) = M0δ(M −M0).
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dependent on the specific model of PBH formation; however, a common choice is a
quasi-lognormal form:

ψ(M) ∝ 1√
2πσM

exp
(
− log2(M/Mc)

2σ2

)
, (5.38)

where Mc is defined by the peak of the function Mψ(M) [121]. The reason it
represents a good choice is that it has been shown to approximate a large class of
models as long as they a produce smooth symmetric peak in the power spectrum.
For this specific case, the lognormal bounds found11 in [121] are tighter than the
monocromatic case, but might allow for the totality of dark matter to be in the form
of PBHs if some dynamical constraints are relaxed. Independently from the specific
form of ψ(M), using this conscription to generalize the bounds can only result in
stricter bounds than the monocromatic case, tough.

It is important to notice that if, instead of the assumption 2), critical collapse is
taken into account, then the mass function necessarily spreads and the abundance
function get broader than the monocromatic case, as studied in [107]. It has also
been argued that critical collapse or inclusion of non-sphericity could make unreliable
some of the constraints by modifying the underlying principles within which they
were obtained [174]. Yet, quantitative studies on how these could affect the bounds
have not been performed.

On the other hand, the assumption 3) seems to be the weakest. In fact, if PBH
distribution were not to be uniform, and instead their formation were likely to
happen in clusters as a result of successive generations [175] or by the introduction
of a scale-dependent bias12 [176], then they would be able to merger with a certain
frequency at later times; thence, clustering could substantially help to evade the
microlensing and CMB accretion constraints. This argument has been challenged in
[177] by the reason that mergers would so contribute to the Stochastic Gravitational
Wave Background which has not been observed to date. To present, no consensus
has been reached on the possibility of clustering; in [178] a neutral stance was taken
and some arguments on both sides were re-assessed with the final conclusion that
clustering should not be relevant for the intermediate-mass window.

11The paper considers only the constraints coming from evaporation, femtolensing, microlensing
and CMB.

12E.G. If perturbations are sitting on the crest of a long-wavelength mode the threshold of
formation could be lowered with respect to those lying in the trough.
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Chapter 6

Conclusion

In this thesis, we have explored the concept of PBHs, from the origin of the cosmolog-
ical perturbations that might lead to their formation, to their formation mechanisms
and, finally, the actual observational status of this prediction of Cosmology. Moti-
vated by the assumption that the Universe must have undergone through a phase
in which matter and radiation where coupled in a state of hot dense plasma, regions
too dense might have encountered favourable conditions for the collapse in the form
of black holes of different sizes, some of which could have survived until present time
and, as such, constitute a possible component for at least part of the Dark Matter
content of the Universe.

We considered how these kind of black holes are characterized by a scalar perturba-
tion in the metric, or equivalently the energy density, of the a background, homo-
geneous and isotropic, expanding spacetime. These perturbations can be described
by the use of two formulations of perturbation theory, namely the Cosmological
Perturbation Theory and the Gradient Expansion, which differ in the definitions of
what can be considered a small quantity in a cosmological context. In addition, we
justified how this scalar field perturbations emerge as a result of the inflationary
paradigm.

A significant part of this thesis was devoted to examine some models of PBHs for-
mation and the thresholds above which the perturbations would inevitably collapse
into PBHs. A basic way to estimate this is by asking the characteristic length of
the perturbation to be larger than the Jeans radius, the length above which the pull
induced by gravitational effects prevails over the pressure of the particles, which a re-
ductionist approach to quantify our poor understanding of the interacting physics in
a era where exotic processes are expected. This is expected to be a over-simplifying
assumption, which indeed lead to some ambiguity on how to properly defying the
Jeans radius. We reviewed that the concept of critical collapse, and some of the
numerical studies that have been conducted in this regard. Additionally, we dis-
cussed how can the threshold might be lowered by a phase transition or increased
by inclusion of non-sphericity, which is expected in a more realistic situations.
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Later, we inspected the actual possibility that PBHs exist in the Universe, by pre-
senting two theoretical ways to account for their abundance, the Press-Schechter
formalism and the theory of peaks. We draw a connection between the mass of
PBHs to the cosmic time, the scale of perturbations and the number of e-fold at
which the curvature perturbation left the sphere of causality during inflation. Since
the observations on the Cosmic Microwave Background and Large Scale Structure
contraindicate the presence of dense fluctuations on large scales, we presented three
scenarios which in which the curvature perturbations could be amplified on smaller
scales. In relation to this particular point, a line had to be drawn in taking into ac-
count what could be useful for our purposes, and so other theoretical scenarios were
left out by the reason that they deserved a more detailed discussion, and that they
involved a picture somewhat detached from the inflationary picture. Some instances
of these other scenarios involve the possibility of creation of curvature perturbations
from axion-curvaton interaction, bubble wall collisions or collisions of cosmic strings.

We concluded the thesis by discussing observational constraints of PBHs of small
mass, which would have already evaporated by present date, and higher mass pri-
mordial black holes. The latter have stirred particular interest in the scientific
community, in the wake of the observation of gravitational waves by the mergers of
binary systems of black holes of high mass and low angular momentum, which had
been taken as an hint of the possible primordial origin, reviving the possibility that
at least part of dark matter is in the form of black holes. With this in mind, we
briefly discussed the robustness of the presented constraints.
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Appendix

Geodesics in General Relativity
A geodesic is a curve γ(λ) which extremizes the interval between two points [179]; it
can specified by some parameter λ, which does not necessarily need to be the time.
The curve can be explicitly found by solving the geodesics equation:

d2 xµ

dλ2 + Γµαβ
dxα

dλ
dxβ

dλ
= 0, (.1)

where d xµ/ dλ = uµ is the 4-velocity of the curve. The parameter used to describe
the geodesics is completely arbitrary; as a matter of fact, we can define an other
parameter σ through the relation dσ = f(σ) dλ [40], to obtain:

d2 xµ

dσ2 + Γµαβ
dxα

dσ
dxβ

dσ
= −f

′(σ)
f(σ)

dxµ

dσ
, (.2)

this equation is sometimes referred as autoparallel equation. When the two parame-
ters are related by a linear relation, i.e. λ = aσ+ b with a and b arbitrary constants,
then f ′(σ) = 0 and the equation is in the same form of (.1), in which case the
parameters are said to be affine parameters. The inhomogeneuous term in (.2) can
be interpreted as a forcing term acting tangentially to the geodesic at every point.

Schwarzschild solution and its extensions
Using spherical coordinates {t, r, θ, φ}, we can write line element of the Schwarzschild
metric as:

d s2 = −
(

1− rs
r

)
d t2 +

(
1− rs

r

)−1

d r2 + r2 dΩ2
2, (.3)

where rs = 2GM is the Schwarzschild radius, and M is the mass of a point-like
distribution. This metric describes the spacetime around a static, spherically sym-
metric distribution of mass.
Studying the behaviour of light-like geodesics, the spherical surface at this radius
is called event horizon, as following any future-directed, null geodesics crossing this
surface are either incoming or tangent to the spherical surface, but cannot be out-
going. Strictly speaking, the metric is valid only outside the event horizon where no

85



matter is present. As a result, it is not suitable to describe the interior of a massive
objects; nonetheless, Birkhoff’s theorem assures that as long as any spherical object
has a radius larger than the Schwarzschild radius, we can use it to describe exactly
the spacetime outside a spherical body [18]. When the density of such an object is
higher that ρS = 3/32πG3M2, then the mass distribution is completely enveloped
inside the event horizon and we call it a Black Hole.

In Schwarzschild coordinates the lightcones around the black hole tend to get nar-
rower the closer they get to the event horizon, and close completely on it, but this
is an effect arising from the choice of coordinates [17]. To better understand the
behaviour of lightlike geodesics around a black hole, we introduce the tortoise co-
ordinate r∗ = r + 2GM log

∣∣∣ r
2GM − 1

∣∣∣, which stretches the radial coordinate of the
right amount needed to maintain the ordinary causal structure of lightcone, and
then define the outgoing and incoming null coordinates, u = t− r∗ and v = t+ r∗, a
couple of coordinates naturally apdapted1 to outgoing and incoming null geodesics.
Swapping one of these two coordinates to the Schwarzschild time coordinate we get
the incoming and outgoing Eddington-Finkelstein metrics, the line element of which
are given by:

d s2 = −
(

1− rs
r

)
d v2 + d v d r + r2 dΩ2

2 Incoming,

d s2 =
(

1− rs
r

)
du2 − du d r + r2 dΩ2

2 Outgoing.
(.4)

Despite these coordinates are useful to parametrize geodesics around a black hole,
the parametrization fails to be affine at the event horizon [179]. To see it we need
to consider a generator vector of time translationkilling0 ξµ = δµv [181], outside of
the horizon it behaves as timelike vector, but on the horizon ξµξµ = 0, so there it
appears as a null vector2. It is on the event horizon where the geodesics equation
acquire a non-homogeneous term proportional to the surface gravity κ = 1/4GM :

d2xµ

dλ2 + Γµαβ
dxα

dλ
dxβ

dλ
= κ

dxµ

dλ
, λ = u, v. (.5)

In order to obtain an affine parametrization and maximally extend the geodesics
of Schwarzschild metric, we establish a further set of coordinates: the Kruskal null
coordinates U = −e−κu and V = eκv, which can be turned back into the Kruskal-
Szekeres coordinates T = 1/2(V + U) and R = 1/2(V − U) to write the interval
as:

d s2 = 32(GM)3

r
e−2κr(− dT 2 + dR2) + r2 dΩ2

2 (.6)

1A coordinate is said to be naturally adapted to a geodesic curve when it can be used as a time
parameter for describing the motion along the geodesic.

2 Since Schwarzschild spacetime is static, then time translation is a symmetry of the metric.
Generators of the isometries are also called Killing Vectors. In particular, hypersurfaces where
Killing vectors vanish are called Killing horizons, and those surfaces are characterized by a constant
surface gravity [135].

86



R

T

r
=

0

r =
0

r
=c
on
st

t =cons
t

I
II

III
IV

(a)

r = 0

r = 0

H+H+

H−H−

u
=

0

v =
0

r
=

2G
M

r =
2G
M

I +I +

I −u
=
−∞

v =
∞u

=
∞

v =
−∞

I −

i+i+

i−i−

i0i0 III

(b)

Figure 1. (1a) The Kruskal-Szekeres coordinates; the 45◦ lines correspond to the event
horizons of the Black Hole (II) and White Hole (IV) wedges, regions (I) and (III)
describe two separated exterior regions. (1b) H+/− describe the Black/White Hole’s
horizon. i−/+ past/future temporal infinity and i0 present spatial infinity indicates
regions asymptotically far from the origin at different times. I −/+ are the past/future
null infinity are the limit of convergence of the light cones [180].

This set of coordinates evince that the Schwarzschild solution is describes one of
four disjointed patches of a broader manifold, as shown in Figure 1a.

It can be useful, when dealing with null geodesics, to represent all the manifold in
a compact way, this is attained by the use of Penrose diagrams, which are obtained
by a compactification of null coordinates ũ = 2 tan−1 u, ṽ = 2 tan−1 v. The nicest
feature of such kind of diagrams, is that null geodesics are represented as 45◦ degrees
lines, and hence the causal structure is made explicit. Furthermore, along these lines
u and v assume always a constant value. In Figure 1b the conformal diagram of
Kruskal-Szekeres manifolds is unraveled [182].

Field theories in curved background
Taking into account quantum fields reveals us that Black Holes, are indeed not Black,
by this we mean they evaporate by emission of quantum excitations.To understand
how this process occurs let us first analize how to treat a scalar field Φ of mass m
in a curved spacetime. The field must satisfy the Klein-Gordon equation of motion:

gµνΦ;µν −m2Φ = 1√
|g|

(
√
|g|gµνΦ,ν),µ −m2Φ = 0, (.7)

the effects due to curved background are enforced by substitution of the ordinary
flat Minkowski metric ηµν with the curved one and the promotion of ordinary partial
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derivatives to their covantiant form [183]. This can be solved in terms of its Fourieur
modes, where φ is expanded in terms of its modes {fk, f

∗
k}, with ω2 = k2. The next

step is to upgrade the classical field to a quantum field, by introducing the canonical
creation and annihilation operators â†k,âk, so:

Φ̂ =
∫
dk(â†kfk + âkf

∗
k). (.8)

An observer, with proper time τ , will discriminate between particles and antiparti-
cle by the sign of their frequency dependence: D

d τ fk = −iωfk and D
d τ f

∗
k = +iωf ∗k

being ω > 0. This is analogous to how the discrimination it is done in ordinary
Quantum Field Theory, the only difference being D

d τ , which indicates the directional
derivative along the direction of its timelike Killing vector [18]. For this same rea-
son, in curved spacetimes the concept of particle is related to the observer; being
more specific, two observers with a relative acceleration will disagree on the num-
ber of field modes because their respective timelike Killing vectors are not related
by a Lorentz transformation. Nevertheless, the requirement that their respective
creation and annihilation operators must be canonical ensures that modes observed
in the two frames, say {fk, f

∗
k} and {gk′ , g

∗
k′}, must be connected by a Bogoliubov

transformation:

gk =
∫
dk′(αkk′fk′ + βkk′f

∗
k′),

fk =
∫
dk′(α∗kk′gk′ − βkk′g

∗
k′),

(.9)

here αωω′ and βωω′ are the Bogoliubov coefficients and can be determined by ex-
panding the modes of one observer, in term of the modes or anti-modes of the other,
through the following inner product:

(f, g) = −i
∫

Σ

√
|γ|dn−1x(f ∇µ g

∗ − g∗∇µ f)nµ (.10)

where Σ is an Cauchy hypersurface3, γµν = gµν |Σ the induced metric on the surface
and nµ a vector normal to the surface. To be specific, this allows the expectation
value of number operator n̂ to be non-zero in one of the two frames, even if the other
observer perceive only vacuum:

〈0f |n̂gk |0f〉 =
∫
dk′|βkk′|2 whereas 〈0f |n̂gk |0f〉 = 0. (.11)

Hawking Radiation

Here, we will review ’en passant’ some of the basic concepts of black holes and some
consequence of including quantum theory in curved spacetimes.
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Figure 2. The conformal diagram of a Black Hole obtained by spherical collapse.

Temperature of a black hole

The formation of a Black hole by spherical collapse has the main effect of creating
two causally disjoint regions of spacetime, but this—contrary to the eternal Kruskal-
Szekeres geometry— does not happens at all the time: the event horizon arise only
when matter gets sufficiently compressed. As a result, the Penrose diagram for a col-
lapsing body (Figure 2) can be formed by tracing the trajectory of the radius of the
spherical body on the Penrose diagram, using the fact that the Schwarzschild solu-
tion describe a vacuum spacetime, the interior of the object would not be described
by the Kruskal-Szekeres metric [4].

The main consequence is that prior to its formation, to describe a field Φ we only
need a complete set of modes on a Cauchy surface which can be conveniently choose
to be the past null infinity I −; there we choose a complete set {fk, f

∗
k}. On the

other hand, after its formation, a Cauchy surface must include both the interior and
the exterior of the black hole, we can choose it as the event horizon and the future
null infinity H+ ∪I +, and take two separate sets, {gk, g

∗
k} on H+ and {pk, p

∗
k} on

I +:

Φ̂ =
∫
dk(̂akfk + h.c.) =

∫
dk(b̂kgk + ĉkpk + h.c.) (.12)

This will lead us to a Bogoliubov transformation between modes on I − and I +

[18]. For simplicity, we will consider a massless scalar field and solve (.7) on I+/−

3A Cauchy hypersurface is a spacelike hypersurface that intersects each geodesics exactly once
[180].
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using infalling/outgoing Eddington-Finkelstein coordinates (.4):

fωlm = 1√
2πω

e−iωv

r
Y m
l (θ, ϕ),

pωlm = 1√
2πω

e−iωu

r
Y m
l (θ, ϕ).

(.13)

where ω2 = k2 is the angular frequency, and Y m
l (θ, ϕ) the spherical harmonics4.

The event horizon, being a null-surface, can be characterized by considering the last
outgoing null ray reaching the asymptotic null infinity, this rays is associated with
one incoming null ray, identified as v0; earlier rays—with v < v0— are reflected by the
the origin and propagate as outgoing null rays to I +. Conversely, later incoming
rays having v > v0 cross the event horizon and fall inevitably toward the singularity
at r = 0. In general, rays approaching the spherical distribution will feel the effect
of an effective potential which should be taken into account as a scattering source,
which could be rather cumbersome. To overcome this complication the modes pω
are traced backwards through the geodesic γ, and will be split into two parts: a p(1)

ω

summing up the reflected part of the modes, and p(2)
ω for the part emerging from the

collapsing body which is given by a Γ(ω) fraction of the package pω, this quantity
is called greybody factor. The Bogoliubov coefficients between the modes {fω, f ∗ω}
and {p(1)

ω′ , p
(1)∗
ω′ } will be proportional to a δ(ω−ω′) because this are reflected modes.

The radiation arises from Bogoliubov coefficients between f -modes and p(2)-modes,
but to calculate the Bogoliubov coefficients we need to find a way to relate the u
and v coordinates. This can be attained by solving the geodesic equation (.1) for
infalling and outgoing geodesics (.4) in terms of an arbitrary parameter λ. This
will give us that near the horizon u(λ) ≈ −1/κ ln(λ) for incoming geodesics, and
v(λ) = v0 − λ for outgoing geodesics.
If unite them, we get: u(v) ≈ −κ−1 ln(v0 − v) [184]. Once we substitute this inside
the Bogoliubov’s α(2)

ωω′ = (fω, p(2)
ω ) and β(2)

ωω′ = (f ∗ω, p(2)
ω ), together an argument about

the analyticity of the integrals [185], it turns out that |α(2)
ωω′| = eπω/κ|β(2)

ωω′ |, and we
can expand:

p(2)
ω =

∫
dω′β

(2)
ωω′

(
eπω/κfω′ + f ∗ω′

)
, (.14)

and from the fact that (p(2)
ω , pω′) = Γ(ω) we reach the conclusion that:

〈0f |n̂pω |0f〉 =
∫
dω′|β(2)

ωω′ |2 = Γ(ω)
e2πω/κ − 1 . (.15)

For Γ(ω) = 1, the expectation number is in the form of the blackbody distribution,
which can be interpreted as the the black hole is emitting termal radiation like a

4A mode can be uniquely specified by either k or equivalently the triplet ω, l,m. However, as
the physics is not affected by l,m, we will drop them and identify modes only by ω from now on.
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greybody of absorbivity Γ(ω). Adopting this analogy we can extract the Hawking
temperature of a black hole which reads as:

T = κ

2π = ~c3

8πkBGM
≈ 1.06

(
1010g
M

)
TeV, (.16)

we restored the fundamental constants for completeness and provided an useful
formula for mass-temperature confrontations.

One interesting corollary of Hawking radiation is that, in order for Black Holes
to emit thermal radiation, mass of BHs should decrease,so as to maintain energy
conservation. The temperature is inversely proportional to the mass, this implies
that BH have negative specific heat, meaning that it heats up as it lose energy. From
this insight we can extrapolate an estimate of their lifetime. To do so we neglect
the back-reaction of the radiation on spacetime, and we assume that the total power
radiated is following the Stefan-Boltzmann law for a blackbody:

P = AσT 4, (.17)

being A = 4πr2
S = 16πG2M2 the surface area, and σ the Stefan-Boltzmann con-

stant5. Then, if we collect in α all the constant terms:

dM
dt

= −P = − α

M2 ⇒ M(t) = (M3
0 − 3αt)1/3. (.18)

According to their temperature they could emit different particle species from the
Standard Model: M � 1017g emit particle which are effectively massless, 1015g <
M < 1017g can emit electrons, 1014g < M < 1015g muons and for smaller mass
ranges QCD species production could be allowed, as well [145].

An electrically charged, rotating black hole can characterized by 3 parameters: mass
M , electric charge Q and angular momentum J . These quantities are related to one
another by the first law of black-hole thermodynamics:

dM = κ

8π dA+ Ω d J + Φ dQ, (.19)

being A the area, Ω surface angular velocity and Φ surface electric potential of a
black hole. It must be specified that the surface gravity in this case is different from
the Schwarzschild black hole:

κ =
4π
√
M2 −Q2 − (J/M2)2

A
. (.20)

Such black hole will emit a mode |ωlm〉 with energy in a range (ω, ω+dω) at a rate
described by [144]:

d Ṅ = Γs dω
2π

(
exp

[
2πω −mΩ− qΦ

κ

]
− (−1)2s

)−1

, (.21)

5A more detailed study should also include the particle species cross-sections, a study for mass-
less particles emission was performed by [143], but included only two species of massless neutrinos.
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where s is the particle spin and q its charge. In the above formula Γs is the absorption
probability for a mode of spin s of a given particle specie, which the exact form
depends on the cross-section and needs to be calculated numerically [143]; however,
at high energies, since the cross-section of each species approaches the geometric
optics limit, and so Γs ∼ 27G2M2Q2. To simplify things, we can introduce a factor
f(M) to account for the number of emitted particle species, normalized to unity
when the emission involves only massless particles are emitted(M � 1017g), but
otherwise its value it is a non-trivial function of the black hole’s mass and the
specific masses of the emitted species [145]. Finally, we can write an estimated
lifetime for the black hole as:

τ ≈ 407
(
f(M)
15.35

)(
M

1010g

)3

s. (.22)

When we substitute for the age of the Universe(tnow ≈ 13.7Gyr) and use f(Mcr) =
1.9, we get a critical mass Mcr ≈ 5.1 × 1014g [13]. Thence, we expect primordial
BHs with a mass lower than ∼ 1015g to be evaporated by present age.

Horizons and Misner-Sharp-Hernandez mass
Up to this point, in this appendix, we have considered Black Holes in a spacetime
which is asymptotically flat6. Unfortunately, the notion of event horizon is ill-defined
if one considers spacetimes which do not have the property of asymptotic flatness;
the FLRW metric describes constitutes such an example.

In fact, for this spacetime the Riemann tensor is nowhere vanishing and the Ricci
tensor, or in other words the curvature of spacetime, is given by:

R = 6
a2 (H2 +H′+K), (.23)

where H is the comoving Hubble parameter, and K the extrinsic curvature; hence,
globally curve since the scale factor is a parameter that depends only on time. To
understand why in this spacetime the notion of event horizon is ill-defined, let us
consider it at a fixed time t in matter domination phase; we see that the Hubble scale
1/H acts in a similar fashion to the event horizon of a black hole: future-directed,
null geodesics are either incoming or tangent to the Hubble sphere, because incoming
geodesics at a distance further than the Hubble radius recess faster then the speed
of light—this is also why the Hubble radius is often called horizon in a cosmological
context. The problem lies in the fact that the Hubble scale is evolving and at
earlier(later) times it would have smaller(larger) values. In this sense, the lack of
an event horizon is due to a lack of static nature of this horizon, as events which
are out of the horizon at some point might not be at a later point. Finding the

6We do not provide the proper definition of asymptotic flatness, but it coincides with the
intuitive idea that the metric in spherical coordinates reduces to the Minkowski metric for r →∞.
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event horizon of a spacetime, is therefore a teleological problem—one that requires
the knowledge of the entire evolution of spacetime [17].

With the insight that, horizons are defined by the behaviour of geodesics at a space-
time point, we denote by the expansion parameters:

θ+ = kµ+,µ, θ− = kµ−,µ, (.24)

where kµ+(k
µ
−) is the tangent vector to a radial, outgoing(incoming), future-directed,

null geodesic at a point [186]. It is easy to see that if any of the two parameters
assume a positive value than at a congruence of geodesics will be diverging, and,
conversely, θ± < 0 yields a converging congruence at later times. Now, taking into
account a spherical surface of radius r, the metric sphere is said to be [187]:

• trapped: if θ+θ− > 0. In addition, the sphere is also called future trapped if
both positive, θ± > 0, and past trapped if both negative, θ± < 0. An example
of future trapped surface is any sphere having a radius larger than the Hubble
scale in a FLRW spacetime, whereas a past trapped instance is a sphere of
radius smaller than the Schwarzschild radius in a Schwarzschild spacetime.

• untrapped: if θ+θ− < 0. A typical case of untrapped surface is that of positive
θ+ and negative θ− indicating that a congruence of outgoing, null geodesics
diverge, and the incoming converge.

• marginal: if θ+θ− = 0. A sphere having null θ+(outgoing geodesics cannot
expand outside the region) is said to be future(past) marginal if θ− < 0(θ− > 0)
or bifurcating if also θ− is null. Furthermore, we can make an additional
distinction: a marginal surface is said to be outer(inner) if Lk− θ+ < 0(Lk−θ+ >
0) or degenerate if Lk−θ+ = 0.

Nomenclature aside, these definitions help us to better explore the various kinds
of horizons, with all of its nuances; and despite their abstract appearance, they
extricate our understanding from the messy jungle of causality in a curved space.
According to our definition these surfaces are always two dimensional spheres, but,
in line of principle, any closed two-dimensional surface shall suffice as long as we
consider incoming and outgoing, normal, null geodesics to its surface. Nonetheless,
we proceed to define several kind of horizons using these spherical surfaces as build-
ing blocks, under the assumption that the spacetimes we are going to consider are
spherically symmetric.

• Event horizon. An Event horizon is the causal boundary between two region
of spaces one untrapped, and the other trapped. This is taken to be as the
past boundary of the region from which all null geodesics reach the asymptotic
null infinity, and as such is a null surface.

• Apparent Horizon. We define it as the closure of a (2+1)-surface foliated by
future(past),marginal surfaces, which constitute its time slicings.
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• Trapping Horizon. A trapping horizon is a particular case of apparent hori-
zons, in which we also require the 3-surface to be foliated by past(future),
inner(outer) marginal time slicings.

It is important to remark that,thanks to their quasi-local definition, both Apparent
and Trapping Horizons are different from Event Horizons, which is defined as a
global characteristics of spacetime instead. In other words, Event Horizons are
static regions while Apparent Horizons can evolve with time(and so do Trapping
Horizons) [135]. In any case, Apparent Horizons lie inside or share their boundary
with the Event Horizon.

It can be shown [187] that the Misner-Sharp-Hernandez mass, in spherically sym-
metric spacetime, takes the same form of the Hawking-Israel mass function:

M(t, R) = 1
2GR(1− gµνR;µR;ν), (.25)

where R is the areal radius. It follows, that in a region where 2GM/(R) < 1, one has
θ+θ− < 0, meaning that this region is untrapped; still, regions where 2GM/R > 1
correspond to trapped regions (θ+θ− > 0) and that along marginal surfaces, where
the product of the expansion parameters is null, we recover 2GM/R = 1, which in
a Schwarzschild spacetime corresponds to the Event Horizon. To conclude, we want
to stress that this result is more general, because the Misner-Sharp-Hernandez mass
M(t, R),which it is a quasi-local function that accounts for the total gravitational
energy contained inside a region of areal radius R at time t, give us an important
tool to search and identify when and where an Apparent Horizon arises in a spherical
spacetime; as a result, it allows to define Black Holes in spacetimes which are not
asymptotically flat.
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