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The Choquet and Kellogg properties for the
fine topology when p = 1 in metric spaces ∗

Panu Lahti

January 17, 2019

Abstract

In the setting of a complete metric space that is equipped with a
doubling measure and supports a Poincaré inequality, we prove the
fine Kellogg property, the quasi-Lindelöf principle, and the Choquet
property for the fine topology in the case p = 1.

Dans un contexte d’espace métrique complet muni d’une mesure
doublante et supportant une inégalité de Poincaré, nous démontrons la
propriété fine de Kellogg, le quasi-principe de Lindelöf, et la propriété
de Choquet pour la topologie fine dans le cas p = 1.

1 Introduction

Much of nonlinear potential theory, for 1 < p < ∞, deals with p-harmonic
functions, which are local minimizers of the Lp-norm of |∇u|. Such minimiz-
ers can be defined also in metric measure spaces by using upper gradients,
and the notion can be extended to the case p = 1 by considering functions of
least gradient, which are functions of bounded variation (BV functions) that
minimize the total variation locally — see Section 2 for definitions. Nonlin-
ear potential theory for 1 < p < ∞ has by now reached a mature state even

∗2010 Mathematics Subject Classification: 30L99, 31E05, 26B30.
Keywords : metric measure space, function of bounded variation, 1-fine topology, fine
Kellogg property, Choquet property, quasi-Lindelöf principle
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in the general setting of metric spaces that are equipped with a doubling
measure and support a Poincaré inequality, see especially the monograph [3]
and e.g. [4, 9, 10, 23, 38]. Functions of least gradient have been studied less,
see however [11, 33, 34, 40] for some previous works in the Euclidean setting,
and [17, 24] in the metric setting.

In the case 1 < p < ∞, it is known that the p-fine topology is the coarsest
topology that makes p-superharmonic functions continuous. For nonlinear
fine potential theory and its history in the Euclidean setting, for 1 < p < ∞,
see especially the monographs [1, 20, 31]. In the metric setting, fine potential
theory for 1 < p < ∞ has been studied recently in [6, 7, 8]. In these papers,
the so-called Cartan and Choquet properties for the p-fine topology were
proved, and the latter was then used to deduce two further facts: first that
every p-finely open set is p-quasiopen, and second that an arbitrary set is p-
thick at p-quasi-every of its points. The latter fact is called the fine Kellogg
property.

Few results of fine potential theory seem to have been considered in the
case p = 1, see however [41] for some results in weighted Euclidean spaces.
The case p = 1 is quite different since cornerstones of the theory for p > 1,
such as comparison principles and continuity of p-harmonic functions, are not
available. However, the author has previously studied some aspects of fine
potential theory for p = 1 in metric spaces in [25, 26, 27]. The setting in these
papers as well as the current one is a complete metric space that is equipped
with a doubling measure and supports a Poincaré inequality. In [27], the
author proved a weak Cartan property in the case p = 1, see Theorem 6.6
below. In this paper we prove, in the case p = 1, the fine Kellogg property
and the Choquet property in forms that are exactly analogous with the case
p > 1, see Corollary 4.7 and Theorem 6.14. Moreover, in Theorem 5.2 we
prove the so-called quasi-Lindelöf principle for 1-finely open sets, also in a
form that is exactly analogous with the case p > 1.

In the case 1 < p < ∞, the different properties are deduced as follows,
see [7, 19, 31].

Cartan property =⇒ Choquet property

=⇒
{

Fine Kellogg property =⇒ Quasi-Lindelöf principle

Finely open sets are quasiopen

For p > 1, the fine Kellogg property is closely related to the (usual) Kel-
logg property, which states that p-quasi every boundary point of an open set
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is regular, meaning that p-harmonic solutions of the Dirichlet problem are
continuous up to these boundary points when the boundary data is contin-
uous. According to the Wiener criterion, every point where the complement
of an open set is p-thick is a regular boundary point, which combined with
the fine Kellogg property implies the (usual) Kellogg property.

In the case p = 1, since we lack various tools such as comparison principles
but on the other hand have access to other more geometric tools, we deduce
the various properties in a rather different order, as follows.

Weak Cartan property

⇓
Quasi-Lindelöf principle =⇒ Finely open sets are quasiopen

⇑ ⇓
Fine Kellogg property =⇒ Choquet property

Easy examples such as that of a square show that in the case p = 1
there can be many irregular boundary points and a Kellogg property does
not hold. We retain the term “fine Kellogg property” for p = 1, but this
property is a starting point for proving the other properties rather than an
end in itself, in contrast to the case p > 1. In terms of applications, one
of our main motivations is that the quasi-Lindelöf principle will be useful
in further research when considering 1-strict subsets and partition of unity
arguments in 1-finely open sets.

2 Preliminaries

In this section we introduce the notation, definitions, and assumptions em-
ployed in the paper.

Throughout this paper, (X, d, μ) is a complete metric space that is equip-
ped with a metric d and a Borel regular outer measure μ satisfying a doubling
property, meaning that there exists a constant Cd ≥ 1 such that

0 < μ(B(x, 2r)) ≤ Cdμ(B(x, r)) < ∞

for every ball B(x, r) := {y ∈ X : d(y, x) < r}. We also assume that X
consists of at least 2 points. Sometimes we abbreviate B = B(x, r) and
aB := B(x, ar) for a > 0. Note that in metric spaces, a ball (as a set)
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does not necessarily have a unique center and radius, but we will always
understand these to be prescribed for the balls that we consider.

A complete metric space equipped with a doubling measure is proper,
that is, closed and bounded sets are compact. Since X is proper, for any
open set Ω ⊂ X we define Liploc(Ω) to be the space of functions that are
Lipschitz in every open Ω′ � Ω. Here Ω′ � Ω means that Ω′ is a compact
subset of Ω. Other local spaces of functions are defined analogously.

For any set A ⊂ X and 0 < R < ∞, the restricted spherical Hausdorff
content of codimension one is defined to be

HR(A) := inf

{ ∞∑
i=1

μ(B(xi, ri))

ri
: A ⊂

∞⋃
i=1

B(xi, ri), ri ≤ R

}
.

(We interpret B(x, 0) = ∅ and μ(B(x, 0))/0 = 0, so that finite coverings are
also allowed.) The codimension one Hausdorff measure of A ⊂ X is then
defined to be

H(A) := lim
R→0

HR(A).

All functions defined on X or its subsets will take values in [−∞,∞].
By a curve we mean a nonconstant rectifiable continuous mapping from a
compact interval of the real line into X. A nonnegative Borel function g on
X is an upper gradient of a function u on X if for all curves γ, we have

|u(x)− u(y)| ≤
∫
γ

g ds,

where x and y are the end points of γ and the curve integral is defined by
using an arc-length parametrization, see [21, Section 2] where upper gradients
were originally introduced. We interpret |u(x)−u(y)| = ∞ whenever at least
one of |u(x)|, |u(y)| is infinite. By only considering curves γ in a set A ⊂ X,
we can talk about a function g being an upper gradient of u in A.

Given an open set Ω ⊂ X, we let

‖u‖N1,1(Ω) := ‖u‖L1(Ω) + inf ‖g‖L1(Ω),

where the infimum is taken over all 1-weak upper gradients g of u in Ω. The
substitute for the Sobolev space W 1,1 in the metric setting is the Newton-
Sobolev space

N1,1(Ω) := {u : ‖u‖N1,1(Ω) < ∞},
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which was first considered in [39]. We understand every Newton-Sobolev
function to be defined at every x ∈ Ω (even though ‖ · ‖N1,1(Ω) is then only a
seminorm).

We will assume throughout the paper that X supports a (1, 1)-Poincaré
inequality, meaning that there exist constants CP > 0 and λ ≥ 1 such that
for every ball B(x, r), every u ∈ L1

loc(X), and every upper gradient g of u,
we have ∫

B(x,r)

|u− uB(x,r)| dμ ≤ CP r

∫
B(x,λr)

g dμ,

where

uB(x,r) :=

∫
B(x,r)

u dμ :=
1

μ(B(x, r))

∫
B(x,r)

u dμ.

The 1-capacity of a set A ⊂ X is given by

Cap1(A) := inf ‖u‖N1,1(X),

where the infimum is taken over all functions u ∈ N1,1(X) such that u ≥ 1
on A. We know that Cap1 is an outer capacity, meaning that

Cap1(A) = inf{Cap1(W ) : W ⊃ A is open}
for any A ⊂ X, see e.g. [3, Theorem 5.31]. If a property holds outside a set
A ⊂ X with Cap1(A) = 0, we say that it holds at 1-quasi-every point.

We say that a set U ⊂ X is 1-quasiopen if for every ε > 0 there is an
open set G ⊂ X such that Cap1(G) < ε and U ∪G is open.

The variational 1-capacity of a set A ⊂ D with respect to a set D ⊂ X
is given by

cap1(A,D) := inf

∫
X

gu dμ,

where the infimum is taken over functions u ∈ N1,1(X) such that u ≥ 1 on
A and u = 0 on X \ D, and their upper gradients gu. For basic properties
satisfied by capacities, such as monotonicity and countable subadditivity, see
e.g. [3, 5].

Next we recall the definition and basic properties of functions of bounded
variation on metric spaces, following [35]. See also e.g. [2, 13, 14, 15, 42]
for the classical theory in the Euclidean setting. Let Ω ⊂ X be an open set.
Given a function u ∈ L1

loc(Ω), we define the total variation of u in Ω by

‖Du‖(Ω) := inf

{
lim inf
i→∞

∫
Ω

gui
dμ : ui ∈ Liploc(Ω), ui → u in L1

loc(Ω)

}
,
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where each gui
is an upper gradient of ui in Ω. (Note that in [35], local

Lipschitz constants were used instead of upper gradients, but the theory can
be developed with either definition.) If u ∈ L1(Ω) and ‖Du‖(Ω) < ∞, we
say that u is a function of bounded variation and denote u ∈ BV(Ω). For an
arbitrary set A ⊂ X, we define

‖Du‖(A) := inf{‖Du‖(W ) : A ⊂ W, W ⊂ X is open}.

If u ∈ L1
loc(Ω) and ‖Du‖(Ω) < ∞, ‖Du‖(·) is a Radon measure on Ω by [35,

Theorem 3.4]. A μ-measurable set E ⊂ X is said to be of finite perimeter if
‖DχE‖(X) < ∞, where χE is the characteristic function of E. The perimeter
of E in Ω is also denoted by

P (E,Ω) := ‖DχE‖(Ω).

The lower and upper approximate limits of a function u on X are defined
respectively by

u∧(x) := sup

{
t ∈ R : lim

r→0

μ(B(x, r) ∩ {u < t})
μ(B(x, r))

= 0

}
(2.1)

and

u∨(x) := inf

{
t ∈ R : lim

r→0

μ(B(x, r) ∩ {u > t})
μ(B(x, r))

= 0

}
. (2.2)

Unlike Newton-Sobolev functions, we understand BV functions to be μ-
equivalence classes. To study fine properties, we need to consider the point-
wise representatives u∧ and u∨. By Lebesgue’s differentiation theorem (see
e.g. [18, Chapter 1]), for any u ∈ L1

loc(X) we have u = u∧ = u∨ μ-almost
everywhere.

The BV-capacity of a set A ⊂ X is defined by

CapBV(A) := inf ‖u‖BV(X), (2.3)

where the infimum is taken over all u ∈ BV(X) with u ≥ 1 in a neighborhood
of A. The BV-capacity has the following useful continuity property (not
satisfied by the 1-capacity): by [16, Theorem 3.4] we know that if A1 ⊂ A2 ⊂
. . . ⊂ X, then

CapBV

( ∞⋃
i=1

Ai

)
= lim

i→∞
CapBV(Ai). (2.4)
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On the other hand, by [16, Theorem 4.3] we know that for some constant
C(Cd, CP , λ) ≥ 1 and any A ⊂ X, we have

CapBV(A) ≤ Cap1(A) ≤ C CapBV(A); (2.5)

whenever we want to state that a constant C depends on the parameters
a, b, . . ., we write C = C(a, b, . . .).

By combining this with [16, Theorem 5.1], we get for any A ⊂ X that

CapBV(A) = 0 iff Cap1(A) = 0 iff H(A) = 0. (2.6)

Next we define the fine topology in the case p = 1.

Definition 2.7. We say that A ⊂ X is 1-thin at the point x ∈ X if

lim
r→0

r
cap1(A ∩ B(x, r), B(x, 2r))

μ(B(x, r))
= 0.

We say that a set U ⊂ X is 1-finely open if X \ U is 1-thin at every x ∈ U .
Then we define the 1-fine topology as the collection of 1-finely open sets on
X.

We denote the 1-fine interior of a set D ⊂ X, i.e. the largest 1-finely
open set contained in D, by fine-intD. We denote the 1-fine closure of D,

i.e. the smallest 1-finely closed set containing D, by D
1
.

Finally, we define the 1-base b1D of a set D ⊂ X as the set of points
where D is 1-thick, i.e. not 1-thin.

See [26, Section 4] for a proof of the fact that the 1-fine topology is
indeed a topology. A rather differently formulated notion of 1-thinness was
previously given in the weighted Euclidean setting in [41].

The support of a (μ-almost everywhere defined) function u on X is the
closed set

sptu := {x ∈ X : μ({u �= 0} ∩B(x, r)) > 0 for all r > 0}.
For an open set Ω ⊂ X, we denote by BVc(Ω) the class of functions ϕ ∈
BV(Ω) with compact support in Ω, that is, sptϕ � Ω.

Definition 2.8. Let Ω ⊂ X be an open set. We say that u ∈ BVloc(Ω) is a
1-minimizer in Ω if for all ϕ ∈ BVc(Ω),

‖Du‖(sptϕ) ≤ ‖D(u+ ϕ)‖(sptϕ). (2.9)

We say that u ∈ BVloc(Ω) is a 1-superminimizer in Ω if (2.9) holds for all
nonnegative ϕ ∈ BVc(Ω).
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In the literature, 1-minimizers are usually called functions of least gradi-
ent.

3 Subsets of finite Hausdorff measure

It is a well known problem to find a subset of strictly positive but finite Haus-
dorff measure from a set of infinite Hausdorff measure, see [22, 29, 36]. We
will need such a property when proving the fine Kellogg property, but unfor-
tunately the existing results do not seem to directly apply to the codimension
1 Hausdorff measure H. The reason is that the quantity μ(B(x, r))/r is not
necessarily increasing with respect to r, which is usually taken as a standard
assumption. Thus in this section we study the existence of subsets of finite
Hausdorff measure H. In doing this, we are nonetheless able to follow almost
directly the argument presented in [32, Chapter 8], which is based on [22].

For any Radon measure ν on X (we understand measures to be positive)
and R > 0, define the maximal function

MRν(x) := sup
0<r≤R

r
ν(B(x, r))

μ(B(x, r))
, x ∈ X.

First we need a version of Frostman’s lemma, which fortunately has been
proved also for codimension Hausdorff measures — the following is a special
case of [30, Theorem 6.1]. Note that we can always understand Radon mea-
sures on open (or more generally Borel) sets to be defined on the whole space
X.

Theorem 3.1. Let W ⊂ X be an open set and R > 0. Then there exists a
Radon measure ν on W such that MRν ≤ 1 on X and H10R(W ) ≤ CFν(W )
for some constant CF = CF (Cd).

We easily get the following version for compact sets.

Theorem 3.2. Let K ⊂ X be compact and let R > 0. Then there exists a
Radon measure ν on K such that MRν ≤ 1 on X and H10R(K) ≤ CFν(K).

Proof. For any a > 0, let Ka := {x ∈ X : dist(x,K) < a}. For each open
set Wi := K1/i, i ∈ N, apply Theorem 3.1 to obtain a Radon measure νi
on Wi such that MRνi ≤ 1 on X and H10R(Wi) ≤ CFνi(Wi). From the
condition MRνi ≤ 1 and the compactness of K it easily follows that νi(X) is
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a bounded sequence, and so there exists a subsequence (not relabeled) and a

Radon measure ν on X such that νi
∗
⇀ ν on X (see e.g. [2, Theorem 1.59]).

By lower semicontinuity in open sets under weak* convergence (see e.g. [2,
Proposition 1.62]), for every j ∈ N we have

ν(X \Wj) ≤ lim inf
i→∞

νi(X \Wj) = 0,

and it follows that ν(X \ K) = 0, that is, ν is a Radon measure on K.
Moreover, for any x ∈ X and 0 < r ≤ R,

r
ν(B(x, r))

μ(B(x, r))
≤ lim inf

i→∞
r
νi(B(x, r))

μ(B(x, r))
≤ 1,

and so MRν ≤ 1 on X. Finally, by upper semicontinuity in compact sets,

ν(K) = ν(W1) ≥ lim sup
i→∞

νi(W1) = lim sup
i→∞

νi(Wi)

≥ lim sup
i→∞

H10R(Wi)

CF

≥ H10R(K)

CF

.

Now we prove the existence of subsets of positive finite H-measure. We
make no attempt to give the most general possible result (one that might
cover e.g. Hausdorff measures of a different codimension), but rather just
prove a version that will suffice for our purposes.

Theorem 3.3. Let K ⊂ X be a compact set with H({x}) = 0 for all x ∈ K.
Then

H(K) = sup{H(K0) : K0 ⊂ K is compact with H(K0) < ∞}.

Proof. IfH(K) < ∞, the result is obvious. Thus we can assume thatH(K) =
∞. By the compactness of K, for each k ∈ N we find a finite family of balls
{Bk,j := B(xk,j, 2

−k)}mk
j=1, mk ∈ N, such that the balls 1

2
Bk,j = B(xk,j, 2

−k−1)
cover K. Let

B := {Bk,j : k ∈ N, j ∈ {1, . . . ,mk}}.
Fix 0 < M < ∞. Since H(K) = ∞, we find and fix 0 < δ < 1/2 such that
H10δ(K) > M . By Theorem 3.2 we find a Radon measure ν0 on K such that
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Mδν0 ≤ 1 on X and H10δ(K) ≤ CFν0(K). For any ball B = B(x, r), denote
rad(B) := r. Let Fδ be the set of all Radon measures ν on K for which

rad(B)
ν(B)

μ(B)
≤ 1 for all B ∈ B with rad(B) ≤ δ.

Let
h := sup{ν(K) : ν ∈ Fδ}

and
Gδ := {ν ∈ Fδ : ν(K) = h}.

Then h > M/CF , since ν0 ∈ Fδ. Pick a sequence (νi) ⊂ Fδ such that
νi(K) → h. As νi(X) is clearly bounded (by the definition of Fδ and the

compactness of K), we find a subsequence (not relabeled) such that νi
∗
⇀ ν̃

for some Radon measure ν̃ on X. By lower semicontinuity in open sets under
weak* convergence,

ν̃(X \K) ≤ lim inf
i→∞

νi(X \K) = 0,

and for any B ∈ B with rad(B) ≤ δ,

rad(B)
ν̃(B)

μ(B)
≤ lim inf

i→∞
rad(B)

νi(B)

μ(B)
≤ 1,

and so ν̃ ∈ Fδ. By upper semicontinuity in compact sets,

ν̃(K) ≥ lim sup
i→∞

νi(K) = h,

and so necessarily ν̃(K) = h. Thus Gδ is nonempty, it is easily seen to be
convex, and by using the properties of weak* convergence as above it can be
verified that Gδ is compact with respect to the weak* topology. Then by the
Krein-Milman theorem, see e.g. [37, Theorem 3.23], there exists an extreme
point ν ∈ Gδ; this means that if ν = tν1 + (1 − t)ν2 for some 0 < t < 1 and
ν1, ν2 ∈ Gδ, then ν = ν1 = ν2.

Fix 0 < ε < δ. Define

Dε :=
⋃

{B ∈ B : rad(B) ≤ ε and 2ν(B) > μ(B)/ rad(B)} .

We claim that ν(K \Dε) = 0.
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Suppose that ν(K \Dε) > 0 instead. Let B1, . . . , Bm be all the balls in
B with radius is strictly greater than ε. Define inductively for i = 1, . . . ,m,

A1 := K \Dε,

Ai+1 := Ai \Bi if ν(Ai \Bi) ≥ ν(Ai ∩ Bi),

Ai+1 := Ai ∩ Bi if ν(Ai \Bi) < ν(Ai ∩ Bi).

Let A := Am+1. Then A ⊂ K is a Borel set and ν(A) > 0. Moreover,
either A ⊂ B or A ∩ B = ∅ for every B ∈ B with rad(B) > ε. Recall that
H({x}) = 0 for all x ∈ K; then by the doubling property of μ, necessarily

lim inf
r→0

μ(B(x, r))

r
= 0. (3.4)

Now if x ∈ K, for all balls B ∈ B, B � x with rad(B) ≤ δ we have

ν({x}) ≤ ν(B) ≤ μ(B)

rad(B)
,

where the last quantity can be made arbitrarily small by (3.4). We conclude
that ν({x}) = 0 for all x ∈ K. Thus we can find disjoint Borel sets H1 and
H2 such that

A = H1 ∪H2 and ν(H1) = ν(H2) =
1
2
ν(A),

see e.g. [32, Lemma 8.20]. Now we define Radon measures ν1 and ν2 by

ν1(E) := 2ν(E ∩H1) + ν(E \ A),
ν2(E) := 2ν(E ∩H2) + ν(E \ A)

for E ⊂ K. Then ν = (ν1 + ν2)/2, ν1(H1) = 2ν(H1) > ν(H1), and ν2(H2) =
2ν(H2) > ν(H2). Thus by the extremality of ν, ν1 and ν2 cannot both belong
to Gδ. Suppose ν1 /∈ Gδ, the other case being treated analogously. Clearly
ν1(K) = ν2(K) = ν(K) = h. Thus ν1 /∈ Fδ, that is, there exists B ∈ B
with rad(B) ≤ δ such that ν1(B) > μ(B)/ rad(B). Then rad(B) ≤ ε since
otherwise either A ⊂ B or A ∩ B = ∅, and in both cases ν1(B) = ν(B) ≤
μ(B)/ rad(B). We have

2ν(B) ≥ 2ν(B ∩H1) + ν(B \ A) = ν1(B) > μ(B)/ rad(B),
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whence B ⊂ Dε ⊂ X \ A. Thus in total,

μ(B)

rad(B)
< ν1(B) = ν(B) ≤ μ(B)

rad(B)
,

a contradiction. Thus ν(K \Dε) = 0.
Let p ∈ N such that 1/p < δ and

D :=
∞⋂
i=p

D1/i,

so that ν(K \D) = 0 by the claim. Fix a new ε > 0. For every x ∈ D there
exists B ∈ B such that x ∈ B, rad(B) ≤ ε/5, and 2ν(B) > μ(B)/ rad(B).
By the 5-covering theorem, we can extract a countable collection {Bi}∞i=1 of
pairwise disjoint balls such that the balls 5Bi cover D. Then

Hε(D) ≤
∞∑
i=1

μ(5Bi)

5 rad(Bi)
≤ C3

d

∞∑
i=1

μ(Bi)

rad(Bi)
≤ 2C3

d

∞∑
i=1

ν(Bi) ≤ 2C3
dν(K),

so that H(D) ≤ 2C3
dν(K) < ∞. Conversely, for any balls {B̃i}∞i=1 with

rad(B̃i) ≤ δ/8 covering K ∩D, such that B̃i ∩K �= ∅ for all i ∈ N, we find

balls {Bi ∈ B}∞i=1 for which Bi ⊃ B̃i and 4 rad(B̃i) ≤ rad(Bi) ≤ 8 rad(B̃i) for
all i ∈ N, which gives

C4
d

∞∑
i=1

μ(B̃i)

rad(B̃i)
≥

∞∑
i=1

μ(Bi)

rad(Bi)

≥
∞∑
i=1

ν(Bi) ≥ ν(K ∩D) = ν(K) = h > M/CF .

Thus M/(C4
dCF ) < H(K ∩D) < ∞. Then since H|K∩D is a Radon measure,

we find a compact K0 ⊂ K ∩ D such that H(K0) > M/(C4
dCF ) (see e.g.

[2, Proposition 1.43(i)]). This completes the proof since 0 < M < ∞ was
arbitrary.

4 The fine Kellogg property

In this section we prove the fine Kellogg property for p = 1; it states that
an arbitrary set is 1-thick at 1-quasi-every point in the set. The proof will
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mostly consist of considerations of measurability, as well as exploiting the
existence of subsets of finite Hausdorff measure.

Recall the definition of the BV-capacity from (2.3).

Lemma 4.1. Let D ⊂ X. Then the functions

x �→ r
CapBV(D ∩B(x, r))

μ(B(x, r))
for a fixed r > 0,

as well as

x �→ lim sup
r→0

r
CapBV(D ∩ B(x, r))

μ(B(x, r))
and x �→ lim inf

r→0

μ(B(x, r))

r

are Borel measurable.

Proof. Fix r > 0. First we show that the function

x �→ CapBV(D ∩ B(x, r))

is lower semicontinuous. By using e.g. Lipschitz cutoff functions, we see that
the function is finite for all x ∈ X. Fix ε > 0 and x ∈ X. By the continuity
of CapBV under increasing sequences of sets, see (2.4), we have for some s < r

CapBV(D∩B(x, r)) ≤ CapBV(D∩B(x, s))+ε ≤ lim inf
y→x

CapBV(D∩B(y, r))+ε.

Since ε > 0 was arbitrary, we have shown lower semicontinuity. Similarly, it
can be shown that

x �→ μ(B(x, r))

is lower semicontinuous, and so we have shown that for a fixed r > 0, the
function

x �→ r
CapBV(D ∩ B(x, r))

μ(B(x, r))

is Borel measurable. Moreover, again using the continuity of CapBV under
increasing sequences of sets we see that for any x ∈ X and r > 0,

sup
0<s<r

s
CapBV(D ∩ B(x, s))

μ(B(x, s))
= sup

0<s<r
s∈Q

s
CapBV(D ∩ B(x, s))

μ(B(x, s))
,
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and so

x �→ lim sup
r→0

r
CapBV(D ∩ B(x, r))

μ(B(x, r))
= lim

i→∞
sup

0<s<1/i
s∈Q

s
CapBV(D ∩ B(x, s))

μ(B(x, s))

is Borel measurable. The Borel measurability of the third function is shown
similarly.

Lemma 4.2. The set A := {x ∈ X : H({x}) > 0} is Borel.

Proof. It is easy to check that H({x}) > 0 if and only if

lim inf
r→0

μ(B(x, r))

r
> 0.

Thus the result follows from Lemma 4.1.

The BV-capacity has the following “Borel regularity”.

Lemma 4.3. Let A ⊂ X. Then there exists a Borel set D ⊃ A such that
CapBV(D ∩ B) = CapBV(A ∩ B) for every ball B = B(x, r).

Proof. Take a countable dense set {xj}∞j=1 in X and let {Bk}∞k=1 be the
collection of all balls with center xj for some j and a rational radius. Define
the set function

C̃apBV(H) :=
∞∑
k=1

2−kCapBV(H ∩ Bk)− CapBV(A ∩ Bk)

CapBV(Bk)
, H ⊃ A.

Let β := inf{C̃apBV(H) : H ⊃ A, H is Borel}. If we take a sequence of

Borel sets Di ⊃ A such that C̃apBV(Di) < β+1/i, then clearly D :=
⋂∞

i=1 Di

is a Borel set satisfying C̃apBV(D) = β.
We show that β = 0; suppose instead β > 0. Then for some k ∈ N the k:th

term in the definition of C̃apBV(D) is nonzero. By the definition of the BV-
capacity, we find an open set W ⊃ A∩Bk with CapBV(W ) < CapBV(D∩Bk).

Then defining D0 := D ∩ ((X \Bk)∪W ), we have C̃apBV(D0) < C̃apBV(D),
a contradiction. Thus β = 0.

Now take x ∈ X and r > 0. Let ε > 0. By (2.4), for some s < r we have

CapBV(D ∩ B(x, r)) ≤ CapBV(D ∩ B(x, s)) + ε,

14



and then for some k ∈ N we have B(x, s) ⊂ Bk ⊂ B(x, r). Then

CapBV(D ∩ B(x, r)) ≤ CapBV(D ∩ B(x, s)) + ε

≤ CapBV(D ∩ Bk) + ε

= CapBV(A ∩ Bk) + ε since β = 0

≤ CapBV(A ∩B(x, r)) + ε.

Since ε > 0 was arbitrary, we have the result.

Proposition 4.4 ([27, Proposition 4.5]). Let x ∈ X with Cap1({x}) > 0.
Then {x} is 1-thick at x, that is, x ∈ b1{x}.

According to [3, Proposition 6.16], if x ∈ X, 0 < r < 1
8
diamX, and

A ⊂ B(x, r), then for some constant C = C(Cd, CP , λ),

Cap1(A)

C(1 + r)
≤ cap1(A,B(x, 2r)) ≤ 2

(
1 +

1

r

)
Cap1(A). (4.5)

Now we prove the existence of a thickness point in any set of nonzero
1-capacity, which will immediately imply the fine Kellogg property. In the
proof below, the reason for using the BV-capacity is that it is continuous
with respect to increasing sequences of sets, which in particular allowed us
to prove the measurability results of Lemma 4.1 and Lemma 4.3.

Theorem 4.6. Let A ⊂ X with Cap1(A) > 0. Then there exists a point
x ∈ A ∩ b1A.

Proof. Suppose A ∩ b1A = ∅, so that

lim
r→0

r
cap1(A ∩ B(x, r), B(x, 2r))

μ(B(x, r))
= 0

for all x ∈ A. By Proposition 4.4 and (2.6) we know that H({x}) = 0 for all
x ∈ A. By (2.5), CapBV(A) > 0. By (4.5) and (2.5),

lim
r→0

r
CapBV(A ∩ B(x, r))

μ(B(x, r))
= 0

for all x ∈ A. By Lemma 4.3 we find a Borel set D ⊃ A such that CapBV(D∩
B) = CapBV(A ∩ B) for every ball B = B(x, r). Thus for all x ∈ A,

lim
r→0

r
CapBV(D ∩ B(x, r))

μ(B(x, r))
= 0.

15



Then define

F :=

{
x ∈ X : lim

r→0
r
CapBV(D ∩ B(x, r))

μ(B(x, r))
= 0

}
⊃ A,

which is a Borel set by Lemma 4.1. Since we had H({x}) = 0 for all x ∈ A,
we can define

H := D ∩ F ∩ {x ∈ X : H({x}) = 0} ⊃ A,

which is a Borel set by Lemma 4.2. For every x ∈ H we now have

lim
r→0

r
CapBV(H ∩ B(x, r))

μ(B(x, r))
≤ lim

r→0
r
CapBV(D ∩B(x, r))

μ(B(x, r))
= 0.

Moreover, CapBV(H) > 0 since A ⊂ H. (The point so far has simply been
to pass from A to the Borel set H.)

By the fact that CapBV is a Choquet capacity, see [16, Corollary 3.8], we
find a compact set K ⊂ H with CapBV(K) > 0. By (2.6), H(K) > 0. Now
by Theorem 3.3 we find a compact set K0 ⊂ K with 0 < H(K0) < ∞ and
then clearly for every x ∈ K0,

lim
r→0

r
CapBV(K0 ∩ B(x, r))

μ(B(x, r))
= 0.

By Egorov’s theorem, which we can apply by Lemma 4.1, we find K1 ⊂ K0

with 0 < H(K1) < ∞ such that

r
CapBV(K1 ∩ B(x, r))

μ(B(x, r))
→ 0 as r → 0

uniformly for all x ∈ K1. Fix ε > 0. For some δ > 0, the above quantity is
less than ε whenever r < δ. We find a covering {B(xi, ri)}∞i=1 of K1, with
ri < δ/2, such that

∞∑
i=1

μ(B(xi, ri))

ri
< H(K1) + ε.

We can assume that there exists yi ∈ B(xi, ri) ∩K1 for all i ∈ N, and then
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the balls B(yi, 2ri) also cover K1. Thus

CapBV(K1) ≤
∞∑
i=1

CapBV(K1 ∩ B(yi, 2ri))

≤ ε
∞∑
i=1

μ(B(yi, 2ri))

2ri

≤ ε

∞∑
i=1

μ(B(xi, 4ri))

2ri
< C2

dε(H(K1) + ε).

Letting ε → 0, we get CapBV(K1) = 0, so that H(K1) = 0 by (2.6), which is
a contradiction.

Now we get the following fine Kellogg property for p = 1. For the case
p > 1, see [7, Corollary 1.3].

Corollary 4.7. Let A ⊂ X. Then Cap1(A \ b1A) = 0.

Proof. Let F := A \ b1A. Then clearly b1F ⊂ b1A, so that F ∩ b1F ⊂
b1F \ b1A = ∅, and then by Theorem 4.6, Cap1(F ) = 0.

Remark 4.8. In this section we have not really studied or applied fine po-
tential theory, but rather just basic properties of capacities and the measure-
theoretic result of the previous section. By contrast, in the case p > 1, the
fine Kellogg property is deduced from the Choquet property, which we only
prove for p = 1 in Section 6. The kind of method we used in this section
does not seem to be available in the case p > 1: we used the fact that H and
Cap1 have the same null sets but the analog of this is not true for p > 1.

5 The quasi-Lindelöf principle

In this section we prove the quasi-Lindelöf principle for the 1-fine topology,
by using the fine Kellogg property.

We will need the following fact given in [3, Lemma 11.22].

Lemma 5.1. Let x ∈ X, r > 0, and A ⊂ B(x, r). Then for every 1 < s < t
with tr < 1

4
diamX, we have

cap1(A,B(x, tr)) ≤ cap1(A,B(x, sr)) ≤ CS

(
1 +

t

s− 1

)
cap1(A,B(x, tr)),

where CS = CS(Cd, CP , λ).
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In proving the quasi-Lindelöf principle for p = 1, we follow the proof of
[19, Theorem 2.3], where the property was shown for p > 1 (in the Euclidean
setting and with slightly different definitions).

Theorem 5.2. For every family V of 1-finely open sets there is a countable
subfamily V ′ such that

Cap1

(⋃
U∈V

U \
⋃

U ′∈V ′
U ′

)
= 0.

Proof. Take a countable dense set {xj}∞j=1 in X and let {Bk}∞k=1 be the
collection of all balls with center xj for some j and a rational radius strictly
less than 1

16
diamX. Define the set function

C̃ap1(A) :=
∞∑
k=1

2−k cap1(A ∩ Bk, 2Bk)

cap1(Bk, 2Bk)
, A ⊂ X,

where the denominator is always strictly positive by (4.5). Take a collection
of 1-finely open sets {Ui}i∈Λ, and let U :=

⋃
i∈Λ Ui. Let

β := inf

{
C̃ap1

(
U \

⋃
i∈I

Ui

)
: I ⊂ Λ is countable

}
.

Choose countable sets Ij ⊂ Λ, j ∈ N, such that

C̃ap1

⎛⎝U \
⋃
i∈Ij

Ui

⎞⎠ < β +
1

j
.

Define the countable set

I∞ :=
∞⋃
j=1

Ij,

so that for
A := U \

⋃
i∈I∞

Ui

we have C̃ap1(A) = β. We show that β = 0; suppose instead β > 0. Then
Cap1(A) > 0 by (4.5), and so by Theorem 4.6 there exists a point x ∈ A∩b1A.
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Choose i ∈ Λ such that x ∈ Ui. Since A \ Ui is 1-thin at x and A is 1-thick,
we find 0 < r < 1

16
diamX such that

r
cap1((A \ Ui) ∩ B(x, r), B(x, 2r))

μ(B(x, r))
<

1

25C2
SCd

r

2

cap1(A ∩ B(x, r/2), B(x, r))

μ(B(x, r/2))
,

and so

cap1((A\Ui)∩B(x, r), B(x, 2r)) <
1

25C2
S

cap1(A∩B(x, r/2), B(x, r)). (5.3)

Then choose k ∈ N such that Bk = B(y, s) with d(y, x) < r/8 and 3r/4 <
s < 7r/8. Now

cap1((A \ Ui) ∩ Bk, 2Bk)

≤ 5CS cap1((A \ Ui) ∩ Bk, 4Bk) by Lemma 5.1

≤ 5CS cap1((A \ Ui) ∩ Bk, B(x, 2r)) since B(x, 2r) ⊂ 4Bk

≤ 5CS cap1((A \ Ui) ∩ B(x, r), B(x, 2r)) since Bk ⊂ B(x, r)

<
1

5CS

cap1(A ∩B(x, r/2), B(x, r)) by (5.3)

≤ cap1(A ∩ B(x, r/2), B(x, 2r))

≤ cap1(A ∩ B(x, r/2), 2Bk)

≤ cap1(A ∩ Bk, 2Bk).

It follows that C̃ap1(A \ Ui) < C̃ap1(A) = β, a contradiction. Hence β = 0

and so C̃ap1

(
U \⋃i∈I∞ Ui

)
= 0. Then by (4.5) we see that Cap1

(
U \⋃i∈I∞ Ui

)
=

0.

6 The Choquet property

In this section we prove the fact that 1-finely open sets are 1-quasiopen, and
then we prove the Choquet property for the 1-fine topology. To achieve these,
we use the weak Cartan property proved in [27], as well as the fine Kellogg
property and the quasi-Lindelöf principle of the previous sections.

Recall that a set U ⊂ X is 1-quasiopen if for every ε > 0 there is an open
set G ⊂ X such that Cap1(G) < ε and U ∪ G is open. Quasiopen sets have
the following stability.
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Lemma 6.1. Let U ⊂ X be a 1-quasiopen set and let A ⊂ X be H-negligible.
Then U \ A and U ∪ A are 1-quasiopen sets.

Proof. Let ε > 0. Take an open set G ⊂ X such that Cap1(G) < ε and U ∪G
is an open set. By (2.6) we know that Cap1(A) = 0, and since Cap1 is an
outer capacity, we find an open setW ⊃ A such that Cap1(G)+Cap1(W ) < ε.
Now (U \A)∪ (G∪W ) = (U ∪G)∪W is an open set with Cap1(G∪W ) < ε,
so that U \A is a 1-quasiopen set. Similarly, (U∪A)∪(G∪W ) = (U∪G)∪W
is an open set, so that U ∪ A is also a 1-quasiopen set.

The following fact about 1-finely open and 1-quasiopen sets is previously
known.

Proposition 6.2 ([25, Proposition 4.3]). Every 1-quasiopen set is the union
of a 1-finely open set and a H-negligible set.

Lemma 6.3. Let V0 ⊂ X be 1-quasiopen and let x ∈ V0 \ b1(X \ V0), that is,
X \ V0 is 1-thin at x. Then there exists a 1-finely open and 1-quasiopen set
V such that x ∈ V ⊂ V0.

Proof. By Proposition 6.2, V0 = W ∪N where H(N) = 0 and W is 1-finely
open, and W is also 1-quasiopen by Lemma 6.1. Let V := W ∪ {x}. If
Cap1({x}) > 0, necessarily x ∈ W and so V = W is 1-finely open and 1-
quasiopen. Otherwise V is also 1-quasiopen by Lemma 6.1. It is 1-finely
open since

B(x, r) \ V ⊂ B(x, r) \W ⊂ (B(x, r) \ V0) ∪ (B(x, r) ∩N)

for all r > 0, and so

lim sup
r→0

r
cap1(B(x, r) \ V,B(x, 2r))

μ(B(x, r))

≤ lim sup
r→0

r
cap1((B(x, r) \ V0) ∪ (B(x, r) ∩N), B(x, 2r))

μ(B(x, r))

= lim sup
r→0

r
cap1(B(x, r) \ V0, B(x, 2r))

μ(B(x, r))
by (2.6) and (4.5)

= 0

since x /∈ b1(X \ V0).
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Recall the definitions of the lower and upper approximate limits u∧ and
u∨ from (2.1) and (2.2). From [28, Theorem 1.1] we get the following result,
which was proved earlier in the Euclidean setting in [12, Theorem 2.5].

Proposition 6.4. Let u ∈ BV(X) and ε > 0. Then there exists an open set
G ⊂ X such that Cap1(G) < ε and u∧|X\G is real-valued lower semicontinu-
ous.

It is perhaps a curious fact that only now we need to talk about minimizers
for the first time; recall the definitions of 1-minimizers and 1-superminimizers
from Definition 2.8.

Theorem 6.5 ([27, Theorem 3.11]). Let u be a 1-superminimizer in an open
set Ω ⊂ X. Then u∧ : Ω → (−∞,∞] is lower semicontinuous.

We have the following weak Cartan property.

Theorem 6.6 ([27, Theorem 5.2]). Let A ⊂ X and let x ∈ X \A be such that
A is 1-thin at x. Then there exist R > 0 and E0, E1 ⊂ X such that χE0 , χE1 ∈
BV(X), χE0 and χE1 are 1-superminimizers in B(x,R), max{χ∧

E0
, χ∧

E1
} = 1

in A ∩ B(x,R), {max{χ∨
E0
, χ∨

E1
} > 0} is 1-thin at x, and

lim
r→0

r
P (E0, B(x, r))

μ(B(x, r))
= 0, lim

r→0
r
P (E1, B(x, r))

μ(B(x, r))
= 0.

Now we can prove a result that is an analog of the existence of p-strict
subsets for p > 1, see [6, Lemma 3.3]. In fact, later we will only need the
existence of the sets V given in the proposition below, and not the functions
v.

Proposition 6.7. Let U ⊂ X be 1-finely open and let x ∈ U . Then there
exists a 1-finely open and 1-quasiopen set V such that x ∈ V ⊂ U , and
a function w ∈ BV(X) such that 0 ≤ w ≤ 1 on X, w∧ = 1 on V , and
sptw � U .

Proof. The set X \U is 1-thin at x. Take R > 0 and E0, E1 ⊂ X as given by
Theorem 6.6 with the choice A = X \ U . Let u := max{χ∧

E0
, χ∧

E1
} ∈ BV(X)

(here we understand u to be pointwise defined). Now 0 ≤ u ≤ 1, u is
lower semicontinuous in B(x,R) by Theorem 6.5, u = 1 on B(x,R) \U , and
u∨(x) = 0 since the set {max{χ∧

E0
, χ∧

E1
} > 0} ⊂ {max{χ∨

E0
, χ∨

E1
} > 0} is

21



1-thin at x, and so it also has zero measure density at x, see [25, Lemma
3.1]. Moreover, {u∨ > 0} ⊂ {max{χ∨

E0
, χ∨

E1
} > 0} and so

lim
r→0

r
cap1({u∨ > 0} ∩B(x, r), B(x, 2r))

μ(B(x, r))
= 0. (6.8)

Let η ∈ Lipc(B(x,R)) such that 0 ≤ η ≤ 1 on X and η = 1 on B(x,R/2).
Let v := η(1− u) ∈ BV(X) (still understood to be pointwise defined). Then
0 ≤ v ≤ 1, v is upper semicontinuous on X, v = 0 on X \ U , and v∧(x) = 1.
Moreover, by (6.8),

lim
r→0

r
cap1({v∧ < 1} ∩B(x, r), B(x, 2r))

μ(B(x, r))
= 0. (6.9)

The set V0 := {v∧ > 1/2} contains x and is 1-quasiopen by Proposition 6.4.
Moreover, x /∈ b1(X \ V0) by (6.9). By Lemma 6.3 we find a 1-finely open
and 1-quasiopen set V such that x ∈ V ⊂ V0. Let

w(·) := min
{
1, (4v(·)− 1)+

} ∈ BV(X)

(now understood in the usual sense of a BV function, i.e. as a μ-equivalence
class). Then 0 ≤ w ≤ 1 and w∧ = 1 on V (since it is a subset of V0).
Moreover, sptw ⊂ {v ≥ 1/4} by the upper semicontinuity of v. Thus sptw �
U , and this also guarantees that V ⊂ U .

Remark 6.10. The above proof would be somewhat more straightforward
if we knew that the set V0 itself was 1-finely open; then we would not need
Lemma 6.3. This would be the case if the superminimizer functions χ∨

E0
and

χ∨
E1

were upper semicontinuous with respect to the 1-fine topology, but in
general they are not, see [27, Example 5.8]. This is in contrast with the
case p > 1, where the p-fine topology makes all p-superharmonic functions
continuous. However, the fact that {max{χ∨

E0
, χ∨

E1
} > 0} is 1-thin at xmeans

that χ∨
E0

and χ∨
E1

are 1-finely continuous at the point x, and this was enough
for the proof to run through.

Theorem 6.11. Every 1-finely open set is 1-quasiopen.

Proof. Let U ⊂ X be 1-finely open. For every x ∈ U , by Proposition 6.7
we find a 1-finely open and 1-quasiopen set Vx such that x ∈ Vx ⊂ U . By
the quasi-Lindelöf principle (Theorem 5.2) we find a countable subcollection
{Vi}∞i=1 and a Cap1-negligible set N ⊂ U such that U =

⋃∞
i=1 Vi∪N . The set

N is 1-quasiopen since Cap1 is an outer capacity, and since a countable union
of 1-quasiopen sets is easily seen to be 1-quasiopen, U is 1-quasiopen.

22



Combining this with Proposition 6.2 and Lemma 6.1, we have a charac-
terization of 1-quasiopen and 1-finely open sets by means of each other.

Corollary 6.12. A set U ⊂ X is 1-quasiopen if and only if it is the union
of a 1-finely open set and a H-negligible set.

Proposition 6.13. If A � D ⊂ X, then

cap1(A,D) = cap1(A
1
, D).

Proof. By [25, Proposition 3.3], we have

cap1(A,D) = cap1(A
1 ∩D,D).

Since clearly A
1 ⊂ A ⊂ D, we have the result.

Now we prove the Choquet property for p = 1; for the case 1 < p < ∞
see [7, Theorem 1.2].

Theorem 6.14. Let A ⊂ X and let ε > 0. Then there exists an open set
W ⊂ X such that W ∪ b1A = X and Cap1(W ∩ A) < ε.

Proof. Let x ∈ X \ b1A. Clearly for all r > 0,

b1A ∩ B(x, r) ⊂ b1(A ∩ B(x, r)) ⊂ A ∩ B(x, r)
1
,

and so by Proposition 6.13,

lim sup
r→0

r
cap1(b1A ∩ B(x, r), B(x, 2r))

μ(B(x, r))

≤ lim sup
r→0

r
cap1(A ∩ B(x, r)

1
, B(x, 2r))

μ(B(x, r))

= lim sup
r→0

r
cap1(A ∩ B(x, r), B(x, 2r))

μ(B(x, r))
= 0.

ThusX\b1A is a 1-finely open set, and then it is also 1-quasiopen by Theorem
6.11. Take an open G ⊂ X such that Cap1(G) < ε and (X \ b1A) ∪G =: W
is open. Now W ∪ b1A = X, and by the fine Kellogg property (Corollary
4.7),

Cap1(W ∩ A) ≤ Cap1((A \ b1A) ∪G) = Cap1(G) < ε.
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Remark 6.15. In the case p > 1, one seems to need a strong version of
the Cartan property (involving only one superminimizer function, instead of
two) to deduce the Choquet property; see [7, 8]. For p = 1 we do not know
whether such a Cartan property holds, though a result in that vein was given
in the proof of [25, Proposition 5.8]. However, the weak Cartan property is
enough for proving the existence of 1-strict subsets as in Proposition 6.7, and
this combined with the quasi-Lindelöf principle and the fine Kellogg property
is then enough for proving the Choquet property. However, the same would
not work in the case p > 1, since there the Choquet property is needed for
proving the fine Kellogg property.

Acknowledgments. Part of the research for this paper was conducted
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