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Visual understanding of divergence and curl: Visual cues promote better learning
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2Department of Teacher Education, University of Jyväskylä, 40014 Jyväskylä, Finland

Prior research has shown that students struggle to indicate whether vector field plots have zero or non-zero curl
or divergence. In an instruction-based eye-tracking study, we investigated whether visual cues (VC) provided
in the vector field plot can foster students’ understanding of these concepts. The VC were only present during
instruction and highlighted conceptual information about vector decomposition and partial derivatives.

Thirty-two physics majors were assigned to two groups, one was instructed with VC about the problem-
solving strategy, and one without. The results show that students in VC-condition performed better, responded
with higher confidence, experienced less mental effort, and rated the instructional quality better than students
instructed without cues. All results were statistically significant. Furthermore, VC-students performed better on
a transfer task about the curl concept. The superior performance of students in VC-condition can be attributed to
saccadic eye-movements which are in line by correct application of the visual strategy and which were supported
by the visual cues. The outcomes strongly confirm multimedia design principles and reveal a direct link between
processing explicit instructions and its application in subsequent tasks in the domain of problem solving.

I. INTRODUCTION

Many problems in upper division physics and other scien-
tific disciplines require students to relate abstract concepts to
multiple external representations, including diagrams, equa-
tions, graphics or data tables. It is well known that visual
representations of abstract concepts have the potential to sub-
stantially promote learning [1]. In a more general form, the
ability to relate mathematical concepts to various represen-
tations contributes to representational competence, that is,
being able to use multiple representations for understand-
ing [2]. However, the acquisition of this skill requires in-
structional support, especially when concepts become more
sophisticated.

One example which has recently been studied consists of
the visual interpretation of two-dimensional vector field plots
with respect to divergence or curl [3–7]. In simplified cases,
students must decide whether vector fields have zero or non-
zero curl or divergence, cf. Fig. 1. This task is challenging
even for graduate students [3] and requires the interpretation
of the mathematical definition of divergence and curl and its
application to the vector field. In this contribution, we solely
focus on the differential representation of divergence and curl
in Cartesian coordinates [8], i.e.,

div~F (~r ) = ~∇ · ~F =
∂Fx

∂x
+

∂Fy

∂y
, (1)

curl~F (~r ) = ~∇× ~F =

(
∂Fy

∂x
− ∂Fx

∂y

)
êz, (2)

where ~F = (Fx, Fy, 0), ~r = (x, y, z), and ~∇ represents the
nabla (del) operator. By definition, the divergence and curl
of a vector field can be evaluated qualitatively by interpreting
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FIG. 1. Graphical representation of a two-dimensional vector field
~F (~r ) with constant divergence. Can you judge whether divergence
is zero or non-zero?

the partial vector derivatives. Application to a graphical vec-
tor field plot means that one must inspect the change of both
field components in the x- and y-directions, respectively, cf.
Fig. 2. To keep it simple, we only distinguish between zero
and non-zero divergence and exclude cases in which two non-
zero addents cancel each other out (∂Fx/∂x = −∂Fy/∂y).
Vividly speaking, we must perform horizontal and vertical
eye movements to judge the change of the vector field in hori-
zontal and vertical directions, respectively, making this visual
task perfectly suitable for eye-tracking methodology (the sac-
cadic direction analysis was introduced in [7]).

Prior research has shown that student’s performance on
this problem—even after explicit instruction—was mediocre
(66% success rate while chance of guessing correct is 50%),
and students mainly struggled with the concept of partial vec-
tor derivatives [9]. Based on previous work [6, 7], we de-
signed a problem-solving instruction which highlights con-
ceptual features in the vector field diagram that are important
for problem-solving. We established a strong integration be-
tween written text and the field plot. In this contribution, we
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FIG. 2. Visual cues highlighting the vector field decomposition and
framing one row/column for evaluating ∂/∂x and ∂/∂y. For in-
stance, the divergence can be estimated by judging the change of
the orange arrows in the orange box and the red arrows in the red
box, cf. Eq. (1). Remember that the fields are constructed to have
constant zero or non-zero divergence everywhere.

investigate the impact of the instruction on learning, focusing
on the effect of visual cuing.

II. THEORETICAL BACKGROUND: VISUAL CUING

Constructing a visual understanding of divergence/curl in-
volves coordinating information provided in multiple repre-
sentations with prior knowledge. We refer to the cognitive
theory of multimedia learning (CTML, [10]) which helps
us interpret the functions and mechanisms of constructing
knowledge with multiple representations [11]. CTML iden-
tifies three distinct processes (selection, organization, and in-
tegration) involved in learning from information presented in
multiple modalities. It has been argued that highlighting rel-
evant information (visual cueing) can facilitate all of these
three processes [12, 13]:

Selection can be described as the process of accessing
pieces of sensory information from each representation. By
highlighting relevant information in a visual representation,
such as the vector decomposition, it is easier for the learner
to attend to that information.

Organization describes the structuring of the selected in-
formation to build a coherent internal representation, involv-
ing, for example, comparisons and classifications. Highlight-
ing relevant information emphasizes the structure and the
identification of links between elements. In our example, the
x- and y-directions are highlighted with framing boxes.

Integration can be considered as combining internal repre-
sentations with activated prior knowledge (long-term mem-
ory). In particular, learners need to integrate elements within
a single representation or across multiple representations, for
example, coordinating graphical representations and equa-
tions with text to create a mental model to solve a problem.
In the present example, we used colored elements to refer to
the corresponding parts in the definition of the concept.

III. INSTRUCTION-BASED EYE-TRACKING STUDY

A. Hypotheses and research questions

Based on the theoretical framework above, we hypothesize
that problem solving abilities will be improved by the cues
shown in Fig. 2 since they make implicit causal or functional
relations between elements more explicit. We also investigate
the impact of the instructions on mental stress and quality of
instruction judgements.

H1 Instructions about the visual interpretation of diver-
gence are more successful (in terms of performance
and confidence measures) with visual cues than with-
out. In other words, students instructed with visual
cues (VC-students) will perform better in subsequent
problem solving than students instructed with no cues
(NC-students).

H2 VC-students will perform better in a transfer task (in-
terpretation of curl) than NC-students.

RQ1 What between-group differences, if any, are there con-
cerning perceived mental effort and perceived quality
of instruction?

RQ2 How does students’ visual attention and saccadic eye
movement differ during (a) processing of the instruc-
tion and (b) problem solving.

B. Sample

A total of 32 (26 male) participants with ages rang-
ing from 18–27 (mean 20.6 years) took part in the exper-
iment. All of them attended an introductory electromag-
netism (E&M) course and had successfully completed two
mechanics courses (calculus-based mechanics and experi-
mental physics). The lectures have introduced the concepts
of divergence and curl traditionally without emphasizing vi-
sual interpretation. Participation was voluntary, took 30 min,
and was compensated with 10 EUR.

C. Study Design and measures

First, students completed a pre-test about their conceptual
knowledge of divergence and curl (questions similar to those
in [4]). Then, they were randomly assigned to one of two
groups, the visual cue (VC)-condition and the no cue (NC)-
condition (16 vs. 16 participants), and conducted the exper-
iment in front of a computer screen. The instruction page
explained how the divergence of vector fields can be inter-
preted qualitatively. The page included (i) the formal defi-
nition of divergence, (ii) written text about the visual inter-
pretation of the equation (problem-solving strategy), (iii) one
vector field plot with or without visual cues (VC or NC) and



(iv) some hints about the experimental procedure. The con-
trast between the groups is actually represented in the Figures
1 and 2. In the VC-condition, the text (ii) refers to the orange
box and the red box in the diagram, and the vector decompo-
sition shown there (small red and orange arrows). Students
could take as much time as needed before proceeding to the
problem-solving phase. Then they were asked to judge the di-
vergence of eight vector field plots and rate the confidence of
their judgment on a Likert scale. After responding to all eight
problems, students rated the quality of the instruction (6 Lik-
ert items) as well as the mental stress during problem solving
(5 Likert items) [14]. After completing the divergence prob-
lems, students were provided with the formal definition of
the curl operator but received no explicit instruction. The se-
quence of the same vector fields followed, and students had
to judge the curl of each vector field and rate their confidence.

In summary, we obtained the following measures (abbre-
viations in parentheses): Pre-test scores concerning diver-
gence (DIVpre) and curl concepts (CURLpre), performance
scores after instruction (DIV and CURL), confidence scores
(DIVconf. and CURLconf.), perceived quality of instruction
(QI), and perceived mental stress (MS).

D. Eye-tracking procedure and data analysis

We obtained gaze data for all students using a Tobii X3-
120 eye-tracker installed on a 24" LCD screen. The device
has an accuracy of 0.4 degrees and allows a relatively high
freedom of head movement. Gaze data was recorded using
the Tobii Studio Pro software.

In this contribution, we make use of heatmaps, showing
how visual attention is distributed over an area for each group
of students. Furthermore, we divided the instruction page into
four areas of interest (AOI) i) – iv) as described in Sect. III C,
see also Fig. 3 (a), and calculated average dwell time on each
AOI. Last, we used saccadic direction analysis (SDA) to ob-
tain information about the distribution of saccadic angles. As
explained above, correct evaluation of the partial derivatives
requires vertical and horizontal eye movements, hence SDA
is a useful tool for this particular task.

IV. RESULTS

A. Descriptive statistics (H1, H2, and RQ1)

Table I presents the average values of students’ perfor-
mance, confidence, mental stress, and perceived quality of
instruction measures by group. All values have a possible
range between 0 and 1, where 1 represents perfect perfor-
mance, highest confidence, high mental stress, and high qual-
ity of instruction, respectively. Criteria to treat the data sets
as sufficiently normally distributed were met. As can be seen,
there was no significant difference regarding prior knowledge

TABLE I. Means and standard errors in parentheses. Statistics refer
to a t-test. Effect size measure is Cohen’s d.

No. of visual cues no cues statistics
measures items (N = 16) (N = 16) p |d|
DIVpre 9 0.75 (0.04) 0.70 (0.04) 0.55 ...
CURLpre 8 0.76 (0.04) 0.68 (0.04) 0.20 ...
DIV 8 0.82 (0.03) 0.71 (0.04) 0.04 0.37
DIVconf 8 0.74 (0.02) 0.53 (0.02) <0.001 1.28
CURL 8 0.76 (0.04) 0.61 (0.04) 0.01 0.46
CURLconf 8 0.73 (0.02) 0.56 (0.02) <0.001 0.97
MS 5 0.27 (0.02) 0.38 (0.03) < 0.001 0.70
QI 6 0.81 (0.02) 0.61 (0.03) < 0.001 1.22
Note: Abbreviations of measures are explained in the text.

between groups. Students instructed with visual cues per-
formed better on the divergence problems and on the trans-
fer problems regarding curl. Both effects are significant and
medium-sized [15]. These students replied with much more
confidence, resulting in a large between-group effect. More-
over, VC-students experienced less mental stress (medium-
sized effect) and judged the quality of instruction better.

B. Eye-Tracking data (RQ2)

The heatmaps shown in Fig. 3 reveal that students without
visual cues paid less attention on the field plot than students
instructed with the cues. In numbers, the visit duration on the
AOIiii is 25.2 s in the VC-condition in contrast to 7.81 s in
the NC-condition (p = 0.04, d = 0.74). Total time spent on
the instruction page was 102.71 s (no between-group effect).

Furthermore, we applied saccadic direction analysis [7] on
the eye movement data. Considering the field plot presented
in the instruction, we identify that VC-students performed
dominantly horizontal and vertical eye-movements, see Fig. 3
(c). In contrast, the distribution of NC-students is more broad
and contains oblique saccades. This difference can also be
observed during problem solving.

In Fig. 4, we show item number 2 and the gaze path of one
VC- and one NC-student. This vector field has only one non-
zero component in y-direction, hence we expect dominantly
vertical saccades. The student who correctly concluded that
the divergence of this field is zero (blue circles) proceeded
systematically and checked one column of arrows in vertical
direction. He also checked one row in horizontal direction.
The other student (orange circles) who failed in this task per-
formed dominantly horizontal saccades and checked several
rows of arrows. The figure also shows students’ saccadic di-
rection distribution as a function of correct or incorrect an-
swers. We observe differences similar to the results of the in-
structional field, viz., correct application of the visual strategy
implies concentrating on vertical and horizontal directions.
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FIG. 3. Students’ visual attention on the (a) VC- and (b) NC-
instruction with definition of AOIs i)–iv). (c) Saccadic direction dis-
tribution of VC-students (left) and NC-students (right) when they
observed the vector field plot on the instruction page (part iii).

V. CONCLUSION

Even though the experimental condition included only a
minor change (adding visual cues and emphasize the text-
graph-connection), the effect on learning was immense. The
results confirm design principles of multimedia learning, that
is, providing graphical representations with visual cues (VC)
improves learning. The instruction with conceptual high-
lights included important information about vector decom-

position and spatial information about partial derivatives—
concepts that are crucial in the subject context. Discrepancies
between both groups concerning mental stress, confidence in
students’ answers as well as perceived instructional quality
emphasize the positive impact of VC. Conversely, the results
also show that vector decomposition and partial derivatives
can still pose serious difficulties to end-of-first-year students.

Eye-tracking data strongly indicate that visual cues are
helpful to shift the focus of attention to the relevant parts
of the content and to put emphasis on the conceptual rela-
tions between the elements. Furthermore, we observed that
students processed the vector field during instruction differ-
ently between groups. VC-students performed dominantly
horizontal and vertical eye movements, reflecting correct in-
terpretation of the partial derivatives. These eye gaze patterns
were also found during successful problem solving.

Please note that all vector fields used in this study had ei-
ther zero or non-zero divergence everywhere, what might re-
inforcing a common misconception that a field has only a sin-
gle value for divergence rather than divergence being a local
property of the field. To avoid this misconception, students
were told about this special case in the instruction (part iv).
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FIG. 4. (a) Gaze plots (sequence of fixations) of students judging the
divergence of a vector field correctly (blue, VC) and incorrectly (or-
ange, NC). b) Saccadic direction distributions concerning the same
vector field of all students answering correct (left) or incorrect.
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