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Abstract: In this article, our focus is on sustainable development in mathematics education from
the point of view of teacher training. The aim was to develop prospective teachers’ content
knowledge and pedagogical content knowledge of school mathematics. As a case study, we chose
the mathematical symbol “a/b”, and examined how prospective class teachers in Finland connect it
to the concepts of fraction, ratio, division, rational number or probability. Mathematics textbooks
often have a central role in lessons, and they affect strongly how pupils understand concepts and the
relationships between them. We chose languaging as a multi-semiotic approach to interpreting what
kind of meanings the prospective class teachers gave the mathematical symbol “a/b”. The results
show that some of these concepts are difficult to see at the same time from the given mathematical
symbol. The concept of ratio is particularly difficult for prospective class teachers to interpret.
Pictorial presentation supported the interpretations. Mathematics learning materials and teacher
education should develop in accordance with the results of the study.
Keywords: fractions; multi-semiotic approach; languaging; prospective class teacher; content
knowledge; pedagogical content knowledge

1. Introduction
1.1. Sustainable Development of Education
The concept of sustainability is often associated with ecological and economic issues, but it also
applies in the educational realm. For example, even without an explicit awareness of the concept,
already in 1657 Comenius dedicated a chapter of his book “Didactica Magna” to the “foundations
of lasting teaching and learning” [1]. The United Nations (UN) has developed an agenda for 2030
Agenda for Sustainable Development, where education is seen as one of the main cornerstones for
sustainable development [2]. The main purpose in the fourth goal of this agenda is to ensure inclusive
and quality education for all and promote lifelong learning. It is commonly known that mathematics
acts as a gatekeeper in education: those students who have a good knowledge of mathematics are more
likely to have better scores and end with better educational trajectories than those who underperform
in this subject [3].
Our focus is on sustainable development in prospective class teachers’ mathematics education.
Following Shulman [4], we distinguish three categories of teacher’s content knowledge: subject matter
content knowledge, pedagogical content knowledge and curricular knowledge. These categories are
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applied to the teaching of primary school mathematics. We need to take account of all three categories
in developing mathematics teaching toward greater sustainability in achieving better learning results.
In the Finnish Core Curriculum 2014 (FCC) [5], the word sustainable is mentioned 176 times. In the
general part of FCC, sustainable development is seen as a “school’s role in building a sustainable future
that can be strengthened in the organization of education”. The basic idea of sustainable development
in the FCC can be seen in the light of the UN’s agenda for 2030 Agenda for Sustainable Development,
in which one of the main purposes is to ensure inclusive and quality education for all and promote
lifelong learning. The FCC has a major role in determining the contents of mathematics textbooks,
which in Finland are the most important factor influencing the structure of mathematics lessons at
primary school [6]. Thus, the textbooks are an important tool to ensure sustainability development in
mathematics education.
1.2. The Bases of Sustainable Development in Mathematics Education
Mathematical content knowledge requires understanding of the facts or concepts of a domain.
This means that teachers must understand the structure of mathematics. Teachers must not only be
capable of defining mathematical concepts, but they also must be able to explain why a mathematical
concept is worth knowing and understanding, and how it relates to other concepts in both theory and
practice. The second category of content knowledge is pedagogical content knowledge, which includes
the teaching dimension of mathematical content knowledge. In other words, pedagogical content
knowledge requires the teachers to have the skill of teaching mathematics that make it understandable
to others. Because there is no single most effective way of teaching, teachers must have at hand
alternative approaches, some of which might be based on the results of current research, whereas
others are born of experience. Pedagogical content knowledge also involves an understanding of
how pupils learn mathematics, and what makes the learning of a specific topic easy or difficult.
The third category of content knowledge is curricular knowledge, which includes teachers’ skills
and abilities to relate the mathematical content of a given lesson to topics or issues being discussed
in other classes. At the same time, teachers need to have a grasp of the mathematical topics and
issues taught in the mathematical subject area during the preceding and later years in school, and
the teaching materials that embody them. In building a sustainable mathematics teacher education,
and class teacher education, we understand that both content and process are important in teaching
professionals. Mathematical content knowledge includes knowledge of mathematical structures,
pedagogical knowledge of the general and specific topics of mathematics and specialized curricular
knowledge [4].
If a teacher has too narrow a pedagogical content knowledge and curricular knowledge, then the
teacher might see mathematics only as “rules” and “procedures”. In that case, they might concentrate
on mathematics teaching only in terms of calculating, practicing and perfecting such rules and
procedures, without trying to understand the underlying concepts and structures [7]. In this way,
the teacher does not build a solid picture of mathematical content knowledge for their students.
1.3. A Case: Fractions and Meanings of Symbol “a/b”
We consider the concept of fraction and the symbol “a/b” as a case from school mathematics.
The research (e.g., [8–11]) shows that fractions are one of the most challenging areas in school
mathematics. Pupils, prospective class and subject teachers, and sometimes even experienced
teachers, have trouble with fractions, especially understanding fractions as numbers that extend
the whole number system to rational numbers (e.g., [12,13]). To understand this extension, one must
have a clear picture of the different meanings of fractions. In Finnish mathematics textbooks, these
different meanings of fractions are introduced separately without clear context, and are often taught
emphasizing a procedural perspective. Fractions have interesting features compared to other numbers:
two fractions could have different numerator and denominator, but they are equal (equivalent fractions).
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The conceptual picture of the fraction and its different meanings receive less attention than they
should [14].
When moving from integers to rational numbers, a conceptual change needs to take place in the
pupils’ thinking. A conceptual change means a fundamental change in a pupil’s previous thinking [15].
According to Vosniadou [16–18], pupils tend to form an “inconsistent synthesis” of earlier knowledge
and new lesson material, as the earlier data structure is often unconscious as well. In mathematics,
such a phenomenon has been observed in the case of a number concept, where the nature of the natural
number and the rules of operations have been found to transfer wrongly, for example, to the thinking
and understanding of rational numbers [15,19].
Nowadays, mathematics textbooks play a powerful role in the teaching and learning of
mathematics. It is commonly known that teachers trust textbooks, and base a major part of their
teaching on them [20,21]. This gives support for Perkkilä’s [22] findings, who showed that, in Finnish
primary-level mathematics, textbooks and teacher guides play a crucial role in teachers’ work. Teacher
guides usually include pedagogical tips and instructions, mathematical content knowledge, academic
year plans for mathematics, exact lesson plans, etc. Teachers very often follow the suggestions of
teacher guides on what to teach and how to teach, and usually the teaching materials also prescribe the
order in which the content should be taught. Consequently, even if textbooks are written for the pupils,
they can also be mediators between the intended curriculum and the implemented curriculum [19,20].
In principle, prospective class teachers have enough content knowledge and curricular knowledge
of each of the concepts of fraction, ratio and division, but there could be problems in the understanding
of how the concepts are related to each other, and how we should take account of it in mathematics
teaching. This is an important part of pedagogical content knowledge, so it is interesting to gain a
picture of how prospective class teachers understand the different meanings of fractions. During the
first six grades, it is class teachers who are responsible for the mathematics teaching. They often feel
themselves uncertain in mathematics [22], which is why they tend to follow the contents of textbooks
and teacher guides strictly, which then influences the pupils’ view of mathematical concept and
knowledge. Due to this, pupils’ understanding of the different meanings of mathematical concepts and
meanings—in this case, the different meanings of fractions—may be based on the content of textbooks.
In the course of the article, we refer to prospective class teachers as the students, and we use “2/3” as
standing for the symbol “ 23 ”.
2. Theoretical Background
2.1. Multiple Meanings of Symbol “a/b” in School Mathematics
Because of the above, it is interesting to examine the conceptual interpretations of symbol “a/b”,
for which the mathematics textbooks give meanings depending on the content area mathematics. It is
not our intention to discuss in this article the theoretical relationships between the concepts to which
symbol “a/b” is connected.
Researchers have found different subconstructs which are connected to the symbol “a/b”.
Each subconstruct creates a context for the fraction that gives it a contextual meaning.
These subconstructs also refer to the extension of whole numbers to rational numbers. Existing
studies (e.g., [23–25]) have considered the meanings of the symbol “a/b” from the point of view of the
fraction concept. Pantziara and Philippou [23] highlighted the fact that pupils’ difficulties in fraction
learning is linked to its multifaceted construct. From this point of view, they described the following
five subconstructs: part-whole, ratio, quotient, measure, and operator. Stewart [24] also referred to the
multifaced construct of fractions in introducing the following subconstructs in her thesis: part-whole
relationship: the ratio of the part to the whole; measurement: the position of a number on the number
line; operator: a transformation; quotient: division; and ratio: relationship between two quantities.
Park, Güler, and McGrory [12] approached fractions in their research framework from the point of
four subconstructs to the development of fractions found in history: part-whole: conceptualizing a part
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of a whole as a new unit; measurement: finding fractions from whole numbers through measurement
and proportions, addressing the need for a common unit of measurement for two quantities; division:
finding the algebraic solution for an equation AX = B where A and B are whole numbers and A is
nonzero; and set-theoretical: defining rational numbers as a set of ordered pairs consisting of whole
numbers. The different meanings of the fraction concept introduced above give quite a good picture of
how intricate this concept is [12,23,24]; it can be assigned various meanings according to the context in
which the concept is used.
In Finnish mathematics textbooks [14], the symbol “2/3” has five main interpretations depending
on context: (A) fraction (A1 “two thirds of a given whole” or A2 “two of three parts”); (B) rational
number (“two thirds”); (C) ratio (“a ratio of two to three”); (D) division (“two divided by three”);
and (E) probability (“There is a two-thirds chance of it happening”). The first one (fraction) is divided
into two subcategories according to the verbal expressions, for example “two thirds of a given whole”
or “two of three parts”. We use the six subconstructs as the theoretical framework for the meanings of
symbol “2/3”.
A. The symbol “a/b” as a fraction and as a part out of a sum of parts.
The part-whole relationship is considered as the ratio of the part to the whole [23,24].
Beckmann [26] defined the symbol “a/b” as a fraction as follows: If a and b are whole numbers and b is
not zero, and if an object, collection, or quantity can be divided into b equal parts, then the fraction “a/b” of an
object, collection, or quantity is the amount formed by parts (or copies of parts).
The part-whole relationship can be interpreted in two ways depending on the context (cf. the
above definition): Firstly (A1), if we take two thirds (“two thirds of a given whole”) of a pizza, we take
two equal slices out of a pizza cut into three equal pieces. Secondly (A2), if we take two parts out of
three (“two of three”), we reinforce the idea of dividing quantities into three equal parts and choosing
two of them. Typically, textbooks describe the ratio of a part to the whole as an area model (e.g., as
a pie model), and a pie model for “2/3” is read for example as two thirds of the pizza. In addition,
the part-whole approach may apply when teachers use area models divided into equal parts, or
mention that a part of a collection or object can be expressed as a fraction with equal partitioning and
counting [12].
B. The symbol “a/b” as a rational number.
According to Park, Güler and McGrory [12], the roots of the definition of rational numbers are
based on a set-theoretical approach. Rational numbers Q are defined as follows:
nm
n

m, n ∈ Z, n 6= 0

o

(1)

For example, integers are a subset of Q, and on the other hand Q is a subset of real numbers.
Fractions are those rational numbers which are written in the form m/n, in which m and n are
integers (n 6= 0). This kind of definition is seen in many textbooks, followed by explanations of what
the symbols mean and how to manipulate with them [12]. The argument is true also in Finnish
mathematics textbooks, especially in grades 7–9. In the textbooks for grades 3–6, rational numbers
occur as fractions and decimal numbers, and in grades 7–9 they occur in the calculations of fractions
and decimal numbers. In addition, in the textbooks, rational numbers can be represented on a number
line [27]. To present “2/3” on the number line, we divide the segment from 0 to 1 into 3 segments of
equal length. Then, starting from 0, we count 2 of these segments and stop the mark corresponding to
the right endpoint second segment to obtain the point assigned to the rational number “2/3”.
C. The symbol “a/b” as a ratio.
In the textbooks, pupils encounter the concept of ratio connected to the mathematical symbol
“2/3”, for example as follows: a) “the board of a certain association should have a ratio of 2 to 3 for
women to men” (meaning two women members for every three men); (b) “eggs cost two euros a dozen
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(this means that every dozen eggs costs two euros); and (c) “two parts of fluid A and three parts of
fluid B make a total mixture of five parts”. Each of these examples illustrates a ratio [24]. The ratios are
written in Finnish textbooks ba or a : b.
D. The symbol “a/b” as a division
The symbol “a/b” can also refer to division where it focuses on the operation [24]. In Finnish
textbooks, the division operation is represented either by a hyphen “-“or by a division sign “:”.
The division operation can be either division by parts or division by contents depending on the
context [28]. In practice, the division approach could be performing division with bare numbers or a
partitive division. The division “a/b”, in which a unit of a continuous quantity is shared equally by
b recipients, mentioning that the results of division are not always whole numbers. As a result of a
division, a recurring decimal representation can often be rounded up, which is no longer the exact
value that the fraction number represents. Due to this, one needs fractions to express the results [12].
E. The symbol “a/b” as a probability
The symbol “a/b” can also mean probability: For an experiment with sample space S with equally
likely outcomes, the probability of event A is given by
P( A) = n( A) : n(S)

(2)

where n(A) is number of elements of A and n(S) is number of elements of S. The consequence of the
definition is that
0 ≤ P( A) ≤ 1
(3)
For example, when you toss a coin, the probability of getting heads is 12 .
2.2. The Role of Mathematics Textbooks and Teachers
Mathematics textbooks are a powerful resource in mathematics classes (e.g., [11,29]) because they
interpret the mathematics curriculum for both pupils and teachers. Finnish class teachers rely on the
use of mathematics textbooks in teaching because they believe that doing so ensures that they will
follow the national curriculum [22]. A similar phenomenon can be seen in the teaching of Finnish
mathematics teachers, as they often see the textbook as a concrete curriculum that defines the contents
of the teaching, the goals and the didactical solutions [25]. In many cases, mathematics lessons are
planned and implemented through the mathematical tasks and activities found in the textbooks.
For this reason, mathematics textbooks may be directly connected to the structure of teaching practice
and can thus act as an implementable curriculum [30–32].
In Finland, teachers are responsible for the choice of textbooks. The textbook has a strong
influence on teacher’s didactical choices, but the teacher still has the option of not using it in the
lessons. For example, teachers can build up the whole learning process based on pupils’ individual
work with the mathematics textbooks, or they may use the textbooks simply as a source of exercises
and homework tasks. For mathematics learning, materials included in the textbooks comprise activities
such as reading explanatory texts and acquiring new content, looking through worked examples,
games, solving tasks, etc. Pupils do not actually get the opportunity to fully exploit the mathematics
textbook as a multifaceted learning resource, because teachers mostly use the book as a crucial resource
for exercises. Mathematics textbooks are often laid out in such a way that each page-spread is designed
to be dealt with during one lesson. In addition, the ready-made tests are included as materials for
the teachers. Due to this, the teacher is an implementer of a learning process that was designed and
regulated by textbook authors [25,30,33].
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Typically, in the Finnish textbooks every topic starts with the definitions of a new concept or
content; often there are worked examples, followed by a set of tasks which could include material
for several pagespreads (that means sequential lessons). For example, textbooks usually describe the
ratio of the part to the whole as an area model (e.g., as a pie model), and a pie model for “2/3” would
be read for example as two thirds of a pizza. Especially in the third grade, when pupils get to know
the symbol “a/b”, in textbooks, this symbol is interpreted in the context of a fraction. As previously
mentioned in the Introduction, textbooks often emphasize a procedural perspective concerning the
teaching of fractions, in which case “textbook driven” taught pupils will not get a clear picture of the
fraction concept.
As mentioned above, Finnish mathematics teaching is “textbook driven”. This often means that
the nature of mathematics and the contents of school mathematics appear for pupils only through the
medium of textbooks. If both the textbooks and the lessons emphasize calculations, there is no room
left for the pupils to express their own thinking, for example by means of languaging. The textbooks
emphasize the part-whole approach [14], but the other meanings of the fraction concept do not come
through clearly. This is why it is interesting to discover what kind of meanings prospective class
teachers give for the symbol “a/b”.
2.3. Meaning Making of the Concept
The main purpose of using natural language (most often the student’s mother tongue), and visual
representations in learning activities (e.g., in studying new mathematical concepts and doing exercises)
is to develop the student’s own meaning-making processes. For example, Morgan [34] showed that
writing and the use of natural language in the solutions of mathematical problems may in fact boost
learning in mathematics, develop mathematical understanding, change the pupil’s attitude towards
mathematics for the better, and help the teacher’s evaluation.
If we broaden the traditional meaning of “language”, we can understand the different
representations of the concept as expressions by versatile languages: mathematical symbolic language
(MSL), natural language (NL) and pictorial language (PL) [28,35–37]. We call the process in which
for example a pupil expresses their thinking as “languaging” [38]. We describe languaging in
mathematics as referring to expressing one’s mathematical thinking by different modes, either orally
(by natural language), or in writing (by natural language, mathematical symbolic language, or pictorial
language) [28]. We can therefore recognize three languages which mathematics textbooks use as
meaning-making tools for mathematical concepts and procedures. However, we see that the three
languages should also be used by the pupils; it has been shown that languaging of mathematical
thinking helps pupils to structure their thinking and in that way to understand mathematical concepts
and procedures [28,34,37,39].
One aspect of understanding a concept is an awareness of how it is related to other concepts,
and an ability to use it meaningfully in new contexts. In school mathematics, we can recognize many
representations of concepts: mathematical symbolism, expressions by natural language, visual display
and manipulations by concrete materials (e.g., [10,37]). From the point of view of a concept, we can
speak of representations of the concept [10,40].
When a pupil expresses their mathematical thinking, he or she can use different multimodal
approaches (e.g., MSL, NL and/or PL). Theoretically, the multimodal languaging model is related to
multiliteracy [41]. When a reader makes meanings for a mathematical text the languages can be seen
as a multi-semiotic approach, where the different languages make it possible to construct many kinds
of meanings for concepts in versatile contexts [28,36,37]. In this article, we concentrate on connecting
mathematical symbolic language and pictorial language by interpreting students’ expressions in
natural language.
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3. Research Questions and Data Collection
3.1. Research Questions
During Finnish elementary school, our pupils go through all the meanings of the symbol “a/b”:
a fraction, a rational number, a ratio, a division or a probability. However, in school mathematics,
there are rarely situations where these meanings are considered simultaneously. Our purpose is to
study what meanings Finnish students find out of that list. Especially if we consider prospective
class teachers, we can understand the difficulties in the conceptual learning of fractions, and find
new development targets in teacher education. Therefore, it would be interesting to examine the
meanings which prospective class teachers (our students in this case) have given for the mathematical
symbol “2/3”.
In2019,
this11,
article,
concentrate
on the following research questions:
Sustainability
x FOR we
PEER
REVIEW
7 of 14
1)
What meanings do students give spontaneously for the symbol “2/3”?
1) What meanings do students give spontaneously for the symbol “2/3”?
2) What relationships do students find for the given pictures and the symbol “2/3”?
2) What relationships do students find for the given pictures and the symbol “2/3”?
3) What
kind
of influences
hasmulti-semiotic
the multi-semiotic
approach
to students’
interpretations?
3) What
kind of
influences
has the
approach
to students’
interpretations?
3.2. Data Collection
3.2. Data Collection
Our data involved 102 first-year students of two universities in Finland, 71 from the University
Our data involved 102 first-year students of two universities in Finland, 71 from the University
of Tampere and 31 from the University of Jyväskylä. There were 85 female and 17 male students.
of Tampere and 31 from the University of Jyväskylä. There were 85 female and 17 male students. The
The data were collected during the mathematics didactics course by questionnaires in the spring of
data were collected during the mathematics didactics course by questionnaires in the spring of 2017.
2017. The questionnaire had three pages:
The questionnaire had three pages:
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onsecond
the second
of research
the research
questionnaire:
How
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Figure
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How
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symbol
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The first and the second page of the questionnaire were made in the course under teachers’
control. The solutions of the third page were made as homework.

Figure 1. The second question on the second page of the research questionnaire: How the pictures A–
D describe mathematical symbol “2/3”.

The first
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Figure
2. The
The third
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question on
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the third
third page
page of
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the research
research questionnaire:
questionnaire: Explain
Explain what
what has
has been
been
Figure 2.
done
in
the
presentation
and
consider
the
correctness
of
the
solution
process.
done in the presentation and consider the correctness of the solution process.

The first and the second page of the questionnaire were made in the course under teachers’ control.
The solutions of the third page were made as homework.
The idea of the questionnaire was based on our theoretical background; from the answers,
we wanted to get an understanding of the students’ perceptions of the meanings of the mathematical
symbol “2/3”, and on the other hand how a multi-semiotic approach supports the interpretations.
4. Results
The data were analyzed by mixed methods. We used the IBM SPSS statistic 24 program for
typical statistical analysis (e.g., in comparing distributions). The qualitative analysis was made by
theory guided content analysis (e.g., categorizations). We used the classification into the six categories
presented in the theoretical part of the article, and on the other hand the categories generated by the
answers. In the first question of the questionnaire, students’ (N = 102) spontaneous understanding
of the mathematical symbol “2/3” was in most cases as a fraction (77 students gave “two thirds of a
given whole” and 43 students “two of three parts”), which are typical also in the Finnish mathematics
textbooks (Figure 3). Ratio, rational number or probability were mentioned the least. We have chosen
typical verbal expressions as examples from every category (Figure 3):
1)
2)
3)
4)
5)
6)

Division: “Two divided by three: two pizzas to be divided into three people.” (Student 89),
Fraction 1: “In the test I got two thirds of answers correct”. (Student 55),
Fraction 2: “Two out of three. Pekka has eaten two pizza pieces from three.” (Student 87),
Probability: “Can be used to describe probability.” (Student 76),
Rational number: “0.66 . . . ” (Student 92),
Ratio: “You’ll get good juice if you put 2 dl concentrate and 3 dl water” (Student 57).

When we counted how many different meanings each prospective class teacher (N = 102) found
in Question 1 on the first page (spontaneously answered) and in Question 2 on the second page
(pictorial guided, see Figure 1) of the questionnaire, we got the distributions of the totals in Figure 4.
The correlation (Pearson r = 0.245) between the distributions in Figure 4 is significant (p < 0.05).
The second distribution (pictorial) is significantly (p = 0.000) better than the first one (Wilcoxon signed
rank test: Z =− 8.168).

1) Division: “Two divided by three: two pizzas to be divided into three people.” (Student 89),
2) Fraction 1: “In the test I got two thirds of answers correct”. (Student 55),
3) Fraction 2: "Two out of three. Pekka has eaten two pizza pieces from three ". (Student 87),
4) Probability: “Can be used to describe probability.” (Student 76),
Sustainability
2019,number:
11, 457 “0.66…” (Student 92),
5) Rational
6) Ratio: “You’ll get good juice if you put 2 dl concentrate and 3 dl water” (Student 57).
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The pictures (see Figure 1) associated with the mathematical symbol “2/3” gave more effective
meanings for the students than a purely mathematical symbol. Picture A (Figure 1) had the most, and
picture B the fewest interpretations of the six categories (Table 1). The concept of ratio seems to be
the most difficult to connect with the mathematical symbol “2/3”. An interesting feature in the
interpretations of picture B was that 13 students supposed that picture B does not connect in any way
to the given mathematical symbol, that instead of “2/3” there should be “2/5”, and that the
interpretation of the connection is a fraction illustration.
Table 1. Frequencies of the students’ (N = 102) interpretations how mathematical symbol “2/3” is
connected to pictures A–D (Figure 1, Question 2 on the second page of the questionnaire).

Picture
Frac1
Frac2

A
59
38

B
0
0

C
18
0

D
45
0
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The pictures (see Figure 1) associated with the mathematical symbol “2/3” gave more effective
meanings for the students than a purely mathematical symbol. Picture A (Figure 1) had the most,
and picture B the fewest interpretations of the six categories (Table 1). The concept of ratio seems
to be the most difficult to connect with the mathematical symbol “2/3”. An interesting feature in
the interpretations of picture B was that 13 students supposed that picture B does not connect in any
way to the given mathematical symbol, that instead of “2/3” there should be “2/5”, and that the
interpretation of the connection is a fraction illustration.
Table 1. Frequencies of the students’ (N = 102) interpretations how mathematical symbol “2/3” is
connected to pictures A–D (Figure 1, Question 2 on the second page of the questionnaire).
Picture

A

B

C

D

Frac1
Frac2
Ratio
Division
Rational
Other

59
38
2
1
3
16

0
0
43
1
0
49

18
0
0
56
1
15

45
0
0
1
41
8

In the answers to the third question on the third page of the questionnaire, students expressed
mathematical meanings on the basis of a picture (Figure 2) in which different languages (MSL, NL, and
PL) give possibilities for multimodal interpretations. In the data analysis of the third question, we used
a classification into categories generated by the answers. The answers of the third question (Figure 2)
were divided into four themes (Table 2): (1) meanings of the symbols “ 12 ” and “ 23 ” (52 references in
the answers); (2) conceptual approach to the expressions ( references in the answers); (3) procedural
approach to the expressions (81 references in the answers); and (4) do not find any problems in the
presentation (35 references in the answers). Before making the themes, we divided the answers into
categories, and, finally, put these categories into the appropriate thematic areas as follows: the first
theme (1a, 1b, and 1c; see Table 2), the second theme (2a and 2b; see Table 2), the third theme (3a, 3b, 3c,
and 3d; see Table 2), and the fourth theme (4; see Table 2). Many students gave meanings for symbols
“ 12 ” and “ 23 ” as a “part of whole” approach (see Section 2.1, part A items A1 and A2, e.g., Students
98, 96 and 92) in the categories 1a, 1b and 1c (Table 2). Only a few students reached a conceptual
level in their analysis of the given expression “ 12 + 32 ” (categories 2a and 2b, e.g., Students 93 and 88).
Clearly, the concept of ratio was extremely difficult to find for most of the students. On the other
2
hand, most students did find the mistake in the equation “ 12 + 32 = 12+
+3 ” (3a). Some of the students
1+2
(category 3b, e.g., Student 89) understood the idea of the expression “ 2+3 ”. The procedural point of
view is seen in the categories 3c and 3d (e.g., Students 79 and 85), where the “correct answer “ 76 ” plays
the main role. Only 13 students (category 3d) began to query the connection between the answer “ 76 ”
and the figure (Figure 2). The most thought-provoking category is category 4 in the fourth theme,
because 35 students did not find any problems in the presentation (see Figure 2).
In Table 2, the respondents are from two universities (Jyväskylä university and Tampere
University) and the answers are randomly chosen. Table 2 presents representative answers (answers
for the Question 3 of the questionnaire) as a data example from each subcategory of the theme.
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Table 2. Frequencies of the students’ (N = 102) interpretations how mathematical symbol “2/3” is
connected to pictures A–D (Figure 3).
Theme

Meanings of the
symbols “ 12 ”
and “ 23 ”

Category

f

Example

the ratio of the number
of white balls to the
number of balls (1a)

7

Ratio between white balls to red balls (two big balls in the top ok).
(Student 98)

white balls one-two of
all balls (1b)

19

The white balls represent the numerator, i.e., how many parts have
been taken, and all the balls represent the denominator, i.e., how
many parts are in total. (Student 96)

one white ball of two
balls (1c)

26

One of the two balls is red and two of the three balls are white.
(Student 92)

2

The pupil has mixed with the amount of proportionality that is
significant to each other. In the above fractions, the numerator
does not, for example, express the number of things per se, but it is
the ratio representing the proportion of the total or proportionality
relative to the total. Therefore, before adding one would have
needed to find common denominators rather than adding the
denominators together. (Student 93)

2

The balls are combined, that is, the whole has changed into five
balls (combined the amounts of balls in the two bigger balls), of
which white is still 1 + 2 i.e., a total of 3 (the same amount as in
the two big balls in total). Overall, the total number of small balls
has changed. (Student 88)

31

In the picture under the third ball the fractions are added together
without considering the whole. You cannot add fractions with
different denominators together before finding them common
denominators. (Student 84)

19

In the picture, at point C the balls of points A and B are combined,
and this forms a new whole at point C. When counting the selected
white balls of A and B, three balls are obtained.
Unselected balls = 2. The total amount of balls at point C is 5,
so three white balls out of five have been selected in total.
(Student 89)

18

Oh! This math task 21 + 23 is incorrectly calculated.
If the denominators are different, then to add fractions you must
first get common denominators. Then you can add the fractions
2
3
4
7
1
1
2 + 3 = 6 + 6 = 6 = 1 6 (Student 79)

13

In the picture the fractions 21 and 23 are added together but in the
wrong way. Fractions must have the same denominators before
adding. After finding denominators they can be counted together.
1
2
3
4
7
1
2 + 3 = 6 + 6 = 6 = 1 6 In the picture the balls are counted
together, but not as fractions. (Student 85)

35

This illustrates addition of fractions and especially that why you
can add numerators together and denominators together. At first,
I did not understand what it was all about when I was just staring
at red balls. It would have been clearer if the colored balls had
described the amount of numerator. On the other hand, this
version made me think more. (Student 77)

“ 12 + 23 ” is not correct
expression for addition
of two ratios (2a)
Conceptual
approach to the
expressions

“ 12 + 23 ” is not correct
addition, because the
fractions have been
taken from different
totals (2b)
find the mistake in the
2
equation “ 12 + 23 = 12+
+3 ”
(3a)

2
“ 12+
+3 ”

Procedural
approach to the
expressions

the expression
is
argumented correctly
(3b)

The sum should be
(3c)

7
6

The sum is 76 , but there
is something wrong
with the figure (3d)

Do not find any
problems in the
presentation

Accept the
presentation (4a)

5. Conclusions and Discussion
As expected, the typical understanding of the mathematical symbol “2/3” was as a fraction
(“two thirds of a given whole” and “two from three”), because that meaning is emphasized in the
curriculum and in the textbooks. Ratio, rational number or probability were far less common (Figure 3
and Table 1). When students had the mathematical symbolic text and picture together (a multi-semiotic
approach to a concept by pictorial language), it was easier for them to find meaningful interpretations
expressed by natural language (Figure 4 and Table 1). The concepts of ratio and rational number
especially were better found by connecting pictures (B and D) with the mathematical symbol “2/3”,
than only spontaneously from the symbol “2/3” (Table 1). Apparently, the concept of ratio is difficult
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for Finnish prospective class teachers and pupils despite a multi-semiotic approach (e.g., Figure 2 and
Table 2). By constructing a meaningful context (natural language) for the aforementioned concepts,
the students demonstrate their understanding of them and also deepen it. As mentioned before
in the theoretical section (section 2), especially in the third grade, when pupils are introduced to
symbols, the symbol “a/b” is interpreted in the textbooks in the context of a fraction. If the textbooks
emphasize this interpretation, and a procedural perspective concerning the teaching of fractions, it may
happen that in “textbook driven” teaching pupils will not achieve a deep understanding of the different
meanings of the fraction concept [42]. Where textbooks have such a crucial role in defining mathematics
teaching and learning, we have to develop them, and other learning materials, from the point of view
of sustainable development in learning mathematical concepts and structures. In addition, the FCC [5]
highlights that all activities must reinforce educational equity and equality and improve the pupils’
learning-to-learn skills and capabilities for lifelong learning. This is important perspective in the point
of view of the development work concerning textbooks and other learning materials.
We can see on the basis of the results that the fraction and its approximate concepts should be
based on a multi-semiotic approach. The learning material should combine natural and pictorial
language with mathematical symbol language both in the concepts learning, and in the perception of
the learner’s thinking. When the meanings of the concept are understood individually, the learner’s
metacognitive skills of the aforementioned concepts should be developed simultaneously with the
different languages. In this way, we can help the learner to a better understanding of the relationships
between concepts. The understanding of mathematical concepts and the relationships between
concepts will build bridge to the sustainable development (e.g., impact on lifelong learning) from the
point of view of teaching and learning.
Based on the results of this study, it may be concluded that the designers of learning materials
should think especially about the ways in which they could present the multiple meanings of the
fraction concept, so that it would become more comprehensible and accessible for teachers and pupils.
Further studies of the impacts of different learning materials on learning outcomes of the fraction
concept would undoubtedly be needed for this multifaceted phenomenon to be properly understood.
In particular, it is important to study and discuss the ways in which deep understanding and creative
reasoning could be better emphasized, rather than imitative reasoning and the inculcation of routines.
Based on our results, we can see that prospective class teachers have problems in understanding
the fraction concept and the related concepts from the point of view of the symbol “2/3” (Tables 1 and 2,
Figures 3 and 4). We suggest that, in teacher training, it is important for prospective class teachers to
be aware that understanding the multiple meanings of fractions is not trivial. As a part of their teacher
education, the mathematics content courses for prospective class teachers need to address these issues,
and thus they could provide an adequate opportunity to develop a sound content knowledge through
their own meaning-making processes, and knowledge for their pupils in primary school.
Our study shows clear pedagogical shortcomings in the teaching of the fractional concept
(including also textbooks). If prospective class teachers’ mathematical content knowledge and
pedagogical content knowledge become more sustainable through pedagogical arrangements in
teacher education, this will contribute to the building of a sustainable mathematical basis for future
generations. This can also reduce the anxiety associated with learning the meaning of a fraction. As the
conclusion, we suggest: (1) developing of mathematical learning materials based on pedagogical
content knowledge; (2) strengthening of prospective class teachers’ subject matter content knowledge
in mathematics (especially conceptual knowledge); and (3) studying of pedagogical content knowledge
of school mathematics (especially in what order we teach mathematical concepts and how we should
show the relations between them). We believe that these suggestions would improve sustainable
development in mathematics education.
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