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Abstract

We establish regularity of conformal maps between sub-Riemannian manifolds from regularity of
@Q-harmonic functions, and in particular we prove a Liouville-type theorem, i.e., 1-quasiconformal
maps are smooth in all contact sub-Riemannian manifolds. Together with the recent results in [15],
our work yields a new proof of the smoothness of boundary extensions of biholomorphims between
strictly pseudoconvex smooth domains [29)].

Résumé

On étudie la régularité des applications 1—quasiconformes entre variétés sub-Riemanniennes qui
satisfait une hypothese de régularité pour fonctions (Q—harmonique. En particulier on prouve que
toute applications 1—quasiconformes entre variétés sub-Riemanniennes de contact sont des diffeo-
morphismés conformes.
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1. Introduction

The focus of this paper is on the interplay between analysis and geometry in the study of conformal
maps. Our setting is that of sub-Riemannian manifolds, and our main contribution is to show that
one can deduce smoothness of 1-quasiconformal homeomorphisms (see below for the definition) out
of certain regularity estimates for weak solutions of a class of quasilinear degenerate elliptic PDE,
i.e., the subelliptic p-Laplacian, see (2.15).

Moreover, we adapt recent results of Zhong [71] to show that such PDE regularity estimates hold
in the important special case of sub-Riemannian contact manifolds, thus fully establishing a Liouville
type theorem in this setting. In doing this we provide an extension of a result of Ferrand [48, 30, 49]
(see also Liimatainen and Salo [50]) from the Riemannian to the sub-Riemannian setting.

Theorem 1.1. Every 1-quasiconformal map between sub-Riemannian contact manifolds is confor-
mal.

For the proof see Section 6. For some related results in the setting of CR 3-manifolds see [65].

Prior to the present paper, the connection between regularity of quasiconformal maps and the
p-Laplacian, and the equivalence of different definitions of conformality, were only well understood
in the Euclidean, Riemannian, and Carnot-group settings. The general sub-Riemannian setting
presents genuinely new difficulties, e.g., sub-Riemannian manifolds are not locally bi-Lipschitz equiv-
alent to their tangent cones, Hausdorff measures are not smooth, there is a need to construct adequate
coordinate charts that are compatible both with the nonlinear PDE and with the sub-Riemannian
structure, although no complete system of harmonic or p-harmonic coordinates can be constructed.
Last but not least, Ferrand’s proof of the biLipschitz regularity for 1-quasiconformal maps does
not carry through to the sub-Riemannian setting since we do not have yet a sharp isoperimetric
inequality.

1.1. Motivations

One of the motivations that drove our work consists in establishing a connection between the
problem of classification of open sets in C™ by bi-holomorphisms and the study of quasiconformal
maps in sub-Riemannian geometry, in the spirit of Gromov hyperbolicity and Mostow’s rigidity: In
[5], Balogh and Bonk proved that the boundary extension of isometries with respect to the Bergman
metric (and so in particular of bi-holomorphisms) between strongly pseudoconvex smooth domains
in C™ are quasiconformal with respect to the underlying sub-Riemannian metric on the boundaries
associated to their Levi form. In [15], two of the authors of the present paper have refined this result
and established that such boundary extensions of isometries are in fact 1-quasiconformal with respect
to these sub-Riemannian structures. Since the boundaries of smooth strictly pseudoconvex domains
are contact manifolds, our main regularity result Theorem 1.1 yields immediately the smoothness
of the boundary extension of every biholomorphism between strictly pseudoconvex domains. This
alternative proof of Fefferman celebrated result [29] was originally suggested by Michael Cowling.

1.2. Previous results from the literature

The issue of regularity of 1-quasiconformal homeomorphisms in the Euclidean case was first studied
in 1850 in Liouville’s work, where the initial regularity of the conformal homeomorphism was assumed
to be C3. In 1958, the regularity assumption was lowered to C'' by Hartman [37] and then, in
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conjunction with the proof of the De Giorgi-Nash-Moser Regularity Theorem, further decreased
to the Sobolev spaces W1 in the works of Gehring [33] and ReSetnjak [60]. The role of the De
Giorgi-Nash-Moser Theorem in Gehring’s proof consists in providing adequate C1® estimates for
solutions of the Euclidean n-Laplacian, that are later bootstrapped to C*° estimates by means of
elliptic regularity theory.

The regularity of 1-quasiconformal maps in the Riemannian case is considerably more difficult
than the Euclidan case. It was finally settled in 1976 by Ferrand [48, 30, 49] in occasion of her work on
Lichnerowitz’s conjecture, and was modeled after Resetnjak’s original proof. More recently, inspired
by Taylor’s regularity proof for isometries via harmonic coordinates, Liimatainen and Salo [50]
provided a new proof for the regularity of biLipschitz 1-quasiconformal maps between Riemannian
manifolds. Their argument is based on the notion of n-harmonic coordinates, on the morphism
property for 1-quasiconformal maps, and on the C™® regularity estimates for the n-Laplacian on
manifolds. The proofs in the present paper are modeled on the arguments developed by two of us
in [14] and on Taylor’s approach, as developed in [50] (see also the earlier [12] where that strategy
was used in the Carnot group case).

The introduction of conformal and quasiconformal maps in the sub-Riemannian setting goes
back to the proof of Mostow’s Rigidity Theorem [57], where such maps arise as boundary limits
of quasi-isometries between certain Gromov hyperbolic spaces. Because the class of spaces that
arises as such boundaries in other geometric problems includes sub-Riemannian manifolds that are
not Carnot groups, it becomes relevant to study conformality and quasiconformality in this more
general environment.

In the sub-Riemannian setting the regularity is currently known only in the special case of 1-
quasiconformal maps in Carnot groups, see [59, 45, 65, 12, 18, 3|. Since such groups arise as tangent
cones of sub-Riemannian manifolds then the regularity of 1-quasiconformal maps in Carnot groups
setting is an analogue of the Euclidean case as studied by Gehring and Resetnjak. As remarked
above, the extension to the non-Carnot setting, even in the special step two case, brings in genuinely
new challenges.

1.8. From the regularity theory of the subelliptic p-Laplacian to the regularity of 1-quasiconformal
homeomorphisms.

Theorem 1.1 follows from a more general theorem. In fact, we show that in the class of sub-
Riemannian manifolds the Liouville theorem follows from a regularity theory for p-harmonic func-
tions, with p corresponding to the conformal dimension of the manifold. This class includes every
sub-Riemannian manifold that is locally contactomorphic to a Carnot group of step 2 or, equivalently,
every Carnot group of step 2 with a sub-Riemannian metric that is not necessarily left-invariant. We
remark that there are examples of step-2 sub-Riemannian manifolds that are not contactomorphic
to any Carnot group, see [47]. In order to describe in detail the more general result we introduce
the following definition.

Definition 1.2. Consider an equiregular® sub-Riemannian manifold M of Hausdorff dimension @,
with horizontal bundle of dimension 7, endowed with a smooth volume form. We say that M supports
regularity for Q-harmonic functions if the following holds: For every g = (g',...,¢") € C>®(M,R"),

5see Definition 2.1



U CcC M and for every ¢ > 0, there exist constants o € (0,1),C = C(¢,g) > 0 such that for each
weak solution u of the equation Lou = X}g* on M with llully1.0 gy < ¢ one has
H

lullgpe oy < C.

In view of the work of Uraltseva [68] (but see also[67, 66, 21]) every Riemannian manifold supports
regularity for @-harmonic functions. Things are less clear in the sub-Riemannian setting. The
Hélder regularity of weak solutions of quasilinear PDE Y7, X7 A(z, Vyu) = 0, modeled on the
subelliptic p-Laplacian, for 1 < p < oo, and for their parabolic counterpart, is well known, see
[13, 4]. However, in this generality the higher regularity of solutions is still an open problem. The
only results in the literature are for the case of left-invariant sub-Riemannian structures on step two
Carnot groups. Under these assumptions one has that solutions in the range p > 2 have Holder
regular horizontal gradient. This is a formidable achievement in itself, building on contributions
by several authors [9, 22, 20, 51, 24, 54, 25, 61], with the final result being established eventually
by Zhong in [71]. Beyond the Heisenberg group one has some promising results due to Domokos
and Manfredi [23, 27, 26] in the range of p near 2. In this paper we build on these previous
contributions, particularly on Zhong’s work [71] to include the dependence on z and prove that
contact sub-Riemannian manifolds support regularity for @-harmonic functions (see Theorem 6.15).
The novelty of our approach is that we use a Riemannian approximation scheme to regularize the
Q-Laplacian operator, thus allowing to approximate its solutions with smooth functions. In carrying
out this approximation the main difficulty is to show that the regularity estimates do not blow up as
the approximating parameter approaches the critical case. Our main result in this context, proved
in Section 6, is the following.

Theorem 1.3. sub-Riemannian contact manifolds support regularity for p-harmonic functions for
every p > 2.

The regularity hypotheses in Definition 1.2 have two important consequences. First, it allows
us to construct horizontal @-harmonic coordinates. Second, together with the existence of such
coordinates, it eventually leads to an initial O regularity for 1-quasiconformal maps (see Theorem
1.4.(i1)). When this basic regularity is present, one can use classical PDE arguments to derive
smoothness without the additional hypothesis of Definition 1.2 (see Theorem 1.4.(1)).

Theorem 1.4. Let f : M — N be a 1-quasiconformal map between equireqular sub-Riemannian
manifolds of Hausdorff dimension Q, endowed with smooth volume forms.

(i) If f is bi-Lipschitz and in Cllj[’ﬁ‘oc(M7 N)Nn WI?I:?OC(M, N), then f is conformal.
(i) If M and N support reqularity for Q-harmonic functions (in the sense of Definition 1.2), then
f is bi-Lipschitz and in C}ll’a (M,N)n W}QI’,?OC(M, N), and hence conformal.

,Jloc

The function spaces in Theorem 1.4 are defined componentwise, see Section 5. Theorem 1.4.(i) is
proved in Section 5.1. Theorem 1.4.(ii) is proved in Section 5.2.

The above theorem provides the following result.

Corollary 1.5. Let f be a homeomorphism between two equiregular sub-Riemannian manifolds each
supporting the reqularity estimates in Definition 1.2. The map [ is conformal if and only if it is
1-quasiconformal.



The proof of the first part of Theorem 1.4 rests on the morphism property for 1-quasiconformal
maps (see Theorem 3.17) and on Schauder’s estimates, as developed by Rothschild and Stein [63]
and Xu [70]. The second part is based on the construction of ad-hoc systems of coordinates, the
horizontal Q-harmonic coordinates, that play an analogue role to that of the n-harmonic coordinates
in the work of Liimatainen and Salo [50]. However, in contrast to the Riemannian setting, only a
subset of the coordinate systems (the horizontal components) can be constructed so that they are Q-
harmonic, but not the remaining ones. This yields a potential obstacle, as Q-harmonicity is the key
to the smoothness of the map. We remedy to this potential drawback by producing an argument
showing that if an ACC map has suitably regular horizontal components then such regularity is
transferred to all the other components (see Proposition 4.14). This method was introduced in [12]
in the special setting of Carnot groups, where @Q-harmonic horizontal coordinates arise naturally as
the exponential coordinates associated to the first layer of the stratification.

Looking ahead, it seems plausible to conjecture that the Liouville theorem holds in any equiregular
sub-Riemannian manifold. Our work shows in fact that this is implied by the regularity theory for
p-Laplacians and the latter is widely expected to hold for general systems of Hérmander vector fields.
However the latter remains a challenging open problem.

We conclude this introduction with a comparison between our work and the Carnot group case as
studied in [12]. In the latter setting one has that all the canonical exponential horizontal coordinates
happen to be also smooth Q-harmonic (in fact they are also harmonic). Moreover, a simple argument
based on the existence of dilations and the 1-quasiconformal invariance of the conformal capacity
(see [59]) yields the bi-Lipschitz regularity for 1-quasiconformal maps immediately, without having
to invoke any PDE result. As a consequence the Liouville theorem in the Carnot group case can be
proved relying on a much weaker regularity theory than the one above, i.e., one has just to use the
C1@ estimates for the @Q-Laplacian in the simpler case where the gradient is bounded away from zero
and from infinity (established in [10]) in the Carnot group setting. In our more general, non-group
setting, there are no canonical Q-harmonic coordinates, and so one has to invoke the PDE regularity
to construct them. Similarly, the lack of dilations makes it necessary to rely on the PDE regularity
also to show bi-Lipschitz regularity.

Acknowledgements. The authors would like to acknowledge Laszlo Lempert and Xiao Zhong for
interesting remarks. We are also grateful to Juan Manfredi for kindly alerting us about the need to
add further clarifications in an earlier version of the manuscript. Finally, we thank the anonymous
referee for suggesting several useful improvements.

2. Preliminaries

2.1. Sub-Riemannian geometry

A sub-Riemannian manifold is a connected, smooth manifold M endowed with a subbundle H M
of the tangent bundle T'M that bracket generates T'M and a smooth section of positive-definite
quadratic forms g on HM, see [56]. The form g is locally completely determined by any orthonormal
frame X1,..., X, of HM. The bundle HM is called horizontal distribution. The section g is called
sub-Riemannian metric.



Analogously to the Riemannian setting, one can endow a sub-Riemannian manifold M with a
metric space structure by defining the Carnot-Carathéodory distance: For any pair z,y € M set

d(x,y) = inf{d > 0 such that there exists a curve v € C*°([0,1]; M) with endpoints z,y
such that ¥ € H,M and |¥|, < ¢}.

Consider a sub-Riemannian manifold M with horizontal distribution HM and denote by I'(H M)
the smooth sections of HM, i.e., the vector fields tangent to HM . For all k € N, consider

H*M = | span{[v1,[Ya,[... Vi, Villllg : 1< k,Y; €T(HM),j=1,...,1}.
qeM

The bracket generating condition (also called Hérmander’s finite rank hypothesis) is expressed by
the existence of s € N such that H*M = TM.

Definition 2.1. A sub-Riemannian manifold M with horizontal distribution HM is equiregular if,
for all k € N, each set H* M defines a subbundle of T'M.

Consider the metric space (M, d) where M with horizontal distribution A is an equiregular sub-
Riemannian manifold and d is the corresponding Carnot-Carathéodory distance. As a consequence
of Chow-Rashevsky Theorem such a distance is always finite and induces on M the original topology.
As aresult of Mitchell [55], the Hausdorff dimension of (M, d) coincides with the Hausdorff dimension
of its tangents spaces.

Let X1,..., X, be an orthonormal frame of the horizontal distribution of a sub-Riemannian man-
ifold M. We define the horizontal gradient of a function u : M — R with respect to Xy,..., X, as

Vau = (Xqu) X1 + ... + (Xpu) X, (2.2)

Remark 2.3. Let X1,..., X, be another frame of the same distribution. Let B be the matrix such
that

Xi(p) = Z B (p)Xi(p)-

!

Then the horizontal gradient Viyu of u with respect to X7,..., X/ is

nu(p) = Z(X§U(p))X§(p)
= Z(Z Bi(p)Xi(p)u) Y Bf (p)Xx(p)

k
=333 Biw)BL(») " Xiu(p) Xi(p)
= (B(p)B(p)")i Xsu(p) X1 (p).

Remark 24. If Xy,...,X, and X/,..., X/ are two frames that are orthonormal with respect to a
sub-Riemannian structure on the distribution, then Vjju = Vyu. Indeed, in this case the matrix
B(p) would be in O(r) for every p.



2.2. PDE preliminaries

In this section we collect some of the PDE results that will be used later in the paper. Let
X1,..., X, be an orthonormal frame of the horizontal bundle of a sub-Riemannian manifold M. For
each i =1,...,7 denote by X the adjoint of X; with respect to a smooth volume form vol, i.e.,

/uXigzﬁdvolz/ X updvol,
M M

for every compactly supported ¢ for which the integral is finite. In any system of coordinates, the
smooth volume form can be expressed in terms of the Lebesgue measure £ through a smooth density
w, i.e., dvol = wd L. If in local coordinates we write X; = S"7_; b%.0y, then one has

Xiu=—w (X (wu)) — udybt. (2.5)
Next we define some of the function spaces that will be used in the paper.

Definition 2.6. Let X1, ..., X, be an orthonormal frame of the horizontal bundle of a sub-Riemannian
manifold M and consider an open subset Q C M. For any k € N, and « € (0,1) we define the CI]_CI’O‘

norm S S )
gy = sp( 3 [XT?)4sup kTR 2 )
Cy ™ (Q) 1|<k-1 p,q€Q and p#q d(p, q)2a
where, for each m =0, ...,k and each m-tuple I = (i1,...,%,) € {1,...,r}™, we have denoted by

X1 the m-order operator X;, --- X; and we set |I| = m. We write

Cﬁa(Q) = {u :Q = R: X'uis continuous in Q for |[I| <k and HU”CI«:,Q(Q) < oo} .
H

A function u is in Cp2% (Q), if for any K CC Q one has l[ull gre gy < 00-
’ H

Definition 2.7. Let X1, ..., X, be an orthonormal frame of the horizontal bundle of a sub-Riemannian
manifold M and consider an open subset 2 C M. For k € N and for any multi-index I = (i1, ...,9x) €
{1,...,7}* we define |I| = k and X'u = X;,...X;, u. For p € [1,00) we define the horizontal Sobolev

space Wﬁ’p () to be the space of all u € LP() whose distributional derivatives X'u are also in
LP(Q) for all multi-indexes |I| < k. This space can also be defined as the closure of the space of
C>(Q) functions with respect to the norm

k
HUH:;VS” = Hu”ip(ﬂ) + /Q[Z (Xfu)2]p/2 dvol, (2.8)
I1=1
see [32], [31] and references therein. A function v € LP(Q) is in the local Sobolev space WS:{’OC(Q)
if, for any ¢ € C°(2), one has up € WE?(Q).

2.8. Schauder estimates

Here we discuss Schauder estimates for second order, non-divergence form subelliptic linear op-
erators. Given an orthonormal frame Xi,..., X, of the horizontal bundle of M, one defines the
subLaplacian on M of a function u as

”
Lou := ZXZ-*Xiu. (2.9)

i=1



One can check that such an operator does not depend on the choice of the orthonormal frame, but
only on the sub-Riemannian structure of M and the choice of the volume form.

Let Q be an open set of M. A function u :  — R is called 2-harmonic (or, more simply, harmonic)
if Lou = 0 in ©, in the sense of distribution. Hérmander’s celebrated Hypoellipticity Theorem [41]
implies that harmonic functions are smooth.

A well known result of Rothschild and Stein [63], yields Schauder estimates for subLaplacians,
that is if Lou € CF(€), then for any K CC , there exists a constant C' depending on K, and the
sub-Riemannian structure such that

oz ey < CllLzullegey-
In particular we shall use that
[ullcre s, . < ClliL2ullogs.)- (2.10)

The Schauder estimates have been extended to subelliptic operators with low regularity by a number
of authors. For our purposes we will consider operators of the form

r

Lozyu(z) == Z ay(2) X Xju(z),

i,j=1
where a;; is a symmetric matrix such that for some constants A\, A > 0 one has
2 2
A" < aij(2)6:€5 < Al (2.11)

for every x € M and for all £ € R". We recall a version of the classical Schauder estimates as
established in [70]

Proposition 2.12. Let u € CIQJ:?OC(M) for some o € (0,1). Let a;; € Cﬁ’y?OC(M). If Lyu e Cﬁ”i)c(M),
then u € Cﬁﬁi&“(}bj) and for every U CC M there exists a positive constant C = C(U, o, k, X) such
that

[[ullgrz.awy < Cl|Lul|cr.a(ar)-

In a similar spirit, the Schauder estimates hold for any operator of the form Lu = Zgjzl a;; () X Xu
where X denotes the adjoint of X; with respect to some fixed smooth volume form.
Next, following an argument originally introduced by Agmon, Douglis and Nirenberg [1, Theorem

A.5.1] in the Euclidean setting, we show that one can lift the burden of the a-priori regularity
hypothesis from the Schauder estimates.

Lemma 2.13. Let o € (0,1) and assume that u € Wéfoc(M) is a function that satisfies for a.e.
xe M '

r

Lagyu() = Y ai(2) X Xju(z) € Cff joe(M).
ij=1

If aij € Cf 1o (M), then u is in fact a Cfl’?oc(M) function.



Proof. The strategy in [1] consists in setting up a bootstrap argument through which the integrability
of the weak second order derivatives X; X;u of the solution increases until, in a finite number of steps,
one achieves that they are continuous. At this point ones invokes a standard extension of a classical
result of Hopf [40] or [1, page 723] (for a proof in the subelliptic setting see for instance Bramanti
et al., [8, Theorem 14.4]) which yields the last step in regularity, i.e., if X; X u are continuous then
s Cﬁ"f]’oc.

For a fixed pg € M consider the frozen coefficients operator

r

Lagpoyw = Z a;;(po) X; X w.

i,j=1

For sake of simplicity we will write Ly, Ly, for LAy, La(p,)- Denote by I'y (p,q) the fundamental
solution of L. For fixed r > 0, consider a smooth function n € C§°(B(po, 2r)) such that n = 1 in
B(pog,r). For any p € M and any smooth function w one has

1)) = [ T, L ) a) dvol(a).

Differentiating the latter along two horizontal vector fields X, X; 4,7 = 1,...,r one obtains that
for any p € B(po,r)

Xigut) = [ | Xial 00)Lafum) + Xy 0 0)(Ep, — LoJun(a)] dvola),
and
XipXjpu(p) = / [Xi,pXj,pro (P, @) Ly (un)+Xi,p X T, (, Q)(Lpo_Lq)un(Q)} dvol(q)+C(po)Ly(un),

where X, denotes differentiation in the variable p and C' is a Holder continuous function arising
from the principal value of the integral.

Setting p = po one obtains the identity

XipXjpu(p) = / {Xi,pXj,pr(pv q) Lg(un)+Xi p X; 5T (p, q)(Lp*Lq)un(q)} dvol(q)+C(po)Ly(un),

(2.14)
where the differentiation in the first term in the integrand is intended in the first set of the argument
variables only. The next task is to show that identity (2.14) holds also for functions in WI?I"27 in the
sense that the difference between the two sides has L? norm zero. To see this we consider a sequence
of smooth approximations w, — u € WEI’Q in Wé’Q norm. To guarantee convergence we observe
that in view of the work in [63] and [58], the expression X, ,X; ,I',(p,q) is a Calderon-Zygmund
kernel. To prove our claim it is then sufficient to invoke the boundedness between Lebesgue spaces
of Calderon-Zygmund operators in the setting of homogenous spaces (see [17]), and [19]).

Our next goal is to show an improvement in the integrability of the second derivatives of the
. 2,2 .
solution u € Wiy". We write
XipXjpup) =TI + I+ I3+ Iy

where

Li(p) = / XipXjpL'p(p, )n(q) Lqu(q) dvol(q) + C(p) Lyu(p),
9



L(p) = / XipXipTo(P,0) D aij(@)Xin(g) Xju(q) +ulg) D aij(q)XiX;n(q) dvol(g),
ij=1 ij=1
T
I3(p) = /Xi,PX]'-,PFP(pv q) Z (aij(p) — ai;j(q))X:X;(nu) dvol(g).
ij=1
Since Lu € C* and in view of the continuity of singular integral operators in Holder spaces (see
Rothschild and Stein [63]) then I; € C* and we can disregard this term in our argument.

Next we turn our attention to I and I3. Since v € W?22 then Sobolev embedding theorem

[36] yields Vyu € L2 and as a consequence of the continuity of Calderon-Zygmund operators in

homogenous spaces one has I € L3,
In view of the estimates on the fundamental solution for sublaplacians by Nagel, Stein and Wainger
[58], one has that
|Xi X,T(p, q)| sup |ai; (p) — ai;(q)| < C(K)d(p,q)* %,
iJ

for every ¢ € K CC M. One can then bound I3 with fractional integral operators

Zo()(p) = /d(n Q)= (q)dvol(q).

In the context of homogenous spaces (see for instance [17]), these operators are bounded between

the Lebesgue spaces L? — L7 with % — % = %, whenever 1 < < % When 1+ % > 6> % one

has that Z,, maps continuously L? into the Holder space CI[?

o

Q
In view of such continuity we infer that I3 € L?* with % > K= & > 1.

In conclusion, so far we have showed that if w € W2 (M) is a solution of Lyu(p) € C§ then

,Jloc

2,259 . . :
one has the integrability gain u € Wi, .2 ** (M). Iterating this process for a finite number of steps,

in the manner described in [1, page 721-722], one can increase the integrability exponent until it is
larger than o//@Q and at that point the fractional integral operators maps into a Holder space and one
finally has that X; X u are continuous. As described above, to complete the proof one now invokes
Bramanti et al., [8, Theorem 14.4].

O

2.4. Subelliptic Q-Laplacian and C* estimates for non-degeneracy

Denote by @ the Hausdorff dimension of M. For u € Wé%C(M ), define the Q-Laplacian Lgu by
means of the following identity

/ Lgu¢ dvol = / |Viu|9 2(Viu, Vie) dvol, for any ¢ € Wé({)?(M) (2.15)
M M
If |[Vau|2 2 Xu € W}llfoc(M) and u € Wé%C(M) one can then write almost everywhere in M

Lou = X (|Vau|? 2 X;u). (2.16)
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Definition 2.17 (Q-harmonic function). Let M be an equiregular sub-Riemannian manifold of Haus-
dorff dimension ). Fixed a measure vol on M, a function u € W}II’%C(M ) is called Q-harmonic
if

|Vau|?(Vyu, Vad)dvol =0, Vo € WEE(M).

Proposition 2.18. Let M be an equireqular sub-Riemannian manifold endowed with a smooth volume
form vol. Let u € Wé’%C(M) be a weak solution of Lqu = h in M, with h € Cq,,.(M) and |Vyul

not vanishing in M. If u € Céf,?oc(M) N WﬁfOC(M), then u € Cﬁl’j‘oc(M).

Proof. In coordinates, let w € C'*° such that d vol = wdL, where L is the Lebesgue measure. Since
|Vuul is continuous and bounded from above, and since u € WI?I’?OC(M), then, a.e. in M, the
@-Laplacian can be expressed in non-divergence form

(Lou)(z) = ayj(z, Vau) X; X;u + g(z, Vau) = h(z), (2.19)
where
aij(x,€) = —[€]974 (8 + (Q — 2))&;
and ‘
9(@,€) = —w(@) ™ Xiw(@)[€|9726 + b}, (2)[€]97%¢:.

Set a;j(z) = a;;(x, Viu). Since u € C’Il{’:fOC(M)7 we have
U,”() and g( G VHU) € Cﬁ,loc(M)'

In view of the non-vanishing of Vyu, one can invoke Lemma 2.13, to obtain u € Cﬁ’?OC(M). d

3. Definitions of 1-quasiconformal maps

In this section we introduce the notions of conformal and quasiconformal maps between sub-
Riemannian manifolds.

Definition 3.1 (Conformal map). A smooth diffeomorphism between two sub-Riemannian manifolds
is conformal if its differential maps horizontal vectors into horizontal vectors, and its restrictions to
the horizontal spaces are similaritiesS.

The notion of quasiconformality can be formulated with minimal regularity assumptions in arbi-
trary metric spaces.

Definition 3.2 (Quasiconformal map). A quasiconformal map between two metric spaces (X, dx)
and (Y, dy) is a homeomorphism f : X — Y for which there exists a constant K > 1 such that for

PR {dy (f(p), f(2)) (p,g) <r}
— Jim su sup{dy (f(p), f(q)) : dx(p,q) <
Hylp) = lmsun o i (), £(0)) - dx ) = 1)

6A map F : X — Y between metric spaces is called a similarity if there exists a constant A > 0 such that
d(F(z), F(z')) = Xd(z,2'), for all z,2’ € X.

11



We want to address the case K = 1, and clarify which one is the correct definition of 1-
quasiconformality, since in the literature there are several equivalent definitions of quasiconformality
associated to possibly different bounds for different types of distortion (metric, geometric, or ana-
lytic).

In order to state our results we need to recall a few basic notions and introduce some notation.
We consider the following metric quantities

Ly(p) := 111;1:;11) % and  £y(p) := lim inf W.

The quantity L¢(p) is sometimes denoted by Lip,(p) and is called the pointwise Lipschitz constant.
Given an equiregular sub-Riemannian manifold M, we denote by @ its Hausdorff dimension with
respect to the Carnot-Carathéodory distance, and we write Vy for the horizontal gradient, see
Section 2.1 for these definitions. We denote by voly; the Popp measure on M and denote by J?Opp
the Jacobian of a map f between equiregular sub-Riemannian manifolds when these manifolds are
equipped with their Popp measures (see Section 3.4). By Wﬁ’Q (M) we indicate the space of functions
u € LQ(VOIM) such that |Vygu| € LQ(volM). We use the standard notation Capg and Modg for

capacity and modulus (see Section 3.7). We also consider the nonlinear pairing
Io(u, ¢;U) == / |Viau|9™2(Vau, Vae) dvoly,
U

with u,¢ € Wé’Q(U) and U C M an open subset. For short, we write I (u, ¢) for Ig(u, ¢; M)
and denote by Eq(u) = Ig(u,u; M) the Q-energy of u. The functional Ig(u, -) defines the weak
form of the @-Laplacian Lg when acting on the appropriate function space, see Section 2.4. Given
a quasiconformal homeomorphism f between two equiregular sub-Riemannian manifolds, we de-
note by N, (f) the Margulis-Mostow differential of f and by (dg f), its horizontal differential (see
Section 3.2).

Our results rest on the following equivalence theorem, which we prove later in the section.

Theorem 3.3. Let f be a quasiconformal map between two equiregular sub-Riemannian manifolds of
Hausdorff dimension QQ. The following are equivalent:

Hy(p) =1 for a.e. p; (3.4)

sup{d(f(p), f(q)) : d(p,q) = r}

Hy ) = sie St d(F o), F@) s dlpog) =7} 7 6 P (39

(du f)p is a similarity for a.e. p; (3.6)

N,(f) is a similarity for a.c. p; (3.7)

£(p) = Ly(p) for a.c. p, ic., the limit Jim % exists for a.e. p; (3.8)
Iny () (€) = Lin, () (€) for a.e. p; (3.9)

12



Jl;c’pp(p) = Lf(p)Q for a.e. p; (3.10)

The Q-modulus (w.r.t. Popp measure) is preserved: (3.11)

Modg(T') = Modg(f(T)), VT family of curves in M;
The operators 1o (w.r.t. Popp measure) are preserved: (3.12)

Ig(v,¢; V) =1Ig(vo froofif~HV)), VYV CN open,¥v,¢ € Wé’Q(V).

Definition 3.13 (1-quasiconformal map). We say that a quasiconformal map between two equiregular
sub-Riemannian manifolds is 1-quasiconformal if any of the conditions in Theorem 3.3 holds.

The equivalence of the definitions in Theorem 3.3 have as consequences some invariance properties
that are crucial in the proofs of this paper.

Corollary 3.14. Let f be a 1-quasiconformal map between equireqular sub-Riemannian manifolds of
Hausdorff dimension Q. Then

(i) the Q-energy (w.r.t. Popp measure) is preserved:
Eqg(v) =Eq(vof),  Yve WL (N); (3.15)
(ii) the Q-capacity (w.r.t. Popp measure) is preserved:
Capg (B, F) = Capg (f(E), f(F)), VE,F C M compact. (3.16)

The proofs of Theorem 3.3 and Corollary 3.14 will be given later in this section.

While the Hausdorff measure may seem to be the natural volume measure to use in this context,
there is a subtle and important reason for choosing the Popp measure rather than the Hausdorff
measure. Indeed, the latter may not be smooth, even in equiregular sub-Riemannian manifolds, see
[2]. However, we show that for 1-quasiconformal maps the corresponding Jacobians coincide. As
a consequence of Theorem 3.3 and Proposition 3.54. we show that if f is a l-quasiconformal map
between equiregular sub-Riemannian manifolds of Hausdorff dimension (). Then for almost every p

Cr(p)? = Ly(p)? = I}PP(p) = I (p).

Moreover, the inverse map f~! is 1-quasiconformal.

Since the Popp measure is smooth, the associated ()-Laplacian operator Lg will involve smooth
coefficients and consequently it is plausible to conjecture the existence of a regularity theory of Q-
harmonic functions (see Section 2.4 for the definitions). In fact such a theory exists in the important
subclass of contact manifolds (see Section 6.2). The following result is the morphism property for
1-quasiconformal maps, and it is proved in Section 3.8. The @Q-Laplacian operator L is defined in
(2.15).

Corollary 3.17 (Morphism property). Let f: M — N be a 1-quasiconformal map between equireg-
ular sub-Riemannian manifolds of Hausdorff dimension Q equipped with their Popp measures. The
following hold:

13



(i) The Q-Laplacian is preserved:
If v € WPII’Q(N), then Lg(v o f) o f* = Lgv, where f* denotes the pull-back operator on
functions.

(i1) The Q-harmonicity is preserved:

If v is a Q-harmonic function on N, then vo f is a Q-harmonic function on M.

Note that in the Euclidean case the converse is also true: Every map that satisfies the morphism
property is 1—quasiconformal. This is a result a Manfredi and Vespri [52].

In the rest of the section we prove Theorem 3.3 and the corollaries thereafter. In particular,
we show the equivalence of the definitions (3.4) - (3.12) of 1-quasiconformal maps, and show how
(3.15) and (3.16) are consequences. To help the reader, we provide the following road map. The
nodes of the graph indicate the definitions in Theorem 3.3, the tags on the arrows are the labels of
Propositions, Corollaries and Remarks in the present section.

3.26
-

(3.4) (3.5)
3i3o 3%,2
(3.6) <310 (3.7) 331 (51 331 (5
| s Jos
3.46

@ (3.10) (3.11)
. 49l 3.50

(3.12) 34T (3.15) 348 (3 16)

3.1. Ultratangents of 1-quasiconformal maps

We refer the reader who is not familiar with the notions of nonprincipal ultrafilters and ultralimits
to Chapter 9 of Kapovich’s book [42]. Roughly speaking, taking ultralimits with respect to a
nonprincipal ultrafilter is a consistent way of using the axiom of choice to select an accumulation
point of any bounded sequence of real numbers. Let w be a nonprincipal ultrafilter. Given a sequence
X of metric spaces with base points x; € X, we shall consider the based ultralimit metric space

(Xw,‘kw) = (ij*j)w = lim (Xj’*j)'

jow
We recall briefly the construction. Let
Xy = {(pj)jen : pj € Xj,sup{d(p;,%;) : j € N} < 00}
For all (p;)j,(q;); € X}, set
ds((P5)1: (25)5) = lim d;(p;, 45),

where lim;_, ., denotes the w-limit of a sequence indexed by j. Then X, is the metric space obtained
by taking the quotient of (X}', d,,) by the semidistance d,,. We denote by [p;] the equivalence class
of (pj);. The base point x,, in X, is [*;].

14



Suppose f; : X; — Y are maps between metric spaces, x; € X; are base points, and we have
the property that (f;(p;)); € Y, for all (p;); € X}. Then the ultrafilter w assigns a limit map
Jo =limy fi 0 (X, )w = (Y5, f506))w as fu(lps]) = [£5(ps)]-

Let X be a metric space with distance dx. We fix a nonprincipal ultrafilter w, a base point x € X,
and a sequence of positive numbers A\; — 0o as j — co. We define the ultratangent at x of X as

T, (X, %) = lim (X, \;dx, %).

J—w

Moreover, given f : (X,dx) — (Y,dy), we call the ultratangent map of f at x the limit, whenever it
exists, of the maps f: (X, \jdx,*) = (Y, \;dy, f(x)), denoted T,,(f, ).

Lemma 3.18. Let X and Y be geodesic metric spaces and let f : X — Y be a quasiconformal map
satisfying Hy(x) = 1 at some point x € X. Fiz a nonprincipal ultrafilter w and dilations factors
Aj — oo. If the ultratangent map f, =T, (f,*) exists, then for p,q € T,,(X,*)

d(xw,p) = d(*w,q) = d(fu(x0), fu(p)) = d(fu (), fu(0))-
Proof. Take p = [p;],q = [¢;] € T (X, *) with d(x,,p) = d(*w,q) = R. Namely,

lim \;d(x,p;) = lim \;d(*,¢q;) = R.
jow

J—w

Set r; = min{d(x,p;),d(*,¢;)}. Fix j and suppose r; = d(*,p;) so r; < d(x,q;). Since Y is
geodesic, there exists q; € X along a geodesic between x and ¢; with

d(x,q;) =r; and d(gj,q}) = d(*,q;) — ;.
We claim that [¢}] = [g;]. Indeed,
do([q}] g]) = ) Aid(d, 45)
2 lim Aj(d(x,q5) = 15)
= lim Ajd(x, q;) — A;d(*,p;)
jow
= R—-—R=0.

| and ¢ = [¢}] with d(x,p}) = d(x,q}) =
fi(0})] and fu(q) = fu(lg;]) = [fi(q))]-

Reasoning similarly with p;’s, we may conclude that p = [p;
7j. Hence, by definition of f,, we have f,(p) = fu([P}]) = |
We then calculate

o (fuo(*w), fu(P)) lim;j o, Ajd(f (), f
o (fuo(x0), oo (0)) limj o, Ajd(f (%), f(g5))

o SR ) (@)
=L A, () £ A ) = 1)
= 1.

Arguing along the same lines one obtains d,,(f,(*w), fw(q)) < du(fo(*w), fu(p)) and hence the

statement of the lemma follows. a O
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3.2. Tangents of quasiconformal maps in sub-Riemannian geometry

We recall now some known results due to Mitchell [55] and Margulis, Mostow [53], which are
needed to show that every 1-quasiconformal map induces at almost every point a 1-quasiconformal
isomorphism of the relative ultratangents. For the sake of our argument, we rephrase their results
using the convenient language of ultrafilters.

Let M be an equiregular sub-Riemannian manifold. From [55], for every p € M the ultratangent
T.,(M, p) is isometric to a Carnot group, denoted A, (M), also called nilpotent approximation of
M at p. Each horizontal vector of M at p has a natural identification with an horizontal vector of
N, (M) at the identity. Such identification is an isometry between the horizontal space H,M and
the horizontal space of N,(M) at the identity, both equipped with the scalar products given by
respective sub-Riemannian structures. Next, consider f : M — N a quasiconformal map between
equiregular sub-Riemannian manifolds M and N. By the work of Margulis and Mostow [53], there
exists at almost every p € M the ultratangent map T,,(f, p) that is a group isomorphism

Np(f) : NP(M) — Nf(p)(N)

that commutes with the group dilations, and it is independent on the ultrafilter w and the sequence
Aj. Part of Margulis and Mostow’s result is that the map f is almost everywhere differenziable
along horizontal vectors. Hence, for almost every p € M and for all horizontal vectors v at p, we
can consider the push-forwarded vector, which we denote by (du f),(v). We call the map

(du f)p : HpM — Hy,) N

the horizontal differential of f at p.
Remark 3.19. With the above identification, we have

(du f)p(v) = Np(f) v, Yo € HyM, (3.20)

so (dg f)p is a restriction of N,(f).. Vice versa, (dg f), completely determines N,(f), since N, (f)
is a homomorphism and H,M generates the Lie algebra of N,(M). In particular, (dy f), is a
similarity if and only if NV, (f) is a similarity with same factor. Hence, Conditions (3.7) and (3.6)
are equivalent.

Next we introduce some expressions that can be used to quantify the distortion.

L(p) == liminf sup{dn (f(p), f(q)) : du(p,q) <r}

r—0

Ly(p) izlimsups up{dn (f(p), f(q)) : dr(p,q )gr}’

r—0 r
Ly (p) :=limsup sup{dn (f(p), f(q)) : dm(p,q) = r}’
r—0 r
Ly (p) = liggf sup{dn (f(p), (qr) dy(p,q) = r}7
IN(HI == max{d(e, Np(f)(¥)) : dy,ar)(e,y) < 1}
= max{d(e, Np(f)(y)) : dn,an)(e,y) = 1}.
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Remark 3.21. There exists a horizontal vector at p such that || X|| = 1 and || f. X || = || N,(f)|l, which
in other words means that X is in the first layer of the Carnot group N, (M), dy:, (ar) (e, exp(X)) = 1,

and dy, ., (v (e, Np(f)(exp(X))) = [N (f)I-
The following holds.
Lemma 3.22. Let M and N be (equireqular) sub-Riemannian manifolds and let f : M — N be a
quasiconformal map. Let p be a point of differentiability for f. We have
Ly (p) = N (D]l = Liv, 5y (€) = L4 (0) = L;(p) = L (0) = L7 (p)-
Proof. Proof of L¢(p) < [N, (f)|l. Let p; € M such that p; — p and
. d(f(p), f(p)))
L = lim ————————.
s0) = e = )

Let A; :=1/d(p,p;), so A\; = co. We fix now any nonprincipal ultrafilter w and consider ultratan-
gents with respect to dilations A;. Hence,

Ly(p) = lim Ad(f(p). £(2))

= do([F () [f(p))])

= dw(pr([pDvaf([p'D)
< NG f Il o ([P); [ps])

= [Np £l lim A;d(p, p;)

= N/l

Proof of Ly(p) > [INp(f)||. Take y € N,(M) with d(e,y) = 1 that realizes the maximum in
INVL(f)|l- Choose a sequence g; € M such that [g;] represents the point y. Let A\; — oo be the
dilations factors for which we calculate the ultratangent. Since

Jjow
then, up to passing to a subsequence of indices, d(p, ¢;) — 0. Moreover,
: d(f(p), f(g;))
L > limsup ——————-
s) = e, d(p.qy)
= limsup A;d(f(p), f(g;))
j—o0
= du([f(P)]; [f(g;)])

- dw(e7pr(y))
= [Nl

Proof of L;(p) < |IN,(f)||. There exists 7; — 0 and p; € M with das(p,p;) < r; such that

Z4(p) — tim U@ F(py).
T



Then, using 1/r; as scaling for the ultratangent, we have d,([p], [p;]) < 1 and L¢(p) = lim; 7%7,cl1\7(f(p)7 f(py)) =
do ([f ()], [f (3)]) < ING (-

Proof of [|N,(f)Il < L;(p). Take y € Njp(M) with du,(ar)(e,y) < 1 that realizes the maximum in
[NV (f)]l. Choose subsequences s; — 0 that realizes the limit in the definition of L;(p), i.e., so that

£,(p) — tim 2L 0). (@) dus () < 553

J Sj

We use 1/s; as scaling factors for the ultratangent space. For any p € (0,1) choose a sequence
g; € M such that [g;] represents the point 0, (y). Therefore, we have that

dn )
lim M (p7 q])

m =" = dy, ) (6,0, (9)) < pds, any(e:y) S p< 1.
J

For j big enough we then have das(p, ¢;) < s;. So

dn(f(p), f(g5)) < sup{dn(f(p), (@) : dar(p,q) < 55},

whence, dividing both sides by s; and letting j — oo, we get

du([f )], [f(g))]) < Ly (p),

which, in view of the homogeneity of N,(f), yields
1N (O = da, vy (€ Np(F) (00)) < L (p)-

Since the last inequality holds for all x € (0,1), the conclusion follows.
Proof of L;(p) > L (p). Since

sup{dn (f(p), f(q)) : dr(p. @) < v} = sup{dn(f(p), f(q)) : dne(p.q) =1},

one has
Lyp) = limins RANU@)S@)  dupg) <73
> Ih:lj(l)lp sup{dn (f(p), f(qg) cdpy(pyq) =1} _ Z?(p),

Proof of L;(p) < Z? (p). Choose a sequence r; — 0 such that

sup{dn (f(p), [(9) : dm(p,q) <7j} _ sup{dn(f(p), f(2)) : dnr(p,q) = 75}

T Tj

and so in particular

sup{dn (f(p), f(9)) : dm(p,q) <1y}

Li(p) = liminf .
! j
< timsup S0 I@) ) =1} 7=
T T <
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Proof of [N,(f)|| < L5 (p). Take y € N,(M) with d(e,y) = 1 that realizes the maximum in
[NV (f)]|- Choose subsequences s; — 0 that realizes the limit in the definition of L} (p), i.e., so that

£7(p) = lim sup{dn (f(p), (@) : dar(p,q) = s}

We use 1/s; as scaling factors for the ultratangent space. For any € > 0 choose a sequence q;- eM
such that [g}] represents the point d14(y). Therefore, we have that

d(p, q;
1+e=d(e,01+¢(y)) = lim Lq])

J—ow S

For j big enough we then have d(p,q}) € (s;, (1 + 2¢)s;). Since M is a geodesic space, we consider
a point ¢/ € M such that d(p,q}) = s; and lies in the geodesic between p and ¢}, consequently
d(q}, qj) < 2es;.

Set ye € Np,(M) the point being represented by the sequence ¢}. We have d(d14.cy,y.) < 2¢. From
which we get that y. — y, as ¢ — 0. We then bound

L) > im WO

J S5

: d(NP(f)(ye)7 6).

Since d(N,(f)(ye),e) is continuous at e = 0 and converges to [|[N,(f)|, as € — 0, we obtain the
desired estimate.

To conclude the proof of the proposition, one observes that L(p) < L(p) and Ly (p) < Z?(p)
are trivial. O

Corollary 3.23. Let M and N be (equireqular) sub-Riemannian manifolds and let f : M — N be a
quasiconformal map. Let p be a point of differentiability for f. We have

Lf(p) = LNp(f)(e) and gf(p) = pr(f)(e). (3.24)
Proof. The proof follows from Lemma 3.22 applied to f and f~!, and by observing that
Li(p) =1/ Ly-1(f(p)), and Np(f)™" = Ny (7). (3.25)

O

Corollary 3.26. Let M and N be (equiregular) sub-Riemannian manifolds and let f : M — N be a
quasiconformal map. Then for almost every p € M

Hy(p) = Hy (p).
Proof. Note that in every geodesic metric space

inf{dy(f(p), /(9)) : dur(p; @) = r} = mnf{dn (f(p), f(q)) - dm(p,q) = r}-

Hence Hy(p) > Hj (p) is immediate.
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Regarding the opposite inequality, let p be a point of differentiability for f. Consequently,

i sl (). f0) s du(pe) < 1)
Hy(0) = tmsup S ) F(0) < dur (pr9) = 1)

— limsup sup{dn (f(p), f(q)) : dr(p,q) <7}
r—o f{dn(f(p), f(q) - dar(p,q) = 7}
r . sup{dn (f(p), f(q)) = dn(p,q) <7}
S s e ) (@) = dot () = 7} msup r
= S A ), T @) ) =71 P
= limsup a — L5 (p)
r—o  nf{dn(f(p), f(q)) : dm(p,q) = 7}
~ limsup r T up{dn(f(p), f(q)) : du(p,q) =7}
r—o inf{dn(f(p), f(q) : dm(p,q) =7} =0 r

< limsup SN ®). (9)) : dur(p g) = 1}
oot {dn (f(p), f(a)) : dur(p,q) = 7}

def -
= Hj (p),

where in the last two steps we have used that L;(p) = L5 (p) from Lemma 3.22 and the fact that
limsup a; liminf b; < limsup(a;b;). d

Proposition 3.27. Let f : M — N be a quasiconformal map between sub-Riemannian manifolds. The
function p — [N, (f)|| is the minimal upper-gradient of f.

Proof. The function p — [|N,(f)| is an upper-gradient of f since L¢(-) is such and Lz (p) = [N, (f)]]
by Lemma 3.22 . Regarding the minimality, let g be a weak upper-gradient of f. We need to show
that

a(p) > N (Ol for almost all p. (3.28)
Localizing, we take a unit horizontal vector field X. For p € M, let -, be the curve defined by the
flow of X, i.e.,

'Yp(t) = ét)((p)a

which is defined for ¢ small enough. We remark that the subfamilies of {v,},enm that have zero
Q-modulus are of the form {v,},cp with E C M of zero Q-measure. Then, for every unit horizontal
vector field X, there exists a set Q2x C M of full measure such that for all p € Qx we have

/ oz G016y,
Tpll0,€]

Since | X|| = 1, then each =, is parametrized by arc length. Thus

L[ stwlnar > Larw). f@s o).
0

€

Assuming that p is a Lebesgue point for g, taking the limit as € — 0, and considering ultratangents
with dilations 1/¢, we have

A%

dus (e, Np () [ 2% (P)])

= dw(eaNp(f) CXp(Xp))v Vp S QX7 (329)
20
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where X, is the vector induced on N, (M) by X,,.

Set now Xi,...X, an orthonormal frame of A and consider for all # € S™™! c R", the unit
horizontal vector field X? := 377, 0, X;. Fix {6,};en a countable dense subset of S"~! and define
2 := N;Qys;, which has full measure. Take p € § and, recalling Remark 3.21, take Y € A, such
that [|Y]| =1 and }

dw(e; Np(f) exp(Y)) = NG ()]l
By density, there exists a sequence jj, of integers such that 6;, converges to some ¢ with the property
that Y = (X%),. Therefore, by (3.29) we conclude (3.28). O

3.3. Equivalence of metric definitions

Proposition 3.30 (Tangents of 1-QC maps). Let f : M — N be a quasiconformal map between
equiregular sub-Riemannian manifolds. Condition (3.4) implies Condition (3.7).

Proof. For almost every p € M, the map N,(f) exists and coincides with the ultratangent f,, with
respect to any nonprincipal ultrafilter and any sequence of dilations. Hence, we can apply Lemma
3.18 and deduce that spheres about the origin are sent to spheres about the origin. Therefore, the
distortion Hy. (s)(e) at the origin is 1. Being N, (f) an isomorphism, the distortion is 1 at every
point, and in fact N, (f) is a similarity. O

Corollary 3.31. Let f : M — N be a quasiconformal map between equiregular sub-Riemannian
manifolds. Conditions (3.7), (3.8), and (3.9) are equivalent.

Proof. For every point p of differentiability for f, we have that N, (f) is a similarity if and only if
L, (5)(€) = x5y (e), which by Corollary 3.23 is equivalent to £7(p) = L¢(p). O

Proposition 3.32. Let f : M — N be a quasiconformal map between sub-Riemannian manifolds. At
every point p € M such that Ly(p) = £ (p) one has that Hy (p) = 1. Hence, Condition (3.8) implies
Conditions (3.5).

Proof. Notice that at every point in which L¢(p) = €¢(p) one has the existence of the limit

im
d(p,q)=r—0 r

Consequently, at those points one has

supq{d )] :d ,q)=r
p{dy (f(p) f(TQ)) x(p,g)=r} Ls(p)

Hy (p) = lim

M Wi GO o=t (5(p) N

Therefore, we proved the equivalence of the metric definitions, i.e., Conditions (3.4), (3.5), (3.7),
(3.8), and (3.9).
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3.4. Jacobians and Popp measure

Let (M, pps) and (N, py) be metric measure spaces and let f : M — N be a homeomorphism. We
say that J; : M — R is a Jacobian for f with respect to the measures py and py, if f*un = Jy par,
which is equivalent to the change of variable formula:

/ hd/LN:/(hOf)de,u]u, (3.33)
I(A) A

for every A C M measurable and every continuous function h: N — R.

If M and N are equiregular sub-Riemannian manifolds of Hausdorff dimension ), we consider 15y
and py to be both either the @)-dimensional spherical Hausdorff measures or the Popp measures.
See [56, 7] for the definition of the Popp measure and Example 3.37 for the case of step-2 Carnot
groups. In these cases, we denote the corresponding Jacobians as Jlf{aus and J ?Opp, respectively. If
f is a quasiconformal map, such Jacobians are uniquely determined up to sets of measure zero. In
fact, by Theorem [39, Theorem 4.9, Theorem 7.11] and [53, Theorem 7.1], they can be espressed as
volume derivatives. Moreover, by an elementary calculation using just the definition one checks that
the Jacobian satisfies the formula

Jr(p) =1/ 351 (f(p)). (3.34)

Remark 3.35. We have that if f : M — N is quasiconformal and at almost every point p its
differential N, (f) is a similarity, then for almost every p € M the Carnot groups N,(M) and
Nip)(N) are isometric. Indeed, if A, is the dilation factor of N,(f), then the composition of
N, (f) and the group dilation by A gives an isometry. As a consequence, N,(M) and Ny, (N)
are isomorphic as metric measure spaces when equipped with their Popp measures voly. (1s) and
vol Ny (N> respectively. In particular, for almost every p € M, we have

VOINP(]\/[)(BNP(M)(67 1)) = VOle(,,)(N)(BNf(,,)(N)(ev 1)) (3.36)

Ezxample 3.37. We recall in a simple case the construction of the Popp measure. Namely, we consider
a Carnot group of step 2, that is, the Lie algebra is stratified as V3 & V. Let B C Vi C T.G be
the (horizontal) unit ball with respect to a sub-Riemannian metric tensor g; at the identity, which
is the intersection of the metric unit ball at the identity with Vi, in exponential coordinates. The
set [B,B] :={[X,Y]: X,Y € B} is the unit ball of a unique scalar product g on V2. The formula
g = \/g? + g3 defines the unique scalar product on V; @ V, that make V; and V5 orthogonal and
extend g7 and go. Extending the scalar product on T, G by left translation, one obtains a Riemannian
metric tensor g on the Lie group G. For such a Carnot group the Popp measure is by definition the
Riemannian volume measure of g.

Remark 3.38. In Carnot groups the Popp measure is strictly monotone as a function of the distance,
in the sense that if d and d’ are two distances on the same Carnot group such that d’ < d and
d" # d, then Popp, < Popp, and Popp, # Popp,. Indeed, this claim follows easily from the
construction of the measure. For simplicity of notation, we illustrate the proof for Popp measures
in Carnot groups of step 2 as we recalled in Example 3.37. If B’ is a set that strictly contains B
then clearly [B, B] C [B’, B’] and hence the unit ball for g is strictly contained in the unit ball for
¢'. In other words, the vector space T.G is equipped with two different (Euclidean) distances, say
p and p', and by assumption, the identity id : (T.G,p) — (T.G,p’) is 1-Lipschitz. Therefore, the
Hausdorff measure with respect to p is greater than the one with respect to p’. At this point we
recall that the Hausdorff measure of a Eulidean space equals the Lebesque measure with respect to
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orthonormal coordinates. In other words, the Hausdorff measure is equal to the measure induced
by the top-dimensional form that takes value 1 on any orthonormal basis, which is by definition the
Riemannian volume form. We therefore deduce that the Riemannian volume measure of § is less
than the Riemannian volume measure of §’. Hence, Popp, < Popp,. Moreover, the equality holds
only if § = ¢’, which holds if and only if B’ = B.

Lemma 3.39. Let A : G — G’ be an isomophism of Carnot groups of Hausdorff dimension Q. If
either Ja(e) = (La(e))? or Ja(e) = (La(e))?, then A is a similarity.

Proof. Up to composing A with a dilation, we assume that La(e) = 1, i.e., A is 1-Lipschitz. Then
if Ja(e) = (La(e))? we have that J4 = 1, which means that the push forward via A of the Popp
measure on G is the Popp measure on G’. Moreover, identifying the group structures via A, we
assume that we are in the same group G (algebraically) that is equipped with two different Carnot
distances d and d’' such that d’ < d, since the identity A = id : (G,d) — (G,d’) is 1-Lipschitz. If
d' # d, then by Remark 3.38 Popp, # Popp,, which contradicts the assumption. We conclude that
d' =d,ie., A=id is an isometry. The case when J4(e) = (£4(e))? is similar. O

3.5. A remark on tangent volumes

We prove that the Jacobian of a quasiconformal map coincides with the Jacobian of its tangent
map almost everywhere. We begin by recalling the Margulis and Mostow’s convergence [53]. Fix a
point p in a sub-Riemannian manifold M and consider privileged coordinates centered at p, see [53,
page 418]. Let g be the sub-Riemannian metric tensor of M. Let d. be the dilations associated to
the privileged coordinates. Notice that (J¢).g is isometric via d. to g and g, := %(66)*g is isometric
via d, to % g. A key fact is that g. converge to go, as € — 0, which is a sub-Riemannian metric. (This
convergence is the convergence of some orthonormal frames uniformly on compact sets).

Mitchell’s theorem [55] can be restated as the fact that (R™,go) is the tangent Carnot group
N,p(M). Margulis and Mostow actually proved that the maps 7! o f o §. converge uniformly, as
e — 0, on compact sets to the map N, (f). Moreover, by functoriality of the construction of the
Popp measure, we have that vol?s — vol?°, in the sense that if w, is the smooth function such that
volY = w.L, then w, — wg uniformly on compact sets.

Proposition 3.40. Let f : M — N be a quasiconformal map between equiregular sub-Riemannian
manifolds of Hausdorff dimension Q. For almost every p € M

In, () (€) =I5 (p)-
Proof. Denote by BY< the ball at 0 of radius r with respect to the metric g.. We have
e vl (f(BY) = volt9(f(B;?)) (3.41)
= vol%»g(é6 0. o fob.(BY)

= vol9 (55_1 o f o 5€(st))
= vol?= (N, (f)(BY)).

By [34, Lemma 1 (iii)], for all ¢ € M we have the expantion

volys (B(q,€)) = GQVOI,/\/',I(]\/I)(B,/\/',I(M)(Ga 1)+ o(eQ). (3.42)
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Using (3.41) and the latter, we conclude

vol, (ar) (Ng(f) (Bar,(ar (€, 1))
volur, (ar) (B, (ar) (e, 1))
~ lim voln (f(B(p;¢)))
=0 eQvoly,, (an) (B, (an (e, 1))
mVOIN(f(B(I% €))
e—0 voly (B(p,€))
= Jr(p)-

In,ple) =

3.6. FEquivalence of the analytic definition

Lemma 3.43. Let f: M — N be a quasiconformal map between equiregular sub-Riemannian mani-
folds of Hausdorff dimension Q. If the differential Nj,(f) of f is a similarity for almost everyp € M,
then

l;(p)? = POpp(p) L (p)¥, for almost every p € M.

Proof. Let p be a point where Jl;c’pp(p) is expressed as volume derivative. By definition, for all € > 0,
there exists 7 > 0 such that, if ¢ € M is such that d(q,p) € (0,7), then

d(f(q), f(p))
W < Lf(p) +e.

Hence for every r € (0,7),
f(B(p, 7)) € B(f(p),r(Ls(p) +€))-

So one has

voly (f(B(p, 7)) _ voly (B(f(p),r(Ly(p) +€)))
voly (B(p, 7)) — volys (B(p,r)) '

Letting » — 0, using (3.42) with ¢ = p and ¢ = f(p), and using (3.36), we have

TP (p) < (L (p) + €)%,

Notice that equation (3.36) requires the assumption of the differential being a similarity. Since e is
arbitrary, Jlf)Opp(p) < L(p)?. Once we recall that J?Opp(p) -Jlf:’fﬁp(f(p)) =1land lf(p)-Ly-(f(p)) =

1, the same argument applied to f~! yields £;(p)? < J ]F:Opp (p). With Corollary 3.31 we conclude. [

For an arbitrary quasiconformal map we expect the relation
P
Lp(p)? < TP (p) < Lys(p)?

to hold. However, our proof of Lemma 3.43 makes a crucial use of equation (3.36), which is not true
in general.
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Lemma 3.44. Let f: M — N be a quasiconformal map between equireqular sub-Riemannian mani-
folds of Hausdorff dimension Q. If for almost every p € M either

Lr(p)? = J{PP(p)
or

I5P (p) = Ly(p)?,
then N, (f) is a similarity, for almost every p.

Proof. In view of Proposition 3.40 and Corollary 3.23, we have either ENp(f)(e)Q = Jn,(5)(e) or
In,(5)(e) = Ly, (5)(e). Therefore, by Lemma 3.39 we get that N,(f) is a similarity. O

3.7. Equivalence of geometric definitions

We recall the definition of the modulus of a family I" of curves in a metric measure space (M, vol).
A Borel function p: M — [0, 00] is said to be admissible for T" if for every rectifiable v € T,

/pds > 1. (3.45)
.
The Q-modulus of T is

Modg(T') = inf {/ p® dvol : p is admissible for F} .

M
Proposition 3.46. Let f : M — N be a quasiconformal map between equireqular sub-Riemannian
manifolds of Hausdorff dimension Q. Then Modg(I') = Modg(f(I")) for every family I' of curves
in M if and only if L? (p) = Js(p) for a.e. p.

Proof. This equivalence is actually a very general fact after the work of Cheeger [16] and Williams
[69]. Since locally sub-Riemannian manifolds are doubling metric spaces that satisfy a Poincaré
inequality, we have that the pointwise Lipschitz constant L¢(-) is the minimal upper gradient of the
map f, see Proposition 3.27 and Lemma 3.22. We also remark that any quasiconformal map is in
VV&)’CQ and hence in the Newtonian space Nﬁ)’CQ , see [6]. By a result of Williams [69, Theorem 1.1],

L;(p)? < Js(p), for almost every p, if and only if Modg(I')) < Modg(f(I)), for every family I' of
curves in M. Hence, we get the inequality L;(p)? < J¢(p).

Now consider the inverse map f~!. Such a map satisfies the same assumptions of f. In particular,
applying to f~! William’s result, we have that Modg(I')) < Modg(f~*(T')) for every family I' of
curves in N if and only if Ly-1(q)? < Jy-1(q), for almost every ¢ € N. Writing f~!(I') = I’ and
g = f(p) and using (3.25) and (3.34), we conclude that Modg(f(I”)) < Modg(I”) for every family
I of curves in M if and only if J;(p) < f? (p) < L? (p), for almost every p € M O

Let M be an equiregular sub-Riemannian manifold of Hausdorff dimension @Q. Let voly; be the
Popp measure of M. For all u € WPII’Q(]V[, volys), the Q-energy of u is

Eg(u) := /M |Viu|? dvoly .
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Remark 3.47. Since Eg(u) = I (u, u), if the operator Iy, is preserved, then the Q-energy is preserved.
Namely, Condition (3.12) implies Condition (3.15).

Proposition 3.48. For a quasiconformal map f: M — N between equireqular sub-Riemannian man-
ifolds of Hausdorff dimension Q, Condition (3.15) implies Condition (3.16).

Proof. Let E, F C M compact sets in M. We set S(E, F) to denote the family of all u € WﬁQ(M)

such that u|p =1, u[p = 0 and 0 < u < 1. Recall that the Q-capacity Capg(E, F) is then defined
as the infimum of the Q-energy Eg(u) among all competitors u € S(E, F):

Capg (B, F') = inf/ |Viu|? dvol .
M

Since f satisfies (3.15), the map v +— v o f is a bijection between S(f(E), f(F)) and S(F, F)
that preserves the Q-energy. Correspondingly, one has that

Capo(f(E), f(F)) = inf{Eq(v) : ve S(f(E), f(F))}

= inf{Eq(vo f) : veS(f(E), f(F))}
= inf{Eg(u) : ue S(E,F)}
= CapQ(E7 F)v
completing the proof. O

Proposition 3.49. Let f : M — N be a quasiconformal map between equiregular sub-Riemannian
manifolds of Hausdorff dimension Q. FEither of Condition (3.6) and Condition (3.10) implies Con-
dition (3.12).

Proof. Let p be a point of differentiability of f. Given an orthonormal basis {X;} of H,M, from
(3.6) we have that vectors

Yj = Lg(p) " (du f)pX;
form an orthonormal basis of H,NN, with ¢ = f(p). Then, for every open subset V' C N and for
every v € Wé’Q(N),

Xj(wo flp =du(vo f)p(X;)
= (duv)q(dn f)p(X;)
= (duv)q(Ls(p)Y;) = Ly (p)(Yu)q-

Therefore, for any v, ¢ € W}ll’Q(V),

(Vo ), Va(do )y =D Xi(ve fpX;(60 )y
= L% () Z Yj(”)qyj(ﬁb)q

= L3 (p)(Vuv, Vo),

In particular

[Vi(ve f)l = Li(p)[(Vav) sy
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So, using Condition (3.10) and writing U = f~1(V),

IQ(UOf,(ﬁOf;U)

/U IVia(vo £)|2(Vu(vo f), Vi(é o f)) dvoly

/ L?72|(VHU)J¢(.) IQ_2L?<VHU, VH¢>f(.) dVOlM
U

/ T 1(Vuv) 5y ‘Q72<VHU, Vug) sy dvolys
U

/‘VHU|Q_2<VHU:VH¢>dV01N
v
= Iq(v,¢;V),
where we used (3.33). d

Proposition 3.50. Let f : M — N be a quasiconformal map between equiregular sub-Riemannian
manifolds of Hausdorff dimension Q. Then Condition (3.12) implies Condition (3.10).

Proof. We start with the following chain of equalities, where we use (3.12), the chain rule and the
change of variable formula (3.33). For every open subset U C M, denote V = f(U) C N. For every
v, 6 € Wr?(V),

/ [Viv|?~(Vio, Vag) d voly = / [Vi(vo £)|®*(Vu(vo f), Vi(o o f)) dvoly
1% U

= /U (A £) Ty (Vo) 5|22 ((du £) Ty (Viv) £y (du £) oy (V) ) dvolas

= /V T ()I(du )T (V). 272((di /)T (Vao)., (da £)T (Vig).) d voly

= /V Jp-1()(du HE(Vuv).[°7*((du D-1¢y(du HE(Vav)., (Vue).) dvoly,

where (du f)] denotes the adjoint of (dy f)s-1(4) with respect to the metrics on N and M at ¢ and
f71(q) respectively. We then proved that

/VU(VHU) 972(Viv). — 351 ()(du )T (Vi) 1272 (da £ -1 (du )T (Viw)., (Vae).) dvoly =0

(3.51)
for every v, ¢ € WPlI’Q(V) and for every open subset V' C N. Note that (3.51) holds true for every
measurable subset V' C N. We claim that, for almost every ¢ € NV,

[(Vir0)g|972(Varv)g = Jp-1(@)(da £y (Viw)gl 22 (di f) 1) (dat g (Viw)g = 0 (3.52)

for every v € Wé’Q(N ). Arguing by contradiction, assume that there is a set V' C N of positive
measure where (3.52) fails for some v € W;I’Q(N), Choose any smooth frame X;,..., X, of HN,
and write the left hand side of (3.52) as Y_I_; ¥;X;, with ¢; € L9(N) for every i = 1,...,r. Then
at least one of the 1); must be different from zero in V. Without loosing generality, say 11 # 0 on
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V. By possibly taking V' smaller, we may assume that fV 11 dvoly # 0. Let ¢ be the coordinate
function z1, that is X;¢ = §. Substituting in the left hand side of (3.51), we conclude

/<(1/11,---7¢r)7VH¢>>dV01N:/1/11dV01N7é0,
v v

which contradicts (3.51). This completes the proof of (3.52).

Next, fix ¢ € N a point of differentiability where (3.52) holds. For every vector £ € HyN, consider
vg such that (Vyove)q = €. For every £ € HyN such that [¢] = 1, the following holds

T (@)|(du )7 €192 ((du £) g1 (du £)g &, 6) = 1.

Using (3.34), the equality above becomes

|(dar g €1972((du /)7, (du )z &) = ¢ (£ (a)
which is equivalent to
(du f)g €19 = I4(FH(9))
for every ¢ on HyN of norm equal to one. From (3.20) we have |(du f)s&(q)|9 = [NG(f)T€(q)|“.
Therefore, at every point ¢ € N of differentiability,
IVF=1(q) ()9 = max{|Ng ()T €|? = € € HyN, [¢] =1} = Ts(f*(q)).

By Lemma 3.22 and writing p = f~1(g), we conclude Ly(p)? = J;(p) for almost every p € M,
establishing (3.10). O
3.8. The morphism property

Proof of Corollary 3.17. Let v € W;I’Q(N) and ¢ € Wég”)(N) C W;I’Q(N), then from (3.12) it
follows

Lo()(¢) =1Ig(v,¢) =Ig(vo f,¢o f) = Lo(vo f)o f*(¢). 0
3.9. Equivalence of the two Jacobians

Given M an equiregular sub-Riemannian manifold of Hausdorff dimension @), we prefer to work
with the Popp measure voly; rather than the spherical Hausdorff measure SJC’EI since volyy is always

smooth whereas there are cases in which S](Q/[ is not (see [2]). However, one has the following formula
(see [2, pages 358-359], [34, Section 3.2]).

dvolys = 279 voly, (an) (B, (ar) (e, 1))dS Y, (3.53)

where we used the fact that the measure induced on N, (M) by volys is vol N, (M)

Proposition 3.54. If f : M — N is a 1-quasiconformal map between equiregular sub-Riemannian
manifolds, then for almost every p € M,

5P (p) = IF(p).
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Proof. Let A C M be a measurable set. Since f~!is 7 also l-quasiconformal, then we have (3.36)
with p = f~1(q) for almost all ¢ € M, Then, using twice (3.53), we have

29(f*voly)(A) = 29voly(f(A))

/ Y (B e ) dS3(q)
f(A

[ vl (B e 1) a8 (a)
fF(A)

AVOM(M)(BN],(M)(& 1)) 37 (p) d ST (p)

— 2950 yol ) (A).

Thus, we conclude that J JF:Opp volys = f*voly = JIJZIaus volyy. O

4. Coordinates in sub-Riemannian manifolds

Given any system of coordinates near a point of a sub-Riemannian manifolds, we will identify
special subsets of these coordinates, that we call horizontal. By adapting a method of Liimatainen
and Salo [50], we show that they can be constructed so that in addition they are also either harmonic
or @-harmonic (the more general construction of p-harmonic coordinates follows along the same
lines, modifying appropriately the hypothesis). The construction of Q-harmonic coordinates is based
upon a very strong hypothesis, namely that the sub-Riemannian structure supports regularity for
@-harmonic functions. In contrast, the construction of horizontal harmonic coordinates rests on
well known Schauder estimates. The key point of this section, and one of the main contributions
of this paper, is that we can prove that the smoothness of maps that preserve in a weak sense the
horizontal bundles can be derived by the smoothness of the horizontal components alone.

4.1. Horizontal coordinates

Definition 4.1. Let M be a sub-Riemannian manifold. Let z',...,2" be a system of coordinates
on an open set U of M and let Xy,..., X, be a frame of the horizontal distribution on U. We say
that =1, ..., 2" are horizontal coordinates with respect to Xi,..., X, if the matrix (X;27)(p), with
i,j =1,...,r, is invertible, for every p € U.

Remark 4.2. Tt is clear that any system of coordinates x!,.... 2" around a point p € M can be
reordered so that the first » components become a system of horizontal coordinates.

The next result states that the notion of horizontal coordinate does not depend on the choice of
frame.

Proposition 4.3. Assume that z',... 2" are coordinates such that x',... z" are horizontal with
respect to the frame Xq,...,X,.. Then
(i) Varl,...,Vua" are linearly independent and form a frame of A.

"Here we need to invoke [53, Corollary 6.5] or [39]
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(ii) If X}, ..., X\ is another frame of A, then z*, ..., 2" are horizontal coordinates with respect to

i !
X!, X

Proof. Since O := (Xixj)ij is invertible and X1,..., X, is a frame, then

”

Vur' =) (X)X =Y OFXy
k

i=1

and (i) follows. Regarding (ii), let B be the matrix such that X/z7 = S, BFXy27 = (BO);;.
The conclusion follows from the invertibility of BO. O

4.2. Horizontal harmonic coordinates

Let M be a sub-Riemannian manifold endowed with a volume form vol. Our goal is to construct
horizontal coordinates in the neighborhood of any point p € M, that are also in the kernel of the
subLaplacian Lo, defined in (2.9), associated to the sub-Riemannian structure and a volume form.

Theorem 4.4. Let M be an equiregular sub-Riemannian structure endowed with a smooth volume
form vol. For any point p € M there exists a set of horizontal harmonic coordinates defined in a
neighborhood of p.

To prove this result we start by considering any system of coordinates 2, ..., 2" in a neighborhood
of p € M. Without loss of generality we can assume that the vectors Vya!,..., Vga" are linearly
independent in a neighborhood of p, i.e., 2!, ..,2" are horizontal coordinates. Set B, := B.(p) =
{g€ M |d(p,q) < €}. For e >0, let ul,...,u" be the unique weak solution of the Dirichlet problem

{Lzug':omBe, i=1,...,n

wl=2"in 0B, i=1,...,n.
We will show that for e > 0 sufficiently small, the n-tuple ul,... w7, 2" ... 2" is a system of
coordinates. Note that ul,...,u? may fail to be a system of coordinates.

Hérmander’s hypoellipticity result [41] yields ut € C°°(B.) N W}lI’Q(Be). Consider now
w! =l — 2" € C™(B) N Wé%(Be)

€

Lemma 4.5. Forp e K CC M, the following estimate holds

][ |Vaw!|? dvol < C'é?. (4.6)

€

for a constant C' > 0 depending only on K, on the coordinates x*,..,x", the Riemannian structure
of M and the volume form.

Proof. For every i =1,...,n, the function w! solves

szi = —Lgl‘i =1 0;
wi =01in 0B,
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The equation can be interpreted in a weak sense as
/ Vaw! Ve dvol = / gipdvol
B. B.

for every ¢ € Wé’f)(Be). Choosing ¢ = w! gives

1/2 1/2
/ |Viw!|? dvol = / giw’ dvol < </ g7 dV01> (/ (wi)zdvol> y
Be Be B. B

Poincaré inequality for functions with compact support gives

J,
1/2 1/2
/|VHw§2dvol<</ gfdvol) <c£/ vag'deol) :
B. B. Be
We have

1/2
(/ vag‘deol) < eC'/? (/
B B

This completes the proof of (4.6).

(w!)*dvol < Ceg/ |Viw! | dvol,
Be

whence

€ €

Next we need an interpolation inequality that allows us to bridge the L? estimates (4.6) and the
C’Il{’a estimates from (2.10) to produce L> bounds. The following is very similar to the analogue

interpolation lemma in [50].

Lemma 4.7. Letp € K CC M and let h be a function defined on B.. If there are constants A, B > 0

such that for € > 0 sufficiently small one has

() k1225, < A|BJ2,

(i) |hllca (s, ) < B.
then [|h|| L= (B, ,,) < o(1) as € = 0, uniformly in p € K.

Proof. Set q € Bz (p) so that B (q) C Bae(p). One has

”h”LQ(B%(q)) > ”h(Q)HLQ(Bi(q)) —|lh - h(q)HL‘Z(Bi(q))

1/2
g7 dvol) < eCY/?vol(B.)'/? (sup gf)
B.

1/2



We then obtain that there exists constants C; and Cs, depending only on the sub-Riemannian
structure, the exponent «, and the compact set K, such that

Q at @
Hh”L?(Bi(q)) > Cre2 |h(q)| — Cze +3 HhHCI%(Bi(cm'

Using the hypotheses (i) and (i), we conclude for all ¢ € Bg,)

1 _Q atQ
Ih(@)] < 7% (Ihllnacs, ) + Coe FlIRllog (Bs ()
< Ot {A2e 4+ BCye} = o(1)
as € — 0. O

In view of (4.6) and (2.10) we can apply the previous lemma to h = Vyw! and infer

sup |Vuul — Vaz'| < o(1)
Be

as € — 0. Since the matrix (X;27);; for i,j = 1,...,r is invertible in a neighborhood of p, then

for ¢ > 0 sufficiently small the same holds for the matrix (X;uf);;. Consequently, the n-tuple

(ul,... ul, 2" ... 2") yields a system of coordinates in a neighborhood of p and its first 7 com-

ponents are both horizontal and harmonic. This concludes the proof of Theorem 4.4. O

4.8. Horizontal Q-harmonic coordinates

Throughout this section we will assume that M is an equivariant sub-Riemannian structure,
endowed with a smooth volume form vol, that supports regularity for Q-harmonic functions, in the
sense of Definition 1.2.

We will need an interpolation lemma analogue to Lemma 4.7.

Lemma 4.8. Let p € K CC M and let f be a function defined on B.. If there are constants
B, A, B >0 and o € (0,1) such that for e > 0 sufficiently small one has

(i) Ikl Las,) < Aet?

(i) IMlcgess) < B,
then ||h||p< (B, ,,) < o(1) as € — 0, uniformly in p € K.

Proof. Using the notation and the argument in the proof of Lemma 4.7, one concludes that for any
q € B<(p) one has

1 s Q
HhHLQ(B%(q)) > ()] - |Bs(q)|@ — [|A] 05 (Bs ()€ .

The proof follows immediately from the latter and from the hypothesis. O

Theorem 4.9. Let M be an equireqular sub-Riemannian structure endowed with a smooth volume
form vol that supports regularity for Q-harmonic functions. For any point p € M there exists a set
of horizontal coordinates defined in a neighborhood of p that are Q-harmonic.
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Proof. We follow the argument outlined in the special case of Theorem 4.4. For p € K CC M and
€ > 0 to be determined later, we consider weak solutions ul € Wé’Q(BE) to the Dirichlet problems

LQui =0in B, i=1,...,n

ul=2'indB., i=1,...,n,
where z!,..., 2" is an arbitrary set of coordinates near p. These solutions exist and are unique
in view of the convexity of the Q-energy. The C%I’a estimates assumptions guarantee that ul €
Cll{’(l’oc(BE) N WﬁiﬁC(Be). Arguing as in Lemma 4.5, we set

wl =l — a2t Cﬁ’foc(Be) N W}llg(Bé)
and observe that
/ |Vau! |92 Xpu! X! dvol = 0.

€

As a consequence one has

/ |Vaw! | dvol <

€

(IViul| + |Vez')) 92| Vw! |* d vol

m\m\

< (IVaul|? 2 Xpu! — |Vaz' |22 X2") X! d vol
= —X;(|Vaz' |9 2 Xz w! d vol
Be
%t :
< (/ |Lozx* |deol) (/ |wi\de01)
B.

. .
) Q . Q
(applying Poincaré inequality) < Ce(/ |Lozt|? dvol) (/ |Vw!|? dvol)
B B.
< C/GQHVHwiHLQ(BF)a (4.10)

for constants C, C’ > 0 depending only on @, K, on the coordinates z', ..., 2", the sub-Riemannian
structure, and the volume form. From the latter it immediately follows that

Hvai”LQ(BE) < O ot (4.11)

Arguing as in Theorem 4.4, and applying the Cll{’(’ estimates from the hypothesis that M supports
regularity for @-harmonic functions, (4.11) and the interpolation Lemma 4.8, one has that for € > 0
sufficiently small the matrix (Xiuz)ij, for i,7 =1,...,r is invertible in a neighborhood of ¢. On the
other hand, this implies that for each i = 1,...,7 one has that |Vyul| is a Cg function bounded away
from zero in a neighborhood of p, and hence by part (2) of Definition 1.2 and by Proposition 2.18
one has that ul,...,u”, 2", ... 2™ is a smooth system of coordinates in a neighborhood of p, with
ul u? both horizontal and @Q-harmonic. O

€rr

4.4. Regularity from horizontal regularity

Let v be an horizontal curve in M. Let o!,... 2™ be coordinates on M such that x!,... 2" are
horizontal coordinates with respect to an horizontal frame Xy, ..., X,.. We write
v = (x'oy,...,2"0y) andyy = (" ony, ..., 2" 07).
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Hence v = (yu,vv) and 4 = (4, %v). There are functions f,. .., 3, so that
T
F= Bi(Xjo0n).
j=1

In coordinates we write X; = S p_; X¥-2-. So

r

(i, v) = > Bi(Xj07)

j=1
= Zﬂ] Z(X;C O’Y) k
Jj=1 k=1
A ” 6 n T
=20 Bi(Xfongrt+ D D (XS5
k=1j=1 k=r+1j=1

Set O = (Xja')y; = Xi. We have yu = Y521 > 5oy ﬁj(O;-c o 'y)a%k = Of, where we denoted
8= (B1,...,B). Since O is invertible, (B1,...,3,.) = (O~* o y)vu. Thus

dv=3 3|0 onpin] (Xbor)o (4.12)

k=r+1j=1 J
In particular, the following holds.

Proposition 4.13. Let v be an absolute continuous curve. If yg is smooth, then v is smooth.

Proof. By hypothesis v and vy are absolute continuous. Then by (4.12) also 4y is absolute contin-
uous. Thus * is continuous. A bootstrap argument shows that - is smooth. O

In the following, we will consider maps that are absolutely continuous on curves (ACCgq). We
recall that such maps send almost every (with respect to the @Q-modulus measure) rectifiable curve
into a rectifiable curve (see [64] for more details). In the case of a sub-Riemannian manifold M,
ACC maps defined on M have the following property. Let X be any horizontal vector field in M
and denote by ¢ the corresponding flow. Then for almost every p € M (with respect to Lebesgue
measure), one has that ¢t — f(¢’ (p)) is a rectifiable curve.

Proposition 4.14. Let M and N two sub-Riemannian manifolds. Let f : M — N be an ACC map.
Let k > 1, a € (0,1), and p > 1. If fL,.... f" are in Cﬁ’,?OC(M) (resp. in Wg:fOC(M)), then
flo o fmis O (M) (resp. in WY (M),

,Jloc

Proof. Let X be any horizontal vector field in M. Notice that if f',..., f" are in CI’_CI?;C(M) (resp. in

W}klf’oc(M)), then X f1,... X f" are in Cﬁj&ca(M) (resp. in WEI;CP(M)) For almost every p € M,
the curve
F(@x @) = (0, t) = (v (p. 1), 3 (p, 1)),
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is an horizontal curve and hence (4.12) holds. Therefore, for almost every p, we have

m n d
e L
m
. k 0
-3 > [ or0.0nt0)] X000 55
J=1 k=m+ j v
m n a
- {O- FOVXT ) XF )| (X0 )5
j=1k=m+1 J
Since the functions Xj’.C of and X f1 ..., Xf" are continuous (resp. in LP), then the functions
X fmHl X f™ are continuous (resp. in LP), for all horizontal X. Hence, f!,..., f" € 011{ o (M)
(vesp. in Wy Toe(M)) and then XFo f € Cy (M) (rebp in WH b (M)). Notice that, if f*,..., f" €
CHJOC(M ) then on any compact K the functions Vi f!,..., Vg f™ are bounded, say by a constant

C, therefore, for all horizontal curve o : [0,1] — K,

Length(f / | feo'||ds < C/ |lo’||ds = CLength(o).

Hence, f1,...,f" € C%LIOC(JV[) implies that f is Lipschitz and therefore its components are in C'*.
Bootstrapping, we conclude that f1,..., f" is Cfl’(f’(')c(M) (resp. in WH b (M), O

5. Regularity of 1-quasiconformal maps

In this section we prove Theorem 1.4. Let us first clarify the definition of the function spaces
1nvolved Given two equiregular sub-Riemannian manifolds M, N, we say that a homeomorphism f
is in CH Soc (M, N) N Wfl’?oc(M, N) if, in any (smooth) coordinate system of N, the components of f

belong to C’11{ ?OC( )N WI?I ?oc(M)

5.1. Every 1-quasiconformal map in CII{ ?‘OC(M N)Nn WI?I ?OC(M, N) is conformal

We now show that, assuming that a 1-quasiconformal map has the basic regularity, then the map
is smooth. The proof is independent from the results in Section 4. Namely, we do not need to
assume any regularity theory for @Q-Laplacian.

Proof of Theorem 1.4.(i). Denote by voly; and voly the Popp measures of M and N. For p € M,
consider any system of smooth coordinates 3!, ...,y" in a neighborhood of f(p) € N. Set f? :=yio f
and h' := Lg(y*) € C°°(N). From Corollary 3.17.(i), it follows that for all u € C§°(M)

/ Lo(fHu dVOlMI/ hio f J}:Oppu dvolyy .
M M

Fori=1,...,n,set H :=hio f J})Opp. Since the Popp measures are smooth and f € Céf,?oc(M7 N),
we have that J})Opp € Cfi 1o.(M) and therefore H' € Cfj 1,.(M). At this point we have that L f* €
Cf 1oc(M) and that f* € O}II’,?OC(M) N Wflfoc(M) Notice that |Vg f!| is bounded away from 0, since

f is bi-Lipschitz. Therefore, Proposition 2.18 applies, yielding that f € C?I'f‘oc( N). The proof
follows by bootstrap using the Schauder estimates in Proposition 2.12. O
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5.2. Regularity of Q-harmonic functions implies conformality

We now reduce the smoothness assumption by using horizontal @-harmonic coordinates, see
Section 4. To ensure their existence and to use them we need to assume that the manifolds support
the regularity theory for (Q-Laplacian as defined in Definition 1.2.

Note that a standard argument, see for instance [9], shows that for every g = (¢',...,g") €
C>®(M,R"), U CcC M and for every £,¢' > 0, there exists a constant C' > 0 such that for each weak
solution u of the equation Lou = Xg* on M with ||U||Wé,Q(U) <l and 4 < |[Vygu| < ¢ on U, one
has

||U||W§,2(U) <C.

Proof of Theorem 1.4.(ii). We shall use Proposition 4.14. Since sub-Riemannian manifolds are Q-
regular, by [39] any quasiconformal map is ACCq (see also [53, Corollary 6.5]) In view of Theorem
4.9, consider uy,...,u, a system of local coordinates around a point f(p) € M for which the
horizontal coordinates u!,...,u" are Q-harmonic.

In view of the morphism property (Corollary 3.17) the pull-backs f; = u; o f, for i = 1,...,r
are (Q-harmonic functions in a neighborhood of p € M. By the @Q-harmonic regularity assumption,
both u’ and f* = u’o f are in CI%I”?‘OC(]VI), for i = 1,...,7. Apply Proposition 4.14 to f with
k=1and get f € C;I”?OC(M ,IN). Since also f~! is 1-quasiconformal, the same argument shows that

f~te C’Il{’:f‘oc(N7 M). In particular, the map f is bi-Lipschitz and f!,..., f® is a local system of

bi-Lipschitz coordinates. In particular, |Vyf!|,...,|Vaf"| are bounded away from zero. Because
of the observation above, we have that f,..., f" are in Wﬁ’?OC(M). Invoking Proposition 4.14 once
more, we have that f1,..., f" are in Wé?OC(M) O

We remark that in the setting of Carnot groups both the existence of horizontal @-harmonic
coordinates and the Lipschitz regularity of 1-quasiconformal can be proven directly without using
any PDE argument, see [59].

6. Liouville Theorem for contact sub-Riemannian manifolds

6.1. Q-Laplacian with respect to a divergence-free frame

In this section we intend to write the @Q-Laplacian in a sub-Riemannian manifold using a horizontal
frame that is not necessarily orthonormal, but is divergence-free with respect to some other volume
form. Recall that a vector field X is divergence-free with respect to a volume form g if its adjoint
with respect to p equals —X.

Let M be a sub-Riemannian manifold equipped with a smooth volume form vol. Let Yi,...,Y,
be an orthonormal frame for the horizontal distribution HM of M. Recall from (2.16) that the
Q-Laplacian of a twice differentiable function is

Q-2

Lou = > Y (Z(qu)?) Yiu (6.1)

k
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Assume that there exists another frame X;,..., X, of HM and another smooth volume form g
such that each X; is divergence-free with respect to p. If g is the sub-Riemannian metric of M, let

gij = g(X“X]) S COO(M)

For all z € M, let g"(x) be the inverse matrix of g;;(x) and define the family of scalar products on
R" as N
Gz (v, w) 1= v;g% (x)w, reM,v,weR".

Then there exists ag € C°°(M) such that
Y; = al X;. (6.2)

So &;; = af gkl and g% = akak
Let w be the smooth function such that vol = wu. Since X; are divergence-free with respect to
1, the adjoint vector fields with respect to vol of Y; are such that

Yi*u:X](agu) —w T X (walu).

‘We use the notation
Vou = (Xiu,..., X,u).

Noticing that 37, (Yiu)? = §(Vou, Vou), the expression (6.1) becomes
(Lou)(z) = —w(@)™ ' X;A(z, Vou),

where o
Ai(2,8) = w(@) 42 (6,677 g™ (@),  forE€R",z € M. (6.3)
The derivatives of such functions are

Bn, Ag(,€) = 0, wii(6,€) 77 g%, + we2(6,6) 2

and

, " y o2
2,90 66 g 6+ wi(€,€)77 04, 9"k

O, As(2,€) = w ((Q — 2)3(6,6) T g g™ + (6,7 g7).
Hence,

Oe, Ail, E)ning = w ((Q = 2)§(6,©) 7% 5(&,m)* +3(6,9) ™ §(n,m)) -

Using Cauchy-Schwarz inequality, the equivalence of norms in R”, and the smoothness of the func-
tions w and ¢%’s, the functions A; in (6.3) satisfy the following estimates: on each compact set of
M, for some A\, A > 0 depending only on @, and for every y € R",

MECT2IXI? < 0, A, ©)xaxs < AE[972|x|? (6.4)

and

|0, Ai(, €)] < Ale[9 (6.5)

Summarizing, we have the following.

37



Proposition 6.6. Let M be a sub-Riemannian manifold and consider vol and p two smooth volume
forms on M. Assume there is a horizontal frame Xy, ..., X, on M of vector fields that are divergence-
free with respect to . If u is a function on M that is Q-harmonic with respect to vol, then u satisfies

Z X,Al (.Z', VOU) = 0,

i=1
for some A; for which (6.4) and (6.5) hold.

Remark 6.7. In the above we used two different structures of metric measure space on the same
manifold M. These are (M, g, vol) and (M, go, i), where gq is the metric for which X3, ..., X,, form
an orthonormal frame. For each of these structures we may define corresponding Sobolev spaces
Wh(M, g,vol) and Wi(M, go, p). Similarly, we consider spaces Ciy®(M, g) and Cy® (M, go). Since
the the matrix (az ) in (6.2) and its inverse have locally Lipschitz coefficients, it follows that on
compact sets Q C M the space W§’2(Q,g,vol) is biLipschitz to WI_pI’Z(Q,gO,u) for p = 1,2, and
C5*(9,9) is biLipschitz to Ciy*(, go).

6.2. Darbouz coordinates on contact manifolds

On every contact manifold, the existence of a frame of divergence-free vector fields with respect
to some measure is ensured by Darboux Theorem. More generally, every sub-Riemannian manifold
that is contactomorphic to a unimodular (e.g., nilpotent) Lie group equipped with a horizontal
left-invariant distribution admits such a frame. The reason is that left-invariant vector fields are
divergence-free with respect to the Haar measure of the group. We shall recall now Darboux Theorem
and we recall the standard contact structures, which are those of the Heisenberg groups.

Darboux Theorem states, see [28], that every two contact manifolds of the same dimension are
locally contactomorphic. In particular, any contact 2n 4 l-manifold is locally contactomorphic to
the standard contact structure on R2**+1, a frame of which is given by

L+ T:
Xi =0y, — %69627&1’ Knti = aft’n+1 + Elaw%ﬂv (6’8)
where ¢ = 1,...,n. For future reference we will also set X, 11 = Op,, ., This frame is left-invariant

for a specific Lie group structure, which we denote by H": the Heisenberg group.

Corollary 6.9. (of Darbouz Theorem) Let M be a contact sub-Riemannian 2n + 1-manifold equipped
with a volume form vol. There are local coordinates x1, . .., Tan 1 i which the horizontal distribution
is given by the vector fields in (6.8), which are divergence-free with respect to the Lebesgue measure
L, and there exists w € C>® such that w™' € C* and dvol = wd L.

6.3. Riemannian approximations

Let us consider a contact 2n+1 manifold M, with sub-Riemannian metric gg and volume form vol.
Let Y1, ..., Y5, denote a gg-orthonormal horizontal frame in a neighborhood 2 C M, and denote by
Y2,41 the Reeb vector field. For every e € (0,1) we may define a 1-parameter family of Riemannian
metrics g on M so that the frame Y71, ..., Yo, €Yo, 1 is orthonormal. Denote by Yy, ..., Yy, .| such
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ge-orthonormal frame. For e > 0 and § > 0 we will consider the family of regularized @Q-Laplacian
operators

Q-2
2n+1 2

Lu = > v <5+Z(Y,§u)2> Yiu (6.10)
=1 k

Invoking Corollary 6.9, and applying the same arguments as in Proposition 6.6, one can see that
such @Q-Laplacian operators LB‘S, can be written in the form

2n+1
,0 € f€,0
Lu= Y X{A?(z,Veu) =0, (6.11)
i=1
where X; = X; for i =1,...,2n and X5, ;| = €Xopq1, with X,..., Xo,,41 as in (6.8). Here we have
set Vof = (Xif, ..., X5,,1f). The case ¢ = § = 0 in (6.11) reduces to the subelliptic Q-Laplacian.
The components AE"S in (6.11) are defined as in (6.3), starting with the g. metric, i.e., for every
£ e R and ¢ € Q,
. _ Q-2 ,
AP (@,8) = w(@) (0 + §ea(6.6) 7 gl ()6 (6.12)
By the same token as in (6.4), one has that there exists \, A > 0 depending only on @, such that
the estimates

A+ €)% x| < I 8, AY (2, E)xixg < A0+ [€17) %7 x| (6.13)
Q—1

00, AT (2,€)] < A+ [€[) 97 (6.14)

hold for all € > 0 and 6 > 0 and for all £ € R2"*1 and y € R?*+1,

In the next section we prove that contact sub-Riemannian manifolds support regularity for Q-
harmonic functions. The same arguments also imply regularity for p-harmonic functions for every
p > 2. Hence, together with Theorem 1.4, this result will yield Theorem 1.1.

6.4. CH® estimates after Zhong

In this section we consider weak solutions u € Wé’%c(ﬂ) of L%u = 0, where LOQ denotes the
Q-Laplacian operator corresponding to a sub-Riemannian metric go (not necessarily left-invariant)
in an open set 2 C H", endowed with its Haar measure, which coincides with the Lebesgue measure
in R?"*1, We prove the following theorem

Theorem 6.15. For every open U CC Q and for every £ > 0, there exist constants a € (0,1),C > 0
such that for each u € Wﬁ’%C(Q) weak solution of Lyu = 0 with ||u||W1,Q(U> < ¢, one has
) H

HW%@(U) <C

This result is due to Zhong [71], in the case when gq is a left invariant sub-Riemannian metric in
H™. A simpler proof, in the case p > 4, was recently given by Ricciotti in [62].

The proof in [71] breaks down with the additional dependence on z, in the coefficients of the
equation as expressed in Proposition 6.6. In fact, in one of the approximations used in [71], the
argument relies on the existence of explicit barrier functions, which one does not have in our setting.
To deal with this issue we use a Riemannian approximation scheme to carry out the regularization.
Apart from this aspect, the arguments in [71] apply to the present setting as well. Note that the
Holder regularity of the solution w is considerably simpler (see for instance [13]).
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Remark 6.16. The proof in [71] applies to any Carnot group of step two, and likewise the conclusion
of Theorem 6.15 continues to hold in this more general setting.

Riemannian approximation
Throughout the rest of the section we will assume § > 0 and let u denote a solution of LOQu =0in

Q C H". For € > 0 we consider W"” and Ck to be the Sobolev and Holder spaces corresponding

e,loc

to the frame X{,..., X35, . ;. Observe that by virtue of classical elliptic theory (see for instance [46]
) for 6 > 0 one has that the weak solutions u¢ € wkhe (©) of (6.11) are in fact smooth in Q. For

e,loc

a fixed ball D CC Q and for any € > 0, standard PDE arguments (see for instance [38]) yield the
existence and unicity of the solution to the Dirichlet problem

Lu=0in D
{ gu =0in (6.17)

1,
ut—u € WQOQ(D).

Although the smoothness of u° may degenerate as € — 0 and § — 0, we will show that the estimates
on the Holder norm of the gradient do not depend on these parameters and hence will hold uniformly
in the limit. Note that in view of the Caccioppoli inequality and of the uniform bounds on the Holder
norm of u€ as € — 0 (such bounds depend only on the stability of the Poincaré inequality and on the
doubling constants of the Riemannian Heisenberg groups (H", g.) which are stable in view of [11]),
one has that for any K CC D there exists a constant Mg g > 0 depending only on @, K such that

[IVeus||pe k) < Mk q-

The next proposition addresses the non trivial uniform bounds.

Proposition 6.18. For every open U CC D and for every ¢ > 0, there exist constants o € (0,1),C >0
such that if u® € Wel”loQC(D) NC>(D) is the unique solution of (6.17) with Hu|‘Wé,Q(D) < ¢, then one
has

luc||cre gy < C, Ve > 0.
The main regularity result Theorem 6.15 then follows from Proposition 6.18, by means of Ascoli-
Arzela theorem and the uniqueness of the Dirichlet problem (6.17) when e = 0.

The proof of Proposition 6.18 follows very closely the arguments in [71]. For the reader’s con-
venience we reproduce them in the two sections below. For the sake of notation’s simplicity, and
without any loss of generality, we will just present the proof in the case n = 1.

Uniform Lipschitz regularity

The aim of this section is to establish Lipschitz estimates that are uniform as ¢ — 0, on a open
ball B CC D.

Theorem 6.19. Let u¢ € W:2 (D)NC>(D) be the unique solution of (6.17). If B C 2B CC D then

e,loc

there exists C > 0, depending only on Q, A, \ of (6.13) and (6.14), such that

su \vuf|<c( ! /((5+Vu6|2)%)é
Bp € — £(2B) QB € b

where 2B denotes the ball with the same center of B and twice the radius.
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The proof of this theorem is developed across several lemmata in this section.
For ¢,0 > 0 and ¢ = 1,2,3 set v; = Xfu® and observe that by differentiating (6.11) along X¢,
1 =1,2,3 one has

3
Z X5 <A6 ’ (2, Veu )X;m) + ZXf <Af gg(m Veu )Xglf) + X3 (A§’5($,Veu5)>
i=1

1,j=1

er(;x;jl (z,Veus) — —Ajis(x Veu )) =0; (6.20)

Z Xe( z, Vous ) ZX€< 8 (&, Veus) Xsus ) —Xg(Ai’é(x,Veue)>

©,j=1
+ZX€<AszxVu)+ A;is(va)>:0; (6.21)

and

ZXE(A“; (z, Veu) X5v ) + GZXE(AngxVu)> = 0. (6.22)

i,j=1

Remark 6.23. Note that the terms containing X3 in the equations above are not bounded as € — 0
in the g. metric. In the following it will be crucial to obtain estimates that are stable as ¢ — 0.

The following results were originally proved for the case with no dependence of x, in [51, Theorem
7], [54, Lemma 5.1] and then again in [71] with a more direct argument bypassing the difference
quotients method. The proofs in our setting are very similar and we omit most of the details.

Lemma 6.24. For every > 0 and n € C§°(B) one has
[ 6419y VanPleafo 42 < (5555 +20) [ 641V 5 [Vanlles) 2 d 2
B A(B+1) ‘
1 Q
sin(1e 1) [ wafmpiar
+ 2¢ +/\(5+1)2 B(+\Vu|) lvg|"n*d L

Proof. Multiply both sides of (6.22) by ¢ = n?| X5u¢|? X§u® and integrate over B. The result follows
in a standard way from Young’s inequality and from the structure conditions (6.13). O

Note that dividing both sides of the inequality above by €?+2 and letting 3 — 0 one recovers the
Manfredi-Mingione original lemma (see for instance [71, Lemma 3.3]).

Lemma 6.25. For every >0 and n € C§°(B) one has

/(5+|V5ue‘ Q 240 Z | X¢ X6U€|27]2d£<0(5+1) /(5+|V5u€\2)Q72 8 .
v 4,j=1
w0 [0 4 9o+ P AL+ 0 [ s v
B
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for some constant C' = C(\,A) > 0.

Proof. The proof follows the arguments in [71] and [54], multiplying both sides of (6.20), (6.21) and

(6.22) by ¢ = n?(6 + |V6ue\2)§vi for ¢ = 1,2, 3, integrating over B and then using Young inequality
and the structure conditions (6.13). O

The next step provides a crucial reverse Holder-type inequality.

Lemma 6.26. For every 8 > 2 and n € C§°(B) one has

3
[ 64 195 x5 3 XX L
B i.4=1
o 3
< C B+ VPl (@ f 0 19O X502 3 IXEXGu P74 4 %)
ij—=1

+ eﬁ/ (5 + |Veus|?) Qiﬂnﬁdc)
B

Note that dividing by €® and letting € — 0 one recovers Zhong’s estimate.

Proof. Differentiating (6.11) along X%, recalling that [Xf, X§] = X3, and multiplying by a test
function ¢ € C§°(B) yields

/B X{AD (2, Veu) Xipd £ = /B X3AS° (2, Veus)pd L. (6.27)
Next set ¢ = 72| X5uf|® X{uc in the previous identity to obtain in the left-hand side
/B X{AS (2, V)X pd L = /BA;?J' (, Veus) X{ X Su X{ X fun P2 | XS5u)P d L
—/BXfA;*é(ﬂaVEuE)X3u€n5+2|X§u€|Bdﬁ
+ /B XFAY (2, Veu) XEX§u | Xsuc P2 Xgu X fusn” T2 d L

+(B+ 2)/ X{AS (2, Vous) X | Xsuc P Xusn® 1 d L.
B
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Substituting in (6.27) and using the structure conditions (6.13) one obtains

3
/B (6 + Vo) 2 | Xgue P S | XEX Su PP 2 d £
j=1

g/XfA;"S(m,VeuE)X3u6n6+2\X§1f|Bd£
B
+5/ | XFAS (2, Veus) X X5us| X5u[ P~ Xusn 2| d L
B
+(B+ 2)/ |XCAS (2, Veus) Xn| Xsu| P X usnP T d L
B

+ / |X3A5° (2, Vous)n 2| Xsu| P X{u| AL (6.28)
B

3
< 2 / XﬁAi(mveue)Xsufnﬂ“lX@e‘ﬂdﬁ‘
hk=1'"8

+5/ IV AS (2, V. ous) ||V XSul| | X5us )P~ Veus [nPH2d L
B

+ (ﬁ+2)/ [V AD (2, Veus) ||V en| Xsu ||V eus|nPHd L
B

2
+ / > X345 (2, Veul)
Bio

In a similar fashion, differentiating (6.11) along X§ and X§, and using the test function ¢ =
NP 2| XSu P Xsu¢ with h = 2,3, one arrives at a similar estimate for XjXsu in the left-hand
side. The combination of such estimate and (6.28) yields

PP X5 P |IVaus|dL =1 + I + I3 + I

3
/ (6 + |Veu[?) & | X5uc)? DX Xu Py P AL < L+ L+ s+ I
B

i,7=1

Next, for any 7 > 0, we estimate each single component || in the following way

3
I <7 / (64 [V ) (x50 Y IXEXGu PP d L
B

3,j=1

3
Q € € — € € €
0+ |IVeu?)? [X5u|P72 > X X5us P (02 +07)d L
ij=1

e C(B+ 12Vl /
B

T

Q+t

+7'_162/(5+|V6u6|2) S nfde,  (6.29)
B

from which the conclusion will follow immediately. We begin by looking at I;.
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e Estimate of [;. Proceeding as in [71] we integrate by parts to obtain

[ Xia @ Vo X e a £ = — [ A,V )X (Xsun™ x50 )
B B

=— B+ 1)/ AL (2, Vous ) 2| Xgus [P X5 X fuc d £
B

- (B+2) / AL (2, Vous T X 0| Xsu )P Xsu d L =T +IT  (6.30)
B

— Estimate of Z. Using Young inequality one has

6*1(5+1)/ A;v‘s(m,Veuﬁ)n5+2|X§uﬁ|BX§X§ufd[,’
B
< E+) [ G V) PPV X
B

< 7l[Venllz% pye 2B+ 1)/ (8 + [Veu ) 5 [ Xsuc ||V Xgu [P+ d £
B

N B+ DIIVenll7 o gy
T

/ 6+ [Veu?) 7 | Xgu|*n® dL = A+ B
B
Next, we invoke Lemma 6.24 to estimate the first integral A as
[ 6 19y x50 9 Py a £
B

4A Q-2
< (7 + 2A) / 6+ veue 2\ 5=, B+2 VE 2 Xyt B+2 dr

2 € 9 €, €
+262A(1 + m) /B(5+ |V€u |2) 2 |X3u ‘ﬁ’ﬂﬁd[,

4A €12y @=2 € € €, €
< Vel ( gy +24) [ 6+ 190 )T P P P £

2 Q
+2 2A(1 + —) / 5+ |Veus ) ? | X§us P2 | XSu P d £
(using the fact that | X§u¢| < 62?7]-:1 | X§ X5uc| one concludes)

4A € Q=2 €, € & €YyeE, €
§e2||ven||iw(3)<m+2A) /B(M—Weu ‘2) 3 77,5+2‘X3u |,8 Z |Xinu |2dﬁ

i,j=1
4 2 €12\ 2 e, e|f—2 2 eve, €2 0
+2¢*A HW (6 + [Veu?)? [X5us P2 Y [Xf Xsu*n’ d L
B ij=1
To estimate B we simply observe that

(8 + DIIVenl2e )
T

3
B < /B (6 + IV ¥ X5usP2P 3 |XeXu2d L

ij=1
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In conclusion we have proved

4A )/ 9, Q=2 &
20 ) [ (64 Ve )T PRSP ) XX uPd L
(5557 +28) [0+ 19 w2 3 XeXu

ij=1

Zl <7(B+1)

3
2 Q

-2 2 €12\ 5 €, €|—2 €YE€,€|2,2
+2|W€77|\LOC(B)6 A<1+7)\(ﬂ 3)2)/3(6+|V€u I9) 2 | X Suc| E | X5 X5u|"n~d L

2 2
L B DIVl

T

ij=1

3
/B (6 + Ve ) $ | X5uc P28 S (XX w2 d L

ij=1

— Estimate of ZZ. Observe that, in view of Young’s inequality, one has
T2 <7 [ 6+ 1V )2 Ve X P £
B
2 2
+ O 4 vy el P
B

3
€ u € € € € €
gr/m\veu B R aliXgucl? 3 [XeXur2d L
B

i,j=1
(B+2))[[Venlli~ 5

+é - L>(B) /B(6+|V€u€|2)%7]5|X§u5|5_2 3 IXeXutPde
ij=1

This concludes the estimate of I, as in (6.29).

e Estimate of I,. To estimate I we will note that in view of the structure conditions (6.13)
there exists a constant C' depending on B (essentially maxp |z;|) such that

| / [VAS (2, Veus)| |V Xgu® || X5u[ P~ [V eus |2 d £
B
Q-2 3
s/(5+|veu€|2)T D IX X ul| |V eus ||| Ve Xsucl [ X5uc| P~ 1nPt2dL

B e

7,7=1

+c/(5+ IV 2) 9 [V | [V X || X P~y 2d
B

3

Q-1

< [ G V) S XXX X
B

i,7=1

+ C/ (6 + |Veus |2) % |V X Sus| | XSuc P~ 1P +2d L.
B

Note that the second integral occurs only because of the dependence of A; on the space variable
2. The first integral is estimated exactly as in [71], by means of Young’s inequality and Lemma
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6.24. In fact one has

3
/(5+ IV ous[?) = D IX X uc || Ve Xguc| | Xsuc P~ P H2dL
B

i,7=1

< |Vanllz2r / (6 + Ve ?) 52 |V, X 2| X [P Hd L
B

3
_ € Q € veE, € €, €|f—
OBV fr! / 6+ [Veu )T 37 |XeXu P X5u) -2 dL
B

ij=1

_ _ 2A (12, Q=2 e
< ORIVl (8 + 2 (5 +20) [0+ V) 5 T X 72 d

1 Q
+2CB%||Ven||72 A(1+—)/ 5+ Vs 2 | Xus|Prnfttd L
BVenll e NGRSO B( |Veus|”) 2 [X5u|"n

3
+CER|Valfiar [ (04 W) ¥ 3 XX X502
B ij=1
Estimate (6.29) then follows once one assumes (without loss of generalization) that ||Ven||pe >
1 €,,€ 3 € €,,€
1 and using the fact that [X§u| <€)7 [ X7 X5uc|.
For the second integral we first use Young inequality and obtain

[0+ 19y E 9 P2
B

< 7'672/ (6+ \V6u5|2)Q;2 |VEX§u€|2|X§u€|5nB+4d£
B

+ e / (8 + [Veu|?) 27 | X5u P 2nPdL.
B
Invoking Lemma 6.24 and Young inequality one then has

[ 6 19y i X P
B

2A Q-2
< *2K7+2A)/ 5+ |Veus2) = [Ven|vs|PT2d L

1
2 A -

bl / (0 + [V ) %2 | Xsu PP L. (6.31)
B

) [G+vacpulac
B
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-2 2A = B+2
< Te {(A(ﬁ+1)+2A)/(6+|VU|) |V7]| lvg|PT2d L

1 Q
22A<1 7>/ 5+ |Veus)?)? |ug)? 2d,/:}
+e +)\(ﬁ+1)2 B( IV fealn

—2
”7167 / (6 + [Veu[?) F | X5u| PnPdL
B

2
+T—1_Eﬁ/ (§+ |VEU€’2)Q2
B s
From the latter, estimate (6.29) follows once one recalls that |X§u¢| < 52?,;‘:1 | X5 X5ul.
e Estimate of I3. Using the structure conditions (6.13) one has

(5+2)/ |V5A§76(maVEUE)HVSMXZEUE‘ﬁ‘veu€|nﬁ+ld‘c
B

s(ﬂ+2)/(5+|Vu| S XX X T V. d

i,7=1

C(3+2) [ (6419 ) [X5u |Vl Vol £

The second integrand in the right hand side is estimated as in (6.31). To estimate the first
integral we use Young inequality to obtain

[+ 190 3 XX Oy Sl £

i,j=1

/(5+\vu|

Z | XEXSus?| X5u PP T2 d L

i,j=1

+or™ / (6 + |Veu ) ¥ | X5u PP |Vl d £
B

and consequently invoke | XSuc| < EZ?’jzl | X§ X5uc| to conclude that (6.29) holds.

e Estimate of I,. The structure conditions (6.13) yield
2
/Z|X3A;~(x,Veuf)\n6+2|X§uﬁ|B|V5u€|dC
<G +2) [ 6+ 1V VX5 X5 P Vel 4.
+c/(5+|v ) | Xgu |V w2 d

which are estimated as for (6.30) and using | X§u¢| < EZ?’]-ZI | X5 X5uel. d

The argument in the previous proof can be adapted to the case 5 = 0 to obtain
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Corollary 6.32. There exists a constant C' > 0 depending only on A\, A, Q such that for every n €
C§°(B) with 0 <n <1 one has

3
/ 6+ V)5 3 (XX cu PP d £
B

ij=1

2\ 2
<C U+ Vil oy + Xotllome) [ (6% IV Pac).

Supp(n)

Note that the previous result immediately implies part (2) of Proposition 6.18.

The following corollary is a straightforward consequence of Lemma 6.26 and the Young inequality
applyed to the right hand side of inequality of the lemma.

Corollary 6.33. For every 5> 2 andn € C§°(B) with 0 <n <1, one has

3
/ (6 + IVeu?) 252 [ X5ut)? 3 XX cuc PP 2 d £
B Q=1
) 3
< POOB Vel / (6 + [V P) =2 Y X X u Pyt d L
B

4,j=1

+/(5+|V6u6\2)Q;Bn5dﬁ).
B

Theorem 6.34 (Caccioppoli Inequality, [71]). For every 8 > 2 and n € C§°(B) with 0 <n <1, one
has

3
/B(HWEUEP)Q‘?” ST XEXuPPd L

i,7=1

€ Q+B
< OB + 13 (Venl =) + | Xl () /S vy
upp(n

Q+pB+1

+c/ 26 + Vo) S5 d
B
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Proof. We use Holder inequality and Corollary 6.33 to obtain
B
N

9 ﬁ 3 B¥2
< ([ermapy Pirepzan) ([ @ warh® ac)
B S

upp(n)

€2, 2

B

B2
d[,>

7z
< ( /(5+|v w?) %= | XSul? Z | XX S| 77/”%15) (/ (6 + |Veus|?) %2

ij—=1 Supp (1)

Q +ﬂ

Z XX SuPnPd L

i,7=1

< OB+ VIVl oy ([ G e

)| (L maar)
Supp(n)

Recalling Lemma 6.25 the previous estimate then yields

B

3
/B (6 + V) SFE ST XX U Pr? d £ < OB+ 1)1 /B 6+ [Vou[2) 52 | Xpu P d £
ij=1

Q+pB+1
2

*C/ (1 + [Ven?) (8 + [Veus|?) 527 P Ve )T L
B

Q+5

c(B+1)* Z I XEXS5uPn® d L

1,j=1

ﬁ % 341
(/ (0+|Vous|?) =2 d,c) +c/ P20+ Ve 2) FF d L.
Supp(n) B

The conclusion follows immediately from the latter and from Young inequality. O

CH B+ DIVl ([ 6+ 9P

/(5+|v ue?) ﬁdﬁ)

Lemma 6.35. Let u® € W59 (B) N C*(B) be the unique solution of (6.17). For every 8 > 2 set

e,loc
w= (04 |Veu]? )QM3 Ifne C§°(B) with 0 <n <1, and k = Q/(Q — 2), then one has

([wpac)” < @ + VFalise + InXollem) [ w?dL
B

Supp(n)

where C > 0 is a constant depending only on Q.

Proof. Recall that the Sobolev constant depends only on the constants in the Poincare’ inequality

and in the doubling inequality [36], both of which are stable in this Riemannian approximation

scheme (see [11]). The result follows immediately applying Sobolev inequality and invoking Theorem

6.34. O
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The proof of Theorem 6.19 now follows in a standard fashion, as described in [71], from the Moser
iteration scheme (see for instance [35, Theorem 8.18]) and from [38, Lemma 3.38]. Note that the
constant involved in such iteration are stable as e — 0 (see [11]).

Uniform CH% regularity

Throughout this section we will implicitly use the uniform (in €) local Lipschitz regularity of
solutions of (6.17) and set for every B(xo,2r9) C B, k€ R, 1 =1,2,3, and 0 < r < ro/4d < 1,

pE(r) = 0SCB (o, | Veu|; Ay . = {x € B(xg,r) such that Xju® < k}
and A;fkw = {z € B(xo, ) such that Xju® > k}.

The proof of Proposition 6.18 and in particular of the C*® estimate in part (1) follows immediately
from the following theorem, which is the main result of the section:

Theorem 6.36. Let u® € W, IOC( YNC(B) be the unique solution of (6.17). There exists a constant
s > 0 depending only on Q A, A, rg such that

plr) < (L= 27an) + 26+ ) (£)

for all0 <r <ry/8.

Our first step in the proof of this theorem consists in establishing a Caccioppoli inequality, in
Proposition 6.57 for second order derivatives on super level sets A . This result will imply that
the gradient V. u¢ is in a De Giorgi-type class and then Theorem 6 36 will follow from well known
results in the literature.

We begin with some preliminary lemmata. We indicate by |A| the Lebesque measure £(A) of a
set A.

Lemma 6.37. Let u® € W 1OC( )N C>®(B) be the unique solution of (6.17). For any q > 4 there
exists a positive constant C depending only on g, \,A such that for all k € R, | = 1,2,3 and
0<7r <r<re/2, neC§(B(xo,r)) such that n =1 on B(xo,r") one has

[, @419 TaPrac

Al,k,r’

< / . GV P) T PV d L+ O6 + plro)) F S, 75 + I (6.38)
A

Lk,r

where we have set w;, = (Xfu® — k)™ and

Is :/ (6 + |Vou ) 22 |V X o |2 d £. (6.39)
B(zo,r)
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Proof. We study the case | = 1, since [ = 2,3 is similar. Select a cut-off function n € C§°(B(zo, 7))
such that 7 = 1 on B(zo,r’) and |V.n| < M(r—1r')~!, for some M > 0 independent of e. Substitute
¢ = n*w; in the weak form of (6.20) to obtain

/BA;’; (z, VEUG)X;XfueXfwﬂ]Q dL = —Q/BA;’; (w, Veus) X5 X{u Xinnw; d £
f/BAzg(x,VEuE)Xgu"Xf(wan)dﬁ
+/}9X3A:’5(I,V€u€)n2w1dﬁ
- [ (458 @ V) = A58 (o V) ) X
Using Young inequality and the structure conditions (6.13) one easily obtains the estimate
/B(a V) Voo P2 d £ < 0/3(5 IV 2) S (Va2 d £
+ 0/3(5 + Ve |?) 22 | Xau P2 d £+ c/B(a + | Veu|?) T2 |V Xus|[wr [n? d £

Q-1

+ C/ (6 + |Veus*) = (wmQ + 20| Ven| + nQ\V€w1|) AL <Iy+Ih+ I5 + 1.
B

The terms [; and I3 are already in the form needed for (6.58). To estimate I; we observe that
for every 7 > 0 one can estimate

I, < 7'/ (0+ |Veu6|2)%|vew1|2n2d£+
B
07*1/ 6+ |Veu|?)F dE—i—C/((H—IVEuE\z)Q52|V6n|2wfd£7
At B

1,k,r

thus leading to the correct left hand side for (6.58). To estimate I we argue as in [71] and invoke
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Theorem 6.34 and Corollary 6.33 to show

1-2 2
I < (/+ (5+|V€u€|2)% dE) </(6+ |V uc|? ) 2 |X3u€|q7] d£>
Al,k,'r

2

2 Q-2 — € V€, € “
< (5+u(7‘0) ) |A1kr‘ </B( , )(§+|V5u€|2)T|X3u€|q 2|Xinu |2d£>
xo,r0/2
< (0+p(ro)) T T AL, [T 0= 1) (/B( (I S Xe X s
0,370 i,7=1

2
q

+/ 6+ |Veu6\2>Q+5_2d’3>
B(zg

370)

2g—2

— Q-2g-2 _2 E Q+q—2
<CUq— 1)1+ ulro)®) T 7 AT, [/< >(6+|V€u i
B(xg,r0

/ (6 + |Veu ) T4 }
B(zo,70)

< C9(q — )25 (8 + p(ro)?) F AT, |1

4 / (6 + [Veut]?)
B(xg,r0)

O

In order to obtain from the previous lemma a Cacciopoli inequality we only need to obtain an
estimate of Is3. The proof of the previous lemma yields the following

Corollary 6.40. In the hypothesis and notation of the previous lemma, one has that for any q > 4
there ewists a positive constant C depending only on ¢, \, A such that for allk € R, [ =1,2,3 and
n € C5°(B(xo,7)),

Iy < C(65+ plro)) |4, 11 G5 (6.41)
where

Go = [[(6+19 ) Vs PP d L
Proof. From Holder inequality one has,
/ (6 + [Veu?) F2 ¥ X Jon [ d £
B(xo,r)

1

CO+nto?) Tl ([ @+ V) TR X i) (642)
B(zq,r)

d

Lemma 6.43. In the hypothesis and notations of Lemma 6.40, for every m € N, m > 1 one has that
there exists a constant C depending on m,Q, \, A, such that

Go < O3 K> 7% (§ 4 (o)) 52 (6.44)
h=0
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where

K=( [ @+va®Pdor - [aP)as+ [ GV ) VaPrRaL)
B(zo,r) B

(x0,7)

Proof. In the following we will denote by C' a series of positive constants depending only on
m,Q, A\, A. We study the case [ = 1, since [ = 2 is similar and [ = 3 is slightly easier.

The bound (6.44) follows from a bootstrap argument, whose main step is the subject of the
following estimates.

For 8 > 0 and for any cut-off function n € C§°(B(xo, 7)), let

Q=2
Gp = /B( )(5 + |Veu?) 7 wi|Vevs*|vs|'n? d L,
ZTo,T

Bo= [ G+ Var P Pl ag,
B(zo,r)

where we recall that w; = (Xfu® — k)™, for I = 1,2,3.
We claim that there exists a constant C' > 0, depending only on @, A, A such that

{ CK(G§B+2 (0t u(ro)Q)%FQEB), i8> 0
Gs <

(6.45)
CK(GQ% + FQ% +(0+ ,u(ro)Q)H‘%Kl_"), if 3 =0 and for any o € [0,2),
and )
1 5 .
CE+puro)K? =0,
In particular, for every § > 0 and m > 2, it will follow that one has
Fy < (CK)2 50 (5 4 pu(ro)?) = FZT,. (6.47)

Estimate (6.46) follows directly from Holder inequality and from the gradient bounds in Theorem
6.19,

B= [ sV sl
B(zo,7)
: :
— 2
<([ erwapy Paprac) ([ 4 va) PPt
B(xo,r) B(xo,r)
1
2

< OK(6+u(ro)*)2 Fyy  (6.48)

To prove (6.45) substitute ¢ = n?w?|vs|?vs in the weak form of (6.22) to obtain
(3 +1) [ AL (@) XoaXvastloal P AL < [ 1A 0, V) Xl X P ol d €

+ e/ \Afja(@ Veu) X {172w12|1)3\ﬁv3} |dL=A+B. (6.49)
B
5
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The first term on the left hand side is estimated via Young’s inequality

1

Q=2 2842 2 2 2 2
T |ug| TV evs|*|wi [Fn7 d £

A< C’K(/ (6 + |Veus|?)
B
For the second term we note that

B< C’e/ (5+|veu€|2)%‘ve {n%ﬂvgmg] AL
B

= /B<5 + Ve ) 5 ual P e Pyl V] d £
’ CE/B<6+ [Veu )7 fos |V cvs o [ d £
+ 06/3(5 + Ve 2) T [ug Ve [fon P A L = Ty + Tp + T (6.50)
For any € > 0, Young inequality and (6.46) yield the estimate
fas E/B((; [V eu )= o] |V evs Pn [*n? d £
+og/B(5+ 1V eu[2) s Pl P d £

Q—2
S¢€ / (0 + [Veus|?) "= g | Veus | Plon [P d £
B

1
2

+CeK (0 + p(ro)®) 2 Fyy. (6.51)

The other two terms are estimated through Holder inequality as

2

T+ T < K(/ (6 + |V5U6|2)%|03|2ﬁ+2|w12772d£>
B

In view of the structure conditions (6.13), of (6.49), and of the estimates above for A and B one has

1
Q-2

/(6+|V6u6\2) ; w1|v6v3|2\v3\ﬁn2dcgK(/(5+\v5u6|2)%\u3|26+2|v5v3\2|w1\2n2dz)
B B

2

+K(/ 0+ |w|z>2|U3|2ﬁ+2|w1|2n2d‘>
B

Q

+ CK (5 + p(ro)?)? F +€/ (0 + [Veur[) 57 [vg] |V evs un[n? d L.
B

Bringing the last term on the right hand side over to the left hand side one obtains (6.45) in the
case 5 > 0. For the case 5 = 0, the estimate on T above can be improved. We let ¢ € [0,2) and
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observe that
T, < E/B(5+ Ve [2) 55 V0 P P2 d £
+ cg/B(H Ve ) 2 o P2 d L
< €Go + Ce(6 + p(ro)?) /B(é + |V 2) T PP d L
< ey + CeK*07D (0.4 p(ro)?) /B 6+ \veuﬂ?)%wmn?dﬁ)%
<Gy + CK2=8) (5 + (o)) . (6.52)
The latter concludes the proof of the estimates (6.45) and (6.46). At this point we can proceed

with the description of the bootstrap argument needed to prove the bound on Gy.

In view of Lemma 6.24, Corollary 6.32, Corollary 6.33 and Theorem 6.34 one has the following

Q+pB+2 Q+p+2

G < C(5+ pu(ro)®) 2 |B(zo,m0)| and Fg < OS5+ pu(ro)®) 2 |B(xo,70)|- (6.53)

Combining (6.53) with (6.45) and (6.46) yields for all 8 > 0 and m > 1,

1
G < CK Gy + (CK) 77 (0 4 () 30770 BT

L Li1(1— 1) gmFT
+(CK)2 X (5+H2(T0))2+2(1 27n)F227n(-;1ﬁ)

< CKGHy oy + (CE) 77 (3 + 42 (ro)) & F 775 2 | (g, ro) 7757
(6.54)

Tterating the latter m times and setting /3, = 2™ — 2 one obtains

Gp, <C {Kz“’%)cﬁjﬁ + 3 KT (5 + u2(ro))2(”w+%)} :
h=1

From the latter, (6.47), and keeping in mind the starting point (6.45) corresponding to 5 = 0,
one concludes that for any o € [0, 2),

1 m
Go<C {KQUTIH G 43 KT (5 4 12 (o)) T 4 B 4 K25+ MQ(TO))} :

m-42
h=1

1

1 m
< C{Kz(l_zmﬂ QT 4+ 3 KT (5 4 2 (rg))
h=1

m+2

—1 o
+ KT (5 2 (r)) BT RN 4+ K20 (6 + MQ(TO))HQT} . (6.55)
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Applying (6.53) to the latter and letting o = 55, yields the estimate

Go < C[ ¥ (6 4 12(r0)) * 8 4 3 K20 (5 4 (v e
h=1

T QoM+l

KT 04 () I 4 KA (64 () T, (6.56)

concluding the proof. O

Proposition 6.57 (Caccioppoli inequality on super-level sets). Let ut € W5 (B) N C>(B) be the

¢,loc

unique solution of (6.17). For any q > 4 there exists a positive constant C dependmg only on q, A\, A
such that for allk € R, 1 =1,2,3 and 0 <1’ <r < ro/2 one has

/+ (6 +|Veu? ) |V wl|2n2d£<0/ 6+\V ufl?) 2_z\cul|2|VE17|2d£
A

l,k,r’
Q _2
C6+ u(ro)®) 7 |Af, 1" 77, (6.58)

where we have set w; = (Xfu® — k)T

Proof. As above, we study the case [ = 1, since | = 2,3 is similar. Denote by A the right hand side
of (6.58), then in view of (6.38) one only needs to show I3 < A. From Lemma 6.37 one has

K <(A+1I)7.

In view of (6.44) and Corollary 6.40 one obtains

_[3 < 0(5 + M(TO) ) |Al k. r|2 (Z K2—2m_1+h (6 + u2(ro))1+2mfh+2>

h=0
o m . 1 omtht1l o
< 06+ ulroP) 147, 13 Y (42 4 1 ) (5-+ 12 (ro)) 7955, (6.59)
h=0

Next we observe that in view of Young inequality, for every h = 1,...,m

11 -t _Q _
C(5+M(TO) )4 |Alkr| (Az >mThT2 +13 omTht )(5+H2(T0))27n+h+3

om—+h+2
1 ) 1f2m+htl

< 51+ 3 A+ (6 + o) 1Ty 15 4 (o)) 750

1 1, 2amth+2

< I+ A+C(6+|V u?) 3| Af, 12T (6.60)

[N}

To complete the proof of (6.58) we choose m sufficiently large so that

1 2m+h+2
L= S (Gt )

\V]
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A similar argument yields the corresponding result for sub-level sets:

Corollary 6.61. Let u® € Wel”loQC(B) N C*®(B) be the unique solution of (6.17). For any q > 4

there ewists a positive constant C depending only on q, \, A such that for allk € R, | = 1,2,3 and
0<r' <r<ry/2 one has

/ (5+|Veu€|2)%|vewl|2d£SC’(rfr’)”/ (6 + |Veu ) =2 w2 d £

Lk, Al,k,r
Q. _2
+ O+ (o)) 1A, [0, (662)
where we have set w; = (Xfu® —k)~.

From this point on, the rest of the argument does not rely on the function u,. being a solution of
the equation anymore but only on the Caccioppoli inequality above. The proof of Theorem 6.36 is
very similar to the Euclidean case as developed in [46], and [21]. It ultimately relies on the properties
of De Giorgi classes in the general setting of metric spaces, as developed in [44] and [43]. We recall
that a function f € Wé"Z(B(a:O,rO) N L% (B(zo,r0) is in the De Giorgi class DG (x, q,) if there
exists constants x, ¢,y > 0 such that for every 0 <1’ <r <r¢/4 < 1/2 and k € R one has

/ |V6w\2dE§’y(rfr')72/ w?d L + x|{z € B(xo,r) such thatw>0}|1_%, (6.63)
B(xzo,r")

B(zo,r)

where w = (f — k)*. A function f € Wé’Q(B(xo,ro) N L% (B(xzg,ro) is in the De Giorgi class
DG~ (x,q,7) if (6.63) holds for w = (f — k)~. We set DG(x,q,7) = DG*(x,¢,7) N DG~ (x,¢,7)-
It is well known, see for instance [43] and references therein, that functions in DG satisfy a scale
invariant Harnack inequality and the following oscillation bounds: If f € DG(x,q,7) then there
exists s = s(q,v,Q,19) > 0 such that

<o

OSCB(IO,T/Q)f < (1 gy 27S)OSCB(ZU,7‘)f + Xrli

From the latter, the Holder continuity follows immediately assuming g is large enough. We need to
show that (6.58) and (6.62) imply Xfu® € DG(x, q,7). To do this we need to prove a result analogue
to [21, Proposition 4.1]:

Lemma 6.64. In the notation established above, there exists T > 0 depending on Q, A\, A, o such that
if for at least one k =1,2,3,

|{x € B(x,r) such that Xju < %OSCB(Z’QT)|V€UE|}| <79,

then V|
0sc U
sup que > B(z,2r)| Ve
B(,5) 100

Analogously, if for at least one k =1,2,3,
1
\{x € B(x,r) such that Xju > fgoscB(w72T)|V€u5\}| < 77r¢,

then -
0SCRB(z.2m | Veus
sup Xpu® < _2B@m) ¥e? | )| |

B(,3) 100
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This result is proved exactly as in [21, Proposition 4.1] (see also [71, Lemma 4.4]) and it yields
essentially the equivalence
o —2
(6 +p(2)) T ~ (64 |VeuP) =,

for all z € B(xg,r), when |Vu| is small with respect to oscgz or)|Veuc|. This equivalence, together
with (6.58) and (6.62) implies X[u® € DG(x, ¢, ), thus concluding the proof of the Holder regularity
of the gradient in Theorem 6.36. O

References

[1] S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential
equations satisfying general boundary conditions. I, Comm. Pure Appl. Math. 12 (1959) 623-727.
[2] A. Agrachev, D. Barilari, U. Boscain, On the Hausdorff volume in sub-Riemannian geometry, Calc. Var. Partial
Differential Equations 43 (3-4) (2012) 355-388.
[3] A. Austin, J. Tyson, A new proof of the ¢ regularity of c? conformal mappings on the heisenberg group,
arXiv:1701.03182.
[4] B. Avelin, L. Capogna, G. Citti, K. Nystrom, Harnack estimates for degenerate parabolic equations modeled on
the subelliptic p-Laplacian, Adv. Math. 257 (2014) 25-65.
[5] Z. M. Balogh, M. Bonk, Gromov hyperbolicity and the Kobayashi metric on strictly pseudoconvex domains,
Comment. Math. Helv. 75 (3) (2000) 504-533.
[6] Z. M. Balogh, P. Koskela, S. Rogovin, Absolute continuity of quasiconformal mappings on curves, Geom. Funct.
Anal. 17 (3) (2007) 645-664.
[7] D. Barilari, L. Rizzi, A formula for Popp’s volume in sub-Riemannian geometry, Anal. Geom. Metr. Spaces 1
(2013) 42-57.
[8] M. Bramanti, L. Brandolini, E. Lanconelli, F. Uguzzoni, Non-divergence equations structured on Hormander
vector fields: heat kernels and Harnack inequalities, Mem. Amer. Math. Soc. 204 (961) (2010) vi+123.
[9] L. Capogna, Regularity of quasi-linear equations in the Heisenberg group, Comm. Pure Appl. Math. 50 (9) (1997)
867—889.
[10] L. Capogna, Regularity for quasilinear equations and 1-quasiconformal maps in Carnot groups, Math. Ann.
313 (2) (1999) 263-295.
[11] L. Capogna, G. Citti, G. Rea, A subelliptic analogue of Aronson-Serrin’s Harnack inequality, Math. Ann. 357 (3)
(2013) 1175-1198.
[12] L. Capogna, M. G. Cowling, Conformality and @Q-harmonicity in Carnot groups, Duke Math. J. 135 (3) (2006)
455-479.
[13] L. Capogna, D. Danielli, N. Garofalo, An embedding theorem and the Harnack inequality for nonlinear subelliptic
equations, Comm. Partial Differential Equations 18 (9-10) (1993) 1765-1794.
[14] L. Capogna, E. Le Donne, Smoothness of subRiemannian isometries, American Journal of Mathematics 138 (5)
(2016) 1439-1454.
[15] L. Capogna, E. Le Donne, Conformal equivalence of visual metrics in pseudo-convex domains, arXiv:1703.00238.
[16] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9 (3) (1999)
428-517.
[17] R. R. Coifman, G. Weiss, Analyse harmonique non-commutative sur certains espaces homogenes, Lecture Notes
in Mathematics, Vol. 242, Springer-Verlag, Berlin-New York, 1971, Etude de certaines intégrales singulieres.
[18] M. G. Cowling, A. Ottazzi, Conformal maps of Carnot groups, Ann. Acad. Sci. Fenn. Math. 40 (1) (2015)
203-213.
[19] D. G. Deng, Y .-S. Han, Calderén-Zygmund operator theory and function spaces, in: Harmonic analysis in China,
Vol. 327 of Math. Appl., Kluwer Acad. Publ., Dordrecht, 1995, pp. 55-79.
[20] G. Di Fazio, A. Domokos, M. S. Fanciullo, J. J. Manfredi, Cllo’ca regularity for subelliptic p-harmonic functions
in Grusin plane, Matematiche (Catania) 60 (2) (2005) 469-473 (2006).
[21] E. DiBenedetto, C1*< local regularity of weak solutions of degenerate elliptic equations, Nonlinear Anal. 7 (8)
(1983) 827-850.
[22] A. Domokos, Differentiability of solutions for the non-degenerate p-Laplacian in the Heisenberg group, J. Differ-
ential Equations 204 (2) (2004) 439-470.
[23] A. Domokos, On the regularity of subelliptic p-harmonic functions in Carnot groups, Nonlinear Anal. 69 (5-6)
(2008) 1744-1756.
[24] A. Domokos, J. J. Manfredi, Nonlinear subelliptic equations, Manuscripta Math. 130 (2) (2009) 251-271.

58



(25]
(26]
27]
28]
29]

(30]
(31]

(32]

(33]
(34]

(35]
(36]

(37
(38]

(39]
(40]

[41]
(42]

(43]
(44]
(45]
[46]
[47]

(48]

(49]

(50]
(51]
(52]
(53]
(54]

(55]
(56]

A. Domokos, J. J. Manfredi, A second order differentiability technique of Bojarski-Iwaniec in the Heisenberg
group, Funct. Approx. Comment. Math. 40 (part 1) (2009) 69-74.

A. Domokos, J. J. Manfredi, On the regularity of nonlinear subelliptic equations, in: Around the research of
Vladimir Maz’ya. II, Vol. 12 of Int. Math. Ser. (N. Y.), Springer, New York, 2010, pp. 145-157.

A. Domokos, J. J. Manfredi, Regularity results for p-harmonic functions in higher order Grusin planes, Ann.
Mat. Pura Appl. (4) 189 (1) (2010) 1-16.

J. B. Etnyre, Introductory lectures on contact geometry, in: Topology and geometry of manifolds (Athens, GA,
2001), Vol. 71 of Proc. Sympos. Pure Math., Amer. Math. Soc., Providence, RI, 2003, pp. 81-107.

C. Fefferman, The Bergman kernel and biholomorphic mappings of pseudoconvex domains, Invent. Math. 26
(1974) 1-65.

J. Ferrand, Sur la régularité des applications conformes, C. R. Acad. Sci. Paris Sér. A-B 284 (1) (1977) A77-AT79.
B. Franchi, R. Serapioni, F. Serra Cassano, Meyers-Serrin type theorems and relaxation of variational integrals
depending on vector fields, Houston J. Math. 22 (4) (1996) 859-890.

N. Garofalo, D.-M. Nhieu, Lipschitz continuity, global smooth approximations and extension theorems for Sobolev
functions in Carnot-Carathéodory spaces, J. Anal. Math. 74 (1998) 67-97.

F. W. Gehring, Rings and quasiconformal mappings in space, Trans. Amer. Math. Soc. 103 (1962) 353-393.

R. Ghezzi, F. Jean, Hausdorff measure and dimensions in non equiregular sub-Riemannian manifolds, Geometric
control theory and sub-Riemannian geometry 5 (2014) 201-218.

D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second order, Classics in Mathematics,
Springer-Verlag, Berlin, 2001, reprint of the 1998 edition.

P. Hajlasz, P. Koskela, Sobolev met Poincaré, Mem. Amer. Math. Soc. 145 (688) (2000) x+101.

P. Hartman, On isometries and on a theorem of Liouville, Math. Z. 69 (1958) 202-210.

J. Heinonen, T. Kilpeldinen, O. Martio, Nonlinear potential theory of degenerate elliptic equations, Dover Pub-
lications, Inc., Mineola, NY, 2006, unabridged republication of the 1993 original.

J. Heinonen, P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1)
(1998) 1-61.

E. Hopf, Uber den funktionalen, insbesondere den analytischen Charakter der Lésungen elliptischer Differential-
gleichungen zweiter Ordnung, Math. Z. 34 (1) (1932) 194-233.

L. Hérmander, Hypoelliptic second order differential equations, Acta Math. 119 (1967) 147-171.

M. Kapovich, Hyperbolic manifolds and discrete groups, Modern Birkhauser Classics, Birkhduser Boston, Inc.,
Boston, MA, 2009, reprint of the 2001 edition.

J. Kinnunen, N. Marola, M. Miranda, Jr., F. Paronetto, Harnack’s inequality for parabolic De Giorgi classes in
metric spaces, Adv. Differential Equations 17 (9-10) (2012) 801-832.

J. Kinnunen, N. Shanmugalingam, Regularity of quasi-minimizers on metric spaces, Manuscripta Math. 105 (3)
(2001) 401-423.

A. Koranyi, H. M. Reimann, Quasiconformal mappings on the Heisenberg group, Invent. Math. 80 (2) (1985)
309-338.

O. A. Ladyzhenskaya, N. N. Uraltseva, Linear and quasilinear elliptic equations, Translated from the Russian by
Scripta Technica, Inc. Translation editor: Leon Ehrenpreis, Academic Press, New York-London, 1968.

E. Le Donne, A. Ottazzi, B. Warhurst, Ultrarigid tangents of sub-Riemannian nilpotent groups, Ann. Inst.
Fourier (Grenoble) 64 (6) (2014) 2265-2282.

J. Lelong-Ferrand, Geometrical interpretations of scalar curvature and regularity of conformal homeomorphisms,
in: Differential geometry and relativity, Reidel, Dordrecht, 1976, pp. 91-105. Mathematical Phys. and Appl.
Math., Vol. 3.

J. Lelong-Ferrand, Regularity of conformal mappings of Riemannian manifolds, in: Romanian-Finnish Seminar
on Complex Analysis (Proc., Bucharest, 1976), Vol. 743 of Lecture Notes in Math., Springer, Berlin, 1979, pp.
197-203.

T. Liimatainen, M. Salo, n-harmonic coordinates and the regularity of conformal mappings, Math. Res. Lett.
21 (2) (2014) 341-361.

J. J. Manfredi, G. Mingione, Regularity results for quasilinear elliptic equations in the Heisenberg group, Math.
Ann. 339 (3) (2007) 485-544.

J. J. Manfredi, V. Vespri, n-harmonic morphisms in space are Mobius transformations, Michigan Math. J. 41 (1)
(1994) 135-142.

G. A. Margulis, G. D. Mostow, The differential of a quasi-conformal mapping of a Carnot-Carathéodory space,
Geom. Funct. Anal. 5 (2) (1995) 402-433.

G. Mingione, A. Zatorska-Goldstein, X. Zhong, Gradient regularity for elliptic equations in the Heisenberg group,
Adv. Math. 222 (1) (2009) 62-129.

J. Mitchell, On Carnot-Carathéodory metrics, J. Differential Geom. 21 (1) (1985) 35-45.

R. Montgomery, A tour of subriemannian geometries, their geodesics and applications, Vol. 91 of Mathematical

59



[57]
(58]
(59]
(60]
(61]

(62]
(63]

(64]
(65]
(66]

(67]
(68]

(69]
[70]

[71]

Surveys and Monographs, American Mathematical Society, Providence, RI, 2002.

G. D. Mostow, Strong rigidity of locally symmetric spaces, Princeton University Press, Princeton, N.J., 1973,
annals of Mathematics Studies, No. 78.

A. Nagel, E. M. Stein, S. Wainger, Balls and metrics defined by vector fields. I. Basic properties, Acta Math.
155 (1-2) (1985) 103-147.

P. Pansu, Métriques de Carnot-Carathéodory et quasiisométries des espaces symétriques de rang un, Ann. of
Math. (2) 129 (1) (1989) 1-60.

J. G. ReSetnjak [Yu. G. Reshetnyak], Liouville’s conformal mapping theorem under minimal regularity hypothe-
ses, Sibirsk. Mat. Z. 8 (1967) 835-840.

D. Ricciotti, p-Laplace equation in the Heisenberg group, SpringerBriefs in Mathematics, Springer, [Cham];
BCAM Basque Center for Applied Mathematics, Bilbao, 2015, regularity of solutions, BCAM SpringerBriefs.
D. Ricciotti, On the ¢!»® regularity of p—harmonic functions in the heisenberg group, to appear in Proc. AMS.
L. P. Rothschild, E. M. Stein, Hypoelliptic differential operators and nilpotent groups, Acta Math. 137 (3-4)
(1976) 247-320.

N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric measure spaces, Rev. Mat.
Iberoamericana 16 (2) (2000) 243-279.

P. Tang, Regularity and extremality of quasiconformal homeomorphisms on CR 3-manifolds, Ann. Acad. Sci.
Fenn. Math. 21 (2) (1996) 289-308.

P. Tolksdorf, Regularity for a more general class of quasilinear elliptic equations, J. Differential Equations 51 (1)
(1984) 126-150.

K. Uhlenbeck, Regularity for a class of non-linear elliptic systems, Acta Math. 138 (3-4) (1977) 219-240.

N. N. Uraltseva, Degenerate quasilinear elliptic systems, Zap. Nau¢n. Sem. Leningrad. Otdel. Mat. Inst. Steklov.
(LOMI) 7 (1968) 184-222.

M. Williams, Geometric and analytic quasiconformality in metric measure spaces, Proc. Amer. Math. Soc. 140 (4)
(2012) 1251-1266.

C. J. Xu, Regularity for quasilinear second-order subelliptic equations, Comm. Pure Appl. Math. 45 (1) (1992)
77-96.

X. Zhong, Regularity for variational problems in the Heisenberg group, Preprint.

60



