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INTRODUCTION

This thesis studies local and global regularity properties of a stochastic
two-player zero-sum game called tug-of-war. In particular, we study value
functions of the game locally as well as globally, that is, close to the bound-
aries of the game domains. Furthermore, we formulate a continuous time
stochastic differential game and discuss, among other things, the equiconti-
nuity of the families of value functions. The main motivation is to under-
stand the properties of the games on their own right. As applications, we
obtain an existence and a regularity result for a nonlinear elliptic p-Laplace
type partial differential equation and a characterization of the solution to a
parabolic p-Laplace type equation.

1. BACKGROUNDS

Classically it is well known that linear partial differential equations arise
in the probability theory, see for example [12]. The basic observation is that
martingales and harmonic functions share a similar mean value property.
This powerful connection attracted a lot of attention both in applications
and pure mathematics. For example, Krylov and Safonov [22, 23] utilized
the connection to establish regularity results for the elliptic and parabolic
second order equations in a non-divergence form.

In 1950s, probabilistic interpretations for nonlinear partial differential
equations started to arise from the optimal control theory and differential
games, see for example [7]. These interpretations were based on dynamic
programming principles, which heuristically speaking break a decision prob-
lem into smaller subproblems. However, probabilistic counterparts for non-
linear problems such as oco-Laplace or p-Laplace equations remained still
unknown.

In 2006, Peres, Schramm, Sheffield and Wilson discovered that a tug-
of-war game is connected to the oo-Laplacian. In the celebrated article
[35], they proved that the tug-of-war game has a value u., and the value
u satisfies a nonlinear mean value property. Moreover, they showed that
us approximates oco-harmonic functions under certain general conditions.
Later, Peres and Sheffield [36] proved similar results for p-harmonic functions
for all 1 < p < oo. Furthermore, Manfredi, Parviainen and Rossi [31, 32]
developed a tug-of-war game whose variant is also studied in this thesis. In
[30], the authors formulated a time-dependent tug-of-war game that has a
connection to p-parabolic functions.

To illustrate the probabilistic counterparts for p-Laplace type equations,
let us start with the following examples. Let 2 C R™ be a bounded smooth
domain, and consider a particle inside the domain. Furthermore, let F' :
09) — R be a continuous function on the boundary of the domain. For given
e > 0, we extend F' continuously to the e-width strip outside the domain,
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and denote by 7 the first time the particle hits this strip. Throughout,
B.(z() denotes the open ball centered at xg € R™ and of the radius ¢, and
we use the notation

1
w(y)dy := ——— u(y) dy
UL v A

for the average integral with |- | denoting the n-dimensional Lebesgue mea-
sure.

1.1. A random walk and the Laplacian. First, we assume that the
particle is moved randomly inside the domain 2. To be more precise, let
€ > 0 be a step size, and assume that the movement of the particle is started
at a point xg € €. The position z;, of the particle at the round k € {1,2,...}
is selected according to the uniform distribution on the ball centered at the
previous position x;_1 and of the radius €. Then, we study the expectation
of F' at the first exit point z,

ue (o) = E*° [F(a:T)]

For simplicity, let us assume u. € C?(f), that is, the function u. is twice
continuously differentiable in 2. However, this condition is not necessary,
and it could be relaxed by a notion of viscosity solutions, see for example
[10]. By utilizing Taylor’s formula, we can approximate

uely) = ue(o) + (Duc(zo), y — w0) + 5(D?uc(wo)(y — w0), — 7o)
+olly - wol)

(1)
as |y — xg| — 0. Furthermore, we can calculate

/ (n,y —xo)dy =0
Bs(fo)

for all n € R™ by using the symmetry. Therefore by combining this, (1), and
a short computation, it holds

n 82 1
][ us(y) dy = u(z0) + Z Tu; x0) ][ 52'12 dz + o(€?)
BS(IO) i=1 xi Bg(O) (2)

e
2(n+2)
where the standard Laplace operator /\ is defined by Aug := Y"1 | 8%u./0x?.
A function u € C%(Q) is said to be harmonic, if it holds Au = 0 in €.

Because each increment of the particle is chosen according to the uniform
distribution on the corresponding ball, we can prove that wu. satisfies the
mean value property

= U,g(xo) + Aua(xﬂ) + 0(62)’

ue (z0) = ]{3 ey
e(T0
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for all g € Q. Consequently, the stochastic process u.(xy), k € {1,2,...},is
a martingale with respect to the natural filtration of the particle. Moreover,
the calculation (2) implies that

Aue =2(n+2)o(e?)e™? = 0

as the step size ¢ — 0. Actually, one can show that there exists a function u
such that u. converges to u uniformly as € — 0 by considering a subsequence
if necessary, and the function u solves the Dirichlet problem

Au(z) =0 for x € Q,
u(zx) = F(z) for z € 90

assuming at this point that the limit satisfies u € C?(2). Therefore, we have
described a connection between a random walk and harmonic functions.

1.2. A pure tug-of-war and the oco-Laplacian. Next, assume that there
are two players, Player 1 and Player 2, who compete against each other.
Let 29 € Q be the starting point and € > 0 the step size. At every round,
a fair coin is flipped. The winner of the toss moves the particle to any
point in the open ball centered at the current location and of the radius
€. The game is continued until the particle exits the domain. Before the
game starts, the players have made an arrangement. Player 2 pays Player
1 the amount given by the function F' at the first exit point z, outside
the domain. Observe that Player 2 can receive money as well, because F
can have negative values. This game described above is a tug-of-war game,
usually called a pure tug-of-war. The particle is called a token, and F' is a
pay-off function.

We study the expected value of the pay-off function at the first exit point
of the game domain, when Player 1 seeks to maximize and Player 2 to
minimize, respectively, the pay-off function. This leads to the concept of
value functions. A history in a game is the information of the past events
before the corresponding round. The players move the token according to
their strategies. A strategy is a sequence of functions that gives the next
game position given the history of the game. Then, we define the value
function for Player 1 and Player 2, respectively, by setting

Eg(i s [F(iﬂr)], if 7 < oo almost surely,

—00, otherwise,

u1(xp) = supinf {
S1 Sa

uz(xo) = inf sup

E?ﬁ So [F(xT)], if 7 < oo almost surely,
So S1

0, otherwise.

Here, the expectation is taken with respect to the measure IP’?L s, In a game
that starts at xg, and the players choose their moves according to the strate-
gies S1 and Sy, respectively. To make sure that the game ends, heuristically
speaking, the value for a player is the worst possible at a point, if the player
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do not force the game to end. The game is said to have a value, if it holds
Up = U =: Ug.

One can show that this game has a value u., and the value u. satisfies
the nonlinear mean value property

1
ue(zg) = = Supu+infu>, 3
c20) = 5 (g et nt e 3
see [35]. For simplicity, let us assume u. € C?*(Q) and Du. # 0 in Q.
By utilizing (1), we can calculate the Taylor expansion for u.(xog + h) and
us(xo — h) with h = E% to get

% <u5(x0 + h) + us(xg — h)) = ug(xo) + %€2A§OUE(IE0) + o(?)

as € — 0. Here, the normalized co-Laplace operator is defined by

1 1 " 9%u. Ou. du
Aue == ———(D*u.Du., Du.) = = <
oo Ue ’DU5|2< Ue DUg, u6> |Du5‘2 ijz_l 0:5,095] (9$Z 8113]"

and a viscosity solution to AY u = 0 is called co-harmonic. Thus, we deduce
heuristically

1( sup ue + inf u5> = uc(zp) + 1EQAéVOuE(yco) + o(£?) (4)
2\ B.(x0) B (x0) 2

as € — 0. Consequently, because u. satisfies (3), it holds
AN ug(x0) = 20(e?)/e72 = 0

as ¢ — 0. This suggests the result in [35]. Indeed by considering a subse-
quence if necessary, the sequence of value functions (u.) converges uniformly
to the unique viscosity solution to the Dirichlet problem

ANu(x) =0 forx € Q,
u(z) = F(x) for x € 90

as ¢ — 0. Jensen [17] proved the uniqueness of viscosity solutions to this
Dirichlet problem. Therefore, we have described a connection between a
pure tug-of-war game and oo-harmonic functions.

The normalized co-Laplace operator is in a non-divergence form. It is
related to the absolutely minimizing Lipschitz extensions, see [3]. Moreover,
the oo-Laplacian has applications in image processing and optimal mass
transportation problems, see for example [13] and [I1]. It also arises in a
model for the sand-pile evolution, see [1].
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1.3. A tug-of-war with noise and the p-Laplacian. Next, we assume
that the token is influenced by the players and a random noise. Let p: Q —
[Pmin, Pmax] be a continuous function with 2 < ppin < Pmax < 00, and let
€ > 0 be the step size and xg € €2 the starting point. We define probability
functions «, 8 :  — (0,1) by

o(z) = A0 2 )

p(x) +n

and f(z) = 1 — a(z) for all z € Q. At every round k, the players toss
a biased coin that gives heads with a probability a(xx_1) and tails with a
probability S(xp_1), where x;_1 denotes the current location of the token.
If the outcome of the round is heads, a fair coin is flipped, and the winner
of this toss moves the game token to any point in the open ball centered at
i1 and of the radius . If the outcome in the first toss is tails, the game
token is moved according to the uniform distribution on the ball centered
at xx_1 and of the radius €. The game is played until the token exits the
game domain. Then, Player 2 pays Player 1 the amount given by F' at the
first exit point z,. The movements of the players are the tug-of-war parts
of the game, and the random movements are the noise in the game. This
game is a variant of the original tug-of-war game in [32].

Because () is bounded, and it holds infg 8 > 0, the randomness in the
game makes sure that the game ends almost surely. Thus, we can define the
value functions for Player 1 and Player 2, respectively, by setting

ui(xo) = sglp i&f Eg s, [F(z)],
uz(xo) = ifquf S.lgllp Eg s, [F(z)].

By minor modifications to the proofs in [29], it can be shown that this game
has a value u., and that the value u. satisfies the nonlinear mean value

property

u€<wo>:“<f’”°)< Sup e+ inf u) + 8an) . O

2 Be(z0) B:(z0)

For simplicity, let us assume u. € C?(Q) and Du. # 0 in 2. By combining
the calculations (2) and (4), and by multiplying the terms in a suitable way
with « and 3, we deduce

O‘(IO)< sup u + inf u) + B(xo) ][ us(y) dy
) BE(IO)

2 BE(JUO) Be(xo

82

2(p(z0) +n)
Thus, because u. satisfies (6), it holds

Aue(zo) + (p(z0) — 2) AN U (20) < 2(Pmax + 1) 20(e?) = 0

— e (wo) + [Aus(mo) + (p(x0) — 2)A§Oue(xo)} +o(e?).
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as € — 0. A similar estimate also holds from below. Actually, one can
show that the function u. converges uniformly to a function v as ¢ — 0
by considering a subsequence if necessary, and the function u is a viscosity
solution to the Dirichlet problem

{A;\Ex)u(x) =0 forzeQ,

u(z) = F(z) for x € 9. (7)

The normalized p(x)-Laplacian is defined by
Aé\éx)u(q:) = Au(z) + (p(z) — 2) AN u(z) (8)

for all x € Q and u € C%(Q) such that Du # 0 in Q. Here, we assumed
the inequality p(z) > 2 for all z € Q, because in this case a(x) in (5) is
a positive probability for all x € ). However, one can prove in the whole
range 1 < p(x) < oo under suitable assumptions that there exists a viscosity
solution to the Dirichlet problem (7). A game-theoretic proof of this is in
[A, Theorem 6.2]. The normalized or game-theoretic p-Laplacian is defined

by
N, . N
AVui=Au+ (p—2) A0

for all constants 1 < p < oo and u € C2(€2) such that Du # 0 in Q. On the
other hand, the standard p-Laplace operator is defined by

Apu = div (|Dul’"2Du)
= |DulP~2 [Au +(p— 2)Aévou]

A viscosity solution to Aév u = 0 is called p-harmonic. Observe that a
distributional weak solution to A,u = 0 coincides with a viscosity solution
to Aévu =0, see [13].

In general, the Dirichlet problem (7) does not always have a solution that
is continuous up to the boundary of a domain. In the classical case p(x) = 2
for all z € Q, well-known examples such as the punctured disk by Zaremba
[39] or the Lebesgue spine by Lebesgue [241] show that a solution may not
exist.

Here, in all of our examples, we have assumed that the boundary of the
domain is smooth. However, this is not always necessary. Peres and Sheffield
[36] proved that in a game regular domain, there exists a p-harmonic function
extending continuously to the boundary with the given continuous boundary
values. A boundary point y € 952 is game regular, if a player has a strategy to
end the game near y with a probability close to one whenever the game starts
near . The boundary point y is p-reqular, if for any continuous boundary
data F' there exists a p-harmonic function u in € such that lim,_, u(z) =
F(y). A sharp condition for a point to be p-regular is the celebrated Wiener’s
test, see for example [16]. However, it is not known whether a p-regular
boundary point is necessarily game regular.
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If p is a constant, a game regular boundary point is necessarily p-regular.
This is true, because the game regularity implies that the value function w,.
is asymptotically uniformly continuous close to the boundary of the game
domain. By copying the strategies and utilizing the translation invariance
of the game, the value u. is also asymptotically uniformly continuous in
the interior of the game domain. Consequently by applying a variant of
the Arzela-Ascoli theorem, we can deduce that there exists a continuous
function w on the closure of the game domain with the given continuous
boundary data F' such that by considering a subsequence if necessary, the
value u. converges uniformly to the function u as ¢ — 0. Then by utilizing
the stability principle for viscosity solutions, we can show that the function
u is p-harmonic.

If p is not a constant function, this procedure is not possible, because we
lose the translation invariance of the game. However, the value u. satisfies
the dynamic programming principle related to the game. Thus, it is pos-
sible to prove the asymptotic continuity of u. in the interior of the game
domain by studying the local regularity of functions satisfying the dynamic
programming principle, see for example [A] or [27]. If we have the compar-
ison principle at our disposal, an alternative approach not related to the
game theory and developed by Barles and Souganidis in [0] is also available.

Finally, we point out that the version of tug-of-war games described in
this subsection has a nice symmetry. In particular, the players do not affect
the direction of the random noise. This allows us to prove sharp enough
estimates for the density of the noise, see for example Lemma 5 below.
However, the price of the symmetric noise is that the value of p cannot be
strictly less than two. In contrast with the game described in this subsection,
the players affect the direction of the noise in [A]. Consequently, we are able
to let p get values in the whole range 1 < p(z) < oo, but the stochastic
estimates developed in [13] are not directly applicable in the conditions of

[A]-

1.4. Tug-of-war interpretations for other problems. The probabilistic
methods employed in [35] have given a new way to study the normalized co-
Laplace operator. Recently, a lot of tug-of-war interpretations for different
variants of oco-Laplace type equations have also been discovered. Indeed,
Antunovié, Peres, Sheffield, and Somersille [1] studied a tug-of-war game for
the normalized co-Laplacian with vanishing Neumann conditions, and Peres,
Pete, and Somersille [34] studied a biased tug-of-war and its connection to
the biased oco-Laplacian. Furthermore, Bjorland, Caffarelli, and Figalli [8]
formulated a nonlocal tug-of-war game for the infinity fractional Laplacian.
Moreover, Armstrong and Smart [2] constructed a finite difference approach
related to a tug-of-war game, and Del Pezzo and Rossi [11] used a tug-of-
war game to obtain an existence result for a parabolic problem involving the
oo-Laplacian.
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Interpretations for different variants of p-Laplace type equations with fi-
nite p have also been studied. For example, Lewicka and Manfredi [27]
studied a tug-of-war game related to the obstacle problem for the normal-

ized p-Laplacian. Moreover, Luiro, Parviainen, and Saksman [29] gave a
game-theoretic proof of Harnack’s inequality for p-harmonic functions. The
case p = 1 is considered in [20], see also [19].

2. LOCAL REGULARITY OF VALUES AND ARTICLE [A]

In [A], we study a tug-of-war with noise, where the probabilities of the
coin flips depend on the game location at every round. This game is a
natural generalization of the original tug-of-war both from mathematical
and application point of views.

Roughly speaking, we can describe the game as follows. Let 2 C R" be
the bounded domain, where the game is played, and € > 0. We extend the
game domain to include the e-width strip outside the domain, and denote the
extended domain by €).. Furthermore, we define a continuous probability
function « : Q. — (0,1) and a boundary correction function 0 : Q. — [0, 1],
and denote by ( the function g := 1 — a. The game starts at a point
xo € Q. Then, for all game rounds k € {1,2,...}, both the players choose
a direction, say 1/,% and 1/,3, of the length . The game continues with a
probability 1 — d(xx_1), where xx_1 denotes the game location at the round
k — 1. In this case, for the next game location x, it holds x; = xp_1 + 1/,%
or z, = Tg_1 + v} both with an equal probability a(z;_1)/2. With an equal
probability B(xj_1)/2, it holds xp = zp_1 + u,i’ort or T = Tr_1 + yz’ort,
where 1" is chosen uniformly random from the (n — 1)-dimensional ball
of the radius £ and orthogonal to the vector v} for i € {1,2}. On the other
hand, if the game stops at xx_1, Player 2 pays Player 1 the amount given
by a bounded Borel measurable function F': . — R at a current point.

We show that the game in our setting has a value u. in Q. [A, Theorem
3.7]. This is done by utilizing the dynamic programming principle

u(z) = 1_76(58)

up (a(w)u(x )+ 50

lv|=e By

u(z + h) dﬁ”‘l(h)>

+ inf (a(m)u(m +v) + B(x)

|v|=e

u(z + h) dﬁ"l(h)ﬂ

By
+(z)F(x)
(9)
related to the game. Above, we denote

n—1 o 1 wlzx n—1
]{Bgu(x—i—h)dﬁ )= srgs) /Bg ( + h)dL L (h),
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where we denote by BY the (n — 1)-dimensional ball orthogonal to the vec-
tor v and of the radius €, and £*! is the (n — 1)-dimensional Lebesgue
measure. We first show by using an iteration argument that there exist a
lower and an upper semicontinuous function satisfying (9), see [A, Proposi-
tion 3.3]. Here, we need the boundary correction function § in our setting,
because in such iterations, the measurability can be lost rather easily, see
for example [29, Example 2.4]. Then, we can construct a strategy related
to the lower semicontinuous solution to (9) and a strategy related to the
upper semicontinuous solution to (9). Finally by utilizing these strategies,
we show that the game has a value, and the value function u. is a solution
to (9). Moreover, we prove that the solution to (9) is unique.

The main result of [A] is that the unique value of the game is locally
Holder continuous in an asymptotic way with respect to €. Below, amin
and omax denote the minimum and the maximum values of the function «,
respectively.

Theorem 1. [A, Theorem 4.1] Let (z,2) € Bgr X Br, Bar C Q and

0 <y < Lmin Amin
Qmaz
Then, if u satisfies (9), it holds
|x - Z| e’
u(@) —u(z)| < C—F——+ Cﬁ

with C := C(amin, ¥maz, 7, R, supp, . u ) <ooand 0 <e<l1.

The heuristic idea of the proof is to consider two game sequences simul-
taneously. We can link these sequences to a single higher dimensional game
by introducing a probability measure that has the measures of the original
games as marginals through suitable couplings. However, we do not use
stochastic arguments in the proof. Instead, we employ the method in [27].
In this method, we analyze functions satisfying the dynamic programming
principle (9). The main difficulty is the loss of translation invariance so that
the global or local regularity methods in [31, 36] or [28] are not directly
applicable.

We consider the following application of Theorem 1. Let p: Q — R be a
continuous function with values on a compact set [pmin, pmax} for constants
1 < Pmin < Pmax < 00. We define the function « by

-1
a(z) = &
p(z) +n
Then, we show in [A, Theorem 6.2] under suitable assumptions on 9f2 that

by passing to a subsequence if necessary, the value function u. converges
uniformly to a viscosity solution to the Dirichlet problem

p(x)u(x) =0 forze,
u(x) = F(x) for x € 092,
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where Aé\éx) is the normalized p(z)-Laplacian defined in (8), and F is a
continuous pay-off of the game.

3. GLOBAL REGULARITY OF VALUES AND ARTICLE [B]

In [B], we study the global regularity of the value in the tug-of-war game
described in Section 1.3 in the constant p case, 2 < p < co. In particular, we
show that a uniform measure density condition implies the game regularity
for the boundary points of the game domain. Observe that it is not known
whether a regular boundary point for the p-Laplacian is necessarily game
regular. Roughly speaking, a boundary point y satisfies the measure density
condition, if the Lebesgue measure of the complement of the game domain
in a ball centered at y is comparable to the Lebesgue measure of the whole
ball. We recall that the boundary point y is game regular, if a player has
a strategy to end the game near y with a probability close to one whenever
the game starts near y.

Definition 2. [B3, Definition 3.1] A point y € O satisfies a measure density
condition, if there is ¢ > 0 such that

1Q2°N By (y)| > ¢|Br(y)|

for all r > 0.

Definition 3. [13, Definition 3.2] A point y € 9 is game regular, if for all
0 >0 and n > 0, there exist 6o > 0 and €y > 0 such that for all fixed € < €
and xo € Bs,(y), there is a strategy Sy for Player 1 such that

PL g, (e, € Bs(y) N Q%) = 1 -1,
where T denotes the first time the token exits the game domain.

Theorem 4. [B, Theorem 3.7] If y € 00 satisfies the measure density
condition, then it is game reqular for all 2 < p < cc.

The idea of the proof is the following. Let y € 02 be the boundary point
satisfying the measure density condition. First, to obtain game regularity
for the boundary point y, we show in [3, Lemma 3.3] that it is enough to
find a strategy S} and a uniform and strictly positive lower bound for the
probability of the event that the game ends before exiting a given ball, when
Player 1 utilizes the strategy S, see also [30, Lemma 2.6]. Then, assume
that the game starts at zo € (2. We define ST by the following procedure.
Given a turn, the player always cancels the earliest move of the opponent
which is not yet canceled. If all the moves of the opponent are canceled at
the moment, the player moves the game token by the vector

€<?J—JJ0>
2\ |y — ol )
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Let M :=2[|y — zo|/e] € N. If Player 1 wins M more coin tosses than the
opponent before the game ends, the player moves the game position to

y+ > v (10)

in the last turn. Here, I3 denotes the indices of rounds a random movement

has occurred in the game, and the random movements are denoted by U,% for
all k € I.

We want to estimate the probability of the event that the point in (10)
is on the complement of the game domain 2. To this end, we apply the so
called cylinder walk framework developed in [29]. We estimate the number
of times a random movement has occurred with a high probability at the
first time the player wins M more coin tosses than the opponent. This is
done by utilizing Hoeffding’s inequality and the Berry-Esseen theorem, see
[B, Lemma 3.5]. Furthermore, we prove the following density estimate for
the sum of independent and identically distributed random vectors.

Lemma 5. [3, Lemma A.4] Let € > 0, and let Z be distributed according to
the uniform distribution on the ball B.(0) C R". For any k > 2, denote the
density of the random variable Zle Z; by fr, where the random variables Z;,
1€ {1,...,k}, are independent and distributed as Z. Then fy is a decreasing
radial function, and there exist universal constants ko = ko(n) > 2 and
R := R(n) > 0 such that for all k > ko and R, € [0, R] we have

fr(RVke) > C(\/%Eyl

for a constant C := C(n) > 0.

This density estimate connects the measure density condition to our es-
timates. Consequently, we find a uniform and strictly positive lower bound
for the probability of the event that the point in (10) is on the complement
of the game domain ().

4. CONTINUOUS TIME TUG-OF-WAR GAMES AND ARTICLE [(]

Motivated by the connection between the discrete time pure tug-of-war
game and oo-harmonic functions, Atar and Budhiraja [5] formulated a con-
tinuous time two-player zero-sum stochastic differential game (SDG) for the
inhomogeneous oco-Laplace equation. They proved that for a given bounded
C? domain Q C R, a continuous boundary data g, a uniformly continuous
function h with A > 0 or h < 0, and the unique viscosity solution u to
the equation —2AN«u = h in Q with the boundary data g, the value of the
game is equal to the solution u. The existence of the unique solution to this
Dirichlet problem is proved in [35] by using the game theory. For a proof
utilizing methods of partial differential equations, see for example [20].
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In [C], we study a SDG that is defined in terms of an n-dimensional state
process, and is driven by a 2n-dimensional Brownian motion. The impacts
of the players enter in both a diffusion and a drift coefficient of the state
process. The game is played in the whole space R™ until a fixed time T" > 0,
and at that time Player 2 pays the opponent the amount given by a pay-off
function g at a current point.

The SDG process is denoted by X(t),t € [0,7], and we model it by a
stochastic differential equation

{dX(s) = p(G(s)) ds + o (X (s), G(s)) AW (s)

X(0) ==, (1)

where € R”, and W is a 2n-dimensional Brownian motion on a filtered
probability space (2, F,{Fs},P) satisfying the standard assumptions. We

let
G(s) = (a(s),b(s), c(s), d(s)),

where

a(s),b(s) € S™1, ¢(s),d(s) € [0,00), 5 € [0,T]
are progressively measurable stochastic processes with respect to the filtra-
tion {F,}. Here, S"~! denotes the unit sphere of R”. The pairs (a(s), c(s))
and (b(s),d(s)) are called controls of the players. Roughly speaking, a(s)
and b(s) are the directions, and c(s) and d(s) are the lengths taken by the
players at the time s. Furthermore, let 1 € R™. Then, for s € [0,7], we
define the function p in (11) by

p(G(s)) = p+ (c(s) +d(s)) (a(s) + b(s)).
Let p : R® x [0,7] — R be a Lipschitz continuous function with values on

a compact set [pmin,pmax] for constants 1 < pmin < Pmax < 00. Then, we
define the n x 2n matrix ¢ in (11) to be

U(X(s),G(s))
:[a(s) p(X(s),s)—l; Pal(s); b(s) p(X(s),s)—l; PZ)J(‘S)},

where the n x (n — 1) matrices Pﬁs) and PbL(S) are defined such that the
matrices T .
1 il 1 1
Pa(s) (Pa(s)) and Pb(s) (Pb(s))
are projections to the (n — 1)-dimensional hyperspaces orthogonal to the
vectors a(s) and b(s) at the time s, respectively.

The players can only use admissible controls. Roughly speaking, a player
initially declares a bound C' < oo, and then plays as to keep ¢(s) < C
for all s € [0,7], where (a(s),c(s)) is the admissible control of the player.
A strategy is a response to the control of the opponent. We only allow
admissible strategies. The set of admissible controls is denoted by AC, and
the set of admissible strategies is denoted by S, respectively.
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We define the lower and upper values by

U (z,t) = érelf AsuECE{e*T(Tft)g(X(T))},

—r(T—t)
Ut(z,t) = zlelg lenfflCE{ g(X(T))}

for all (z,t) € R™ x [0,T], where r > 0, and g is the pay-off function. The
game starts at a position x at a time ¢, and the expectation E is taken with

respect to the measure P. The game is said to have a value at (x,t), if it
holds U™ (x,t) = U™ (x,t).

In [(], the main result is to connect the value functions (12) to a parabolic
terminal value problem

Opu(z,t) + Ap(m pu(@,t) + >y Mz’%(% t) =ru(z,t) inR"™x (0,7),
u(z, T) = g(x) on R"”

(12)

(13)

in the whole range 1 < p(z,t) < oco. Here, the normalized p(x,t)-Laplace
operator is defined as

Aﬁm pu(, 1)

8u ou " 0%u
= t)—(x,1 —(x,t
<\Du (x,t |2> Z axlaxj 8 i(m, )&Bj (=, )+Z_Zl Ox? (z,¢)
for x € R" and t € (O,T), provided that Du(x,t) # 0. The vector Du =
(Ou/Ow1,...,0u/0x,)T is the gradient with respect to z.

Theorem 6. [C, Theorem 1.3] Let g be positive, bounded and Lipschitz
continuous. Furthermore, let U~ and U be the lower and upper values
of the stochastic differential game defined in (12), respectively. Then, the
functions U~ and U are viscosity solutions to (13).

For completeness, we also show that viscosity solutions to (13) are unique
under suitable assumptions [(', Theorem 1.4]. Thus, the game has a value
in our setting.

The idea in the proof of Theorem 6 is the following. First, we study the
SDG with a uniform bound m on the action sets of the players. Then in
this setup, we follow [37] and connect the value functions to terminal value
problems of Bellman-Isaacs type equations. Viscosity solutions to these
equations are unique, see for example [9, 15]. The existence of viscosity
solutions follows by the construction of barriers [, Lemma 2.2] and by
utilizing Perron’s method.

We show in [(/, Lemma 3.3] that the unique viscosity solution to a Bellman-
Isaacs type equation equals precisely the lower value function of the game
under the uniform bound on the action sets. In the proof, we first regularize
the viscosity solution by the sup- or inf-convolution procedures depending on
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which direction in the equality we aim to prove, and then by the standard
mollification procedure. Based on the regularized solution, we formulate
a discretized control and a strategy. Then, we apply the celebrated Ito’s
lemma, and finally pass to limits as the time discretization vanishes. Here,
a key step is to utilize a fundamental estimate for diffusions hitting a set
of positive measure, see [21, 22]. Finally, we pass the results to the original
solution by taking uniform limits.

In [C, Lemma 4.6] we utilize the results of [23, 38] to show that the fam-
ily of viscosity solutions to Bellman-Isaacs type equations is equicontinuous.
Consequently, the Arzela-Ascoli theorem allows us to find a converging sub-
sequence of solutions to the Bellman-Isaacs type equation as the uniform
bound m on the actions sets of the players tends to infinity. Moreover, the
stability principle for viscosity solutions implies that the limit « is a viscos-
ity solution to (13). The final part is to deduce that the subsequence of the
corresponding lower value functions converges to the lower value function
for the game without the uniform bound on the controls. Furthermore, the
proofs for the upper value function are similar.

As an application, one could study the model described above in the
context of the portfolio option pricing. This would be based on the idea
that, in addition to a random noise, the prices of the underlying assets are
influenced by the two competing players. The issuer and the holder try,
respectively, to manipulate the drifts and the volatilities of the assets to
minimize and maximize, respectively, the expected discounted reward at
the time T'. To a certain extent, we generalize the model developed in [33],
see also the discrete time game in [30]. Indeed, the volatility of an asset may
vary over the space and the time.
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ABSTRACT. We study a two player zero-sum tug-of-war game with varying
probabilities that depend on the game location z. In particular, we show that
the value of the game is locally asymptotically Hélder continuous. The main
difficulty is the loss of translation invariance. We also show the existence and
uniqueness of values of the game. As an application, we prove that the value
function of the game converges to a viscosity solution of the normalized p(z)-
Laplacian.

1. Introduction. The seminal works of Crandall, Evans, Ishii, Lions, Souganidis
and others established a connection between the stochastic differential games and
viscosity solution to Bellman-Isaacs equations in the early 80s. However, a similar
connection between the p-Laplace or co-Laplace equations and the tug-of-war games
with noise was discovered only rather recently in [19, 20].

In this paper we study a tug-of-war with noise with space dependent probabilities,
which is a natural generalization of the original tug-of-war both from mathematical
and application point of views. In particular, we prove that the value functions of
the game in this setting are asymptotically Hoélder continuous, Theorem 4.1. Here
the main difficulty is the loss of translation invariance so that the global or local
regularity methods in [19], [16] or [12] are not directly applicable. Instead, we
employ the method in [11].

The main idea is to consider two game sequences simultaneously. Heuristically
speaking, in a higher dimensional space, the sequences can be linked to a single hig-
her dimensional game by introducing a probability measure that has the measures
of the original game as marginals through suitable couplings. It is interesting to
note that couplings of stochastic processes can be employed in the study of regula-
rity for second order linear uniformly parabolic equations with continuous highest
order coefficients, see for example [14], [21], and [10]. The method has also some
similarities to the Ishii-Lions method [7], see also [18]. However, the method we use
does not rely on the theorem of sums in the theory of viscosity solutions nor does

2000 Mathematics Subject Classification. 35J60, 35J92, 35B65, 91A15.

Key words and phrases. Coupling of stochastic processes, dynamic programming principle, lo-
cal Holder continuity, normalized p(z)-Laplacian, stochastic games, tug-of-war, viscosity solutions.
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it use stochastic tools. Indeed, it applies directly to functions satisfying a dynamic
programming equation whether they arise from the stochastic games or numerical
methods to PDEs.

One of the key tools in studying the tug-of-war games is the dynamic program-
ming principle. For the game in this paper, the dynamic programming principle
(DPP) reads as

u(z) = 1-0(z) _25(23) [

|v|=¢ BY

sup (a(x)u(x +v)+8(x)f+ ulz+ h)dﬁ”l(h)>

(1)

+ inf (a(x)u(ac +v)+ ﬂ(z)][ +6(z)F(x)

v|=e BY

u(z + h)dﬁ"l(h)>

with a given boundary cut-off function 4, a boundary function F' and probability
functions a(x), 8(x). Here, BY denotes the (n — 1)-dimensional ball orthogonal to
v. For more details, see Section 2. Heuristic idea behind the DPP is that the
value at a point can be obtained by considering a single step in the game and
summing up all the possible outcomes. At the point z, the game continues with
a probability 1 — §(z). In this case, the maximizer selects the direction vmax of
fixed radius maximizing the expected payoff at the point. Similarly, the minimizer
selects the direction vy, of the same radius minimizing the expectation. Then with
a probability a(z)/2, the game moves to & + Vmax in the single step, and with the
same probability, the game moves to & + vii,. With a probability 8(z)/2, the next
game point is x 41} ., where v/ . is chosen according to the uniform distribution in
a (n — 1)-dimensional ball orthogonal to Vmax. Similarly with the same probability,
the next game point is « + v];,, where v/ ; is chosen uniformly random from a
(n — 1)-dimensional ball orthogonal to vyi,. If the game on the other hand stops
at x, the payoff is given by the boundary function F' at the point.

The first step in the paper is to show that a value function satisfies the dynamic
programming principle above and that the value is unique. This is Theorem 3.7.
We first prove existence of a measurable function satisfying the DPP by iterating
the operator on the right hand side of (1). To this end, we guarantee the continuity
and thus Borel measurability of the iterands by the boundary correction in the DPP
above. Otherwise it is difficult to guarantee the measurability in such iterations.
Then, the uniqueness and the continuity of the solution is obtained by using game
theoretic arguments. In particular, we show that the solution coincides with the
game value.

As an application, by using the regularity result, Arzela-Ascoli’s theorem and the
DPP, we show in Theorem 6.2 that the values of the game converge to a continuous
viscosity solution of the normalized p(z)-Laplace equation

Apwyul@) = Au(z) + (p(z) — 2)Au(w) =0,

where AN u = |Vu|™? D i j=1 Uiy Uz, Ug; 15 the normalized infinity Laplacian, and
p:Q — (1,00) is a continuous function on the closure of the game domain Q with
infop > 1 and supgp < oo. Observe that we cover the range 1 < p(z) < oo.
To guarantee that the limit takes the same boundary values, we need boundary
estimates which are obtained in Theorem 5.2 by using barrier arguments.

2. Preliminaries. Fix n > 2 and € > 0 and let 2 C R™ be a bounded domain. For
measurability reasons, we need the boundary correction function § in the dynamic
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programming principle. Thus, we define the following open sets
I, = {z € Q: dist(z, 00Q) < £},
O. ={z € R"\ Q : dist(z,00) < ¢}
and the set Q. := QU O.. The function § : Q. — [0, 1] is given by

0 if e Q\ L
§(z) =< 1—e ldist(x,09) ifzel.
1 if z € O..

Let p be a continuous function on Q satisfying
1 < Pmin = inf p(x) < sup p(z) =: pmax < 0. (2)
zeQ €N

We require the finite upper bound ppa.x to make sure that the tug-of-war game
defined below ends almost surely regardless of the strategies. Similarly, the upper
bound comes into a play in the techniques we use in Section 3.2. On the other
hand, the regularity and convergence results below require the lower bound in (2)
for the function p. To prove existence and uniqueness of continuous solutions to
(1) in Section 3, we utilize the uniform continuity of p. In Sections 4 and 5, the
regularity techniques do not require the continuity of p, but in Section 6, we apply
the continuity of p.

We define the functions a, 3 : Q — (0,1) depending on p(x) and the dimension
n by
p(z) —1 n+1

a(m):p(x)—i-n and B(x)zl—a(x):m.

By the assumptions on p(x), the functions o and 3 are uniformly continuous. In

addition, we have

Omax = supa(z) <1 and ampi, == inf a(z) > 0. (3)
zEQ z€Q

We also denote Bunin := 1 — amax > 0.
We consider averages of the form

][ u(z + h)dL" ' (h) :=

v
€

1

W(Bs")/Bg u(x + h)dL"*(h),

where £~ denotes the (n — 1)-dimensional Lebesgue measure. The open ball of
radius ¢ in the (n — 1)-dimensional hyperplane v+ orthogonal to v € R” is denoted
by BY, i.e.,

BY :=B.(0)Nnvt:={2€R":|z| <eand (z,v) = 0}.

Throughout the paper, we denote open n-dimensional balls of radius r > 0 by B,.(z)
or by B,, if the center point z € R™ plays no role.
For brevity, the compact boundary strip of the game domain is denoted by

Iee:= I.UO..

Let F' be a continuous boundary function F': I'. . — R. In addition, we define an
auxiliary function

W(z,v) := W(u;z,v) := a(z)u(z +v) + B(x)]{g u(z + h)dL" 1 (h) (4)

v
€
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and an operator

Tou(s) = 1_5($)|:|sup (W(u;x,zx)) n Fo(x)F(x) ()

5 up in (W(u; x, V))

lv|=e

for all x € Q. and continuous functions u € C(€.). By using this operator, we can
identify the solutions to (1) with the fixed points of T.. Note that, despite the fact
that a(z) and B(x) are not defined in the outside strip Q. \ ©, (5) is well-defined
by setting T.u(x) = F(x) for all z € Q. \ Q. Similarly, we set 6(z)F(z) = 0 for all
xz €N\ ..

The same boundary correction as above is also applied in [13, 6]. For an alterna-
tive approach, see [2]. Here, this correction is used in order to preserve measurability
when iterating the operator. Indeed, in such iterations the measurability can rat-
her easily be lost, see for example [13, Example 2.4]. In addition, an asymptotic
expansion close to (1) is studied in [8].

2.1. The two-player tug-of-war game. In this subsection, we introduce the
stochastic zero-sum tug-of-war game used in this work. Most of the methods of this
paper arise from game theory, and some of the results are even directly proved by
using game theory arguments (for example the uniqueness proof in Theorem 3.6).

Let us consider a game involving two players (say P and P1). A token is placed
at a starting point xg € 2. Suppose that, after j = 0,1, 2, ... movements, the token
is at a point 2; € €. Then,

o if x; € Q\ I, P and Py decide their possible movements VJI-H and V;Lh
respectively, with ’V§+1‘ = |1/JI£L1’ = e. A fair coin is tossed and if P; wins the
toss, we have two possibilities

— with probability a(z;), the token is moved to z;11 = x; + v}, and

— with probability 5(z;), the token is moved to a point ;41 € x; + Blitt
uniformly random
with ¢ € {I,1I}.
o Ifz; € LU0,
— the game ends with probability d(z;) and then, P pays P; the amount
given by F(x;), and
— with probability 1 —d(z;), the players play a game as in the previous case
T; € Q \ I..
Let 7 denote the time when the game ends, and denote by z, € I'. . the position
where the game ends. Then, Pi; pays P; the quantity F(z,). We define a history of
the game as the vector (o, 21, ..., ;) describing the positions of the token at each
step after j repetitions. A strategy is a sequence of Borel measurable functions that
gives the next game position given the history of the game. Therefore, we define
S; = (Sl])]oil with
-1
87 {wo} x | J(Q)" — 9B-(0)
k=1
for all j > 1 and with both ¢ € {I,II}. For example, we have for P; and for all j > 1
that
S ((zo,...,xj-1)) = v} € 9B:(0).
Given a starting point zo € ) and strategies Sy, Si1, we define a probability mea-
sure IP"IS‘I” sy, On the natural product o-algebra of the space of all game trajectories.
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This measure is built by applying Kolmogorov’s extension theorem to the family of
transition densities

1
s (2010020 4) = 3 a6 (L o1, () + Lo, (4)
B(z;)

4+ 7
wn,1€"_1

I 11

(cn—l (ng“ (z;) N A) 4 Lnt (BSM (z;) N A))}
for all Borel subsets A C R™ as long as z; € 0\ I. with the constant w,_; =
Lr=1(Bjf) for any 2 € R™\ {0}. The measure I.(A) is one if z € A, and zero
otherwise, for all z € R™” and A C R™. In addition, we denote BZ(y) := y + B?
for z € R"\ {0} and y € R". If x; € I, the transition densities are multiplied
with the boundary correction function ¢ similarly as in the DPP (1). If z; & Q, the
transition densities force ;41 = x;.

Here, we follow the ideas from [6], where the constant a case is covered. For
the benefit of the reader and since the setting is slightly different, we give a self-
contained proof.

Lemma 2.1. The game ends almost surely in finite time regardless of the strategies
81 and SH.

Proof. The idea of the proof is to consider solely random movements and to find a
uniform lower bound for the probability of the event that the modulus of |z ;| grows
in a suitable fashion. In the proof, we need the fact Sunin > 0.

Let 29 € Q, j > 0 and let x;41 = ; + h;, where h; represents the displacement
at each step of the game. By the vector calculus, we have

2 2 2
lzj 111" = |z;° + |hi | + 2(xy, hy).

In addition by the definition of the game, h; is randomly chosen from BY with
a probability S(z;)/2 for the vector v := vj,,. Moreover, given that a random

movement is chosen from BY, we have (z;, h;) > 0 with a probability of at least %

and the event |h;| > 5 has a probability of
. Ln_l(BEV/2> _ 1 _ol-n

———=1-2"""

L£r=1(BY)

Consequently, there is a positive probability of a random movement h; such that
|hj] > €/2 and (x;,h;) > 0. In this case, we have

2
€

2 2
lzja|” > |z + 1

(6)

with a probability of at least

1 1 1 1
ﬁ(xj) (4 - 2n+1) > Bmin (4 - 2n+1> =:0>0.
Note that the universal constant 6 does not depend on j and the fact Bpym > 0
implies 6 > 0. Now, let

Jo :=Jol(e, Q) =4 [diam(Q)e’ﬂ e N.

Then, after jo consecutive movements in the way (6) we have

2
€ ,
2| = |ol” tio > |zo|® + diam(€2).
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Therefore, the token has exited the game domain after at most jy steps for any
starting point zg with a probability of at least 7°. Consequently, the probability
of not exiting the game domain after jo steps is bounded above by 1 — ¢J0.
By repeating kjo times the game, the probability of not exiting 2 after kjg steps
is bounded above by
(1—67)".
Thus, by letting k — oo, this probability goes to zero, and the proof is completed.
O

For all starting points g € €0, we define a value function for P; and for Py by

ur(zo) = supinf B o [F(z,)],
SI SII 1,011

(7)

uri (o) = infsup EY 5 [F(z)].
S S ’

3. Existence and uniqueness. In this section, the goal is to prove that there
exists a unique continuous solution satisfying the dynamic programming principle
(1). The proof is divided into two parts. In Section 3.1, by iterating the operator
T. defined in (5), we show that there exist a lower and an upper semicontinuous
solution to (1). Then in Section 3.2, we show that every measurable solution to
(1) is bounded between the lower and the upper semicontinuous solutions. Further,
we prove by using the tug-of-war game defined in Section 2.1 that, in fact, both
semicontinuous solutions are the same.

3.1. Existence of semicontinuous solutions to (1). In this subsection, by ite-
rating the operator T., we construct monotone sequences of bounded continuous
functions. As a consequence, these sequences converge to semicontinuous functions
which turn out to be solutions to (1). With that purpose, first, we need to show
that T, maps continuous functions into continuous functions.

Lemma 3.1. For any continuous function u € C(Q.), the function W (z,v) defined
in (4) is continuous with respect to each variable on Q x 0B.(0).

Proof. For fixed |v| = &, we have for any x,y € Q) the estimate
a(z)u(z +v) — aly)u(y + v)|
< le(@)u(z +v) — a(@)uly + v)| + [e(@)u(y + v) — a(y)uly + v)|
< a(@)wu (|2 — yl) + llull wa(lz — yl),

where wy is a modulus of continuity of the uniformly continuous function f. In a
similar way, we have

’B(l')][Bu u(x + h)d[,nil(h) — 6(3/) . U(y + h)d[,nfl(h)

< B@)wallz = yl) + llull o ws (1 — )
for x,y € Q. Thus, these inequalities imply that
(W (a,v) = Wy, v)] < wallz = o)) + lull [wallz = o) +walle =] ()

for all z,y € Q. Hence, W(-,v) is a continuous function for fixed v with modulus
of continuity wy + [|ull, [wa + wp].
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For the continuity on v, fix a point € Q. Then, the modulus of continuity of
a does not play any role. In addition, since the function u is continuous by the
hypothesis, we only need to check the continuity of the function

v u(z + h)dL" 1 (h).

By
Let |v| = |x| = € and define a rotation P : v+ — x* satisfying
|h— Ph| < C'|h||v — x| (9)

for all h € v*, where C > 0 is a constant not depending on the choices of v and .
Therefore, we have

][ u(z + h)dL"*(h) —][ u(x + h)dL" *(h)
BY BX
=][ [u(x + h) — u(z 4+ Ph)] L™ (R). (10)
By
By recalling (9) together with the fact that we can choose w,, to be increasing, we
can estimate the expression in brackets in the equation (10) from above by

wy (Celv = x|)

for h € BY. Then, this same bound also holds for (10), and the continuity of Wz, -)
for fixed € Q follows. O

Lemma 3.2. For all u € C(Q), the operator T. defined in (5) satisfies Tou €
C(Q:). In addition, for all u,v € C(£;) such that u < v, we have

T.u < Tev (monotonicity).

Proof. The monotonicity of 7. follows easily from the definition (5). Let u € C(£.)
be a function with a modulus of continuity w,. By (5) and the fact that F' is
continuous on O, the function T.u is continuous on the outside strip O.. Thus, we
have to check that T.u is continuous on €.

First, let z,y € Q\ I. and recall the elementary inequalities

< sup |W(z,v) — W(y,v)|,

|v|=¢e

sup W(z,v) — sup W(y,v)

lv|=¢e |v|=¢e

inf W(z,v) - il"lf W(y,v)
v|=¢e

lv]=e \

< sup [W(z,v) = W(y,v)|.

|v|=e

Then by the inequality (8) for any |v| = e, we get that

2

(sup + inf ) W(z,v) — <sup + inf ) W(y,v)

|v|=e lv|=e v|=¢ lv|=e

< wullz = yl) + el [walle = yl) +ws(le - y))].

Here, we use the shorthand notation

<Sup + inf ) W(z,v) := sup W(z,v) + |inf W (z,v).
‘ 1

v|=e Ivl=¢ lv|=¢ |=

Therefore, since 6 = 0 on Q \ I, we have shown that T.u is continuous on Q \ I..
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Then, let z,y € I. and recall that sup,cq, (1 — 6(x)) = 1 and ws(t) = t/e for
t > 0. Thus, we can estimate

1-4(=) (sup + inf)W(x,zx)—l_;(y) (Sup + 1nf>W(y’V)
|

2 v=e Iv|=e v|=e lvl=¢

< wlla — )+l [walle — o) + ws(le —yD)] + 10 1y
and .
5 () — S F )] < S — yl) + 1 oy

Consequently, T.u is continuous in I.. Since the limiting valueb of the function T,u
coincide with the function values on the boundary 01, there must exist a modulus
of continuity for T.u, and hence T.u € C(Q¢). O

For the next result, let Tf denote the k-th iteration of the operator T; for k € N,
ie.,
TF =T.(TF ), T? =14,
with the identity operator Id(u) = u for all u € C(€2.). By (5) and the monotoni-
city of T, the sequence of iterates {T¥(inf F)}, is increasing and {T¥(sup F)}, is
decreasing. Moreover,
inf F < TF(inf F) < T*(sup F) < sup F (11)
for all £ € N. Consequently, we can define the pointwise limit of both sequences
w(z) := lim TF(inf F),
ke (12)
u(z) = lim TS (sup F)
k—o0
for all 2 € Q.. In addition, since u and @ are defined as the limit of monotone se-

quences of continuous functions, they are lower and upper semicontinuous functions,
respectively.

Proposition 3.3. The functions u and u defined in (12) are solutions to (1) and
satisfy
u < 7. (13)

Proof. The inequality (13) follows easily from (11). We only show that w is a

solution to (1), since a similar argument can be applied to u. To establish the

result, we use Lemmas 3.1 and 3.2 and the fact that {T*(inf F')} is increasing to

show that we can change the order of the limit and the infimum in the function w.
Let x € Q. and uy, := TF(inf F) for k € N. Then,

u(e) = lim wg () = lim Ty (o)

1-9
= 1= () lim sup W (ug; z,v) + hrn inf W(ug;z,v)| +6(z)F(x),
2 k:—>ool |= k—oo |v|=¢e
where W denotes the auxiliary function defined in (4). Thus, we need to prove the
equalities
lim sup W(uk;z,v) = sup W(w;z,v)
k—o0 |v|=¢ |v|=e
and
lim inf W(ug;z,v) = mf W (u; z,v).

k—oo |v|=¢ lv|=
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The first equation follows from the fact that the sequence {uy} is pointwise incre-
asing. For the second equation, we can assume x € {). Lemmas 3.1 and 3.2 imply
that W (ug;z,v) is continuous with respect to v for all k > 1. Therefore, we can
define the compact set

Cr(N) :=={v e R" : |v| =€ and W (ug; z,v) < A}
for A € R. Again, since {uy} is pointwise increasing, C11(A\) C Ci(A) for all k& > 1.
Now, let
A= lim inf W(ug;z,v).

k—oo |v|=¢
Because W (ug; x, -) is continuous for all k > 1, there exists vj € 0B,(0) such that

li?f W (ug; z,v) = W(ug; z, vf).

v|i=¢

This, together with the fact that {uy} is increasing, yields Cy()\) # 0 for all k > 1.
Thus by Cantor’s intersection theorem, we get

() Cr(A) #0.
k=1

Choose 7 € NP2, C(A) so that we can estimate

A< inf Wz, v) < Wy z,v) = lm Wugz,0) < A
|v|=e k—o0

The first inequality follows from the choice of A and the fact that {uy} is increasing.

In addition, we use the monotone convergence theorem in the first equality and the

choice of 7 in the last inequality. Therefore, the proof is complete. O

3.2. Uniqueness of solutions to (1). In this subsection, we prove the uniqueness
of solutions to (1). To establish the result, we first show that any measurable
solution of the equation (1) is between the solutions v and @. Then, we show that,
in fact, the functions u and @ coincide. For the first result, we need the following
technical lemma.

Lemma 3.4. Let u be a measurable solution to (1). Assume that sup F' < supgq u,
and let x € € be such that

u(z) > max{supF, supu)\} (14)
Q
for X > 0. Then, there exist |vg| = € and hy € BX° satisfying the inequalities
|z + hol> > x> + 270n &2 (15)
and
u(z 4 ho) > supu — c(a)A (16)
Q

with a constant c(a) > 1.

Proof. We obtain the inequalities (15) and (16) by analyzing the dynamic program-
ming principle (1). The proof is similar to the proof of Lemma 2.1. Since u satisfies
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(1), we have

u(e) < (1 - 6()) sup <a<z)u<x +v)+ B(x)

|v|=¢

u(z + h)d[,"_l(h)> +(z)sup F

By

< (1= 6(2)a(z) sup u(z +v) + (1 - 8(x))B(x) sup ]i D)L ()

|v|=e |v|=e
+ (z)sup F.

In addition, by utilizing the assumption (14) and u = F on O., we get

sup u(z + v) < u(z)+ A

lv|=e

Thus by (14), 0 < d(z) < 1, a(z) + S(z) = 1 and S(z) > Bmin > 0 for all x € Q, we
have

u(z) < sup][ u(x + h)dL" 1 (h) + Gmax ).
By

[v|=e min

By the definition of supremum, there must exist || = ¢ such that

u(z) — 2%A < ]{B w(z + h)dL 1 (h). (17)

Next, we define a set S C BY° depending on z and vy. If  # 0 and vy € span{z}
or x = 0, we define

S = {h eBY : |h| > (3/4)ﬁs}.
Otherwise, we set
S = {h € B : |h| > 277 ¢ and (x,h) > 0}.

Observe that in both cases, the Lebesgue measure of the set S is the same. Indeed,
it is clear that

L B) — £ B ) = £ (BEY)
By symmetry, we get
5"_1({h € B : (z,h) > 0}) = ﬁ"_l({h € BY : (z,h) < 0}),
and in the case x # 0 and vy ¢ span{z}, it holds
L' ({h € B¥ : (z,h) =0}) = 0.

Thus, we have

£rY(S) = icnfl(Bgo). (18)
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In addition, because (3/4)% > 2757 | the inequality (15) holds for each h € S.
The equality (18), together with (14) and (17), implies
supu < u(z) + A
Q

1+ amax

< ][ u(z + h)dL" 1 (h) + A\ ——"=
BZo Bmin

14+amax

1 n—1 n—1
e { /S w(w+h)dLm = () + /B g M (h)}—k)\ﬁmin

1 3 2\
4wz +h)dL R + Ssupu + .
4]{; ( ) ( ) 4 Qp Bmin

By rearranging the terms and multiplying by 4, we have
8A
supu — < ][ u(x + h)dL"*(h).
s

Q min
Hence, there must exist hg € S C BX° satisfying (16). O

IN

Proposition 3.5. Any measurable solution u to (1) satisfies
u<u<u
with u and @ the semicontinuous functions defined in (12).

Proof. By the monotonicity of the operator T, and the definitions of u and w, it is
enough to show that

inf F <wu<supF. (19)
Because u is a solution to (1), we have u(z) = F(z) for x € O.. Hence, we
need to show the estimate (19) for all x € Q. We focus our attention on the
second inequality, since the proof of the first inequality is analogous. We proceed
by contradiction and assume that

supu > sup F.
Q

By the assumption, for > 0 there exists a point z; € 2 such that
u(z1) > max {sup F,supu — 77} .
Q

The idea of the proof consists of finding a sequence of points {z;} satisfying
u(x;) > sup F for all j and |xj,| is big enough for some large jo > 1. This is a
contradiction, because u = F on O.. We obtain the sequence of points by using
Lemma 3.4 iteratively.

Choose an integer jo := jo(g,n,8) > 1 big enough such that

j277 €2 > diam(Q) (20)
for all j > jo. Then, we fix the constant > 0 small enough such that
1
0<n< o) <SL§12pu —sup F) (21)

with the constant ¢(o) > 1 from Lemma 3.4. We start from x; and choose x4
such that xo = x1 + hg with hg given by Lemma 3.4. Then, we have that |202|2 >
|z1|2 + 27572 and
u(zg) > supu — c¢(a)n > sup F.
Q
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If 25 € O, we get a contradiction. Otherwise, we continue in the same way. We

choose x3 such that x3 = xo + hy with hy given by Lemma 3.4. Then, we have that
2

|w3]? > |o1|? + 22772 and

u(z3) > supu — c(a)?*n > sup F.
Q

After jo — 1 repetitions, assume that z;, € 2. By the inequalities (20) and (21)

it holds for the point x;,41 that
[go1* > far [ + o277 e® > [ + diam(€)
and
w(wj41) > supu — c(a)’n > sup F.
Q

Since xj,+1 € 2, the contradiction follows. O

The next theorem, together with (13), implies that the semicontinuous solutions
to (1), u and W, coincide.

Theorem 3.6. Let u and @ be the semicontinuous functions defined in (12). In
addition, let ur and uyr be the value functions defined in (7). Then, we have that

u<ur<upg<u

Proof. To establish the result, we show that under a suitable strategy for the other
player, the process u(xy) becomes a supermartingale and the process u(zy,) becomes
a submartingale irregardless what the opponent does. Then, we are able to compare
the functions u and @ with the value functions of the game.

From the properties of inf and sup, it is clear that

ur < upp.
Thus, we need to prove that
ur <u and u < uj.

We only show up; < u, since the argument in the other case is similar. Let xg € Q)
and denote a strategy Sj for Py such that

W(M; 'rj7V]I'I) = inf W(Ma 'rj7V)
v|=e

vl
for all j > 0, where W denotes the auxiliary function defined in (4). By a measure
theoretical analysis, we can prove that this strategy is Borel measurable (for more
details, see, for example [22, Theorem 5.3.1]).

Fix any strategy St for Pi. Now, we can estimate

Eg?,s;l [w(zjt1)|xo, - ., ;]
1 - b(a)

= TJ [W(Q; Zj, V;+1) + W(y; xj, V]H+1)] + 5(1'])}7’(1‘])
1—06(z;

= % sup W(wie;,v) + inf W(wa,v)| +8(e)F(y).

|v|=e
Since w is a solution to (1), we have by the estimate above

ES s u(zjpa)lzo, - 23] < w(z;)
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for all j > 0. Thus, the stochastic process My, := u(zy) is a supermartingale, when
Pr1 uses the strategy Spj. By Lemma 2.1, the game ends almost surely, and since F
is bounded, we get by using the optional stopping theorem that

urr(vo) = inf sup ES 5 [F(2,)] < supEQ s [F(2,)] < u(wo).
Su §; ’ St I
Therefore, the proof is finished. O

Now, Theorem 3.6 and Proposition 3.5 imply the uniqueness of solutions to (1).
In addition, this unique function is continuous and the value function of the game.

Theorem 3.7. Let ¢ > 0 and let F' : I'. . = R" be a continuous function. Then,
there exists a continuous function ue : Q. — R™ with the boundary data F such
that it satisfies the dynamic programming principle (1). Moreover, this function is
unique and it is the value function of the game, i.e., ue = ur = uy with uy and ujy
defined in (7).

4. Local regularity. In this section, we give a local regularity estimate for functi-
ons satisfying (1) in Q\ I.. The dynamic programming principle in 2\ I. reduces
to the equation

u(a) = 1 [ sup (a(w)u(x o)+ 6(x>][

|v|=e BY

u(x + h)dﬂnl(h)>
(22)
+ inf (a(x)u(x +v)+ ﬁ(:x)][

|v|=e B

u(z + h)dﬁ”‘l(h)> } :

The regularity result is based on a method established by Luiro and Parviainen in
[11]. The method consists of several steps. First, we choose a comparison function
f having the desired regularity properties. Then, the idea is to analyze two different
cases separately. At a small scale, we need to control the effects arising from the
discretization. At a bigger scale, the key term of the comparison function is C|z—z|7
with z,z € R”,0 < v < 1 and C > 0 big enough.

In the second step, we aim to prove that the error u(z) —u(z) — f(x, z), where u
is the solution to (22), is smaller in (By x By)\ T than in (Bs x By)\ (B1 x B1\T)
with both sets belonging to R?". The set T is the set of points (z,2) € R?" such
that = z. Then, we thrive for a contradiction by assuming that the error is bigger
in (B1 X Bl) \ T.

As a final step, we get a contradiction by using a multidimensional dynamic
programming principle for the comparison function f. In the proof below, intuition
based on suitable strategies is helpful even though we do not write down stochastic
arguments.

Theorem 4.1. Let (x,2) € Br X Br, Bar C Q and
0<y< Gmin _ (23)
am(lil]
for arbitrary small k € (0,0zmm/amax) With Qmin, Wmaz defined in (3). Then, if u

satisfies (22), we have

x—z|7 eV
lu(z) —u(z)| < C’% + Cﬁ (24)

with C := C(Pmin, Pmaz, M, R,supp, . u,7), 0 < & < 1 and pmin, Pmas defined in (2).
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Proof. By using a scaling x — Rx, we can assume that R = 1. In addition by
translation, it is enough to consider the claim (24) in the case z = —z. For simplicity,
we assume supg, g, (u(z) —u(z)) < 1.

Given C > 1, let N € N be such that

102C
-

N>

Then, we define the following functions in R?”
fl(!L',Z) = C|{E—Z|’Y + ‘.’E+Z|2,
C2IN=Dgv if (2,2) € A,
f2(xvz) =

€
0 if |z — N—
if |[z—2z|> 10’

f(x,z) = fl(xvz) —fg(.%‘,z)

with A4; = {(a:,z) cR?™ : (ifl)lio < |z —z| Sz%} for i = 0,1,...,N. The
function fs is called an annular step function, and it is needed to control the small
scale jumps. Note that we have sup fo = C?Ne?7 reached on

T:=Ao={(z,2) eR*" : x=2z}.

It holds that f; > 1in (Bg x Bs) \ (By x Bi). Here, we need the term |z + 2|?
in the function f;, because

|z + 22 = 2lz)* + 22> — |z — 2|* > 3

for all 2,z € (By X By) \ (B x By) such that |z — z| < 1. Therefore, together with
u(z) —u(z) <1in By X By and u(z) — u(z) = 0 in T we have

u() —u(z) = f(z,2) < sup fo = C2Ve, (25)

if (z,2) € T or (z,z) € (B2 X Ba)\ (By x By). We have to show that this inequality
is also true in (By x By) \ 7. Thriving for a contradiction, write

M = sup (u(z) — u(z) — f(z,2))

(x,2)€B1xB1\T
and suppose that
M > C*Nev,
By (25), this is equivalent to

M= sup (u(@)—u(z) - f(z,2)). (26)
(z,z)€B2x B2

For all n > 0, we choose a pair of points (x, z) € (By X By) \ T such that
M < ufe) —u(=) = f(a.2) + 5. (27)
Then by (22), we have

u(z) —u(z) < % sup (W(z,v,) — W(z,v,)) + % inf (W(x,v,) —W(z,v.)), (28)

V(IJQVZ V1‘7VZ

where W is the auxiliary function defined in (4).
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Given |vy| = |v,| = ¢, let P, _,_ denote any rotation that sends v, to —v,. By
recalling a(z) + f(z) = 1 for = € , we can decompose the difference W(z,v,) —
W (z,v,). For simplicity, we may assume that a(z) > «(z). Thus, we get

W(z,ve) — W(z,v) = a(2) [u(z + ve) — u(z + 1))

B ]l Pun ) = (e + )AL () )

+ (a(a) - a(2)) [u(wm)— £t macr )

Vz
€

Next, we use the counter assumption (26) to estimate each of the terms in (29) from
above. Consequently, we can estimate

u(y) —u(y) < M+ f(y.9)
for all y,y € Bs. Then, we define

G(f, @, 2,Vz,v;) i= a(2) f(x + vy, 2 + 1)

+ B(x) i~ fle+ P, v h,z+ h)dﬂ”_l(h) (30)

+ (afx) — a(z))]{guz f(x + vy, 2+ h)dL " (h).

Thus, we have

W(z,vg) = W(z,v,) < M+ G(f,x,2, Vs, V). (31)
By taking the supremum, we obtain
sSup (W(Z, Vm) - W(Z7 VZ)) S M + sup G(f,I7Z, Vg, VZ)' (32)

On the other hand, choose |g,| = |0:| = € such that
inf G(f7 Ly 2, Ve, Vz) > G(fv T, 2,00, 02) — -

This together with (31) yields
inf (W(I> Vx) - W(Za Vz)) SW(QJ, Qm) - W(Z, Qz)

<M+ G(f,x,2,0s,0:)
<M + inf G(f,z,2,ve,v.) +1.

Vg, Vz

Therefore, by applying this inequality and (32) to (28) we get

u(z) —u(z) < M+ % sup G(f,x,z,vs,v,) + inf G(f,x,z,v.,v,)| +

Vi,V VasVz

N3

Combining this with (27), we need to show
sup G(f,x, z,vg,v,) + inf G(f,x,2,v,,v,) < 2f(x,2).

Vg, Vz

This inequality follows from Proposition 4.2 below. Consequently, the equation (25)
holds in By X Bs. O

Proposition 4.2. Let f and T be as at the beginning of the proof of Theorem 4.1,
and fix x,z € By x By \T. In addition, let G be as in (30). Then, it holds that

sup G(f7x7Z7VZ7VZ) + inf G(f,$,27Vm,l/z> < Zf(xaz)

Vg, Vz
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The main part of the section is to show this estimate for G. This is done in
several steps below.

4.1. Proof of Proposition 4.2. Let V' C R" be the space spanned by z — z # 0.
We denote the orthogonal complement of V by V1, i.e.,
Vi={yeR" : (y,z—2)=0}.

Given any y € R™, we can decompose y = yy (¢ — z)/|x — z| + yy 1, where yy € R is
the scalar projection of y onto V and y-. € V1, respectively. For the decomposed
point it holds

T —z
yv = <y7 |LE—Z|>,

2
lyvil =\/1yl” — i

By using this notation, the second order Taylor’s expansion of fj is
fil@+ hgyz+hy) = fi(z, 2)
= Cylz— 2" (he — h.)v + 2(x + 2, hy + h.)
507|023 = e = )} + (e — by}
t B + he|* + €2 (ha, he),
where &, ;(hg, h,) is the error term. In the above, we used the calculations

(Vfi(z, 2), (Y A7) = Cyle — 2|72z — 2, hy — h2) + 2(x + 2, hy + D)

(33)

and
2, | A —A I 1
with
A= Crylz — 2772 (7—2)u®g+1.
|z —z| |z — 2|

The matrix I stands for the n x n identity matrix, and we denote the tensor product
of two vectors by ®, i.e., h ® s :== hs? for vectors h,s € R™. By recalling the
elementary formula h” (s ® s)h = (h, s)? for all h,s € R", we get (33).
By Taylor’s theorem, the error term satisfies
3 _
|gx,2(hzvh2)| <C |(h£7h3)| (|Jz — 2| — 2¢)7 37

if | — z| > 2e. With the choice N > % and if |z — z| > e, we can estimate

o) < 0C22° (257

c (34)
|z — 2|

< 64Ce3 |z — 2772

<10)z — 27722,

because |h;|, |h.| < e. Therefore, to prove the result, we distinguish two separate
cases. In the first case, we have |z — z| < %5 and in the second case, we have

|z — 2| > fEe.



TUG-OF-WAR GAMES AND THE p(z)-LAPLACIAN 931

Proof of Proposition 4.2: Case |x — z| < N5. In this case, we do not utilize the
formula (33). We use concavity and convexity estimates for the terms in f; and the
properties of the annular step function fs. For z,z € By and |hy|, k.| <e < 1, it
holds

[fi(x+ heyz+h,) — f1(z,2)] < 2Ce” 4+ 16e < 3CeY
for C' > 16. Consequently by (30), we have

sup G(flaxvzvhzvhz) < fl(l’,Z) + 3Ce".
h'177hz

Together with fo > 0, these estimates yield

sup G(f,z,z,hy, hy) < fi(z, z) +3Ce7. (35)
hah,
Find i € {1,2,..., N} such that (i — 1)75 < |z — 2| < i and choose |v,],|v.| < ¢
such that (z + v,z +v,) € Aj—1. Then for C > 1 large enough, we can estimate

sup G(f27x7zahx7hz) > G(fg,%,z,l/z,l/z)
hyohe

A%

a(Z)fg(.’L‘ + Uy, 2+ Vz)
= a(z)CQ(N_i+1)67

~ a(2) (c? - %

> 6CeY + 2f5(x, 2),

) C2N=9)g7 4 2fa(x, 2)

where we use fo > 0 in the second inequality and a(z) > qmin > 0 for all z € Q in
the last inequality. Therefore, by f = f1 — f2 and (35) it holds

in}f; G(faxaz>hwahz) < sup G(f17x7zah9:7hl) — Sup G(fQ’va7hwahZ))

P . zshz
< fi(z,z) — 2fa(z,z) — 3Ce".
Combining this inequality with (35), we get

sup G(f,xz,z,hy, h,) + hin}t; G(f,x,z,he, hy) < 2f(x, 2).
B shs o he

Hence, the proof of the case is complete.

Proof of Proposition j.2: Case |v — z| > N45. In this case, fa(x,z) = 0 and hence
/= fi1. We apply (33) to get the result. For n > 0, let v, v, be such that

sup G(f7xazvhzah2) S G(f,I,Z,l/ngz) +77
ha,hz

Therefore for any |o.|,|o.| < €, we get the following inequality

sup G(f,x,z,hz,hz)Jr inf G(f,:ﬁ,&hmhz)
ha,hy ha,h,

< G(fa T, 2y Ve, Vz) + G(fv Z,z, 0z, Qz) +1n.
By (34) and |hg]|,|h.| < €, the last two terms in (33) are bounded above by

(36)

(4410 ]z — 2|7 7%)e2.
We denote
E:=FE(f,z,z,7v,¢) = f(z,z) + (44+ 10|z — z|'772)527
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and recall the notation P} s denoting the rotation sending h to s for any vectors
|h] = |s| in R™. By (36) and (30), it suffices to study
[1] := G(f, @, 2,va,v2) + G(f, %,2,00,0:) — 2E
=a(2) [f(x + vy, 24+ 1)+ f(x+ 02,2 + 0.) — 2E]
+ B(x) [ fla+ Py, —y bz +h)dL ™ (h)

vz
B

+ flx+ Py _p hyz+h)dL" (R) —2E} (37)
Be=

+(a(z) - a(z)) []{3 L fatve 2+ )L™ (h)

+ f(x+ 0p, 2+ h)dL" ' (h) — 2E

oz
B¢

For simplicity, we decompose the previous expression into three terms to be exami-
ned separately, i.e.,

(1] = a(2)[I1] + B(2)[I11] + (a(z) — a(2))[IV]. (38)
Then by (33), we have
[II] < Cyla — =" [(ve = v2)v + (00 — 02)V]
+ 2<x + z, (Vm + Vz) + (Qm + QZ)>
#3507k =7 = 1) [ = 1)} + (e — 03]

+ ||V — VZ)VL|2 + [(0x — Qz)VL|2:| }

(39)

Note that the first order terms in [III] vanishes when we integrate over the ball.
Therefore, we can estimate

[I11] < %C’y |z — 2772
' {]{B [(7 ~D(h =Py, h)y +|(h = P =y, h)ye |2] 2 O

+]{392 [(7 —1(h— sz779zh)%/ + [(h — szfgzh)VLﬂ dﬁnl(h)}.

In addition, it holds
[IV] < Cyle — 277" (v + 02)v + 2(z + 2,V + 02)

1 _
+§C’7|x—z|7 2.

- {]{B [(v ~ 1) (Ve — )& + | (v — h)y s ﬂ ALY (h) (41)

+]{392 {(v —(ea — MY + ez — h)wﬂ dm—l(h)},
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We distinguish between two cases depending on the value of (v, — v,)% and fix
70 < 7 < 1 with 0 < 79 < 1 defined later.
a) Case |(v, — v:)v| > (74 1)e: In this case, we choose g, = —v,, and 9, = —v,. By
replacing these vectors in the inequalities [II], [III] and [IV] and using symmetry,
we obtain

00 < Cyle = 2772 (3 = D = va)} + | = v)va P

[II1] < Cy |z — z|7*2]{9u ((h— Py, 0, h)yo|?dL Y (h),

[IV] < O[22 l(v—l)][ =W ) f b a0

We used v — 1 < 0 and the choice P,, _, = P_,_,, in the estimate for [IIT]. By
assumption, it holds (v, — v,)} > (7 + 1)%c? implying

(Ve —va)ye | < [A— (7 + 1)) €2
Thus, we need to obtain uniform bounds for the terms (v, —h)%, |(vy — h)y - ? and
\(h—P,, . h)yo|* for h e B,

The assumption |(v, — v,)v| > (7 + 1)e, together with |v.],|v.| < e and Pytha-
goras’ theorem, implies

Te < |(v)vl <, 0< |(va)ye| SVI—72¢,
re<|m)vl<e, 0|y SVI-TPe

Moreover, the same facts yield

(Ve +v)v| < (1 —7)e and |(vy+v)ye| <2V1—-72¢.
By combining these and using Pythagoras’ theorem, we get

Ve +1v.] < V8VI—Te¢, (43)
since 7 < 1. Let h € BZ. Then, we have
0=(hvz) = hv(vz)v + (hve, (2)vs)

(42)

implying
ho — (hy s, (vz)ye)
e 2
(VZ)V
In addition by applying this equality together with (42) and |hy 1| < |h| < g, we

obtain
V1—r712,

€

lhy| < =
-

Consequently, we get the estimates

()

(Ve —h)y > T )¢ (44)

and

(e = By ] < Nwa)yal + [ava] < (14 V1= 72)e. (45)
We can assume that 7y is close enough to 1 guaranteeing the positivity of the
quantity 7 — 771v/1 — 72. In order to obtain the last estimate needed, we recall
that P,, _,, is any rotation sending the vector v, to —v,. In particular, we choose
a rotation satisfying

|h— Py, v, bl <|v. = P, V2| = |v: + 14
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for every |h| < e. Hence by recalling (43), we get
|(h =Py v h)ye |2 < 8(1 7). (46)

By replacing the estimates (44), (45) and (46) in [II], [III] and [IV], we can
calculate

[ < Cylz — 222 [(v - 1)(r + 1)2 +4— (1 +1)?],
[III] < Cvy |z — 2|7 22 [8(1 — 7)],

V] < Cyle =277 |(v=1) (T_ 1772> (1 \/ﬁ)2

In addition by (38), we get
[0 <[V]-Cyle—z"7% &,
where [V] is equal to

m)z

T

(v =1) [a(2) (1 +1)* + (a(z) — a(2)) (T -

+ (a(z) —a(z))(1+ V1-172) +az)[ (T+1)2)]+6(x)8(1—7).

The assumption on + in (23) implies that we can choose 79 := 79(k) < 1 close
enough to 1 such that the previous expression is negative, i.e.,

[V] < (v = 1)(4a(z) + afz) — a(2)) + a(z) — o(2) + Kmax

< 4('}/amax - arﬂin) + KQmax
<0.

Now, by recalling (37), we have
G(f,z,2,Vg,v2) + G(f, @, 2, Wy, w,) — 2f(, 2)
<82 4+ (204 [V] - Cy) o — 2|72 2.
By choosing C > 1 large enough, we obtain
(204 [V]- Cy) |z — 2|72 €% < =10% & — 2|7 % &% < —107&2.
This estimate yields
G(f,x,2,Vz,v) + G(f, 2, 2, Wy, w,) — 2f (x,2) <O0.

b) Case |(vz — v.)v| < (7 + 1)e: In this case, the first order terms in (33) imply the
result. By choosing g, = |i 5 and o, = ¢ ‘m zl in V and utilizing these in (39),
(40) and (41), we get

[II] < Cy |z — z|771 (Ve —vy)v — 2]+ 2(x + 2, vp + 1)

1 _
+ 5070 =22 { (= 1) [ =)} + 48] + 0 — v P
] < SO fo— 272

: {]{? {(v ~1)(h=P,. W) +|(h—Py. . h)ye Iz} dﬁ"—l(h)}

€



TUG-OF-WAR GAMES AND THE p(z)-LAPLACIAN 935

and
T —z

(IV] < Cylz - 2\7_1 [(va)v —e]l +2(x + 2,0y, —€

)

|z = 2|

R L { ]{3 . (v = D e = W} + (v = )y [P] AL (1)

+ (y—1)e? +][ |h)? dcnl(h)}.
BI*
The second order terms in these inequalities can be estimated above by
3Cy o — 2" 2 2
In addition, we deduce that (v, — v,)y < [1 + (TTH)Z} €. Therefore, we have
2
(T + 1) 1
2
[III] < 3CH |z — 2|7 % &2,
[IV] < 4|z + z|e +3Cy o — 2|2 2.

[II] < Cylz— 2! e+4lz+z|le+3Cy|z— 27722,

By combining all these and recalling (37) and (38), we get
G(f7 X, 2, Vg, Vz) + G(f,l', Z, Oz, Qz) - 2f($, Z)

_ 1\?
< Ca(z)yle — 2" <T; > — 1| e+4a(z) |z + 2| e + 82

+ (20 + 3C) |z — 2|7 % &2

—_

T+1\? ] 2
< Cafz)yle— 2" < > - €+852+<7+C>7|x—z|715

2
2
T+1
— 1] p + 8%
(54 )
As in the previous case, we can choose the constant C' > 1 large enough to ensure
the negativity of the previous equation. Thus, the proof is complete.

<7vlz-— Z|’Yl€{’7+ 1+ Camin

5. Regularity near the boundary. In this section, we show that the value
function of the game is also asymptotically continuous near the boundary, if we
assume some regularity on the boundary of the set. The proof is based on finding
a suitable barrier function and a strategy for the other player so that the process
under the barrier function is super- or submartingale depending on the form of the
function. Then, the result follows by analyzing the barrier function and iterating
the argument.
Fix r > 0 and z € R™ and define a barrier function

v(ix)=alr—z|7+0b (47)

for all x € R™ \ B,(z) with some constants o < 0, a < 0 and b > 0. Recall the
auxiliary function W defined in (4). First, we prove the following properties of the
function v.
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Lemma 5.1. Let v > 0 and z € R™ and define the function v as in (47) with
constants a < 0, b >0 and o < 0. Then, there is a constant C' > 0 such that

sup W(v;z,v) < W(v;x7€|x_z|> + Ce3 (48)
= r—z
and
W(v;x,sH> + W(v;x, 5H>
|z — 2| |z — 2| (49)

< 2v(x) + e%ao|r — 2|72 (ﬁ(x) +a(z)(oc — 1)) + Ce?
for alle >0 and x € R™\ B,.(2).

Proof. To establish the result, we apply Taylor’s formula to the function v. The
function v is real-analytic so we obtain by Taylor’s formula

v(z +h) =v(z) + (Vo(z),h) + %<D2v(x)h, h) + O(|h|*)
(h,x—2z)?

|z — 2]

1
= v(m)+§aa\xfz|°_2 <2<xz,h>+|h|2+(02)

)+ounp

for all h € R™. Let C > 0 be big enough so that |O(|h|*)| < Ce® for all || < e.
The function v is radially increasing, and the average integral over the first order
term of v vanishes. In addition, we have

/ (hyx — 2)2dL"(h) = 0.
BZ™*

Thus, Taylor’s formula proves the equation (48).

Next, we prove the equation (49). Recall the notations V' = span{z — z} and the
orthogonal complement V+. For a vector h € V such that h = (z — 2)e/|x — z|, we
get

1
v(x + h) <ov(z)+ §a0|x — 2|72 (2\90 — zle +%(0 — 1)) + Ce3.
Therefore, we obtain
v(x + h) +v(x — h) < 20(x) + 2ao(o — 1)|z — 2|72 + Ce>. (50)

Also, for any vector y € BZ~*, we have (y, x —z) = 0. Hence, by a short calculation,
we have

1
][ v(z +y) dﬁn_l(y) <wv(x)+ Ced + §a0|x — z|‘7_2][ |y dcn(y)
B;Yﬁz B\Trfz

e

1 -1
=v(z) + Ce® + §aa|x — 2|7 722 (Z n 1).
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Thus, this inequality together with BZ~* = B*~* and (50) implies
W(vz,e~—2 ) s w(ve, -2
|z — z| |z — Z|
x—z T —z
=az)|vlz—c¢ +ovlz+e
|z — 2| |z — 2|

+28(x) ][B o(@ + h) AL ()

< 2v(x) + %aolr — 2|72 (ﬁ(x) + a(z)(o — 1)) +2C¢3. O

Next, we prove the main theorem of this section. To get the result, we need to
assume some regularity on the boundary of the set (2.

Boundary Regularity Condition. There are universal constants rg,s € (0,1)
such that for all r € (0,79] and y € 0N there exists a ball

Bsr(2) € Br(y) \
for some z € B,(y) \ Q.

Assume that the set ) satisfies this boundary condition. Then, the following
theorem holds.

Theorem 5.2. Let y € 02 and r € (0,ro] with o € (0,1) and the ball By, (z) C
B.(y) \ Q given by the boundary regularity condition. Let u be the solution to (1)
with continuous boundary data F. Then for all n > 0, there exist g > 0 and k > 1
such that
u(zg) — sup F<n (51)
Bua,(2)NTe ¢

forall0 < e <eo <1 and xg € By—r,(y) N Q..

Proof. The idea is to find a suitable barrier function so that by Lemma 5.1, if P
pulls towards the point z € B,.(y) \ €, the game process inside the barrier function
is a supermartingale. Then by utilizing the properties of the barrier function, we
get the result by iteration.
Choose a constant 0 < 6 < 1, independent of 7, such that

s7 —29

§7 — 49
with the parameter s > 0 from the boundary condition and a parameter o < 0 that
will be defined later. We extend the function F' continuously to the set I'y ; and use
the same notation for the extension. Then, we choose k > 1 big enough such that

Ok(supF — inf F) <.
Iy1 Tia

0 .=

In addition, we denote the constants
by :=sup F
Te.e

and

by := sup F.
Byr(z)NTe e

Thus for the chosen k, independent of ¢, it holds
9”” (bU — b4r) <. (52)



938 A. ARROYO, J. HEINO AND M. PARVIAINEN

We define a function v, such that
vp(z) =alx — 2|7 +b

in Byor,.(2) \ Bgi-rg-(2). The constants a < 0 and b > 0 can be calculated from
the boundary values
v = bar + akil(bU — b4,~) on 83424%(2) (53)
b47« on aB417kST(Z).

If by = by, it holds a = 0 and b = by. Otherwise, the values are a < 0 and b > 0.
We consider the case with a < 0, since the proof of the other case is clear.

We extend the function vy to the set R™\ Byi-r,,._o.(2) and use the same notation
for the extension. We may assume that zg € 2, and observe that

2o € Byi—r,p(y) NQ C QN By gi-r,.(2) \§417}c5r(z). (54)

Assume that P; plays the game by pulling towards the point z given a turn, i.e.,
he moves the game token by the vector —e(x,, — 2)/|zm — 2|, if he wins the mth
toss. This strategy is denoted by Sj;. Also, fix a strategy for P and denote it by
Sy

By using Lemma 5.1 for all m > 1, we can estimate

E?I),SI*I [Ulc ($m+1)|1‘0, R zm]
1—6(z, .
: 2(x)< sup W (vgs 2, v) + W(vk;zm, s””z|>) + 8(m) F ()
= p—
1-4 m B
< # (QUIc(JTm) + a0z, — 2|72

(B + ()0 = 1) +205°) + (e )

for some C' > 0. Next, we need to choose the constant ¢ < 0 small enough. Recall
that amin > 0. Let us fix the value

2

o= (Qmin — 1)

Qmin
implying
B(xm) + a(zm)(c —1) < =1
for all z,, € 2. In addition, we have
ao |z, — 2|77% > ao(diam(Q) + 1)0_2 >0

for all z,,, € Q. Thus by choosing &g := £¢(min, T, 2, k) > 0 small enough, we can
ensure that

]E?;,Sﬁ [k (Timi1)|Tos - oy ] < (1 — 5(xm))vk(:cm) + 6(xm) F(zm) < vg(zm)
for all € < €5. We have shown that the process
My, = vi(Tm)

is a supermartingale, when Pj1 uses the strategy Sj; and P; uses any strategy Si.
Define a boundary function F,, : I'c . — R such that

ka = 'Uk‘f‘e,e'
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By Theorem 3.7, we have v = uy with u; the value function for P; defined in (7).
Since F' < F,,, (M,,)°_, is a supermartingale, F,, is bounded and 7 < oo almost
surely, we can estimate with the help of the optimal stopping theorem

u(zg) = sup inf Efg[l’ Sir [F(mT)] < sup Eg?s* [F(:rT)]
S St ’ S 911
<Sup B s [Foy ()] < vp(o).
SI a8

By using the boundary values (53), we can calculate the constants a and b in the
function vy and deduce by (54) that

Ok(20) < bay + 0% (by — bay).

Hence by (52), we have shown the estimate (51). O

Corollary 5.3. Let > 0 and let u be the solution to (1) with continuous boundary
data F. Then, there is a constant T € (0,79] such that for all r € (0,7] there exist
constants k > 1 and €9 > 0 such that for any y € I'c . it holds

u(zo) — Fy) <n
for all e < eg and 2o € By—r,.(y) N Q.

Proof. First, assume that y € 9Q. Theorem 5.2 implies that for any r € (0,r¢],
there are constants k£ > 1 and ¢y > 0 such that

u(zg) — sup F< A

Bur(2)Ne e 10

for all € < g9 and ¢ € By, (y) N Qe. Let y* € By (2) NTe . be such that

sup  F < F(y") i

Byr(2)Nle ¢ 10
The boundary function F' is continuous on the compact set I'c ., so there is a
modulus of continuity wg for the function F. Thus, we can estimate

u(zo) — F(y) = uc(z0) — F(y") + F(y*) — F(y)

<u-— sup F+Q+WF(|y*_y‘)
Bap(2)ATs.c 10

< g +WF(|y* —y|).

It holds |z — y| < r implying the estimate |y* — y| < |y* — z| + |z — y| < 5r. We
choose 7 > 0 so small that

n
5 s
wr(br) < 10

for all r < 7. This yields that for any r < 7, we have

u(wo) = Fly) < 5
for all € < g9 and wg € Byi—,.(y) N Q.
Next, assume that y ¢ 9. Pick a point y, € 9Q such that y € B.(yp). We

choose £ > 0 so small that
wr(eo) < g
This implies that
|F(y) = F(y)| < wr(ly—wl) < g
for all € < g¢. Since y; € 92, we can use the estimates above to get the result. [
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Remark 5.4. By using a similar argument to Theorem 5.2, it holds for all y € 02
and 1 > 0 that there exist ¢y > 0 and k£ > 1 such that

- inf F>—
wleo) =, B "

for all 0 < e < g9 < 1 and x¢ € Byi-x,(y) N Q.. Hence, we have for all r > 0 small
enough, k£ > 1 big enough and € > 0 small enough the lower bound

u(zo) — Fy) > —n
for y € I . and g € Byi—x,.(y) N Q.

6. Application. In this section, we prove that the uniform limit of functions sa-
tisfying (1) as € — 0 is a weak solution to the normalized homogeneous p(z)-Laplace
equation

Aﬁz)u(x) = Au(z) + (p(x) - Z)A]ovou(x)

= Au(z) — Al u(z) + (p(z) — 1) AN u(z) (55)

= 0.
This equation is in a non divergence form so we define weak solutions via visco-
sity theory. There is a related version of the equation (55), called a strong p(x)-
Laplacian, in a divergence form, which has recently received attention and studied
using distributional weak theory (see for example [1, 23, 17]). For some questions,
the viscosity point of view is very natural in the sense that the equation (55) has

the Pucci operator bounds used for example in Section 4 in [3].
We define for all vectors x, h € R™ and symmetric n X n matrices X

hih;
Fp(e) (2, h, X) := trace(X Z |h|2JX” + p(x Z |h|2

These functions are discontinuous, when A = 0. Therefore, we define viscosity
solutions via semicontinuous extensions. For more details about the extensions, see
for example [5, 4]. We denote by Amin(X) and by Apax(X) the smallest and the
largest eigenvalues of a symmetric matrix X.

Definition 6.1. A continuous function u :  — R is a viscosity solution to the
equation (55), if for all z € Q and ¢ € C? such that u(z) = ¢(x) and u(y) > ¢(y)
for y # x we have

(02 Bl T, D00 it V() £0,
0 > Amin((p(z) — 2)D%¢(2)) + trace(D?¢(z)), if Vo(z) = 0.

We also require that for all z € Q and ¢ € C? such that u(z) = ¢(z) and u(y) < ¢(y)
for y # x all the inequalities are reversed, and we use A in the role of Apyin.

(56)

It is equivalent to require that u — ¢ has a local strict minimum at x instead of
u(z) = ¢(x) and u(y) > ¢(y) for y # x (see for example [9]). Next, we prove that
by passing to a subsequence if necessary, the value function of the game converges
uniformly to a solution of the equation (55). To prove that the limiting function u
is a viscosity solution to (55), we use an argument similar to the stability principle
for viscosity solutions. We apply the DPP (1) for a test function ¢ € C? and deduce
the connection by utilizing the uniform convergence.
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Theorem 6.2. Let u. denote the unique continuous solution to (1) with e > 0 and
with a continuous boundary function F' : I'. . — R. Then, there are a function
uw:Q — R and a subsequence {;} such that u., converges uniformly to u on Q and
the function u is a viscosity solution to (55) with the boundary data F'.

Proof. To find the function u, we use a variant of the Arzela-Ascoli’s theorem (see
for example [16, p.15-16]). By Theorems 4.1 and 5.2 together with Remark 5.4,
the assumptions for Arzela-Ascoli’s theorem are satisfied and hence, there exist a
continuous function u on © with the boundary values F' and a subsequence {&;}
such that u., — u uniformly on Q as i — oo. Thus, it is enough to show that u is
a viscosity solution to (55).

Let 2 € Q and ¢ € C? such that u — ¢ has a strict local minimum at z. Then,
we have

inf (u—¢) =u(z) - o) <ulz) = ¢(2)

B, (x)
for some r > 0 and for all z € B,.(z) \ {z}. The uniform convergence yields
i _ _
Blrr% ,)(us ¢) <ue(z) — ¢(2)

for all z € B,(z)\{z} and for all ¢ > 0 small enough. Thus, we can use the definition
of the infimum and deduce that for all 7. > 0, there exists a point z. € B,.(z) C Q
such that

us(xa) - ¢($5) S 'U/E(Z) - ¢(Z) + Ne
for all z € By(x) and ¢ > 0 small enough with z. — = as ¢ — 0. We define
¢ 1= ¢+ uc(x:) — ¢(zc) so that
p(ze) = ue(we) and ue(2) > p(z) — e
for all z € B,.(z). Therefore, these together with the fact that u. is a solution to
(1) imply
ue(ve) = Teue(ve) > Tep(we) — (1 —6(2e))ne
= sﬁb(‘rs) —Ne + u8<$5) - ¢(I5) + 5(m6)A57
where we use the monotonicity of T, and denote A; := 1. + ¢(x.) — uc(x.). This
inequality yields

Ne 2 Taﬁb(me) - ¢($e) + 5(558)/\8 (57)
By the Taylor’s expansion of ¢ at x. with |v| =1, we get
1 1 2
50@e +ev) + J0(a. — ev) = d(e.) + S(D*B(a v v) +o(?),  (58)

2
€
e+ h)dL" N (h) = ¢(ae) + 5——
Ol WAL (8) = 6(ee) + 5
In (59), we utilize the orthonormal basis V including v and an orthonormal basis
for vt to obtain
1 2 n—1 e?
S (D0, mydLn () = 5
By

A, d(z.) + o(e?). (59)

— A
2 (n + 1) l/Lgb(xE)
in a similar way to [15]. Here, the operator A, denotes the Laplacian on the plane

vt e,
n

Ayid(ze) =Y (D*b(ze)v),v5)

Jj=2
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with vs, ..., v, the orthonormal basis vectors for v-. Observe that

A(z) = trace(D?*¢(2)) = A, 1 ¢(2) + (D*¢(2)v, v) (60)
for any |v] = 1 and z € Q. To see this, we apply the orthonormal basis V and a
change of variables 1 = v,25 = vs,...,2, = v,. Then, we deduce the equation

(60) by the chain rule.
There exists a vector Vmin := Vmin(€) minimizing

a(z:)p(ze +ev) + () - d(xe + h)dL 1 (h) (61)

with |v| = 1. Thus by (58) and (59) with v = v, and the fact that —v+ = vt we
obtain

T.é(z:) :%(wg) |51‘1:p1 (a(me)d)(xg +ev) + B(xe) - d(xe + h)dﬁn—l(h)>
+ 100 (am)qs(oce o)+ (e f oo+ h)dc“(m)
+6(we) F(2e)
>(1— 5(5”5))&(;6) {0(xe + eVmin) + O(@e — €Vmin) }
+ (=SB f | oo+ WAL ) + 5w F(a) + ol
= — o(x ZT — o0\x ﬁ<x€)€2 L ZT
== 8(a)o(ee) + (1= 3(r) S A o)

+ (p(w2) = (D6 haim, viin) }
+ 6(w)F(z2) + ().
By this estimate and (57), we have

A €L gb(xa)

| 2
min

ne 2 —@lze) + (1= 6(z6)>{¢<z5) + %{

0 (62)
+ (p(2) = 1)(D*6(w-)Vimin: Ynin)|
+8(z.) (F(z:) + As) + o(€?).
First, assume that |V¢(x)| # 0. Then by . — = as € — 0, it turns out that
Vo(x) ]
Vmin — — = Vmin
V()|

as ¢ — 0. Here, we need the fact that ay,in > 0, i.e., pmin > 1. In addition by (60),
we have

(63)

A 0(@) + (p(x) = (D> G(2)Vin, Vinin) = Dplay 6(@). (64)

Choose 7. = o(g?), divide both sides in (62) by €2 and let ¢ — 0. Therefore by (62),
(63), (64) and the facts that x. — 2 and 6(z.)e~2? — 0 as € — 0, we obtain

> S A o),
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By () > Bmin > 0, we get the inequality A]])Vm)gb(x) <0.
Next, assume that |V¢(z)| = 0. By (60), we have
Az/ﬁill(ﬁ(mé‘) + (p(xe) - 1)<D2¢(x8)l/mina Vmin>
= A(ZS(I) + (p(xe) - 2)<D2¢(x6)7/mim Vmin>'

Assume that p(x) > 2. Then by the continuity of p and z. — = as e — 0, we have
p(zs) > 2 for all € small enough. Thus, we can estimate

(p(ze) — 2)<D2¢(xa)l’mim Vmin) > (P(2:) — 2)/\min(D2¢(x€))
for all & small enough. As above, this estimate together with (62), (65) and the
continuity of z — Amin(D?¢(2)) imply
0> Ad(z) + Amin((p(z) — 2)D?¢(x)).
The cases p(z) = 2 and p(z) < 2 can be treated in a similar fashion.
To show the required reverse inequality, we choose |Vmax| = 1 such that it maxi-

mizes (61), and we consider the reverse inequality with ¢ € C? such that u — ¢ has
a strict maximum at x. The proof is analogous to the above. O

(65)
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We show that a uniform measure density condition implies game regularity for all 2 < p < oo in a stochas-
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1. Introduction

The profound connection between stochastic processes and classical linear partial differential
equations has been pivotal. For example, this connection was made use of in [8,9] to estab-
lish regularity result for the second order equations in a non-divergence form. Recently, a con-
nection between nonlinear infinity harmonic functions and tug-of-war games was discovered in
[15]. Later in [16], the authors found a stochastic game related to p-harmonic functions. They
proved among other things by using a game approach that in a game regular domain there ex-
ists a p-harmonic function extending continuously to the boundary with the given continuous
boundary values. However, a problem asking if a regular boundary point for the p-Laplacian is
necessarily game regular was left open.

We study a modified version of a “tug-of-war with noise” developed in [13] and also related to
p-harmonic functions. First, the players choose a step length € > 0 and a starting point xo. Then,
they toss a biased coin, and if they get heads (probability «), the players play a “tug-of-war”, that
is, they toss a fair coin and the winner of the toss can move the game position to any point of
the open ball centered at xo and of the radius €. If in the first toss, they get tails (probability ),
the game point moves according to the uniform distribution in the open ball centered at xp and
of the radius €. After the first move, the players play the same game from the new game position.
The game ends, when the game position exits the game domain for the first time. In the end,
Player 2 pays to Player 1 the amount given by the payoff function at the first point outside the
domain. We consider this version of the game because the players do not affect the direction of
the noise and hence, we can prove sharp enough estimates for the density of the noise.

We give a stochastic proof that a uniform measure density condition implies game regularity
(Theorem 3.7). Roughly, a boundary point y is game regular, if Player 1 has a strategy to end the
game near y with a probability close to one whenever the game starts near y as well. A boundary

1350-7265 © 2018 ISI/BS



Uniform measure density condition and game regularity 409

point y satisfies a measure density condition, if the Lebesgue measure of the complement of
the game domain in the ball centered at y is comparable to the Lebesgue measure of the whole
ball. The proof of Theorem 3.7 utilizes a stochastic density estimate for the sum of independent
and identically distributed random vectors (Lemma A.4). In addition, we use a “cylinder walk”
framework together with a cancellation strategy for Player 1 to connect the stochastic estimates
to the setting. We omit the case p = 2, because in that case the process is merely a random walk
and the result follows from the classical invariance principle.

Game theory has already given new insights to partial differential equations. For instance, the
ideas emerging from nonlinear game theory have led to simpler as well as completely different
proofs for PDEs (see, for example, [1] and [10]). In addition, a dynamic programming principle
related to the game also arises from discretization schemes (see, for instance, [14]).

We expect the techniques developed in this paper to be useful for a larger class of partial
differential equations as well. In addition, stochastic estimates on where the game spends time
under cancellation strategies are likely to be important for further results.

This work is organized as follows. In Section 2, we describe the preliminaries needed in the
paper. Then in Section 3, we show that the uniform measure density condition implies game
regularity for all 2 < p < oo. For brevity, we do not write down all the stochastic calculations
needed in the section, but the calculations are in the Appendix.

2. Preliminaries

First, let us start by introducing the notation. We denote the standard Euclidean open ball by
B (xo) CR”,

B, (xp) = {z eR": |z —x0| < r}.

Lebesgue measure is denoted by | - |, and in addition, the notation C,, , means that the universal
constant depends only on n and p. Throughout the paper, we use the asymptotic notation O(e).
For example, if a real-valued function f satisfies the inequality f(¢) < O(e), it means that there
exists a constant C > 0 such that | f (¢)| < Ce for all € > 0 small enough.

Let2 < p < 00, € > 0 and dimension n > 1. Fix a bounded, non-empty and open set 2 C R".
Next, we recall the two-player zero-sum-game called “tug-of-war with noise”. First, choose a
starting point xo € €2 for the game, and then, the players toss a biased coin with probabilities o
and B. The probabilities depend on n and p by

_p—2 n+2
~p+n’ Cptn

o 2.1

The players get heads with the probability «, and in this case, they will toss a fair coin and the
winner of the toss can move the game position to any point of the open ball B¢ (xg). Tossing of
a fair coin and the movement after the toss are the “tug-of-war” parts of the game. On the other
hand, if they get tails, the next game position will be decided by the uniform distribution in the
ball B¢ (xp). A random movement is the “noise” part of the game. After the first move is decided,
the players continue playing the same game from the new position.
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The game procedure yields a sequence of game positions xg, x1, X2, ..., where every xi is a
random variable. A history of a game up to step k is a vector of the first k + 1 game positions
xg, ..., Xt and k coin tosses cy, ..., ¢k, that is,

hy := (X(), (c1,Xx1)s---, (ck,xk)).

In the above, c¢; € C := {0, 1, 2}, where 0 denotes that Player 1 wins, 1 that Player 2 wins and 2
that a random movement occurs.
To prescribe boundary values, let us denote a compact boundary strip of width € by

I, ::{zeR”\Q: inf Iz—)’|§6}.
yea2

The reason to use the boundary strip instead of just the boundary is that B¢ (x) C Q¢ := QU T,
for all x € 2. After the first time the game position is in I'¢, the players do not move it anymore.
For all k > 0, the history &4 belongs to the space H* := x¢ x (C, Q) with H := x(. We denote
the space of all game sequences by

HOO::UHk:xox(C,QG)x(C,QG)x---.
k>0

A strategy for Player 1 is a sequence of Borel measurable functions that give the next game
position given the history of the game. To be more precise, a strategy for Player 1 is 1 :=
(1,652 With

Stk HF — R"

for all k£ > 0. For example, if Player 1 wins the (k + 1)th toss,
Stk (x0, (€1, X1), -+, (Cks Xk)) = Xk1 € Be(xp)

for all hy € H*. Similarly Player 2 deploys a strategy S».
We denote the first hitting time to the set I'c by

T:=t(w)=inflk:xy €, k=0,1,2,...}.

The game process is a discrete time adapted process with respect to the filtration JFq := o (xg)
and

Fr :=O’(X0,(C],X]),...,(Ck,xk)) fork > 1,

so T is a stopping time. The game ends at the random time 7, and the payoff is F(x;), where
F :T'¢« — R is a fixed, bounded and Borel measurable payoff function. In the end, Player 2 pays
the amount F(x;) to Player 1.

To establish a unique probability measure, we need to know a starting point xo and strategies
S1 and S>. Then, the probability measure ]P’g? s, on the natural product o-algebra is built by
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applying Kolmogorov’s extension theorem to the family of transition densities
75,5, (%0, (c1, X1), ..., (ck, xk), (C, A))

o o
=§30(C)3sl(xo,(c1,xl) ..... (ck,xk))(A)-i-531(C)352(x0,(c1,x1) ..... (cr.x1)) (A)

|A N Be (xi)|
| Be (xk)|
for any subset C C C and Borel subset A C Q. as long as x; € Q. If x; ¢ Q, the transition

probability forces xj41 = xi.
The expected payoff is

+ B62(C)

BY o [Foo]= [ Fln@)dpy s,

when the game starts from xg and the players use strategies S; and S>. The value of the game for
Player 1 is given by

u¢ (x0) =supinfEy ¢ [F(x;)]
s S22 TV
and the value of the game for Player 2 is given by
u? (xo) =infsupEy ¢ [F(xo)],
S S ’

respectively. The game has a value that is, there exists a unique value function u :=u! = uf

L=
(see [13] and [11]).

Since €2 is bounded, the game ends almost surely for any choice of strategies. This is true due
to the fact that for ng > 1 large enough, we have noe > diam(£2), and almost surely there will be
infinitely many blocks of length n¢ consisting of solely random moves in the game.

Observe that the history /j contains all the information at the moment k, and since the strate-
gies are a collection of Borel measurable functions from all possible histories, it is clear that the
game process will not be a Markov process in general.

This version of the tug-of-war game has good symmetry properties, which we will utilize in
the proofs. Other versions of tug-of-war games have been studied for example in [16] and [6]
and a continuous time game in [2].

A rough outline of the connection between the version of the game considered in this paper
and p-harmonic functions is the following. First, assume that we have a p-harmonic function in
an open set Q' D © with a nonvanishing gradient. Then, the p-harmonic function is real analytic,
and Theorem 4.1 in [13] states that the game with probabilities (2.1) and with the values of the p-
harmonic function on the boundary approximates the p-harmonic function in the game domain.
The proof is based on the gradient strategy for the p-harmonic function and on the optional
stopping theorem as well as on the asymptotic expansion in [12].

The general case requires game regularity of the boundary of the game domain. Then, it is
possible to use a barrier argument to get estimates close to the boundary. By copying the strate-
gies and utilizing the translation invariance of the game, the same estimates also holds in the
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interior of the game domain. Finally, a variant of the classical Arzela—Ascoli’s theorem provides
a convergent subsequence. To prove that the limit is a viscosity solution to the homogeneous
p-Laplace equation, a dynamic programming principle related to the game is applied (for more
details about the principle, see, for example, [11]).

3. Measure density condition implies game regularity

We show in Theorem 3.7 that a uniform measure density condition implies game regularity for
all p > 2. To establish this, we first show in Lemma 3.3 a more attainable criterion for game
regularity. Then in Theorem 3.6, we use a “cylinder walk” framework, introduced in [10], to
obtain some important hitting probability estimates.

Definition 3.1. A point y € 0S2 satisfies a measure density condition if there is ¢ > 0 such that
2°N B, ()| = ¢|B ()]
forallr > 0.

Definition 3.2. A point y € 02 is game regular, if for all 5 > 0 and n > 0, there exist 5y > 0 and
€0 > 0 such that for all € < €y and xo € Bs,(y), there is a strategy ST for Player 1 such that

P 5, (xr € Bs(NQT) = 1—1.

If every boundary point of Q2 is game regular, we say that 2 is game regular.

Roughly speaking, game regularity means that whenever the game starts near a boundary
point y, Player 1 has a strategy to end the game near y with a high probability. Next, we give a
more attainable criterion to obtain game regularity. We modify the idea from [16], page 13.

Lemma 3.3. A boundary point y € 02 is game regular if there exists a constant 0 > 0 such that
for all § > 0, there are parameters €y > 0 and 8y > 0 such that for all € < €g and xo € Bs,(y),
there is a strategy Sy for Player 1 such that

Pgﬂl S (the game ends before exiting the ball Bs (y)) >0.
1 £

Proof. The idea of the proof is the following. By choosing §p > 0 small enough, we can start
the game as near the point y as we want, and in order to exit the ball Bs(y), the game sequence
has to exit all the concentric smaller balls inside Bs(y) as well. The probability to exit all the
concentric balls inside Bs(y) can be estimated above via the uniform probability 6; it is less than
(1 —0)*, where k is the amount of concentric balls inside Bs(y). Thus, the probability to end the
game near y is close to one, when £ is big enough.
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To be more precise, let § > 0 and 1 > 0. Now, there are 6 > 0, €p,1 > 0 and 0 < dp,; < § such
that for all € < €, and for all xg € B, (y), we have a strategy Sl1 for Player 1 such that

P (the game ends before exiting the ball Bs(y)) > 6.

Sl
We can assume that €p,; < 8¢,1/2. Again similarly as above, for the constant §p 1 — €¢,1, there are
€0,2 > 0and 0 < 802 < d¢,1/2 such that for all € < ¢¢ > and for all xp € Bs,,(y), we have a strat-
egy S % for Player 1 such that the probability to end the game before exiting the ball Bs; | —¢, , (y)
is at least 6. We can do this as many times we want. Let us do this k € N times, where k is such
that

(1-0) <n.
Define 8p := 80,k and €p := min{eq,1, ..., €0}, and fix any xo € Bs,(y) and € < ¢p. We
can assume that € < %min{cﬁo, 80.k—1 — 80.ks - --» 80,1 — 80,2} so that the game position cannot

jump over many concentric balls during one turn. Denote the first time the game sequence exits
Bsy ;1 —epi () by T :=1'(w) forall i € {1, ..., k} with 890 := 6 and €0 := 0. Also, denote
the set

A= {exits the ball Bs,; _,—¢,,_, (y) before the game ends}

foralli e{l,...,k}.
Recall that the game ends at the random time 7. Define a strategy ST for Player 1 such that
first, Player 1 uses the strategy S’l‘ . If 78 < 7, Player 1 starts to use the strategy S]f_l after the

stopping time t¥. Similarly, if 7¥~! < 7, Player I starts to use the strategy Sf ~2 after the stopping
time 78—, Thus, if it holds 0 < % < o1 < ... < ¢l < 1, after every stopping time 7/, Player 1
starts to use the strategy S ;_1 foralli € {2,..., k} and for all game sequences w € H*. After the

stopping time 7!, Player 1 does not change her strategy anymore. Observe that the earlier strategy
S i does not affect the game after the first time the game sequence exits B, ,—¢,,_, (y) for every
i €{2,...,k}. Roughly this means that for every i € {2, ..., k}, after the stopping time 7/, Player
1 forgets everything that has happened prior the time 7.

Let S> be any strategy for Player 2. The strategy S> can depend heavily on the past, so it
could well be that our game process does not have any Markovian structure at any game round.
However, the uniform 6 is independent of the information available, so roughly, Player 2 cannot
gain too much from the information of the past.

By the reasoning above, we can estimate iteratively

Po 5 (exits the ball Bs(y) before the game ends)
l E)

:E);]},Sz |:XA/( Sk lS |:l_[ XA[ :|:|

:]EXO [XAkESk 15, [XA,{_1 "'ES?,SZ[XAILFTZ]'”|-7:rk]]

5(1—9)"517-
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This implies that
IP’);% 5 (xr € Bs(y) NQ°) = ]P’g‘% 5 (the game ends before exiting Bs(y))
>1—n.
Thus, we have shown the game regularity. 0

To see that the uniform measure density condition implies game regularity, we need a “cylinder
walk” framework.

Cylinder walk. Set the constants o, 8 > 0 with o + 8 = 1 as before in (2.1), and fix the
cylinder size r > 0. Consider the following random walk (called the “cylinder walk) in a (n + 1)-
dimensional cylinder B, (0) x [0, r]. Suppose that we are at a point (x;,7;) € B, (0) x [0, r]. Next,
we move to the point (x;, #; — €) with the probability a/2 and to the point (x;, #; + €) with the
probability /2. With the probability 8 we move to the point (x;41,7;), where x;; is chosen
from the ball B, (x;) according to the uniform distribution.

We have the following estimate for the probability that the cylinder walk exits the cylinder
through its bottom; the proof is in the Appendix of the paper [10].

Lemma 3.4. Let us start the cylinder walk from the point (0, t) with 0 <t < r. Then, the proba-
bility that the walk exits the cylinder through its bottom is at least

1 =Cy p(t+e€)/r

for all € > 0 small enough.

Assume that the origin 0 € R”*! at the bottom of the cylinder belongs to the set Q2 x {0}
and that this boundary point satisfies the measure density condition. The set 2 N B, (0) x {0} C
B, (0) x [0, r]. We are interested in the probability that the cylinder walk exits through the bottom
and in addition, at the first time the walk hits the bottom, the process is in the complement of
the set 2. Since the origin satisfies the measure density condition, the complement has some
positive Lebesgue measure. This suggests that the event we are interested in could have some
positive probability measure.

The cylinder walk can be constructed by combining three independent random constructions.
There is a “horizontal” random walk with the initial position Xy = x € B, (0). The point X is
chosen according to the uniform distribution in the ball B¢ (x;) C R" for all j > 0. Further, there
is a “vertical” random walk in the real axis with steps +€ or —e and with the initial position
o =t €10, r[. For all j > 0, the next positions are 7j41 =17; + € or f;11 =; — € both with
probability % In addition, there is the increasing sequence

J
Uj= Z Ber,,,
m=1
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where the Ber,,’s are independent Bernoulli variables with Ber,, (w) € {0, 1} and P(Ber,, = 1) =
«. Therefore, a copy of the cylinder walk is obtained by letting for j > 0

l‘jZIUj, Xj=Xj-U;-

Let 74 stand for the first moment ¢; exits the cylinder through its bottom or top, that is, the first
J such that ¢; € R\]0, r[. Also, let 7, stand for the first moment 7; exits the cylinder through its
bottom or top. Here, the subindex g refers to a “good exit”.

We assume that x = 0. First, let us study the properties of the function 7, — Uz, = 74 — T.
The random variable 7, — 7, is the number of times a random horizontal movement has occurred
at the first moment the cylinder walk hits the bottom or top. The proof of the lemma below is in
the Appendix for completeness.

Lemma 3.5. Let 14, T, o, B and r be as above, and let no > 1 and y €10, 1[. Then, there is a
universal constant C := Cp ».p,, > 1 such that for all a > 0, Ce <t <r/2 and € small enough
it holds

P(tg —Tg>no)>1—y and 3.1

P(r, — g > ae %) <1- —/ “Tds+y+0() (3.2)
vn,,

with the constant

Forany a > 0, n9g > 1 and y €]0, 1] the inequalities (3.1) and (3.2) yield

IP’(no ST, —Tg < ae_z) >P(ty — Tg > ng) — P(tg —Tg > aé_z)

2 o0 _% ds —2 0 (3.3)
> s —2y —O(e
\/ vnp

for all Ce <t <r/2 and € small enough with a large C > 1 independent of €. Observe that

2ds—>1

ol

as t — 0. Thus, the inequality (3.3) points out that for the cylinder walk started from the height
Ce <t <, the random variable 7, — 7, is very likely between the times n¢ and ae~2 for all ro,
y and € small enough and fixed np > 1 and a > 0.

Next, we concentrate on the distribution of the random variable x;. Assume that Z is a random
vector with the uniform distribution in the ball B.(0) C R". The density of the random vector Z
is

fz(x) = XB.(0)(X).

1
|B<(0)]
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We denote the measure of the unit ball by w, := |B;(0)|. Let ko := ko , > 2 denote the constant

in Lemma A.4 and fix any k > k. For the density of the random variable x; = Zle Z;, where
the random vectors Z; are independent and distributed as Z, we use the notation f; := fzk Z
i= 1

The density f; is a decreasing radial function. In the Appendix, we have derived in (A.8) and
(A.10) the following estimates: There are constants C,, > 0 and C; > 0O such that

1 n
0 Cn = )
Jx(0) < (ﬁe)

and

11"70.99 1y
fk(C*x//?e)z<C—l) (w —Cn(C*)”)<ﬁ> G4

for all C, €]0, C1[. By the comment after the statement of Lemma A.4 in the Appendix, we have

1 n
fi(Civke) > ;(ﬁ)

for some ¢ := ¢, > 0, if we choose C, > 0 so small that

1/n
Ci < ( 0.9 ) . (3.5)

w, Cp

Let 7, stand for the first j when |x;| reaches [r, oo[. Here, the subindex b refers to a “bad
exit”. Recall that the origin at the bottom of the cylinder satisfies the measure density condition.
Let Cy,, > 0 denote the constant in Lemma 3.4, and for all § > 0, denote

As := Bs(0) N Q°.

Theorem 3.6. Consider the cylinder Bs;3(0) x [0,68/3] for any fixed § > 0. Then, there exist
constants 0 1= 0, , > 0, €0 :=€0n,p,s > 0 and o := 80 n,p,s > 0 such that

P(tp < 74 or Ir, > 8/3 Or Xz, ¢ As;3) <1—-0
for all € < €y whenever the cylinder walk starts from the point (0, t) for some 0 <t < §.

Proof. To establish the result, we use the inequality (3.3) to estimate how many times it is likely
that a random horizontal movement has occurred at the first time the cylinder walk hits the
bottom. Then, we use the estimate (3.4) and the fact that vertical and horizontal movements are
independent to estimate the probability that we are in the complement of the set €2 at the first
time the walk exits the cylinder through its bottom.

Let O < A < 1, where the exact value of A will be fixed later. Define

8
C3Cup

80 (3.6)
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and start the cylinder walk from the point (0, 7) for some 0 < ¢ < §y in the cylinder B;/3(0) x
[0, 5/3].

We recall the constant kg := ko, > 2 from Lemma A.4. In addition, let C := Cy 5, p,y > 1
be the constant from Lemma 3.5 with ng = kg and 0 < y < 1 defined later. First, assume that
t < Ce. Then, the number of e-steps required to reach the bottom from # is less than the universal
constant C. Hence, the probability that the cylinder walk exits the cylinder through its bottom
and in addition, it holds Xr, = 0, is greater than or equal to (a/Z)C. From this the statement
immediately follows in the case t < Ce.

Next, assume that r > Ce. Lemma 3.4 states that

P(tp < Tg ortr, >8/3) <3Cp pd ' (t +€) <3Cnpd ' (S0 +€).
Therefore, we have by (3.6) that
P(tp <tgorty, >8/3 orx¢, ¢ Agy3) < O)+r+1-— P(xr, € As/3).
The inequality (3.3) and the remark after suggest the estimate
P(xe, € Asj3) =P(Xr,—z, € As/3)
> P(¥;,—7, € Ass3 and ko < 1g — T, < 8%€2)

8% 2]
= Y P(F,_z €As3and 7g — T, =k).
k=ko

Denote the index set
I:=lkoko+1,...,|8% %]}

Since the random variables X and 7, — 7, are independent for all k € I, we have

> P(Fr,—z, € Aszand 1y — Ty =k) = Y P(¥ € Ag3)P(ty — T =k).
kel kel

Let k € I and choose the constant Cy > 0 as in (3.5). We may assume that C,. < 1/3. Because
Vke < 8 and the density f is a decreasing radial function, we can calculate

P(% € Asj3) = P(% € B . (0) N Q) = fi(Co/ke)|Bo_ (00 N Q°|.
By using the estimate (3.4) and the uniform measure density condition, we obtain

fe(CuiVke)| B s (0) N Q]

> (iy(o‘” —C,(C >”> (L)nc\B 0)]
- Cl wn AN «/%6 C*\/lze

C.\"/0.99 n
= wnc<—*) ( — cn<c*>") =: Cp,
(jl wp
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where the constant ¢ > 0 comes from the uniform measure density condition. This together with
the inequality (3.3) yield

Y Pk € Asj3)P(ty — T =)

kel
C.\"/0.99 - _
= a)nc(c_lk) < o - Cn(C*)n)P(kO ST~ T < 5% 2)
2 / T et ey — O
>Cp—— e 2ds—2yC, —O(e)
n = ie Yin

with the constant

~ 2 |B+0.0lx
Copi=G 0.99%
n,p .

P(tp < 74 Or Ir, > 8/3 or Xz, & As/3)

Therefore, we have shown

A 2 o 52 N
<1-C —f e 2ds+A+2yCyp+ O(e)
n\/277 ey "

1~ 2 o© s2d
<l—-—=-Ch—— e 2ds
= 3 n ,—2]_[ %Cn’p

for all Ce <t < 3Jp and €, A and y small enough. Thus, this concludes the case ¢t > Ce. To
combine the cases, we define

0 = min{ % ds, (a/Z)C}.

1 & 2 / o0
27" Vo Jie,,
Consequently, the proof is complete. U

If Player 1 plays by canceling the moves of the other player, we obtain Theorem 3.7. Observe
that this strategy is not optimal for Player 1 in the sense that Player 1 also tries to cancel the
moves that might benefit her.

The cancellation strategy was introduced in the paper [10] to prove Harnack’s inequality for
p-harmonic functions via tug-of-war games. In addition, the cancellation strategy can be used

to prove regularity properties for viscosity solutions of the inhomogeneous p-Laplace equation
(see [18]).

Theorem 3.7. If y € 0Q2 satisfies the measure density condition, then it is game regular for
p>2.

Proof. To establish the result, our aim is to use Lemma 3.3 and therefore, to find a uniform
lower bound for the probability that the game ends before exiting a given ball. If Player 1 plays
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by canceling the moves of the other player, the lower bound 6 > 0 for the probability is obtained
by using Theorem 3.6.

We can clearly assume that y = 0. Let § > 0, and consider the cylinder Bs/3(0) x [0, 6/3].
Define a constant ¢ as in (3.6), and find €9 > 0 and A > 0 small enough such that we can apply
Theorem 3.6. Let xo € Bs,(0) and € < €p. At every moment, we can divide the game position as

a sum of vectors
1 2
e Yl Yk Yl
kel kel kels

Here, 11 denotes the indices of rounds when Player 1 has moved with the vectors v,i as her moves.
Similarly, Player 2 has moved in the indices of rounds /> with the moves v,f as his moves. The
random movements have occurred in the indices of rounds I3, and these random movements are

denoted by vi.
M = 2’7@—‘,
€

Let
where the factor 2 is due to the fact that the players cannot step to the boundary of B, (x;) for
any j. Define the following strategy S} for Player 1 for the game that starts from x¢. She always
tries to cancel the earliest move of Player 2 which she has not yet been able to cancel. If all the
moves at that moment are cancelled and she wins the coin toss, she moves the game point by the
vector
X0
|xol
She does this until she has won M — 1 more coin tosses than Player 2. If she wins her Mth more
coin toss, her move will be such that the game position is

3
Z”k

kelz

—e/2

after the move. Observe that the game, with the strategy Sy, is related to the cylinder walk, when
we start the cylinder walk from the point (0, Me/2) with Me/2 — |xo| < g as € — 0.
Let us define three conditions for the game sequences of the game:

(A) Player 1 has won the coin toss M more times than Player 2, and at the moment this
happens, the game sequence is in the set Q€.
(B) Player 2 has won the coin toss at least 3‘3—6 more times than Player 1.

(C) | ke, vil = 5.

We are interested in the following event
X:= {the condition (A) happens before conditions (B) and (C)},
and Theorem 3.6 states that there is a constant 6 := 6, , > 0 such that

Pgr 5,(X) = 6.
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Now, we can estimate
Ps: s, (the game ends before exiting the ball B5(0)) > Pg- s,(X).

Above, we also used the fact that the game sequences for which the game has ended before
Player 1 has won M more coin tosses than Player 2 are good for our purposes. To finish the
proof, we can use Lemma 3.3, and thus the proof is complete. U

It is worth mentioning that in the case p > n, every point becomes game regular. This is proved
in [16], and the same also holds for the version of the game considered in this paper. Roughly, as
p increases, the probability for the player to end the game before exiting a given ball increases.

Appendix: Hitting probabilities for a cylinder walk

Fix the cylinder size r > 0. The cylinder walk in a cylinder B, (0) x [0,r] C R"+! can be con-
structed by combining three independent random constructions. There is a “horizontal” random
walk with the initial position Xo = x € B,(0). The point X is chosen according to the uniform
distribution in the ball B¢(x;) C R" for all j > 0. Further, there is a “vertical” random walk in
the real axis with steps +€ or —e and with the initial position 7y = ¢ € ]0, r[. The next positions
are 7j41 =1j +€ orij4] =1; — € both with probability % for all j > 0. In addition, there is the
increasing sequence

J
Uj= Z Ber,,,
m=1

where the Ber,,’s are independent Bernoulli variables with Ber,, (w) € {0, 1} and P(Ber,, = 1) =
a €]0, 1[. Thus, a copy of the cylinder walk is obtained by letting for j >0

l‘jZIUj, Xj=Xj-U;-

Let 7, stand for the first moment #; exits the cylinder through its bottom or top, and let 7,
stand for the first moment 7; exits the cylinder through its bottom or top.

Recall Hoeffding’s (or Azuma’s or Bernstein’s) inequality for a sum of independent and iden-
tically distributed random variables (see, for example, [7], page 198).

Theorem A.1. Let Y,, be independent and identically distributed symmetric R"-valued random
variables,m € {1, 2, ..., N}, that are uniformly bounded: |Y,,| < b almost surely for all m. Then,

)»2
> A §4nexp<——2Nb2 )
n

m

>

i=1

Pl max
1<m<N
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In the theorem above, the factor 4 instead of 2 comes from the use of Levy—Kolmogorov’s
inequality (see, for example, [19], page 397)
) < 21@( v > A).

m

ma

SETDIE
We assume that x =0, and denote 8 =1 — «.

Lemma A.2. Let T, and T, be as above, no > 1 and y €10, 1[. Then, there is a constant C :=

Cho,n,p,y > 0 such that it holds

N

2

i=1

P(tg >ng)>1—y and (A.1)
P(ry — fg >no)=1—y (A.2)

forall Ce <t <r/2ande <r/(4C).

Proof. The vertical movement consists of the moves +€ or —e in the real axis. Let ¥; be in-
dependent and identically distributed random variables with Y;(w) € {—¢, €} and P(Y; =€) =
P(Y; = —€) = 1 for all i. Assume ¢ < r/2, and recall the cylinder size B,(0) x [0, r]. Now, it
holds

<I’l0
i=

k
:1—]P<max Y,-zt).
k<ng <

i=1

k
P(ty > ng) = (maxz Y; < min{t,r — t})

Random variables Y; are bounded, |Y;| < € for all i > 1. By using Hoeffding’s inequality that is,
Theorem A.1, we can deduce that for C > 0 and ¢t > Ce it holds

k 12 C?
P{ max Yi >t ) <4dexp| — <4dexp|—— ).
k<ng — 2np€? 2ng

Consequently, there is C := 5,10,), > | large enough such that (A.1) holds for all Ce <t <r/2
and € < r/(4C).
For the second part, let us consider the event

B:=1{0.99t, <T, < (o + B/2)75}. (A.3)
For any jp > 1, denote the sets

B*:={U; <(a+B/2)j forall j > jo} and
B, :={U; > 0.99¢; forall j > jo}.
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Again, apply Hoeffding’s inequality with Y, = Ber,, —a, A= jB/2,b=1and N = j to get

P(U; > (a+B/2)j) =PWU; —aj = jB/2) <P(IU; —aj| = jB/2)

1 5.
<4exp _§’3 j.

In a similar fashion, we can calculate

oezj
P(U; <0.99j) < 4exp<—m).

Thus by choosing jy large enough and summing over all indices, we get
P((B*)) =P(U; > (a + B/2) for some j > jo)

<Y P(U; = (@+B/2)))

J=Jo

By a similar argument, it holds
P(B*) >1- V/S
for jo large enough. Hence, we choose a large index jo := jo,u,p,, such that
P(B, and B*) > P(B,) —P((B*)) > 1 — y /4.
Observe that
{B, and B* and 7, > jo} C B.

Therefore, we get

P(B) = P(tg = jo) — v /4.

Since 7, > 7, always, we have {7, > jo} C {tg > jo}. Combining this with a similar argument
to (A.1), we can deduce that there is C := C; jo,y > 1 large enough such that for all Ce<t<r/2

ande <r/ (4C) it holds
P(B)>1-—1y/2.

By a direct calculation, we have

B . . B+00lx
BC{ n tg<tg—tg<wtg.

(A4)
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Therefore, we obtain by using (A.4)

2a
=P(%, > 2a + B)no(B) ' and B)
>P(%, = Qa + B)no(B) ") — v /2

IP’(rg—ngno)z]P( P IBngno andB)

forall Ce <t <r/2and € <r/(4C ). Thus, this estimate and a similar argument to (A.1) imply
that there is C := Cp 5, p,y > max{C, C} > 1 large enough such that (A.2) holds for all Ce <
t <r/2and € <r/(4C). U

Lemma A.3. Let 14, Ty, 7 and a, B > 0 such that o + B =1 be as at the beginning of the Ap-
pendix. In addition, let C := Cy . p,, > 1 be the constant from Lemma A.2 for y €10, 1[ and
no > 1.Then foralla >0, Ce <t <r/2 and € small enough, we have

P(rg—fg2a6_2)<l——f 2ds—|—y—|—(9(e)
vnp

with the constant

Proof. By using the inequality (A.4) and the inclusion after it, we can deduce

IP’(rg — Ty > ae_2) < IP’(rg — Ty > ae % and B) + IP’(BC)

<p(: > 0.99xa 4

‘[' —_—
=\ =Bro01me) 7
forall Ce <t <r/2 and € < r/(4C) with the set B defined in (A.3).

We estimate the probability of the event {7, > d €2} for all d > 0. Consider the following in-
dependent and identically distributed random variables: Z; (w) € {1, -1}, P(Z; = —-1) =P(Z; =
)= % and E[Z;]> = 1 for all i > 1. For these random variables, we have the following equality
(see, for example, [7], page 351)

m N N
IP’(IE;%N lzizz):m(;zizz) —P(Xl:z,-:z)
= 1= 1=

for all integers N > 1 and [/ > 1. Further, since IE.ilZil3 =1 < oo forall i > 1, we can use the
Berry—Esseen theorem to determine the speed in the central limit theorem (see, for example,
[19], page 63), and thus

ZP(ﬁ:Z >l«/ﬁ> —P(ﬁ:z :l«/ﬁ> > L/ooe_% ds — O(N_l/z)
i=1 T i=1 l ~ Vo i
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Observe that for all € > 0 small enough
-1
e _ 2
J0de 2] T Vd
Therefore, for all ¢+ < r/2 and € > 0 small enough, we have

P(fgzde‘2)§P< max izi<ﬁ€_l])

Il<m<|de2] i1

2 g2 o
<l—— e 2ds+ O(e).
N 27 % |

Lemma 3.5 is now an immediate consequence of Lemmas A.2 and A.3.

Next, we prove a technical result (Lemma A.4 below) that we use in Section 3 above. First,
in order to keep the calculations simple, let the dimension n be one for now. Assume that Z
is distributed according to the uniform distribution in ] —¢€, €[ for some € > 0. Then for two
independent Z; and Z; both distributed as Z, the density of the random variable Z; + Z; can be
computed via convolution. Thus, since f7z(x) = 1/(2€) xj—e [ (x), we have

00 1 2
fzi+2,(x) 2/ fz(x =) fz(y)dy = (Z) (2€ — Ix]) X1—2¢,2¢1 ().

For any k > 1, denote the density f; := fZ'-‘—l ~.» Where Z; are independent random variables
distributed as Z. Similarly as in the case k = 2, we can deduce and prove by induction (see, for

example, [17], page 197) that for any k > 1

x+ke
L 2e

1 (k

(—1)/ ( ,)(x +ke —2je)< 1, if x €] —ke, ke[,
: j
Jj=0

fi(x) =1 (k= 1)!1(2e)k

0, otherwise.

Unfortunately, it is hard to get quantitative estimates from it.

There have been a lot of studies on the concentration function of a sum of independent random
variables (see, for example, [4]). However, we are interested in the pointwise value of the function
fx at the origin, and we will estimate the value by hand for the reader in a rather accessible way.

The characteristic function of the random variable Z can be easily calculated,

1 [€ . sin(et)
) = — ltxd — )
@z (1) e /_66 X ”

Let k > 2. Because of the independence,

- k
IAOE (sme(tet) ) .
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Now, we have f fooo |§02k 4. (1) dt < 00, so we can use the well-known inversion formula
i=1“1

1 > —itx
fk(X)=Ef e wzlezi(t)dt.

—00

This inversion formula yields

e . k 00 /.t k
fk(O):l/ (sm(et)) dt—i—lf (sm(et)) s,
7 Jo €t T Jo-1 €t

Define
1 —cosz
h(z) := 2—2
Z
so that we have forany 0 <m <27
sinz 22
—<1—h(m)— (A.5)
Z 6

for all |z] < m. This inequality is true since the function sin z/z decreases for 0 < z < & implying

sin(m /2) 2< sin(z/2) \ 2
() = ()

for all 0 < z < 2. This inequality yields
22
1 —cosz— h(m)i >0

for all 0 < z < 27 so we have the inequality (A.5), since both sides of the inequality (A.5) are
even functions. By using the inequality (A.5), a change of variables formula and the inequality
1 —z<e *forall z€R, we have

1 < /sin(er) \F 1 (!/sinz\*
k(2
T Jo €t e Jo Z

1 1 ZZ k
< — (1 — h(l)—) dz
e Jo 6

1 1 _ 22kh(1)
= — e B
TE Jo

dz.

Again, via changing the variables we derive

1 ! _zzkgmd <1 6 1 /00 _éd 3 1
— e 7= — — e U= e
TE Jo e\ krnh(l) /27 Jo 2wh(1) \/%6
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Thus, we have estimated

-1, . k

1 €

_/ sin(et) di < 3 1 .
7 Jo et 2h(1) ke

Because sinz < 1 for all z € R, we can estimate the second integral directly, and hence

1 [ [sin(et) \* 1 (™1 1
— dt<— | —dz=———.
T )1\ et we )1 ¥ me(k —1)

Therefore, we have derived the estimate

[ 3 1
SO =\[500 Jke Trek—1)

Next, we extend the argument to the higher dimensions as well. Assume that Z is a random
vector with the uniform distribution in the n-ball B, (0), n > 1. The density of the random vector
Z is

1
fz(x) = mXBE(O)(X)-

Using the same approach as in dimension one, we first need the characteristic function of the
random vector Z. Denote the measure of the unit ball by w,, := |B1(0)| = /2 / F(% + 1), where
the function I' is the usual gamma function. The random variable Z is invariant under rotation,
that is, the density function is a constant on every sphere Sf_l(O) ={x e R": |x| =r} for all
r > 0. Hence, by rotating the ball B.(0), we see that ¢z (1) = ¢z((r,0,...,0)) for all u € R"
such that |u| =r. Let r > 0, and direct computation with a change of variables x = €y yields

goz((r, 0,...,0) = /]Rn e f7(x)dx

1 .
= — elgryldyl...dyn
@n J By (0)
1
_ O / (1- ylz)(n—l)/Zewryl dy,
Wp J-1
1
Wy —1 )
= / (1- ylz)(n )/ cos(eryy) dy;.
Wp J-1

A spherical Bessel function of order n/2, often denoted by J,,/2(z), has an integral represen-
tation

n

Z n—1

n/2 1 1 |
Jn/Z(Z): (5) m[l(l—tz) 2 cos(zt)dt
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(see, for example, [20]). We can use this integral formula to obtain

|
wn_1/ (1_ylz)(n—l)/ZCOS(Sr)’l)d)’I
~1

)
= (er/2)"’T (% + 1) Jna(er).

Thus, we have derived the characteristic function

2 \""? (n
vz W) = (—) F(z + 1) Jny2(elul) (A.6)

&lu|

for all u € R". Spherical Bessel functions have a connection to our calculations in dimension

n = 1, since one could show that
sinz T
—=,/7271@
Z 2z 2
holds for all z € R.

It is possible to express J,/2(z) as a product of factors such that each factor vanishes
at one of the zeros of z_”/ZJ,,/z(z). Denote the zeros of the function z‘”/zjn/z(z) by
Ejn/2.1, £jns2,2, £jns2,3, ... with jup;>0forall Il =1,2,... and j,/2,1 < jn2,2 < ju2,3 <
-+ -. Then, we have the infinite product formula of the Bessel function

2\"? 1 = 22
Jn/z(Z)=<§) mﬂ(l ) (A7)

-~
Jny2,1

(see [20], pages 497-498). The number of zeros of "2, /2(z) between the origin and the point
Ly =mm + %(n +1)

is exactly m for all m big enough (see [20], pages 495-497). Consequently, the infinite sum
oyl ]n_/é ; converges, since

) ) o0 1 g
;Jn/z,z = Z((l — D +7/4(0n + 1)) =%

I=p

for some p big enough. Therefore, the infinite product in the formula (A.7) is well defined for all
zeR.
Via independence we have
k
by 7,0 =(pz)",
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and the inversion formula together with the characteristic function (A.6), the infinite product
formula (A.7) and a change of variables z = eu yield

£ () = — f( w)"d
= u u
k Q)" Jo Yz
k
(-
= 1 — - dz
(27T)n€n BS(0)|:11:! ]3/271
2kn/21—w(ﬂ+l)k 1 kn/2
2 k
st [ () Gl s
(2m)"e R\ By (0) \ |Z|
forall s > 0.
Now, the function
2
.
n/2,1

forall/ > 1,if 0 < |z| < ju/2,1. In addition, since 1 — z < e~ for all z € R, we have

k
1 / °°( |z|2>
1— - dz
(2m)"e" Bjn/Z,l(O)[E an/z»l

sn Jnf21 5, oo -2
< (lz 1)n—|n e KRy gy
T )" € 0
n—1 o0 )
=< (|2S1)” ln TR Iprpn=L gy,
T)"e 0

Hence, we can integrate with a change of variables r = (kY 2, j n_/% l)_l/ 2t to obtain

1Si=h oo
Qm)ren Jo

2 2
—r kZ?il ]n/2,lrn_1 dr

nfoooe_tzt”_ldt ( 1 )"
-

D4+ D220 (2 jya )M \Wk

Thus, there is a constant

| n fooo e =14y 0
= >
"D D22 (R A
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such that

k
vl o 0500 =)
1 — dz<c,| — | .

(27'[)”6” Bjn/2,1(0)|:ll:! .3/2,1 " \/EE

It holds J,,2(|z]) <1 for all z € R" (see, for example, [20]). Therefore, we get by a direct

calculus
S ) s
— 2
(2m)en RU\Bj 1 (0) |z] "

- |S?—1|2kn/2r(%+l)k /OO
- Qm)ner j

rn—l—kn/2 dr

n/2,1

_ Gny2.)" 1 2 n/zr 2 k
~ 27T+ D Per \k=2) \injaa ?

for all k£ > 2. There exists the following lower bound for the first zero j, 1 (see [5] and for
example [3])

) 7+1
JU’I>U+T>U+2
forall v > —%. Thus, if n is even, n = 2h for some /& > 1, we get

(h+ 1)2" h12h

< <1
Gn, )" (h +2)"
Similarly, if n is odd, n = 2h + 1 for some & > 0, we get
T(h+ 3)2"+1/2 (2h +2)12"2n

1.

(ng172,) 172 S+ DI+ 2.5k 12

Hence, there exists a constant ko := ko , > 2 such that
1 2 \"? /n k 1\"
) G)) = (%)
(k_2>((]n/2,1) (2 Vk

2. 2, )" -
n-— 2}1—11‘(% + 1)7t”/2

for all k > kq. Denote

and

C, = 2max{c}l, c,%}
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Thus, we have derived the estimate

1 n
Jr(0) < Cn(ﬁ) (A.8)

for all k > kg.
Let k > ko. Theorem A.1 implies that there is a constant Cy := Cj , > 0 big enough such that

foralle >0
]:ED<

k
>7
i=l1

< clﬁe> > 0.99.

By using the convolution formula, we have that

fe(x) = Je—1(x = Y)xB.0)(y)dy = / Je—1(x —y)dy
R" B:(0)
(A9)

= Sie—1(y)dy
Be(x)

holds for all x € R". The function f; is a decreasing radial function. Thus, we can deduce by
using the formula (A.9) that f> is also a decreasing radial function, and by induction f; as well.
Therefore, we can denote the density fi as a function of the radius |u| for all u € R", and we
have for any C, €10, Cq[

fk(O)\BC*ﬁE(O)\ +fk(C*«/l;e)(\Bclﬁe(0)| — \Bc*ﬁe(0)|) > ().99.
This inequality yields

0.99 — £ (0)|B¢_ 7. (O)]
Be, /O — B /7. 0)]

0.99 Ci\"
7o =) .
ST )(a)

fi(Csvke) =

Now, we use the estimate (A.8) to obtain

0.99 C "
VR _7_@1(7*)
N X TR Caw/

(&) (S -eer) ()

Thus, we have proven the following lemma.

Lemma A.4. Let € > 0 and let Z be distributed according to the uniform distribution in the ball
Bc(0) C R™. For any k > 2, denote the density of the random variable Zf-;l Z; by fx, where
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the random variables Z;, i € {1, ...k}, are independent and distributed as Z. Then fi is a

decreasing radial function, and there exist universal constants ko := ko, > 2, C1:=C1, >0
and C,, > 0 such that for all k > ko and C, €10, C1[ we have

1\"/0.99 1\
fi(Civke) > (C—]> (w —Cn(C*)"><ﬁ) . (A.10)

Observe that

1 n
fi(Cuvke) > ;(ﬁ)

for some ¢ := ¢, > 0, if we choose C, > 0 so small that

0.99 \ /7
C*<< ) .
w, Cy
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A CONTINUOUS TIME TUG-OF-WAR GAME FOR
PARABOLIC p(z,t)-LAPLACE TYPE EQUATIONS

JOONAS HEINO

ABSTRACT. We formulate a stochastic differential game in continuous
time that represents the unique viscosity solution to a terminal value
problem for a parabolic partial differential equation involving the nor-
malized p(z, t)-Laplace operator. Our game is formulated in a way that
covers the full range 1 < p(z,t) < oo. Furthermore, we prove the
uniqueness of viscosity solutions to our equation in the whole space un-
der suitable assumptions.

1. INTRODUCTION

In this paper, we study a two-player zero-sum stochastic differential game
(SDG) that is defined in terms of an n-dimensional state process, and is
driven by a 2n-dimensional Brownian motion for n > 2. The players’ impacts
on the game enter in both a diffusion and a drift coefficient of the state
process. The game is played in R™ until a fixed time T > 0, and at that
time a player pays the other player the amount given by a pay-off function g
at a current point. We show that the game has a value, and characterize the
value function of the game as a viscosity solution u to a parabolic terminal
value problem

Opu(z,t) + AN plat) uw(z, t) + >0, ui%(ac,t) =ru(z,t) in R"™ x (0,7),
u(z,T) = g(x) on R”
for 4 € R™ and r > 0. Moreover, we show that the viscosity solution w is

unique under suitable assumptions. Here, the normalized p(z,t)-Laplacian
is defined as

Aﬁm t)u(m, t)

= ou
- <|Du (z,t |2> Z 8:1:18:13] )8:1;,, (%) t Z (%)

for x € R" and t € (O,T), provided that Du(w,t) # 0. The vector Du =
(Ou/0zy,...,0u/dx,)T is the gradient with respect to x, and the function

Date: April 4, 2018.
2010 Mathematics Subject Classification. 91A15,491.25,35K65.
Key words and phrases. normalized p(x,t)-Laplacian, parabolic partial differential
equation, stochastic differential game, viscosity solution.
1
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p: R™ x [0,7] — R is Lipschitz continuous with values on a compact set
[Pmin; Pmax] for constants 1 < ppin < Pmax < 00.

This work is motivated by a connection between p-harmonic functions
and a stochastic game called tug-of-war, see the seminal papers [ ,
, ] in the elliptic case and [ | in the parabolic case. Fur-
thermore, Atar and Budhiraja [ | formulated a game in continuous time
representing the unique viscosity solution to a certain elliptic inhomogeneous
problem with the normalized oco-Laplacian. The contribution of our work
is the identification of a game in continuous time that corresponds to the
parabolic normalized p(z,t)-Laplace operator. Moreover, our game covers
the full range 1 < p(z,t) < co. In the game formulation, we increased the
dimension of the Brownian motion that drives our state process to let p also
get values below two. This approach is new even for constant p.

In this work, the main difficulties arise from the variable dependence in p
and from the unboundedness of the game domain. It is simpler to approxi-
mate viscosity solutions and to prove comparison principles to our equations
without the variable dependence in p. Furthermore, we overcome the loss
of translation invariance on the SDG by utilizing the Holder continuity of
solutions to Bellman-Isaacs type equations. Because the game domain is un-
bounded, we need to eliminate solutions growing too fast when |z| — co. We
show that under a linear growth bound a viscosity solution to our equation
is unique.

1.1. SDG formulation. We fix a time 7" > 0, and model X(¢),t € [0,7]
by a stochastic differential equation

{dX(s) = p(G(s)) ds + (X (s), G(s)) dW (s) 4
X(0) =um, '

where z € R™, and W is a 2n-dimensional Brownian motion on a probability
space (2, F,{Fs},P) satisfying the standard assumptions. In our model,
there are two competing players. We let

G(s) = (a(s),b(s), c(s), d(s)),
where
a(s),b(s) € S"71, ¢(s),d(s) € [0,00), 5 € [0, T]
are progressively measurable stochastic processes with respect to the filtra-
tion {F,}. Throughout the paper, S*~! denotes the unit sphere of R". The
pairs (a(s), c(s)) and (b(s),d(s)) are called controls of the players. Roughly
speaking, a(s) and b(s) are the directions, and ¢(s) and d(s) are the lengths

taken by the players at the time s. Furthermore, let € R™. Then, for
s € [0,T], we define the function p in (1.1) by

p(G(s)) = p+ (c(s) +d(s)) (als) +b(s)).
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Recall that p : R™ x [0,7] — R is a Lipschitz continuous function taking
values on the compact set [Pmin, Pmax]- We define the n x 2n matrix o in
(1.1) to be

J(X(S),G(s))
= [a(s)\/p(X(5),5) = i Py bs)y/p(X(s),5) = 1 Pity],

where the n x (n — 1) matrices P;ZS) and ij(_s) are defined such that the
matrices

PL

a(s

)(Pcis))T and Pb%s) (Pb%s))T

are projections to the (n — 1)-dimensional hyperspaces orthogonal to the
vectors a(s) and b(s) at the time s, respectively. For more details on o, see
Section 2 below.

We only allow players to use admissible controls. Roughly speaking, a
player initially declares a bound C' < oo, and then plays as to keep ¢(s) < C
for all s, where (a(s), c(s)) is the admissible control of the player.

Definition 1.1. Given a control A := (a(s),c(s)), that is, a progressively
measurable process with respect to the Brownian filtration {Fs} with a(s) €
S*1, ¢(s) € [0,00), and s € [0,T), we set

A(A) = esssup sup c(s) € [0, 00]. (1.2)
wef)  s€(0,T]

Then, we define the set of admissible controls by

AC = {A control: A(A) < oo}.

Given an admissible control A, we say that the compact set S*~! x
[0,A(A)] is an action set. A strategy is a response to the control of the
opponent.

Definition 1.2. A strategy is a function
S:AC — AC
such that for all t € [0,T], if
P(A(s) = A(s) for a.e. s € [0,]) =1 and A(A) = A(A),
then
P(S(A)(s) = S(A)(s) for a.e. s € [0,¢]) =1 and A(S(A)) = A(S(A)).
Given a strategy S, we set

A(S) = ::ECA(S(A)) € [0, o0]. (1.3)

Then, we define the set of admissible strategies by
S = {5 strategy : A(S) < oo}.
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We define the lower and upper values of the game with the dynamics (1.1)
by

U (z,t) = inf sup E[eiT(Tft)g X(T },
(z:1) SES AcAC ( ( )) (1.4)

Ut (z,t) = sup inf E[—*(T—ﬂ X(T }

(z.1) = sup inf Ele 9(X(T))

for all (z,t) € R™ x [0,T], where » > 0, and g is the pay-off function. The

game starts at a position x at a time ¢, and the expectation E is taken with

respect to the measure P. The game is said to have a value at (x,t), if it

holds U™ (x,t) = U™ (x,t).

1.2. Statement of the main results. Let us denote

F((x,t), u(z,t), Du(z, t), D*u(z, t))

" u
= Aﬁr’t)u(x, t)+ Z/Lia—mi(az, t) — ru(z,t)
i=1

for all (z,t) € R x (0,T), where D?u is the matrix consisting of the second
order derivatives with respect to x. We consider the terminal value problem

{8tu+F((ac,t),u,Du,D2u) =0 inR"x(0,7),

u(z, T) = g(x) on R™, (15)

where g is a positive, bounded and Lipschitz continuous function. A common
notion of a weak solution to this equation is a viscosity solution. In this
paper, we prove the following main result.

Theorem 1.3. Let g be positive, bounded and Lipschitz continuous. Fur-
thermore, let U~ and U™ be the lower and upper values of the stochastic
differential game defined in (1.4), respectively. Then, the functions U~ and
Ut are viscosity solutions to (1.5).

For completeness, we show that a viscosity solution to (1.5) is unique
under suitable assumptions.

Theorem 1.4. Let g be positive, bounded and Lipschitz continuous. Then,
a viscosity solution u to the equation (1.5) is unique, if u satisfies a linear
growth bound

[u(z,t)] < c(1 4 |z]) (1.6)
for all (z,t) € R™ x [0,T] and for ¢ < oo independent of x,t.

Because ¢ is bounded, the functions U~ and U™ satisfy (1.6). Thus,
Theorems 1.3 and 1.4 imply the following.

Corollary 1.5. The game has a value at every (x,t) € R™ x [0,T].
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As an application, one could study our model in the context of the port-
folio option pricing. This would be based on the idea that, in addition to
a random noise, the prices of the underlying assets are influenced by the
two competing players. Roughly speaking, one can see the players as the
issuer and the holder of the corresponding option. The issuer and the holder
try, respectively, to manipulate the drifts and the volatilities of the assets
to minimize and maximize, respectively, the expected discounted reward at
the time 7. The time T can be interpreted as a maturity; it is the time on
which the corresponding financial instrument must either be renewed or it
will cease to exist. To some extent, we generalize the model developed by
Nystrom and Parviainen in | ]. Indeed, our contribution is the intro-
duction of a local volatility p. The volatility of an asset may vary over the
space and the time.

1.3. An outline of the proofs of Theorems 1.3 and 1.4. Our approach
is influenced by the papers | , , |. First, we examine games
with uniformly bounded action sets, and in the end, let the uniform bound
tend toward infinity. Here, the important step is to connect the value func-
tions under uniformly bounded action sets to the terminal value problems
of Bellman-Isaacs type equations

owu—F,, ((x,t),u,Du,Dzu) =0 inR"x(0,7), (1.7)

ule,T) = g(z) on R, |
and

du— Ff ((z,t),u,Du,D*u) =0 in R" x (0,T), (1.8)

u(z,T) = g(z) on R™. '

The exact definitions of F),, and F,! are given in Section 2 below. Here,
m denotes the uniform bound on the controls. The uniqueness of viscos-
ity solutions to (1.7) and (1.8) follows, for example, from | ) ].
Furthermore, the existence of viscosity solutions to the equations (1.7) and
(1.8) follows by the construction of suitable barriers (Lemma 2.2) and by
the use of Perron’s method.

In Section 3, the main result is Lemma 3.3 in which we show that a lower
value function with uniformly bounded action sets equals to the unique
solution u,, to (1.7). In the proof, we first regularize the solution u,, by
sup- or inf-convolutions depending on which direction in the equality we
aim to prove, and then we mollify w,, by the standard mollifier. Finally, we
deduce the result by utilizing 1t6’s formula to the regularized solution and
passing to limits.

In Section 4, we examine the problem (1.5). First, we prove Theorem
1.4. To prove a comparison principle, we double the variables and apply the
celebrated theorem of sums, see | ]. Because we only consider solutions
satisfying a linear growth bound in the whole space, we utilize a quadratic
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barrier function for all large . Furthermore, we use the Lipschitz continuity
of p to estimate the error coming from a penalty function. To continue, in
Lemma 4.5 we show that
F, = F
as m — oo. Furthermore, in Lemma 4.6 we utilize the results of | ,
| to show that the family

{tp :m > 1}

is equicontinuous. Finally by the reduction of test functions (Lemma 4.4)
and the stability principle for viscosity solutions, we can utilize the Arzela-
Ascoli theorem to find a solution u to (1.5) and a subsequence (u,,) con-
verging uniformly to u as j — oo. To complete the proof of Theorem 1.3,
we also need the fact that the subsequence of the corresponding lower value
functions converges to the lower value function for the game without the
uniform bound on the controls. In addition, all the proofs in the context of
the equation (1.8) are analogous.

Acknowledgement. The author would like to thank Mikko Parviainen for
many discussions and insightful comments regarding this work.

2. PRELIMINARIES

Let W = (W', W?)T be a 2n-dimensional Brownian motion such that
Wt =Wl,...,W}h) and W? = (W2,...,W2) are n-dimensional Brownian
motions. Let (Q,F,{Fs},P) denote a complete filtered probability space
with a right-continuous filtration supporting the process W. As mentioned
above, we consider the following stochastic differential equation

dX(s) =p(G(s))ds+o(X(s),G(s)) dW (s)
X(0) ==z

for s € [0,T], T > 0 and x € R" with G : [0,T] — CS, p : CS§ — R"™ and

o :R"xCS — M™*?". Here, we define CS := S" 1 x §"~1 x [0, 00) x [0, 00),

where CS refers to control space. Furthermore, M™*?" is the set of n x 2n

matrices.

(2.9)

We are interested in the following form of the functions G, p and o. Let
Ay = (a(s),c(s)) and Az := (b(s),d(s)) be admissible controls of the players
in the sense of Definition 1.1, respectively. Furthermore, let ;1 € R™. Then,
for s € [0,T], we define

G(s) = (a(s), b(s), c(s), d(s)),
and
p(G(s)) = p+ (c(s) +d(s)) (a(s) + b(s)).

Let v € S"7!, and denote the orthogonal complement of v by
vii={zeR": (z,v) = 0}.
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We set P;- to be a n x (n—1) matrix such that the columns are p., ..., pP~ !,

where {pl,...,p" 1} is a fixed orthonormal basis of v+,
i _
Py=py, - o))

We can define the basis of v+ in a way that the function v +— P, is contin-
uous. In addition, let p : R™ x [0, 7] — R be a Lipschitz continuous function
such that

Prmin = inf  p(y)>1and ppax = sup  p(y) < oo. (2.10)
y€ER™ x[0,1] yER" X [0,T]

With respect to the time variable ¢, we only need that p is Holder continuous
for all fixed x, but we avoid further technical difficulties. Now, we define
the n x 2n matrix ¢ to be

U(X(S),G(s))

:[a(s) p(X(s),s) —1; PaL(S); b(s)\/p(X(s),s) — 1; P()J(‘S)]

By the game dynamics (2.9), we get
dXi(s) = [ui + (c(s) + d(s)) (ai(s) + b,@))} ds

F\p(X()) =1 (ale) W) + b5 aWEG)) )

+ Z (5;(8))/&—1 del(S) + (BZ(S))k—l deQ(S)
k=2 k=2

forall i € {1,...,n}. Here, (?f,) denotes the i-th row vector of P;t.

By a strong solution to the stochastic differential equation (2.9), we mean
a progressively measurable process (X (/)) with respect to the Brownian
filtration {F;} such that X(I) coincides with the right-hand side of (2.9) for
all [ € [0,7T] almost surely. Moreover, a solution is pathwise unique, if any
two given solutions (X (1),Y (l)) satisfy

P( sup |X() =Y ()] >0)=0.
1€[0,T]

Let us denote by | - | the Frobenius norm
llo||F := 1/ trace(co™)
for all o € M™*2". Then by (2.10), it holds
T
]E/ o (X (1), G)|[7 dl < 2T (pmax — 2+ 1) < oco. (2.12)
0

Hence, the stochastic integral in the right-hand side of (2.9) is well defined.
Because the controls of the players are admissible, it holds

T 2 9
E/O p(G6)| ds < (] +2AA) + AA))’T <00 (213)
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for A(A1),A(A2) < oo, where A(-) is defined in (1.2). Furthermore, the
functions p and ¢ are continuous with respect to the controls. Moreover, we
can estimate

[lo(2,G(8) = o (3, G(®)lr < V2Vp(@,1) =1 = Vp(y,1) -1
< ez, 1) —p(y, t)|
o \% 2prnin -2
< LM« _ y|
~ V2Pmin — 2
for all z,y € R" and ¢ € [0,T] with L, denoting the Lipschitz constant of p.

Therefore by combining this, (2.12), (2.13) and | , Theorem 2.5.7], the
SDE (2.9) admits a pathwise unique strong solution.

Throughout, we denote by || - || the matrix norm
|M|| := sup [(Mz,z)]
|z|=1

for all n x n matrices M. Furthermore, S(n) denotes the set of all symmetric
n X n matrices, I is the n x n identity matrix, and for £ € R”, we denote by
£®¢ the nxn matrix for which (§®¢€);; = &:&;. A function ¢ : [0, 00) — [0, 00)
is said to be a modulus, if it is continuous, nondecreasing, and satisfies

¢(0) = 0.

2.1. Viscosity solutions to Bellman-Isaacs equations with uniformly
bounded action sets. We define ® : C§ x R™ x [0,7] x R" x S(n) - R
through

®(a,b,c,d; (x,t),v, M) = — trace (.Agfét)M) —(c+d){(a+0b,v) — (u,v),
where

ey 1
ALY = ;1) =2)(a@a+b@b) + 1. (2.14)

Observe that the matrix Agml;t) is symmetric with eigenvalues between the
values

A= min{1, pmin — 1} and A := max{1, pmax — 1}. (2.15)

Given m € {1,2,...}, we let
Hpm = S"1 x [0,m),
and define F,;, F;f : R" x [0,7] x R x R" x S§(n) — R through

Fg((x,t),g, v, M) = inf sup <I>(a, b,c,d; (x,t),v, M) + 7€,
(a,0)€Hm (b,d)EHm

Ff((z,t),&v,M) = sup  inf ®(a,b,c,d;(z,t),v,M)+ré
(b,d)EHm, (@:C)EHM
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for r > 0. Let g : R — R be a positive bounded Lipschitz function such
that

sup g(x) +  sup M

<L (2.16)
z€R™ z,yER™ x#y |J} - y| I

for some L, < co. We study terminal value problems

ou— Fy ((z,t),u,Du,D*u) =0 inR" x (0,T), (2.17)

u(z, T) = g(x) on R” '
and

ou— Ff ((z,t),u,Du,D?*u) =0 inR" x (0,7), (2.18)

u(z, T) = g(x) on R™. '

A common notion of weak solutions to these equations is viscosity solutions.
We only consider solutions u which satisfy a linear growth condition

[u(z,t)| < c(1+|z|) (2.19)

for all (z,t) € R" x [0, T] and for some ¢ < oo independent of x,t. We prove
that there exists a unique viscosity solution to the equation (2.17) satisfying
the condition (2.19). We omit the proof for (2.18), because it is analogous.
The proofs are based on the comparison principle and Perron’s method.

Definition 2.1. (i) A lower semicontinuous function Uy, : R" x [0,T] — R
is a viscosity supersolution to (2.17), if it satisfies (2.19),

U, (2, T) > g(x)

for all x € R™, and if the following holds. For all (zo,ty) € R™ x (0,T) and
for all p € C*1 (R” x (0,T)) such that

® U (20, t0) = ¢(z0,t0)
o Up(z,t) > ¢(x,t) for all (x,t) # (x0, to)

it holds

8{/(}5(1‘0, tU) - F7; (($07 to)v ¢(1’0, tU)a D¢($0, tO)v D2¢($07 tU)) S 0.

(ii) An upper semicontinuous function u,, : R" x [0,T] — R is a viscosity
subsolution to (2.17), if it satisfies (2.19),

Up (2, T) < g(z)

for all x € R™, and if the following holds. For all (xo,tp) € R™ x (0,T) and
for all p € C*1 (R” X (O,T)) such that

* u,(z0,t0) = ¢(z0,t0)
o u, (x,t) < ¢(x,t) for all (x,t) # (xo,to)



10 JOONAS HEINO

it holds
Od(0,t0) — Fy (0, t0), ¢(20, t0), Dd(x0, o), D¢ (20, t0)) > 0.

(iii) If a function uy, : R™ x [0,T] — R is a viscosity supersolution and a
subsolution to (2.17), then wuy, is a viscosity solution to (2.17).

Observe that we require the growth condition (2.19) as a standing as-
sumption for viscosity super- and subsolutions. We start with the following
lemma.

Lemma 2.2. Let y € R", 0 < e < 1, and let Ly be the constant in (2.16)
for g. Then, the functions

A
a(e,1) = g) + (T — 1) + 2Ly (jr — yP +2)'%,

A 1/2
a(w,t) = g(y) = 75 (T —1) = 2Ly(j v +¢)

are viscosity super- and subsolutions to (2.17), respectively, if we choose A,
independent of y,e and m, large enough.
Proof. Because ¢ is Lipschitz continuous with (2.16), we get

a(z,T) < g(x) <a(x,T)

for all z € R™. Furthermore, a and @ satisfy (2.19). First, we prove that @
is a supersolution. To establish this, since @ is a smooth function, we need
to show that

oa(z,t) — F, ((z,t),a(z,t), Da(z,t), D*a(x,t)) <0

for all (z,t) € R™ x (0,T). Let (z,t) € R" x (0,T). By a direct calculation,
it holds

Da(w,t) = 2Ly (Jx — y> +¢) Pz —y)

and

D*a(x,t) = 2Ly(|z — y[? +5)_1/2<[_ (z—y) @ (x —y))

|z —y|*+e

Thus, we can estimate

— trace (A((jl;t)DQE(x, t))
= 2L, (je -y + s)‘”{ trace (A5 (lo =y + ) e -y @ (2~ )

— trace (Aifgt)> }

> —2nALy(|lz — y|* + 5)71/2

for all a,b € S*~!. Furthermore, we have d;a(z,t) = —Ae~ /2,
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We can assume = # y, because otherwise the next term below is zero. It
holds

inf sup —(c+d){a—+b,Da(x,t
(a,0)€Hm (b,d)EHm ( )< ( )>

> 2Lg(|a: —y*+ 5)71/2

inf  — o . _
(a,cl)réHm C<a (JZ y)/|x y|’ X y>
> 0.

In addition, we can estimate
[, D, )] < 2Lglulle — Iz~ +€) ™% < 2Lgul.
By combining our estimates above, we have
oa(z,t) — F, ((z,t),a(x,t), Da(z,t), D*a(x, t))
< —Ae12 4 2nALy(|lz — yl? + 5)_1/2 +2Lg|p| — ra(z, t)
<e M2~ A+2nALy) + 2Ly|ul.

Hence, if we choose
A =4Lg(nA + |pu]),
we can conclude that @ is a supersolution to (2.17).

The proof that a is a subsolution to (2.17) is very similar to the above.
We need to show that

da(x,t) — F, ((w,1), a(x,t), Da(x,t), D*a(x,t)) > 0.
Observe that for x # y, we have this time

inf sup —(c+d){a+ b, Da(x,t
(a,0)€Hm (b,d)EHm ( )< ( )>

—1/2
<2Ly(lz—yP+e) " sup —d{(z—y)/|x —y| + b2 —y)
(b,d)EHom

<0

by estimating the infimum instead of the supremum. Thus, by repeating
the argument above, we have

atQ(J?,t) - Fn_m((xvt)vg(mat)v DQ(xvt)a DZQ(x,t))
> 1/2 (A—2nALy) — 2Lg|u| — ra(z,t).

Recall the assumption (2.16) implying —ra(x,t) > —rL4. Therefore by ad-
justing the constant A large enough, we can conclude that a is a subsolution
to (2.17). O

A useful tool for us is the comparison principle.

Lemma 2.3. Let u,, and u,, be continuous viscosity sub- and supersolutions
to (2.17) in the sense of Definition 2.1, respectively. Then, it holds

U, (2, 1) < Up (2, 1)
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for all (z,t) € R™ x [0,T].

The proof of the comparison principle can be found from | ], see also
[ ]. Now, Lemmas 2.2 and 2.3 applied to Perron’s method yield the
following result.

Proposition 2.4. There exists a unique viscosity solution u,, to (2.17) in
the sense of Definition 2.1.

Observe that by comparison with a sufficiently large constant, the unique
solution u,, to (2.17) is not merely of linear growth (2.19). Tt is even

bounded.

3. THE SDG WITH UNIFORMLY BOUNDED ACTION SETS

In this section, we examine the game dynamics under uniform bounds
on the action sets of the players. In particular, we prove that the unique
solution to (2.17) equals the lower value function of the game under the
uniform bound. For the upper value function, the proof is similar.

Definition 3.1. Let AC be the set of admissible controls, and let S be the set
of admissible strategies in the sense of Definitions 1.1 and 1.2, respectively.
Form € {1,2,...}, we set

ACp, :={A € AC : A(A) < m},
Smi=1{5e€S:A(S) <m},

where A(-) is defined in (1.2) and (1.3).

Let m € {1,2,...}, and assume that the players choose their controls and
strategies from the sets AC,, and S,,, respectively. As before, the SDE (2.9)
admits a pathwise unique strong solution. We define the lower and upper
value functions of the game with controls in AC,, and strategies in S,, by
setting

- _ —r(T—t)
Up(2,t) = inf AE%ME[G 9(X (T>)}7

+ — : —r(T—t)
U, (x,t) Ssggn Aelgch]E[e g(X(T))}

(3.20)

for all (z,t) € R™ x [0,T], where g is the pay-off (2.16). The game starts at
z at a time t, and the expectation E is taken with respect to the measure P.

In Lemma 3.5 below, we assume that the solution u,, to (2.17) is twice
differentiable and that the solution and its derivatives of first and second
order are Lipschitz continuous. Hence, we first study the so called sup- and
inf-convolutions of the function u,,. In particular, for a large j € N, let us



A CONTINUOUS TIME TUG-OF-WAR 13

denote Tj :=T — j~' and R} := R" x [j~1,Tj]. Then for j fixed and ¢ > 0
small, we define

u, x,t = sup Um\Z,S8) — — t—s +|r—z
8( ) (2,8)€R™ x[0,T] ( ( ) 2e (( ) | | ))

whenever (z,t) € R;L. The sup-convolution u. has well-known properties.
Indeed, u. is locally Lipschitz continuous, semiconvex and ue \ 4y, as e — 0,
see for example | ]. Moreover, u. yields a good approximation of w,, in
the viscosity sense. The proof of the following lemma follows | |, where
they consider an elliptic case. For the benefit of the reader, we give the
proof in our parabolic setting.

Lemma 3.2. Let u,, be a viscosity solution to (2.17), and let u. be the
sup-convolution of uy,. Then for e small enough, it holds

F, ((x, t)a us(xa t), Dus(xa t), DQUE(CC7 t)) < atus(xa t) + C(E)
for a.e. (z,t) € R} with a bounded modulus of continuity ((¢).
Proof. By the comparison principle and the assumption (2.16) on g, it holds
0 < wuy < Ly Therefore for all (z,t) € R? and € > 0 small enough,

there exists a point (z*,t*) € R"x]0,T[, where the supremum used in the
definition of u. is obtained. In particular, it holds

1
0 < U (2,t) < ue(w,t) < Ly — g((t —t*)? + |z — 2" ?).

Hence, this yields |t — t*| < j71, if e < 1/(2Ly5%).
By the Lipschitz continuity and the semiconvexity of u,., it holds
ue(2,8) < ug(x,t) + pue(z,t)(s — t) + (Duc(z,t), z — x)

1 (3.21)
+ §<D2u6(m,t)(z —z),z—xz)+o(|s —t| + |z — 2|
for a.e. (z,t) € R} as (z,5) — (x,1), see | , Lemmas 3.3 and 3.15].
Here, we also applied the fundamental Aleksandrov’s theorem for convex
functions, see for example | , Theorem 6.4.1]. Moreover, the estimate
(3.21) implies that we can choose (z*,t*) such that
¥ = x + eDug(x,t),
. <[, 1) (3.22)
t* =t + edus(x,t)
for a.e. (z,t) € R}, see [ , Lemma A.5] or | , Theorem 4.7]. Let

(z,t) € R} such that (3.21) holds. We define v : R? — R through
v(z,8) = Opues(z,t)(s —t) + (Due(z,t), 2 — x)

+ %<D2u€(x7t)(z — ),z —x)
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for (z,s) € R}. We want to find a local maximum of a function at (z*,t*, z, 1)
up to an error in order to use the parabolic theorem of sums. Because it
holds v(x,t) = 0 and

(1) = 5= (1= 9 1y = =) < uelz,)

for all (2,s), (y,1) € R}, we can estimate by (3.21)

1
um(yal) - ’U(Z,S) - %((l - 8)2 + |y - Z|2)
1
< um(x*at*) - ’U(ﬁvt) - %((t - t*>2 + |I - $*|2)
+o(ls —t|+ |z — %)
for any (y,l) € R} as (z,s) — (,1). By using this inequality, we can deduce
um(yal) —U(Z,S)
1 1
Sum (2, 87) — v, ) + — (2" —z,y —a") + (" =) - ")
€ €
1 * 1 * 1 *|2 2
+g<x—x ,z—ac)—kg(t—t )(s—t)+2—€(|y—x ° + ]z — z|*)
1
—g<y—x*,z—x)+o(|s—t|+|l—t*|+|z—m\2)

(3.23)

for all y € R™ as (z,s,1) — (x,t,t*). This is true, because by direct calcula-
tions it holds

(= = (= 9?)
- 2—16(@ sl ) — 2 — )22t — 1) (I — s))
< é(t* (1 —t)+ %(t —t)(s—t)+o([s —t| + |l — t*])
as (s,1) — (t,¢*) and
(* —zy—a)+(x—a", 2 —x) + %(|y—x*|2+ |z —z|?) — (y — 2%, 2 — z)
= (2 e - 2P

for all y, z € R".

For the following notation and the parabolic theorem of sums, we refer

the reader to | ], see also [ ]. By the estimate (3.23), it holds
1 1 1 1 11 —I
St —x), =t — 1), —(z — 2%), = (t — t*), =
<E(l’ ), Z (" =), ~(z —27), =( >’g[—l I])

c p2t (um(w*, t*) — v(z, t))
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Thus by | , Theorem 6.7], there exist symmetric matrices ¥ := Y (¢)
and Z := Z(e) such that

1 1 .
<€(t* — 1), ("~ ), Y> € P um(a*, %)
1 1 —o_
<(t* — 1), = (2" — 2), Z) P u(a,t)
€ €
and
Y 0 3(1 —I
A -
Therefore, because u,, is a subsolution, this and (3.22) yield
Fr (2, ), um (2", %), Duc(,1),Y) < Opuc(,t). (3.25)

Furthermore, since D?v(z,t) = D?u.(x,t), the degenerate ellipticity of F,
implies

EL (1), ue (2, 1), Duc(,t), D*uc(, t))
< F ((2,1),ue(2,t), Due(w,t), Z).

By combining this and (3.25), the proof is complete, if we can show that
there exists a modulus ¢ such that

F, ((z,t),us(z,t), Dus(z,t), Z)
< Fn:((x*,t*),um(x*,t*), Dug(m,t),Y) + ((e).
We prove this inequality by utilizing (3.24).
Let a,b € S"1. We multiply from the left both sides in (3.24) by

¥ t* z,t),(x*,t*
AT )
A b

(3.26)

a,b a,
(z,t),(x*,t%) A z,t)

a,b a,b

where

x x* * ]_
Agl;t),( ) 5(\/p(x*’t*) —1p(z,t) — 1 — 1>(a®a+b®b) +1,

and the matrices A((f,;t) and A((fz: ) are defined in (2.14). Then by taking
traces and observing
trace(a ® a +b®b) =2,

we get
— {race (A((fl;t)Z) + trace (A,(fb*’t*)y)
< g (trace (A((f;’t*) + Agfz;t)) — 2trace (Az(zs,cl;t)’(gc*ﬂ))) (3.27)

= g(\/p(%t) — 1= /p(a*, t*) — 1)2-
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Because it holds pmin > 1 and

o WIHVYRWT=Vh) _ f-h
VI=vh= VF+Vh i+ Vh

for any f,h > 0, we can estimate

3 ( 2 3L2 1

- r,t)—1— Tt —1) <—P (=t |z —a]?
(Vo) = 1= Vol ) sy e () =)
with L, denoting the Lipschitz constant of p. Therefore, because H,, is
compact, ® is continuous with respect to the variables in CS and a, b are

arbitrary, this and (3.27) imply
F, ((x, t), uc(x,t), Duc(z,t), Z) - F, ((x*, t*), U (2%, %), Duc (2, t), Y)
3L2 1
<—P (=t + |z —2*P).
The solution u,, is Holder continuous, see Lemma 4.6 below. In particular,
there exists a modulus (,, independent of m, such that

1 * * * *
2—6((1? — ) + [z — ) < up(2*, ) — um(z,t) < Cu(y/2Lge).
Thus by denoting

3L2
Cle) = —P__¢.(\/2Loe
and recalling (3.26), the proof is complete. O

We prove the following main lemma of this section.

Lemma 3.3. Let uy, be the unique viscosity solution to the equation (2.17).
Furthermore, let U,, be the lower value function of the game defined in
(3.20). Then, it holds

Um({L', t) = UT:L($7 t)
for all (z,t) € R™ x [0,T1].

Proof. To establish the result, we regularize the solution u,, first by the sup-
convolution and then by the standard mollification. Then, we apply Lemma
3.5 below to the regularized function and finally pass to the limits.

Let j € N be large and € > 0 small. By Lemma 3.2, it holds
F ((2,1),ue(w,t), Duc(2,t), D*uc(2,t)) < Opue(w,t) + ((e) (3.28)

for a.e. (z,t) € R} with a bounded modulus of continuity ((¢). Let § > 0,
and denote by ¢s the standard mollifier in R**!. Then for ¢ small enough,
the function ug = ¢s*u, is well defined on R;-Ll. Because u, is bounded, the
mollification ensures that u is bounded uniformly in §, and 49 is Lipschitz
continuous. Moreover, u{ is smooth, and Dul, d;ul and D*ul are bounded

€
and Lipschitz continuous on R?_l. In addition, because u. is continuous on
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R?, it holds that ug — u,. uniformly as § — 0 on R}[l. We can also show
that it holds

Dul(x,t) = Duc(z,t),

8tug(a:, t) — Qwus(z,t),

D*ul(x,t) — Du(x,t)
as 0 — 0 for a.e. (z,t) € R}_;, see for example | |. Furthermore, we
have
F, ((z,t), ul(z,t), Dud(z,t), D*ul(z, t)) < Ol (x,t) + C(e) + v5(x, 1)

for all (z,?) € R}_;, where it holds

vs(x,t) := max {FT; ((3:, t), ug(x, t), Dug(x,t), DQUg(m, t)) — 8tug(x,t), {(5)}
—((e).

By using the convergences above and (3.28), we see 75 — 0 as 6 — 0
for a.e. (z,t) € R}_;. It also holds that vs is uniformly continuous on
R | and bounded from above uniformly with respect to . This is true,
because the operator F, and the variables are uniformly continuous, and
u? is uniformly Lipschitz and semiconvex with respect to 6. Now by doing

€
minor adjustments to the proof of Lemma 3.5 below, we can argue that

Ty
ul(z,t) < inf sup E{/ ’ e_r(l_t)hg(X(l),l) dl
SESm AcACm, t (3 29)

+e TGl (X(Tyo0), Tya)

for all (z,t) € R}_; with h := ((g) + s and ¢ small enough. This is true,
because h? is uniformly continuous.

Next, for j fixed, we let § — 0 and € — 0. First, we make a rough estimate
for the drift part and apply Doob’s martingale inequality for the diffusion
part of the process (X (l)) to get the following. For all & > 0, we choose
R := R(0,m, u,n, pmax, T') > 0, independent of controls and strategies, large
enough such that

IF’( sup |X(I) —z| > R) <40,
t<I<T

see for example [ , Theorem 2.7.2.2]. Then by Egorov’s theorem, we
find a set Uy C Br(z) x [0,T] such that |Uy| < 0 and

vs — 0 uniformly as § — 0 on (Bg(z) x [(j — 1)~",Tj-1]) \ Up. ~ (3.30)

Now, we estimate

Tj,1
E —rU=Dpd (X (1), 1) dl < IE(0) + I5°(0
| e < 16+ 150) )

+(Cy 4 CO) (T 1 — 18,
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where we denoted by C, < 0o a constant such that supgn LY < C, and
n

I£0(0) = E/

t

T; 1
T e DR (X (1), 1)y, (X (1), 1) d,

T 1
5°(0) = E/ eir(lit)hg(X(l)’Z)X(BR(x)X[t,ijﬂ)\Ug (X(1),1)dl.

t

By a fundamental estimate in | , Theorem 3.4], see also | ], it holds

Tj—l
]E/ [e*“’*t)m (X (1), l)} dl < C(Tj_1 — 1)|Up]
t
for a constant C' := C(n, pmin, Pmax, M, i1, ) < 00. Hence, we have
I7°(0) < O(Ty—1 — £)0(Cy + C(e)). (3.32)
Furthermore, because we have (3.30) and ((¢) — 0 as ¢ — 0, it holds
I5°(8) — 0 by first letting 6 — 0 and then & — 0.
Combining this together with the estimates (3.29), (3.31) and (3.32), and

letting 6,6, — 0, we have proven

m(z,t) < inf E|e -1y, (X (Th-1), Tj—
tm(@,t) < fnf - sup E (X (Tj1), Ty1) |

for all (z,t) € R}_;. Finally by recalling Tj_1 =T — (j — 1)~! and letting

j — o0, we see by utilizing the barrier constructed in Lemma 2.2 that

: —r(T—t)
U (2, 1) < SIEI}Sfm Az%gm E [e g(X(T))} . (3.33)

Here, we also applied Jensen’s inequality, 1t6’s isometry and (2.11) to get
s 1\ 1/2 o L \1/2
E(1X(Ty) - X(T)2+571) " < (BIX(Tj0) - X(T)P +57")
. 1/2
< (CG-n7+57)
with a constant C' := é’(m,u,n,pmax) < o0 to estimate the terms in the

barrier.

The proof of the opposite inequality in (3.33) is analogous. In particular,
we first apply the inf-convolution

1
..E _ inf . = a2 2
Ue(,t) (z,s)G%Rp"X[O,T] (u (z,8) + 7% ((t—5)°+ |z — 2 ))

whenever (z,t) € R;L, and deduce an opposite type of inequality similar to
(3.28) with the same modulus of continuity (. Then, we make the stan-
dard mollification, and deduce the result by passing to the limits as before.
Therefore, the proof is complete. O

In the result above, we utilized the following two lemmas.
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Lemma 3.4. Let u : R® — R be twice differentiable, and let a,b € S*~!
and c¢,d € [0,m] with m € N. Furthermore, assume that Du and D?u are
Lipschitz continuous, and D?u is bounded. Then, the function

(z,t) — <I>(a, b, ¢, d; (z,t), Du(z,t), D*u(z, t))

s also Lipschitz continuous.

Proof. By a direct computation, it holds
((c+d)(a+b)+ p, Du(z,t) — Du(z,s))
+ trace [DQu(az, t) — D*u(z, s)] (3.34)

< L(|x — 2P+ (t - 5)2)1/2

for all (z,t),(z,s) € R" x [0,7] and for a constant L := L(m, u,n, L1, L2)
with L; denoting the Lipschitz constant of Du and Lo denoting the Lipschitz
constant of D?u, respectively. Furthermore, because D?u is bounded, we
have

Cy = sup || D?u(z,1)|| < occ.
(2,))ER™ % [0,T]

Therefore, we can estimate
(p(x,t) — 2) trace ((a ® a+b® b)Du(z, t))
— (p(2,1) — 2) trace <(a ®a+b®b)Du(z, 1))
= (pla,t) — 2) trace ((a @ a+b®b)(Du(x,t) — D2u(z, 1)))
+ (p(,t) — p(2,1)) trace ((a ® a+b®b)D%ul(z, l))
< Llx— 2P+ (t - 9))"?

for all (x,t), (z,s) € R"x[0,7T] and for a constant L= [:(pmax, n, Ly, Ly, Co)
with L, denoting the Lipschitz constant of p. Thus, this estimate, together
with the estimate (3.34), completes the proof.

O
Lemma 3.5. Let uy, be the unique viscosity solution to the equation (2.17),
and let U, be the lower value function of the game defined in (3.20). Fur-
thermore, assume that u,, is twice differentiable such that ., Oy, Dim,

D?u,, are Lipschitz continuous, and Du,,, D*u,, are bounded in R™ x [0,7).
Then, it holds

U (z,t) = U, (x,1t)
for all (z,t) € R™ x [0,T].

Proof. The idea of the proof is to apply [t6’s formula to connect the solution
Uy, and the lower value function U,, with uniformly bounded action sets.
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We construct a discretized control and a strategy based on the solution u,,,
and in the end, pass to a limit with the discretization parameter.

Let k£ > 1 be an integer, (z,t) € R™ x [0,T) and denote At := (T —t)/k
and t; :=t+iAt for all i € {0,...,k}. Note that typ =t and ¢;, = T, and set
E;:=[ti—1,t;) foralli € {1,...,k}. For the time interval F;, we can choose
a constant control (al,c1) € H,, such that

sup <I>(a1, b,c1,d; (z,t), D (2, 1), D*up (x, t)) + U (x, t)

(b,d)EHm (3.35)

1
< Quum(z,t) + %
since uy, is a solution to (2.18). Let s € Ey, and let (b(1),d(l)) € ACp, be
an arbitrary control. We define X (s) as in (2.9) with X (¢) = z and controls
(a',c1) and (b(1),d(1)), I € [t, s]. By the assumptions, u, is regular enough
to utilize It6’s formula. Thus, it holds

Um (X (5),5) — um(w,t)
:/satum( dz+z/ %1;7” 1) dX:(1)

7_]_

(3.36)

For brevity, we denote
(I){((s) = (I)(alv b(5>a C1, d(S); (X(S)a 3)7 Dum(X(S)v 8)7 D2Um(X(S)7 5))7
DY (s) := <I>(a1, b(s),c1,d(s); (x,s), Dup(z, s), D?um(z, s))
Therefore by utilizing (2.11) and (3.36), we get
Um (X (8), 8) = um(z,t) + /t (Opum (X (1),1) — ®(1)) dl
+ N(X(s),s).

(3.37)

Here, it holds

Z(/ (D (X(0),0), 777 AW )

1=

+/ts (Dum(X (1), 1), pyy ) AW? (1 ))
+1/p(X(1),1) —1</s (Dup (X (1),1),a"y dWi (1)

v [ Dm0 00 w3

where we recall that p!, denotes the i-th column vector of the matrix P;- for
all v € SPL,
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We note that for any adapted one dimensional process {Q(I)} lefo.1) with
E [, 6%(1) dl < oo, it holds

h
E/O 0(1) dW (1) =0

for all h € [0,7], where W is a one dimensional Brownian motion starting
from the origin. Thus, because Du,, and p are assumed to be bounded, it
holds

EN(X(s),s) = 0.

Therefore by estimating the function (z,1) + e ", (z, ) instead of (z,1)
Um(2,1) in a similar way to (3.37), it holds

E[e_rsum (X(s), s) — e My t)]
— E/S e " (D (X (1),1) — 7 (1) — 1 (X (1),1)) dl.

This implies
i (2,6) = B e (X(5), 5)

—~ / i) (B (X (1),1) — D7 (1) — rum (X (1),1)) dl] .

t

Next, we add and subtract terms so that we can utilize (3.35). In particular,
it holds

um(xa t) = E[eir(87t)um (X(S)v 8) + K1+ Ko+ K3

] (3.38)
+ / e "D (= By (w,) + BT(E) + Tt (2, 1)) dl} ,
t
where
Ky = / e (B (2, t) — Byum (X (1), 1)) dl,
t
Ka= [ 00 (@i () - 2f(0)
¢
Ks = / e (=t (rum (X (1),1) = rum(z,t)) dl.
t
Hence by using (3.35) to estimate the last term in (3.38), we get
(1) < BJe™"C Dy (X(5), 5) + K + Ky + K| + (3.39)

We recall that wm,, Otm, Dum, and D?u,, are Lipschitz continuous, and
we denote the largest Lipschitz constant of these functions by L.,,. Then,
we can estimate

E|K:|+ E|K3| < (1+7)Ln, [(s — 1)+ IE/: 1X(1) — x| dl]
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Furthermore, let us denote

Com = sup |[|D?um(z0)]],
(z,1)eR™x[0,T

which is assumed to be bounded. Then, Lemma 3.4 yields
@3 (1) — #7(1)] < LX) — 2l + (s = °) "

for all [ € [t, s] and for a constant L := L(m, {t, Pmax; 7 Lm, Com, Lp). Here,
recall that the constant L, is the Lipschitz constant of p. Therefore by
combining these estimates with (3.39), we get

U (2,1) <E [efﬂsft)um (X (s), s)} + CE /1t ) |X (1) — x| dl

s—1t
k

for a constant C' := C(m, &, Pmax; ", Lm, Com, Lp,r). By recalling (2.11)
and utilizing Jensen’s inequality and It6’s isometry, we see

/SE|X(Z) —aldl < C((s —t)* + (s — 1)*?)

t

(3.40)
+C(s—t)+

for a constant C' := C(m, ft, pmax, 7). Thus, combining this with (3.40) and
letting s — t1, we have

U (2, ) < E[e*wum (X(tl),tl)] + C(A)? + C (A2 + % (3.41)

for some generic constant C.

Next, we replicate the same argument as above in the time interval FEj.
By Lemma 3.4, it follows that there are a covering Us := (B(yQ’i, 7"2,,-))21 of
R™ and a sequence of controls Cs := (a®?, ca;)%2, depending on the covering
Us such that

( S)up ((I) (a27i7 b, €2,i d; (ya tl)) Dum(?J? tl)? DQUm(yv tl)) + T’Um(y, tl))
b,d)EHm

1
S atum(yv tl) + E

(3.42)
if y € B(y*%,r9;). For y € R", let Is(y) be the smallest index i for which it
holds y € B(y?%,72,;) in the covering Uy of R™. Then, we define a function
22 :R"™ = H,, by

2(y) = (a2, cp1))

for all y € R”. Observe that we can construct z? in such a way that it is
Borel measurable. Furthermore, we define a control (a?(l), c2(1)) such that

2 . (01,01), ifl € By,
(a (1)702(”) - { 2(X(t1)), ifle B,.
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By the inequality (3.42), we can now repeat the argument above to get

m(X(t1),t1) < E[e*wum(){(tg) )} +C(AY)? + C(AYY? + =

Thus, combining this estimate with (3.41), it holds

2A
(2, 1) < E [e_TQAtum (X (ta), tg)} 4 20(AL)? + 20(AL? + Tt

The idea is to replicate the argument in all time intervals Ei,..., Ep.
Indeed, after the k-th iteration, we get a control (a*(1), cx(l)) such that

@), (1), ifle U E;
(ak(l)70k(l)) - {Zk(X(tk_l)), ifl e Ek‘l

Here, z* corresponds to the triplet (Ck, U, Ik(-)) in the same way as above.
In particular, we have

U (2,t) < E [e*NT*t)g(X(T))] + (T — 1) (CAt+ C(AH)Y2) + At, (3.43)

because it holds k = (T — t)/At and uy,(z,T) = g(2) for all z € R™.
Let S € S, and recall that the control (b(l),d(l)) is arbitrary. We set

(b(1), d(D)) = S (a"(1), er (1)
for all I € [0, T]. Then by (3.43), it holds
wm(z,1) < E [e_T(T_t) g(X(T>)} + (T — ) (CAt + C(AHY?) + At
< sup E [eiT(Tft)g(X(T))} + (T —t)(CAt + C(At)l/Q) + At.
A€eACH
Because S € S, is arbitrary, by letting £ — oo, this yields

—r(T—t)
(1) < nf - sup Ele g(X(1))].

Next, we prove the opposite inequality. Observe that
(aa ba C, da y) — (P(aa b7 c, d, (ya l)a DUm(y, l)) DQUm(y, l))

is uniformly continuous in CS x R for all fixed | € [0,T]. Thus, we deduce
that for given k > 1 and j € {1,...,k}, there are a covering

_ L. .. w
Uj = (B(QJ’szj,i) X B((&]’l’éjvi)’fj’i»iﬂ

of R™ x H,, and a sequence of controls Ci:= (b77i7 d;i)5, C Hp depending
on the covering U; such that for all indices ¢ > 1, it holds

(CL b] , Cy d]mDum(ya j— 1) D um(yv j— 1))+rum(y, j— 1)

> Opum (Y, tj—1) — A
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for all y € B(g7%,7;,) and (a,c) € B((dj’i, i), iji), because u,, is a solution
to (2.18). For (y, (a,c)) € R™ x My, let I; := I;(y, a,c) be the smallest index
i for which it holds

(v, (a,c)) € B(§,75:) x B((@"",¢1,),75)-

Then, we define a Borel measurable map 37/ : R” x H,, — Hm by
F (97 (a, C)) = (bj’ljvdjjj)

for all (y,(a,c)) € R™ x Hp,. Let A= (a(l),c(l)) € ACp,, and let us define
an admissible strategy S € S,, by

S=3 (X(tj—1>7 (a(l)yc(l>)>,

if I € E;. We define X(1),1 € [t,T], in (2.9) with controls 4, S and X (t) = z.
Therefore by a similar reasoning to the above, it holds

() = E[e T 0g(X(T))| = (T = 1) (CAL + C(AH)V?) - At

> inf E [e—r(T—t) o X(;p))} — (T = t)(CAt+ C(AD)?) — At.

Hence by letting k — oo, we get

. —r(T—t)
um(z,t) > inf S E {6 Q(X(T))} :

Thus, the proof is complete. ([

4. GOING TO THE LIMIT: ACTION SETS WITHOUT A UNIFORM BOUND

In this section, we let bounds on the controls increase. To this end,
we first show that a viscosity solution to the limiting equation is unique
under suitable assumptions. Then by utilizing the stability principle and
the equicontinuity of the families of viscosity solutions to the terminal value
problems (2.17) and (2.18), we see that there exist subsequences of solutions
to (2.17) and (2.18) converging uniformly to the unique solution to the
limiting equation. The final part is to show that the subsequences of the
corresponding lower and upper value functions converge to the lower and
upper value functions for the original game without the uniform bound on
the controls.

Let Jo := R™ x [0,T] x R x (R™\ {0}) x S(n), and define F : Jy — R
through

F((z,t),&v, M) = (p(z,t) — 2) <J\|4VV|’2V> + trace(M) + (u,v) — €.
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Then, the limiting terminal value problem for (2.17) and (2.18) as m — oo
is

{@u—k F((m,t),u, DU,,DQU,) =0 inR"x(0,7), (4.44)

u(z,T) = g(x) on R™.

As before, this equation is understood in the viscosity sense. We take care
of the points, where the gradient of the underlying function in the operator
F' vanishes, via semicontinuous envelopes. Let us denote

F.((z,1),&,v, M) :=liminf F((z,t),&, 0, M)
vV—v
for all (z,t) e R"x[0,T],{ € R,v € R" and M € S(n), and F* := —(—F),.
The following definition parallels Definition 2.1.

Definition 4.1. (i) A lower semicontinuous function uw : R™ x [0,T] — R
is a viscosity supersolution to (4.44), if it satisfies the growth bound (2.19),

u(x,T) > g(x)

for all x € R™, and if the following holds. For all (xo,tp) € R™ x (0,T) and
for all € C*1(R™ x (0,T)) such that

® Uu(zo,to) = P(z0, to)
o u(x,t) > ¢(x,t) for all (z,t) # (zo,1o)

it holds
Od(wo, o) + F (20, t0), d(z0, t0), Dd(zo, to), D*¢(w0,t0)) < 0
whenever Dé(xg,to) # 0, and
A (x0,t0) + Fi((wo, ), d(wo, to), 0, D*p(z0,10)) < 0,
whenever Dé(xg,tg) = 0.

(ii) An upper semicontinuous function u : R™ x [0,T] — R is a viscosity
subsolution to (4.44), if it satisfies the growth bound (2.19),

u(z,T) < g(x)

for all x € R™, and if the following holds. For all (zo,ty) € R™ x (0,T) and
for all p € C*1 (R” x (0,T)) such that

* u(zo,t0) = ¢(zo0,t0)
o u(x,t) < ¢(x,t) for all (z,t) # (xo,t0)

it holds
O (z0,t0) + F (20, t0), (z0, t0), Dd(x0,t0), D¢ (20, t0)) > 0,
whenever D¢(zo,to) # 0, and
8t¢($07 tO) + ((l'(), tO)a ¢(x07 t0)7 07 D2¢($07 tO)) > 07
whenever Dé(zo,to) = 0.
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(iii) If a function u : R™ x [0,T] — R is a viscosity supersolution and a
subsolution to (4.44), then u is a viscosity solution to (4.44).

Remark 4.2. Observe that for any test function ¢ € C*(R™ x (0,T)) such
that Dé(wo,tp) # 0 or D%¢(z0,t0) = 0 in the Definition /.1, it holds
F.((z0, t0), é(x0, to), De(o, to), D*$(, to))
= F*((0,t0), #(w0, to), D (x0, t0), D*¢(z0, t0))
for all (zo,to) € R™ x (0,T).
To prove a comparison principle for the equation (4.44), we follow the
path developed in [ ], see also | , , ]. Here, the

main difficulties arise from the (x,t) dependence in F' as well as from the
unboundedness of the domain.

Theorem 4.3. Let u and u be continuous viscosity sub- and supersolutions
to (4.44) in the sense of Definition /.1, respectively. Then, it holds

u(z,t) <u(z,t)
for all (z,t) € R™ x [0,T7].

Proof. The proof is by contradiction. We assume that

a:= sup (u—u)>0.
S (u—1) (4.45)

Let €,d,v > 0, and define
_ 1
wa,é,’y(xa Y, t) = ﬂ(l‘a t) - U(y, t) - ELT - y|4 - Bé,’y('xa Y, t)
for all z,y € R™ and ¢ € (0,7, where
Bs(w,y,t) = 0(|x|* + [y[*) + 47" (4.46)
The function Bs,, plays the role of a barrier for all large x,y and ¢ = 0.

We can show, see [ , Proposition 2.3], that there are constants
K, K’ > 0 independent of x,y,t such that
w(w, ) = a(y,t) < Ko -yl + K'(1+¢) (4.47)

for all z,y € R™ and t € [0,T)]. Indeed, because for R’ > 0 it holds
(0,060, M)| < (s — 2+ 1+ )R+ 11¢] < o0

for all (z,t,&,p, M) € Jy such that [p| < R’ and || M|| < R, we can utilize the
same arguments as in [ , Proposition 2.3]. Therefore by the estimate
(4.47), it holds av < o0 in (4.45).

We denote by (, 9, f) a maximum point of w, s, in R" x R x [0, T]. The
growth condition (2.19) and the barrier (4.46) ensure that we 5 (x,y,t) <0,
when z,y are outside a compact set £ C R™ x R™ depending on J, and
t € (0,7]. Therefore, because w, s~ is continuous and (4.45) holds with
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a < oo, the maximum point exists for all 4, small enough and any e.
Furthermore by (4.45), we can find (xg,tp) € R™ x [0, 7] such that

Q(xo,t()) — ﬂ(l’o, to) > o — 8/3
Because u — u is continuous, we may assume that g > 0. Consequently, for
€ < a there are dp := dp(e) > 0 and 7o := 70(e) > 0 such that
We 5.(2,9,1) > u(zo, to) — U(xo, to) — 26|w0| — Yty >a—e (4.48)

for all 6 < g and v < 9. Let € < /2,5 < Jp and v < 9. Then by (4.48)
we can estimate

This and (4.47) imply
= g] < 4e(K|e — g7+ K'(1+T) 2 = 3 ™).

Therefore, we have | — | < C for some C' < oo independent of &,§ and ~.
Moreover, it holds

& — | < max {8 4K 5/ 4 4K/ (1+ T)Vz} =: C(e). (4.49)

By an analogous argument, we can deduce £ > 0. Because it holds u(z,T) <
%(z,T) for all z € R™ by the assumptions, the inequality (4.48) yields ¢ < T
In addition, because | — y| is bounded, the estimate (4.47) implies that
wg,gﬁ(:ﬁ,gj,f) is uniformly bounded from above with respect to §. Hence,
because we 5~ (%,9,t) increases as § — 0, the quantity lims_,o w: s~ (2, 9, )

exists. Therefore by denoting (,7,?) a global maximum point of w 5/,
we have

7"Y7

w6,5/2,7(577g7£) > we,é,’y(‘/ijag)f) + 6/2(|£|2 + |?Q|2)

implying
S(|2* +19%) — 0 (4.50)

as 0 — 0.
By theorem of sums, see | , Theorem 8.3], there exist symmetric

matrices X := X (¢,d) and Y := Y (¢, ), and real numbers 7, and 7, such
that 7, — 7 = 0;Bs (2,9, t) = —yt=% and

(rwe ™ &= 91 (@ — 9) + 202, X ) € P* (@),

. (4.51)

(rae™ o= 9P (2 — ) — 209, Y) € P* (3. ).

Furthermore by computing the second derivatives of the function Bs ,(x, v, t)+

£z —y[*, it holds
— 2 _Af2
[X O]§(1+465)[_]\§4 M]JrQE[M M}

0 -Y —M?  M?
(4.52)

+2a1+2®[é ?]
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with
M:=¢ 1(2(@-@)@(@—@)+Ir%—y|21),
and
X 0 -1 —1)a _ ~12 0
[0 _Y]>—(6 + 3z — g —1—25)[0 I}' (4.53)

Thus, because u is a subsolution and % is a supersolution, it holds by (4.51)
u + F*((2,1), u(,),e 7" & — 9)* (& — §) + 262, X) >0,
Tﬂ+F*((@a£)aﬂ(g)tA)a€ 1|$—y| (.ZL’—y)—Q(Sy, ) Soa

see also Remark 4.2.

(4.54)

We consider two different cases depending on the behavior of & — g as
9 — 0. First, assume that £ —y — 0 as 6 — 0. Then by the estimate (4.52),
it holds

limsup(Xz,z) <0 and hm 1nf<Yz z) >0
6—0

for all z € R®. Thus by combining this Wlth (4.54), and recalling (4.48),
the degenerate ellipticity of F' and 6%,y — 0 as § — 0 by (4.50), we can
estimate

YT~ < limsup F*((#,%), u(#,1),0,0) — liminf F, ((9,%),a(g, ), 0, 0)
5—0 60
<0.

Hence, because it holds v > 0, we have found a contradiction.

Next, we assume & — § — 1 # 0 for some subsequence still denoted by
(6). For brevity, let us denote

o= M2 —9” (& — ) + 202,
&= E — 91> (& — ) — 269,

= &,/|&| and &, = &,/|§,| assuming &,, &, # 0. Then, because of (4.48)
and (4 54), we can estimate

0< (p(&,1) — 2)(X& &) — (p(5,) — 2)(YE,, &)

+ 3 N(X = Y) +2(u, 6 + 67) — ra/2,
=1

(4.55)

where \; denotes the i-th eigenvalue of the corresponding matrix. Because
the first two matrices in the right-hand side of (4.52) annihilate, we have

X —-Y <46(1 +20)1. (4.56)
Thus to complete the proof, we need to estimate the first two terms in the
right-hand side of (4.55).
Let us define & := (& — )/|2 — 9| € S"~! for all § small enough. Then,
it holds
& — n/In| (4.57)
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as 0 — 0. Observe that by the convergence (4.50), it also holds

Ear &y — /11| (4.58)
as 6 — 0. Furthermore by (4.52) and (4.53), X and Y are uniformly bounded
with respect to 4, see also | , Lemma 5.3]. Thus, because the function

p is bounded, the convergences (4.07) and (4.58) imply
(p(@, 1) = 2)(X&a, &) = (P(5:1) — 2)(YEy, &)

= (p(&,1) — 1)(X&, &) — (p(@, 1) — 1) (Y&, &) (4.59)
—{(X = Y)&,&) + Es(2,9,1)
for some error E5(,9,t) such that
Es(&,9,1) -0
as 0 — 0. For the vector
(7 \/pl@, i) — 1.7\ p(3,0) — 1) € R
in the estimate (4.52), it holds
(p(&,1) — 1)(X&, &) — (p(g, 1) — 1)(YEs, &)
< (Vot.h) = 1= oo b~ 1) (1 +4e0) (M55, 65)

+26(M265,€5) ) + A(pmax — 1)5(1 + 20) (4.60)

2
< I g ((1 +4e6)3e 7 — g% + 187V — g|4)
4(pmln - 1)
+ 4(Pmax — 1)6(1 + 26),

where L), is the Lipschitz constant of p. Moreover by the estimates (4.48)
and (4.49), it holds

/\_/\4 ~ N
£ 4€y] <wu(z,t)—u(y,t) —a+e

< sup (u(z,t) —u(y,t)) —a+e.
|lz—y|<((e),t€[0,T]

This estimate, together with (4.45), implies

- & —g* _
lim lim sup =

e—0 5,7—0
Therefore by combining this, (4.50), (4.56), (4.59) and (4.60) with the es-
timate (4.55), we have found a contradiction by first letting 6,y — 0 and
then ¢ — 0. Hence, the proof is complete. O

()

A typical phenomenon for equations of p-Laplacian type is that the set of
test functions used in their definition can be reduced.
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Lemma 4.4. Letu : R"x[0,T] — R be continuous. Then, to test whether or
not u is a viscosity super- or subsolution at (zg,to) in the sense of Definition
4.1, it is enough to consider test functions ¢ € C*! (R" X (O,T)) such that
either

o Do(xg,tg) # 0 or
(] D¢($0,t0) =0 and D2¢($0,t0) =0.

Proof. We only provide the proof in the context of supersolutions. Let
(zo,t0) € R™ x (0,7). Assume that there exist 6 > 0 and a test function
¢ e C?! (R” X (O,T)) such that wu(zo,t9) = ¢(xo,to), u(z,t) > ¢(z,t) for
(l',t) ;é (mo,to), D¢(Z‘0,t0) = 0, D2¢($0,t0) 75 0 and

0 < Od(wo, to) + Fi((wo, to), d(z0, ), 0, D*¢(z0, to)) — 6. (4.61)

Observe that u — ¢ has a strict global minimum at (zo,tg). We define a
function
J J
wj(x)t7ya S) = U(l‘,t) - ¢(y7 S) + Z|x - y|4 + i(t - 8)2

for z,y € R"t,s € [0,T]. Let R := max{2|zo[,1} > 0, and denote by
(x,t5,y;4,5;) a minimum point of w; on a compact set K := Br(0) x [0,77] x
Bgr(0) x [0,T]. Because w;(xj,t;,y;,s;) increases as j increases, and it is
bounded from above by w;(zo, to, zo, to) = 0 for all j, the limit

lim wj(zj,t5,y5,55) < 00
J—00

exists. Consequently, the estimate

J J
w;/2(T5 /2, /2, Y572, 8572) < wilxj,ty, 5, 85) — §|:1:j T 1(tj — 55)?
implies
jlaeg =yt + ity —s5)? =0 (4.62)

as j — oo. Furthermore, because the global minimum of u — ¢ is strict, it
holds

(x]7t]7y]78]) — (Jf(),t(),ﬂ?(),t()) (463)
as j — oo. In particular, the point (x;,¢;,y;,s;) is not on the boundary of
the set K for all j large enough, because it holds (xg,ty) € Br(0) x (0,T).

We prove the case x; = y; for an infinite sequence of j:s, and consider
only such indices j. The proof in the case x; # y; for all j large enough is
similar to the proof of Theorem 4.3, see also | ) |. By denoting
o(z,y) = %|m — y|*, it holds

Dyp(xj,y5) = —Dyp(xj,y;) = 0 and D2, o(x5,y;) = Dy e(x;, ;) = 0.

Furthermore, the function

L(t; - 5)?

(y,8) = &y, s) — p(xj,y) — 2(
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has a local maximum at (y;, s;). These imply Dé(y;, s;) = —Dyp(z;,y;) =
0, Dep(yj, s5) = —3(t; —s;) and D*¢(y;, 55) < —Dyyp(x5,y;) = 0. Thus, be-
cause p and (y, s) — A; (D2¢(y, s)) for any ¢ are continuous with \; denoting
the i-th eigenvalue of the corresponding matrix, the assumption (4.61) and
the convergence (4.63) yield

0 < 06(yj+55) + Amax (Pl 57) — 1) D26y 55))

1)
—kE:A4D%@p%D—TWWJﬂ—§ (4.64)
i?éimin
1)
< —j(ty —s5) —ro(y;, s5) — 3

for all j large enough. Furthermore, because the function

J J
(@,1) = W, 1) 1= = (@) — 5= 55)" + @l ) + 5t = 5,)”

+ U(l‘j, t]')

tests u from below at (x;,¢;), and it holds D,V (x;,t;) = 0, we have
0> Wy(wj,t5) + Fu((25,17), u(zj, 1)), 0, D3, W (x5, 15)).
Thus, because it holds Wy (xz;,t;) = —j(t — s;) and D2, ¥(z;,t;) = 0, by
combining this and (4.64), we get
0< r(u(xj,tj) - ¢(yj,sj)) —4/2.

Hence, because u is continuous and (4.63) holds, we find a contradiction for
all j large enough. (]

The following lemma suggests that F' is the correct limiting equation in
our setting. The proof for the equation F.! is analogous.

Lemma 4.5. Let (X, tm), (z,t) € R" x [0,00), &n, € € R, vy, v € R\ {0}
and Mp,, M € S(n) be such that

(Tmytm) = (x,t), &m — &, v — v and M, — M
as m — oo. Then, it holds
Fr (@ tm) s Ems Vims M) — —F((z,1),&,v, M)
as m — Q.

Proof. 1t is clear that (u,vp) — (u,v) and r&,, — r{ as m — oo. To
complete the proof, we utilize the key inequality

(Vin/ [Vl + & vm) = 0 (4.65)
whenever ¢ € "1
We set
®,, ;= inf sup [ — trace (Agg”’tm)Mm) —(c+d){a+bvp)|.

(a,0)€Hm (b,d)EHom
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Because (Vm/|Vm|,0) € Hp, it holds

d,, < sup [— trace <A(L,T,§“tl;”)Mm) — d{Um/|Vm| + b, vm) |-
(b,d)eHm

lvm]|’
Therefore, this estimate and (4.65) imply
G0 < ] [M |
where A is defined in (2.15). Hence, ®,, is bounded from above as m — oc.
Because (— vm/|vim|,m) € Hpm, we can estimate

b, > nf [— trace (AgffﬁMm) — (e 4 m){a — vm/|Vm], vm)]-

[vml

Now, (4.65) implies that the second term after the infimum is bounded from
below as m — oo. Hence by the definition of the infimum, there exists
(am, Cm) € Hp such that

®,, > — trace (.A((fm’_t”bzn Mm>
! ) (4.66)
= (em +m){am — v/ |V, vm) — m

Next, we prove that
v
Am — — 4.67
" o7
as m — o0o. To establish this, it suffices to show that for given n > 0, there

is mg := mo(n) such that
(@my V) 2 [vm| —n
for all m > mgy. We assume, on the contrary, that there is 7 > 0 such that
for all m >0
(@, Vi) < [Vm| —n.
Thus in this case, (4.66) implies

o, > —nA||MmH +n(em +m) — %

This contradicts the boundedness of ®,, as m — oo, and hence, (4.67) holds.

Recall that the function p is continuous which implies p(zp,, tm) — p(z, t)
as m — oo. Therefore by combining the assumptions, (4.65) and (4.67) with
(4.66), we get

lim inf ®,,, > — trace (.A@t)_il\/o
m—00 vl vl

= —(p(z,t) — 2) <A|4VV|’2V> — trace(M).

Thus, we have proven

lﬂlgofF%((xmvtm)vgmaVmaMm) 2 —F((x,t),f, v, M)
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Next, we prove that

lim sup F,;((a:m,tm),fm, Vi, Mm) < —F((x,t),f, v, M) (4.68)
m—00
Again, as (l/m/\l/m|,m) € Hum, we have

®,, < sup [— trace (.A(Lﬁ'f’t;”)Mm) — (m+ d)(vm/|Vm| + b, I/m>}
(b,d)EHm leml?

Because the second term after the supremum is bounded from above by
(4.65), we find (bm, dm) € H,, such that

~ 1
®,, < — trace (A(:flﬁ’t;’ijm> — (m + dp) (Vm/|Vm| + b, Uim) + o (4.69)

by the definition of the supremum. Moreover, ®,, is bounded also from
below, because we can use (4.65) and estimate the supremum in ®,, with
the choice (—vp,/|Vml|,0) € Hy,. This and the estimate (4.69) imply by, —
—v/|v| as m — oo in a similar way to the above. Therefore, this, together
with the estimate (4.65) in the inequality (4.69), by taking limsup,, ..,
completes the proof of (4.68). O

For all M € S(n), we utilize the Pucci operators

PT(M):= sup trace(AM)
A€ Ay A

and
P~ (M):= inf trace(AM),

A€Ay A
where Ay o C S(n) is the set of symmetric n x n matrices whose eigenvalues
belong to [\, A].

Lemma 4.6. Let uy, be the unique solution to (2.17) ensured by Proposition
2.4. Then, the function u, is Hélder continuous on R™ x [0, T| with a Hélder
constant independent of m. In particular, the sequence

{tp :m > 1}
is equicontinuous on R™ x [0,T].
Proof. Let m > 1 and (z,t) € R" x (0,T). Furthermore, let ¢ € C*(R"™ x
(0,7)) test up, from below at (z,t). First, we assume D(z,t) # 0. Because

Uy, is a supersolution to (2.17), we can find a vector b, on a compact set
S"~1 such that

02 dup(a, ) + trace (AGD,, | Dxp(w,1)) + (1, Dol 1)) — ro(a, 1)

[Dep(a,t)[ 7

> Orp(x,t) + P~(D*p(w, 1)) + (u, Dyp(x, 1)) — ro(z,1).
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Next, we assume Dp(z,t) = 0. Now, since there is no more gradient
dependence in @, the term inside inf sup in ® is always bounded, and hence
for any v € S*™1, there is b,, € S*~! such that

0 > Opp(x,t) + trace <A%2D2<p(x, t)) + {p, Do(x,t)) — ro(, t)
> dip(w,t) + P~ (D*p(x, 1)) + (n, Dp(, 1)) — r(x, t).

Let ¢ € C%(R" x (0,T)) test uy, from above at (z,t). In a similar way to
the above, if D¢(x,t) # 0, we can find a,, € S*~! such that

0 < Ol t) + trace (AT, D2(a,)) + (u, Dol ) = ro(, )

M D (z,t)]
< Op(a,t) + PH(D?¢(x, 1)) + (p, Dp(x, 1)) — ro(x, 1),

because u,, is a subsolution to (2.17). Furthermore, if D¢(z,t) = 0, for any
v € S" ! there is a,, € S*"! such that

0 < Bu(, 1) + trace (AL, D26(w, 1)) + 1, D, 1)) — ro(w, 1)

< Oip(x,t) + PH(D*¢(x, 1)) + (p, Do(, 1)) — ré(,1).
Thus, we have shown that u,, is a super- and a subsolution to the equations

{atum(:c, t) + P~ (D*up(x,t)) 4+ (1, Dum (2, 1)) — rum(z,t) =0,
Ovum (x,t) + Pt (D?*up (2,1)) 4+ (1, Dum (2, )) — rum(z,t) =0,

respectively. Therefore, the classical result of | , Theorem 4.19], see
also | |, implies that the function u,, is Hélder continuous with a Holder
constant independent of m. ([

We are now in a position to prove the main theorem of the paper.

Proof of Theorem 1.5. By the comparison principle Lemma 2.3 and (2.16),
we see that the sequence (u,,) of solutions to (2.17) is uniformly bounded
with respect to m. Hence, because Lemma 4.6 holds, by the Arzela-Ascoli
theorem, there exist u, continuous on R"” x [0,7], and a subsequence (m;)
such that it holds
Uy = U

uniformly on R" x [0,7] as j — oo. By Lemmas 4.4 and 4.5, the stability
principle for viscosity solutions yields that « is a viscosity solution to (4.44).
Therefore by Lemma 3.3, the final part is to show that the value function
U,,, with uniformly bounded controls converges to the value function U~ as
m — oo. This follows from the properties of the infimum and the supremum,
because the boundary values g are bounded, and for the set of admissible
strategies, it holds S = J,,, Sm. For more details, see for example | ,
the proof of Theorem 1.2].

The corresponding proofs in the context of U, U\ and the equation
(2.18) are analogous to the above. In particular, let v, be the unique
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viscosity solution to (2.18). The proof of Lemma 3.2 for u;, and F} is
essentially the same as before. Then by minor adjustments to the proofs of
Lemmas 3.3 and 3.5, we can show that u;}, = U} on R™ x [0, 7). Finally, the
uniform boundedness and the equicontinuity of the family (u,!), together
with the convergence of U, to U™ as m — oo, follows as before. Therefore,
the proof is complete.
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