
    

 

 

 
 
This is an electronic reprint of the original article.  
This reprint may differ from the original in pagination and typographic detail. 
 

Author(s): 

 

 

Title: 

 

Year: 

Version:  

 

Please cite the original version: 

 

 

  

 

 

All material supplied via JYX is protected by copyright and other intellectual property rights, and 
duplication or sale of all or part of any of the repository collections is not permitted, except that 
material may be duplicated by you for your research use or educational purposes in electronic or 
print form. You must obtain permission for any other use. Electronic or print copies may not be 
offered, whether for sale or otherwise to anyone who is not an authorised user. 

 

Observation of Poincaré-Andronov-Hopf Bifurcation in Cyclotron Maser Emission
from a Magnetic Plasma Trap

Shalashov, A. G.; Gospodchikov, E. D.; Izotov, I. V.; Mansfeld, D. A.; Skalyga, V. A.;
Tarvainen, Olli

Shalashov, A. G., Gospodchikov, E. D., Izotov, I. V., Mansfeld, D. A., Skalyga, V. A., &
Tarvainen, O. (2018). Observation of Poincaré-Andronov-Hopf Bifurcation in
Cyclotron Maser Emission from a Magnetic Plasma Trap. Physical Review Letters,
120(15), Article 155001. https://doi.org/10.1103/PhysRevLett.120.155001

2018
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We report the first experimental evidence of a controlled transition from the generation of periodic bursts
of electromagnetic radiation into the continuous-wave regime of a cyclotron maser formed in magnetically
confined nonequilibrium plasma. The kinetic cyclotron instability of the extraordinary wave of weakly
inhomogeneous magnetized plasma is driven by the anisotropic electron population resulting from electron
cyclotron plasma heating in a MHD-stable minimum-B open magnetic trap.
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Electron cyclotron instabilities caused by resonant inter-
action between energetic electrons and electromagnetic
waves are typical for open plasma traps with magnetic
mirrors. Studies of the cyclotron instabilities of nonequili-
brium plasmas have led to the plasma cyclotron maser
paradigm, which explains a rich class of phenomena of
coherent radioemission from Earth’s magnetosphere [1–3],
the Solar corona [4–10], other astrophysical objects
[11–14], and laboratory magnetic traps [15–28]. Unlike
vacuum electronic devices based on the electron cyclotron
resonance (ECR) [29], stimulated emission from plasma
traps is usually very far from being monochromatic. The
obvious reason is the lack of electromagnetic mode
selection by an external cavity typical for masers and
lasers. A more sophisticated reason is that the kinetic
instabilities are driven by regions with free energy in the
phase space of resonant particles, most commonly by the
inverse population over Landau levels; i.e., ∂f=∂v⊥ > 0. In
natural conditions, both space and laboratory, the distribu-
tion function of fast electrons is widely spread over the
momentum space and inhomogeneous in the real space.
The development of the cyclotron instability under such
conditions results in the generation of periodic, quasiperi-
odic, or stochastic broadband pulses of emission. Each
electromagnetic pulse is accompanied by pulsed precip-
itations of fast electrons from the trap as the electrons lose
their transverse momentum and fall into the loss cone due
to the interaction with waves. Owing to the sharp decrease
in the free energy, the system falls under the instability
threshold; after that, a preparation of the subsequent burst
(accumulation of resonant particles) begins, and the process
repeats [1]. Indeed, starting from early works, the existence
of oscillatory regimes for constant strength of a particle
source has been understood as a general property of plasma
systems with quasilinear relaxation [30–33].
A continuous-wave (cw) generation is also possible

when the system stays near the instability threshold and

the accumulation and emission phases are not separable;
i.e., the number of high-energy particles delivered by a
source is constantly equal to the number of precipitating
particles. The steady-state emission of plasma cyclotron
maser was extensively studied theoretically (see Ref. [1]
and references therein), but it has never been detected
reliably in a laboratory because of the narrow region of
plasma parameters where the regime exists.
In this Letter, we present the first experimental evidence

of the controlled transition between the burst and cw
regimes of the electron cyclotron instability developing
in the microwave range in an open magnetic trap and
discuss the related physics. This transition is related to the
Poincaré-Andronov-Hopf bifurcation; namely, a stationary
point attributed to cw generation becomes unstable through
the birth of a stable limit cycle. A similar transition is
known for optical lasers with nonlinear filters [34]. In
contrast to lasers, in which the active matter and the
nonlinear absorber can be tuned independently, in the
plasma maser both the gain and dissipation are governed
by the same nonequilibrium electron distribution function.
In this case, the transition to the cw regime requires fine
tuning of the source of nonequilibrium electrons in the
phase space; in our experiment, we found a way to
implement such adjustment.
Let us consider first the theoretical model that motivates

the experiment. A self-consistent evolution of particles
and waves may be described by the quasilinear theory, a
perturbative approach that involves many overlapped wave-
particle resonances as a basis for diffusive particle transport
in the phase space [35,36]. When the cyclotron instability
evolves slowly in comparison to the bounce oscillations of
resonant electrons in an open trap and a narrow frequency
spectrum of wave turbulence is assumed, the following set
of bounce-averaged quasilinear equations can be formu-
lated as [1,33]
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where Fðt; κ; vÞ is the electron distribution over the
invariants of adiabatic motion κ ¼ ðv⊥=vÞ × ðBmin=BÞ1=2,
v and v⊥ are the absolute velocity and its component
perpendicular to the external magnetic field B, κc ¼
ðBmin=BmaxÞ1=2 is the loss-cone boundary, Dðκ; vÞ and
Kðκ; vÞ are known smooth positive functions [1], and
Jðκ; vÞ is a stationary source of nonequilibrium electrons.
The diffusion takes into account the electron scattering by
unstable waves. The larger the average wave energy EðtÞ in
a flux tube, the faster is the electron diffusion into the loss
cone, which is the dominant mechanism of the electron
loss. The wave energy, in turn, is determined from the
averaged transport equation, in which the instability growth
rate is proportional to ∂F=∂κ, and ν stands for the wave
dissipation rate due to damping in the background plasma
and convective losses.
For the case adequate to our experiment—the right-hand-

polarized extraordinary wave at the fundamental harmonic
propagating at a small angle to the magnetic field—one can
assumeD ≈DðκÞ ∝ κ andK ≈ χðvÞKðκÞ ∝ v4κ2. Then, it is
sufficient to considerF ðt; κÞ ¼ R∞

0 Fðt; κ; vÞχðvÞdv instead
of Fðt; κ; vÞ and the same for Jðκ; vÞ → J ðκÞ. One can seek
a solution of Eqs. (1) as a series over the eigenmodes ϕn of
the quasilinear diffusion operator,

F ¼
X∞
n¼1

fnðtÞϕnðκÞ; J ¼
X∞
n¼1

jnϕnðκÞ:

Then, Eqs. (1) become

dfn
dt

¼ jn − μnfnE;
dE
dt

¼
�X∞

n¼1

knfn − ν

�
E: ð2Þ

Here, ϕn and kn are defined via

∂
∂κD

∂ϕn

∂κ ¼ −μnϕn; kn ¼
Z

1

κc

K
∂ϕn

∂κ dκ;

with the proper boundary conditionsϕnðκcÞ¼0,ϕn
0ð1Þ ¼ 0

and the normalization
R
1
κc
ϕ2
ndκ ¼ 1. Setting all time deriv-

atives to zero, one can find a steady-state solution with
nonzero wave energy,

f�n ¼ jn=ðμnE�Þ; E� ¼ ν−1
X∞
n¼1

knjn=μn: ð3Þ

To study the stability of this state, let us note that
eigenvalues μn are rapidly growing with n. Therefore, one
can simplify the analysis by keeping only the lowest
eigenmode f1 in Eq. (2) and assuming all other modes

adiabatically varying in time, fn ¼ jn=ðμnEÞ for n > 1 [1].
Seeking perturbation of the resulting second-order equation
near the stationary solution (3) as δE, δf1 ∝ expðλtÞ, one
finds the characteristic equation

λ2 þ
�
μ1E� þ

X∞
n¼2

knjn
μnE�

�
λþ μ1νE� ¼ 0: ð4Þ

The stability boundary corresponds to Reλ ¼ 0. The steady
state is unstable when λ is real or, equivalently, the term in
the brackets is negative. As seen from Eq. (3), the sum in
Eq. (4) is of order ν. For simplicity, we may assume a weak
source of nonequilibrium electrons, μ1E� ≪ ν; then the
instability criterion is independent of the source power;
namely,

X∞
n¼2

knjn=μn < 0: ð5Þ

Numerical integration of the complete set of balance
equations (2) shows that the condition (5) predicts well
the birth of a stable attractor (a limit cycle) for all conditions
relevant for the experiments discussed hereafter.
We find that a key factor controlling the steady-state

stability is the angular structure fjng of the particle source.
Let us assume that hot electrons are accelerated by an
external wave field with a frequency ω under off-center
ECR conditions in an open magnetic configuration. When
the ECR surface is shifted outside the trap center and the
plasma is rarefied for the heating wave (the parallel
refraction index is less than one, i.e., kjjc=ω < 1), the
cyclotron interaction modifies the bounce oscillations of a
resonant electron along the magnetic field lines so that
the turning points move towards the ECR [37,38]. In the
absence of other interactions, such an electron would
eventually turn exactly at the point of hot cyclotron
resonance ω ¼ ωB=γ, where γ ¼ ð1 − v2=c2Þ−1=2 accounts
for the cyclotron frequency downshift due to relativistic
mass dependence; the Doppler shift kjjvjj is exact zero. One
may assume that all particles produced by the source have
the same pitch angle in our notation

J ¼ J0δðκ− κtÞ; jn ¼ J0ϕnðκtÞ; κt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bmin=γBECR

p
;

where BECR is the magnetic field strength corresponding
to the cold ECR. Thus, one may control the instability
condition (5) by varying Bmin=BECR in a laboratory
experiment.
To illustrate this point, let us consider the simplified

case when D, K ¼ const. Then μn ¼ 1
4
π2a2ðn − 1

2
Þ2D,

ϕn ¼
ffiffiffi
a

p
sin½ ffiffiffiffiffiffiffiffiffiffiffi

μn=D
p ðκ − κcÞ�, and kn ¼ ð−1Þnþ1

ffiffiffi
a

p
K

with a ¼ 2ð1 − κcÞ−1. Since k1j1 > 0, the lowest mode
is always destabilizing in Eqs. (2). If all modes with n > 2
are ignored, Eq. (5) leads to k2j2 < 0. In other words, the
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stationary generation is stable when both modes are
destabilizing, and the limit cycle is stable when the second
mode acts as a nonlinear absorber. The boundary between
the regimes can be defined from j2ðκtÞ ¼ 0, which results
in a universal value of the bifurcation magnetic field
Bmin=BECR ≡ γκ2t ¼ 4

9
γð1þ κc=2Þ2. For the fixed ECR

heating frequency, the stationary generation corresponds
to a higher magnetic field in comparison to the burst regime.
The same results are obtained for D ∝ κ and K ∝ κ2 that

describe our experiment. Here, ϕnðκÞ are expressed ana-
lytically via Bessel functions, while μn must be found
numerically. Figure 1 shows an example of such calcu-
lations for the parameters relevant to our experiment.
The experiment was performed with the ECR ion source

(A-ECR-U type) at the JYFL accelerator laboratory [39];
see Fig. 2. The magnetic field was generated by two
solenoid coils and a permanent sextupole magnet forming
a minimum-B field configuration [40]. A steady-state ECR
plasma discharge was supported by microwaves from a
traveling wave tube (TWT) amplifier (250 W power at
11.8 GHz). While direct measurements are technically
impossible due to a compact design of the setup, the
plasma density is estimated as ∼5 × 1011 cm−3 based on
the experience in similar setups [41]. The electron energy
distribution supposedly consists of three components: cold
electrons with an average energy of 10–100 eV, warm
1–10 keV electrons, and hot electrons with energies up to
1 MeV [42–44].
The minimum value of the magnetic field Bmin was

achieved on the axis in between the coils. The ECR
condition at the fundamental harmonic was satisfied on
a closed nearly ellipsoidal surface with the constant
magnetic field BECR ¼ 0.42 T. The ECR surface size,
characterized with Bmin=BECR, was controlled by varying

the coil currents. In the experiments, we run a continuous
magnetohydrodynamically stable ECR discharge in oxygen
at pressure of ð4 − 5Þ × 10−7 mbar and tuned the control
parameter in the range Bmin=BECR¼ð0.75−0.99Þ�1.5%.
To reach this range, we reduced the heating frequency from
the nominal value of 14 GHz.
Plasma microwave emission was detected with a high-

bandwidth digital oscilloscope allowing direct recording
of the waveforms of electromagnetic field emitted by the
plasma with temporal resolution of 12.5 ps. More details on

(a) (b) (c)

(d) (e)

FIG. 1. (a) Solution of the characteristic equation (4), (b),(d) the characteristic phase trajectories, and (c),(e) the time evolution of E
and f1 from Eqs. (2) in the cw regime (b),(c) and limit cycle regime (d),(e). The wave energy and number of particles in the ϕ1 mode are
normalized over their stationary values (3). The parameters J0k1=ν2 ¼ 0.01 and κc ¼ 0.39 are chosen to fit the experimental data; the
first six modes are taken into account in the numerical calculations. The Hopf bifurcation occurs at κt ¼ 0.82.

FIG. 2. Schematic of the experimental setup. Microwaves are
launched through a WR-62 waveguide port, while the plasma
emission is measured through a WR-75 waveguide port. The
transmission line to the oscilloscope (Keysight DSOV334A,
80 Gs=s sampling rate and 33 GHz bandwidth) includes high
voltage break, waveguide-to-coaxial transition, power limiter,
and tunable attenuator; the frequency response of the line is
constant in the range of 8–15 GHz. The mirror ratios are
Bmax=Bmin ¼ 4.7–6.8 and 2.4–3, correspondingly, in the injection
(left) and extraction (right) mirrors.
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the diagnostic technique can be found in Refs. [45,46]. An
example of dynamic spectrograms in the frequency band of
8–12 GHz is presented in Fig. 3. The emission spectrum
consists of several narrow-band discrete lines with the
linewidth less than 30 MHz.
The experimental findings can be summarized as follows.

No enhanced cyclotron (maser) emission from the plasma is
observed in lowmagnetic fields whenBmin=BECR < 0.88. A
reproducible generation of quasiperiodic bursts near the
fundamental and second electron cyclotron harmonics is
observed atBmin=BECR¼0.88–0.93. The cw generation near
the fundamental harmonic is detected at stronger field when
Bmin=BECR ¼ 0.94–0.98. With further increase of the mag-
netic field, plasma heating becomes inefficient since the
ECR absorption volume is small, and the cyclotron insta-
bility shows stochastic features.
Typical emission patterns in the burst and cw regimes are

presented in Fig. 4. Plot (a) is related to the burst regime of
the electron cyclotron instability. The microwave signal
consists of a series of wave packets with duration of 1 μs
and repetition period of 2 μs. Depending on the experi-
mental conditions, the duration varies from 0.1 to 5 μs,
simultaneously the period varies from 1 μs to 10 ms. The
corresponding dynamic spectrogram is shown in Fig. 3(a)—
the frequencies of the most pronounced discrete lines are
10.8, 9.0, and 8.86 GHz. The repetition period of the pulses
decreases with increasing microwave power while their
amplitude and spectrum are unaffected. Figure 4(b) shows
the steady-state regime. The frequency of cw plasma
emission is 8.45 GHz and is independent of the heating
power. Figure 4(c) shows another interesting example of
the critical behavior not predicted by our theory. Here
Bmin=BECR corresponds to the upper boundary of the cw
generation zone, at which the system randomly switches
between generation of a quasiperiodic series of pulses and
continuous emission.
Although absolute calibration of our detection system is

complicated, we may estimate the power of the microwave

plasma emission in the cw regime as ∼10 mW. This
essentially exceeds the power of the spontaneous electron
cyclotron emission—as a reference, electrons with energy
200 keV and density 109 cm−3 should emit ∼0.3 mW in
our conditions.
Thus, all these data suggest that the observed microwave

emission is inherently related to the excitation of electro-
magnetic waves due to a kinetic cyclotron instability. The
most unstable mode is apparently the slow extraordinary
wave propagating quasilongitudinally to the external mag-
netic field and excited in the frequency range between the
electron plasma and cyclotron frequencies [46,47]. A
significant part of the microwave power is measured at
frequencies below the cyclotron frequency in the trap
center, which indicates that the wave-particle interaction
occurs at the relativistically down-shifted cyclotron reso-
nance. To interact with the cw radiation observed at
8.45 GHz, the electrons must have the mean energy of
160 keV. For this energy, our theory predicts the Hopf
bifurcation at Bmin=BECR ¼ γκ2t ¼ 0.88. To agree exactly
with the experimental value 0.94, one must assume the
electron energy of 200 keV.
Examples of the electron precipitation accompanying the

microwave emission are shown in Fig. 5 together with the
time-averaged energy distributions of axially escaping
electrons in different instability regimes. The data demon-
strate bursty (a), (b) and continuous (c) precipitation of 4–
400 keVelectrons including the energies considered above.
Moreover, a hump visible at ∼200 keV in the stable mode
disappears in the burst and cw regimes. A considerable flux
of electrons with energies above 200 keV was previously
detected under wider experimental conditions [48].

(a) (b)

FIG. 3. Dynamic spectra of the plasma emission in the 8–
12 GHz range in the (a) pulsed regime at Bmin=BECR ¼ 0.935,
and the (b) cw regime at Bmin=BECR ¼ 0.947. The spectrograms
were calculated off-line by short-time Fourier transform with a
Hamming window. The horizontal line at 11.8 GHz corresponds
to the stray radiation at the TWT amplifier frequency.

(a)

(b)

(c)

FIG. 4. Intensity of microwave emission in 8–12 GHz band
referred to the generation of (a) periodic bursts, (b) cw emission,
and (c) spontaneous transition from quasiperiodic bursts to
cw and back. Stray radiation of the heating TWT amplifier at
11.8 GHz is shown with a red line. Three regimes differ only
by the value of the magnetic field: Bmin=BECR ¼ 0.935 for the
burst, 0.947 for the cw, and 0.98 for the transient regimes,
correspondingly.
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The observed nontrivial dynamics caused by the temporal
modulation of the electron distribution function have been
previously studied theoretically in the context of space
cyclotron masers in planet magnetospheres and other
astrophysical objects, and also have much in common with
laser excitation mechanisms. Except being of fundamental
interest, our results are important for applications such as the
development of ECR ion sources. Particle ejections, which
are inherent to the burst regime of the cyclotron instability,
cause oscillations of the plasma potential and the beam
current accompanied with a significant decrease of the
average ion charge [49,50]. The low-power cw regime
would allow us to avoid these nondesirable effects and
improve the ion source performance.
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