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The reason behind the possibility of modeling impurities inmodes, while being associated with the noise properties and
these terms is represented by the fact that each impurity can lossipation of the system, encompass also the external coherent
construed as quantum systems which exhibit two local energipelds driving the system whose properties are encoded in the
minima. For instance, as a charged impurity that can hotate of the bath for the modég (see, e.g.,11]). Our choice
between two defects in the crystal structure, or a danglings equivalent to considering a coherent driving term for the
bond with two possible conbgurations. system Hamiltonian and a purely thermal bath.

More specibcally, these TLSs exist primarily due to the In this scenario, we describe the coupling between these
disordered potential landscape of amorphous materials, e.gnodes and the degrees of freedom of the system by the
in surface oxides of thin-PIm circuit electrode’d], in the  following Hamiltonian:
tunnel barrier of Josephson junctior®], and at disordered
interfaces $0,41], coupling with the bosonic degrees of Hs g = ng (c'bi + cb)). 2)
freedom of the system, either through a purely electromagnetic k
interaction (optical and circuit-QED setups) or a phononic on§y, 4qgition, we model the bath of TLSs as a collection of
in the context of nanomechanical systemg] [ spins Jx. In this scenario we have thdfgLS =3, Qszk_

This choice for the modeling of TLSs corresponds to the idea
Il. MODEL that, for each2x multiple TLSs are present that collectively
In this article we show under what conditions, consideringCOUpIe with the systens. W.h”? for Qi = ws, Wherews
corresponds to a characteristic frequency for the system,

a nonlinear coupling between system and a bath of TLS . " o
it is possible to derive a nonlinear QLE for the dynamicssthe presence of impurities leads to a renormalization of the

P : newidth associated with the linear response of the system
of the degrees of freedom of the system, having in mind A' : . . N
circuit-QED setup. In addition, we show how the nonIinear'nduced by the coupling given in E@)((see AppendiD);

QLEs derived here can represent an explanation to some 6 er. = nws, nonlinear contripution; appear. In ourarjalysis,
the phenomena recently observed in the context of microwavg o " light of the recent investigations concerning the
relevance of two-photon emission processes by TUSgH]

quantum optomechanic&). when coupled to bosonic modes, we consider the case
The starting point for our analysis is represented by a P '

bosonic systemg) coupled to an environmeng), The total n = 2, representing the lowest-order approximation beyond
0 L i linear coupling. This assumption appears to be compatible
Hamiltonian of the bipartite systens - £) is given by with the usual experimental conditions encountered in the

H = Hs+ Hg + Hs_¢, Q) context of circuit QED, where microwave cavities operate at
Ao o , frequencies corresponding to few GHI5[16,45] while the
where Hs = Hs(c,c') is the Hamiltonian of the isolated gnergy separation of a TLS relevant for the physics of either of

syster_n, exhibiting a gveneric o_lepend_ence on the annihilatiofhese systems is of the order of 10 GMB46]. In this case, it
(creation) operators (c') associated with the system, afld  is possible to write the system-TLS coupling Hamiltonian as
is the Hamiltonian for the bath.

We assume here that the environment Hamiltonian can be Ho e = TLS( gk o2 4 gk,i?) 3
decomposed into two termg/f =", wkblbk and H'S, SIS ;gk S ®)
corresponding to a bath of free bosonic modes and to a ) )
bath of TLSs, respectively (see Fi@). The bosonic bath ~ Ifwe assume thaty| > 1, corresponding to the idea that
describes, for instance, the modes of the electromagnetic pef@l” €ach value of k multiple TLSs couple to the systsiby

of the environment. In our analysis we assume that thesESOrting to the Holstein-Primakoff (HP) realization of spin
operators in terms of bosonic modes, we can replace the spin

operators with bosonic ones. This mapping can be performed

< in two different ways, corresponding to complementary exper-
imental conditions (see Appendl). If it is assumed that the
&rLs & TLSs mostly reside in their ground state, we have tHat-

with the spinJx and the HP mapping readg§ — dldk — Jks
J¥ = di, J¥ — d}. In this case, the coupling between the
system and the TLS bath can be approximated by

I I 000 I I an S - B HS—HP, — ;ngP(dlcz + dkcfz)’ (4)

with glP = /2 gl"S. On the other hand, if the TLSs mainly

reside in their excited statelg ~ +jx) the mapping can be

written asJ¥ — ji — didk, JK > di, JX — dy, leading to
FIG. 1. Cartoon picture of the setup. The systsiis coupled to  the following approximation fofs_ts:

an environment, which is constituted by a bosonic bafh and a LS ) i g2

bath of TLS<r.s. The coupling between the two baths and the system Hs_pp, = Z 8y (dwc” + dyc). 5)

is mediated by the Hamiltoniangs_g and Hs_t.s, respectively. k

I I I I 0 — Jjk» Where ji is the index of the representation associated
K

S — TLS
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These two different forms of the HP mapping correspond tdequations 7a and (7b), obtained considering the system-
two different physical situations. In the former case, the TLS=nvironment coupling given b¥s_np_ and Hs_up, , respec-
prevalently reside in their ground state, corresponding to thévely, are the main result of our analysis. The presence of
idea that the impurities mainly reside in their ground statea TLS bath leads to the appearance of nonlinear dissipative
implying a low-temperature regime. In this case, the bosonid¢erms («ncfcc) and to purely imaginary parametric noise
excitations described by the operates represent (weak) terms (WCTCLLS(T))_ We stress here that these terms are
excitations around the ground state. On the other hand, the direct result of the modeling of the bath in terms of
latter case corresponds to the situation in which the highes{yo separate environment&§_g and Hs — HP..) and do not
excited (metastable) state of the TLSs is weakly (de-)exciteciepresent amd hocmodibcation of the linear QLEs that can
corresponding, for instance, to the case in which an externaje derived in the absence of coupling to TLSs. In particular,
drive induces excitations inthe TLSs bath, leading to apOSSileh”e the nonlinear dissipation term possibly represents a
interpretation of the linewidth narrowing observed in circuit- natural extension to the nonlinear regime of linear QLEs, the
QED setups under strong driving conditio®S][in terms of  parametric noise term is a nontrivial contribution associated
nonlinear QLEs associated with the saturation of the TLSs. IRyith the presence of the TLS bath.
this picture, the external drive effectively heats the impurities |n addition, we observe here that, analogously to their
to their excited state, inducing the population inversion for theinear counterpart, Eqs.7 and (7b) are time local, i.e.,
ensemble of TLSs and a consequent saturation, justifying thgye dynamics is Markovian. As detailed in Appendixthis
H P, transformation in terms of (weak) deexcitations of theproperty is related to the assumption that within the range of
highest excited state. frequencies of interest, the coupling strength between system

As we show in AppendiB, it is possible to derive QLEs and environment is independent of the mode considered
for the system, provided that the environment Hamiltonian igwide-band-limit approximation)47].
described by a set of bosonic operators coupled linearly to |f we further consider a pump probe representative of a
the system degrees of freedom. It is important to note that thgjrcuit-QED setup (e.g., a circuit optomechanical experiment),
requirement of linearity concerning the system-environmeniye can assume that the dynamics given by Brjs(linearized
Hamiltonian is limited to the bath degrees of freedom, meaninground a strong coherent tone:
that its most general form can be expressed as

op = in eXp[—iwpt].
Hs e =Y alF'(c.chex + F(e.chefl, (6)

” The frequencyy, is detuned byA = w, — w¢ from the cavity

resonant frequency. As a result of the linearization scheme,

wheree, ande|. represent generic bosonic operators associate® have that the amplitude of the cavity beld oscillating at
with the environment degrees of freedom. The form the®p IS given by the solution of a nonlinear algebraic equation.
system-environment coupling represents a sufbcient conditioft Fig: 2 we have plotted the stationary value of the cavity
for the derivation of a nonlinear QLE, along with the Peld for the two choices of the HP mapping (HP As
assumption that the modes of the bath are noninteracting. IfXPected, for small values of the driving Pelgl the stationary
other terms, it is necessary to assume a linear dependené@'uuon corresponds to the solution in the absence of nonlinear
of the coupling Hamiltonian on the environmental degrees ofliSsipation. However, for larger values @f, the stationary
freedom, since in order to derive the QLEs for the system§0|Ut'0” substantially deviates from the solution of the linear
the solution of the Heisenberg equation of motion for theSyStem, with, for the parameters discussed here, a negligible
environment degrees of freedom has to assume a specibc fofffference between HPcases. _ _

in which the contribution of the system and the environment Furthermore, the (prst-order) dynamics of the Buctuations

operators can be represented as two separate additive terfng @ + ¢ around the stationary value induced by the pump

(see AppendiB). (in a frame rotating awy) is given by
K
d=|iA— = + 2nlal?) |a — kna?al
lll. EQUATIONS OF MOTION ¢ [l (2 + 2enlal )}a verd
It is clear that since the form dfls_g and Hs_np, can be + Vkain + 2/knatalS, (8a)
expressed in the form given by E)(with F(c,c") given bye,
2, andct?, and withe, = by andey = d for S — B, S — HP._, aelin (% o o2 N 2
andS — HP,, respectively, we can write the dynamics of the =1|! 2 Nl pra T kyea
system in terms of a (nonlinear) QLE as ;
+ Viain + 2/kyatal-S', (8b)
&= —i[c,Hs] — (g +/<NcTc)c + Vkcin + 2Ky, the HP- and HP. case, respectively (see Appenddj. It
is possible to see that Eq88d and 8b) include a purely

(7a)  imaginary parametric term on top of a nonlinear dissipation
K . ) term, implying linewidth broadening or narrowing, depending
f= —i[c,Hs] — ( 5 — kncle Je + Viein + 2/knclenS'. on the state of the TLSs bath. Recently, in R&f][a t f
s 5 N in NC'Cip . y, in R2f¢][a term o
the same form was introduced asahhocparameter in order
(7b)  to match the experimental results of a cavity optomechanical
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FIG. 2. Amplitude (a) and phase (b) for the stationary value (in
a frame rotating aby,, see text) of the cavity beld in the presence
of a drivingj,. Parametersey = 1.5x1074, A = 20 (all quantities
expressed in units af).

FIG. 3. Noise spectrum for the cavity Peld in the presence of
an external drivex, = 700, for (a) HP. and (b) HR. for (a} ain) =
(aTS'aTS) = 1 (all other parameters as in F).

experiment aimed at establishing squeezing below the SQL &xplanation for the imaginary parametric terms reported in
a nanomechanical resonator. Ref. [22].

Our description, therefore provides a potential explanation
of such parametric effects in terms of nonlinear dissipation ACKNOWLEDGMENT
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with X = 1/v/2(a' e + a,e~?), assuming thermal Buctu-

ations both for the bosonic and the TLS bath. As hinted by the APPENDIX A: HOLSTEIN-PRIMAKOFF

structure of Eqs.§8) and @b), the presence of a parametric TRANSFORMATION

terminduces squeezing, which can be experimentally observed \ye giscuss here the Holstein-Primakoff realization allow-

by homodyne detection of the .out_put Peld, in t_he cavitying us to replace the spin operatoks J. obeying the usual
spectrum for both cases, as seen in Bjgvhere the cavity Buc- SU(2) commutation relations

tuation spectrum exhibits a clear dependence on the phase

[JE 5] = +05 U5 IK = 20K, (A1)
IV. CONCLUSIONS with bosonic operatord, d;, for which
We have reported here how it is possible to deduce [dy dli] =1 (A2)

nonlinear QLEs for the dynamics of an open quantum system

from a nonlinear system-environment coupling Hamiltonian As discussed in the main text, in order to map the spin
Moreover, we have discussed how an effective nonlineaoperators obeying EgA() with the bosonic operatori;(,dli,
system-environment coupling can emerge in the presenose have two possibilities, depending on the physical situation
of impurities modeled as TLSs. Ultimately, we have shownwe want to describe. If we assume tlij;(t: — Jk, this choice
that the TLS-induced nonlinearities can represent a potentiaé indicated in the main text as HPwe can consider the
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following transformation:
K= — ji, I =dV2i— R, TS =2 — Ry,
(A3)

whereg, = didk. The operatorgX, J¥ can be shown to fulpl|
the SU(2) commutation relations

[75,75] = 8 dllv/2jic — B = J¥,
[75,75] = V/2jk — Bl.did = —J*,

[ T5] = dy(/2jc = B — /2 = B e /2 — e
= ()= + 1) =2jx-+— (2~ 1) = 27

(Ada)

(Adb)
In the limit jx — oo, we have that
I 20— A T( A ) '
V2V 2 K 4jj k
JK VAT Y
— ~d, =1~ -1 (A5)
2k Jko Jk

Therefore the bosonic excitations described dpyand di
correspond to (small) excitations around t!j‘e: — jk State.
Conversely, we can write

I = =B, T = a2~ R, TX = 2ji— B di,
(AB)
so that wheryx — oo,

k k k 2
Lo, gl o %y

— 2~ dy, . :
v 2jk V2jk Jk Jk

(A7)
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APPENDIX B: QLE FOR F(c,c")

We discuss here the form of the QLEs generated by a
model for which, following the notation introduced in EQ) (
of the main text,Hs is left unspecibed. The environment is
given by a set of noninteracting bosonic modes described by
He=), a)keltek, whereey (ef() are the annihilation (creation)
operators associated with mode k and the system-environment
coupling is given by the following Hamiltonian:

Hs_e =y gl F(c.chel + Fi(c.ched].
k

(B1)

where F(c,c) is a generic function of the creation and
annihilation operators of the system. Sinllg_¢ is a linear
operator with respect to the degrees of freedom of the bath
and e|(<T) commutes withHs, we can follow the same strategy
employed for the derivation of the linear QLEKI] and write

the equations of motion (EOM) for the bath Peld operators in
the Heisenberg picture as

(1) = —ioxex(r) — igkF(c,c). (B2)

Similarly, the EOM for the system can be written as

&r) = i[Hs,c(t)] +i ng([F,c]eTk +[F',cle). (B3)
k

Equation B2) can be solved in terms of an initial conditian
yielding

t
ex(t) =e g (1) — g / e FLe(), et ()] dr .

1o

(B4)

which correspond to the description of small RuctuationsBy substituting Eq. B4) and its Hermitian conjugate into

around the/¥ = j state, indicated as HPin main text.
|

Eq. B3) we obtain

t
1) = i[Hs.c(t)] —i—ing{[F,c] [e"wk<’—f°>e,i(to)+igk / = Py dt/]
k fo

t
+[FT,c] |:e_i‘”k('_’°)ek(to)—igk/ e_"w"(t_’,)F(t’)dt’]}.

(BS)

Like for the purely linear case, we introduce the density of stétes dk/dwy (supposing a continuum of states for the bath)
and assume that, in the relevant frequency reggrnepes not depend on the mode index k. If we debne

K

8k = 27D’ (B6)
wherex is the mode-independent constant, we can write Bf) &s
i1) = i[Hs.c(t)] +i ; \/Zn:D {[F,c] (efwk@—fwel(to) + \/% f o= pi(p) dﬂ)
+[FT,c] <e—fwk<f—'°>ek(ro) — i\/% /{ l e = p(r) dt/) }
= i[Hs,c(t)] + ﬁ{[F,c] <—c§n(t) - %FW)) + [FT,c](—cin(t) + 4F(r)> } (B7)
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where we have debneg(z) as

cin(t) = —

N2 D

The dePnition introduced in EqB6) corresponds to what in the context of electronic transport is debned as Oa wide-band-limit

: > e e (1),
k

PHYSICAL REVIEW A6, 063830 (2017)

(B8)

approximationO and, allowing us to write the QLE given in ) (in time-local form, can be considered equivalent to the

Markov approximation47].

Let us focus on the case, discussed in the text, of two separate baths: a bosonic bath with dpesatbesbath of TLSs
with HP-transformed mode#. We debne two functiong, and F7_s of the system operators that couple to the bosonic and TLS

baths, respectively. The QLBT) then reads

&) = i[Hs.c()] + Vi {[Fb,c] (—crn - ﬁFg) 1A (_cm N %pr)}

N

. /KN
+ kN {[FTLS,C] (-CLLST - TFTILS> + [F1T—LS,C] (—CLLS + _FTLS> }

- (89)

(

Assuming a linear coupling between the system and thevhere A = w, — we. From Eq. C2) the equation for the

bosonic bath and choosing the Hmapping for the TLSs, one
obtainsF, = c andFy s = ¢?. Substituting these into EcB@)
gives

&= i[HS,C(t)] — (% + KNCTC>C + \/ECin + 2»,/ICNCTCi-|r-1LS,
(B10)

which corresponds to Eqr¢§) of the main text. On the contrary,
if the HP, mapping is chosen, one obtains E@b) with
Fris = ¢

APPENDIX C: LINEARIZATION OF THE QUANTUM
LANGEVIN EQUATIONS

Ructuation around the steady-state solution value gfven
above is thus expressed as

dl = |:iA - (g + 2KN|Ol|2>j|a — kyelal + Vrain

natalts.

+2 (C4)

With a similar procedure one can also show that Efp) (
leads to Eq. &b). Notice that the nonlinear dissipative terms
F2«y|a|?a in Egs. 88) and @b) lead to the broadening or nar-
rowing of the linewidth associated with the linearized response
of the cavity beld RBuctuations, respectively (see Bjg.

APPENDIX D: FLUCTUATION SPECTRUM
OF THE NONLINEAR MODEL

Here we outline the linearization strategy that allows us, in

the presence of a strong coherent tape= aine i torecast

Assuming that, in addition to the strong coherent tone, the

Egs. (7b) of the main text in terms of equations describing thedynamics of the system is affected by thermal RBuctuations

stationary state (in a frame rotatingsf) and the Ructuations
around this stationary state, given by E@=) @nd gb) of the
main text.

Focusing on Eq.73),

8= —i[c,Hs] — (g + KNCTC>C + Vkcin + 2 KNCTCi-rI;LS.
(C1)

In the presence of a strong coherent puggp= aine "', we
seek a solution of the form= o + a,

—lwpe + dl = —iwc(o + a) — |:g + iy +al) (e + a)]

x (o + a) + +/x(in + ain)

+2/kn (@ + aT)ai—rﬂLs, (C2)

where without loss of generality, we have assumed th

Hs = wecle.

Neglecting the Buctuation terms, we obtain the equation fo

the steady-state solution

O:l'A(X—g(X—KN(X|(X|2+«/Eaim (C3)

of both the bosonic and the TLS baths degrees of freedom,

- Linear

151

4

~
) 1
[

Nd

0.5+
O,

051

1 | | | |
0 200 400 600 800
Qip

1000

FIG. 4. The total effective dissipation of the linearized models

a’éq. B84 (solid red) and Eq.8b) (dashed green) that correspond to

the cases where the majority of the TLSs are in the ground state and
Excited state, respectively. They are compared to the case of pure
linear dissipation (black dots). Here we assume the system to be a
simple cavity with Hs = wccfc. In units of «, the parameters are

A = wp — we = 20 andey = 1.5x107%.
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FIG. 5. The cavity spectra related to the Holstein-Primakoff couplings (a)dti (b) HR. for the largest uncertainty quadratuée=£ 7 /2
andd = 0, respectively). In (a) the linewidth widens @s becomes larger (larger valuesaf correspond to smaller values of the maximum
at w = 0), whereas in (b) the linewidth becomes narrower (larger valueg,oforrespond to larger values of the maximumeat 0).
Here the thermal populations of the bosonic and TLS bathagre n]-° = 1, and in the units ok, the other parameters are= 20 and

ky = 1.5x1074,

we evaluate here the spectrum of these Buctuations focusirthe QLE for the system can be expressed as
on the HP. case (an analogous derivation holds for the, HP

mapping). The RBuctuation spectrum
So = 3l X0X21)

with X = 1/v/2(' e +a,e ), can be obtained by
Fourier transforming the QLE given by Eqg8d and its

Hermitian conjugate

—i(w+ A) + % + 2y lal?

* TLS
= \/Eain,w +2/kya Ain,w>

TLS
= \/Eai}_w +2 KNOlain’_L,

with the usual convention for the Fourier transform, according

to whicha;, e a, andaf e aT_w.
Debning

K
A=—i(lw+A)+ >+ 2y |a)?,
B =/<Noz2,

K
C=-ilw-A)+5 + 2k |al?,

ay, + ICNOlZClT_w

—i(w— A)+ g + 2y aiw + kya*ay,

<aw 1 C —B
at, _AC—|B|2<—B* A

VK ain.» + 2. /KNoz*aiE'jaS)
X , (D4)

(b1)

t TLS}
\/Eain,fw + 2 KNaain,fw

and
o = Xa(@)aino + x(@)ah _, + X7 S(@)aps
(D2a) + (@) e (D5a)
) al,, = i (~0)aino + Xi (~)ah o, + 10> (—0)agy
+ x4 (~w)an (D5b)
(D2b) where
xa(@) = VKC(AC —|B)~, (D6a)
x(@) = —VkB(AC — |BI) ™, (D6b)
Xq (@) = 2/kya*C(AC — B,  (D6e)
(D3a) X S(w) = —2/kya B(AC — |B|?)7L.  (D6éd)
(D3b) If we assume that the thermal populations of the baths are
given by(ain,wafn,w,) = (nh + 1)8(w — ') and(aﬂﬁa%ﬁi) =
(D3c) (> + 1)8(w — '), the cavity spectrum can be written as

J

80 = HUxa(@)1? + (=) {atin.oah o 1) + (1Xa(=0) 2 + [xx(@)P){@h, _-in—o})]
+ 3@ (=)™ + x3(@) x5 (—)e™ ) Hain o, )
+ (xa(—0) xx(@)e ™ + i () 15 (@) P )@ —orttin—o})]
+ 2 [(xd5@)* + [ =e) ) {anS ans'))
+ (S + @) ) fansans, 1]

+ %[(X;LS(w)XILS(_w)efiZQ + X;—LS* (a))X)'(I'LS*(_w)eiZO)“aTLS aTLST )

inw>%inw

063830-7



JUUSO MANNINEN, SOUVIK AGASTI, AND FRANCESCO MASS

+ (X(;I'LS(_w)X;(I'LS(w)e—QG 4 XJLS*(—CU)XILS*((U)eize)({

EL PHYSICAL REVIEW A6, 063830 (2017)

il

TLS
in,—w

TLSt
ain,fa)’a

= LIxa(@)* + Ixa(—o)1* + [xx(@)|* + |xx(—)[*
+2¢050 + ¢) | xa(@) xx(—0) + xa(—@) xx (@)1 (ntn + 3)

+ 43 S@))* + xS o) + S @) + xS (o)
+2¢0s0 + ¢ ™) xS (@)1 S (—0) + x4 (—w)xyg S()|]( ),

whereg™I=Arg[ x ™) xS (—w)+x "= (=) x{TS(w)]. In Fig. 5(a)we have plotted the cavity spectrum for the HP
and the spectrum related to HRoupling derived from Eq.8b) is presented in Figh(b).

TLS 1

Ny~ +3 (D7)
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