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Finnish summary
Diss.
The subject of this thesis belongs to the topic of machine learning or, speciﬁcally,
to the development of advanced methods for regression analysis, clustering, and
anomaly detection. Industry is constantly seeking improved production practices and minimized production time and costs. In connection to this, several
industrial case studies are presented in which mathematical models for predicting paper quality were proposed. The most important variables for the prediction
models are selected based on information-theoretic measures and regression trees
approach.
The rest of the original papers are devoted to unsupervised machine learning. The main focus is developing advanced spectral clustering techniques for
community detection and anomaly detection. As part of these efforts, a number of enhancements for the dependence clustering algorithm have been proposed. These enhancements include adding regularization for controlling the
size of clusters, extension to the ensemble version for improving model stability, handling overlapping clusters, and adaptation to solving anomaly detection
problems and handling big datasets.
Another focus of the thesis is on developing anomaly detection algorithms
for network security data. In connection to this, a probabilistic transition-based
approach is proposed for detecting application-layer distributed denial-of-service
attacks.
The developed approaches are tested on real datasets and are capable of efﬁciently solving the given tasks with high accuracy and good performance. They
are shown to be applicable to solving variable selection, graph segmentation, and
anomaly detection tasks in different applications.
Keywords: Clustering, Community detection, Anomaly detection, Paper machine,
Regression analysis, Regression trees, Mutual information, Graph segmentation, Spectral clustering, Variable selection, Big data, Network
security
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1

INTRODUCTION

1.1 Background and research motivation
Currently, the amount and complexity of data being accumulated by companies and requiring analysis is growing exponentially. Data are becoming a major source of generating proﬁt increases for many organizations, with numerous
emerging companies’ total business activities involving data mining and data
analysis. Therefore, business and researchers are focusing on developing efﬁcient
algorithms for processing bigger and more diverse datasets.
Data mining involves exploring and analyzing data, seeking patterns or relationships between variables. Based on the given data, a model is built and
applied to new data subsets. Therefore, it is of great importance that the model
generalizes well. Data mining is a popular toolbox for solving various problems,
and this requires revealing data structures to guide decisions when conﬁdence
is limited. Data mining tools can be divided into several categories according
to the objectives the data analysis aims to achieve. According to [HSM01], these
categories include the following
1. Exploratory Data Analysis, which refers to exploring the data without speciﬁc
knowledge of what to extract;
2. Descriptive Modeling, which aims to describe all the data or the processes
generating the data, such as density estimation, cluster analysis, dependency modeling;
3. Predictive Modeling, where a model is built in classiﬁcation and regression
that predicts one variable from the known values of other variables;
4. Discovering Patterns and Rules, which focuses on ﬁnding useful patterns and
rules from data; this is opposed to the three previous categories, which involve model building; and
5. Retrieval by Content, applies when data are examined for patterns that are
similar to a pattern of interest.
This thesis, which comprises collection of publications, is focused on solving a se-

14
ries of theoretical and practical tasks using data mining techniques, with emphasis on developing clustering and anomaly detection algorithms. Thus, in [PI],[PII]
a predictive modeling task is addressed. In these works, industrial data with
laboratory measurements collected during test experiments for measuring paper
quality are used. The goal is to select a subset of predictor process variables that
affect the target quality variable the most. In other words, the aim is to build a
model for predicting a target variable from a subset of predictor variables to maximize the prediction accuracy. The rest of the works [PIII]-[PVII] aim at solving
descriptive modeling tasks, where advanced clustering and anomaly detection
algorithms are proposed for graph segmentation and network security applications.

1.2 Research questions
The goal of the thesis is to develop advanced algorithms for variable selection,
community detection, clustering, and anomaly detection, and apply these algorithms for discovering knowledge in datasets from different domains. To meet
these goals, the research aims to answer the following research questions:
RQ1: How should variables be selected from data when features dominate over
samples to leave prediction accuracy high?
RQ2: How can the community detection/clustering task be made more accurate
and efﬁcient?
RQ3: How can anomaly detection techniques be advanced to increase network
security?
RQ4: How can community detection/clustering algorithms be efﬁciently implemented and adapted to large-scale datasets?

1.3 Structure of the thesis
The remaining part of this thesis is organized as follows. Chapter 2 explains the
theoretical background. The main concepts and algorithms used in the included
publications, as well as those needed for understanding the outcomes of this thesis, are thoroughly described. The main concepts that are addressed in this thesis include supervised learning, unsupervised learning, model selection, and big
data analysis. Chapter 3 summarizes the results presented in the included research articles, outlining the research contribution and the author’s contribution
in the related publications. Finally, Chapter 4 presents conclusions and provides
directions for future research work. Table 1 lists the contributions of each included publication with respect to the research questions formulated in Section
1.2.
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TABLE 1

Contribution of original research articles to the research questions.

Research
Question(s)
RQ1

RQ2

RQ3

RQ4

Article
[PI]: Information-theoretic approach to variable selection in predictive models applied to paper machine data
[PII]: Variable group selection based on regression trees: paper
machine case study
[PIII]: Revealing community structures by ensemble clustering
using group diffusion
[PIV]: Probabilistic group dependence approach for discovering
overlapping clusters
[PV]: Scalable implementation of dependence clustering in
Apache Spark
[PVI]: Anomaly detection approach to keystroke dynamics based user authentication
[PVII]: Probabilistic transition-based approach for detecting
application-layer DDoS attacks in encrypted softwaredeﬁned networks
[PV]: Scalable implementation of dependence clustering in
Apache Spark

2

THEORETICAL FOUNDATIONS

2.1 Supervised learning
In supervised learning, given a set of data Ω = {(x(i) , y(i) )|i = 1, ..., m; x(i) ∈
R n ; y(i) ∈ R }, the goal is to learn an approximation f : x → y ( f : R n → R).
One usually starts with a family of models y = f (x, Θ) parametrized by Θ and
aims to ﬁnd the model parameters Θ̂ that minimize a discrepancy J (y, ŷ) between
the true output y ∈ R and expected model output ŷ = f (x, Θ̂). Regression and
classiﬁcation problems belong to supervised learning. Regression methods work
with continuous values, while classiﬁcation methods are used with categorical
data. Supervised learning is commonly employed in applications where future
events are to be predicted based on information from the past.
2.1.1

Linear regression

Regression analysis is a statistical method that investigates the relationships between a dependent response variable and several independent variables (predictors). Regression analysis is usually used to address the following goals [YS09]:
1. Predicting a response variable y from predictors x1 ,...,xn as accurately as
possible;
2. Understanding the structural relationships between the response variable y
and predictors x1 ,...,xn ; and
3. Determining a subset of variables from predictors x1 ,...,xn that affect the
response variable y the most.
Linear regression is a method that assumes linear relationships between input
and output variables, where input variables can be original predictors undergoing generally nonlinear transformations. Linear regression with multiple variables, also called multiple linear regression, models the linear relationships between one dependent variable and more than one independent variable. The
general form of the multiple linear regression model can be described by the fol-

17
lowing equation:
n

y(x) = α0 + ∑ αi xi + ,
i =1

where y denotes the dependent variable, x1 , ..., xn are n independent variables,
(α0 , ..., αn ) deﬁne the model parameters, and  is the error term. Classical settings
of regression analysis assume the error term  to be normally distributed, with
E() = 0 and constant Var() = σ2 .
There are different estimators of the regression parameters, for example,
least squares estimation or maximum likelihood (ML) [YS09], [HTF09]. The least
squares estimation method is considered the most common. In general, given
some estimates for the model parameters α̂i , i = 1, ..., n one can predict the response variable using
n

ŷ = αˆ0 + ∑ α̂i xi ,
i =1

where ŷ denotes a prediction of y(x).
Least Squares Estimation
Given a multiple linear regression model y(x) = α0 + ∑in=1 αi xi , the least squares
cost function to be minimized is written in the following form:
J (α) =

m

∑ (y(i) − ŷ(i) )2,

i =1

where α = (α0 , ..., αn ), and ŷ(i) is the i-th expected result. Further, using a matrix
notation the problem can be represented as
⎡ ⎤
x0
⎢x ⎥
⎢ 1⎥
y(x) = [α0 α1 · · · αn ] ⎢ . ⎥ = αT x,
⎣ .. ⎦
xn
where x0 = 1. Therefore, given X ∈ R m×(n+1) , with each row corresponding to
the i-th sample, the cost function can be represented in the matrix form as
J (α) = ( Xα − ŷ) T ( Xα − ŷ) = αT X T Xα − 2( Xα) T ŷ + ŷ T ŷ.

(1)

The least squares method aims to ﬁnd the estimates α̂ that minimize the leastsquares cost function (1):
α̂ = arg min J (α).
α

By solving the partial differential system
∂J
= 0,
∂α
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FIGURE 1

Example of classiﬁcation and regression trees (CART).

it is easy to show that the optimal parameter values in the sense of least squares
minimization are equal to
α̂ = ( X T X )(−1) X T ŷ.
It is important to note that linear regression models are not bounded to the
analysis of only the linear relationships between the predictor and target variables. The linear property is assumed for the model parameters αi ; that is, the
dependence of y on xi ← g( xi ) is linear, where g is generally a nonlinear transformation. Hence, nonlinear relationships can be represented naturally using the
linear regression model by imposing a linear dependence constraint between y
and the transformed predictor space.
2.1.2

Regression trees

Classiﬁcation and regression trees (CART) are an example of regression models used for predicting continuous variables (regression) or categorical variables
(classiﬁcation) [BFOS84]. A CART tree is a binary decision tree that is constructed
by recursively splitting a node into two child nodes, starting with the root node
that contains the whole learning sample (see Figure 1 for visual example). CART
recursive partitioning is a binary procedure that aims to maximize the similarity
of the response variable in each node by utilizing information contained in a set
of predictors. Tree construction in CART consists of three major steps, as follows:
(1) the process of growing a tree, (2) a splitting criterion, and (3) a validation
(stopping) rule for determining the best tree size.
Growing a tree is the process of choosing a split among all the possible splits
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at each node so that the resulting child nodes are the “purest”, that is, the distribution of the outcomes of all points belonging to each node has the lowest
variability. The growing process starts from the root node by recursively using
the following steps on each node:
1: Find each predictor’s best split, the point that maximizes the splitting criterion the most when the node is split according to it;
2: Among the best splits found in the previous step, choose the one that maximizes the splitting criterion, the node’s best split; and
3: If a stopping criterion is fulﬁlled, exit. Otherwise, apply step 1 to each child
node in turn.
The goodness of split is measured by an impurity function. There are two impurity functions that are used in regression trees: (1) the least squares (LS) function and (2) the least absolute deviation (LAD) function [YW99]. Here, only the
LS measure is discussed, since the mechanism for both procedures is the same.
Given a splitting variable j ∈ {1, ..., n} and a split point s ∈ R, the node impurity under the LS criterion is measured by the within-node sum of squares S( j),
deﬁned as
S( j) =

∑ (yi( j) − ȳ( j) )2,

i∈ R

where ȳ( j) denotes the mean value of the response variable at node R. The best
split can be found by solving the following optimization problem:
max J ( j, s) = S( j) − S( R1 ( j, s)) − S( R2 ( j, s)),
( j,s)

where R1 ( j, s) = { xi , i ∈ R| xij ≤ s} and R2 ( j, s) = { xi , i ∈ R| xij > s}. Therefore,
S( R1 ( j, s)) is the sum of squares of the left R’s child node, and S( R2 ( j, s)) is the
sum of squares of the right R’s child node. In other words, the splitting rule
serves to choose the split that causes the maximum reduction in the impurity of
the parent node.
To prevent the tree from growing too large, and thus, overﬁtting, one should
decide the optimal size of a tree. The standard approach is to grow a “full” tree
Tmax and then perform pruning by minimizing the cost-complexity measure on
the cross-validation set. The cost-complexity measure can be written in the form
R α ( T ) = R ( T ) + α | T |,
where T ∈ Tmax is any subtree obtained by pruning, | T | determines the number
of terminal nodes in T, α ≥ 0 is the complexity parameter, and R( T ) refers to the
sum of misclassiﬁcation errors (sum of square errors) over all nodes. The goal is
to ﬁnd, given α, the subtree Tα that minimizes Rα ( T ):
Tα = arg min Rα ( T ).
T ∈ Tmax

The parameter α affects the size of the subtree to be selected. Thus, when α = 0,
the biggest tree will be chosen, and with an increase in α the tree size becomes
smaller.
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CART are easy to interpret and can handle mixed (discrete and continuous)
and missing data; moreover, they are resistant to outliers and monotone transformations in data. CART have been used in many applications, including health
systems, business, ecology, and network planning [FJBD06], [LKO11], [DF10],
[HK07]. In [PII], regression trees are utilized to discover the best pairs of predictor variables. Despite their advantages, however, the trees can be unstable,
causing a decrease in prediction accuracy. Due to the hierarchical nature of the
tree-growing process, small changes to the input data can have large effects on
the structure of the tree [Mur12]. As discussed in Section 2.3.2, one way to reduce
the variance of an estimate is bagging. Random forests [Bre01] improve the accuracy of regression trees by averaging multiple individual trees that are trained
on a randomly chosen subset of input variables, along with a randomly chosen
subset of data samples. Random forests are applicable in many areas, including
image classiﬁcation, geography, ecology, and bioinformatics [GBS06], [BZM07],
[CEB+ 07], [SWA08].
2.1.3

k-Nearest Neighbor

k-Nearest Neighbors (kNN) is a simple classiﬁer that selects the k nearest points to
a test input in the training set and classiﬁes the test point using the majority vote
among the k neighbors. Let us denote the training subset by Y = {yi }, i = 1, ..., N,
the test input by x, the indices of the k nearest points to x in Y by Ik (x, Y), and the
set of classes by c j , j = 1, .., C. The class is deﬁned as follows:
arg max
j

1
I ( y i = c j ),
k i∈I∑
(x,Y)
k

where I (α) = 1 if α is true and 0 otherwise.
The kNN classiﬁer can work well when it is given a good distance measure
and has enough labeled training data, but it fails in high dimensions due to the
curse of dimensionality [HTF09]. In kNN, any distance measure can be used, but the
most common is Euclidean distance. kNN has been successfully applied to many
classiﬁcation problems, including handwritten digits, satellite image scenes, and
electrocardiogram (ECG) signals [ZBA12], [STB00], [Lee91], [MNW02], [CMP03],
[SSK13], [KAKN06]. In [PVI], a kNN based approach was used for detecting
anomalous users during the authentication phase.
2.1.4

Multilayer Perceptron

Artiﬁcial neural networks [MP43] were originally designed as algorithms attempting to mimic human brain. They represent an effective state-of-the-art technique
for many machine learning applications. Neural networks comprise artiﬁcial
neurons, information-processing units that are fundamental to the operation of
the neural network [Hay11]. A simple mathematical model for the activity of one
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artiﬁcial neuron can be written as follows:
m

y = φ ( a0 + ∑ ωi x i ),

(2)

i =1

where y is the output of the neuron, xi , i = 1, ..., m are the inputs connected to
the neuron, ωi are the corresponding synaptic weights of the neuron, φ is an
activation function, and a0 is bias. The equation 3 is often written in the form
m

y = φ ( ∑ ωi x i ),

(3)

i =0

where ω0 = a0 and x0 = 1.
The activation function φ deﬁnes the output of a neuron and can be linear,
threshold (the output depends on a threshold value), or sigmoid, where g( x ) = (1 +
e− x )−1 , which is one of the most widely used activation functions. Other popular
activation functions are the tanh function f ( x ) = tanh( x ) = 2/(1 + e−2x )−1 − 1 =
2 · sigmoid(2x ) − 1 and a more recent ReLu function h( x ) = max(0, x ), which is
less computationally expensive than sigmoid and tanh due to involving simpler
mathematical operations. The introduction of ReLu was one of the keys to success of modern neural networks, as it allows faster training and leads to sparse
activations. Since, on the right end the derivative does not tend to zero compared with sigmoid or tanh, it helps to tackle the problem of vanishing gradients
[Hay11].
Neural networks can be represented as graphs with connected layers of
nodes, where each node represents a neuron. Each neuron computes a sum of
its inputs (activation from previous layers) weighted by the synaptic weights and
applies the activation function, resulting in activation that is propagated to the
next layer.
The way in which neurons are connected to each other deﬁnes the network
architecture, or network topology. For example, feed-forward networks allow connections to be only one way, from input to output. Multilayer perceptron (MLP) belongs to the class of feed-forward networks. The models that allow feedback connections are called recurrent neural networks. They are powerful and dynamic, and
they can become extremely complicated. In Hopﬁeld network (associative memory)
models, symmetric connections between the hidden units are allowed [Mur12].
An MLP is represented as a series of logistic regression models. Depending
on whether a classiﬁcation or regression problem is being solved, the ﬁnal layer
can either be another logistic regression or a linear regression model. There is an
input layer, output layer, and one or more hidden layers. The activity of a node
is determined by the activities of the previous nodes and their interconnections’
weights. Thus, every node is assigned an input-output (activation) function that,
along with the weights, inﬂuences the behavior of the network. An example of an
MLP is shown in Figure 2. In this dissertation, the MLP was used for predicting
paper quality from laboratory measurements, as described in [PI].
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FIGURE 2

Example of a multilayer perceptron (MLP).

The back-propagation algorithm

The model parameters should be adjusted to make the model ﬁt the training data well. A solution for the learning problem is the weight combination
that minimizes the error function. Using gradient descent, the back-propagation
algorithm seeks the minimum of the error function in the weight space.
Given a training set {(x(i) ,y(i) )}, i = 1, ..., m, with the parameter vector Θ ∈
R n , let us denote a total number of layers in the network as L and the number of
units (neurons) in layer l as sl . The number of output units equals the number
of classes K one wants to predict. Let us denote the activation function as g,
the output as hΘ (x) ∈ R K , and the hypothesis that results in the k-th output as
hΘ (x)k . The error function that is usually used in regression is the sum of squared
errors:
J (Θ) =

m

K

∑ ∑ (yk

(i )

− h Θ ( x (i ) ) k )2 −

i =1 k =1

λ
2m

L −1 s l s l +1

∑ ∑ ∑ (Θqp )2.
(l )

(4)

l =1 p =1 q =1

For multiclass classiﬁcation, the error function is usually given in the form of
cross entropy:
m

J (Θ) = − ∑

K

∑

i =1 k =1

(i )
(yk log(hΘ (x(i) ))k

λ
−
2m

L −1 s l s l +1

∑ ∑ ∑ (Θqp )2.
(l )

(5)

l =1 p =1 q =1

Neural networks can be applied to a problem of multilabel classiﬁcation. For the
problem of multilabel classiﬁcation, the most common choice of error function is
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a generalized form of logistic regression:
1
J (Θ) = −
m

−



λ
2m

K

m

∑ ∑ yk

(i )

i =1 k =1
L −1 s l s l +1

(i )

log(hΘ (x(i) ))k + (1 − yk ) log(1 − (hΘ (x(i) ))k

∑ ∑ ∑ (Θqp )2.
(l )

(6)

l =1 p =1 q =1

In (6), Θ(l ) is a matrix with the number of columns equal to the number of nodes
in the layer l (including the bias unit) and the number of rows equal to the number
of nodes in the next layer (l + 1) (excluding the bias unit).
The gradient descent method involves several steps. First, forward propagation is applied to compute the hypothesis hΘ (x). Then, the back-propagation
algorithm is applied to compute the derivatives ∂(l ) J (Θ). Let us denote the error
∂Θqp

(l )
δp .

of node p in layer l by
The gradient descent method for the error function (6)
can be described as follows:
(l )
1: Set Δqp = 0, ∀ l,p,q.
2: for i = 1 to m do
3:
a (1) = x ( i ) .
4:
Compute a(l ) for l = 2, ..., L using forward propagation;
a ( l ) = g ( Θ ( l −1) a ( l −1) ).
5:
Using y(i) , compute δ( L) = a( L) − y(i) .
6:
Compute δ(l ) = ((Θ(l ) ) T δ(l +1) ◦ a(l ) ◦ (1 − a(l ) ) for l = L − 1, ..., 2.
(l )
(l )
( l ) ( l +1)
7:
Δ(qp) := Δ(qp) + a p δq
.
8: end for
9:
(l )

Dij :=

1 (l )
m Δqp
1 (l )
m Δqp

(l )

+ λΘqp if p = 0,
if p = 0.

(l )
∂
(l ) J ( Θ ) = Dqp .
∂Θqp
(l )
(l )
(l )
11: Θqp ← Θqp − αDqp .

10:

Here, ◦ denotes element-wise multiplication also known as the Hadamard product, and α denotes the learning rate.
2.1.5

Regularization

Every model can overﬁt. Overﬁtting happens when a model appears to be too
powerful for the training data, and as a result, it can memorize data, including
noise. Regularization is a technique used to prevent overﬁtting during the training process. Early stopping is a simple way to prevent overﬁtting. This method
states that as soon as the error on the validation set starts to increase, the training
procedure should stop. If it continues to train, then the initially simple model
becomes more complicated as training progresses, and it eventually overﬁts.
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Another classical approach to preventing overﬁtting is L1 and L2 regularization [Mur12]. This manifests in adding a penalty term for parameters to the
cost function (e.g., as in (4)-(6)). In a probabilistic view, this is equivalent to imposing a prior on the parameters. The L1 norm usually leads to sparser solutions
for parameters compared with the L2 norm.
Dropout [SHK+ 14] is a relatively recent technique for regularization in neural networks that has especially inﬂuenced tremendous success of deep learning.
It decreases overﬁtting and improves a training process’s speed. Another effect of
dropout is that it prevents co-adaptations of neurons and forces them to specialize
on certain tasks. In dropout, at each training iteration, a portion of the activations
in each layer is randomly masked out according to a predeﬁned probability. This
effectively results in training an ensemble of reduced networks. After the training
ﬁnishes, the entire network is used when applied to test examples, and one must
re-normalize the network weights according to the dropout probability to match
this.
Batch normalization [IS15] is another popular and widely accepted regularization technique that is commonly used in deep neural networks [GBC16]. In
batch normalization, not only the inputs to the network, but also the inputs to
every layer are normalized. The normalization is made a part of the model architecture to prevent stochastic gradient descent [Hay98] from undoing the effect of
normalization. Batch normalization can often result in order-of-magnitude training speedups, and it tends to reduce overﬁtting. Batch normalization has the
effect of reducing the internal covariate shift, thereby making the input distribution of a layer more stable.

2.2 Unsupervised learning
In contrast to supervised learning, which is usually used for prediction and regression, the goal of unsupervised learning is to discover interesting structures
(knowledge) in data. In unsupervised learning, the labels are unknown beforehand. Moreover, labeling data is an expensive process that normally involves human experts, and well-labeled data are rarely available. On a high level, the goal
of the unsupervised learning can be to learn a probability distribution p(X) over
the observed data or a generative model of the data Ω = {x(1) , ..., x(m) |x(i) ∈ R n }.
If only a kernel (pairwise similarities) [HSS08] is given, then one can still search
for clusters of data points.
2.2.1

Clustering

Clustering is a process of partitioning unlabeled data points into homogeneous
groups. The data points are grouped in such a way that they are similar to one
another in each cluster and different from points in other clusters [HTF09]. Clustering is also referred to as community detection or graph partitioning, and it has
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many applications in data mining, machine learning, signal and image processing, network analysis, pattern recognition, bioinformatics, and so on.
Similarity measures
The deﬁnition of similarity between objects to be clustered is fundamental in
cluster analysis. A measure of similarity between two objects in a feature space is
essential to most clustering algorithms. Depending on the similarity measure, the
outcomes of the algorithms can differ signiﬁcantly [JMF99]. The most common
way to calculate dissimilarity between the objects is using a distance measure.
Due to the variety of data types and scales, the distance measure must be chosen
carefully.
For continuous features, the most common choice of metric is Euclidean distance. Given x(i) , x( j) ∈ R n the Euclidean distance, calculated as
d(x(i) , x( j) ) = ||x(i) − x( j) ||2 =

n

∑ ( xk

k =1

(i )

( j)

− x k )2 ,

(7)

works well for data with an underlying clustering structure when the groups
are compact or well separated [JMF99]. To account for correlations in the data a
scale-invariant Mahalanobis distance can be used:
d M ( x (i ) , x ( j ) ) =

( x ( i ) − x ( j ) ) S −1 ( x ( i ) − x ( j ) ) T ,

(8)

assuming
where S is the covariance matrix of a random vector variable X ∈
(
i
)
(
j
)
x ∼ X and x ∼ X. When all axes are rescaled to have unit variance, Mahalanobis distance resembles Euclidean distance in the transformed space.
The calculation of the distance between data instances is more challenging
when a dataset contains features of different types, that is, continuous and nominal features, since the contribution of features should be fairly balanced. A distance measure that incorporates both continuous and nominal features is known
as a heterogeneous distance measure. Heterogeneous distances can be computed
after performing the standardization of features or through a linear combination
of distance matrices computed for each set of homogeneous features. Some proximity measures have been introduced for calculating distances between the features of heterogeneous types [WM97], [SPB10]. Sometimes, for example, in social
networks analysis, the data are represented in terms of the pairwise proximity
(similarity or dissimilarity) between the objects. Thus, some algorithms that assume distances cannot be used with such data.
The main drawback of clustering algorithms is the lack of standardization,
which means that depending on the type of dataset, the same algorithms can
provide good or poor results. So far, there has not been a standardized method
developed that would work well for all practical problems.
Rn
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FIGURE 3

Example of a hierarchical cluster tree for Fisher’s dataset.

Types of clustering algorithms
Among the most popular clustering approaches are hierarchical (agglomerative
or divisive) clustering, centroid-based clustering, density-based clustering, spectral clustering, and probabilistic clustering.
Hierarchical clustering deﬁnes a similarity measure between clusters and computes a similarity matrix between vertices of a graph. Agglomerative clustering
algorithms start with assigning each point to its own cluster and then recursively
merging a selected pair of clusters into a single cluster. A pair of clusters to be
merged is selected to minimize intergroup dissimilarity. In contrast, divisive clustering methods start by assigning all points to a single cluster and then recursively splitting one of the existing clusters into two new clusters. The splitting
is performed to maximize between-group dissimilarity. Figure 3 shows an example of a hierarchical cluster tree for Fisher’s dataset [Fis36]. One of the possible
divisions into three clusters is shown by the dashed line.
Spectral clustering refers to the group of methods based on eigenvalue decomposition of the similarity matrix or its derivative matrices for clustering datasets. This approach can take into account geometric structures of the data, and
it does not make any assumptions about the shape of clusters; thus, it is good at
ﬁnding non-convex clusters.
Density-based methods group data points according to regions of density.
Thus, the points from disconnected regions of high density are assigned to different clusters, while the rest are marked as noise.
In centroid-based (prototype) methods, each class is represented by its centroid (or medoid for categorical data attributes), the most central point. The data
points are assigned to a cluster with the nearest centroid.
Probabilistic clustering approaches consider data to be a sample independently drawn from a mixture model of several probability distributions [MB88].
Such mixture models can naturally be generalized to clustering heterogeneous
data.
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2.2.1.1

Gaussian mixture model

A Gaussian mixture model (GMM) is a probabilistic model that assumes that data
are generated from a mixture of a ﬁnite number of Gaussian distributions, each
representing a different cluster, with unknown parameters. By using a discrete
set of Gaussian functions, each with its own mean and covariance matrix, the
GMM performs better modeling and can smoothly approximate even arbitrarily
shaped densities (clusters).
Let Ω denote a random sample of size m with density function f (x). In
GMM, each base distribution is a mixture of N parametric multivariate Gaussian
densities in the following form:
g (x|Θ) =

N

∑ ωi f ( x | μ k , Σ k ) ,

k =1

where ωk ∈ [0, 1], k = 1, .., N are the weights of the k-th components of the mixture, under the constraint that ∑kN=1 ωk = 1, Θ = {ω1 , ..., ω N −1 , μ1 , ..., μ N , Σ1 , ..., Σ N }
denotes the parameters of the mixture model, and f (x|μk , Σk ) are the k-th component Gaussian densities with mean vector μk and covariance matrix Σk . Multivariate Gaussian distribution is given in the following form:
f (x|μ, Σ) =


1
1
T −1
exp
−
(
x
−
μ
)
Σ
(
x
−
μ
)
.
2
(2ω|Σ|)1/2

(9)

To estimate the model parameters Θ in the GMM, a common approach is
to apply the expectation maximization (EM) algorithm [DLR77]. EM is an iterative
method for numerically approximating the ML estimates of the parameters in a
mixture model. The EM algorithm consists of two phases - the initial expectation
(E)-step, which estimates the components the data points belong to, and the following maximization (M)-step, which re-estimates the parameters based on the
estimation from the previous step.
Assume that the number of mixed components N is known. The log-likelihood is given by the following function.
l(Θ) = log g(Ω|Θ) =

m

∑ log g(x(i) |Θ) =

i =1

m

∑ log

i =1



N

∑ ω k f ( xi | μ k , Σ k )

k =1

The EM algorithm can be described by the steps given below.
Require: Initial guesses for the parameters Θ(0)
1: Evaluate initial value of l(Θ(0) ) using (10), Θ̂ = Θ(0)
2: E-step. Using current parameters estimate the responsibilities

p k ( x( i ) ) =

ω̂k f (x(i) |μ̂k , Σ̂k )
.
(i )
∑N
j=1 ω̂ j f (x |μ̂ j , Σ̂ j )



.

(10)
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3:

M-step. Using the current responsibilities re-estimate the parameters

μ̂k =

∑im=1 pk (x(i) )x(i)
,
∑im=1 pk (x(i) )

∑im=1 pk (x(i) )(x(i) − μk )(x(i) − μk ) T
,
∑im=1 pk (x(i) )
1 m
ω̂k =
p k ( x( i ) ) .
m i∑
=1
Σ̂k =

4:

Evaluate l(Θ). If there is no convergence, return to step 2.

Therefore, given Ω, the clustering procedure aims to obtain the corresponding labels y(i) ∈ R N , i = 1, ..., m by estimating the posterior probabilities of component
(i )
membership for a ﬁtted GMM pk (x(i) ) = Pr (yk = 1|x(i) ). The weights of Gaussian components can be viewed as prior probabilities of assigning a data point
(i )
to a given component k, as ωk = Pr (yk = 1). Further, each data point can be
assigned to a speciﬁc component/cluster according to the maximum a posteriori
(MAP) estimation rule when
(i )

2.2.1.2

yk = 1,

if k = arg max j p j x(i) ,

0,

otherwise.

k-Means clustering

k-Means [Mac67], [HTF09], [Mur12] is a speciﬁc case of EM algorithm for a GMM.
In contrast to the GMM, which generates soft clustering assignments, k-means is a
hard clustering algorithm that deals with divisions into non-overlapping groups.
The problem of parameter estimation is reduced to estimating the cluster centroids. Given a sample Ω and number of clusters k, one randomly speciﬁes the
initial k cluster centroids μ j , j = 1, ..., k. Then, until the algorithm is converged,
the following two steps are performed:
1. Assigning each observation to the closest cluster centroid:
ci = arg min1≤ j<k x(i) − μ j 2 ; and

2. Updating cluster centroids: μ j = (∑im=1 I (ci = j))−1 ∑i:ci = j x(i) .
2.2.1.3

Spectral clustering

Spectral clustering [HTF09] refers to the group of methods based on the eigenvalue decomposition of the similarity matrix or its derivative matrices for clustering datasets. This approach can take into account geometric structures of the
data, and therefore, it is good at ﬁnding non-convex clusters. Compared to the
traditional algorithms, such as k-means or single linkage, spectral clustering has
many fundamental advantages. The main idea behind spectral clustering lies
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in integrating local neighborhood connections to ﬁnd strongly connected data
components. Spectral clustering is easy to implement and can be solved efﬁciently using standard linear algebra methods. There are different interpretations
of spectral clustering [Lux07]. Here, the graph cut and random walk-based points
of view are discussed.
The fundamental concept of spectral clustering algorithms is the graph Laplacian [SM00], [NJW01], [Lux07]. The algorithms and their outcomes vary depending on what form of graph Laplacian has been used. Given a set of data
points/observations Ω = {x(i) |i = 1, ..., m; x(i) ∈ R n }, one can represent observations in the form of a graph deﬁned by an m × m similarity/afﬁnity matrix S.
The similarity, or adjacency, matrix S, symmetric by deﬁnition, consists of nonnegative elements sij representing pairwise similarities between points i and j.
The closeness between points i and j is usually reciprocal to the distance between
i and j. The bigger the value of sij is, the closer the two points i and j are to each
other. Let G be a diagonal matrix with diagonal elements
gi =

∑ sij

(11)

j∈Ω

which are calculated as the sum of the weights of the edges connected to them
and are called the degree of point i. The unnormalized graph Laplacian matrix is
deﬁned as
L = G − S.
In spectral clustering, one ﬁnds the k eigenvectors corresponding to the k smallest
eigenvalues of the graph Laplacian L. The rows of the obtained eigenvectors are
then clustered using a standard clustering technique, such as k-means, to provide
a clustering of the original data points. An example of spectral clustering algorithm can be described using the general steps outlined below.
Require: Similarity matrix S ∈ R m×m , parameter k specifying number of clusters.
1: Construct similarity graph G.
2: Calculate Laplacian L.
3: Compute the ﬁrst k eigenvectors e1 , ..., ek of L .
4: Form the matrix E = [ e1 , ..., ek ] ∈ R m×k such that the eigenvectors are placed
in columns.
5: Cluster rows of E as points in R k using k-means algorithm.
6: Assign an original data point to cluster i if the corresponding row of matrix E
was assigned to cluster i.
The graph cut interpretation
From the graph cut point of view the observations are represented as an undirected similarity graph G =< V, E >, where V and E deﬁne vertices and weighted
edges, respectively. Vertices vi ∈ V represent observations x(i) . A pair of vertices
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is connected by an edge if the similarity sij between the corresponding data points
is positive and the edge is assigned the weight sij . Spectral clustering can be interpreted as ﬁnding partitions of the graph such that within-group edges have
high weights and between-group edges have signiﬁcantly lower weights [Lux07].
Thus, the algorithm aims to construct similarity graphs that represent the local
neighborhood relationships between observations, and the problem of clustering
is reduced to a graph-partition problem, where strongly connected components
are identiﬁed as clusters.
There are different ways to deﬁne the similarity measure when constructing an afﬁnity matrix/similarity graph; these are usually application-driven and
chosen to better reﬂect the local behavior and nature of the data and problem. To
give some examples, the Gaussian radial basis function and mutual kNN graph
[PS85] are considered the most common choices.
One way to ﬁnd a partition into k clusters C1 , ..., Ck is by solving the mincut
problem, that is choosing the C1 , ..., Ck that minimizes
k

cut(C1 , ..., Ck ) :=

∑ cut(Ci , C̄i ),

i =1

where C̄i = V \ Ci is a complement of the subset Ci , cut(Ci , C̄i ) = ∑ p∈Ci ,q∈C̄i s pq .
However, often, the mincut solution involves cutting a single vertex from the rest
of the graph. To avoid division into too small clusters, either the RatioCut [HK92]
or normalized Ncut [SM00] objective function can be optimized; these differ in
how they measure the size of a subset of a graph
k

RatioCut(C1 , ..., Ck ) :=

cut(Ci , C̄i )
,
|Ci |
i =1

NCut(C1 , ..., Ck ) :=

cut(Ci , C̄i )
,
vol(Ci )
i =1

∑
k

∑

where |Ci | denotes the number of vertices, and vol(Ci ) = ∑ j∈Ci g j , where g j is the
degree of node j as deﬁned in (11).
The probabilistic interpretation
From the probabilistic point of view, the pairwise similarities can be viewed as
edge ﬂows in a Markov random walk [MS01], [Lux07]. A Markov random walk
on a graph is a stochastic process that randomly transitions among vertices and
satisﬁes the Markov property, wherein the predictions for the future of the process are based solely on its present state. Spectral clustering can be interpreted as
trying to ﬁnd a partition of the graph such that the random walk stays in the same
cluster for a long time and rarely jumps between clusters. Thus, the clustering is
performed by studying the properties of the eigenvectors and the eigenvalues of
the resulting transition matrix, deﬁned as
P = D−1 S.

(12)
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In (12), P is a stochastic matrix whose rows sum up to one, and elements pij
represent the probability of moving from node i to node j in one step, provided
the current location is node i. The ﬁrst eigenvector of the matrix P is the vector
with all elements equal to one. Therefore, the second largest eigenvector of P can
be used to describe the cluster properties of the graph.
To conclude, the main advantages of spectral clustering are its efﬁciency,
and the lack of assumptions concerning the clusters’ shape. Spectral clustering
does not require clusters to be convex, and it can be used for solving general
problems. Given a sparse similarity graph, the spectral clustering algorithm can
even be efﬁciently implemented for large datasets. Its main disadvantage is instability with respect to the choice of parameters. Speciﬁcally, the algorithm’s
stability depends on the choices of the parameters for the neighborhood graphs.
2.2.2

Community detection

Community detection algorithms are applied in complex systems/networks represented as graphs. Such algorithms attempt to separate vertices into clusters
such that there are many connecting edges among the vertices of the same cluster
and relatively few edges joining vertices from different clusters. Community detection plays an important role in physics, sociology [SC11], biology [DWM02],
[JTA+ 00], and computer science, where systems are often represented by graphs,
and it has become a central concept in understanding the functionality of complex networks.
A simple example of a graph is a random graph where all the edges have
the same weight and the distribution of the edges among the vertices is homogeneous. In real systems, however, the graph structure is more complex, since
the distribution of the edges is inhomogeneous not only globally, but also locally.
In this case, a network is said to display a community structure if the vertices of
the network can be easily grouped into communities/clusters such that the edge
density is high inside the clusters and low between the clusters.
Identifying network communities is one of the most important tasks in network analysis. The structure of a network is the only preliminary information
available to an algorithm. This information includes connections between pairs
of vertices and possibly their weights. In real systems, vertices can belong to one
community or multiple communities at once. The research related to identifying
the community structure includes both overlapping and non-overlapping community detection techniques. The task of overlapping community detection is
more recent compared with revealing non-overlapping structures.
Generally, the community detection task is similar to clustering. The main
difference is that data-clustering algorithms aim to ﬁnd groups of objects with
similar properties/attributes using a measure of distance or similarity. Communities in graphs are related to the concept of edge density [For10], and community
detection algorithms operate on a network structure level. Despite the considerable interest of the scientiﬁc community in community detection over the last few
years, there is no universally accepted solution so far. Numerous methods have
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been proposed to reveal the underlying structure in complex networks.
Traditional community detection techniques include hierarchical clustering,
partitional clustering, spectral clustering, and graph partitioning [For10]. Hierarchical clustering algorithms [HTF09] are commonly applied in networks with a
hierarchical structure, such as social networks, where communities have a multilevel structure by nature. Among the most popular partitional methods are kmeans clustering [Mac67] and fuzzy c-means clustering [Bez81]. Spectral methods exploit spectral properties of the graph Laplacian matrices [DM04], [PL14],
[PIII], [PIV]. Graph partitioning methods [Pot97] divide the vertices of the graph
into k groups by minimizing the cut size (number of edges lying between clusters). The division is done by iterative bisectioning of the graph [For10]. In graph
partitioning, the number of clusters is known beforehand.
Among other approaches are divisive methods [GN02] that aim to detect and
remove the edges that connect vertices from different communities [For10] based
on a vertex betweenness measure [GN02], [Fre77].
Optimization-based community detection techniques involve the optimization of a clustering quality function over the space of all possible partitions. Such
quality functions represent the goodness of division. A benchmark quality function is the modularity [NG04], which measures how different the original graph
is from its randomizations. Modularity optimization may lead to resolution problems [FB07]. Another approach is optimization of the cluster quality functions,
which considers communities as local structures, allows investigating networks
by parts, and avoids resolution problems by ignoring the global scale [BGK+ 05],
[HSL+ 11], [LF11].
2.2.2.1

Overlapping community detection

Overlapping community detection, or soft clustering, techniques can be divided
into two classes, namely node-based and link-based approaches. The node-based
overlapping community detection algorithms categorize the nodes of the network, while the link-based overlapping community detection algorithms classify
the edges of the network in clusters. Having multiple memberships for the nodes
increases the space of possible solutions. In overlapping communities, especially
in social networks, the links reﬂect different types of relationships between the
objects, and they are usually uniquely deﬁned in contrast to nodes [ABL10]. Thus,
multiple links connected to a single node may belong to several different link
communities. In link communities, a node is overlapping with other nodes if the
links connected to it belong to more than one group. Link clustering [ABL10],
clique percolation method [PDFV05], and mixed membership stochastic blockmodels [ABFX08] are considered the state-of-the-art overlapping community detection methods. The soft dependence clustering algorithm proposed in [PIV] can
be used for graph segmentation applications, as well as clustering data that have
the notion of distance.
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2.2.3

Anomaly detection

Anomaly detection refers to a problem of ﬁnding patterns in data that signiﬁcantly deviate from the expected behavior [CBK09]. There are different names
for such non-conforming patterns, but the most frequently used terms in the ﬁeld
of anomaly detection are anomalies and outliers. Anomalies can represent one of
several types, depending on their nature and behavior. The simplest anomaly is a
point anomaly, which refers to a single anomalous sample with regard to the rest
of the data. This type of anomaly is the focus of most works on anomaly detection. Collective anomaly refers to a group of related samples which is anomalous
with respect to the entire dataset. In collective anomaly, not the group samples by
themselves, but the presence of the samples as a group is anomalous. Collective
anomaly may appear only in data where the data points are related (e.g. graph,
sequence, spatial). Contextual anomaly is a single point or group of data points
that are anomalous with respect to the context in the data [CBK09].
Depending on the labeling in the training data, anomaly detection can be
supervised, unsupervised, or semi-supervised. In supervised anomaly detection, training data are labeled accurately and the predictive model is built for different categories, which usually leads to accurate detection of known anomalies. However,
obtaining a representative set of accurately labeled data is challenging, especially
when data are dynamic and evolving over time. Unsupervised anomaly detection
handles the most frequent real-world scenarios where labeled data are missing. It
naturally applies to dynamic data and is able to detect rare or zero-day anomalies.
Unlike in supervised techniques, the chance of overﬁtting is lower using unsupervised anomaly detection. Finally, semi-supervised anomaly detection is a compromise between the supervised and unsupervised techniques, and it requires
labeling of only normal categories in the training data, and therefore, building
the normal behavior model. Anomaly detection techniques can be divided into
the following categories: classiﬁcation based, clustering based, nearest neighbor
(NN) based, statistical, information theoretic, and spectral [CBK09].
Classiﬁcation-based anomaly detection is a supervised two-phase approach
that, by using the training set, learns a classiﬁer that distinguishes between normal and anomalous test samples. It can belong to one of the following categories:
neural networks based, support vector machine based, Bayesian networks based,
and rule based [CBK09].
Supervised anomaly detection can also be based on NN analysis, which assumes that normal data are located in dense neighborhoods, while anomalies
appear far from their closest neighbors. These techniques can be grouped into
distance- and density-based approaches. In the basic NN anomaly detection
methods, the anomaly score for detecting an anomalous test sample is deﬁned
as the distance to its k-th NN in the training set. This basic method has been
extended in terms of how the anomaly score is deﬁned and what distance measure is used, as well as to improve the efﬁciency. In density-based techniques, the
density of a sample neighborhood is estimated; that is, samples that lie in a dense
neighborhood are considered to be normal, while samples that lie in a neighbor-
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hood with low density are declared to be anomalous. Density-based techniques
do not perform well when there are regions of different densities in the data. To
overcome this issue, a number of techniques have been developed to compute
the density of instances relative to the density of their neighbors, including local
outlier factor (LOF) [BKNS00] and inﬂuenced outlierness (INFLO) [JTHW06].
Clustering-based anomaly detection can operate in the unsupervised and semisupervised modes. Although anomaly detection pursues a different goal than
clustering, several clustering techniques have been employed for detecting anomalies. Moreover, many clustering algorithms already include the notion of outliers.
However, algorithms of this type are not developed speciﬁcally to catch anomalies in the data, as their primary goal is to ﬁnd clusters.
Clustering-based anomaly detection techniques can be grouped into three
categories. Cluster association-based techniques assume that normal data points
belong to clusters in the data. Anomalies are then discovered as the points that
do not belong to any cluster. The most famous algorithm of this type is densitybased spatial clustering of applications with noise (DBSCAN) [EKSX96]. Centroid-based techniques assume that normal data points are located near to their
closest cluster centroid, while anomalies are far away. The distance from each
point to its closest cluster centroid is used as the anomaly score. For example,
self-organizing map (SOM) [Koh98], EM, and k-means have been applied for detecting anomalies in several applications [SBE+ 02]. In [PVI], a dependence clustering (DC)-based approach [PL14] was employed for detecting anomalous users
during the authentication process. In cluster density-based techniques (e.g., FindCBLOF [HXD03]), normal data points belong to large and dense clusters, while
anomalies belong to small or sparse clusters. Therefore, a data point that does
not belong to any cluster, which has a size and/or density greater than a certain
threshold, is marked as anomalous.
Statistical anomaly detection techniques estimate the probability regions of a
stochastic model; hence, normal data points occur in the high-probability regions,
while anomalies occur in the low-probability regions. Statistical algorithms ﬁt
a statistical model for normal behavior using the given data. Then, based on
the results of a statistical inference test, a new point is classiﬁed as normal or
anomalous depending on how probable this point is according to the model. In
[PVII], a statistical model based on Markov chain was built to detect anomalous
trafﬁc.
Information-theoretic anomaly detection techniques deﬁne anomalies as instances that generate irregularities in the information content of the dataset. The
information content of the data is analyzed using information-theoretic measures,
such as entropy or Kolomogorov complexity [LV97]. Spectral anomaly detection
techniques aim to approximate/embed the data in lower dimensional subspaces
where anomalies can easily be detected.
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2.3 Model selection
2.3.1

The bias/variance trade-off

In predictive models, the accuracy can decrease due to overﬁtting or underﬁtting
the data the models are trained on. Overﬁtting occurs when a predictive model
is trained to ﬁt the training data too closely. Underﬁtting happens when a chosen
predictive model is not complex enough to capture important features, for example, by using a linear model when a quadratic is necessary. To evaluate model
performance better, understanding of the source of prediction errors is important. Prediction errors can be divided into errors due to bias, which corresponds
to underﬁtting, and variance, which corresponds to overﬁtting. In real life, due
to the imperfect models and ﬁnite data, there is always a trade-off between minimization of bias and variance, which is commonly referred to as the bias-variance
dilemma. The bias and variance are side effects of the model complexity. In practice, the model complexity should be adjusted so that it is not too low or too
high. Low complexity results in poor accuracy, and therefore, high error in both
training and test data. In contrast, being able to model training data too well
and lacking generalization to test data, high complexity models cause a lower
training error and higher test error. In other words, the bias/variance trade-off is
represented by the ability of a model to ﬁt the data well, and more importantly,
to generalize to unseen data points.
From the mathematical point of view, the bias/variance trade-off can be explained as follows. Suppose we are engaged in regression analysis setting and the
training data are assumed to be generated by a function y = f (x) + , where f (x)
is the ideal function we want to model and  is the random error corresponding
to noise, which is distributed normally, with E() = 0 and Var () = σ2 . Machine
learning algorithms aim to reconstruct an approximation fˆ(x) of the ideal function f (x) from the noisy data y. The expected squared prediction error at a point
x is deﬁned as
Err (x) = E[(y − fˆ(x))2 ].

(13)

The error (13) can be decomposed into bias and variance components, as follows
[HTF09]:
Err (x) = ( E[ fˆ(x)] − f (x))2 + E[ fˆ(x) − E[ fˆ(x)]2 ] + σ2 ,
which is equivalent to
Err (x) = Bias2 + Variance + Irreducible error.
The irreducible error term σ2 , which is the variance of the new test target, comes
from the noise  in the training data and is a lower bound for the mean squared
error. More details related to deriving Err (x) can be found in [HTF09]. Bias does
not depend on the size of the training set, and it is high when the data distribution cannot be modeled well by the selected classiﬁer. Variance depends on the
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FIGURE 4

Test and training error as a function of model complexity from [HTF09].

training set size. The more data are in the training set, the lower the variance
will be. Figure 4 [HTF09] shows how the prediction error depends on the model
complexity. As the model complexity increases, the training error and model generalization tend to decrease. In contrast, the low complexity of the model causes
underﬁtting and may result in poor generalization due to a large bias. The variance increases as classiﬁers become more complicated.
2.3.2

Consensus/ensemble approaches

Many machine learning techniques are stochastic by nature and can beneﬁt from
combining the results of multiple models. These models can be trained using
different random seeds, different randomly chosen subsets/combinations of features, and various initial conditions/parameters; moreover, they can be provided
as outputs of a number of algorithms. The results are then combined according
to some consensus criteria.
A combination of the consensus approach, also referred to as the ensemble
approach, and popular existing classiﬁcation or clustering techniques leads to
more accurate partitions compared with the results of single learners. Ensemble
approaches lead to reduced variance, as the results are less dependent on peculiarities of a single training set, and reduced bias, as a combination of multiple
classiﬁers may learn a more expressive concept class than a single classiﬁer can.
Among the most popular ensemble approaches are bagging and boosting.
2.3.2.1

Bagging

Bagging, or bootstrap aggregation [Bre96], reduces variance by averaging the prediction over a collection of bootstrap samples. Bootstrap samples are additional
data for training generated from the original dataset using random combinations
with repetitions. By training classiﬁers on a repeatedly perturbed training set,
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bagging generates multiple predictors. The results of the predictors are combined by voting, for the task of classiﬁcation, or averaging, for the task of regression. By increasing the size of the training set, one can decrease the variance,
leaving the bias unchanged, which leads to improved prediction. Bagging is usually employed with regression or classiﬁcation trees, but it can be used with other
methods as well. There are variations of the classical bagging procedure, which
include sampling of features instead of data instances or learning a set of classiﬁers with different algorithms.
2.3.2.2

Boosting

Boosting [FS99], initially designed for classiﬁcation problems, can be extended to
regression as well. Boosting is a two-step approach that combines the outputs of
several weak classiﬁers to produce a powerful consensus solution. First, one uses
subsets of the original data to produce a series of moderately well-performing
models, or weak classiﬁers. Next, the performance of the weak classiﬁers is
boosted by combining them using a speciﬁed cost function. In the classical boosting, every new subset contains the elements that were misclassiﬁed by the previous models. However, boosting is not limited to being used with weak learners.
It can also be used with accurate classiﬁers, thereby serving as the base learner.
Boosting can signiﬁcantly lower the error rate of a method, as it decreases variance without increasing bias.

2.4 Big data
Modern data communication and social networks have been growing considerably in size, variety, and complexity. Along with the growing complexity of
the existing networks, new types of communication networks have emerged.
To name a few, Internet of Things (IoT), cloud-based, multi-agent, and wirelessbased networks have gained popularity among researchers and companies. The
rapid expansion of big data has been accelerated by the dramatic increase of the
Internet usage, development of cloud computing technologies, acceptance of social networking and smartphone applications, and so on. There are many applications of big data in different areas, including health, business, and technology
[FB13], [LRU14].
Big data is usually associated with large and complex datasets characterized
by the following key dimensions [DGdLM13]:
– Volume: a vast amount of data is constantly generated, posing challenges for
storage and analysis using traditional techniques;
– Velocity: data are generated continuously at an exponential rate;
– Variety: generated data have different formats, with the majority being unstructured; thus, modern techniques must be adapted to handling heterogeneous data;
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– Veracity: data may not have sufﬁcient quality or trustworthiness; and
– Value: huge amounts of data do not necessarily translate into high-value
data, as turning data into value (identifying what is valuable with further
transformation, extraction, and analysis) is challenging.
Data are generated at an exponential rate around the world, and this has become
a major source of generating proﬁt increases for many organizations; numerous
emerging companies work solely around data technology. Therefore, businesses
and researchers are focusing on developing new efﬁcient technologies and architectures for processing huge amounts of data and extracting value from them.
With the increase of data in terms of volume, velocity, variety, veracity, and value,
traditional techniques suffer from limitations related to the efﬁcient storing, processing, and analyzing of the data. To extract meaning from these data, novel
and evolving algorithms and analytics techniques have emerged along with innovative and effective ways to use hardware and software platforms. Combining
recent achievements in data mining and large-scale computation technologies results in innovation in algorithms for the processing and analysis of big datasets.
A common approach is to sacriﬁce accuracy for efﬁciency. By using smart approximations, it is possible to increase efﬁciency dramatically, while the accuracy
lost is marginal.
Processing large-scale data is an important problem for many domains. Efﬁcient analysis and timely processing of big datasets requires scalable algorithms
and computational frameworks. Traditional solutions are time consuming; hence,
new technologies and data processing frameworks supporting the big data phenomenon have recently emerged, to name a few, NoSQL, parallel and distributed
paradigms, Apache Hadoop, and Apache Spark.
Apache Hadoop
Hadoop [bib] is an open-source implementation of the MapReduce model [DG08],
and it is one of the most widely used frameworks/platforms for the distributed
processing of large-scale data. Apache Hadoop implements a scalable fault-tolerant distributed platform for MapReduce programs. The Hadoop Distributed File
System (HDFS) provides high-throughput access to application data. Hadoop is
reliable and efﬁcient for big data analysis on large clusters. The main concern
about Hadoop is maintaining the speed in processing large datasets. Because the
data are processed from a disk, Hadoop is inefﬁcient for data mining applications,
which often require numerous iterations, as the waiting time between queries and
waiting time to run the program take too long. Moreover, despite performing relatively well for ofﬂine data, it handles real-time stream data poorly.
Apache Spark
Apache Spark [ZCD+ 12] is a more recent open-source distributed framework
for data analytics that enables, among other things, fast and efﬁcient processing of large streams of data. The key features of Spark are in-memory compu-
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FIGURE 5

Apache Spark RDD workﬂow.

tations that increase the processing speed of an application and fault tolerance.
In addition, Spark supports in-memory caching of datasets, which prevents slow
disk reads and reduces network communications, and as a result, performs much
faster compared with Hadoop-like systems.
Spark adopts Resilient Distributed Dataset (RDD) [ZCD+ 12], a distributed
memory abstraction that supports two types of operations, as follows: transformations and actions. Transformations deﬁne a new RDD based on the existing
one, and actions either return a value to the driver program or export data to
persistent storage. When a transformation is executed, a new RDD is created,
with its records distributed across the main memory. An action operation causes
each node to process its local set of records and return the result. The Spark RDD
workﬂow is illustrated in Figure 5.
Spark is used as a tool for creating competent solutions for big data analysis
by performing machine learning and data mining tasks. Many clustering and
anomaly-detection algorithms have been developed or adapted to Spark due to
its efﬁciency and high performance [MBY+ 15], [HMX+ 15],[BTM16],[LC10]. In
[PV], a scalable version of the DC algorithm was proposed and implemented in
Apache Spark using GraphX application programming interface (API) primitives
[XGFS13], [XCD+ 14].

3

RESEARCH CONTRIBUTIONS

This chapter presents as overview of the results, research contributions and author’s contribution to the included articles. The chapter is divided into sections
according to the problem areas addressed in this work, which helps to reﬂect the
contributions in a more comprehensive fashion.

3.1 Variable selection
Articles [PI] and [PII] refer to the problem of variable selection in data-driven
modeling. Speciﬁcally, they consider the papermaking industry, where the changes in paper designs were tested using a pilot paper machine.
Article [PI]: Information-theoretic approach to variable selection in predictive
models applied to paper machine data
Article [PI] presents a pilot paper machine case study of variable selection for
predicting laboratory measurements of paper quality. The quality of the ﬁnal
paper product depends on numerous quality and process variables in a complicated and nonlinear way. In reality, small changes in process variables can lead
to global changes in quality variables. Field testing is usually a long lasting and
expensive process. Therefore, it is highly important to establish the links among
process and quality variables, that is, determine which process variables inﬂuence the quality variables the most. In this paper, principal component analysis
(PCA) [Jol02], Shannon mutual information [Sha48], and maximal information
coefﬁcient (MIC) [RRF+ 11] based variable selection techniques were utilized in
the preprocessing phase. Then, the MLP model was applied to the selected subsets of process variables to predict measurements for the three quality variables
classiﬁed as the most important ones according to expert knowledge. Based on
the prediction accuracy, the effect of the input variable selection technique on the
paper quality prediction was analyzed. The three chosen methods for variable
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selection were tested and compared using real data collected from the pilot paper
machine. Despite being a relatively new concept, MIC produced the best results,
while PCA appeared to be the least accurate among the three methods (see Table II, Figure 1 in [PI]). Therefore, the suggested information-theoretic approach
to variable selection not only allowed accurate prediction results when working
with real data, but it also provided direct insight into the relationships between
variables.
The author of this thesis is the main author of this article. She preprocessed
the data, implemented the testing procedure, performed the data analysis, and
wrote most of the paper.
Article [PII]: Variable group selection based on regression trees: Paper machine case study
Article [PII] presents another pilot paper machine case study, which is a continuation of the work presented in [PI]. In this paper, a regression tree-based methodology for selecting the best groups of predictor variables is proposed. Testing
operation scenarios is an expensive process, which makes collecting extra data
challenging and often results in situations where features dominate over data instances. The discovery of a sufﬁciently small subset of the strongest correlations
among process and quality variables can provide a better insight into industrial
processes, thereby facilitating the modeling procedure. To increase the efﬁciency
of the process of variable selection, data analysis algorithms combined with expert knowledge can be used. This paper focuses on discovering pairs of process
variables that demonstrate the strongest correlations with quality variables when
considered jointly, yet have small or no correlations between them.
The authors compared two methods of selecting the process variable pairs
that are best correlated with quality variables, which were based on regression
tree analysis. In both approaches, models were trained and validated on 100
training sets, which were randomly subsampled from the data, using 10-fold
cross validation. The trees were pruned according to the validation results. The
approaches differ in the way how they identiﬁed the most important process variable pairs. The ﬁrst approach suggested choosing the most important variable
pairs based on the frequency of their occurrence in the top two levels of the trees
with highest accuracy over 100 models. The second approach stated that the total
effect of a variable can be distributed across the tree. First, the importance scores
were calculated for each unique variable in each of the 100 trained regression tree
models. Then, a pair of variables with the highest individual importance scores
was marked as a candidate pair. Finally, the most important variable pairs were
selected as the most frequent ones among the candidate pairs. The outcomes of
the proposed methodology can be seen in Tables II-V in [PII].
The author of this thesis is the main author of this article. She preprocessed
the data, implemented the testing procedure, performed the data analysis, and
wrote most of the paper.
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3.2 Community detection
Articles [PIII], [PIV], and [PV] refer to the problems of clustering and community
detection and developing algorithms to increase the detection accuracy and performance efﬁciency, especially when used for big data analysis.
Article [PIII]: Revealing Community Structures by Ensemble Clustering using Group Diffusion
In article [PIII], an ensemble clustering approach using group diffusion is proposed to reveal community structures in data. As stated in Section 2.2.2, the
community detection task is similar to clustering. The main difference between
these approaches is that the community detection algorithms analyze the network structure starting with relationships between objects as input, and therefore, they are applied in complex systems represented as graphs. The proposed
algorithm, called ensemble group diffusion (EGD), takes into account the geometric structure of data using group distances and their diffusion across connectivity
scales. Depending on the value of the diffusion-depth parameter, the presented
approach can accurately identify local clusters and the global structure of the
data. Therefore, EGD can determine the underlying geometry of the data, even
for those datasets where some of the common clustering methods fail (see Figure
6 in [PIII]). The method is also capable of reasonably regulating cluster sizes by
an admitted group dependence level. Moreover, EGD is able to produce more robust clustering results by collectively integrating views from individual diffusion
scales. In this way, a reduction of the combined effect of both bias and variance
error components is expected. In addition, it handles directed graphs nicely.
The proposed EGD algorithm was tested under different settings using both
simulated and real-world datasets against selected state-of-the-art methods of
different types that are frequently used for community structure detection, that is,
modularity clustering, hierarchical clustering, spectral clustering, density-based
clustering [RL14], and an ensemble clustering approach using a knowledge-reuse
framework [SG03]. The tests show that due to ﬂexibility in the parameter setting,
EGD is suitable for solving structure discovery problems for datasets with different underlying structural and density properties. Thus, EGD can discover local
clusters with smaller values of the diffusion depth parameter, while the global
structure can be determined with the higher parameter values (e.g., see Figure
4 in [PIII]). The combination of the diffusion depth values allows clusters to be
deﬁned more accurately. The performance test summary for all the methods including EGD across nine datasets can be seen in Figure 7 in [PIII]. More detailed
performance results can be found in supplementary Tables 4-9 in [PIII].
The author of this thesis developed and implemented the proposed algorithm based on the DC method [PL14]; performed most of the tests; interpreted
most of the results; and produced all the ﬁgures and tables (except Figure 7).
Moreover, she performed literature review; and wrote Sections 1, 2, 4.1 (partially),
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4.2, 5 (except 5.4), and 6.
Article [PIV]: Probabilistic group dependence approach for discovering overlapping clusters
To extend the work in [PIII], paper [PIV] proposes a soft dependence clustering (SDC) algorithm that is a generalization of the DC method and supports soft
clustering by introducing a soft probability interval. The method adeptly handles
different types of data from different domains, such as biology and text data. For
text datasets, it proved to be more accurate in detecting multiple groups compared to latent Dirichlet allocation (LDA) [BNJ03], which is a method speciﬁcally
designed for clustering text data. SDC can be used in graph segmentation applications, as well as for clustering data that have a notion of distance.
The author of the thesis is the main author of this publication. She developed and implemented the proposed algorithm based on DC, performed most of
the tests, interpreted the results, produced all the ﬁgures and tables, wrote most
of the paper, and presented the paper at the 26th International Workshop on Machine Learning for Signal Processing in Vietri sul mare, Salerno, Italy.
Article [PV]: Scalable implementation of dependence clustering in Apache
Spark
Article [PV] proposes a scalable version of the DC algorithm that allows better performance in the analysis of big datasets. The method is implemented in
Apache Spark using GraphX API primitives. Moreover, a fast approximate diffusion procedure that enables algorithms of the spectral clustering type in the
Spark environment is introduced and implemented in Apache Spark. The proposed implementation was tested using real data presented as densely connected
graphs. The method proved to scale well, and it was more accurate than spectral
clustering.
The author of the thesis is the only author of this publication. She developed
and implemented the proposed algorithm, performed the tests, interpreted the
results, produced all the ﬁgures and tables, wrote the paper, and presented it
at the Conference on Evolving and Adaptive Intelligent Systems in Ljubljana,
Slovenia.

3.3 Anomaly detection
Anomaly detection has many applications in various domains. This section reﬂects on the thesis contributions in the ﬁeld of security, that is, user authentication
in [PVI] and network intrusion detection in [PVII].
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Article [PVI]: Anomaly detection approach to keystroke dynamics based user
authentication
Paper [PVI] proposes two anomaly detection approaches to user authentication
using keystroke dynamics based on kNN and DC. In this paper, the DC algorithm
previously used for the clustering tasks only was adapted to solving anomaly
detection problems by introducing an anomaly score measure. Thus, to detect
anomalies, the training set was ﬁrst clustered using DC. Then, the test set was
classiﬁed according to the median Manhattan distance between a test sample and
each cluster mean (anomaly score). In addition, a kNN-based approach was applied. As mentioned in Section 2.1.3, kNN is a simple and strong benchmark,
and it often works well given the right distance measure. In [PVI], a kNN-based
approach combined with Manhattan distance was employed. Both proposed approaches were tested and compared with multiple state-of-the-art classiﬁers, and
they demonstrated improved results for the CMU keystroke dynamics benchmark dataset reported in [KM09], [ZDJ12].
The author of this thesis is the main author of this article. She preprocessed
the data, developed and implemented the proposed approaches and testing procedure, performed the data analysis, interpreted the results, and wrote most of
the paper. The author of this thesis also presented the paper at the 22nd IEEE
Symposium on Computers and Communications in Heraklion, Creete, Greece.
Article [PVII]: Probabilistic Transition-Based Approach for Detecting Application-Layer DDoS Attacks in Encrypted Software-Deﬁned Networks
Article [PVII] presents a real-time probabilistifc transition-based approach for
detecting application-layer distributed denial-of-service (DDoS) attacks in encrypted software-deﬁned networks. Operating with information extracted from
packet headers, the proposed solution can be applied without decrypting in secure protocols that encrypt network connections data. In addition, a DDoS detection system prototype has been implemented for evaluating the proposed approach. The proposed attack detection mechanism comprises two phases. First,
elementary user behavior patterns are built by applying a clustering algorithm.
Next, a probabilistic transition-based approach is applied to the outcomes of the
ﬁrst phase to discover more complex sequential behavior patterns. The enhancements of the proposed approach compared with the previous works [ZKHS16]
are as follows: (1) improved performance scores (see Table 1, Figure 2 in [PVII]),
(2) a reduced number of parameters, and (3) a signiﬁcant reduction in the amount
of storage needed by the detection algorithm.
The author of this thesis developed and implemented the proposed probabilistic transition-based approach, performed the testing and evaluation procedures, interpreted the results, and wrote most of the paper. She also presented
the paper at the 11th International Conference on Network and System Security
in Helsinki.
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CONCLUSION

The main achievements of the work reported in this thesis can be summarized as
follows:
– Approaches based on mutual information measure and regression trees were
proposed for the variable selection task to improve the prediction models in
paper quality control processes. When the dataset is such that features dominate over samples, the proper selection of the most important predictor
variables is essential for the model generalization and prevention of overﬁtting;
– Advanced variants of the DC algorithm were developed in the following
ways: (1) to improve the model’s stability, DC was extended to an ensemble version, (2) an approach to handling overlapping clusters was developed to address the need for better handling of the overlapping nature of
many network communities, (3) an adaptation for solving anomaly detection problems was introduced, and (4) DC was implemented and adapted to
the Apache Spark framework, opening the ability to work with big datasets.
– A real-time probabilistic transition-based approach proposed for detecting
application-layer DDoS attacks demonstrated signiﬁcant improvements over
the previous works. These advancements included improved performance
scores, a reduced number of parameters, and a signiﬁcant reduction in the
amount of storage needed by the detection algorithm, which are critical
characteristics when applied in real-time systems; and
– The applications of the developed methods to real datasets showed signiﬁcant performance gains compared with the reference techniques.
In the next stage of the research, the proposed real-time probabilistic transitionbased approach for detecting application-layer DDoS attacks can be implemented
and tested in a real-time system in a natural setting. Furthermore, other machine
learning approaches, such as deep learning [GBC16], which has gained tremendous popularity, can be employed as an attempt to address problems of, for example, anomaly detection in network security.

YHTEENVETO (FINNISH SUMMARY)
Älykkäitä itseoppivia ratkaisuja reaalimaailman tietopohjaisille sovelluksille
Koneoppiminen on tehokas työkalu suurta tietojenkäsittelyä vaativissa tehtävissä, joissa oman ohjelman kirjoittaminen ongelman ratkaisemiseksi on hyvin kompleksista tai jopa mahdotonta. Tässä mielessä koneoppiminen voidaan katsoa lähestymistavaksi, joka oppii ja tekee itse ohjelmia käsittelemistään tiedoista. Kaikkien koneoppimisalgoritmien yhteinen tavoite on kerätä hyödyllistä tietoa datasta ja hyödyntää sitä ongelmien ratkaisemiseksi. Koneoppimisalgoritmit voidaan
jakaa karkeasti kahteen kategoriaan eli valvottuun ja ei-valvottuun koneoppimiseen. Valvottua oppimista käytetään ennakointi- ja luokittelutehtävissä, kun oppimiseen liittyvät esimerkkitunnisteet tunnetaan etukäteen. Tämä vastaa tilannetta, jossa sekä syötteet että tulosteet annetaan ohjelmalle. Ei-valvomaton oppiminen viittaa tilanteeseen, jossa löydetään yleiset rakenteet datasta, esimerkiksi
klusteroimalla tai poikkeavuuksien havaitsemisella tilanteissa, joissa tunnisteita
ei ole ennakkoon saatavilla.
Tämän väitöskirjan tarkoituksena on kehittää uusia menetelmiä regressioanalyysille, klusteroinnille ja poikkeamien havaitsemiselle. Teollisuus etsii jatkuvasti parempia menetelmiä tuotantoonsa ja kustannustensa minimointiin ja suurten tietomassojen ollessa kyseessä koneoppiminen on yksi hyvä työkalu siihen.
Tähän liittyen tässä työssä esitetään useita tapaustutkimuksia, joissa ehdotetaan
matemaattisia malleja paperin laadun ennustamiseksi. Tärkeimmät ennustemallien muuttujat on valittu informaatioteorian ja regressiopuiden avulla. Väitöskirjan muut julkaisut kohdistuvat ilman valvontaa tapahtuvaan koneoppimiseen.
Pääpaino on kehittyneiden spektristen klusterointitekniikoiden kehittäminen erilaisten yhteisöjen ja poikkeavuuksien havaitsemisessa. Osana tätä työtä ehdotetaan useita parannuksia riippuvuusklusterointialgoritmeihin. Esitettyjä parannuksia ovat muun muassa regularisoinnin lisääminen klustereiden kokoa ajatellen, kokoonpanon laajentaminen mallin vakauden parantamiseksi, päällekkäisten klustereiden käsittely, sekä mallit anomalioiden havaitsemisongelmiin ja suurien tietojoukkojen käsittelyyn.
Työn yksi painopiste on ollut poikkeamienhavainnointialgoritmien kehittäminen tietoverkoissa. Tässä yhteydessä työssä esitetään todennäköisyyteen perustuva siirtymäpohjainen lähestymistapa sovelluskerroksen hajautetun palvelunestohyökkäyksen havaitsemiseksi. Kehitettyjä lähestymistapoja on testattu todellisella verkkoliikenteellä ja ne kykenevät tehokkaisiin ratkaisuihin korkealla
tarkkuudella ja hyvillä tuloksilla. Väitöskirjassa esitetyt menetelmät ovat sovellettavissa muuttujan valinnan, kaavion segmentoinnin ja poikkeamien havainnointiin erilaisissa sovelluksissa.
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Abstract—This paper presents an information-theoretic approach to variable selection for prediction of laboratory measurements of paper quality. Along with a well-known Principal
Component Analysis we considered techniques for variable selection based on the classical Shannon Mutual Information and a
novel Maximal Information Coefﬁcient. A multilayer perceptron
neural model was used to predict quality measurements and
compare feature selection techniques. The suggested approach
was tested on real industrial data obtained form a pilot paper
machine. The presented results show that information-theoretic
techniques perform better compared to Principal Component
Analysis, providing higher accuracy results.

I. I NTRODUCTION
The modern paper making industry is characterized by
complex processes. Modeling such processes is often difﬁcult
using physical models and therefore requires modeling tools
such as neural networks and probabilistic predictive models
[1], [2]. Changes in designs of processes are usually costly,
and real time (online) measurements can help to improve these
processes with less expenses.
There are many challenges in paper making industry, among
which cost reduction plays one of the central roles. One way
to reduce costs is by lowering the quality of raw materials.
However, the ﬁnal product quality must remain tolerable. This
can be ensured through testing various designs in a pilot
paper machine. A pilot paper machine allows testing different
components, various settings of process control parameters,
and combinations of raw materials. Such changes affect the
quality of the resulting paper product. The measurements
collected during testing new machine designs reﬂect the effect
of these changes on the product quality. A more detailed
description of the pilot paper machine experiments performed
for obtaining the data sets for current research can be found
in [3].
The quality of ﬁnal paper product depends on many quality
and process variables. These dependencies are often complicated and nonlinear. In [3], the authors introduced a multilayer
perceptron model for predicting laboratory measurements of
paper quality. They used Principal Component Analysis (PCA)
[4] for reducing input dimensionality. Based on this study,

we examine correlations among process and quality variables
and the impact of input variables selection on the accuracy of
paper quality prediction. The main focus of this paper is to
compare feature selection methods and examine how different
techniques in the preprocessing phase affect the ﬁnal result.
This paper is organized as follows. Section II describes the
data and how it was preprocessed, Section III is devoted to
dimensionality reduction of the input variables. Three methods are described in the corresponding subsections. Section
IV is related to a Neural Network model used to compare
dimensionality reduction techniques. The results are presented
in Section V, and Section VI highlights the conclusions and
outlook to future work.
II. DATA DESCRIPTION AND PREPROCESSING
For our task, we used two data sets obtained from the
pilot machine. The data sets contain measurements from
pilot machine runs encompassing ten days over the period
of seven months. Altogether 229 trial points and 10 different
mechanical settings are presented in the data. More detailed
information about the data can be found in [3].
Online measurements collected from sensors during experiments are represented as trial points. At each trial point, quality
measurements and time-averaged process state measurements
had been stored. In the current research we consider 186 state
variables. As we are interested in the end product quality,
we omitted the measurements related to process behavior.
Moreover, some measurements which were carried out straight
after a change in the mechanical settings are usually biased.
Thus, we deleted those trial points which produced unreliable
source measurements. In addition, some trials did not contain
a full set of measurements, as an interesting behavior had
been expected only for several speciﬁc paper qualities. Thus,
different collections of trial points are available for all the
paper qualities and due to this we have to examine each quality
variable separately. We also deleted those process variables
which were constant or had a variance equaling zero. We
generated a separate data set for every quality variable. Table
I lists the quality variables examined in this research and the

number of trial points considered for every variable. These
quality variables can be classiﬁed as the most important ones.

TABLE I
Q UALITY VARIABLES AND NUMBER OF AVAILABLE TRIAL POINTS .
Quality variable

Unit

Number

Formation Index

(index)

179

Beta-formation

g/m2

176

Air permeance

ml/min

180

First, the data sets obtained were normalized by z-score
normalization, where each value of the obtained numeric
matrix Z is calculated from the values of the current matrix
X as follows
zij =

xij − μj
.
σj

(1)

Here X and Z are N × M matrixes, N is the number of
trial points in a data set, M is the dimensionality of the input
space corresponding to a speciﬁc quality variable, μj is the
mean value of the j-th column, and σj is the j-th variable
standard deviation. At the same time, the features corresponding to quality variables were normalized via M in − M ax
normalization according to the formula
∗
zij
=

xij − min X(:, j)
,
max X(:, j) − min X(:, j)

(2)

where Z ∗ is N × M matrix and X(:, j) is the j-th column
of the matrix X. These normalized data sets have been used
further in the analysis.
III. C ORRELATION ANALYSIS
Before training a neural model, we start from dimensionality
reduction. This step is relevant, as there are likely to be many
input variables which correlate among each other, or they are
irrelevant or redundant in the context of others. We compare
three methods for dimensionality reduction, based on PCA [4],
Shannon Mutual Information [5], and Maximal Information
Coefﬁcient (MIC) [6]. Sections A, B, and C describe how we
applied these techniques.

B. Mutual Information
The mutual information concept plays an important role in
many areas, including data analysis. There are a number of
works related to variable selection based on mutual information, e.g. [7]–[9]. Mutual information is based on the concept
of entropy of a random variable. The mutual information
between two discrete variables X and Y can be interpreted
as the amount of information shared by X and Y and reads
as follows
I(X; Y ) = H(X) − H(X|Y )
 
p(x, y)
,
p(x, y) log
=
p(x)p(y)

(3)

x∈Ω1 y∈Ω2

where entropy H(X) and conditional entropy H(X|Y ) are
expressed by

H(X) = −
p(x) log p(x),
x∈Ω1

H(X|Y ) = −



y∈Ω2

p(y)



p(x|y) log p(x|y).

(4)

x∈Ω1

Here x denotes a possible value of X from the alphabet
Ω1 , y denotes a possible value of Y from the alphabet Ω2
and p represents distribution of a variable. The alphabets
Ω1 , Ω2 have been created by assigning variable values to
discrete buckets that quantize the variable domain. Entropy
is a measure of uncertainty in the distribution of a random
variable. The entropy is low if the outcome of the distribution
tends to a particular event, maximal if the outcome is highly
uncertain.
For calculation of the mutual information among quality and
process variables, we use a framework described in [10]. The
calculation of mutual information is based on the Shannon’s
theory [5]. We calculate the mutual information scores for
every pair of quality and process variables, in turn. The higher
the mutual information score between a quality and a process
variable is, the more valuable this process variable is for
predicting the quality variable. From the list obtained, we
select 10 variables with the maximal scores. The procedure
is repeated separately for every quality variable. Thus, for
every quality variable we obtain a list of ten variables with
the highest mutual information scores, which we further use
as input to the neural network model.
C. MIC

A. PCA
PCA is a well-known technique. In a way similar to that
described in [3], we use a two-step PCA algorithm. Firstly,
we project process measurement data on the major principal
components that explain 90% of variance. Secondly, we introduce new vectors that contain the squares of the projected
coordinates and repeat the procedure from the previous step.
The latter step helps to handle nonlinearities in the process
measurements data. As a result, 12 coordinates are obtained,
which we use as input to the neural network.

MIC is a measure of dependence and was designed for
identifying relationships between pairs of variables in large
data sets. This measure is calculated from a matrix of scores
generated from a given set of two-variable data. For MIC
computation, the largest possible mutual information estimate
is calculated for every possible grid resolution encapsulating
a relationship between these two variables. Then the MIC is
deﬁned as a maximum value among all normalized mutual
information estimates achieved by each grid resolution. The
process captures different types of interesting relationships,

both functional and non-functional. MIC is a part of a family of Maximal Information-based Nonparametric Exploration
(MINE) statistics introduced in [6] and can be used to identify
and characterize associations between variables. MIC is based
on mutual information in a way that mutual information is
used to measure performance of each grid. However, it is not
an estimate of mutual information.
We apply MINE for identifying associations among variables in our data set. MIC scores are then calculated for every
pair of quality and process variables, in turn. We repeat the
procedure separately for each quality variable. A MIC score
tends to 1 if a never-constant noiseless functional relationship
exists between two variables, and the score tends to 0 if the
variables are statistically independent. Based on this principle,
we then select top 10 process variables, which, in pairs with
quality variables, have received the highest MIC scores. We
provide the resulting top ten list of process variables as an
input for the neural network and predict the quality based on
it.
IV. N EURAL M ODEL
An artiﬁcial neural network consists of an interconnected
group of artiﬁcial neurons which can be divided into several
layers [11]. One of the best-known neural models is the
multilayer perceptron (MLP). An MLP consists of multiple
interconnected layers of nodes comprising a directed graph
topology. Each node, except for the input nodes, has an
activation function. Neurons of the previous layer provide an
input for the neurons of the next layer. Each neuron computes a
weighted sum of its inputs and applies the activation function.
The weights assigned to connections between neurons serve
as free parameters of the neural model. For training the
MLP network, we utilize the back-propagation technique with
regularization.
Artiﬁcial neural networks are powerful tools that have been
successfully used to model and solve different problems in
paper industry. Neural networks have been used in a number
of studies for predicting and estimating paper quality. In [12],
the authors propose an MLP network model with one hidden
layer to simulate a nonlinear plant process. They use an inverse
computation of the network model to ﬁnd the control settings
that guarantee producing the desired quality. In [13], the
authors consider an MLP model based on the idea of choosing
different preprocessing and training algorithms. They use PCA
and stepwise regression statistics for dimensionality reduction
in the preprocessing phase and show that a model based on
PCA preprocessed data has higher performance. In [14], the
authors apply neural network techniques to the prediction of
paper ”curl”. In [3], an MLP neural network model is used for
predicting individual quality measurements. The authors train
a separate model for each quality variable every time a new
data point is added to the history database. In our research,
we use a similar approach, but instead of iterative procedure
we train the model using the training set and evaluate it using
the test set. This research is a follow-up study of [3] with

an emphasis on identifying dependencies among the process
variables.
Due to the fact that numbers and collections of available trial
points are different for every quality variable considered in this
research, we train a separate network model for each quality
variable. For the MLP modeling, we divided our data set into
two parts, 70% for the training and validation set, and 30% for
the test set. We split the data in a way that mechanical settings
are balanced in the training and test sets. We used jackknife
cross validation [15] for validating parameters of the neural
network. In jackknife, each instance is consecutively taken
out of the training set and predicted from the model built on
the remaining instances of the set. Further, we choose the best
model in terms of accuracy and perform ﬁnal testing on the
test set.
In this study, an MLP model is used for prediction of
laboratory measurements and comparison among the variableselection techniques. For each quality variable, we apply a
multilayer perceptron with three layers of neurons: input,
output and hidden. A logistic activation function [11] is used
in the hidden layer, and a linear activation function is used in
the output layer. The training input vectors that are fed into the
neural model are the preprocessed state vectors. The size of the
input layer is equal to the dimensionality of the input M . The
training targets are the quality laboratory measurements. Thus,
the training of the neural network boils down to minimization
of the following cost function
⎛
⎞
N
L


1 ⎝
(5)
|ei |2 + λ
Θ2j ⎠ .
J(Θ) =
2N i=1
j=1
In the formula above, Θ represents the parameters of the
model, i.e. connection weights. L equals to the number of
connections in the neural network, excluding biases. ei is
prediction error, which is expressed as
ei = yi − yi ,

(6)

where yi represents predicted values, and yi are target values.
The neural model has two meta-parameters: number of
neurons in the hidden level and regularization coefﬁcient λ.
The training was performed with 3, 10, and 25 neurons in
the hidden layer and with λ ∈ [0.01, 0.1, 0.2, 0.4]. After the
jackknife cross validation, the parameters were selected in
order to guarantee the highest possible prediction accuracy.
V. R ESULTS AND C ONCLUSIONS
In this paper, we compare three techniques for variable
selection in predictive models. The ﬁrst technique is the
well-known PCA approach, the other two techniques, Mutual
Information and MIC, are methods based on the information
theory. Table II lists the accuracy values obtained for the
prediction of quality measurements using examined variable
selection techniques. The accuracy was calculated as
P =1−

mean(|e|2 )
,
var(y)

(7)

where e and y are as denoted in Section IV.
From Table II, one can notice that the predictions for the
measurements of the quality variables Air Permeance and
Formation Index have been more accurate than the predictions
for Beta-formation. This result is similar to the one derived in
[3], where this quality variable received the lowest accuracy
among a subset of six.
TABLE II
N EURAL MODEL ACCURACY.
Variable selection

Quality variable

technique

Formation Index

Beta-formation

Air permeance

PCA

64.62

56.33

76.44

MIC

79.01

59.65

88.46

Mutual Information

76.78

59.75

80.04

Based on the accuracy measure, in two of the three
cases MIC performed better, providing higher accuracy results. Whereas according to the relative error measure, MIC
demonstrated better results for each quality variable. Overall,
both information-theoretic techniques performed well, while
PCA was less accurate. Based on the results presented, we
can conclude that the information-theoretic approach to variable selection works well with the real data considered in
this research. Moreover, in contrast to PCA, the suggested
information-theoretic approach gives direct insight into the
relationships between variables. This allows us to conﬁrm
that the presented approach can be used for solving real
problems such as prediction of paper quality and similar tasks.
Compared to the traditional PCA technique, this approach
improves the predictive quality of the developed models.
VI. D ISCUSSION

In addition to the neural model accuracy deﬁned by (7), we
used the relative error estimates as a measure of prediction
performance. Fig. 1 shows the averaged absolute values of
the relative error (in percentages) made by predictions on the
test set. These values were calculated as
 
 ei 
(8)
Ei = 100 ×   ,
yi
where ei is prediction error deﬁned by (6), and yi represents
target values. From Fig. 1, one can see that based on the
relative error measure, MIC appeared to be most accurate,
demonstrating the lowest Ei values among the three dimensionality reduction methods for each quality variable.

Formation index
Beta−formation
Air permeance

10

|error|,%

8

In this paper, we presented an information-theoretic approach to variables selection for predicting paper quality,
based on the measurements from a pilot paper machine. After
preprocessing the data, we selected the variables which got
the highest mutual information and MIC scores. However, this
might not be the optimal way, as there could be correlations
among the selected variables and some important variables
might be missing. In future studies, we plan to improve
the procedure of selecting variables. This could be done by
implementing an algorithm which considers correlation among
more than two variables. In addition, we plan to compare
the performance of the discussed methods to other feature
selection techniques based on information theory, such as
minimal-redundancy-maximal-relevance criterion [7].
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performance.
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Abstract—This paper presents a methodology for selecting best
groups of predictor variables based on regression trees. Test
results of the developed methodology applied to industrial pilot
paper machine data are presented. Speciﬁcally, the results list
process variable groups, which are more valuable in predicting
paper quality variables. The beneﬁt of paper quality prediction
based on process variables is the timely reaction to changes
happening during production process and, thus, the reduced
operational costs. The proposed regression trees based group
variable ranking methodology shows stable results on both data
sets used in this study.
Index Terms—Prediction, Paper quality, Pilot paper machine,
Regression trees.

I. I NTRODUCTION
Variable selection is important in data-driven modeling.
Thus, expert knowledge can be sufﬁcient for modeling of
small systems, as the processes and possible effects are wellknown, and different scenarios can be tested and compared
interactively. However, as the number of process variables
increases, modeling becomes a more complex process. In this
scenario, discovery of a sufﬁciently small subset of strongest
correlations among process variables can provide a better
insight to process facilitating the modeling procedure.
Variable selection is an important problem especially in
those cases when a number of features signiﬁcantly dominate
amount of samples. As an example, let us mention industrial
multi-sensor systems with a high number of sensors. In case
of pilot paper machine, testing operation scenarios constitutes
an expensive process, which makes collecting extra data objectionable and leads to a problem when number of features
prevail over instances. Variable selection can also signify a
process of selecting a subset of an original set of variables,
which sufﬁciently approximates the whole data set.
A substantial amount of research papers on variable selection and data modeling became recently available. [1]
introduces three approaches for variable selection in largescale industrial systems, among which there are knowledgebased, data-based and model-based methods. Knowledgebased method asserts that using process knowledge can be
used in decreasing the number of variables for process modeling. In data-based approach the authors refer to the well-known
Principal Component Analysis (PCA) as a dimensionality
reduction method. Finally, model-based variable selection is

based on the procedure described in [2], where simple dynamic
model candidates are constructed systematically for different
training data segments. These models are evaluated and the
best model is tested on the test set. After modeling, the
importance of variables is analyzed based on the occurrence
of variables in case models. In [3] the authors analyze the
inﬂuence of variable selection in the ﬁeld of trafﬁc signs
classiﬁcation using the Best First [4] attribute selection approach. Evolutionary algorithms reveal another useful tool,
which is used in numerous problem areas for solving various
tasks including variable selection for spectroscopy, medical
chemistry, and others [5], [6].
Speciﬁcally, this paper deals with studying variable selection approaches applied to paper making industry. There are
many challenges in modern paper making industry, among
which cost reduction plays one of the central roles. One way
to reduce costs is by lowering the quality of raw materials.
However, the ﬁnal product quality must remain tolerable.
Changes in designs of processes are usually costly, and real
time measurements can help to improve these processes with
less expenses. Various designs are tested in a pilot paper machine, which allows examining different components, various
settings of process control parameters, and combinations of
raw materials. The measurements collected during testing new
machine designs reﬂect how the changes in parameters and
settings affect the product quality. More information about the
pilot paper machine experiments performed for collecting the
data sets used in this research can be found in [7].
The quality of ﬁnal paper product for each paper grade
and machine design depends on many quality and process
variables in a complicated and nonlinear way. Therefore, it
is important to know about relationships between process
and quality variables. Knowing these allows more efﬁcient
selection of the input variables for predicting paper quality.
Process knowledge can be used for decreasing the number
of variables; however, ﬁnding patterns in high-dimensional
data is difﬁcult. Therefore, sophisticated data analysis methods
can be used for solving this task more efﬁciently, particularly
when combined with expert knowledge. For example, the
authors in [1] describe an automated procedure for detecting
interactions between the variables in large data sets. The
idea of the procedure is based on analysis of the structure

properties of the best candidate model selected among all
dynamic models candidates. Each model candidate consists
of full input combinations for data partitions and is build
systematically depending on sliding window size. Another
work [7] describes a multilayer perceptron model (MLP) for
predicting laboratory measurements of paper quality with the
use of PCA [8] for reducing input dimensionality. Following
this study, [9] examines correlations among process and quality variables and the impact of input variables selection on
the accuracy of paper quality prediction. The authors compare
three methods of variable selection based on PCA and mutual
information [10]. The authors demonstrate that for the given
data sets methods based on mutual information perform better
than PCA demonstrating higher accuracy values of the MLP
model applied to the selected subsets of variables. However,
they point out that the procedure of selecting variables can
be improved through considering correlations among more
than two variables. In this paper we investigate pairs of
process variables, which demonstrate strongest correlations
with quality variables, when considered jointly, yet having
small or no correlations between themselves.
This paper is organized as follows. Section II describes the
data and how it was preprocessed, Section III is devoted to
regression trees, which are served as a basis for two methods
described in Section IV. The results and conclusions are
presented in Sections V, VI.

variance equaling zero and generated a separate data set for
every quality variable.
Further in the research we consider two data sets: (1) full
data set and (2) reduced data set. The reduced data set contains
only good trial points, which according to the trial leader
responsible for the data sets could facilitate the prediction
method to work. The good data set means that all unfair or
impossible trial points were removed, along with those trial
points, which had been gathered in the beginning of data
collection or after a mechanical settings change.
Table I lists the quality variables and corresponding units
of measurement, classiﬁed by expert knowledge as the most
important ones and examined in this research. Table I also lists
the numbers of trial points containing measurements of each
quality variable in the full and reduced data sets.

II. DATA DESCRIPTION AND PREPROCESSING

Regression analysis builds a predictive model from a training set. Such analysis can have two main purposes: (1) predict
a response variable as accurately as possible; (2) understand
the structural relationships (patterns) between the response
and predictor variables. Classiﬁcation and regression trees
(CART) are an example of regression models used for predicting continuous variables (regression) or categorical variables
(classiﬁcation) [11]. Since in this paper we deal with predicting continuous variables, we consider only regression trees.
In regression trees a numerical response is predicted using
numerical and categorical predictor variables. A regression
tree partitions the feature space X into homogeneous disjoint
groups Ak and predicts the most likely ﬁtted value of the
dependent variable E(Y |Ak ∈ X) within each group. Each
group is characterized by a typical value of the response
variable, a number of samples in the group, and the values
of the predictor variables deﬁning it.
The binary tree, considered in this paper, is grown by
repeated binary splitting of the data starting from a single
node at the top, representing all the data. Each split is deﬁned
by a simple binary rule, which is based on a single predictor
variable and produces two nodes. The leaves of the tree
(unsplit nodes) express groups of data formed by the tree.
The splitting continues until a sufﬁciently rich tree is built.
The obtained tree is then usually pruned to offer a required
level of generalization.
For the selection of a tree size cross-validation is often used.
The best tree is the one having the smallest mean squared error
on the validation data set [11].

For our task, we used two data sets obtained from the
pilot machine. The data sets contain measurements of the
sensors from pilot machine runs encompassing ten days over
the period of seven months. The data is expressed as trial
points corresponding to changes in process parameters. After
a change in process parameters, some time is needed until
the process is stabilized. Every trial point usually corresponds to a change in one process parameter, while the rest
of the process parameters remain constant. In addition to
process parameters, there are mechanical settings, which are
the mechanical alterations and which have a major inﬂuence
on producing the paper. Altogether 229 trial points and 10
different mechanical settings are presented in the data sets.
More detailed information about the data can be found in [7].
At each trial point, quality measurements and time-averaged
process state measurements had been stored. However, some
of the trial points presented in the data were related to
process behavior instead of quality of the end product. During preprocessing trial points which were missing laboratory
measurements have been omitted since we were interested
in the end product quality. Thus, we reduced our data sets
to 182 trial points with laboratory results. In addition, some
trial points did not contain a full set of measurements, as
an interesting behavior had been expected only for several
speciﬁc paper qualities. Hence, different collections of trial
points are available for all the paper qualities and due to this
we have to examine each quality variable separately. We also
deleted those process variables which were constant or had a

TABLE I
Q UALITY VARIABLES AND NUMBER OF AVAILABLE TRIAL POINTS .
Quality variable

Unit

Number (Full)

Number (Reduced)

Formation Index

(index)

182

148

Beta-formation

g/m2

178

144

Air permeance

ml/min

182

148

III. R EGRESSION TREES

Regression tree performance is usually given in terms of
mean squared error,
M SE =

N
1 
(y − y ∗ )2 .
N i=1

(1)

∗

Here N , y, y are number of samples, measured value and
predicted value correspondingly.
In regression trees, the input variables can be of different
types. The algorithm equally handles numeric, categorical,
binary or ordinal variable types. Trees are able to handle
missing values and are invariant to changing the relative scales
of the predictor variables [11].
Regression trees have been well-studied in the literature
with applications in areas including health systems, business,
ecology, network planning and many others [12]–[15].
IV. M ETHODS FOR VARIABLE PAIRS SELECTION
We compare two methods for selection of process variable pairs best correlated with quality variables, based on
regression trees analysis. The regression trees model assumes
that regression analysis is performed separately for each of
the three quality variables and, thus, we repeat the algorithm
consequently for each of three quality variables considered
in this research. The following subsections describe proposed
methods.
A. Reduced regression trees based ranking
The idea of this method can be described as follows. Firstly,
we preprocess each of the data sets in a way that 80% of
randomly selected samples go to the training and validation
set, and 20% remain for the test set. We split the data in a way
that mechanical settings are balanced in the training and test
sets, as it is known that for every mechanical setting the paper
machine is considerably different. Secondly, on the training set
we perform the following procedure: (1) training a model; (2)
validating the model via 10-fold cross validation, and, ﬁnally,
(3) pruning the tree based on the validation results.
As the data sets are quite small, we had to handle lack of
data by performing ﬁnal testing on the union of training and
test sets. This step allowed us to get a more transparent picture
about how the algorithm handles the given data. However, this
approach would possibly introduce some bias. Final testing
consists in calculating accuracy on the overall data set.
We repeat the procedure starting from splitting the data into
training and test sets and ending with calculating accuracy on
the overall data set 100 times.
The ﬁnal step of the algorithm consists of selecting process
variables pairs. Firstly, we choose the best models based on
the accuracy calculated on the union of the training and test
sets.
A model passes best models criterion if its accuracy is above
a certain α threshold Ai > αi . Here Ai is the accuracy value of
a model at the i-th iteration. Then, the most important variables
are chosen according to the frequency of their occurrence in
the top two levels of the selected trees with highest accuracy.

TABLE II
VARIABLE PAIRS ON FULL DATA SET OBTAINED VIA REDUCED
REGRESSION TREES BASED RANKING .
Quality variable Process variable 1

Process variable 2

Formation Index 1st press shoe nip tilt

High-vacuum suction box

Formation Index 1st press bottom roll saveall Pick-up felt uhle boxes
Formation Index 1st press bottom roll saveall 1st press top roll saveall
Beta-formation

1st press bottom roll saveall 1st press top roll saveall

Air permeance

Suction box 1 chamber 3

3rd press nip water removal

Air permeance

VacuMaster - vacuum

3rd press nip water removal

TABLE III
VARIABLE PAIRS ON REDUCED DATA SET OBTAINED VIA R EDUCED
REGRESSION TREES BASED RANKING .
Quality variable Process variable 1

Process variable 2

Formation Index 1st press shoe nip tilt

Total slice ﬂow

Formation Index Wire stretcher roll - power Starch total dosage
Beta-formation

3rd press bottom felt uhle Bentonite split Middle
boxes

Air permeance

VacuMaster - vacuum

3rd press nip water removal

Air permeance

VacuMaster - vacuum

Total slice ﬂow

Tables II, III list the results of this method. Table II lists the
variables obtained after applying the method on the full data
set, and Table III represents results acquired on the reduced
data set.
B. Regression trees based ranking
This method is an extension of the reduced regression trees
based ranking algorithm described in the previous subsection.
In the same way we randomly divide the data into the training

TABLE IV
VARIABLE PAIRS ON FULL DATA SET OBTAINED VIA REGRESSION TREES
BASED RANKING .
Quality variable Process variable 1

Process variable 2

Formation Index 1st press shoe nip tilt

High-vacuum suction box

Beta-formation

1st press bottom roll saveall 1st press top roll saveall

Air permeance

Suction box 1 chamber 3

3rd press nip water removal

Air permeance

VacuMaster - vacuum

3rd press nip water removal

TABLE V
VARIABLE PAIRS ON REDUCED DATA SET OBTAINED VIA REGRESSION
TREES BASED RANKING .
Quality variable Process variable 1

Process variable 2

Formation Index 1st press shoe nip tilt

Total slice ﬂow

Beta-formation

3rd press bottom felt uhle 1st press top roll saveall
boxes

Air permeance

3rd press nip water removal VacuMaster - vacuum

Air permeance

3rd press nip water removal LB unit - blades 1-2

80
3.2
75

700

± 1σ interval of predicted values
Predicted values
True measurements

600

70
65
60
± 1σ interval of predicted values
Predicted values
True measurements

55
60

65
70
75
Formation Index (sorted)

Air permeance

Beta−formation

Formation Index

3
2.8
2.6

400
300

2.4

2
2

(a) Formation Index

± 1σ interval of predicted values
Predicted values
True measurements

200

2.2

80

500

100
2.2

2.4
2.6
2.8
Beta−formation (sorted)

3

3.2

300

400
500
600
Air permeance (sorted)

(b) Beta-formation

80
3.2
75

700

(c) Air permeance
700

± 1σ interval of predicted values
Predicted values
True measurements

600

65
60
± 1σ interval of predicted values
Predicted values
True measurements

55
60

65
70
75
Formation Index (sorted)

Air permeance

Beta−formation

Formation Index

3
70

2.8
2.6

400
300

2.4

2
2

(d) Formation Index

± 1σ interval of predicted values
Predicted values
True measurements

200

2.2

80

500

100
2.2

2.4
2.6
2.8
Beta−formation (sorted)

3

3.2

300

400
500
600
Air permeance (sorted)

(e) Beta-formation

80
3.2
75

700

(f) Air permeance
700

± 1σ interval of predicted values
Predicted values
True measurements

600

65
60
± 1σ interval of predicted values
Predicted values
True measurements

55
60

65
70
75
Formation Index (sorted)

Air permeance

Beta−formation

Formation Index

3
70

2.8
2.6

400
300

2.4

2
2

(g) Formation Index

± 1σ interval of predicted values
Predicted values
True measurements

200

2.2

80

500

100
2.2

2.4
2.6
2.8
Beta−formation (sorted)

3

3.2

300

400
500
600
Air permeance (sorted)

(h) Beta-formation

80
3.2
75

700

(i) Air permeance
700

± 1σ interval of predicted values
Predicted values
True measurements

600

70
65
60
± 1σ interval of predicted values
Predicted values
True measurements

55
60

65
70
75
Formation Index (sorted)

(j) Formation Index

80

Air permeance

Beta−formation

Formation Index

3
2.8
2.6

500
400
300

2.4

2
2

± 1σ interval of predicted values
Predicted values
True measurements

200

2.2

100
2.2

2.4
2.6
2.8
Beta−formation (sorted)

3

3.2

300

400
500
600
Air permeance (sorted)

(k) Beta-formation

700

(l) Air permeance

Fig. 1. Prediction results (a)-(c) on full data set; (d)-(f) on reduced data set, based on the variables obtained by reduced regression trees based ranking.
Prediction results (g)-(i) on full data set; (j)-(l) on reduced data set, based on the variables obtained by regression trees based ranking. Dashed line represents
true measurements values, solid line corresponds to predicted values, and grayed area stands for ± σ interval of predicted values.

and validation (80%), and the test (20%) sets. Once again
we keep the mechanical settings balanced in the training and
test sets. Then, we repeat the procedure of training a model,
validating the model via 10-fold cross validation, and pruning
the tree based on the validation results 100 times. However, the
algorithm of selecting process variable pairs, which provide
the highest impact into the quality variables, differs.
A peculiarity of the used model of regression trees is that
they are binary. This implies that a total impact of a variable
can be distributed across the tree. To account for this we use

a different variable selection algorithm.
For every tree, for each unique variable n in the tree
we calculate variable importance scores wn according to the
following formula

wn =

On

NT,n,i
i=1

NT


×

2
+ σR,n,i
NR,n,i

2
σT,n,i


,

−

1
NT,n,i


2
× σL,n,i
NL,n,i +

(2)

where n = 1 : V . V is the number of unique variables in the
tree, On equals number of occurrences of the n-th variable
in the tree, NT,n,i and NT represent number of data points
belonging to the i-th entry of the n-th variable and total
number of data points used to train the tree, correspondingly.
NL,n,i and NR,n,i are numbers of data points that were split
from the i-th entry of the n-th variable into the left and right
2
refers to the total variance of
branches, respectively. σT,n,i
2
and
data that reached the i-th entry of the n-th variable. σL,n,i
2
σR,n,i represent variances of data that reached left and right
child nodes of the i-th entry of the n-th variable. Intuitively,
this score computes the reduction in the uncertainty of our
prediction due to adding rules corresponding to a variable.
After calculating weights of the variables we mark a pair
of variables that have highest weight values individually as a
candidate pair. The ﬁnal pairs of process variables are selected
among all trees based on the frequency of their occurrence.
Thus, we end up with choosing those pairs, which have
maximal occurrence frequency among all candidate pairs with
highest weights in their trees.
Tables IV, V list the results of this method. Table IV
describes the variables obtained on the full data set, and Table
V represents results acquired on the reduced data set.
V. R ESULTS
This paper presents two approaches to group variable selection in paper industry based on regression trees. Two real
data sets were used for testing the methods and comparing the
results. As shown in Tables II-V, both methods demonstrate
similar results within each data set. However, there are differences in groups of selected variables between the data sets.
Figure 1 displays the prediction results using the groups of
variables obtained by suggested methods applied to full and
reduced data sets. As one can see from Figure 1 prediction for
measurements of Beta-formation is less accurate comparing
to prediction results for Formation Index and Air permeance,
which is similar to outcomes of [7] and [9]. Furthermore,
Figure 1 proves that the prediction results for all quality
variables are comparable between the data sets.
VI. C ONCLUSIONS
The importance of variables was analyzed using two methods with the use of two data sets containing real data. To
test how well the selected groups of process variables predict
quality variables, we estimated the laboratory measurements
by applying regression trees to the selected variables groups.

There is no signiﬁcant difference between the results corresponding to different data sets. According to expert opinion,
the groups of predictor variables discovered in this research
look credible. For the operating personnel, the obtained list
of variable pairs gives new information about which combinations of process variables are more valuable in predicting
quality variables.
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a b s t r a c t
We propose an ensemble clustering approach using group diffusion to reveal community structures in
data. We represent data points as a directed graph and assume each data point belong to single cluster membership instead of multiple memberships. The method is based on the concept of ensemble
group diffusion with a parameter to represent diffusion depth in clustering. The ability to modulate the
diffusion-depth parameter by varying it within a certain interval allows for more accurate construction
of clusters. Depending on the value of the diffusion-depth parameter, the presented approach can determine very well both local clusters and global structure of data. At the same time, the ability to combine
single outcomes of the method results in better cluster segmentation. Due to this property, the proposed method performs well on data sets where other conventional clustering methods fail. We test the
method with both simulated and real-world data sets. The results support our theoretical conjectures on
improved accuracy compared to other selected methods.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Interest in the analysis of complex networks has rapidly grown
over the past few years. Network models have been used in different areas including economics, biology, social sciences, and computer science, where systems are often represented as graphs. Analyzing network models in practice is a challenging task due to
the complexity of the networks, particularly when the underlying community structure is unknown. There are two general approaches to reveal the community structure of networks. The ﬁrst
approach is graph partitioning when the number of clusters is
known. The second approach, called community structure detection, is more challenging, as it divides a network into clusters
or groups graph nodes when the number of clusters is unknown
beforehand. For community structure detection, both identifying
clusters and determining the number of clusters must be solved
simultaneously.
The detection of community structures in an arbitrary graph is
a challenging task. In recent years, several methods have been developed and applied, including min-cut based approaches, clique
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based approaches, modularity based approaches, clustering approaches, and so forth [1]. These approaches share an essential
tool, clustering, in a sense to ﬁnd good clusters of nodes in a
graph that improve a certain criterion. Clustering, indeed, is a universal tool applied in many different ﬁelds of data analysis, such
as data mining, statistics, marketing, and others [2]. The goal of
cluster analysis is to partition data into groups or clusters based
on pairwise similarity so that observations inside one cluster are
more similar than the ones belonging to different clusters [3]. The
dimensionality of the data set has a strong inﬂuence on the performance of clustering algorithms. Some methods work well for
low-dimensional data, whereas they are unable to ﬁnd structure in
high-dimensional data sets. High-dimensional data pose a number
of challenges for researchers and practitioners. First of all, highdimensional data are more likely to be sparse, which makes it difﬁcult for algorithms to ﬁnd structures in the data. Moreover, in
high-dimensional data sets, points may belong to diverse clusters
in different subspaces. Capturing the geometric structure of the
manifold from the data, whether low- or high-dimensional, plays
an essential role in reliable clustering results. Clustering methods without considering such geometric structures can fail to produce accurate results and ﬁnd mere local structures in sparse highdimensional data.
In addition to geometric structures of real-world data, another
challenge for clustering in community detection tasks is that the
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results cannot be validated as there is no ground truth available for
the data sets, as in supervised learning. Furthermore, various clustering methods often generate different and biased structures in a
data set due to different optimization criteria they adopt. To overcome these issues in different clustering results, combining multiple partitions can improve the quality of clustering results signiﬁcantly. In this sense, a collective approach called clustering ensemble aims to provide more robust, stable, and novel solutions
by leveraging a consensus of multiple clustering runs. The main
goal of clustering ensemble algorithms is to deﬁne a clustering solution that maximizes a consensus function and to select a partition generation procedure. Partitioning can be performed using (1)
data resampling [4,5], (2) different parameter values or initializations [6,7], and (3) different clustering algorithms such as k-means,
density-based, graph-partitioning-based, and statistics-based [8].
In this paper, we propose an ensemble clustering algorithm
based on the concept of ensemble group diffusion, denoted by Ensemble Group Diffusion, EGD. The proposed method takes into account not only the geometric structure of data using group distances, but also the diffusion of group distances across connectivity scales. Moreover, the presented method is able to produce
more robust clustering results by collectively integrating views
from individual diffusion scales. The method is also capable of
reasonably regulating cluster sizes by an admitted group dependence level. In addition, it nicely handles directed graphs as opposed to other approaches. Further, we present a detailed analysis of the degree of the collective integration and propose a
guideline for parameter settings. We demonstrate the eﬃcacy of
the proposed method using not only an illustrative simple example, demonstration test cases and simulation studies, but also
real-world data sets such as the researcher collaboration network in a healthcare system from the National Institute of Health
(NIH) in the U.S., a consumer behavioral pattern captured by the
co-purchasing network from Amazon, a leading consumer online
shopping place in the U.S. and a gene-expression microarray data
sets.
The rest of the paper is organized as follows. Section 2 reviews clustering techniques used in community detection.
Section 3 describes preliminary concepts for the proposed algorithm. Section 4 provides theoretical justiﬁcation for the
proposed clustering method. Section 5 compares the performance
of the proposed method to popular and state-of-the-art clustering
algorithms under different settings and data sets. Section 6 discusses the implications of our development of the algorithm and
concludes the paper.
2. Related work
Many clustering algorithms have been proposed in the literature of community structure detection and clustering analysis.
Modularity-based methods established by Newman [9] have shown
exceptional performance in many cases [10–12]. These methods are
nonparametric and are designed to maximize the modularity as an
objective function. These methods, however, fail to detect smaller
communities in some cases where such granular identiﬁcation is
desirable. It is hard to say whether the detected clusters are indeed
single communities or clusters of smaller communities. For example, Fortunato and Barthélemy [13] analyzed modularity-based
methods and their applicability in the area of community detection. Their research points out that the modularity function has
a resolution limit. Communities that are smaller than a threshold
in a certain criterion may not be revealed, even when the whole
graph is identiﬁed as a single community. In addition, working
with pairwise similarity between nodes, modularity-based methods are inherently unable to handle directional relationships commonly observed in reality.
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Other clustering methods for community detection also exist.
Hierarchical clustering [3], agglomerative or divisive, is another
technique commonly used for community detection. Hierarchical
clustering [3] ﬁrst deﬁnes a similarity measure between clusters
and computes a similarity matrix between vertices of a graph.
Among the most critical disadvantages of hierarchical clustering
is that the results can be different depending on the similarity
measure used, although it is a universal phenomenon in most
clustering methods. Besides, agglomerative hierarchical clustering
does not scale well, which is crucial for clustering graphs [14].
In essence, approaches based on a predeﬁned number of clusters require an additional important step that involves a decision
criterion for the optimal number of clusters. Spectral clustering
[3] refers to the group of methods based on eigenvalue decomposition of the similarity matrix or its derivative matrices for clustering data sets. This approach is good at ﬁnding non-convex clusters, able to take into account geometric structures of the data [3].
However, it works with similarity matrices, which reﬂect only bidirectional relationships among the nodes in a graph. The result depends on the number of selected eigenvectors. Along with spectral and density-based methods considering geometric structures
of data, Park and Lee [15] proposed a group-dependence clustering approach. This approach is based on the idea of maximizing a
measure called group dependence. The central idea of the method
is that any two nodes in the graph can be considered as being
connected through Markovian transitions. This conceptualization
allows for the calculation of ‘dependence distance’ [16] between
graph nodes in a certain evolution step, which can adjust the level
of connectivity scale in group assignment. Though the method supports the ability to adjust the level of the connectivity scale in
clustering, it fails to present a collective view of clusters according to the connectivity scale and was insuﬃcient in coping with
directional structures between nodes. Density-based methods detect clusters according to the local density of data points. Based on
a density threshold, the points from disconnected regions of high
density are assigned to different clusters when the rest are marked
as noise. However, such methods, computationally expensive, are
suitable only for data deﬁned by a set of coordinates. To overcome
these drawbacks, an alternative approach, called clustering by ‘fast
search and ﬁnd of density peaks’ (FSFDP) [17], deﬁnes the cluster centers as local density maxima that are relatively distant from
any point of higher local density. After that, each remaining point
is assigned to the same cluster as its nearest neighbor of higher
density.
Attempts to improve the quality of clustering results brought
forth developing a number of ensemble clustering approaches during recent years. Zheng et al. used aggregated distance matrices
and combined both partitional clustering and hierarchical clustering results [18]. Wang et al. used a Bayesian graphical model to
aggregate mixed cluster results and maximized an approximation
of the posterior distribution [19]. The clustering approach, proposed in [8] as one of the state-of-the art approaches, addresses
the problem of combining multiple partitions of a set of objects using the knowledge-reuse framework [20]. It formulates the cluster
ensemble problem by introducing an objective function for combining multiple clustering solutions and by solving the corresponding optimization problem. This way the ﬁnal consensus solution
is obtained without accessing original features. The authors propose the following three consensus functions: cluster-based similarity partitioning algorithm (CSPA) based on a measure of pairwise similarity, HyperGraph Partitioning Algorithm (HGPA) based
on approximation of the maximum mutual information objective,
and meta-cLustering algorithm (MCLA) based on solving a cluster
correspondence problem. The ﬁnal solution is selected among the
three consensus clusterings as the one with the highest average
mutual information.
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3. Preliminary concepts
In this section, we brieﬂy summarize the concept of group dependence that links data points by a Markov random walk and
the concept of a clustering ensemble that combines several division outcomes. Then, in the next section, we propose the concept
of ensemble group diffusion to measure a multiscale cohesion level
for a group division in an integrative fashion. Ensemble group diffusion gives rise to a new clustering method for community detection, which will be discussed in detail in regards to its characteristics and parameters.
3.1. Group dependence
The concept of group dependence is closely related to the
Markov random walk and provides a general foundation for a distance measure between data points that considers the geometrical structure [21]. Group dependence proposed by Park and Lee
[15] is a measure that quantiﬁes the goodness-of-division of an
undirected graph. In this paper let us suppose that a directed graph
of data points (nodes) x1 , · · · , xn ∈ Rb is given. Denote the set of
data points by  = {x1 , . . . , xn }. We view the graph as a Markov
chain, assuming the whole chain is ergodic and all transitions follow the Markovian property.
We start with a simple case of bisecting the graph, then providing instructions on how to divide it into more than two groups in
the following section. Let si = 1, a decision variable, if data point
i belongs to group 1 and si = −1 if it belongs to group 2. Observe that the quantity (si s j + 1 )/2 is 1 if i and j are in the same
group and 0 otherwise. Denote the group assignment vector by
s = [s1 , . . . , sn ]. Group dependence is deﬁned as follows:
Deﬁnition 1. Group dependence Dt for a given group assignment
s and connectivity scale parameter t is

Dt =





Dep(X0 = j, Xt = i ) − 1

xi ,x j ∈

 ( si s j + 1 )
2

,

in which Dep(X0 = j, Xt = i ), as dependence, is deﬁned by
P (X0 = j,Xt =i )
and t, as an exogenously given parameter, means the
P ( X = j )P ( X =i )
0

t

t-step-wide neighborhood evolution in .

Dependence is closely linked to the point-wise mutual information in information theory and the lift measure in association rule learning. Intuitively speaking, dependence captures how
xj in the initial state is inter-dependent with xi at the tth step:
Dep(X0 = j, Xt = i ) < 1 means that j and i are negatively dependent; Dep(X0 = j, Xt = i ) = 1 means that they are independent;
Dep(X0 = j, Xt = i ) > 1 means that they are positively dependent.
The term, Dep(X0 = j, Xt = i ) − 1, represents the degree of relative
dependence in comparison to the level of independence as the reference point. Accordingly, group dependence Dt measures the overall coherence of group assignment s in terms of dependence for
the whole data set at the t-step transition. Based on group dependence, we propose another measure of ensemble group diffusion
to reﬂect the multiscale dependence structure in a directed graph.
We then look for a good group assignment s of all n points to maximize the measure.
3.2. Clustering ensemble
As the idea of ensemble group diffusion closely relates to clustering ensembles, we brieﬂy introduce the basic concept of a clustering ensemble. Cluster ensembles basically address the problem
of combining multiple base clustering results for the same data set
into a ﬁnal consensus solution. Depending on how to reach a consensus solution, several approaches (such as graph-based, matrix-

based, and probabilistic models [22]) exist in the literature. However, the problem formation in cluster ensembles is universal as
follows. We start with a base clustering algorithm that generates
the group assignment s of the data points in . We prepare M base
clustering results by supplying different parameters to one base
algorithm. From them, we obtain M different group assignments
s(1) , , s(M) . The results from the M base clustering algorithms can
be stacked together to form an overall clustering matrix. Given the
overall clustering matrix, the cluster ensemble problem is to combine the M base clustering results for the n data points to generate
a consensus clustering, which should be more accurate and stable
than the individual base clusterings.
In this paper, we calculate diffusion matrices of dependence
for each parameter value of connectivity level t and aggregate the
diffusion matrices. Speciﬁcally, we similarly start with a directed
graph of n data points in  with probability matrix P. Having a
set of possible parameters, denoted by T, we calculate [Dep(X0 =
j, Xt = i )]i, j=1,··· ,n for every t ∈ T and then obtain a cumulative matrix, the ensemble group diffusion, as the sum of the individual
group diffusion results:

D (s ) =


t∈T

Dt =

 



Dep(X0 = j, Xt = i ) − 1

t∈T xi ,x j ∈

 ( si s j + 1 )
2

. (1)

The ﬁnal clustering is obtained through solving the maximization problem for the cumulative matrix D(s ). Combining individual diffusion matrices to ensemble group diffusion can be viewed
as a peer regularization. Diffusion matrices obtained with a small
t value pull the overall solution towards having smaller clusters.
Similarly, diffusion matrices from a large t value shift the optimal
solution towards coarser and larger scale representations. The construction of ensemble group diffusion brings stable clustering results under various degrees of resolution and heterogeneous structures in the data set. Thus, it aims to solve the resolution limit issue in which an obvious small-sized community is rarely detected
when the whole graph is suﬃciently large.

4. Clustering with ensemble group diffusion
We incorporate group dependence and ensemble clustering to
present a new approach of ensemble group diffusion that ﬁnds the
community structure in a directed graph. Given a transition matrix P, we denote the one-step backward transition matrix by PB ,
which is calculated from P. Then by backward Markovian transitions, the t-step transition matrix is PBt : PBt ;i, j = P (X0 = j|Xt = i ). We
observe that if xi and xj are close in the geometric structure of
the data, the backward transition probability should be large. The
posterior transition probability involves a backward Markov chain,
representing the probability of the initial state j after reaching state
i at the tth step transition as a measure of the difference between
the two states i and j in the directed graph.
In particular, the backward transition probability PBt ;i, j should be
at least greater than the probability that xi and xj are connected by
chance among all data points. Thus, the greater PBt ;i, j is among the
data points in a cluster, the better the cluster is. Also, a partition of
the data set is meaningful when a whole connectivity level by the
partition should increase more than that by a random conﬁgura
tion. The quantity i, j (PBt ;i, j − 1/n ) should be great for all xi and xj
pairs in the same cluster, where the threshold probability 1/n represents the random probability among n data points. If one seeks a
tight conﬁguration, one may use a value larger than 1/n. In quantifying the connectivity level in detail, we use not only the concept
of geometric diffusion, but also modulate the diffusion depth parameter t by varying t in a certain interval. Thus, we deﬁne the
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collective geometric diffusion to be



(PBt ;i, j − 1/n ),

t∈T i, j

where T is the set of diffusion depth values.
We denote the group assignment vector by s = [s1 , . . . , sn ]. Let
si = 1 if data point i belongs to group 1 and si = −1 if it belongs to
group 2. To obtain a good partition in terms of collective geometric
diffusion, we solve the following programming:

argmaxs



(

PBt ;i, j

( si s j + 1 )

− 1/n )

2

t∈T i, j

.

(2)

We show that collective geometric diffusion is in proportion to ensemble group diffusion when all initial states have equal probability as non-informative prior because



(PBt ;i, j − 1/n ) = 1/n

t∈T i, j


t∈T i, j

= 1/n


t∈T i, j

= 1/n


t∈T i, j

= 1/n



(P (X0 = j|Xt = i )n − 1 )




P (X0 = j, Xt = i )
P (Xt = i ) 1n




(Dep(X0 = j, Xt = i ) − 1 ).

t∈T i, j

Thus, the programming in (2) is equivalent to maximizing the ensemble group diffusion

argmaxs



(Dep(X0 = j, Xt = i ) − 1 )

t∈T i, j

( si s j + 1 )
2

.

Note again that the quantity (si s j + 1 )/2 is 1 if i and j are in the
same group and 0 otherwise. Thus, an optimal clustering scheme
is achievable through maximizing the collective geometric diffusion measure by varying the group assignment s of all n points.
To express the level of closeness to a group, the group identity
si is extended from discrete to continuous with the norm of s
ﬁxed. By the set of diffusion depths T, we can effectively adjust
the level of the connectivity scale for which two points are associated. When inﬁnite diffusion steps are taken, for the inﬁnite value
of t, the Markov chain converges to the stationary distribution and
the collective geometric connectivity becomes trivial. For instance,
one can set T to be {1, 2} as a short-range scale or {5, 6, 7, 8} as a
mid-range scale. In practice, one could start with T as a long-range
scale such as {1, , 8} and, depending on the result, shrink it, or
vice versa (start with T as a short-range scale and expand it). We
will see the effect of T by varying it in the experiment section. We
express the maximization of the ensemble group diffusion with respect to s subject to s = 1 as follows:

argmaxs s





PBt



− 1/n11





s := argmaxs s Gs,

(3)

t∈T

where

G=





PBt − 1/n11 .

used for a general purpose such as visualization and classiﬁcation
because the sign and magnitude of s1 relate to the degree of closeness to one group against the other. We note that the eigenvector
associated with the zero eigenvalue represents assigning all data
points to just one group. On the contrary, nonexistence of a positive eigenvalue implies any further division of the data yields no
gain.
4.1. Detecting more than two groups
The procedure explained so far either divides a graph into two
groups or decides not to divide further. It is natural to consider a
network with more than two groups latent in its community structure. To obtain more than two clusters, we adopt a standard approach to subsequently divide the groups found [9,15]. We look for
a possible division for each group found in the previous step by
constructing a new backward transition matrix PB|g for a detected
group g as a subset of the data set: PB|g with size |g| × |g|, deﬁned
by

PBt |g;i, j = {P (X0 = j|Xt = i )|∀i, j ∈ g}.

−1

P (X0 = j, Xt = i )
−1
P (Xt = i )P (X0 = j )
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(4)

t∈T

We numerically ﬁnd the eigenvalues and eigenvectors of G. The existence of the largest and positive eigenvalue and its eigenvector s1
implies that the ensemble group diffusion is maximally increased
by adjusting a division of the data set on the direction of the corresponding eigenvector s1 . We mention the computational hurdle
is computing eigenvalues and eigenvectors of G, and we compare
its running times in the experiment section. Moreover, the division of the data points is based on the signs of s1 . In fact, s1 is
a one-dimensional representation of the data points, which can be

Following the same procedure based on PB|g , the solution of
argmaxs=1 G(g) in (3) enables us to decide whether a division is
possible or not.
It is important to note that the new group conﬁguration with a
new division found does not always result in an increase in the ensemble group diffusion of the whole graph because the new similarity matrix PB|g reﬂects only a part of the whole data set without
considering connections to the nodes belonging to other groups.
Hence, among the possible divisions, we look for only the division
which causes the ensemble group diffusion in (3) for the whole
data set to increase most when the new division is applied.
Furthermore, we require that the increase is at least by certain
margin. Speciﬁcally, for the purpose of regularizing the solution,
we introduce a dependence gain parameter δ d ∈ [0, 1]. This parameter is used for calculating the minimal dependence gain value required to split a cluster into two sub-clusters and is deﬁned as

d = δd



G,

gi, j >0

where G = [gi, j ] is deﬁned in (4). For setting the value of δ d in
practice, we recommend starting with quite a small value, close
to zero, and increasing it depending on the results. One can ver
ify that g >0 G is the upper bound for cumulative collective geoi, j

metric diffusion. Thus, the division into sub-clusters proceeds if the
difference between the collective geometric diffusion values corresponding to the group conﬁgurations before and after the division
is higher than the dependence gain:

D ( s  ) − D ( s ) > n d ,
where D is deﬁned in (1), s and s denote the group conﬁgurations before and after the division into sub-clusters, respectively,
and n stands for the size of the set of data points . The dependence gain parameter prevents the algorithm from identifying clusters that are too small or not clear enough, which allows controlling the desired level of clarity in ﬁnding clusters. In summary, we
stop dividing the group when we ﬁnd no positive eigenvalues from
group ensemble matrix G(g) or the dependence gain fail to exceed
n d .
4.2. Illustrative examples
This section demonstrates the performance and steps of the
proposed algorithm. For illustration, we construct a simulated similarity matrix, which is generated as follows. We randomly generate 500 points in two dimensional space where every point belongs to one of three clusters. One cluster is generated from a
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Fig. 1. (a) The original data set and true cluster division from illustrative example, (b) similarity matrix corresponding to the data in (a).

Gaussian distribution with identity covariance matrix I and contains 200 points. The second cluster is formed by a Gaussian distribution with covariance matrix 0.25 × I and consists of 100 points.
It is shifted from the center of the ﬁrst cluster by approximately
2.7 units. The third cluster is constructed from a uniform distribution in the interval (0, 2). It consists of 200 points and is shifted
from the center of the ﬁrst cluster by approximately 2.8 units. The
obtained data is illustrated in Fig. 1(a), where clusters are colored
differently. The data set has quite a visible underlying community
structure, although cluster membership for some of the points on
the border is not clear. We construct a distance matrix using the
Euclidean distance. The 
distance between two points x and y is

2
calculated as x − y =
i (xi − yi ) , where i denotes a dimension. The similarity matrix shown in Fig. 1(b) is formed from the
distance matrix using the general form of a Gaussian radial basis
function

h(x, y ) = exp(−x − y2 /σ 2 ),

(5)

where σ > 0. In this example, considering the units of xi − yi , we
empirically set the parameter σ to 0.2 and δ d to 0.12. We notice
that three standard deviations of xi − yi , 3σxi −yi , is 0.212 and the
choice of δ d from the interval [0.05, 0.12] brings no change in the
clustering result. Therefore, we choose the upper limit of this interval δd = 0.12.
We apply the proposed method (EGD) clustering to the obtained similarity matrix. We consider the diffusion depth parameter values T = {3}, T = {8} and their combination T = {3, 8}.
Fig. 2(a)–(c) shows clustering results with EGD for the data and parameters described above. Every cluster is marked in its own color.
The clusters corresponding to original data clusters are displayed
in similar colors. The algorithm with T = {3} fails to ﬁnd the underlying data structure and assigns nearly all points to one cluster
(see Fig. 2(a)). For T = {8}, the method successfully determines one
cluster marked green (see Fig. 2(b)), but shuﬄes the two remaining clusters. For T = {3, 8}, the proposed EGD approach discovers
all three clusters, except for a few elements near the border and
a small group of points treated as a separate cluster. We note that
the border between clusters in this data set is not obvious and the
problem of clustering such points belonging to the border will be
addressed further in Section 6. Apparently, the collective nature of
the proposed method leverages the beneﬁts of runs with a single t
(see Fig. 2(c)).
Furthermore, using the data set with ground-truth, we show
the effectiveness of the EGD algorithm by providing clustering results under various settings of the parameter T. Figs. 2(d), (e), and
(f) display clustering results for T = {2}, T = {7} and their combination T = {2, 7}, respectively. The algorithm with T = {2} assigns
nearly all points to one cluster (see Fig. 2(d)). For T = {7}, the

method determines two clusters marked green and blue, but mixes
points in the third cluster (see Fig. 2(e)). For T = {2, 7}, the EGD
algorithm discovers all three clusters, except for a few elements
near the border and a small group of points treated as a separate
cluster. Clustering results for T = {1}, T = {9} and their combination T = {1, 9}, displayed in Figs. 2(h), (i), and (j), are similar to the
ones obtained for T = {3}, T = {8}, and T = {3, 8}, and consistently
show the beneﬁt of collective diffusion depths.
To demonstrate the functioning of the ensemble algorithm, we
display how the data set is split by the eigenvectors of the ensemble group diffusion matrix G in (4) in every iteration. We consider the case when T = {3, 8}. The ﬁrst eigenvector corresponding to the ﬁrst iteration of the algorithm splits the data set into
two clusters, green and black (see Fig. 3(a)-(b)). At the second iteration, its own ﬁrst eigenvector splits the green cluster into two
parts, green and blue (see Fig. 3(c)-(d)). Last, the ﬁrst eigenvector corresponding to the third iteration separates the green cluster
from the previous step into two subclusters, marked green and red
(see Fig. 3(e)-(f)). In Fig. 3 values of the eigenvectors and the corresponding points on the scatter plots are displayed in the same
color. In addition, we add Figs. 10 and 11 in Supplementary Materials to show how the data set is split by the eigenvectors of the
matrix G in every iteration for T = {2, 7} and T = {1, 9}, respectively. The results demonstrate that the algorithm is stable under
various parameter settings and provides reasonable separation into
groups. Then, we set δd = 0 to promote cluster splits. We run EGD
by varying t from small to bigger values to show how cluster structure evolves by changing t values. Fig. 4 demonstrates the effect
of increasing t on clustering results, evolution from local to global
structure.
For comparison, we provide the results of the modularity, spectral, and hierarchical clustering methods used further in this work
(see Fig. 5). As parameter values for spectral and hierarchical methods we provide true (k = 3) and wrong numbers of clusters (k =
2, 4). Hierarchical clustering method places all data points mainly
in one cluster for all tested parameter values (see Fig. 5(a)–(c)).
Spectral clustering correctly determines one cluster for k = 5 but
shuﬄes points belonging to the other two clusters. However, for
k = 3, spectral clustering performs relatively well, which is quite
natural in that the true number of clusters was provided in this
case. The results of the spectral clustering approach can be seen in
Fig. 5(d)–(f). The modularity approach fails for this data set as it
discovers too many clusters (see Fig. 5(g)).
Next, we applied the EGD algorithm to the test cases in
which underlying manifold structures exist, as presented in Fig. 6.
Fig. 6(a)–(c) refer to artiﬁcial data sets representing classes of different shapes [23]. Fig. 6(d) displays the test case which the FLAME
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Fig. 2. EGD clustering results for illustrative example: (a) T = {3}, (b) T = {8}, (c) T = {3, 8}, (d) T = {2}, (e) T = {7}, (f) T = {2, 7}, (h) T = {1}, (i) T = {9}, (j) T = {1, 9}.
(For interpretation of the references to color in the text, the reader is referred to the web version of this article.)

approach [24] used as a challenging test case. For computing distance matrices we adopted Manhattan distance measure for the
two spirals data set displayed in Fig. 6(a) and standardized Euclidean distance measure for the remaining test cases. Similarity
matrices were calculated from distance matrices using Gaussian radial basis function as in (5). EGD successfully determined true clusters for the test cases as shown in Figs. 6(a)–(c). In particular, the
results for the test case (d) are comparable to the original method.
Note that unlike original method, EGD assigned two outlier points
displayed in red to a separate cluster that looks natural in this case
and shows a potential ability to reveal a community that is small
in scale.
The illustrative and demo examples show that the proposed
EGD clustering approach can determine the underlying geometry
of the data, even for those data sets where some of the common
clustering methods fail. We attribute it to the property of ensemble group diffusion that inherently combines individual outcomes
to result in better cluster segmentation.
5. Experimental and empirical results
5.1. Benchmark methods
We compare the EGD clustering with other well-known methods frequently used for community structure detection. Among
those methods are agglomerative hierarchical clustering, spectral
clustering, modularity clustering [9], density-based clustering and
a knowledge reuse framework-based (KRF) clustering ensemble approach proposed in [8]. We apply the KRF approach to the results

obtained by Metis [25] and graph partitioning (GP) [26] algorithms
by varying the number of clusters.
As a density-based method we refer to clustering by ‘fast search
and ﬁnd of density peaks’ (FSFDP) by Rodriguez and Laio [17]. We
use a Matlab implementation of FSFDP as was expounded in [27].
In order to deﬁne cluster centers the original method adopted a
manual setting by supervised analysis of a decision graph that
displays local density ρ i versus distance δ i from points of higher
density for each data point i. Then one ﬁnds a rectangular region
where both δ i and ρ i are high [27]. As the procedure was quite
ineﬃcient and deteriorated in the multiple data sets used, we designed a heuristic for automatic selection of cluster centers by binning the data points into k equally spaced intervals along the axes
and marking points with maximal δ in each bin as cluster centers.
We employ both simulated and real-life data sets to compare
performance of the clustering algorithms, including the proposed
EGD method in this paper. In order to evaluate the performance
of these algorithms, we need to have “true clustering labels” for
each data set. The simulated data set clearly has one, as we simulate the data set from a predeﬁned correlation matrix structure.
For other real-world data sets, we deliberately chose empirical settings where we can deﬁne such true clustering for all nodes.
5.2. Performance evaluation
Given true clustering labels, we measure the performance of the
clustering results using two approaches: Rand measure [28] and
normalized mutual information (NMI) [8]. The Rand measure is
based on the dyad-level accuracy of clustering results, counting the
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two extremes of a clustering algorithm’s performance. If an algorithm tends to cluster aggressively by putting too many nodes into
the same cluster, it will score high in CC but low in CS, and vice
versa. Thus, a desirable clustering algorithm should score high in
the Rand measure, balancing CC and CS.
These three measures are computed as follows:



i, j

CC = 
i, j


i, j

CS = 
i, j

(c)

(d)

Fig. 6. EGD clustering results for the data sets: (a) two spirals, (b) outlier, (c) half
kernel, (d) FLAME.

number of pairs in which an algorithm’s clustering result and the
true clustering speciﬁcation agree. In essence, it combines the ratio of correctly clustered pairs (CC) and the ratio of correctly separated pairs (CS). CC and CS quantify the performance of clustering
algorithms in terms of what percentage of pairs are correctly clustered or separated given the true clustering results. They represent

1 {xi =x j } 1{yi = y j }

,
i, j 1{xi =x j } 1{yi =y j }

1{xi = x j } 1 {yi =y j } +


Rand =

1 {xi =x j } 1 {yi =y j }

,
i, j 1{xi =x j } 1{yi =y j }

1{xi =x j } 1 {yi =y j } +

i, j

1{xi =x j } 1{yi =y j } +




i= j

i, j

1

1 {xi = x j } 1{yi =y j }

,

where X = {xi }, i = 1, · · · , n is the clustering result under evaluation and Y = {yi }, i = 1, · · · , n is the true cluster labels. n represents
the number of nodes in the graph.
On the other hand, we employ another measure, NMI, to capture similarity between the true and test clustering results in a
holistic way. Mutual information is a concept from information
theory and increases as two input sequences are similar to each
other. The normalized variant that we use in this paper scales it
into the range between zero and one. The normalization process is
similar to that of the Pearson correlation coeﬃcient. In this case,
the information-theoretic entropy serves as a normalization factor. The information entropy measures how random each input sequence is. Following Strehl and Ghosh [8], NMI is calculated as follows:

NMI(X, Y ) =



I (X, Y )
H (X )H (Y )

,

where I(X, Y) denotes mutual information between X and Y, and
H(X) and H(Y) denote the information entropy of X and Y, respectively.
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Fig. 7. Performance summary of the proposed method and other methods in terms of (a) NMI, (b) RAND.

We show the performance summary of the proposed method
and other methods in terms of NMI and RND across 9 data sets
in Fig. 7. We give detailed description of the data sets and performance comparisons in the following sections.
5.3. Simulation tests
Our evaluation starts with the tests on synthetically generated
data sets. We use a simulated correlation matrix with four evident groups, which represents a graph of 12 nodes. The group
structure imposed into the correlation matrix is {1,2}, {3,4,5,6},
{7,8,9}, {10,11,12}. Within-group true correlation coeﬃcients are 0.9,
0.7, 0.6, and 0.8. Nodes in groups 1 and 2 are positively correlated by 0.2 and those in groups 3 and 4 are negatively correlated by −0.4. All other inter-group correlations are set to zero.
Each node represents a random variable and the edges of the graph
are Pearson sample correlation coeﬃcients ri, j in the range from
−1 to 1. The distance between two points i and j is calculated as
xi − x j  = 1/(ri, j + 1 ). For calculating the similarity matrix W, a
general form of the Gaussian radial basis function in Eq. (5) was
used. More detailed information about the data can be found in
[15,29].
We evaluate each clustering method as an average over 10,0 0 0
replications. For each replication, we build a sample correlation
matrix from random realizations from the true correlation matrix. Following Stone and Ayroles [29], we extract nine observations
from the true correlation matrix using a multivariate normal distribution. In order to see the effects of the width parameter σ , we
vary σ from 0.1 to 0.15 and 0.3.
We tested EGD by varying the diffusion depth parameter set
as T = {1}, {1,2}, {1,2,3,4}, and {1,2,3,4,5,6,7,8} from short-range
to long-range scales. Our benchmark methods include agglomerative hierarchical clustering, spectral clustering, modularity clustering, density-based clustering and KRF applied to the results of
Metis and GP. We informed benchmark methods other than Modularity about the number of clusters with both the true value (k = 4)
and misleading values (k = 3, 5). Table 4 in Supplementary Materials shows the results of simulation experiments using the nine
clustering methods. Boldface values denote the highest number in
each column. EGD outperforms other methods for all values of σ .
The method demonstrates more accurate results for relatively low
values of σ = 0.1, 0.15 and low values of the parameter δ d , with
the highest NMI and Rand scores of 0.91 and 0.94, correspondingly
for both σ values.
To verify the performance differences between the proposed
method and the other methods, we applied post statistical analysis using repeated measures ANOVA. The tests showed that the
proposed method outperformed the other methods in the simulation experiments with 95% conﬁdence levels. Please refer to Supplementary Materials (Table 2) to see the p-values of the tests.

5.4. Co-PI network from the NIH research funding data
To benchmark the performance of the proposed method in
the real-world context, we constructed a principal-investigator (PI)
network from the funding data of the National Institute of Health
(NIH) of the United States. The NIH is a collective body of 27 institutes and centers (ICs), disbursing $25-30B every year for biomedical research. This accounts for a signiﬁcant portion of the total
biomedical research funding of the U.S. and the NIH is the single
largest public entity in the picture. As a public agency, the NIH
keeps track of detailed funding information for each grant including grant application abstract, activity type, amount of grant, list of
co-PIs, and institution of the head PI.
For each grant, one or more researchers are in charge of carrying out the proposed research project. Among them, one person is designated as head PI (or contact PI), who is meant to
be the primary corresponding agent for the project. Each project
record also contains the head PI’s associated institution (university,
research institute, or private company) and its address. Although
most grants are executed by a single PI, a few projects are led by
multiple PIs, in which case the project is run by a head PI and coPIs.
We focus on the projects having multiple co-PIs to construct
the collaboration network of researchers in biomedical research.
By counting the number of co-occurrences of PIs, we obtain the
weighted undirected graph of the co-PI network.
In order to test the clustering algorithms, we need not only a
network but also true labels of the nodes. We prepared the true
labels based on the location of the aﬃliated institution of a PI. In
essence, we infer whether PIs are co-located from the collaboration
network structure among the co-PIs. Reasoning behind this inference is that researchers in the same geographical region are more
likely to collaborate on research project supported by NIH funding.
We ﬁrst collected all grant data between 20 0 0 and 2012 from
NIH’s data retrieval interface called ExPORTER. The NIH publishes
funding records not only for its 27 ICs but also for some other
related agencies. Then, a small number of research grants are
awarded to non-US institutions. Last, some large projects are broken into subproject records occasionally. In such cases, we only
consider the ultimate parent project record. Since our focus is on
the NIH’s U.S. funding records, we remove non-U.S. projects from
our sample. After ﬁltering out non-NIH, non-US grants, and subproject records, we are left with 707,496 grants. 14,093 projects
among them have more than one PI and the number of unique
PIs is 11,999. As institution information is only available for the
head PI, we removed PIs for which we cannot identify the institution, and 9769 PIs remain. The collaboration network is extremely
sparse because of a myriad of isolated cliques of two or three PIs.
We extracted the connected components of size greater than or
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equal to 10 from the entire landscape. At last, we are left with
993 PIs from 217 institutions in 44 states. Assuming that investigators aﬃliated with institutions that are geographically close to
each other have a higher chance to collaborate as co-PIs, we use
the state as a true clustering label for each PI based on the location of their institution.
Table 5 in Supplementary Materials shows the performance
comparison with the NIH data set. The EGD clustering with δd = 0
and T = {1} outperforms all other conﬁgurations and algorithms,
including modularity clustering. We observe a high Rand measure
and low NMI consistently across all methods. Low CC and high CS
scores explain why Rand measure is higher than NMI. This implies that the co-PI network is highly fragmented and it has a fairly
low chance that two PIs are associated with the institutions in the
same state. When algorithms place nodes into the same cluster,
it is more likely to be wrong than when they separate out nodes
into different clusters. Thus, under this sparse clustering structure,
we see that NMI is a more robust measure than the Rand measure, although these two measures were close to each other in the
simulation study in the previous section. Last, the hierarchical clustering and FSFDP clustering scores are low in both Rand and NMI,
which suggests that the methods clearly failed to correctly identify
the latent community structure. Spectral clustering, Metis, GP, and
KRF produced better results, but still fell short of the results from
modularity clustering and the EGD clustering.
5.5. Social network data with ground truth membership records
Social networks have gained a signiﬁcant number of users over
the past decade. Various social network services operate in the
web with a different focus, such as for friendship or professional
career networks. This trend led to an explosion of availability of
social network data that could be used for academic research. Indeed, various ﬁelds such as marketing and psychology have used
data sets from real world social network services to address a speciﬁc research question. Clustering algorithm development is one
of the ﬁelds that can immediately beneﬁt from using these social network data sets. One hurdle that prevents one from doing
such research is that raw social network data usually does not provide ground truth membership of the nodes. In order to test clustering algorithm performance, we need a true clustering that can
be compared against as a benchmark. The notion of ground truth
membership depends on how you frame the clustering task. For
instance, suppose that we are interested in clustering people in a
professional career social network. Depending on our research interest, community structure may be deﬁned by age group or the
industry that they are working in. In this case, both age group and
industry code can serve as the ground truth membership label for
each person in the network.
This section is devoted to the analysis using ground truth networks provided by Yang and Leskovec [30], who constructed a
large set of networks with explicit ground truth community structure from a number of different domains. We apply the EGD algorithm to the Stanford Network Analysis Project (SNAP) data consisting of three data sets and compare its performance with the
benchmark methods in the same way as before. SNAP data used in
this section are in fact undirected graphs with binary edge weights
describing three well known real world networks.
The ﬁrst data set is Amazon’s product co-purchasing network.
The data set is constructed based on the feature which lists corresponding products (goods) under the tag “Customers Who Bought
This Item Also Bought” [30]. The ground truth community is constructed in a way that all its members share a common purpose. Amazon-deﬁned product categories (e.g., electronics, beauty
& health, or clothing) serve as the ground-truth communities. The
second data set is from DBLP, which is a widely known bibliog-
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raphy repository archiving archiving publication records particularly focusing on the ﬁeld of computer science. Yang and Leskovec
[30] extracted authors’ collaboration network from publication
data. The authors are connected if they have a joint publication.
The publication venues serve as ground-truth communities for the
authors. Last, the third data set comes from YouTube, an online
video sharing community. It acts as a social network where users
can form friendships, create own groups, and join other groups.
Such group membership provides ground-truth communities of the
users.
In the original data set, Yang and Leskovec [30] provided the
list of the top 5,0 0 0 largest communities along with network data
(i.e., nodes and edges). Since the size of the networks is too large,
we ﬁrst need to reduce the data to check how the clustering algorithms work with smaller data sets. We preprocessed the data
in a way that we randomly select top 10 mutually exclusive communities. This guarantees that each node belongs to only a single
community, which clears the ambiguity concern of multiple membership. Second, in order to lift the computational burden, we reject a sample containing more than 300 nodes. Last, we randomly
choose 100 samples to construct the ﬁnal set of samples. The network and community statistics averaged over 100 samples are as
follows. The average number of nodes and edges in three data sets
(Amazon, DBLP, YouTube) are (132, 107, 103) and (387, 314, 171), respectively. All data sets have similar number of nodes, but samples
from YouTube are much more sparse networks, as they have about
half the number of edges compared to the other two data sets. The
average clustering coeﬃcients are (0.69, 0.88, 0.30); DBLP exhibits
the highest level of clustering coeﬃcients. In sum, these three sets
of samples have different network-level characteristics, which allows us to examine the sensitivity of algorithm performance by
comparing the algorithms in these three different settings.
Table 6 in Supplementary Materials shows the performance
comparison among the nine clustering algorithms with various
conﬁgurations. In these results, the EGD method predominantly
outperformed all other benchmark algorithms. δd = 0 and 0.001
produce the best outcome and a larger set of t led to a better
outcome than the smaller set, such as T = {1}. The overall accuracy scores measured in NMI are in the descending order of DBLP
(95.74%), Amazon (94.05%), and YouTube (88.81%), which suggests
that higher average clustering coeﬃcient is associated with more
accurate clustering outcomes. The statistical testing for the three
data sets showed that the proposed method outperformed the
other methods in the SNAP experiments with 95% conﬁdence levels except for comparisons with spectral clustering. Notice that for
DBLP and YouTube we informed spectral clustering of the correct
number of clusters. To see the p-values of the tests, refer to Supplementary Materials (Table 3).
5.6. Amazon co-purchasing relationships
Since our proposed method and the dependence clustering
works on the adjacency matrix of the network, it is not limited
to undirected graphs. Rather, we surmise that our method may
work better on directed graphs compared to other favored choices
of clustering methods. We construct a set of directed graph samples from Amazon’s co-purchasing relationship between products.
If product i is purchased together with product j frequently, we denote the relationship as a directed edge from i to j. Note that this
relationship is not necessarily reﬂexive because the absolute level
of demand for the two products may starkly differ. This data set
is also compiled by SNAP [31]. SNAP collected the co-purchasing
network data at multiple points in time. The version we used to
construct our samples was collected by SNAP on June 1, 2003.
The original population data set consists of 403,394 nodes and
3,387,388 directed edges.
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Product co-purchasing networks can serve our purpose of testing the clustering algorithms only if we also have true labels of
all nodes. SNAP also provides the metadata for each node such as
the product name, product group, and optional subcategories that
the product belongs to. SNAP collected the metadata in summer
2006, approximately three years after the co-purchasing network
was collected. However, we argue that this gap in data collection
time does not affect our samples and results in a signiﬁcant way
because product group and subcategories do not change frequently
over time. Most of the nodes fall into one of four product groups:
books, music CDs, videos, and DVDs. We decide to select one product group and choose books only for our ﬁnal samples for three
reasons. First, we narrow down to a single product group because
we suspect co-purchasing links exist extremely sparsely across different product groups. Second, books are highly standardized products and have a well-deﬁned classiﬁcation scheme based on the
topical subject. Third, books represent more than 70% of the original SNAP data set, thus, choosing books does not undermine the
representativeness of our samples. In order to uniquely assign each
book to a single true label, we pick the most frequent subject category for a book when the book is tagged with multiple subject
areas.
With these settings in place, it is impractical for us to run various clustering algorithms on the full data set. We thus create samples from the full data set with which we test and compare the
performance of different clustering algorithms within a reasonable
amount of time. The detailed sampling steps are as follows. First,
we choose a random book and the randomly chosen book then becomes the only member of the seed set. Second, for each book
in the seed set, we look up books frequently co-purchased with
the focal book. Third, we add the co-purchased books to the seed
set. Fourth, we repeat Step 2 and 3 until the size of the seed set
reaches the previously deﬁned threshold. We set the threshold at
100 for our sampling process, so all of our sampled networks have
at least 100 nodes. Last, we extract all directed edges between the
nodes in the ﬁnal seed set. In essence, this sampling process generates multiple layers of egonetworks superposed to each other. The
adjacency matrix resulting from the sampling process is binary and
asymmetric. We create 10 sample networks and labels using this
sampling process. The performance metrics are averaged across the
10 samples when reported in the results section.
Each sampled network, on average, contains 165.3 nodes and
774.8 edges, which results in an average network density of
0.03132. 34% of the directed edges are reciprocal, which means
that the two nodes have a bidirectional relationship in such cases.
The frequently co-purchased relationship is not reﬂexive by itself,
but a signiﬁcant portion of the relationship in our samples is indeed bidirectional, largely because of our sampling process relying
on egonetworks. Still, more than 60% of the relationships are unidirectional. The average number of subject categories for each sampled network is 22.3. One may suspect that most of the nodes in
a sampled network belong to a single category also because of our
reliance on egonetworks for sampling. However, category membership turns out to be quite evenly distributed. The most frequent
category accounts for only 16% of the nodes in a network and the
average Herﬁndahl-Hirschman Index, representing the concentration of proportions, is 0.0873, which is not particularly high.
Table 7 in Supplementary Materials shows the performance
comparison between the proposed EGD and modularity clustering
methods. After the previous tests we decided to narrow down the
comparison analysis to these two methods, as they show the most
stable results and both methods do not require a parameter specifying the number of clusters. EGD with low values of t and δ d
outperforms modularity clustering in terms of NMI. Moreover, our
method is able to inherently handle the directed relationship by
a transition matrix, whereas the modularity approach forces the

Table 1
Description of the data sets.

∗

Data set

# classes

# samples

# features

Distance/Similarity

Lung cancer

4

197

10 0 0

St. Jude
leukemia

6

248

985

Euclidean/
Gaussian (σ = 0.1 )
Standardized Euclidean/
|D − max(D )|∗

D refers to distance matrix

directed relationship to be symmetric. Thus, compared to modularity clustering, our approach can better handle problems where
data sets with inherent directed nature are involved.
5.7. Gene-expression data
In this section we consider two high-dimensional data sets as
regards to gene-expression proﬁles. One is the lung cancer data
set [32] including four known classes of speciments: 139 adenocarcinomas (AD), 21 squamous cell carcinomas (SQ), 20 pulmonary carcinoids (COID), and 17 normal lung (NL). The other is
St. Jude leukemia data set [33] that contains samples from pediatric acute lymphoblastic leukemia patients. The data set includes
six leukemia subtypes: 43 T-lineage (T-ALL), 27 E2A-PBX1, 15 BCRABL, 79 TEL-AML1, 20 MLL rearrangements, and 64 hyperdiploid
karyotype (i.e., > 50 chromosomes). More detailed description of
the data sets can be found in Table 1.
For both data sets similarity matrices are obtained from the
distance matrices using the measures described in Table 1. For
the lung cancer data set the test results show that EGD outperforms other approaches demonstrating the highest NMI and Rand
measure scores, as shown in Table 8 (Supplementary Materials).
Note that though Modularity clustering method performs better in
terms of NMI, it assigns every point to a separate cluster, which
is hardly practical. Moreover, hierarchical clustering that provides
the highest Rand measure score allocates nearly all the points to a
single cluster with an exception of only a few samples. The same
happens to FSFDP and KRF. Spectral clustering neither succeeds.
For the St. Jude leukemia data set EGD performs best with the
highest NMI value of 0.88, as shown in Table 9 (Supplementary
Materials). The highest Rand measure score of 0.96 is provided by
spectral clustering. However, compared to spectral clustering the
loss of EGD in Rand measure is not signiﬁcant. Hierarchical and
KRF approaches fail by assigning the majority of the points to a
single cluster which is veriﬁed by signiﬁcantly low values of CS
and high values of CC.
5.8. Running times
Finally, the running time for the methods and the data sets
used in this work are displayed in Fig. 8. The experiments were
conducted on a system with the following characteristics: 64-bit
Windows 10 operating system, Intel(R) Core(TM) i5-3317U CPU
1.70 GHz, 8GB RAM, and MATLAB (R2014b). MATLAB implementations of the KRF approach, Metis, and GP used in the experiments
are available at [34,35]. For the methods which require the number of clusters as a parameter, only iterations when the true parameter values are provided were considered during the runningtime evaluation. Fig. 8(a) displays running times on the logarithmic
scale grouped by the data sets and averaged over the data sets,
correspondingly. Fig. 8(b) shows running times in seconds for each
method averaged over the data sets. The proposed EGD demonstrated good performance and proved to be the most eﬃcient for
the majority of the data sets among the ensemble methods used
for comparison in this work. In addition, we show running times
according to the length of input data in Fig. 9. The data set consists
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Fig. 8. Running times of the methods (a) grouped by the data sets (logarithmic scale), (b) averaged over the data sets.

Fig. 9. Running times of the methods against data input length (logarithmic scale).

of randomly generated points in two dimensional space where every point belongs to one of three clusters (n points in a cluster),
similarly to the example from Fig. 1(a). In the tests, n varies in
the interval from 50 to 60 0 0. The experiments were conducted
on a system with the following characteristics: 1TB of RAM, 64
CPU cores (8 cores Intel(R) Xeon(R) E7-8837 2.67 GHz per CPU),
and MATLAB (R2017a). The proposed EGD showed consistent performance among the tested methods. One can see that EGD is
comparable to Modularity, outperforming it for large input lengths
(n > 20 0 0) and KRF+GP for all the values of T.
6. Discussions and conclusion
Cluster ensemble algorithms recently became popular in the
ﬁeld of data analysis because of the growing capabilities of computing technologies. With careful selection of consensus procedure,
they prove to be more accurate compared to individual clustering results. Ensemble strategies beneﬁt from combining individual
runs of a component algorithm diversiﬁed in a randomized or systematic fashion. Randomized diversity is usually achieved by manipulating data (e.g., bagging and nonparametric bootstrapping),
whereas systematic diversity is the result of varying parameters
(e.g., parametric bootstrapping). In this paper, we employ the latter
approach.
Our method, EGD, proposed in this paper is an ensemble approach that maximizes the group diffusion measure. Ensemble diversity is achieved by varying the diffusion depth parameter t. This
way, the combined effect of both bias and variance error components reduction is expected. Cluster size can be bounded below by
proper settings of the dependence gain parameter δ d ranging in

the interval [0, 1]. We suggest using small values of δ d for the data
sets with sparse clustering structure. On the other hand, for the
data sets with dense structure and expected unclear boundaries,
we recommend using higher values of δ d . We must note that the
cluster size can be bounded below by setting a hard threshold on
the minimal number of points in the cluster. This provides direct
intuition to setting the threshold according to the expected size of
the smallest cluster. The solution with a dependence gain parameter is more ﬂexible and acts as a form of soft threshold. The intuition for setting the dependence gain parameter is, however, less
straightforward.
For evaluating the algorithm, we use both simulated and realworld data sets. In the simulated data set, EGD outperforms modularity clustering with respect to Rand and NMI measures. When
small values of the width parameter σ are used, better performance is achieved for larger sets of t values. Similarly, structures of
the SNAP and gene-expression data sets are best revealed by EGD
with a larger set of t values. This is likely due to the non-uniform
density of the underlying data, which requires consideration at different scales. On the other hand, for the NIH data set with sparse
clustering structure, EGD outperforms all other methods including
modularity clustering for small t values. This implies that this data
set has a ﬁne-grained structure which is better discovered by small
diffusion depths. In general, this zooming mechanism is ensured by
the parameter t in particular. The method is able to determine local clusters with smaller values of t, whereas higher t values allow
for determining the global structure. The combination of its values
allows for deﬁning clusters more accurately.
Therefore, we conclude that EGD is suitable for solving structure discovery problems for data sets covering a wide spectrum of
underlying structural and density properties thanks to ﬂexibility in
the tuning of the parameters. Diffusion depth and dependence gain
parameters serve the purpose of selectively addressing data analysis at different scales, whereas the ensemble binding provides integration over the scales. The beneﬁt of the proposed method, however, presents the questions of how one should set the parameters
and of what are the theoretical interpretations, and of how one
can optimally set the gain parameter depending on cluster depths,
which will be a future research direction.
Despite accurate results shown in our tests, the proposed EGD
algorithm can be improved further by a number of advances. In
particular, we will give more detailed attention to the regularization of the algorithm’s optimization criterion and the ability to
eﬃciently handle large-sized data in the next phase of our research. Additionally, it is highly demanded to extend the method
by adding the ability to determine overlapped clusters, where
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each instance may belong to multiple clusters simultaneously. This
problem is particularly important in the ﬁeld of community detection in social networks, where multiple membership is a natural
attribute.
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Table 2: Results (p-values) of repeated measure ANOVA tests for Simulation data (the null
hypothesis is μ1 = μ2 , in which μi means the performance of method i, and the alternative is
μ1 = μ2 )

Metod1

Method2

NMI

Rand

Modularity

<0.001

<0.001

Simulation data, σ = 0.1
EGD (δd = 0.01,T = {1})

Hierarchical (k=5)

<0.001

<0.001

Spectral (k=5)

<0.001

<0.001

FSFDP (k=5)

<0.001

<0.001

KRF+Metis

<0.001

<0.001

KRF+GP

<0.001

<0.001

Modularity

<0.001

<0.001

Hierarchical (k=5)

<0.001

<0.001

Spectral (k=5)

<0.001

<0.001

FSFDP (k=5)

<0.001

<0.001

Simulation data, σ = 0.15
EGD (δd = 0,T = {1, 2})

KRF+Metis

<0.001

<0.001

KRF+GP

<0.001

<0.001

Modularity

<0.001

<0.001

Hierarchical (k=4)

<0.001

<0.001

Spectral (k=4)

<0.001

<0.001

FSFDP (k=5)

<0.001

<0.001

KRF+Metis

<0.001

<0.001

KRF+GP

<0.001

<0.001

Simulation data, σ = 0.3
EGD (δd = 0,T = {1})
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Table 3: Results (p-values) of repeated measure ANOVA tests for SNAP data (the null hypothesis is μ1 = μ2 , in which μi means the performance of method i, and the alternative is
μ1 = μ2 )

Metod1

Method2

NMI

Rand

Modularity

<0.001

<0.001

Hierarchical (k=11)

<0.001

<0.001

Spectral (k=9)

<0.001

0.131

FSFDP (k=11)

<0.001

<0.001

KRF+Metis

<0.001

<0.001

KRF+GP

<0.001

<0.001

Modularity

<0.001

<0.001

Hierarchical (k=11)

<0.001

<0.001

Amazon
EGD (δd = 0,T={1 to 8})

DBLP
EGD (δd = 0.001,T={1 to 8})

Spectral (k=10)

0.300

0.043

FSFDP (k=11)

<0.001

<0.001

KRF+Metis

<0.001

<0.001

KRF+GP

<0.001

<0.001

Modularity

<0.001

<0.001

Hierarchical (k=11)

<0.001

<0.001

YouTube
EGD (δd = 0,T={1 to 8})

Spectral (k=10)

0.200

0.977

FSFDP (k=11)

<0.001

<0.001

KRF+Metis

<0.001

<0.001

KRF+GP

<0.001

<0.001
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Figure 10: EGD clustering steps in illustrative example for T = {2, 7}. (a) The ﬁrst eigenvector of similarity matrix at the ﬁrst iteration, (b) the ﬁrst division, (c) the ﬁrst eigenvector of
similarity matrix at the second iteration, (d) the second division, (e) the ﬁrst eigenvector of
similarity matrix at the third iteration, (f) the third division.
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Figure 11: EGD clustering steps in illustrative example for T = {1, 9}. (a) The ﬁrst eigenvector of similarity matrix at the ﬁrst iteration, (b) the ﬁrst division, (c) the ﬁrst eigenvector of
similarity matrix at the second iteration, (d) the second division, (e) the ﬁrst eigenvector of
similarity matrix at the third iteration, (f) the third division.
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Table 4: Simulation
σ = .1
Method

δd

Parameter

EGD

0

0.01

45

0.2

Spectral

σ = .3

CS

Rand

NMI

CC

CS

Rand

NMI

CC

CS

Rand

NMI

T = {1}

0.8220

0.9680

0.9392

0.9073

0.8107

0.9764

0.9438

0.9115

0.8687

0.9445

0.9295

0.8956

T = {1, 2}

0.8434

0.9598

0.9369

0.9064

0.8433

0.9695

0.9446

0.9135

0.8826

0.9305

0.9210

0.8880

T = {1 to 4}

0.8623

0.9509

0.9335

0.9050

0.8696

0.9578

0.9405

0.9102

0.8956

0.9083

0.9058

0.8734

T = {1 to 8}

0.8751

0.9432

0.9298

0.9030

0.8902

0.9434

0.9329

0.9043

0.9031

0.8824

0.8865

0.8547

T = {1}

0.8310

0.9661

0.9395

0.9079

0.8238

0.9732

0.9438

0.9112

0.8729

0.9392

0.9261

0.8915

T = {1, 2}

0.8511

0.9578

0.9367

0.9067

0.8520

0.9657

0.9433

0.9119

0.8863

0.9253

0.9176

0.8841

T = {1 to 4}

0.8677

0.9493

0.9332

0.9049

0.8753

0.9544

0.9388

0.9085

0.8984

0.9024

0.9016

0.8687

T = {1 to 8}

0.8807

0.9412

0.9293

0.9027

0.8936

0.9404

0.9312

0.9025

0.9067

0.8756

0.8817

0.8495

T = {1}

0.9327

0.8520

0.8679

0.8382

0.9285

0.8393

0.8568

0.8261

0.9199

0.8179

0.8379

0.7984

T = {1, 2}

0.9317

0.8565

0.8713

0.8421

0.9296

0.8493

0.8651

0.8352

0.9223

0.8158

0.8368

0.7989

T = {1 to 4}

0.9338

0.8529

0.8689

0.8403

0.9334

0.8495

0.8660

0.8374

0.9278

0.7986

0.8240

0.7887

T = {1 to 8}

0.9362

0.8482

0.8655

0.8377

0.9371

0.8452

0.8633

0.8358

0.9339

0.7743

0.8057

0.7745

0.0516

0.9999

0.8131

0.7512

0.1925

0.9993

0.8404

0.7835

0.6826

0.9881

0.9279

0.8902

k=3

0.8861

0.7338

0.7638

0.7433

0.9236

0.7611

0.7931

0.7805

0.9487

0.7879

0.8196

0.8075

k=4

0.8131

0.9028

0.8851

0.8441

0.8484

0.9158

0.9026

0.8683

0.8690

0.9153

0.9062

0.8757

k=5

0.7156

0.9576

0.9100

0.8654

0.7356

0.9582

0.9143

0.8722

0.7408

0.9568

0.9142

0.8718

k=3

0.9148

0.7404

0.7747

0.7523

0.9175

0.7511

0.7839

0.7614

0.9271

0.7875

0.8150

0.7905

k=4

0.8361

0.8689

0.8624

0.8236

0.8406

0.8811

0.8731

0.8348

0.8530

0.9124

0.9007

0.8632

k=5

0.7276

0.9309

0.8908

0.8421

0.7308

0.9407

0.8993

0.8515

0.7271

0.9550

0.9101

0.8624

Modularity
Hierarchical

σ = .15

CC

Continued on next page

Table 4: Simulation – continued from previous page
σ = .1
Method
FSFDP

Metis

δd

Parameter

46
KRF+GP

σ = .3

CS

Rand

NMI

CC

CS

Rand

NMI

CC

CS

Rand

NMI

k=3

0.8750

0.6123

0.6640

0.6482

0.8935

0.6454

0.6942

0.6835

0.9281

0.6488

0.7038

0.6923

k=4

0.8315

0.6618

0.6952

0.6707

0.8493

0.6954

0.7257

0.7078

0.8984

0.6894

0.7306

0.7138

k=5

0.7958

0.6935

0.7137

0.6828

0.8044

0.7249

0.7405

0.7167

0.8703

0.7130

0.7440

0.7235

k=3

0.8467

0.8491

0.8486

0.7748

0.8476

0.8511

0.8504

0.7777

0.8444

0.8506

0.8494

0.7739

k=4

0.8148

0.9532

0.9260

0.8752

0.8085

0.9554

0.9264

0.8763

0.7946

0.9528

0.9216

0.8688

k=5

0.6647

0.9754

0.9142

0.8643

0.6680

0.9782

0.9171

0.8685

0.6566

0.9744

0.9118

0.8584

0.6781

0.9738

0.9155

0.8675

0.6774

0.9767

0.9177

0.8697

0.6675

0.9733

0.9131

0.8612

k=3

0.9115

0.7460

0.7786

0.7532

0.9125

0.7586

0.7889

0.7627

0.9139

0.7808

0.8070

0.7778

k=4

0.8269

0.8726

0.8636

0.8217

0.8268

0.8855

0.8739

0.8319

0.8296

0.8996

0.8858

0.8428

k=5

0.7174

0.9362

0.8931

0.8422

0.7153

0.9450

0.8997

0.8491

0.7104

0.9487

0.9017

0.8495

0.6948

0.9446

0.8954

0.8402

0.7013

0.9536

0.9039

0.8520

0.6952

0.9581

0.9063

0.8537

KRF+Metis
GP

σ = .15

CC

Table 5: NIH

Method

δd

Parameter

EGD

0

T = {1}

0.0001

Spectral

FSFDP

Metis

Rand

NMI

0.3422

0.9306

0.9201

0.4946

T = {1, 2}

0.3253

0.9305

0.9192

0.4868

0.2907

0.9311

0.9156

0.4743

T = {1 to 8}

0.2915

0.9312

0.9155

0.4726

T = {1}

0.3313

0.9306

0.9195

0.4881

T = {1, 2}

0.3253

0.9305

0.9192

0.4868

T = {1 to 4}

0.2907

0.9311

0.9156

0.4743

T = {1 to 8}

0.2915

0.9312

0.9155

0.4726

0.3048

0.9308

0.9173

0.4843

k = 43

0.0753

0.9303

0.2287

0.1690

k = 44

0.0753

0.9303

0.2287

0.1699

k = 45

0.0754

0.9307

0.2305

0.1717

k = 43

0.1322

0.9299

0.8767

0.3571

k = 44

0.1424

0.9303

0.8810

0.3705

k = 45

0.1309

0.9295

0.8797

0.3523

k = 43

0.0777

0.9612

0.1559

0.1686

k = 44

0.0771

0.9547

0.1565

0.1519

k = 45

0.0773

0.9504

0.1745

0.1612

k = 43

0.2436

0.9296

0.9142

0.4093

k = 44

0.2703

0.9300

0.9157

0.4296

k = 45

0.2533

0.9296

0.9152

0.4189

0.2505

0.9295

0.9150

0.4134

k = 43

0.1568

0.9297

0.8938

0.3676

k = 44

0.1430

0.9294

0.8893

0.3613

0.1694

0.9299

0.8975

0.3788

0.2150

0.9287

0.9135

0.3800

KRF+Metis
GP

CS

T = {1 to 4}

Modularity
Hierarchical

CC

k = 45
KRF+GP

47

Table 6: SNAP
Amazon
Method

δd

Parameter

EGD

0

0.001

48

0.01

Spectral

YouTube

CS

Rand

NMI

CC

CS

Rand

NMI

CC

CS

Rand

NMI

T = {1}

0.7056

1

0.9331

0.9290

0.7269

0.9998

0.9456

0.9357

0.4743

0.9978

0.8470

0.8311
0.8841

T = {1, 2}

0.7479

1

0.9410

0.9394

0.7959

0.9999

0.9537

0.9513

0.6607

0.9960

0.8851

T = {1 to 4}

0.8042

1

0.9516

0.9535

0.8518

0.9999

0.9609

0.9635

0.8117

0.9942

0.9261

0.9235

T = {1 to 8}

0.8661

1

0.9643

0.9673

0.8935

1

0.9674

0.9732

0.9031

0.9886

0.9554

0.9473

T = {1}

0.7135

1

0.9346

0.9315

0.7447

0.9998

0.9481

0.9408

0.4949

0.9963

0.8511

0.8346

T = {1, 2}

0.7603

0.9999

0.9432

0.9425

0.8093

0.9998

0.9554

0.9545

0.6706

0.9955

0.8878

0.8845

T = {1 to 4}

0.8122

0.9999

0.9528

0.9550

0.8565

0.9999

0.9617

0.9648

0.8150

0.9935

0.9267

0.9204

T = {1 to 8}

0.8661

0.9999

0.9643

0.9667

0.8957

1

0.9679

0.9740

0.9062

0.9872

0.9557

0.9446

T = {1}

0.7884

0.9853

0.9366

0.9117

0.8441

0.9946

0.9569

0.9497

0.6091

0.9787

0.8648

0.8229

T = {1, 2}

0.8084

0.9877

0.9419

0.9200

0.8663

0.9949

0.9601

0.9547

0.7580

0.9770

0.9004

0.8638

T = {1 to 4}

0.8543

0.9865

0.9507

0.9274

0.8984

0.9949

0.9650

0.9608

0.8538

0.9797

0.9308

0.8925

T = {1 to 8}

.8846

0.9899

0.9599

0.9424

0.9122

0.9958

0.9682

0.9658

0.9252

0.9729

0.9508

0.9083

0.7916

1

0.9504

0.9501

0.8455

0.9999

0.9610

0.9624

0.7238

0.9937

0.9017

0.9019

k=9

0.7843

0.3300

0.4209

0.3085

0.7966

0.6917

0.7157

0.6687

0.7609

0.2146

0.3662

0.1839

k = 10

0.7600

0.3553

0.4376

0.3239

0.7728

0.7227

0.7396

0.6847

0.744

0.2396

0.3822

0.2006

k = 11

0.7306

0.3881

0.4598

0.3444

0.7457

0.7537

0.7627

0.6996

0.7269

0.2666

0.4001

0.2182

k=9

0.7907

0.9282

0.8951

0.8473

0.8234

0.9041

0.8800

0.8385

0.7029

0.9336

0.8621

0.8063

k = 10

0.7243

0.9449

0.8960

0.8458

0.8088

0.9279

0.8959

0.8606

0.7102

0.9767

0.8977

0.8625

k = 11

0.6320

0.9479

0.8837

0.8271

0.7175

0.9333

0.8918

0.8449

0.6043

0.9775

0.8718

0.833

Modularity
Hierarchical

DBLP

CC

Continued on next page

Table 6: SNAP – continued from previous page
Amazon
Method

FSFDP

KRF+Metis

δd

Parameter

YouTube

CS

Rand

NMI

CC

CS

Rand

NMI

CC

CS

Rand

k=9

0.6960

0.5464

0.5781

0.4942

0.7418

0.6198

0.6398

0.5845

0.6863

0.4495

0.5133

0.3788

k = 10

0.6531

0.5977

0.6087

0.5182

0.7203

0.6572

0.6686

0.6044

0.6616

0.4728

0.5268

0.3866

NMI

0.4086

k = 11

0.6454

0.6201

0.6280

0.5341

0.7020

0.6751

0.6818

0.6115

0.6398

0.5103

0.5480

k=9

0.5117

0.9716

0.8803

0.7931

0.6836

0.9707

0.9174

0.8422

0.2436

0.9296

0.9142

0.4093

k = 10

0.4744

0.9779

0.8793

0.7953

0.6454

0.9781

0.9192

0.8482

0.2703

0.9300

0.9157

0.4296

k = 11

49

KRF+GP

DBLP

CC

0.4396

0.9822

0.8773

0.7948

0.6221

0.9852

0.9225

0.8619

0.2533

0.9296

0.9152

0.4189

0.4442

0.9808

0.8769

0.7883

0.6261

0.9835

0.9213

0.8543

0.2505

0.9295

0.9150

0.4134

k=9

0.4818

0.8880

0.8095

0.6497

0.5280

0.8435

0.7908

0.6252

0.1568

0.9297

0.8938

0.3676

k = 10

0.4500

0.9086

0.8203

0.6619

0.4882

0.8547

0.7964

0.6169

0.1430

0.9294

0.8893

0.3613

k = 11

0.4137

0.9229

0.8263

0.6667

0.4800

0.8820

0.8182

0.6474

0.1694

0.9299

0.8975

0.3788

0.3492

0.9605

0.8464

0.6652

0.3922

0.9527

0.8689

0.6534

0.2150

0.9287

0.9135

0.3800

Table 7: Amazon co-purchasing relationships

Method

δd

Parameter

EGD

0

T = {1}

0.001

CC

CS

Rand

NMI

0.0772

0.9184

0.8317

0.2971

T = {1, 2}

0.0813

0.9192

0.7697

0.2563

T = {1 to 4}

0.0810

0.9185

0.8190

0.2746

T = {1 to 8}

0.0808

0.9188

0.7680

0.2326

T = {1}

0.0800

0.9185

0.8179

0.2564

T = {1, 2}

0.0816

0.9192

0.7616

0.2253

T = {1 to 4}

0.0804

0.9184

0.8116

0.2381

T = {1 to 8}

0.0804

0.9187

0.7641

0.2065

0.0778

0.9182

0.8441

0.2872

Modularity

50

Table 8: Lung cancer

Method

δd

EGD

0.09

Parameter

CC

Spectral

FSFDP

Metis

NMI

T = {1}

0.2928

0.7630

0.5164

0.1069

0.2172

0.7902

0.4896

0.1259

T = {1 to 4}

0.2643

0.7477

0.4941

0.0345

T = {1 to 8}

0.3346

0.7997

0.5557

0.3609

0

1

0.4754

0.4192

k=3

0.9963

0.0386

0.5410

0.0974

k=4

0.9947

0.0578

0.5493

0.1206

k=5

0.9931

0.0771

0.5576

0.1408

k=3

0.4330

0.6147

0.5194

0.0188

k=4

0.4162

0.6056

0.5063

0.0153

k=5

0.5231

0.4420

0.4845

0.0508

k=3

0.9864

0.0063

0.5204

0.0103

k=4

0.9864

0.0063

0.5204

0.0103

k=5

0.9864

0.0063

0.5204

0.0103

k=3

0.3281

0.6680

0.4897

0.0061

k=4

0.2435

0.7508

0.4847

0.0083

k=5

0.1952

0.8032

0.4843

0.0160

1

0

0.5246

0

k=3

0.3292

0.6675

0.4901

0.0137

k=4

0.2512

0.7543

0.4904

0.0246

k=5

0.1986

0.7994

0.4843

0.0493

1

0

0.5246

0

KRF+Metis
GP

Rand

T = {1, 2}

Modularity
Hierarchical

CS

KRF+GP

51

Table 9: St. Jude leukemia

Method

δd

EGD

0.06

Parameter

Spectral

FSFDP

Metis

Rand

NMI

T = {1}

0.9469

0.9319

0.9351

0.8262

0.9469

0.9623

0.9589

0.8800

T = {1 to 4}

0.8882

0.9648

0.9482

0.8539

T = {1 to 8}

0.7514

0.9827

0.9325

0.8172

0.9686

0.8411

0.8688

0.7640

k=3

0.9512

0.0475

0.2436

0.0845

k=4

0.9485

0.0568

0.2503

0.0974

k=5

0.9482

0.0568

0.2503

0.0953

k=3

0.9418

0.9646

0.9596

0.8663

k=4

0.7265

0.9640

0.9125

0.7675

k=5

0.8488

0.9879

0.9578

0.8640

k=3

0.9449

0.7988

0.8305

0.7428

k=4

0.9233

0.8833

0.8920

0.8253

k=5

0.9175

0.8761

0.8851

0.8038

k=3

0.9497

0.3772

0.5015

0.4488

k=4

0.7265

0.7412

0.7380

0.4956

k=5

0.6348

0.6824

0.6721

0.4129

1

0

0.2170

0

k=3

0.6333

0.9242

0.8611

0.6845

k=4

0.5557

0.9454

0.8608

0.6704

k=5

0.4956

0.9593

0.8587

0.6764

1

0

0.2170

0

KRF+Metis
GP

CS

T = {1, 2}

Modularity
Hierarchical

CC

KRF+GP
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ABSTRACT
This article proposes Soft Dependence Clustering (SDC)
algorithm which belongs to the class of spectral clustering
methods. On each iteration, SDC performs a hierarchical
clustering producing a binary split which greedily maximizes
the group dependence score. One of the advantages of SDC
is the fact that division of a group into two clusters is done
based on the adjustable threshold which has a clear probabilistic interpretation. Due to this property, the algorithm
naturally allows fuzzy group separations which makes it also
suitable for cluster overlaps analysis. SDC can be used for
graph segmentation applications as well as clustering data
that has notion of distance. The proposed algorithm is compared with a few selected clustering methods using simulated
and real-world data sets. The results clearly demonstrate that
given reasonable settings, SDC outperforms other methods in
the comparison.
Index Terms— Soft clustering, spectral analysis, random
walk, Markov chain
1. INTRODUCTION
Over the recent years, there has been a signiﬁcant increase
in the interest towards detecting overlapping clusters in data.
Despite the majority of clustering algorithms being designed
for hard clustering only, the ability to identify cluster overlaps
is crucial for many real-world data sets. Detecting such cluster overlaps in data provides a better understanding of both
the structure and nature of the underlying application areas
since in many of them data set items can naturally belong
to multiple clusters. An example of such situation is the interplay between multiple genes that regulate biological processes – for many of them, ultimate discovery of the overlapping groups of genes provides a more realistic model of cellular activity, compared to the mutually exclusive clustering
[1]. Similarly, many real-world text data sets have complex
structure where items belong to multiple groups. For examc
978-1-5090-0746-2/16/$31.00 2016
IEEE

ple, in Reuters data set [2], the newswire stories are grouped
based on the category codes and assigned to several highly unbalanced classes. Another example are network communities
where a node can belong simultaneously to several communities leading to overlapping community structure.
To tackle problems with overlapping clusters, a number
of clustering schemes have been developed. One frequently
used approach is running a well-known clustering method
and adjusting the result to produce overlapping clusters, e.g.
through introducing a threshold parameter. However, such an
approach has limitations. First, constraints for the objective
function being optimized do not match the expected clustering scheme. Second, the setting of the global threshold value
remains an open question [3]. Therefore, some common models have been generalized to allow overlapping clusters [3],
[4].
In this paper, we propose Soft Dependence Clustering
(SDC) algorithm which considers geometric structure of data
and is based on maximizing a measure called group dependence [5]. This measure provides ﬂexibility in adjusting the
level of detail and connectivity scale in network analysis.
Park and Lee [6] demonstrated efﬁcacy of similar method for
clustering into distinct groups. The proposed SDC algorithm
is therefore a generalization of the dependence clustering
method which supports soft clustering. Performance of the
method proposed here is compared with Spectral Fuzzy CMeans (SFCM) [7] and Latent Dirihlet Allocation (LDA) [8]
where the ﬁrst is a soft version of k-Means applied after spectral decomposition of a random-walk transition matrix and
the second is a common choice for processing text data sets.
These methods are known to be good at discovering clusters
in data where overlapping clusters assumption is natural.
The rest of the paper is organized as follows. Section 2
provides descriptions of the main concepts and methods used
in the paper. Sections 2.1 - 2.4 explain the proposed SDC
clustering algorithm. Meanwhile, SFCM and LDA methods
used for comparison with SDC are provided in Sections 2.5

and 2.6, respectively. Section 3 is devoted to the experimental
results. It describes evaluation metrics, data sets, parameter
estimation and results of the performance tests. Finally, Section 4 completes the paper with conclusions and discussions.

problem [6]:
arg max Dt (s) = arg max 1/2
||s||=1

||s||=1



(Di,j,t − 1)(si sj + 1)

i,j

= arg max sT (Pt (B(t) )−1 − 11T )s
||s||=1

2. METODS
(t)

2.1. Preliminary concepts
Given a set of data points Ω = {xi |i = 1, ..., N ; xi ∈ Rn },
we assume that points from the set Ω form a graph deﬁned by
a similariy matrix S of size N × N with entries from R representing pairwise similarities. Next, we deﬁne the Markov
chain on this graph by transforming S to the transition matrix
t
=
P and the corresponding t-step transition matrix Pt : Pi,j
P r(Xt = j|X0 = i), where a probability variable X0 represents the initial state and Xt is a random walk representing a
node at the t-th transition. The transformation is effectively
done by scaling rows of S so that elements in each row sum
up to one. Further, we assume that the whole chain is ergodic
and that all transitions follow the Markovian property. Statistical dependence Di,j,t = Dep(X0 = i, Xt = j) [5] captures
how the node in the initial state and the node at t-th transition
are inter-dependent and is deﬁned by the following equation:
Di,j,t =

P r(X0 = i, Xt = j)
.
P r(X0 = i)P r(Xt = j)

(3)

(1)

Let us denote a group assignment vector by s = [s1 , ..., sN ],
where decision variable si = 1 if data point i belongs to group
1 and si = −1 if it belongs to group 2. Note that in such
notation 1/2(si sj +1) is 1 if i and j are in the same group and
is 0, otherwise. Thus, given s and t, the group dependence for
a particular choice of s is deﬁned by the following equation:
 

Di,j,t − d0 (si sj + 1),
(2)
Dt (s) = 1/2
xi ,xj ∈Ω

where Di,j,t is deﬁned by (1) and d0 = 1 + d is the baseline dependence level which is usually set to 1. A constant
d0 effectively normalizes the statistical dependence for each
pair of points equaling zero when points are considered to be
independent. More details about parameter settings and optimization procedure can be found in [6].
2.2. Dependence clustering for two groups
For a simple case of bisecting a graph, an optimal clustering solution can be achieved through maximizing the group
dependence measure Dt (s) by varying the group assignment
s of all N points. The actual optimization is carried out in
the domain of real numbers R by relaxing the original formulation (2) so that elements of s become real. Moreover,
we constrain the L2 norm of s to be equal to one: ||s||2 = 1
and assume for simplicity that d = 0. Then, a good partition is obtained through solving the following maximization

where B(t) : Bj,j = P r(Xt = j) = [xT0 Pt ]j , and x0 is
the initial probability vector representing prior information
related to the initial states. Finally, let us deﬁne
G = Pt (B(t) )−1 − 11T .

(4)

Then, division of the data points is made based on the signs
of the eigenvector corresponding to the largest positive eigenvalue of G. The nonexistence of positive eigenvalues means
no possible beneﬁts from any further divisions.
2.3. Dependence clustering for multiple groups
To obtain divisions to multiple groups, we apply a standard
subsequent division approach [9]. At every step we consider
binary divisions of every group already found during the previous iterations, following the algorithm described in Section
2.2. Among possible divisions we proceed with the one that
results in the maximal increase of group dependence for the
whole data set, effectively performing a greedy search.
For the purpose of regularizing the solution, we introduce
a dependence gain parameter δd ∈ [0, 1], which prevents the
algorithm from deﬁning too small or too unclear clusters. The
minimal dependence gain required to 
split a cluster into two
sub-clusters is calculated as Δd = δd gi,j >0 G, where G is
deﬁned by (4). Let us denote a set of points that belong to
a split candidate cluster by ΩC ⊆ Ω. We denote the withincluster group conﬁgurations before and after the division of
ΩC into two sub-clusters by sC (i.e. s in (2)) and s C (i.e. s in
(3)), respectively. The division into the sub-clusters proceeds
if Dt (sgn(s C )) − Dt (sC ) > N Δd , where Dt (s) is deﬁned
by (2) and N is the size of ΩC . Note that all elements from
sC are equal to one. We denote Dt (ΩC ) = Dt (sC ) when all
elements from sC have the same sign.
2.4. SDC
Dependence clustering has alreardy demonstrated accurate results compared to a number of methods [6]. However, it provides only a hard clustering scheme and is not designed for
handling overlaps. SDC algorithm proposed here extends the
earlier scheme from [6] by introducing a soft probability interval.
Note that the binary split of data points on every iteration of the dependence clustering algorithm is made based
on the signs of the eigenvector corresponding to the largest
positive eigenvalue of G deﬁned in (4). To extend the basic algorithm to perform soft clustering, we therefore need to

re-deﬁne the split decision to be soft itself. In other words,
we need to introduce the uncertainty region [0, δu ] which ﬁlters only instances belonging to positive split if values of their
corresponding decision eigenvector belong to this interval.
On the other hand, this soft decision interval should be
adjusted on every iteration depending on a particular eigenvector conﬁguration. A solution to this would be to interpret
eigenvector values as generated from two probability distributions: one with a negative mean and the other with a positive
mean. Having estimated such probabilities, one could then
introduce a soft probability interval δP = [pl , ph ], such that
pl + ph = 1. This interval deﬁnes the lower and the upper
bounds of the posterior probability that a data point should
have in order to be assigned to both clusters.
In our implementation, posterior probabilities are computed from likelihood probability distributions assuming
equal priors for both clusters, i.e. by normalizing the likelihoods sum to one. The two probability distributions are
estimated by Gaussian kernel density estimation with standard deviation or bandwidth σ. Figure 1 displays pseudo code
summarizing the above steps.
2.5. SFCM
The basic FCM [7] algorithm works as follows. We denote a
number of clusters by Nc , centers of the corresponding clusters by c = (c1 , ..., cNc ), the degree of membership of the
Nc
μij = 1 and the depoint xi in the cluster cj by μij : j=1
gree of fuzzy overlaps by m > 0. Given the parameters Nc ,
m and initialization values for μij FCM minimizes the objecN Nc m
tive function: Jm =
μij  xi − cj 2 , where
N m
N i=1m j=1
Nc
( xi − cj 
cj = i=1 μij xi / i=1 μij , μij = 1/ k=1
/  xi − ck )2/(m−1) are recalculated at every iteration.
Performing clustering in the original Rn space can be nonoptimal especially if n is large. Therefore, we do dimensionality reduction, ﬁrst. This step is done by spectral decomposition of the t-step transition matrix Pt obtained from the
similarity matrix S deﬁned in Section 2.1. Only top Nv eigenvectors with the largest eigenvalues are retained, excluding
the ﬁrst one that equals to the unit vector [10]. Then FCM is
applied to the selected Nv eigenvectors.
Thus, cluster attribution decision goes as follows. First,
each data point is assigned to a cluster with the largest membership value. Moreover, point xi belongs to both clusters cj
and ck if its membership values satisfy the following criteria:

|μij − μik | < Δ− ,
μij + μik > N2 + Δ+ ,
where Δ− and Δ+ are free parameters that deﬁne maximal
difference and minimal sum of the two memberships in order
to declare a data instance as belonging to both clusters. In our
experimental setup, we use MathWorks fuzzy logic toolbox
[11] for FCM computation.

Require: Set of data points Ω, similarity matrix S, parameters t, δd ,
d , δP , σ.
Initialize a set Ψ = {Ω}, Δd as described in Section 2.3;
Compute transition matrix P from S (see Section 2.1);
while true do
Set ΩC = ∅, Ω = ∅;
for all ΩC in Ψ do
Find a sub-division s C of ΩC by solving (3);
Fit two probability distributions P (xi |−), P (xi |+) using
Gaussian kernel density estimation with bandwidth σ applied to negative and positive values of the eigenvector s C
correspondingly.
Estimate posterior probabilities for + and − classes given
xi as P (−|xi ) = P (xi |−)/(P (xi |−) + P (xi |+)),
P (+|xi ) = 1 − P (−|xi );
Deﬁne Ω1C = {xi | sgn(s C (i)) > 0} ∪ {xi |P (−|xi ) ∈
δP , P (+|xi ) ∈ δP } and Ω2C = {xi | sgn(s C (i)) ≤ 0} ∪
{xi |P (−|xi ) ∈ δP , P (+|xi ) ∈ δP };
if Dt (Ω1C ) + Dt (Ω2C ) − Dt (ΩC ) > N Δd then
ΩC = ΩC , Ω = {Ω1C , Ω2C };
end if
end for
if ΩC = ∅ then
Apply the sub-division of ΩC by replacing ΩC in Ψ by the
two elements of the set Ω ;
else
Finish the loop.
end if
end while

Fig. 1. Pseudo code for SDC algorithm
2.6. LDA
In LDA formulation [8] we assume that the number of topics K is given beforehand and ﬁxed, the number of words
in the vocabulary is V , the number of documents is N
and the number of words in d-th document is Nd . Let us
denote a set of documents by w = (w1 , ..., wN ), where
wd = (wd,1 , ..., wd,Nd ) deﬁnes a sequence of words in
d-th document. We denote topics assigned to words by
z = (z1 , ..., zN ), where each zd = (zd,1 , ..., zd,Nd ) corresponds to wd . Suppose, β = {βi |i = 1, ..., V } is a collection
of parameters of Dirichlet distribution [8] corresponding to
prior weights of words in a topic and α = {αi |i = 1, ..., K}
is a collection of parameters of Dirichlet distribution corresponding to prior weights of topics in a document. Given
parameters α and β, the joint probability of w, z, θ and ϕ is
P (w, z, θ, ϕ|α, β) =

K


P (ϕi |β)

i=1

×

Nd


N


P (θd |α)×

d=1


P (zd,n |θd )P (wd,n |ϕ, zd,n ) ,

n=1

where θd ∼ DirK (α) is a multinomial distribution of topics
in document d, ϕi ∼ DirV (β) is a multinomial distribution

3. EXPERIMENTAL RESULTS
3.1. Evaluation metrics
Given the true clustering labels, we use the following evaluation approaches to measure performance of the algorithms:
Normalized Mutual Information (NMI) is an information
theory based metric used to compare true labels and predicted
results - employed here as described in [13].
Average F1 -score computed [14] as F1 = 1/2(F1t + F1d ),
where F1t is F1 -score of best-matching true label to each detected label and F1d is F1 -score of best-matching detected label to each true label. In addition, average F1s and F1m scores
are introduced that are calculated similarly to F1 -score and
show how well an algorithm clusters the true single-labeled
and true multi-labeled instances, respectively.
3.2. Demonstration example
For a demo example, we construct a similarity matrix by randomly generating 600 points in the two dimensional space
where every point belongs to one of three clusters. Each
of these clusters is formed by a Gaussian distribution with
covariance matrix 0.5 × I and consists of 200 points. Two
clusters are shifted from the center of ﬁrst cluster by approximately 1.7 units in the opposite directions along the axis x.
The obtained data set is shown in Figure 2(a), where each
cluster is displayed in its own color. It is clearly visible that
the border is fuzzy and the points in its vicinity are most likely
to have an overlapping nature.
The proposed SDC algorithm is applied to the demo example data set. Figure 2(b) shows clustering results with SDC
for the parameters σ = 0.01, d = 0.1, t = 1, δd = 0.1 and
the probability interval δP = [0.4, 0.6]. The clusters corresponding to original data clusters are displayed in similar colors. Discovered overlapping instances are marked by black
circles. The method successfully determines all three clusters
and marks points near the identiﬁed border as overlaps. The
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of words in topic i, zd,n is identity of topic of word n in document d sampled from θd and wd,n is identity of word n in
document d sampled from ϕzd,n . Then, LDA problem consists in inferring the latent variables z, θ and ϕ that maximize
posterior distribution P (z, θ, ϕ|w, α, β) [8].
To estimate performance of the LDA, we use a Matlab
Topic Modeling toolbox [12]. We adapted this implementation for discovering overlapping clusters of documents. First,
we extract topics with LDA model by estimating z, θ and ϕ.
Then, to every document we assign a label corresponding to
the topic which received maximal probability pmax over all
topics. In addition, we assign to every document all other
topics with probabilities pi such that pi ≥ pmax − δ. Here,
the probability margin parameter δ denotes the maximal probability difference between the winner topic probability pmax
and a probability of a candidate topic pi where i = 1, ..., K.
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Fig. 2. (a) The original data set and true cluster division from
demo example, (b) SDC clustering results for the demo example. Black circles denote overlapping instances.
results of SFCM for this data set are similar to the results of
SDC clustering algorithm. This is likely due to the data ﬁtting
well the underlying assumptions of the methods. Therefore,
we omit the results of SFCM here.
3.3. Reuters data set
In our tests we refer to the tag ’Topics’ of the Reuters data
set [2]. Four topics were selected: grain, crude, interest and
trade. Initially, only the ﬁrst 2000 articles were taken where at
least one of the selected topics was present. Similarity matrix
for the articles was deﬁned as a cosine similarity among L2 normalized term frequency (TF) document vectors.
First, we performed feature selection by extracting a subset of articles where only one of the selected topics was
present. Next, we generated TF features following the procedure of removing punctuation, tokenization, stemming
(Porter stemmer [15]) and ignoring all terms that appear
in more than 40% of documents. Among the obtained TF
features we selected the 500 most discriminative features
according to the χ2 test [16], which effectively resulted in
a reduced vocabulary of 500 terms. We repeated the same
procedure of generating TF matrix for each of the 2000 documents considering only terms from the reduced vocabulary.
Finally, we obtained 1876 articles with at least one non-zero
feature and built a cosine similarity matrix S used as an input
for the tested algorithms.
In our experiments, we were interested in discovering parameter settings for which the tested algorithms produced the
best clustering results in terms of selected average F1 -score
and NMI cluster quality measures. These best parameter values were selected based on the results of a grid search (see
Table 1 for the parameter grid settings). The performance results are displayed in Table 2 with the highest metrics’ values
marked in bold. Presence of two lines for a method in Table
2 signiﬁes that NMI and average F1 -score have attained their
maximum values for different sets of parameters. As one can
see from this table, SDC outperforms other methods under all
their parameter settings from Table 1. We would like to draw

LDA

SFCM

δP [0.2, 0.8]
δd [0.01, 0.2], step 0.01
d [0.0, 0.2], step 0.01
σ 0.01
t [2,3], step 1
Δ− [0.01, 0.2], step 0.01
Δ+ [-0.05, 0.2], step 0.01
Nc [4,8], step 1
m 3
t 2
α [2.5, 25], step 2.5
β [0.005,0.01],step 0.005
δ [0.001,0.3], step 0.001
K [3,5], step 1

Gene
[0.2, 0.8]
[0.01, 0.1], step 0.005
[10−7 ,10−5 ], step 10−7
0.01
[2,4], step 1
[0.01, 0.1], step 0.005
[0, 0.1], step 0.01
[12, 27], step 1
[3,5], step 1
[2,4], step 1
[1,10], step 0.01
[0.01,0.2], step 0.01
[0.05,0.3], step 0.05
[10,27], step 1

Table 2. Reuters results
Parameters
NMI
F1s
F1m
F1
*
0.5994 0.8680 0.8702
0.7631
SDC
**
0.7080
0.6116 0.8613 0.8638
SFCM ***
0.5592 0.8250 0.8291
0.5147
LDA
**** 0.5413 0.8441 0.8499
0.5765
* δP = [0.2, 0.8], δd = 0.13, d = 0.16, σ = 0.01, t = 2
** δP = [0.2, 0.8], δd = 0.07, d = 0.18, σ = 0.01, t = 2
*** Δ− = 0.09, Δ+ = 0.1, Nc = 4, m = 3, t = 2
**** β = 0.0125, α = 7.5, δ = 0.016, K = 4

your attention to the fact that it signiﬁcantly outperforms both
SFCM and LDA in clustering multi-labeled data points. Note
that SDC consistently outperforms LDA, which is a specialized algorithm for text clustering. Clearly, in the grid search
we identiﬁed a number of parameter settings which did not
lead SDC to a reasonable performance. This is a normal situation for any algorithm and some recommendations for parameter settings are therefore required to bring the algorithm
to or close to its (near) optimal performance.
Optimal d and δd values can be chosen based on dynamics 
of group dependence curves (group dependence divided
by gi,j >0 G as a function of iteration number, see Section
2.3). The curves with higher group dependence values are
more likely corresponding to the better parameter values for
d . The suitable value for δd can be selected based on observing the region of group dependence curve where it transitions from being steep to being ﬂat(ter). The point where such
transition happens corresponds to the iteration where further
division should be stopped since any subsequent dependence
gain will be insigniﬁcant and produced clusters become less
contrastive. Once the point of deﬂection/stop is decided upon,
δd is assigned a value that is greater than the dependence gain
following next division and smaller than the dependence gain
from the past divisions.
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Table 1. Parameter grid settings for the Reuters and Gene
data sets. Intervals are denoted with square brackets.
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Fig. 3. (a) Group dependence curves for the Reuters data set,
(b) group dependence curves for the Genbase data set. The
cross signs mark iterations where divisions stop.
Figure 3(a) shows group dependence curves for the
Reuters data set for a number of values of d . The solid
line displays the curve corresponding to d = 0.16 resulted
in the best average F1 -score, while the dotted line represents the curve corresponding to d = 0.18 leading to best
NMI score. We can see that the maximal group dependence
value is reached by the curve corresponding to d = 0.16.
Moreover, for this curve the suggested value of δd should be
approximately 0.13 which agrees with Table 2. Analysis of
Figure 3(a) suggests that group dependence curves correlate
better with average F1 -score compared to NMI.
3.4. Genbase data set
Genbase data set [17] contains descriptions of patterns (motifs) associated with the most important protein families. It
consists of 662 instances with 1185 attributes and each protein
can be associated with 27 labels at maximum. All attributes
are binary, hence, enabling application of LDA. The data set
used here was obtained from the KEEL data repository [18].
To obtain the similarity matrix from the original feature
space of the data set, we ﬁrst constructed a matrix of pair-wise
Hamming distances between instances of the data set H =
{hij |i, j = 1, .., N } as percentages of the number of coordinates that differ. Then, the similarity matrix S = {sij |i, j =
1, ..., N } was derived from the distance matrix using the following transformation: sij = |hij − maxi,j hij |.
The testing procedure was similar to the one described
in Section 3.3. We compared performance of SDC against
SFCM and LDA. The best parameter values were selected
based on the results of a grid search (see Table 1 for the parameter grid settings). Performance results are shown in Table 3 where the highest values of the performance measures
are marked in bold. As one can notice, under some settings
SDC outperforms SFCM and LDA with regard to all performance measures except for F1m for SFCM where it, however,
demonstrates comparable results. Furthermore, SDC signiﬁcantly outperforms both SFCM and LDA in clustering singlelabeled data points. In addition, in Figure 3(b) we plot group

Table 3. Genbase results
Parameters
*
**
SFCM
***
****
LDA
*****
SDC

NMI
0.6808
0.6186
0.6247
0.5051
0.5195

F1
0.6671
0.6047
0.6043
0.5542
0.5284

F1s
0.5840
0.4391
0.4397
0.5451
0.4631

F1m
0.6729
0.6737
0.6788
0.6394
0.6260

* δP = [0.2, 0.8], δd = 0.06, d = 6 × 10−7 , σ = 0.01, t = 4
** Δ− = 0.01, Δ+ = 0.04, Nc = 12, m = 5, t = 2
*** Δ− = 0.035, Δ+ = 0.1, Nc = 12, m = 5, t = 2
**** β = 0.02, α = 1, δ = 0.3, K = 13
***** β = 0.03, α = 2, δ = 0.05, K = 16

dependence curves for a number of parameter values of d .
From this ﬁgure we can see that the curve with the maximal group dependence value corresponds to d = 6 × 10−7
which is the same that led to the maximal average F1 and NMI
scores during clustering via SDC. The recommended value of
δd for this curve shoud be approximately 0.06.
4. CONCLUSIONS
In this work, we presented Soft Dependence Clustering algorithm for revealing structure in data with overlapping clusters
and provided recommendations for parameter settings. This
algorithm speciﬁcally designed for discovering cluster overlaps is an adaptation of Dependence Clustering method introduced earlier. It has a solid probabilistic interpretation derived from Markov chain random-walk model. The method
provides ﬁrmly accurate results compared to SFCM and LDA
used for performance comparison analysis in the presented
work. Depending on the data set, SDC provides either signiﬁcantly higher or comparable accuracy in all performance
measures considered in this paper. The method handles well
different types of data from different domains such as biology
and text data. For text data sets it proved to be more accurate
in detecting multiple groups compared to LDA, which is a
method specially designed for clustering text data.
Despite the SDC algorithm demonstrating substantially
accurate results, it is not speciﬁcally designed for clustering
big data. As the next step, we plan to work towards seamless and efﬁcient integration of our proposed algorithm into a
modern big data framework.
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Abstract—This article proposes a scalable version of the
Dependence Clustering algorithm which belongs to the class
of spectral clustering methods. The method is implemented
in Apache Spark using GraphX API primitives. Moreover, a
fast approximate diffusion procedure that enables algorithms
of spectral clustering type in Spark environment is introduced.
In addition, the proposed algorithm is benchmarked against
Spectral clustering. Results of applying the method to real-life
data allow concluding that the implementation scales well, yet
demonstrating good performance for densely connected graphs.

I. I NTRODUCTION
Efﬁcient analysis and processing of large-scale datasets
requires scalable algorithms and computational frameworks.
To address this challenge, distributed large-scale data processing frameworks have emerged in recent years. One of the
most widely-used frameworks/platforms for processing largescale data, Hadoop [1] is an open source implementation
of MapReduce [2]. Despite performing relatively well for
ofﬂine data, it handles real-time stream data poorly. Moreover,
Hadoop normally processes data from the disk which is inefﬁcient for data mining applications that often require numerous
iterations. It has been reported by a number of works that
Hadoop-run algorithms sustain signiﬁcant performance loss
due to disk I/O operations and network communications [3],
[4].
Apache Spark [5] is a more recent open-source distributed
framework for data analytics which enables, among other
things, fast and efﬁcient processing of large streams of data.
The key features of Spark are in-memory computations and
fault-tolerance. Spark adopts Resilient Distributed Dataset
(RDD) [5], a distributed memory abstraction which supports
two types of operations: transformations and actions. Transformations deﬁne a new RDD based on the existing one, and
actions either return a value to the driver program or export
data to a persistent storage. When a transformation is executed
a new RDD is created with its records distributed across the
main memory. An action operation causes each node to process
its local set of records and return the result. Spark also supports
in-memory caching of datasets which prevents slow disk reads
and performs much faster compared to Hadoop-like systems.
Spark proved itself to be effective for performing machine
learning and data mining tasks involving big datasets. Recently, many works refer to Spark as a tool for creating

competent solutions for data analysis. Many clustering and
anomaly detection algorithms have been developed or adapted
to Spark due to its efﬁcience and high performance. Apache
Spark MLlib library [6] has a number of implemented clustering algorithms such as k-Means, bisecting k-Means, Gaussian
mixtures (GMM), and Power Iteration Clustering (PIC). Some
other famous clustering algorithms have been implemented
in Spark framework but they do not belong to core Spark
libraries, e.g. CURE [7] and a scalable random sampling
variation of fuzzy c-Means [8].
Spectral clustering methods [9] detect structure of data
distribution based on information aquired from the spectrum of
the data afﬁnity matrix. One of the hardest computational tasks
usually seen in spectral clustering methods is the necessity to
solve an eigenvalue problem of the Laplacian matrix derived
from the data afﬁnity matrix. Therefore, spectral clustering algorithms often need to be adapted when applied to large-scale
datasets. One way to improve efﬁcience is reducing size of the
afﬁnity matrix. Another solution is avoiding recomputation as
new data points arrive, making the method suitable for realtime algorithms [10], [11]. A number of methods have been
developed in order to avoid high complexity caused by calculating spectrum of the Laplacian matrix and to make spectral
clustering applicable for large scale datasets. Among them
are approximation methods which perform spectral clustering
on either a subset of representative data points or randomly
sampled values of the afﬁnity matrix and extend the obtained
results to the remaining data points [12], [13], [14], [15].
PIC [16] is an efﬁcient method for clustering data which
embeds data points in a low-dimensional subspace derived
from the afﬁnity matrix, similarly to other spectral clustering
methods. Under the hood, PIC applies 1D k-Means to a nonconverged top ranked eigenvector. In PIC embedding results
in approximation of a linear combination of all eigenvectors
of a normalized afﬁnity matrix where eigenvalues serve as coefﬁcients of the linear combination. Such approach is efﬁcient
compared to traditional spectral clustering due to performing
only a small number of matrix-vector multiplications instead
of running iterations until convergence.
Dependence Clustering (DEP) [17] is a method which considers geometric structures of data and is based on maximizing
the group dependence measure. The method assumes that any
two nodes in the graph can be connected through Markovian

transitions that enables calculation of dependence distance
[18] between graph nodes in a certain evolution step. The
level of connectivity scale in group assignment can be adjusted
improving the ﬂexibility in regulating the level of detail. This
approach determines the optimal number of clusters while
dividing the data into clusters. This is particularly important
for exploratory research related to real world applications with
an unknown number of clusters beforehand. In this paper, a
Spark-based implementation of DEP 1 which allows better
performance for analysis of big datasets is introduced.
The main contributions of the paper consist of
1) Introducing and implementing in Apache Spark a fast
approximate diffusion that enables spectral clustering
type algorithms in Spark environment.
2) Implementing a scalable version of DEP in Apache
Spark framework.
The rest of the paper is organized as follows. Section
II provides descriptions of the main concepts and methods
used in the paper. Sections II-A - II-C explain the proposed
DEP clustering algorithm. Meanwhile, Spark implementation
is described in Section II-D. Section III is devoted to the
experimental results. It introduces evaluation metrics, data
sets and results of the performance tests. Finally, Section IV
completes the paper with conclusions and discussions.
II. M ETHODS
A. Preliminary concepts
We start with a graph deﬁned by an afﬁnity matrix A [19].
The graph is formed by a set of data points Ω = {xi |i =
1, ..., N ; xi ∈ Rn }. Therefore, the matrix A with entries from
R representing pairwise similarities has size N × N . We
deﬁne a Markov chain on this graph by transforming A to
the transition matrix P and the corresponding t-step transition
t
= P r(Xt = j|X0 = i), where a probability
matrix Pt : Pi,j
variable X0 represents the initial state and Xt is a random walk
representing a node at the t-th transition. The transformation
from A to P is done by scaling rows of A so that elements
in each row sum up to one. Assuming that the whole chain is
ergodic and all transitions follow the Markovian property we
deﬁne statistical dependence Di,j,t = Dep(X0 = i, Xt = j)
[18] by the following equation:
Di,j,t =

P r(X0 = i, Xt = j)
.
P r(X0 = i)P r(Xt = j)

(1)

Statistical dependence captures inter-dependency of the node
in the initial state and the node at t-th transition. Let us denote
a group assignment vector by s = [s1 , ..., sN ], where decision
variable si = 1 if data point i belongs to group 1 and si = −1
if it belongs to group 2. Note that in such notation (si sj +1)/2
is 1 if i and j are in the same group and is 0, otherwise. Thus,
given s and t, the group dependence for a particular choice of
s is deﬁned as follows:

1  
Di,j,t − d0 (si sj + 1),
(2)
Dt =
2
xi ,xj ∈Ω

1 https://github.com/Korelena/spark

where Di,j,t is deﬁned in (1), d0 = 1 + d is the baseline
dependence level which is usually set to 1 and d is a dependence margin parameter. A constant d0 effectively normalizes
the statistical dependence for each pair of points equaling zero
when points are considered to be independent. More details
about parameter settings and optimization procedure can be
found in [17].
Group dependence described above captures aggregate interdependency of points within the groups along with considering
the geometrical structure of the data. Hence, statistical dependence serves as a measure of closeness between data points.
B. DEP for two groups
We start with describing the DEP algorithm for a simple
case of bisecting a graph. An optimal clustering solution
can be achieved through maximizing the group dependence
measure Dt by varying the group assignment s of all N points.
We constrain the norm of s to be equal to one: ||s||2 = 1
assuming for simplicity that d = 0. Moreover, we relax the
original formulation (2) so that elements of s become real as
the actual optimization is carried out in the domain of real
numbers R. Then, we obtain a good partition by solving the
following maximization problem:
1
arg max Dt = arg max
(Di,j,t − 1)(si sj + 1).
||s||=1
||s||=1 2 i,j
It can be shown [17] that the problem above is equivalent to
arg max sT (Pt (B(t) )−1 − 11T )s,
||s||=1

(t)

where diagonal matrix B(t) : Bj,j = P r(Xt = j) = [xT0 Pt ]j ,
x0 is the initial probability vector representing prior information related to the initial states, and 1 is the all-ones vector.
This constrained optimization problem can be solved by using
one of the standard eigendecomposition numerical algorithms,
e.g. Power iteration or Arnoldi iteration [20], [27].
Finally, division of the data points is made based on the
signs of the eigenvector corresponding to the largest positive
eigenvalue of G deﬁned by
G = Pt (B(t) )−1 − 11T .

(3)

The nonexistence of positive eigenvalues means no possible
beneﬁts for increasing Dt from further divisions.
C. DEP for multiple groups
To obtain divisions to multiple groups, we apply a standard
subsequent division approach [21]. At every step we consider
binary divisions of every group already found during the
previous iterations, following the DEP algorithm described in
Section II-B. Among possible divisions we proceed with the
one that results in the maximal increase of group dependence
for the whole dataset, effectively performing greedy search.
For the purpose of preventing the algorithm from deﬁning
too small or unclear clusters, we introduce a dependence gain
parameter δd ∈ [0, 1]. The minimal dependence gain required
to split a cluster into two subclusters is calculated as Δd =

 





 

  


  

















 


















 







 





Require: Normalized graph G =< V, E > cf. (3), Δd
1: Initialize a list of data structures holding information about
each group L = [l1 ], where the ﬁrst group includes all
nodes
l1 .V = V and has group dependence l1 .Dt =

ei,j ∈E ei,j .
2: while true do
3:
maxDepGain = 0
4:
maxGroup = -1
5:
for all li in L do
6:
Take a subgraph G =< li .V, E  >⊆ G
7:
Apply PI algorithm to G and obtain the highest
ranked eigenvector s.
8:
Split nodes of G into two sets: V1 for s < 0 and V2
for s > 0
9:
Take two subgraphs of G : G1 =< V1 , E1 > and
, E2 >
G2 =< V2

1
10:
Set Dt = ei,j ∈E  ei,j and Dt2 = ei,j ∈E  ei,j
1
2
11:
Compute a dependence gain of this split as depGain
= Dt1 + Dt2 − li .Dt
12:
if depGain > maxDepGain then
13:
maxDepGain = depGain



 

Our implementation is written in Scala and is inspired by
the implementation of PIC [16]. In addition, we implemented
a Python wrapper. We used GraphX Spark API as a backend
to store sparse dependence matrices in a distributed manner
and perform computations [22], [23]. GraphX exposes dataparallel and graph-parallel paradigms that allow a versatile set
of operations to be done within a single framework.
Consider the data is represented as a graph G =< V, E >
where V and E deﬁne nodes and weighted edges, correspondingly. We assume that data chunks of order O(|V |) can be
stored on a single machine. We also assume that sparsity
of data allows redistributing the data across O(log(|E|) machines. Typical real world large scale graphs tend to respect
skewed power-law distributions of node degrees [24], [25],
[26].
For computing the largest eigenvector of a matrix we used
the Power Iteration (PI) method [27]. PI is an iterative method
that works as follows. Starting with an arbitrary initial vector
v0 = 0 it performs an update vk+1 = cAvk , where A is
the afﬁnity matrix, c = Avk −1 is a normalizing constant.
Due to simplicity of its operations, as only matrix-vector
multiplications are performed, the PI method can be used as
an integral part of scalable large-scale data analytics solutions.
The proposed implementation of the DEP algorithm is
summarized in a pseudo-code below.


  

 
 

  

D. Spark implementation

maxGroup = i
end if
end for
if maxDepGain > N Δd then
Initialize entries for the two new subgroups of maxGroup in L
19:
else
20:
return L which contains entries for all found groups
21:
end if
22: end while
Another computational problem that we addressed was a
diffusion operator [28]. Iterating Markov transition matrix by
taking powers of P has an effect of diffusing probability mass
from the high potential regions to the potential lower ones.
Since a direct multiplication of the large-scale sparse matrices
is computationally demanding we approximate the effect of
probability diffusion by the locally guided diffusion of afﬁnity
in the original afﬁnity space. Namely, we design a procedure of
joining disconnected nodes with the high transitive similarities,
ei,k
ek,j
i.e. on the path vi −−→ vk −−→ vj between disconnected
nodes vi and vj all the weights of the edges ei,k , ek,j and the
inﬂux of the node vk are relatively high.
14:
15:
16:
17:
18:




δd gi,j >0 G, where G is deﬁned in (3). Let us denote a set
of points that belong to a split candidate cluster by ΩC ⊆
Ω. We denote the within-cluster group conﬁgurations before
and after the division of ΩC into two subclusters by sC and
sC , respectively. The division into the subclusters proceeds if
Dt (sC ) − Dt (sC ) > N Δd , where Dt is deﬁned in (2) and N
is size of Ω. Note that all elements from sC are equal to one.



Fig. 1. Illustration of the diffusion procedure. Bold edges denote paths that
satisfy constraints for a new edge addition. Expressions along the bold lines
are the conditions that enabled emergence of new edges. Added edges are
marked dashed. Expressions along the dashed lines determine weights of
the newly formed edges. Node names in the boxes denote nodes that are
aggregated at a particular node aside.

The procedure goes as follows (see Fig. 1). First, for every
node vi we calculate an inﬂux I(vi ) as a sum of weights of
all in-bound edges. Then at every node vi we aggregate a
hash map of nodes vj such that there exists an outgoing edge
from vi to vj . IDs of the nodes vj serve as keys of the hash
map and weights of the edges ei,j serve as its values. Entries
of only those nodes are aggregated that pass a strength test
ei,j × I(vi ) > Δv . At the next step triples of edge, source and
destination nodes are considered, i.e. hash maps of two nodes
vi , vj and their connecting edge ei,j are brought together. A

new edge ei,k is added to the graph if ei,j > Δe and there is
an entry for the node vk in the hash map of vj . The weight of a
newly formed edge becomes the maximum aggregation among
all the paths that enable the new edge, i.e. maxvk (ei,k × ek,j ).
This procedure is guided solely by the local neighbourhood
information. Under the assumption of the graph sparsity and
with a proper set of parameters it should scale well. Namely,
Δv along with Δe control sizes of the hash maps at each
node and the number of added edges. Thus, the procedure
effectively simulates diffusion and, at the same time, the graph
sparsity remains protected by allowing only strong edges to
emerge.
III. E XPERIMENTAL RESULTS
A. Experimental environment
In our experiments we used two setups. The local setup
is a standalone version of Spark that supports parallelization
across multiple cores. The test server had the following characteristics: 1TB of RAM, 64 CPU cores (8 cores Intel Xeon
e7-8837 2.67GHz per CPU). For our tests we only reserved
16 cores/executors with 4GB RAM each and 16 GB RAM for
the driver program. The second setup is a cluster deployed on
Amazon Web Services (AWS) that had 4 slave nodes with 4
cores each and 12.4GB RAM per slave reserved for Spark. A
master node had 4 cores and 16GB RAM in total.
B. Evaluation metrics
Given true clustering labels/categories, we used the following two evaluation metrics to measure performance of the
algorithms.
Purity [29], [30] focuses on the frequency of the most
common category in each cluster and is computed as follows.
First, each cluster is assigned to the most frequent category
in the cluster. Then the number of correctly assigned items is
counted and divided by the total number of clustered items N .
the Purity is deﬁned by the following equation:
1 
max |ck ∩ bj |,
Purity(C, B) =
j
N
k

where C = {c1 , c2 , . . . , cK } is the set of clusters and B =
{b1 , b2 , . . . , bJ } is the set of categories, ci is a set of labels
assigned to the i-th discovered cluster, and bj is a set of j-th
cluster categories.
Inverse Purity [30] focuses on the frequency of the most
common cluster in each category and is deﬁned by the
following equation:
1 
max |ck ∩ bj |.
InversePurity(C, B) =
N j k
Note, that Purity becomes higher when the number of clusters
is large and reaches its maximum when each item gets its own
cluster. Inverse Purity reaches its maximum when all items
belong to a single cluster. Therefore, a combination of the
two measures is normally used for more accurate results.

TABLE I
D IFFUSION TEST RESULTS REPORTED FOR THE R EUTERS -1856 DATASET.

p
1
0.5
0.5
0.5
0.75
0.75

Parameters
t Δe
0
0
2 0.3
1 0.3
0
1 0.3

Δv
85.0
85.0
70.0

Purity

Inverse Purity

0.6775
0.2947
0.6439
0.2947
0.2947
0.6210

0.8566
1.0
0.7766
1.0
1.0
0.8336

C. Reuters data set
In our tests we refer to the tag Topics of the Reuters
dataset [31]. We prepared two datasets named Reuters-8852
and Reuters-1876. Reuters-8852 was formed in the following
way. Among all topics the following ten were selected: moneyfx, grain, crude, interest, trade, ship, acq, earn, wheat and
corn. Initially, 9400 articles were taken where at least one
of the selected topics was present. The afﬁnity matrix for
the articles was deﬁned as a cosine similarity among L2 normalized term frequency (TF) document vectors.
We cleaned the data in the following way. First, we extracted
a subset of articles where only one of the selected topics was
present. Next, we generated TF features following the procedure of removing punctuation, tokenization and stemming
(Porter stemmer [32]). We skipped all the terms that appeared
in more than 40% of documents. Among the obtained TF
features we selected the 1000 most discriminative features
according to the χ2 test [33], which effectively resulted in
a reduced vocabulary of 1000 terms. Similarly, we generated
TF matrix for each of the 9400 documents considering only
terms from the reduced vocabulary. Finally, we obtained 8852
articles with at least one non-zero feature and built the afﬁnity
matrix A which we used for testing the algorithm.
Reuters-1876 was derived in a similar way except that we
used 500 TF features and considered only four topics: grain,
crude, interest and trade. This dataset initially contained 2000
documents before all the empty documents were removed.
Finally, Reuters-1876 had 1876 documents.
D. Diffusion test
To verify correctness of the diffusion procedure we run the
tests on the Reuters-1876 dataset. Table I displays results of
applying DEP to the Reuters-1876 dataset undergoing different
subsampling and diffusion rates. Here the parameter p stands
for the sampling probability. The parameter t is the number
of diffusion iterations applied to a graph. Thus, t = 0 means
no diffusion was applied. First, we run the DEP algorithm on
the original Reuters-1876 dense graph data. Next, we run DEP
on the same dataset which was subsampled ﬁrst by a factor
of two (p = 0.5) that signiﬁcantly degraded clustering scores.
Applying DEP to the subsampled by a factor of two data with
diffusion under parameter settings: t=2, Δe =0.3, Δv =85.0
produced results comparable to the clustering results without

subsampling and diffusion. Moreover, running diffusion under
the same parameter settings but only ones (t = 1) still resulted
in degraded solution. The latter means that subsampling has
made severe damage to the graph structure.
We also applied DEP with and without diffusion to a less
degraded graph where only quater of the edges were randomly
discarded (p = 0.75) to verify the effect of the diffusion
scale parameter t. In this case running the algorithm without
diffusion resulted in much less accurate results compared to
the scores of a run with diffusion applied. In all the runs
d =0.16, δd =0.13. These results conﬁrm that the diffusion
procedure correctly reconstructs the graph structure.
E. Scalability test
We verify scalability of our implementation using both local
and cluster setups. To perform the test we ﬁrst sparsify the
Reuters-8852 dataset by dropping all the edges that have
weights less than 0.35. After this step 3742377 edges and all
8852 nodes were retained. Next, we run the DEP algorithm
for the successively reduced dataset measuring execution times
(see Fig.2). We partitioned the dataset to 16 partitions. In this
experiment, other parameters were set to the following values:
d = 0.35, δd = 0.00, t=0.
One can verify that the DEP algorithm scaled near linearly
in terms of the number of computations with respect to the
number of nodes. From Fig. 2 one can see that the difference
in timings between local and cluster setups is nearly constant
and is apparently caused by additional network communication
in cluster setup.
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TABLE II
P ERFORMANCE COMPARISON RESULTS REPORTED FOR THE
R EUTERS -1856 DATASET. M EAN AND ( STANDARD DEVIATION ) ARE
SHOWN FOR P URITY AND I NVERSE P URITY.

Method
DEP
Spectral clustering

Purity
0.6775 (0.0)
0.3070 (0.0079)

Inverse Purity
0.8566 (0.0)
0.6825 (0.2000)

The results are displayed in Table II. For each method we
reported mean and standard deviation values of Purity and
Inverse Purity computed over 100 iterations. DEP was more
accurate compared to Spectral clustering with regard to both
measures. Moreover, low standard deviation implies that DEP
was more stable compared to Spectral clustering.
IV. C ONCLUSION
In this paper we described a scalable Spark-based implementation of the DEP algorithm for clustering data points.
The implementation is backed by the efﬁcient Graphx API
that supports graph-parallel and data-parallel paradigms. The
method belongs to the class of spectral clustering algorithms
and performs iteratively greedy binary splits to subgroups,
thus, also resembling divisive hierarchical clustering scheme.
We introduced an approximate diffusion algorithm that acts
over afﬁnity data matrix and simulates Markov transitions. One
should, however, carefully choose parameters in order to avoid
memory overﬂow and to stay in bounded computational resources requirements. An interesting research direction would
be to further explore various schemes for carrying out the
diffusion.
The tests with real data show that the proposed implementation performs well. Moreover, our algorithm outperformed
Spectral clustering which is a common, yet, strong benchmark
in cluster analysis. The proposed algorithm can be applied for
cluster analysis of large data sets. The potential applications
of the algorithm span analysis of text, social networks and
network security data, which is a focus of future research.
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Fig. 2. Execution time of DEP as a function of number of nodes in the
dataset.

F. Performance comparison
We compared clustering results of the DEP and Spectral
clustering [9] methods applied to the Reuters-1856 dataset.
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Abstract—Keystroke dynamics is one of the authentication
mechanisms which uses natural typing pattern of a user for
identiﬁcation. In this work, we introduced Dependence Clustering based approach to user authentication using keystroke
dynamics. In addition, we applied a k-NN-based approach that
demonstrated strong results. Most of the existing approaches
use only genuine users data for training and validation. We
designed a cross validation procedure with artiﬁcially generated
impostor samples that improves the learning process yet allows
fair comparison to previous works. We evaluated the methods
using the CMU keystroke dynamics benchmark dataset. Both
proposed approaches outperformed the previous state-of-the-art
results for the CMU dataset for unsupervised learning.

I. I NTRODUCTION
With the rapidly expanding internet services industry and,
thus, the increasing importance of cyber security, the user
identiﬁcation and authentication problems have become a
focus for many research labs. User’s identity is normally
veriﬁed by an access control mechanism, which performs the
authentication task. Traditional approaches to access control
provide good performance, however, they have some limitations. For example, passwords or PINs can be forgotten,
lost or stolen which threatens security. Hence, new forms
of authentication based on conjunction of traditional methods
with biometrics are becoming more popular within computer
security.
Biometrics are deﬁned as the physical traits and behavioral
characteristics that identify a living person [1]. Among them,
keystroke dynamics [2] is considered as a strong behavioral
biometric based authentication system. Keystroke dynamics
statistics allow extracting timing features containing information about human’s typing rhythms, i.e. time intervals between
(a) the key presses of consecutive keys, (b) pressing a key
and releasing next key, (c) pressing and releasing a key. Such
typing patterns can serve as a human’s identiﬁer due to their
ability to activate similar behavioral and cognitive mechanisms
cf. handwritten signatures. Moreover, implementation cost of
keystroke dynamics is very low as only a keyboard is needed
for data collection. Among other advantages are the ability
to operate in hidden mode, high user acceptance and ease of
integration to existing security systems [3].
Despite all the advantages keystroke dynamics can be inﬂuenced by external factors, e.g. environmental conditions or
keyboard device, or emotional state producing some noise and

causing lower accuracy and permanence [4], [3]. With the help
of statistical, machine learning or other algorithms researchers
can identify behavioral patterns which allow distinguishing
among the users based on speciﬁc characteristics. Analysis of
typing patterns can be a powerful security tool for detecting
intrusions or threats, or for distinguishing between genuine
users and impostors during authentication [5], [6], [7], [8].
The rest of the paper is organized as follows. Section
II shortly reviews the current state of keystroke dynamics
techniques. Section III brieﬂy describes the dataset used in this
work and the data collection procedure. Section IV provides
descriptions of the main concepts and methods used in the
paper. Sections IV-A - IV-D explain the DC algorithm and
the DC based anomaly detection method, while Section IV-E
refers to k-NN based anomaly detection approach. Evaluation
procedure is described in Section IV-F. Meanwhile, Section V
is devoted to the experimental results. It describes parameter
estimation procedure and results of the performance tests.
Finally, Section VI concludes the paper.
II. R ELATED W ORK
Most of the previous research works in keystroke dynamics
refer to authentication systems. For user’s authentication via
keystroke dynamics either static or free text models can be
used. The majority of previous works focus on static text when
users type speciﬁc predeﬁned text such as password [7], [2]. In
more advanced and secure systems, users are being continually
authenticated and monitored based on free text models when
users type arbitrary input text of any length [9], [10], [2].
A vast amount of performance results obtained using various
keystroke dynamics datasets have been reported by studies.
Most of the studies collected own data, therefore, making
performance comparison among the works difﬁcult. To tackle
this issue, in [11] authors present a comprehensive comparative
study of detecting anomalies using keystroke dynamics dataset
(CMU), thus, making a good benchmark. The authors collected
data and implemented 14 anomaly detection algorithms for
detecting anomalies in keystroke dynamics. Each detector
was trained on a set of timing vectors of a true user, thus,
providing a true-user behavioral model. Then the rest of data
samples were tested against the true-user behavioral model and
assigned an anomaly score. The parameters tuning was not
performed in the experiments of this study due to a possible

bias in the evaluation results. Instead, the authors used the
parameters reported in the source studies. In addition to [11]
there are a number of works presenting performance results for
the CMU keystroke dynamics benchmark dataset. According
to [11] the top detectors demonstrating best results on the
CMU dataset are the scaled Manhattan distance [12] and the
nearest neighbor with Mahalanobis distance [13] with equal
error rate (EER) values of 0.096 and 0.100, correspondingly.
The best zero-miss false-alarm (ZMFAR) rate belongs to the
nearest neighbor detector using Mahalanobis distance with the
value of 0.482. Classical Mahalanobis [14] and the normed
Mahalanobis [15] detectors demonstrate equal ZMFAR values
of 0.482.
Following [11] a number of works proposed new algorithms
and compared their performance with existing results. In [16],
the authors followed the study in [11] by introducing new
detectors and improving the results by using the same protocol
and evaluation procedure in order to guarantee fair performance comparison. They introduced a new distance measure
by combining Mahalanobis and Manhattan measures and used
it in combination with the nearest neighbor classiﬁer. They
improved EER by 0.9% and ZMFAR by 4.5% compared to the
best results in [11]. Furthermore, the Gaussian mixture model
(GMM) was applied [17] producing EER of 0.087. Despite
the authors also reported additional even better results we
omit them here as the testing procedure was different from the
one described in [11] making the fair comparison impossible.
Another work [18] devoted to applications of neural networks
to keystroke data reports improved results compared to the
best performance values from [11]. The authors got EER
of 0.0773 by using Levenberge-Marquardt backpropagation
network. However, they incorporated negative examples into
the training set. This prevents fair comparison with [11] where
detectors were trained with the use of only positive samples.
All aforementioned performance results can be found in Table
I.
In this work, we propose two anomaly detection approaches
based on k-nearest neighbors (k-NN) and dependence clustering (DC) [19]. Despite its simplicity, k-NN is a strong benchmark and often provides state-of-the art results in different
tasks including biometric identiﬁcation and authentiﬁcation
[20]. In our study, we employ a k-NN based approach combining with Manhattan distance. DC is a spectral clustering type
algorithm which has been used for the clustering tasks. In this
study, we adapt DC to solving anomaly detection problems.
We test the methods on the CMU dataset and compare the
obtained results with the performance reported in [11]. We
reproduce training and evaluation procedures according to [11]
to ensure fair comparison among detectors. Both proposed
methods outperform the previous known state-of-the-art results
on the CMU dataset.
III. DATA
Detailed information of how the data was collected can be
found in [11]. In this section, we provide a brief description
of the data and the data collection procedure. For password

generation and verifying its strength, publicly available tools
were used [21], [22].
The password was generated as a sequence of 10 characters containing letters, numbers and punctuation signs. The
obtained sequence was manually modiﬁed by altering some
punctuation and casing in order to better meet requirements
of a strong password. This resulted in password .tie5Roanl
that still was rated strong. During data collection the same
password was typed by all subjects.
The data was collected from 51 subjects of different age,
sex and handedness groups. Each subject resulted in 400
password-typing samples. After all data had been collected,
a set of timing features were extracted from raw data. Finally,
31 timing features were generated. Despite known correlations
and linear dependency among timing features all of them were
left in the data with a purpose of being useful in evaluation of
future works. Possible adverse effect on some detectors can
be avoided through a careful feature selection procedure [23].
IV. M ETHODS
A. Preliminary concepts
Dependence Clustering (DC) is a method which considers
geometric structures of data and is based on maximizing the
group dependence measure. First, let us introduce essential
assumptions regarding the data and concepts foundational this
algorithm.
Given a set of data points Ω = {xi |i = 1, ..., N ; xi ∈ Rn }
we form a graph deﬁned by a similarity matrix S of size
N × N . By scaling rows of S so that elements in each
row sum up to one we transform S to the transition matrix
P and the corresponding t-step transition matrix Pt , thus,
deﬁning the Markov chain on this graph. The t-step transition
t
= P r(Xt = j|X0 = i),
matrix is calculated as Pt : Pi,j
where X0 represents probability at the initial state and Xt
is a random walk representing a node at the t-th transition.
Further, we assume that the whole chain is ergodic and
that any two nodes in the graph can be connected through
Markovian transitions. This enables calculation of statistical
dependence between graph nodes in a certain evolution step
Di,j,t = Dep(X0 = i, Xt = j) [24] that is deﬁned by the
following equation:
Di,j,t =

P r(X0 = i, Xt = j)
.
P r(X0 = i)P r(Xt = j)

(1)

Statistical dependence serves as a measure of closeness between data points.
Then we deﬁne group dependence Dt as
 

Di,j,t − d0 (si sj + 1)/2,
(2)
Dt (s) =
xi ,xj ∈Ω

where Di,j,t is deﬁned in (1), s = [s1 , ..., sN ] is a group
assignment vector, where decision variable si = 1 if data point
i belongs to group 1 and si = −1 if it belongs to group 2 and
d0 = 1 + d is the baseline dependence level which is usually
set to 1. More detailed information about parameter settings
and optimization procedure can be found in [19].

B. DC for two groups
The actual optimization is carried out in the domain of real
numbers R. Hence, we relax the original formulation (2) so
that elements of s become real. We start with a simple case of
bisecting a graph. By varying the group assignment s of all N
points and constraining the L2 norm of s to be equal to one:
||s||2 = 1 we obtain a good partition through maximizing the
group dependence measure Dt (s) as follows:

arg max Dt (s) = arg max
(Di,j,t − 1)(si sj + 1)/2
||s||=1

||s||=1

i,j

= arg max sT (Pt (B(t) )−1 − 11T )s
||s||=1

(3)

(t)

where B(t) : Bj,j = P r(Xt = j) = [xT0 Pt ]j , x0 is the initial
probability vector representing prior information related to the
initial states, d is assumed to be 0, for simplicity. The division
of the data points is made based on the signs of the eigenvector
corresponding to the largest positive eigenvalue of G0 and
stops when we get no positive eigenvalues. The matrix G0 is
deﬁned by
G0 = Pt (B(t) )−1 − 11T .

(4)

Note that generally matrix G0 is not symmetric. However,
the nature of many datasets, including the CMU dataset used
in this study, implies symmetry of similarity relation which
obeys commutative property. Therefore, in this paper we make
divisions based on eigendecomposition of a symmetric matrix
G = G0 + G T
0.
C. DC for multiple groups
In order to obtain divisions to multiple groups a standard
subsequent division approach is applied [25]. At every step
we make binary splits of each group already found during
the previous iterations, following the procedure described in
Section IV-B. We proceed with an optimal division as the one
which resulted in the maximal increase of group dependence
for the whole dataset. Moreover, the following condition must
fulﬁll: Dt (sgn(s C ))−Dt (sC ) > N Δd , where sC and s C are
within-cluster group conﬁgurations of a split candidate cluster
ΩC ⊆ Ω before and after the division, correspondingly,
 Dt (s)
is deﬁned by (2) and N is the size of ΩC . Δd = δd gi,j >0 G
is the minimal dependence gain required to split a cluster
into two sub-clusters where δd ∈ [0, 1] is a dependence
gain parameter. δd serves as a regularization parameter which
prevents the algorithm from deﬁning too small or too unclear
clusters. Figure 1 displays pseudo code summarizing the above
steps.
D. DC-based anomaly detection
For discovering anomalies we use the following procedure.
First, we apply z-score normalization [26] to the data. Next,
we build a similarity matrix by ﬁrst computing pairwise
distance matrix using either Manhattan or Euclidean distance.
We transform the distance matrix to the similarity matrix by
using the following non-linearity sij = exp(−αdij ), where dij
denotes an element of the pairwise distance matrix, sij denotes

Require: Set of data points Ω, similarity matrix S, parameters t, δd ,
d .
Initialize a set Ψ = {Ω}, Δd as described in Section IV-C;
Compute transition matrix P from S (see Section IV-A);
while true do
Set ΩC = ∅, Ω = ∅;
for all ΩC in Ψ do
Find a sub-division s C of ΩC by solving (3);
Deﬁne Ω1C = {xi | sgn(s C (i)) > 0} and
Ω2C = {xi | sgn(s C (i)) ≤ 0};
1
if Dt (ΩC ) + Dt (Ω2C ) − Dt (ΩC ) > N Δd then
ΩC = ΩC , Ω = {Ω1C , Ω2C };
end if
end for
if ΩC = ∅ then
Apply the sub-division of ΩC by replacing ΩC in Ψ by the
two elements of the set Ω ;
else
Finish the loop.
end if
end while
Fig. 1. Pseudo code for DC algorithm

an element of the similarity matrix and α is a scale parameter.
We anticipate that this non-linearity matches distribution of
the pairwise distances well. In other words, it gives more
resolution in the region of the distances we are interested in the
most. Further, using the DC algorithm we divide the training
set into clusters. The median Manhattan distance between a
test sample and each cluster mean is then used as anomaly
score for this test sample.
E.

k -NN-based anomaly detection

k-NN [14] is a well-known method used for classiﬁcation
or regression. It belongs to the category of instance-based
learning methods when training phase is essentially missing.
All computations are done locally with k nearest neighbors
from the training set during testing phase.
For discovering anomalies we use the following procedure.
First, we apply z-score normalization [26] to the data. Then
for every test sample we compute Manhattan distance between
itself and the mean value of its k-nearest neighbors. This
distance is used as anomaly score for the test sample.
F. Evaluation
In our experiments we used the same procedure of building
training and testing sets as described in [11]. Thus, for each
user the ﬁrst 200 samples were assigned to the training set
and the last 200 samples were assigned to the test set as
positive samples (true user’s patterns). Moreover, the ﬁrst 5
repetitions from every other user were added to the test set as
negative samples (impostor’s patterns). Note that training sets
are constructed so that they contain only positive examples. To
be able to perform cross-validation we need, however, negative
samples as well. Using the true impostors’ patterns during
cross-validation would lead to unfair comparison with the
results from [11] as our algorithms will indirectly learn to discriminate among positive and negative samples. Therefore, we

TABLE I
P ERFORMANCE COMPARISON OF THE BEST REPORTED ALGORITHMS ON THE SAME CMU DATASET. M EAN AND ( STANDARD DEVIATION ) ARE SHOWN
FOR THE EQUAL ERROR RATE (EER) AND ZERO - MISS FALSE - ALARM RATES (ZMFAR).
Algorithm
Nearest Neighbor (Mahalanobis)
Manhattan (scaled)
GMM
Combined Mahalanobis and Mahattan distance
k-NN (Manhattan)
k-NN (Manhattan)
k-NN (Manhattan)
DC (Euclidean)
DC (Manhattan)

Parameters

EER
0.100 (0.064)
0.096 (0.069)
0.087 (0.058)
0.084 (0.056)
0.078 (0.055)
0.078 (0.056)
0.078 (0.057)
0.078 (0.056)
0.077 (0.055)

k=3
k=6
k=8
*
**

ZMFAR
0.468 (0.272)
0.601 (0.337)
0.385 (0.267)
0.377 (0.272)
0.377 (0.276)
0.390 (0.280)
0.358 (0.256)

* δd = 0, d = 0.001, α = 3.33, t = 1, Manhattan distance; ** δd = 0, d = 0.01, α = 10, t = 1, Manhattan distance

V. R ESULTS
The results corresponding to the best parameter values
obtained during cross validation as well as the parameter
values themselves are shown in Table I. For reference, Table
I also displays the best results from the previous studies
related to the CMU dataset, reported in Section II. One can
see that the presented k-NN and DC approaches demonstrate
improved results compared to the previous works. Thus, EER
was improved by 7% compared to combined Mahalanobis
and Manhattan distance detector [16]. We cannot compare our
ZMFAR with the results from [16] as it was not reported in
their work. Although, we improved ZMFAR by 11% compared
to Nearest Neighbor (Mahalanobis) demonstrating the lowest
ZMFAR in [11].
The best results have been shown by the DC method when
using Manhattan distance in both stages of the algorithm:

generating similarity matrix at the step of clustering and
calculating distance at the step of discovering anomalies.
We pay attention to the fact that not only the EER and
ZMFAR performance measures have been improved but also
their standard deviation values (displayed in brackets) became
lower, which signiﬁes superior robustness of the proposed
methods.
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designed a procedure to generate artiﬁcial negative samples.
For each user we generated 200 additional negative samples
by randomly sampling values for every feature independently
from the entire data. Thus, for every user we obtained 200
new artiﬁcial samples served as impostors. Finally, we merged
the obtained negative samples with the original training sets.
We ran 10-fold cross validation procedure on the obtained
validation sets of 400 samples independently for each user.
Note that the randomly obtained artiﬁcial samples are not the
points from the original dataset. Therefore, with this procedure
we avoid using real test samples in the training/validation
phase.
After the optimal parameter values had been set up the
methods were red trained and tested using the same procedure
as described in [11]. The obtained anomaly scores were
converted into standard measures of error. The following two
measures have been used for estimating performance of all
detectors.
• Equal error rate (EER) [27] corresponds to a point on
the ROC curve where miss rate and false-alarm rate are
equal.
• Zero-miss false-alarm rate (ZMFAR) [13] is a measure
minimizing false-alarm rate constraining the miss rate is
zero.
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Fig. 2. (a) - ROC curves, (b) - zoomed in ROC curves for anomaly detection
algorithms.

To visualize the results we plot ROC curves in Figure
2. Figure 2(b) is a zoomed version of Figure 2(a). ROC
curves corresponding to the DC and k-NN based approaches
proposed in this paper are displayed by plain and dotted lines,
correspondingly. Furthermore, by dashed and dash-dot lines
we plot ROC curves for Manhattan (Scaled) and Nearest
Neighbor (Mahalanobis) detectors which demonstrated the
best EER and ZMFAR in [11]. The threshold for calculating
EER is chosen so that detector miss and false-alarm rates are
equal. In Figure 2 it corresponds to the point where the line
y = 1 − x displayed in red crosses the detector ROC curve.
While computing ROC curves we used concatenated prediction results for all users, i.e. the varied parameter for building
ROC curves represented global user-wide threshold (anomaly
score) values. Note, this approach is different from the one
used for calculation of EER and ZMFAR scores in Table I as
the scores were taken as averages from per-user ROC curves.
In the latter case the ROC curve parameter was varied for each
user independently representing individual user threshold. The
obtained ROC curve is a smoothed version of the individual

user ROC curves due to substantial variation in ZMFAR rate,
in particular. Average EER and ZMFAR rates are higher than
the ones measured from the user-wide ROC curve, since by
varying anomaly score individually for every user we have
more degrees of freedom, i.e. more powerful model. The
ROC curves show that the methods generalize well even using
global anomaly score threshold and can be further improved
by choosing specialized per-user thresholds.
VI. C ONCLUSIONS
In this work we proposed two approaches for detecting
anomalies in the CMU dataset. One approach is based on the
well-known k-NN and the other approach is based on DC
thoroughly described here. Both proposed approaches outperform previous results that we know for this dataset respecting
unsupervised learning setting. The main contributions of our
work include:
(a) We improved upon the previous state-of-the-art results
for the CMU dataset reported in [11], [16] for the
unsupervised learning.
(b) We designed a cross validation procedure with artiﬁcially
generated negative samples that allows avoiding the use
of true negative samples in the learning process. Using
the true negative samples during cross-validation would
prevent fair comparison with the previous studies and
result in violation of purely unsupervised learning setting.
The improved results for the CMU dataset, indirectly,
justify the validity of this procedure.
(c) We adapted a spectral clustering style algorithm previously used only for clustering problems to anomaly
detection.
The practical implications of the presented results manifest in
enabling more accurate and robust intrusion detection systems.
In the future the proposed approaches can be extended
to other datasets related to more diverse security threats.
Moreover, we plan to extend the DC approach to using dependence distance when computing anomaly score or determining
the closest cluster of a test point. This extension requires
changes in implementation of the DC algorithm that will
allow performing real-time incremental computations with test
points.
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Abstract. With the emergence of cloud computing, many attacks,
including Distributed Denial-of-Service (DDoS) attacks, have changed
their direction towards cloud environment. In particular, DDoS attacks
have changed in scale, methods, and targets and become more complex by using advantages provided by cloud computing. Modern cloud
computing environments can beneﬁt from moving towards SoftwareDeﬁned Networking (SDN) technology, which allows network engineers
and administrators to respond quickly to the changing business requirements. In this paper, we propose an approach for detecting applicationlayer DDoS attacks in cloud environment with SDN. The algorithm is
applied to statistics extracted from network ﬂows and, therefore, is suitable for detecting attacks that utilize encrypted protocols. The proposed
detection approach is comprised of the extraction of normal user behavior patterns and detection of anomalies that signiﬁcantly deviate from
these patterns. The algorithm is evaluated using DDoS detection system
prototype. Simulation results show that intermediate application-layer
DDoS attacks can be properly detected, while the number of false alarms
remains low.
Keywords: DDoS attack · Anomaly detection
Behavior pattern · Probabilistic model
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Introduction

Distributed Denial-of-Service (DDoS) is a coordinated attack which by using
multiple hosts prevents legitimate users from accessing a speciﬁc network
resource, e.g. email, websites, online banking, etc. In DDoS attack, by taking
control of the computer and sending a stream of packets an attacker may perform attacks to other computers by sending spam messages or huge amount of
data to a website. The target server, overloaded with requests, either becomes
very slow even unusable or totally crashes since it can only process a certain
number of requests at once. Thus, the server becomes unavailable to the legitimate clients. Another way of the attack is sending malformed packets that cause
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the target machine to freeze or reboot [15]. There are many other ways to deny
services on the Internet [21]. DDoS attacks have become a major threat to the
stability in modern high-speed networks [19]. Being hard to detect and abort in
a timely fashion, these attacks can be used to disable strategic business, government, media and public utility sites prompting victims to loose productivity,
revenue and reputation.
Traditional DDoS attacks are carried out at the network layer. Among them
are volume-based attacks (e.g. UDP ﬂoods, ICMP ﬂoods, etc.) and protocol
attacks (e.g. SYN ﬂoods, Smurf DDoS, etc.). Volume-based attacks attempt to
consume the bandwidth either within the target network/service, or between
the target network/service and the rest of the Internet, when protocol attacks
attempt to consume actual server or intermediate communication equipment
resources, such as ﬁrewalls and load balancer. Recently, these types of attacks
have been well studied and various schemes for protecting network against such
attacks have been reported [2, 8, 14]. Application-layer attack is a more advanced
attack which targets vulnerabilities in operative systems and web applications.
These attacks can be performed by seemingly innocent and legitimate requests
from only a few attacking machines generating low traﬃc rate, which makes
them diﬃcult to detect and mitigate.
One of the most frequent application-layer DDoS attacks nowadays are
attacks that involve the use of HTTP protocol. These attacks can be grouped
into three major categories, depending on the level of sophistication [21]. Trivial attacks, where each bot sends a limited number of unrelated HTTP attacks
towards the target site, comprise the majority of application-level DDoS attacks
on the Internet. In intermediate attacks bots continuously generate random
sequences of browser-like requests of web pages with all embedded content. Such
procedure allows the attack traﬃc ﬁtting better in regular human requests.
Advanced attacks consist of a carefully chosen sequence of HTTP requests in
order to better mimic the browsing behavior of regular human visitors. Advanced
DDoS attacks are believed to raise popularity in the future [21].
Defending against a trivial HTTP attack does not require a complex detection
system. Trivial attack can be detected by inspecting each request to determine
if it comes from a legitimate user. Intermediate and advanced attacks, however,
require more sophisticated techniques [21]. To name a few, paper [24] analyses
intermediate application-layer DDoS attacks by deﬁning a model of normal user
behavior via a number of clustering techniques and comparing conversations
against such normal patterns. Xu et al. [23] model user browsing behavior by
random walk graph and identify attackers based on analysis of their page-request
sequences. Paper [3] proposes a new clustering algorithm against HTTP-GET
attacks using entropy-based clustering and Bayes factor analysis for classiﬁcation
of legitimate sessions. Most of the current studies devoted to HTTP-based DDoS
attack detection focus on un-encrypted HTTP traﬃc. Nowadays many DDoS
attacks are utilizing secure protocols for data encryption in the application layer
of network connections making their detection more diﬃcult. In this work, we
concentrate on intermediate attacks in encrypted traﬃc.
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Recently, cloud computing has become a strong contender to traditional
on-premise implementations. The main reason is that cloud environments oﬀer
advantages such as on-demand resource availability, pay as you go billing, better
hardware utilization, no in-house depreciation losses, and, no maintenance overhead [20]. Cloud resources are provided to the customers in the form of virtual
machines (VMs). Cloud service provider has to guarantee the security of the
machines by ﬁltering unwanted traﬃc from other cloud customer networks and
external hosts. Despite willing to be secured against attacks, cloud customers
may wish to remain their traﬃc un-encrypted. Thus, the cloud service provider
has to detect attacks without relying on encrypted packet payload. With the
emergence of cloud computing, many attacks, including DDoS attacks, have
changed their direction towards cloud environment. In particular, DDoS attacks
have changed in scale, methods, and targets and become more complex by using
advantages provided by cloud computing.
Modern cloud computing environments can beneﬁt from moving towards
Software-Deﬁned Networking (SDN) technology. In SDN, the control logic is
separated from individual forwarding devices, such as routers and switches, and
implemented in a logically centralized controller. This allows the network control to be programmable and the underlying infrastructure to be abstracted for
applications and network services. As a result, SDN allows network engineers
and administrators to respond quickly to the changing business requirements by
shaping traﬃc from the central controller without having to touch the physical
switches. They use software to prioritize, redirect or block traﬃc either globally
or in varying degrees down to individual packet levels.
There have been a number of works related to detection of network-based
DDoS attacks in SDN. Phan et al. [18] introduce a hybrid approach based
on combination of SVM and SOM [6] for ﬂow classiﬁcation in network traﬃc.
Another work [22] suggests an attack detection system based on Bloom Filter
and SDN to handle the link ﬂooding attacks. In [11] a method based on SDN
to detect DDoS attacks initiated by a larger number of bots for solving server
attacks is proposed. The method uses the standard OpenFlow APIs designed for
operation in general SDN environments. Other approaches related to detection
of network-based DDoS attacks in SDN using machine learning techniques are
described in [1, 4, 10]. To the best of our knowledge, there are only a few studies
that try to detect application-based DDoS attacks in cloud environments with
the help of SDN. Mohammadi et al. [16] present a software deﬁned solution
named Completely Automated DDoS Attack Mitigation Platform (CAAMP).
When suspicious traﬃc is detected, CAAMP stores a copy of the original application on a private cloud and redirects suspicious traﬃc there. Thus, more time
can be spent for processing suspicious traﬃc with no extra costs.
The aim of our research is to provide eﬃcient and proactive solution for
detecting application-layer DDoS attacks in cloud environment with the help
of SDN. We propose a detection approach which is comprised of extracting
normal user behavior patterns and detecting anomalies that signiﬁcantly deviate
from these patterns. This allows detection of attacks from legitimately connected
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network machines that are accomplished by using legitimate requests. Due to
operating with information extracted from packet headers, the proposed scheme
can be applied in secure protocols that encrypt the data of network connections
without its decrypting. In order to evaluate our scheme, we implement a DDoS
detection system prototype that employs the proposed algorithm. Simulation
results show that intermediate application-layer DDoS attacks can be properly
detected, while the number of false alarms remains very low. Finally, not only
do we provide solution for detecting application-layer DDoS attacks in SDNdriven cloud environments, but also enhance the detection algorithm proposed
in previous work [25]. These enhancements include:
1. Improved performance scores (FPR, TPR, accuracy).
2. Reduced number of parameters to eﬀectively just one, which is the cluster
number parameter in the ﬁrst phase training when using k-Means. The second
training phase is essentially parameterless.
3. Signiﬁcant reducing the amount of storage needed by the detection algorithm.
That is we only need to store centroids from the clustering phase and transition/marginal probability matrices from the second phase for each sequence
length plus thresholds that are found automatically. Thus, the storage complexity is quadratic in the number of possible clusters O(k 2 ), while it was at
least O(k 4 ).
The rest of the paper is organized as follows. Section 2 brieﬂy describes the
experiment setup. Section 3 summarizes main concepts and provides theoretical
background of the proposed approach. Section 4 describes the algorithm proposed in the paper. Section 4.1 explains feature extraction process, while training and detection procedures are clariﬁed in Sects. 4.2, 4.3 and 4.4. Meanwhile,
Sect. 5 is devoted to the experimental results. It describes simulation environment, data set and results of the performance tests. Finally, Sect. 6 concludes
the paper and outlines future work.

2

Problem Formulation

We consider a cloud environment in which cloud customers are allowed to create
private virtual networks and connect them to the existing public networks with
the help of virtual routers. In addition, every customer can spawn several virtual
instances in own virtual networks. Each customer operates inside one of the
projects created by a system administrator for a particular set of user accounts.
We assume that neither user or administrator accounts have been compromised.
Further, we assume that networking inside the cloud is carried out with the
help of SDN that includes an SDN controller and several SDN forwarding devices
that are designed for working with virtual instances. SDN controller and switches
communicate between each other inside the cloud management network and are
not available directly from the data center VMs or external hosts. Scenarios in
which either the controller or one of the switches is compromised are out of scope
of this paper.
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We consider a cloud customer that deploys several virtual web servers inside
a virtual network providing access for other cloud customers as well as external
hosts. Communication between the web servers and the users is carried out with
encrypted traﬃc. Even though the web service provider relies on the data center
security defenses, it cannot allow the cloud security engineers to decrypt the
network traﬃc since it would violate regulations on privacy along with a high
risk of conﬂict with the web service users. For this reason, detection of DDoS
attacks is assumed to be carried out on network ﬂow level.
In this study, we assume that network ﬂows are captured on each SDN forwarding device and sent to the controller with the help of a NetFlow or sFlow
agent. The controller investigates the received ﬂow statistics and discovers behavior patterns of normal users. Once discovered, normal behavior patterns can be
used to detect DDoS attacks against the web server applications and to block
traﬃc from malicious cloud customers or external attackers in online mode.

3
3.1

Theoretical Background
k-Means-Based Clustering

k-Means [12, 13] is one of the most popular algorithms for cluster analysis. It
aims at partitioning data points into k clusters with the parameter k ﬁxed a
priory. Given a set of points χ = (x1 , ..., xn ), xi ∈ Rm the algorithm starts with
initializing k centroids, one for each cluster, and assigning each data point xi to
the nearest centroid. Then iteratively the algorithm recalculates the centroids
and re-assigns the data points to new clusters until convergence of the algorithm.
Speciﬁcally, the algorithm aims at minimizing the sum of Euclidean distances
between each data point and the mean value of the cluster this point belongs to,
or to ﬁnd
arg min
C

k 


x − μi 2 ,

i=1 x∈Ci

where C = {C1 , ..., Ck } are data partitions and μ = (μ1 , ..., μk ) are corresponding
centroids.
3.2

CURE-Based Clustering

Despite traditional clustering methods have been widely used in data analysis,
they have a number of drawbacks. For example, centroid-based methods, including k-Means, use only one point (centroid) to represent a cluster. If a cluster is
large or has an arbitrary shape, the centroids of its subclusters can be distant
from each other that could cause unnecessary splitting. On the opposite edge of
the spectrum, all points-based methods such as k-NN or kernel, use all points
for cluster representation and are sensitive to outliers and even slight changes
in the position of data points. Both approaches fail to work well for deﬁning
non-spherical or arbitrarily shaped clusters [5].
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Clustering Using REpresentatives (CURE) [5] is a hierarchical clustering
algorithm which is a compromise between centroid-based and all point-based
approaches and is suitable for large scale data sets. Compared to traditional
methods, this approach is less sensitive to outliers and deﬁnes well even nonspherical clusters. First, initial clusters are created by hierarchical clustering of
randomly picked sample points. Next, k scattered points describing a cluster
shape and extent are picked, as disperse as possible. After shrinking towards
the cluster centroid by a ﬁxed fraction α these points become representatives of
the cluster. When representative points are set up for each of the initial clusters
the whole data set is rescanned and each point is assigned to the closest cluster.
In traditional version of CURE the closest cluster for a point is deﬁned as the
closest one among all representative points of all the clusters. We modify the
original procedure of cluster assignment as follows. After clusters are found, we
take all representatives and centroids and continue using them as if they were
an output of a centroid-based clustering algorithm, i.e., each centroid and/or
representative is thought to be a center of a cluster. Such gradation of clusters
allows better capturing complexity of user behavior types.
3.3

Probabilistic Transition-Based Approach for Detecting DDoS
Attacks

Let C = {ci |i = 1, ..., K} be a set of labels. Given a sequence of labels
c = (c1 , ..., cN ) ∈ CN , let P (ci |ci−1 , l = N ) denote conditional probability of
observing label ci after ci−1 in a sequence of length N . Marginal probability of
observing label ci at the beginning of the sequence is denoted as P (ci |l = N ).
We factorize joint probability distribution over sequences of length N as the
following product:
P (c1 , ..., cN |l = N ) = P (c1 |l = N ) ×

N


P (ci |ci−1 , l = N ),

(1)

i=2

where l denotes length of the sequence. We estimate P (ci |ci−1 , l = N ) as
∧

P (ci |ci−1 , l = N ) =

n(ci−1 , ci , N )
,
n(ci−1 , N )

(2)

where n(ci−1 , ci , N ) denotes count of observations of pairs (ci−1 , ci ) in all
sequences of length N over all time windows and sessions, n(ci−1 , N ) denotes
count of observations of label ci−1 in all sequences of length N over all time
windows and sessions. Moreover, P (ci |l = N ) is estimated as
n(ci , N )
∧
P (ci |l = N ) = K
.
j=1 n(cj , N )

(3)

Note, that in (3) we use the fact that the marginal probability of observing a
label in a sequence should be equal to the marginal probability of observing the
label at the beginning of a sequence since the windows are sliced arbitrarily.
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During training phase we estimate conditional and marginal probabilities
according to (2)–(3). Moreover, for every length of sequence N that is present in
the training data we calculate minimal joint probabilities δN , which are further
used as thresholds to examine new data for anomalies during test phase.
During test phase, we ﬁrst calculate joint probability of a sequence of length
N according to (1) and then compare it against a corresponding threshold value
δN . If the sequence satisﬁes P (c1 , ..., cN |l = N ) < δN it is marked anomalous.

4

Algorithm

4.1

Feature Extraction

To detect outliers, we build a normal user behavior model. The features for building this model are extracted from a portion of network traﬃc at a very short time
window that allows timely detection of attacks. The presented approach is based
on the analysis of network traﬃc ﬂows, namely, groups of IP packets with some
common properties passing a monitoring point at a speciﬁed time interval. This
time interval is deﬁned to be equal to the time window. For analysis, we consider traﬃc ﬂow extracted from the current time window. Furthermore, to reduce
amount of data to be analyzed, we utilize aggregated traﬃc information by taking
into account all packets of the ﬂow transferred during previous time windows.
Next, we re-construct client to server conversations by combining the ﬂow
pairs such that the source socket of one ﬂow equals to the destination socket of
the other ﬂow and vice versa. A conversation can be characterized by source IP,
address, source port, destination IP address and destination port. For each such
conversation, we extract the following information at every time interval:
1.
2.
3.
4.
5.

Duration of the conversation.
Number of packets sent in 1 second.
Number of bytes sent in 1 second.
Average packet size.
Presence of packets with diﬀerent TCP ﬂags: URG, ACK, PSH, RST, SYN
and FIN.

The set of features is deﬁned by existing protocols for collecting IP trafﬁc information such as NetFlow and sFlow. Since the values of the extracted
feature vectors can have diﬀerent scales, we standardize them using min-max
normalization [6] by scaling to a range [0,1].
4.2

Training

We perform training using the standardized extracted features described in
Sect. 4.1. First, we apply a clustering algorithm to divide the features into distinct groups representing speciﬁc classes of traﬃc in the network system. Thus,
the algorithm discovers hidden patterns in the dataset. We assume that the
traﬃc being clustered is mostly legitimate despite the fact it can be encrypted.
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Therefore, we state that the obtained clusters describe behavior of normal users.
Second, we group together conversations with the same source IP address, destination IP address and destination port extracted at a certain time interval.
Such groups serve as an approximation of a user session and are analyzed separately, as other studies propose [3, 23, 24]. Next, we represent each session in every
time window by a sequence of cluster labels obtained at the ﬁrst step. Finally,
from the obtained sequences we estimate conditional and marginal probabilities
P (ci |ci−1 , l = N ), P (ci |l = N ) according to (2)–(3). For every sequence we calculate its probability using estimated parameters and model (1). In addition, we
calculate thresholds δN by ﬁnding minimum among all sequence probabilities
for a particular length of a sequence N .
4.3

Online Training Procedure

As behavioral patterns of users can change over time, we need to adapt our models in real-time. For adapting the clustering phase model we can use streaming
k-Means algorithm. After clustering and classiﬁcation have been done for a particular window t, one can update cluster centroids using the following formula:

μt+1
= μti · δ +
x · (1 − δ),
i
x∈Cti ,
x∈χnormal

where μti is centroid of the cluster i at the time window t, Cti is the set of data
points assigned to the cluster i, χnormal is a set of data points classiﬁed as
normal, and δ ∈ [0, 1] is a constant reﬂecting how fast the model has changed
when a new observation emerged, i.e. for bigger δ the model changes slower. For
CURE the same formula can be used, but representatives are updated instead
of the cluster centroids.
To update transition probabilities from the probabilistic model dynamically,
we apply the following updates that are performed for each pair of labels (ci−1 , ci )
from the label sequences that were classiﬁed as normal:
P (ci |Ci−1 = ci−1 , l = N ) ← P (ci |Ci−1 = ci−1 , l = N ) + ,
P (ci |Ci−1 = ci−1 , l = N ) ← P (ci |Ci−1 = ci−1 , l = N ) − /(K − 1),
where Ci−1 is a random variable that denotes cluster label at position i − 1
and  represents the velocity of change of a conditional probability once a new
evidence has been observed. Thus,  aﬀects how fast model is changed with
respect to new data. These updates guarantee that the conditional probability
remains properly normalized by adding a probability mass to the parameter that
accounts for the new data and removing the same amount of probability mass
from the parameters that do not correspond to the new data. Moreover, these
updates implement a forgetting mechanism as the old evidence gets less and less
inﬂuence on the model with time.
In order to keep thresholds δN up to date we propose to store top Nδ
data sequences in a heap data structure with keys equal to probabilities of
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the data sequences. We need to keep a separate heap for label sequences of
each length. Every time the model is updated the top element with the lowest
probability (equal to the current threshold δN ) is popped out and pushed in
the heap again with a new recomputed probability key. Moreover, the threshold
δN is assigned the new value. This way threshold can either become bigger or
smaller. Threshold value is also updated once a new normal data sequence gets
smaller probability under the current model.
4.4

Detection

For detecting anomalies we use a model of normal user behavior obtained during
training phase. First, we assign each session with a sequence of cluster numbers
using clustering model from the training phase. Then, similarly to the training
phase, we calculate probability of every sequence using estimated probability
parameters and the model (1). The obtained probability values are compared
against thresholds δN to decide whether the sequence is anomalous or not. If
probability of a sequence is less than a threshold probability then it is marked
as anomaly.

5
5.1

Algorithm Performance
Simulation Environment and Data Set

We test the attack detection algorithm proposed in this study in a virtual network environment that includes a small botnet, command and control center
(C2) and a target web bank server (see Fig. 1). The target server is running
in the Openstack [7] cloud environment where networks are carried out by an
Opendaylight [9] integrated SDN controller and several Open vSwitches [17].
Bots and C2 are located outside the cloud. Each bot is a VM with running a
special program implemented in Java, it receives commands from C2 and generates some traﬃc to the server. It is worth noting that all the traﬃc is transfered
by using encrypted SSL/TLS protocol. All network ﬂows are captured on SDN
switches and sent to the controller with the help of NetFlow agents.
In order to generate a normal bank user traﬃc, we specify several scenarios
that each bot follows when using the bank site. Each such scenario consists of
several actions following each other. The list of the actions consists of logging
in to the system by using the corresponding user account, checking the account
balance, transferring some money to another account, checking the result of the
transaction, logging out of the system, and some other actions. Each action corresponds to requesting a certain page of the bank service with all of its embedded
content. Pauses between two adjacent actions are selected in a way similar to a
human user behavior. For example, checking the account balance usually takes
only a couple of seconds, whereas ﬁlling in information to transfer money to
another account may take much longer time.
In addition to the normal traﬃc, we perform an intermediate DDoS attack
during which several bots-attackers try to mimic the browsing behavior of regular
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Fig. 1. Virtual network simulation environment.

users by requesting sequences of web pages with all embedded content from
the service. However, unlike the normal user behavior, these sequences are not
related to each other by any logic but generated randomly. We consider the case
when the attacker sends traﬃc with about the same rate as normal users, and
each attacker’s connection individually looks like normal. More advanced attack
scenarios are left for future works.
5.2

Results

We evaluate the proposed approach on the test set described in Sect. 5.1. We
propose two methods for detecting intermediate DDoS attacks which both consist of two phases. The ﬁrst method (k-Means+Prob) uses k-Means clustering in
the ﬁrst phase and probabilistic transition-based approach (Prob) in the second
phase. The second method (CURE+Prob) applies CURE clustering in the ﬁrst
phase and Prob in the second phase. The algorithms have been evaluated using
the detection accuracy, true positive rate (TPR) and false positive rate (FPR)
performance metrics [6].
In our experiments, the time window size is set to 5 seconds, due to the nature
of the data. Moreover, we are only interested in results when FPR is below 1% as
the high number of false alarms is one of the most important known drawbacks
of anomaly-based detection systems.
Table 1 displays accuracy of detecting intermediate DDoS attacks for the proposed detection schemes. For comparison, we also include to Table 1 performance
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Table 1. Accuracy of detecting intermediate DDoS attacks
Algorithm

TPR (%) FPR (%) Accuracy (%)

k-Means+Prob

98.66

0

99.58

CURE+Prob

95.65

0

86.16

2-gram k-Means 95.08

0.24

86.61

3-gram k-Means 91.21

0

73.66

results of the k-Means-based data stream clustering approach proposed in [25].
The parameters of the methods are selected to maximize the detection accuracy
on validation set. The best result is shown by the (k-Means+Prob) approach
which outperforms other methods by 13% in terms of accuracy. Still, other methods perform relatively well reaching accuracy of 86% with FPR equaling to or
near zero.
To visualize the results, we plot ROC curves in Fig. 2(a). ROC curves corresponding to the (k-Means+Prob) and (CURE+Prob) methods proposed in
this paper are displayed by dashed and plain lines, correspondingly. Furthermore, by dash-dot and dotted lines we plot ROC curves for the k-Means-based
data stream clustering approach proposed in [25] for 2-gram and 3-gram models, respectively. From the ROC curves one can see that (k-Means+Prob) is the
only among the presented algorithms that reaches TPR of 100%. Other methods
demonstrate similar performance reaching the highest TPR of around 98% at
FPR near 1.5%.
In addition, for the best performing algorithm (k-Means+Prob) we plot how
performance scores depend on number of clusters, which is the only parameter
of this method. Figure 2(b) shows that the algorithm performs relatively well
for all parameter values reaching the maximum in accuracy and TPR when the
number of clusters is equal to 12. FPR, which is plotted in (100%−FPR) scale
for better visual representation, remains below 1% for all parameter values.

Fig. 2. (a) - ROC curves for detection of intermediate DDoS attacks, (b) - dependence
of performance scores from number of clusters for the (k-Means+Prob) algorithm.
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Conclusions and Future Work

In this work, we proposed probabilistic transition-based approach for detecting intermediate application-layer DDoS attacks in cloud environment with the
use of SDN. Operating with information extracted from the packet headers
makes this approach suitable for detecting DDoS attacks from encrypted traﬃc.
We tested the proposed algorithms against other methods used for detecting
application-layer DDoS attacks in encrypted networks proposed earlier in [25].
Both presented algorithms demonstrated good performance results. Moreover,
(k-Means+Prob) signiﬁcantly outperforms other evaluated algorithms under the
condition of FPR < 1%.
In the future, we plan to improve the algorithm in terms of the detection
accuracy and test it with a bigger dataset. In addition, more focus will be on
the simulation and detection of more advanced DDoS attacks.
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