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Abstract: We show that products of snowflaked Euclidean lines are not minimal for looking down. This ques-
tion was raised in Fractured fractals and broken dreams, Problem 11.17, by David and Semmes.

The proof uses arguments developed by Le Donne, Li and Rajala to prove that the Heisenberg group is not
minimal for looking down. By a method of shortcuts, we define a new distance d such that the product of
snowflaked Euclidean lines looks down on (R, d), but not vice versa.
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1 Introduction

The concept of BPI space (Big Pieces of Itself) was introduced by David and Semmes in [4] in order to provide
a framework in which to work with self-similarity in metric spaces setting. A BPI space is more or less a metric
space in which any two balls contain big pieces that look almost the same up to scaling and bounded distor-
tions. They also introduced a notion of BPI equivalence in order to understand and classify BPI geometries.
Two BPI spaces are BPI equivalent if they possess pieces of positive measure that are biLipschitz equivalent.
With the aim of classifying BPI spaces that are not BPI equivalent, David and Semmes defined a notion of
looking down between BPI spaces of the same dimension. A natural question arises when working with look-
ing down BPI spaces: what are the most primitive BPI spaces? Such BPI spaces are called minimal for looking
down (see Section 2 for the definitions).

By using ideas of [7], where it is proved that the Heisenberg group is not minimal for looking down, we
prove the following theorem, which gives an answer to Problem 11.17 in [4].

N
Theorem 1.1. Givensy,...sy < (0, 1], the space (RN , Z | X — yk|sk> is minimal for looking down if and only

k=1
if s =1 forallk.

The distance defined above will be denoted by ds, where s stands for (s1, . .. , sy) € (0, 1]¥. Itis the ¢! product
distance of the snowflaked distances | - |** defined on R: if x = (x1,...,xy)andy = (y1,...,yy) are in RV,
then

N
ds(6,y) = > I = vl ™.
k-1
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Kirchheim proved in [5] that Euclidean spaces are minimal for looking down, that is, if s = (1, ..., 1),
then (RV, ds) is minimal for looking down. To prove Theorem 1.1, it is thus sufficient to show that if s, < 1 for
some k, then the space (RY, ds) is not minimal for looking down.

From now on we fix an integer N = 1 and an N-tuple s = (s1, ..., Sy) € (0, 1] such that s, < 1 for
some k. We denote by s the minimum snowflaking factor, i.e. s = min {s;, 1 < k < N}, and by L the minimally
snowflaked layer, that is the subset of {1, ..., N} where the snowflaking factor is minimum:

L={ke{1,...,N}, sy =s}.

The strategy to prove Theorem 1.1 is the following. First we look at a one dimensional problem. We con-
struct a quotient semi-distance d on R associated with an equivalence relation R using the shortening tech-
nique developed in [7]. The construction of dy is made in a self-similar way so that the subspace [0, 1] of R,
endowed with this semi-distance dy is a BPI space. To be more precise, the quotient space ([0, 1]/dx, d) is
a BPI space. The semi-distance d, satisfies d¢ < | - |°, where | - | is the Euclidean distance on R, and s the
minimum snowflaking factor. Moreover any Lipschitz function from ([0, 1], d) to (R, | - |*) is constant.

Then we look at the N-dimensional problem. We slightly modify the distance ds in the minimally
snowflaked layer L by replacing the terms |- |* with the semi-distance d. This gives a new semi-distance ds
on RY. As a product of bounded BPI spaces is a BPI space, the quotient space ([0, 1]¥/d x, ds ) is a BPI
space. Suppose then that ([0, 1]V, dg «) looks down on (RY, ds). There exists a Lipschitzmap g : (4, ds ) —
(RN, ds) such that H® (g(A)) > 0, where a is the Ahlfors dimension of (RN, ds) and A a closed subset of
[0, 1]¥. By a blow-up argument, we prove that there exists a Lipschitz map f : ([0, 1]V, ds.®) — (RY, ds)
whose image has positive measure, which is in contradiction with the property on Lipschitz functions from
([0, 1], d») to (R, | - [*).

Section 2 deals with definitions related to BPI spaces, quotient semi-distance, etc. In Section 3, we prove
that the product of two BPI spaces, both bounded or both unbounded, is a BPI space. In Section 4, we con-
struct the semi-distance dy on R and we prove that the metric space ([0, 1], d«) is a BPI space. In Section 5,
we prove that every Lipschitz function from ([0, 1], dx) to (R, | - |°) is constant. Finally, in Sections 6 and 7,
we conclude by a blow-up process that the space (R", ds) is not minimal for looking down.

2 Preliminaries

In what follows, N = {1, 2, 3, ... }. Byameasure m on a metric space (X, d) we always mean an outer measure
such that Borel sets are m-measurable. Recall that an outer measure m on a set X isamap m : P(X) — [0, oo]
defined on all subsets of X, such that m(&) = 0, m(4) < m(B) for all A, B subsets of X with A C B, and for all
countable sequences (An),en Of subsets of X,

m <[] An> < im(An)-
n=1 n=1

Any metric space (X, d) can be endowed with a one-parameter family of natural measures: for all @ > 0,
we define the a-dimensional Hausdorff measure 3} (or just {* when the distance is implicit) as follows: for
allA Cc X,

oo

HI(A) = 1613)1 inf {Z (diamd(An))a, AcC U Ay, diamg(A4,) < 6} .

n=1 n=1

Definition 2.1 (Ahlfors regularity). Let m be a measure on a complete metric space (X, d), and a > 0. We say
that the metric measure space (X, d, m) is Ahlfors regular of dimension a (or Ahlfors a-regular) if there exists a
constant K > 0 such that for all x € X and r € (0, diam(X)],

K'r%< m(B(x, 1)) < Kr”.
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In Definition 2.1 and later on we follow the convention of [4] where each ball B(x, r) is implicitly assumed to
have finite radius even if the range of radii would permit r = co. The following well-known lemma (see [4,
Lemma 1.2]) allows us to talk about Ahlfors regularity on a metric space (X, d).

Lemma 2.2. If (X, d, m) is Ahlfors regular of dimension a, then so is (X, d, H%), and there exists a constant
K > 0 such that for all Borel sets B C X, K"'m(B) < H%(B) < Km(B).

Itis well-known that closed and bounded sets of an Ahlfors regular space are compact, because closed subsets
are totally bounded, and Ahlfors regular spaces are assumed to be complete.
Recall that a C-biLipschitz map f : (X, d) — (Y, p) between two metric spaces isamap f : X — Y such
that forall x,y € X,
cld(x,y) < p(f(0), f)) < Cd(x,y).

Definition 2.3 (BPI space). An Ahlfors a-regular metric space (X, d) is a BPI space of dimension a if there exist
C>0,0>0suchthatforallx,y € Xandallr,t € (0, diam,X], there exist a closed subset A C B(x, r) with
H%(A) = 6r* and a C-biLipschitz embedding f : (A, r 1d) — (B(y, t), t 1d).

We next define an equivalence relation for BPI spaces.

Definition 2.4 (BPI equivalence). Two BPIspaces (X, d) and (Y, p) of the same dimension a are BPI equivalent
if there exist C > 0,0 > O such that forall x € X,y € Y and all r € (0, diam4(X)], ¢ € (0, diam,(Y)], there exist
a closed subset A C By(x, r) with H3(A) = 0r* and a C-biLipschitz embedding f : (A, r*d) — (B,(y, ), t 'p).

This is an equivalence relation (see [4, Chapter 7]). The following definition allows us to compare BPI spaces
of the same dimension that are not BPI equivalent.

Definition 2.5 (Looking down). Let (X, d) and (Y, p) be two BPI spaces of the same dimension a. We say that
X looks down on Y if there exist a closed subset A C X and a Lipschitzmap g : A — Y such that 35 (g(A)) > 0.

This is a partial order on the set of equivalence classes of BPI spaces with the equivalence relation "looking
down equivalence" (two BPI spaces are looking down equivalent if each looks down on the other, see [4, Chap-
ter 11]). We propose here a slightly different definition of minimal for looking down from the one given in [4]
by David and Semmes.

Definition 2.6 (Minimal for looking down). A BPI space X is minimal for looking down if for any BPI space Y
such that X looks down on Y, then Y looks down on X.

The original definition of David and Semmes says that a BPI space X is minimal for looking down if for any BPI
space Y such that X looks down on Y, then X and Y are BPI equivalent. Notice that BPI equivalence implies
looking down equivalence, but the converse is false [6]. Definition 2.6 is thus weaker, but more natural, since
with this definition, a BPI space that is minimal for looking down is a BPI space minimal for the partial order
"looking down". Notice also that since our definition is weaker, Theorem 1.1 answers Problem 11.17 in [4] also
with the original definition of minimality for looking down.

Next, following [3, Definition 3.1.12], we define the notion of quotient semi-distance, which is useful in
the shortening technique used in Section 4. Given an equivalence relation R on a metric space (X, d) we can
construct the quotient semi-distance d defined on X by

n
dx(x,y) = inf { Z d(xx, Yi), XRxo, ViRXye1, )’niR)/}-
k=0

The quotient semi-distance d« is a semi-distance, that is d is nonnegative, symmetric, satisfies the triangle
inequality, is zero on the diagonal of X x X but can be zero also outside the diagonal.
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A set (xg, Y0, - -« » Xn, ¥n) such that xRxq, yRxy,1 and ynRy is called an itinerary between x and y. That
is, one is allowed to take a shortcut by teleporting itself between x and xq, between y; and x;, 4 for all k and
between y, and y. An itinerary (xo, Yo, - - - » Xn, ¥n) is shorter than another itinerary (xg, ¥, - - - » Xn, yn) if

n n
> dlaeyid <Y de, yio-
k=0 k=0

The next lemma gives a way to construct Lipschitz maps and similitudes for quotient semi-distances.

Lemma 2.7. Let (X, d), (Y, p) be two metric spaces, Rx an equivalence relation on X and Ry an equivalence
relation on Y. Suppose that there existamap f : X — Y and A > 0 such that for all x,y € X, p(f(x), f(y)) =
Ad(x, y) and xRxy = f(X)Ryf(y). Then, forall x,y € X,

Py (f(), f¥)) < Adx, (x, y).

Moreover, if f is bijective and xRxy < f()Ryf(y), then px, (f(x), f(y)) = Adx, (x, ).

Proof. Lete > 0and (xg, Yo, - - - , Xn, Yn) be an itinerary from x to y such that

A > p(fO), f)) =Y dlx, yid < dr(x, y) + .

k=0 k=0

Since, (f(xo), f(yo), - - ., f(xn), f(yn)) is an itinerary from f(x) to f(y), then p, (f(x), f(¥)) < A(dw,(x,y) + &),
and the result holds for € — 0. If f is bijective and xRxy < f(x)Ryf(y), it is sufficient to apply the foregoing
tof1. O

If d is a semi-distance on a space X, we denote by (X/d, d) the quotient metric space, which is the space of
all equivalence classes for the relation x ~ y < d(x,y) = 0. The natural distance d on X/d is defined by
a(n(x), ﬂ(y)) = d(x,y), where 7 : X — X/d is the canonical projection. One can easily check that d is well
defined and is a distance on X/d.

Finally, we recall some basic facts about the Hausdorff distance. If (X, d) is a metric space, we de-
note by C(X) the set of all compact subsets of X. The e-neighborhood of a set A c X, denoted by A%, is
{x eX,d(x,A)< e} . On CG(X), we consider the Hausdorff distance dy defined for A, B € C(X) by

dy(A,B) =inf {¢>0,A C B, BC A®}.

The space (C(X), dy) is a metric space, which is compact if X is compact (Blaschke Theorem, see for instance
[3, Theorem 7.3.8]). We sometimes write K, A, Kto say that (Kn),en converges to K in the Hausdorff distance.
Moreover, if (X, d) is Ahlfors a-regular, then the a-dimensional Hausdorff measure is upper semi-continuous
on (C(X), dg).

Lemma 2.8. Let (X, d) be an Ahlfors regular metric space of dimension a. Let (Kn) < be a sequence of compact
sets that converges to K € C(X) in dy. Then,

lim sup H*(K») < HY(K).
n—oo
Proof. Forall n € N, we set fn = 1g \x. The convergence of K, to K in the Hausdorff distance implies that
(fn) converges pointwise to 0. In fact, if x € K, then for all n, fn(x) = 0. If x ¢ K, then there existsr > 0
such that B(x, r) ¢ X\ K. Fix ng € N such that for all n > ng, dg(Kn, K) < r/2. Then, for all n > ng, x ¢ Kp,
thus fn(x) = 0. Moreover, since (K,) converges, it is a bounded sequence, so there exists € > 0 such that for
alln € N, K, c K¢ c K¢, which is a compact set since closed and bounded subsets of an Ahlfors regular
space are compact. Then, for all n € N, fu < 14 and the latter function is integrable with respect to H*,
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since compact subsets of an Ahlfors a-regular space have finite a-dimensional Hausdorff measure. By the
dominated convergence theorem,

34 (Kn \ K) = / Fudd® —s 0.
X n—oo
We conclude by writing H*(Ky) < H*(Kn \ K) + H*(K). O

We will need the following proposition, whose proof can be found in [1, Proposition 4.4.14].

Proposition 2.9. Let (Kn)ncn, K be compact sets of a metric space (X, d). If Kn n% K then

1. for all x € K, there exists a sequence (xn)nen Such that xn € Kn, and d(xn, x) 2 0,
2. for all x such that x = klim Xn, wWhere (xn,)ren is a subsequence of a sequence (xn)nen Such that xn € Kn,
—roo
we have x € K.

Moreover, the converse is true if X is compact.

3 Product of BPI spaces

We will prove the following

Theorem 3.1. Let (X, d) and (Y, p) be two BPI spaces of dimension a and B. If X and Y are both bounded or
both unbounded, then the product X x Y endowed with a product distance is a BPI space of dimension a + f3.

By a product distance on the product of two metric spaces (X, d), (Y, p) we mean a distance denoted by || -
|I(d, p) and defined for all (x, y), (x’,y’) € X x Y by

I+ 1(d, p) (6, ), (' ¥)) = [1(d e, XD, p(y, ¥)) Il

where || - || is a norm on R?. By the equivalence of norms in finite-dimensional vector spaces, all the product
distances are biLipschitz equivalent, and since being a BPI space is invariant under biLipschitz maps, it is
sufficient to prove Theorem 3.1 for one specific product distance.

In this section, we fix two BPI spaces (X, d) and (Y, p). Let a denote the dimension of X and B the dimen-
sion of Y. Let dw be the product distance || - ||c(d, p), where || - ||cs is the sup norm on R?. We remark that if
(x,y) € Xx Y, andr € (0, max{diamyX, diam, Y}], then

B ((x,y),7) = Ba(x, 1) x Bp(y, ). (.1)

First of all, we need to prove that (X x Y, do) is Ahlfors regular of dimension a + . To do so, the Hausdorff

measure %g*ﬁ seems to be natural. The problem is that this measure behaves badly with product sets. We

define another measure m on the product X x Y that is better for measuring product sets. We denote by By
and By the Borel g-algebraof X and Y. Forall A c X x Y, let

m(4) = inf{ZJ{g(Ak)}(g(Bk), Ac | JAxxBy, A€ By, B e 93Y}.
k=1 k=1

In general it is not true that H*# = m.

Proposition 3.2. The measure m is an outer measure on X x Y such that for all A € By, B € By,
m(A x B) = H3(A)H5(B).

Moreover, Borel sets of (X x Y, de) are m-measurable.

Proof. See [2, Theorem 6.2]. O

Brought to you by | Jyvaskylan Yliopisto University
Authenticated
Download Date | 11/20/17 9:06 AM



DE GRUYTER OPEN Products of Snowflaked Euclidean Lines Are Not Minimal for Looking Down =— 83

Proof of Theorem 3.1. In this proof, any constant that refers to properties of X or Y is denoted with either an
X or a Y in the subscript. First we prove that (X x Y, de) is Ahlfors regular of dimension a + .
Suppose that X and Y are both unbounded. For all (x,y) € X x Yand allr > 0,

m(Bdm (06, ), r)) = m(Ba(x, 1) x Bo(y, 1) = HE(Bax, N)HE (By(y, 1),
with (3.1) and Proposition 3.2, hence
(KxKy) 'r**f < m(Bdm ((x, ), r)) < KxKyr™*P. (3.2)

By Lemma 2.2, (X x Y, do) is Ahlfors regular of dimension a + 8.

If X and Y are both bounded, then the estimate (3.2) holds forall (x, y) € XxY and allr € (0, min{diam,X, diam, Y}].
By modifying the Ahlfors regularity constants Ky, Ky, it also holds for all r € (0, max{diam,X, diam, Y}],
thus (X x Y, doo) is Ahlfors (a + B)-regular.

Fix now two points (x, y), (', ¥') € X x Y and two radii r € (0, diam4(X)], t € (0, diam,(Y)]. Let Ay C
By(x, 1), Ay C Bp(y,1) be the two big pieces and fy : (Ax,r 'd) — (B4, 0),t7d), fy : (Ay,r'tp) —
(Boy', 1), t"1p) the two Cx, Cy-biLipschitz maps given by the definition of a BPI space. By Lemma 2.2, and
Proposition 3.2 (Ax, Ay are Borel sets), there exists a constant 6 > 0 such that H*#(Ax x Ay) = 6r**F. Finally,
the map

f:(Axx Ay, r tde) — (Ba. (X', ¥N), 8), 1 d)

defined by f(x, y) = (fX(x), fy(y)) is a C-biLipschitz map, for a constant C depending only on Cx and Cy. [

We can now prove that (RN, ds) is a BPI space of dimension a = > s;l.
Proposition 3.3. The metric space (RY, ds) is a BPI space.

Proof. ltit easy to check that if (X, d) is an unbounded BPI space of dimension a, then for 0 < s < 1, (X, d®)
is an unbounded BPI space of dimension a/s. The space (R, | - |) is an unbounded BPI space of dimension 1,
thus (R, | - |°¢) is an unbounded BPI space of dimension 1/s;, for all k. By Theorem 3.1, (RY, ds) is a BPI space
of dimension a = 3 si?, since ds is the ¢! product distance of the distances | - |. O

4 Construction of a quotient semi-distance

We construct a semi-distance d on R using a shortening technique, by following the article [7]. First we
define an equivalence relation R on R in a self-similar way. This corresponds to the shortcuts. We then look
at the quotient semi-distance d. By construction, dg < | - |, where s is the minimum snowflaking factor.
For compactness reason, it is more convenient to work with the subset [0, 1] of R, endowed with the semi-
distance dx. By using a theorem in [7], the quotient space ([0, 1]/dx, d) is Ahlfors regular of dimension
a = 1/s. We finally prove that the space ([0, 1]/d, dx) is a BPI space.

4.1 Motivation: the philosophy of shortcuts

In (R, | - |%), the triangle inequality can be improved if the points are chosen correctly. This is the general idea
of the shortcuts’ method. Let us explain this. In what follows, every ball is a ball for | - |*. When the centre of
a ball of radius r does not matter, we just write By.

Let x, y, p, g € R be four distinct points. By the triangle inequality,

x-yl*<x-pl*+Ip-qI°+|g-yl. (4.0)
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Without loss of generality, we may assume that |x — p| < |y — g|. Suppose that there exists r > 0 such that
q € B(p,r)and x,y ¢ B(p, r). We write |p — q|° = C°r where C € (0, 1). We have |x - p| = r'/$ = (1 - O)r'/* and
ly-gql=ly-pl-Ip-ql>1-Cr',so

p-dl<—x-pl.
1-C
By using the inequality (1 + t)° < 1 + st for t > 0, we have

S
x=yI* < (jx=pl+Ip-ql+la-)

< (ymg-pl+la-v)

=|q—yls(1+i“"x|)s

1-Clg-vy|
s S T N
sla-yP+q—¢la-yIIp-x
S T S
sy cX-pl+la-yl. (4.2)

If C < 1-s, then (4.2) leads to an improvement of (4.1): the term |p —¢q|° disappears. The ball B(p, (1-5)°r)
seems to be invisible when going from x to y. This motivates the introduction of a shortcut between p and g
by identifying them.

Definition 4.1. A metric space (X, d) for which there exists A € (0, 1) such that for all r > 0, and all balls B, of
radius r, there are two points p, q € By satisfying d(p, q) > Ar and

d(X, Y) < d(X, p) + d(q’ )/), VX’ y 63 Bi’ (4-3)

is called a space with A-invisible pieces. We say that (p, q) € Br x B, is A-invisible outside B;.

We proved above that (R, | - |*) has A-invisible pieces for all 0 < A < (1 - s)%. In [7], it was proven that the
Heisenberg group as well as any snowflake of an Ahlfors regular space have invisible pieces.

4.2 Construction of the shortcuts
Following [7], we construct an equivalence relation R that corresponds to the shortcuts.

Let ¢ be a fixed constant. Let N1 be a 4A-separated set, and a cA-net for X, i.e.

vx,y € Ny distinct, d(x,y) > 4Adand X = U By(x, cA). (4.4)
xeN;

Then for all x € N1, choose two points px, gx € B;(x, A) such that (px, qx) is A-invisible outside B,(x, A).
Define the shortcuts of level 1 as 81 = {(px, gx), x € N1} U {(gx, Px), x € N1} C X x X. By induction, let Ny,
be a 4A™-separated set that is also a cA"-net of X, such that

Necx\ U o, (4.5)
p,9)E8k
1<ksn-1
where {p, g}*"" is the 4A"-neighborhood of {p, g}, i.e. {p, g}*"" = {x € X, d({p, q} , X) < 46A"}..
For all x € Np, choose (px, gx) A-invisible outside B,(x, A"), and then define the level n shortcuts as
8n = {(x, @), x € Nn} U {(gx, px), x € Nn} C X x X. Finally, define the set of all shortcuts:

5=U5"-

n=1
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Figure 1: The shortcuts 81,8, and 83 in [0, 1] forl =2, h = 1/4.

Definition 4.2. A set 8 in X x X constructed as above is called a set of shortcuts. An element (p, q) € 8 is called
a shortcut between p and q. The integer n such that (p, q) € Sn is called the level of the shortcut (p, q).

With a set of shortcuts 8, we define an equivalence relation R on X:
xRy & (x,y) €8 or x =y. (4.6)
The following proposition is proved in [7, Section 3.3].

Proposition 4.3. Let A ¢ (0, 1) and (X, d) be an Ahlfors a-regular space with A-invisible pieces. If 8 is a set of
shortcuts on X and R the equivalence relation defined as in (4.6), then the quotient metric space (X/dx, dx) is
Abhlfors a-regular.

In our case, we apply Proposition 4.3 to (X, d) = (R, | -|°). It is an Ahlfors regular space of dimension 1/s with
A-invisible pieces, for all 0 < A < (1 - s)°. We construct the set of shortcuts 8 in a self-similar way, so that the
space ([0, 1]/dx, d) is a BPI space of dimension a = 1/s.

Letle N,h=1/2"and u = h®. For all n € N, we define the level n shortcuts (see Figure 1)

Sn = {(h"_l(m+%),h""1(m+%> +h"+1),meZ} CcRxR.

Let 8 = U 8n. We will see that for I, c large enough, § is a set of shortcuts.

n=1

Following the notations defined above, we set N, = {h"‘l (m + %) ,mc Z}. If x,y € Np are distinct,

then [x-y|* > u""*. Moreover, forall x € R, there exists m € Z such that |x - k" *(m + 1/2)|" = p"~*|x/n""! -
1/2 - m|® < 275" 1. Since N, must be a 41"-separated set and a cA"-net for X, we obtain the inequalities

A" < "t < 25cA™, (4.7)

If x € Ny, the closest point p to x for which there exists g such that (p, q) € Ulsjsn—l S; satisfies |x - p)® =
W H(1/2 - h)s = 221! - 1)%. The condition (4.5) implies that

A" < u" 22 - 1)s, (4.8)
Finally, every couple (pm, gm) € Sn has to be A-invisible outside BHs(h"‘l(m +1/2),A"), so
AT < < (1 - s)SAT. (4.9

We see that if A = y and [, ¢ are sufficiently large such that

N N I e s/2}
ZsCsysmln{4,(1 s),2(2 1) ,

then the conditions (4.7), (4.8) and (4.9) are satisfied. Let us henceforth fix the constants | and c¢. With this set
of shortcuts S, we define as above the equivalence relation R on R by

xRy & (x,y) € Sorx=y.

By Proposition 4.3, the space (R/dg, d) is Ahlfors regular of dimension a = 1/s.
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In the sequel, it will be interesting to work on [0, 1] endowed with this semi-distance dx. A priori, if R} 1
denotes the equivalence relation R restricted on the subset [0, 1] x [0, 1] (that is one takes only shortcuts in
[0, 1]), then dy < d%’l], because there are more itineraries for the relation R than for the relation Ry, y;.
Actually we will see in Corollary 4.9 that for all x, y € [0, 1], dx(x, y) = dxyy (x, y).

By Proposition 4.3 and by what we observed above, the space ([0, 1]/dx,, ,,, d%,, ,,) is also Ahlfors regular
of dimension a.

Until the end of the article, the symbol R always denotes the equivalence relation on R we just con-
structed.

4.3 The metric space ([0, 1], d) is a BPI space

In order to have compactness, we will prove that the subspace [0, 1], endowed with d is a BPI space. To do
so, we prove that dg = dg,, , on [0, 1] (Corollary 4.9), thus ([0, 1]/dx, dx) is Ahlfors regular of dimension
a = 1/s. Then, we prove that any two balls possess big pieces that are biLipschitz equivalent for the rescaled
distances.

The notion of BPI space has been defined for a metric space, but dy is only a semi-distance on [0, 1]. Let
B(n(x), r) c ([0, 1]/dx, d) be a ball. By definition, we have B(n(x), ) = n(B(x, r)) where 7 : ([0, 1], d») —
([0, 1]/dx, dy) is the canonical projection, and B(x, r) c ([0, 1], d%). Moreover, 7 is an isometry by defini-
tion. Notice also that a biLipschitzmap f: (41, dg) — (4>, d) with A1, A, C [0, 1], corresponds to a biLip-
schitz map f: (7(A1), dx) — (7(A5), dx) satisfying {f(x)} = n(f(m"*({x}))). To prove that ([0, 1]/dx, dx)
is a BPI space, it is thus sufficient to prove that there exist constants C, 6 so that for each pair of balls
B(x, r), B(y, t)in ([0, 1], d), there is a closed subset A C B(x, r) with ﬂ-fgfk (A) = 6r* and a C-biLipschitz map
f: (A, I’_ldgz) — (B(y, t), t_ldgz).

Until the end of the section, each ball B(x, r) is a ball for the semi-distance d. For this paragraph, we
introduce the following definition for notational convenience.

Definition 4.4. AnintervalI = [a, b] is called an interval without shortcut at the ends if forall x € R, (a, x) ¢
Sand (x,b) ¢ 8.

Lemma 4.5. Forall x € R, and r > 0, there exists I C B(x, r) an interval of the form I = [h"m, h"(m + 1)],

without shortcut at the ends, wheren = 1 + [lllrl‘—m and m € Z.

1/s 1/s

Proof. Sincedy, < |-|°, we have ]x—r/5, x+ r'/S[c B(x, r). By definition of n, k"' < r'/S, so B(x, r) contains an
interval of (Euclidean) length h™!. In this interval, we can find h~! - 1 intervals of the form [h"m, h"(m + 1)],
where m € Z. Among these intervals, at least one suits. O

Let us make the following easy remark, that will be useful later: if (p, q) € 8 with p < g, is a shortcut of level
less than or equal to n, then there exists m € Z such that p = h"m (and then g = h™*'(m2! + 1)). Moreover,
the converse is true: if (p, g) € 8, p < q, and p = h"m, then the level of the shortcut (p, q) is less than or equal
to n. We can also say something about g: if (p, q) € S, p < q and ¢ = h"*'m, then the level of the shortcut
(p, q) is less than or equal to n.

Lemma 4.6. Letn 2 0,m € Z and I = [h"m, h™(m + 1)] be an interval without shortcut at the ends. Then, I
contains no shortcut of level less than or equal to n. Moreover, forall (p,q) € 8, pc I < g < 1.

Proof. The fact that I contains no shortcut of level less than or equal to n is easy with the remark made above,
and with the assumption that I is an interval without shortcut at the ends.

Then, let (p, q) € S, p < g be a shortcut of level n’ > n. Write p = k" m’, ¢ = k" m’ + k" ** with m’ € Z.
Suppose that p € I, thatis K"m < k"' m’ < h"(m + 1), i.e. m < " ™"m’ < m + 1. If one cuts the interval
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[m, m + 1] into equal intervals of length h"' " then one sees that m+1- h"""m’| > pn s gl g
m < K" "m’ + k" "1 < m + 1, which means that q € I. A similar argument proves thatg e I = p € I. O

Lemma4.7. Letn > 0,m € Z and I = [h"m, h"(m + 1)] be an interval without shortcut at the ends. Then,
either [h"(m - 1), h"m] or [h"(m + 1), h"™(m + 2)] is an interval without shortcut at the ends.

Proof. Suppose not. Then, there exist x, y € R such that (h"(m - 1),x) € 8 and (y, h(m + 2)) € 8. Many
variations are possible:

1. If i*(m - 1) < x and h"(m + 2) < y, then these two shortcuts have level less than or equal to n.

2. If "(m - 1) < xand y < h™(m + 2), then the level of (h"(m - 1), x) is less than or equal to n and the level
of (y, h"(m + 2)) is less than or equal to n - 1.

3. If x < h"(m - 1) and h"(m + 2) < y, then the level of (x, h"(m - 1)) is less than or equal to n and the level
of (h"(m + 2), y) is less than or equal to n.

4, Ifx < h"(m - 1) and y < h"(m + 2), then these two shortcuts have level less than or equal to n - 1.

In each case, this is impossible, because the distance between the two shortcuts is too small. O

Lemma 4.8. Letn >0, m € Z and I = [h"m, h™(m + 1)] be an interval without shortcut at the ends. Denote by
R the equivalence relation on I which is the restriction of R to the subset I x I. Then, forall x,y € I,

dﬂ%(x» y) = diRI(Xr )/)

Proof. The inequality d < d<, is easy. Let us prove the other inequality. Let x, y € I. Let (xo, Yo, . . . , Xn, ¥n)
be an itinerary from x to y. Suppose that this itinerary gets out of I. We will construct another itinerary that
stays in I and that is shorter. Let a = min{k € {0,...,n},x; ¢ I} and b = max{k € {0,...,n},x; & I}.
Since x € I and xRxg, by Lemma 4.6, a = 1.

We remark that y,, ¢ I and y;, € I. Indeed, y,_1Rxq, but by Lemma 4.6, since x, ¢ I, we havey,; ¢ I.
The same argument works for y;,. We consider separately two cases.

1. If y,_1 and x;, are in the same connected component of R \ I, say in (oo, h""m), then
|Xa-1 = Vbl < [Xq-1 = h"m| + |h"m = y}| < [Xq-1 = Ya-1|+ |Xp = V5.

Thus, the itinerary
(XO!yO’ ---;Xafl’yba'-~ ,Xn,)/n)

stays in I, and is shorter than (xo, yo, . . . , Xn, Yn). Similar construction works if the points are in (h"(m +
1), o).

2. Ify,-1 and x;, are not in the same connected component of R\ I, then either there existsj € {a,...,b -1}
such that x; and y; are in different components, or there exists j € {a, ..., b} such that y;_; and x; are in
different components. In the first case, we easily notice that

|Xa-1—yp| < A" < |x; - yjl

and thus again
(X0, Y05+« s Xa=1,Vbs - +» Xn, Yn)

stays in I, and is shorter than (xq, o, . . . , Xn, Yn)-

In the second case, the itinerary follows a shortcut that steps over I, see Figure 2. We may suppose that
Ya-1 < h"m < h"(m + 1) < x;, and that also the step happens from the left to right, that is, there exists an
integer j € {a,..., b} such thaty;; < h"m < h"(m + 1) < x;. Let J be an interval without shortcut at the
ends, adjacent to I, given by Lemma 4.7. Without loss of generality, we may suppose that J = I + h". The
following remark is easy : forall (p, q) € 8, (p,q) e IxI < (p+h",q+h") e Jx].

Since J has no shortcut at the ends, there exists i such that x; ¢ J U I, y; € J. Define the new itinerary in
three parts.
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i I |
i him hn(m + 1) Xji1

Figure 2: The shortcut (y}, xj.1) across I.

Figure 3: The original itinerary.

(i) The first part is (xq, Yo, - .., Xq-1, h"'m).
(ii) The second partis (h"m, x, — h",yp_1 - h", xp_, - h", ..., y; = h", hi"(m + 1)).
(iii) Thelast partis (h"(m+1),¥p,...,Xn, ¥Yn)-

In Figures 3 and 4, we represent the original and modified itineraries, the thickest parts are the parts of
the itinerary where one has to walk, and the arcs are the shortcuts.

This modified itinerary stays in I, and is shorter than the original one. This construction works similarly
ifx, <h"m<h"(m+1)<ygq,orifJ=1-h".

We have proved that for any itinerary from x to y, there exists a shorter itinerary between x and y that stays
in I. Therefore, dg, < dx. O

Corollary 4.9. Forallx,y < [0, 1], dx(x,y) = dg, (x, y).

We can now prove that ([0, 1]/dx, d) is a BPI space of dimension @ = 1/s. By Proposition 4.3, we know
that it is Ahlfors regular of dimension a. Let x,y € [0, 1], r, t € (0, diamg, ([0, 1])], n = 1 + [Inr/Inu] and
n =1+ [Int/lnyu].LetI = [W"m, h"(m +1)] ¢ Bx,r)and I' = [h"m’, k" (m" + 1)] € B(y, t) be given by
Lemma 4.5. We remark that n, n’ = 1, sincer, t < 1.

Define f : I — I by f(x) = k" ™"x + k" (m’ - m). Then, f is bijective and compatible with the shortcuts,
thatis xRy & fOORf(y), and |[f(x) - f(y)|® = y”/’"|x -¥|°, so by Lemma 2.7, forall x, y € I,

dg,, (F00, f®)) = p" "da, (x, ),

thus by Lemma 4.8, )
dﬂz (f(X)7f(Y)) = I'ln _ndIR(X) )’)

Figure 4: The modified itinerary, which stays in I.
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In(¢/r) v, (/")
Iny Inp
(I', t 1dy) is a p~!-biLipschitz map.
We finally have to estimate %gm (I). Themap g : I — [0, 1] defined by g(x) = h™"x — m is a bijection that
satisfies

The inequalities + 1 imply that ;;,1 sp" < gy"l. Therefore, f : (I, r 1dy) —

dx (g(x),g(y)) = p"dxr(x,y),
by Lemma 2.7 and Lemma 4.8 since g is bijective and compatible with the shortcuts. Then, ﬂ-Cg:R n =
u"“g, ([0, 1]). By definition of n, u"* > u?%r®. Finally, if we set 6 = yz“ﬂ{l"im([o, 1]), then 3¢5 (I) = 6r°.
We have proved that ([0, 1]/d, d) is a BPI space of dimension a = 1/s.

5 Lipschitz functions between ([0, 1], d¢) and (R, | - |*).

The following proposition deals with Lipschitz functions from ([0, 1], dg) to (R, | - |°).
Proposition 5.1. Any Lipschitz function f : ([0, 1], dx) — (R, | - |°) is constant.

Proof. Suppose not. Let f : ([0,1],d) — (R,]| - |°) be a non constant Lipschitz map. Since dy < | - |5,
f:(0,1],]-°)) = (R, | -|*) is Lipschitz, and hence f : ([0, 1], |- |) — (R, |- |) is also a Lipschitz map. By the
Rademacher Theorem, f is differentiable almost everywhere. Since f is a non constant Lipschitz map, f* does
not vanish almost everywhere. Hence, there exists a subset A of [0, 1] with positive measure such that for all
xeA,f'(x)#0.Forxqg € Aand p € [0, 1],
S
— 0. (5.1)
e—0

(s e0) = 1010)) ~f Gl

Let p, g € [0, 1] with pRq and p # g, and € > O sufficiently small so that xo + €p, xg + £€q € [0, 1]. Then,

S

F (xolp = £/ (x0)a < | (xolp = (o + 2p) - F(x0)) (52

s

+ &5 If(x + £p) - f(x0 + £ + | £ (Flxo + £@) - f(x0)) ~ f'(x0)a

By (5.1), the first and third terms of (5.2) tend to O when € — 0. Since f is Lipschitz, there exists L > 0 such
that €7 |f(xo + ep) — f(xo + £q)|° < Le Sdy(xo + €p, X0 + £9).

Foralln € N, m € Z, the map x — h"(x + m) from (R, d) to (R, d) is a h*"-Lipschitz map. Indeed, it
follows from Lemma 2.7, since xRy = h™(x + m)Rh™(y + m). Then,

h™*"dg(xo + h"p, xo + h"q) < dx(xo/h" + p — m, xo/h" + g —m)
<dg(xo/h" - m+p,p)+dx(p, q) +dz(q, q + xo/h" - m). (53)

Since d, < |+ |, the first and third terms of (5.3) are less than or equal to
X0 S
.

The following is a well-known fact of base-2 expansion of real numbers: There exists a Borel set U C [0, 1]
with £1(U) = 1 such that for every point x € U, there exists a sequence (1;);cy of integers such that n; —s oo
wheni — oo, and foralli € N, xjpy = +-+ = Xgpp, = 0, where x = >, x;27¥ is the standard binary
representation of x. In fact, if x € U, then foralli € N,

s In
m‘ =’2 Xo—m

2Mix = m; + Z x 2"k wherem; € Z
k=2In;+1

<m;+ 2 Z 27k
k=2In;+1
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1

:ml‘+ﬁ’

502 —m; —s 0.
1—o0
Let us finish the proof of the proposition. Since A has positive measure, there exists a point xo € A N U.
With the inequalities (5.2), (5.3), choosing n = n;, m = m; and letting i — oo, we can conclude that

If' (xo)p = f' (x0)q|° < Ldx(p, q),

but this is impossible since f'(xo) # O (recalling that pRq and p # g so that d«(p, g) = 0 but |p — g| > 0).
Thus, f is constant. O

6 Blow-up

In the sequel, topological properties (closed sets, compact sets, etc) are related to the Euclidean topology
on RV, which is the same as the topology induced by ds. The balls will be balls for the distance ds and the
measure H* will always refer to }Cgs, wherea = ) s;l is the dimension of the BPI space (R, ds). Recall that
s is the minimum snowflaking factor, and L the minimally snowflaked layer. We define a semi-distance ds »
on RY by modifying ds on the minimally snowflaked layer L:

v,y €RN, ds 206 y) = d(x, yid + > = yil™,
kel kel

where d is the semi-distance defined on R in Section 4, by the shortcuts method. The topology induced by
ds,», for which a basis is given by the open balls {y RN, ds »(x,y) < r}, is the Euclidean topology.
Proposition 6.1. The quotient space ([0, 11V/ds , ds %) is a BPI space of dimension a.

Proof. The quotient space ([0, 1]N/ds,gz, HS,R) is the product of ([0, 1], | - |**) for all k ¢ L and ([0, 1]/d, dx)
for all k € L, which are bounded BPI spaces. Thus, we may apply Theorem 3.1 to conclude. O
We want to prove the following theorem, by a blow-up technique.

Theorem 6.2. Let A [0, 1]Y be a closed subset, and g : (A, ds %) — (RN, ds) a Lipschitz map such that
3*(g(A)) > 0. Then, there exists a Lipschitzmap f : ([0, 1]V, ds z) — (RY, ds) such that 3¢* (f([0, 1]V)) > 0.

From now on, we fix a closed (and thus compact) subset A of [0, 1]V, and an L-Lipschitzmap g : (4, ds ) —
(RN, ds).

For 6 > 0, we define dilg(z) = (6521, ..., 8Y5Vzy) where z = (21,...,2y) € RY. The map dil; is a
similitude for ds: for all x, y € RY,

ds (dils(x), dils(y)) = 8ds(x, y).

Forallj = (j1,...,jy) € ZN and i € N, we set
. N ;S ;S
I} = dilys ([0, 11V + ) = ] [A"% i, W5 Gige + 1))].
ke1

Thel ]' will be called "cubes" in the sequel even though it would be more correct to call them parallelepipeds.
The family {I}, i € N, j € ZN} is not a family of nested cubes, which means that two cubes I}, I with i # i/
might overlap.

If we set f; j(x) = dilys (x + j), then I]l: = £1,((0, 11V). We also define

Adm = {(i,i) eNxZN, Il c[0,1]V and f;; : ([0, 1]V, ds &) — (I}, R *ds %) is an isometry} ,
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the set of indices for which the corresponding cube is included in the unit cube and is similar to it for the
distance ds .
Recall that by construction of dy, for all (i, j) € N x Z" such that I} c [0, 1]V, there exists j' € Z"N such
that (i + 1,j') € Admand I;"* C I,
For all (i, j) € Adm, such that A N I} # @, choosez;j € AN I]’. and define
gij: (fifANnD),dsx) — @®Y,ds)
X +— dilh—is (g(fi,j(x)) = g(Z,',j)>.

Lemma 6.3. The maps { 8ij» (i,)) € Ad m} are Lipschitz, with uniformly bounded Lipschitz constants.

Proof. Let (i, j) € Adm such that A n I]‘: # @.Forallx,y € f[}(A N Il’:),

ds(gi;00), 81;0) = h™ds (g(fi,;00), g(Fi,; (V)
< Lh™dg x (f1;00, fi,;)
SLdS’fR(Xs y)- =

For any set E C RY, all m € N and all indices i € N, we set

. HYENT) 1
eE)={jezN, —— T <1- =
m(E) {J 5ea() m

In order to prove Theorem 6.2, we need to find a sequence (im, jm)meny € Adm" that satisfies two properties,
explained in the following proposition.

Proposition 6.4. There exists ¢ > 0 such that for all m € N, there exists (im, jm) € Adm such that

g e, fe LANID L 1 6.1)
n(A), i.e.—™>1-—, .
Jm m j‘f“([}:) m
and
hSe g (g(A N Tim) > c. (62)

The property (6.1) will imply that the sequence of compact sets ( i:nl,im (An I]':;’))m cn converges to [0,1]" in
the Hausdorff distance, whereas the property (6.2) will imply that 3% (f([0, 1V )) > 0, where f is the blow-up
map. The proof of Proposition 6.4 requires some lemmas.

The next lemma proves that in a small ball B(x, r) where x is a point of density of a set E in RY a "good"
cover of B(x, r) by cubes has a small number of cubes that have density in E not close to 1.

Lemma 6.5. Let x be a point of density for a subset E of RN. For all € > 0 and all m € N, there exists ro > 0
such that for all r € (0, rg), for all i € N and all coverings {I;}jeﬁ of B(x, r) such that

HY(B(x, 1) m’

then . )
#UJ' N Em(E))
0< T’m <e.

Proof. Lete > 0,m € Nand n > 0. Since x is a point of density for E, there exists ro > 0 such that for all

r e (0, ro),
’ _HY(ENB(, 1)

1-ns= Ho(B(x, 1))
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Fixr € (0,rp). Leti € Nand {I)’:}jeﬁ be a covering of B(x, r) such that

FA ( Ujes Il’)

£
— L <1+ — .
3 (B, r)) <1+, (6.3)
then,
(1-n)H*(B(x, 1)) < H*(EN B(x, 1))
<3 (En|J 1)
jer
<y HUENT)
jeJt
= Y HEND+ Y HYEND)
jeJinél (E) jeJ\el (E)
<(1-1/m) Y I+ > HU).
JjENNEL (E) jeJ\el (E)
Forallj € Ji, 3¢*(I) - #iﬁ}c“( 1)) Using #7' = #07 0 €i(E)) + #U\ Eln(E)) we get
jert
(1 - PH(B(x, M) < i.g{“( U ) (@ - 1m0 EnE) +#0"\ ER(ED)
’ #]l .61. ] m m
] 1
g 0\ (1 _ #U' N ER(E)
jet
Using now the inequality (6.3), we get
_ _#U' N ER(E)
A-n=+e/m) (1 T )
which is the same as ] )
#(J' N Em(E)) em(1-_L1-n
#]i - l+e/m)”
Set 1 = (¢/m)? to get the lemma. O

With this lemma, it is easy to get local information on the sum of the measures of all the E N I} such that I}'
has density in E not close to 1.

Corollary 6.6. Let x be a point of density for a subset E of RN. For all € > 0, and all m € N, there exists roy > 0
such that for all r € (0, rp), for alli € N and all coverings {I]’:}je ji of B(x, r) such that

#(Uerll) e
HY(B(x,1) m’

then
i &€
Y HUEND<e (1+2) 3 (B, ).
JeInei, (E)

Proof. Lete > 0, m € N. Let ry > 0 be given by Lemma 6.5. For all r € (0, rg), alli € N and all coverings
{I}}jey such that

#(Uerll) e
Ha(B(x,1)) m’
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we have

S HUEND s Y HUT)

jeNingi (E) JEIINEL (E)
_ 1. i\ gyl ~ ol
- i (jgizj)#g N E(E)
< eﬂ-("‘( U I]’) by Lemma 6.5
jeJt
s£(1+%) H*(B(x, 1)). O

By a compactness argument, we can now deduce global information on the sum of the measures of the EN I ]’
where I]’: is a cube with density in E not close to 1.

Lemma 6.7. Suppose that E is a compact subset of RN such that H*(E) > 0. Then, for alle > 0 and allm € N,
there exists iy € N such that for all i > iy,

> HYEND)<e.
jeek®)

Proof. Take a bounded set K compactly containing E. Let € > 0 and m € N. By Ahlfors-regularity there exists
a constant C > 0 such that H*(B(x, 3r)) < CH*(B(x, r)) for all x € R¥ and all r > 0. Let § > 0 be such that

e=6+Céh (1+ é) HYK).
m

Denote by E’ the set of points of density in E. Recall that H%(E \ E’) = 0. By inner regularity of 3%,
there exists a compact set E” ¢ E’ such that H*(E’ \ E”") < §. For all x € E”, there exists ro(x) > 0 given
by Lemma 6.5. For all x ¢ E”, choose rx € (0, ro(x)/3) such that B(x, rx) C K. Then, {B(x, rx)}xcg~ covers
E". By compactness, there exists a finite subfamily {B(xy, r)}1<ken Of {B(X, 'x)}xcg that covers E”. By Vitali
Covering Lemma, we can extract another subfamily of disjoint balls, say {B(xy, rx)}1<ken, Such that

no

E" c | B, 3n0).
k=1

Then choose iy sufficiently large such that forall i = ip and all 1 < k < ny,

1 (Uje )

— <1
Ha (B(Xk, 3rk)) =T

>

S|

where Ji = {j e ZN, B(xy, 31) ﬂI}‘: # @}. Then,

Y HYENL) < HYE\E) +H(E'\E")+ > HE"NI)
jEen® jeen®

<6+ i Z HYE" ﬂI})

k=1 jejinei (E)

no
<6+) 6 (1 + %) H®(B(xy, 3r)) by Corollary 6.6
k=1

8\ <= o .
<6+Cé (1 + H) kz_; H*(B(xx, 1)) by Ahlfors regularity

no

<85+Cb (1 + %) H ( U B(xy, rk)) since the balls are disjoint
k=1
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<6+Co (1+ %) HYK) = ¢,

which proves the lemma. O
Proof of Proposition 6.4. Suppose that Proposition 6.4 is false. For all ¢ > 0, there exists m € N such that for
all (i, j) € Adm, either j € Ej,(A) or K5*H* (g(A N T))) < c.

Fix ¢ > 0 and the corresponding integer m. By Lemma 6.7, there exists an increasing sequence (in),cn Of
integers such that foralln € N,

o in 1
Z HUANT) < 55
jeen(4)
Fix ny € N, define 5, = @ and iteratively for n > ng
. . . n71 .
Fn =14 ez (in,j) € Adm, h 4" (g(A mI]’.")) <c, and I]’." N U U Ill.?’ =g
n’=ngj'€F
Now we set
e U U soy).
n=no \ jeein(a) j€Fn
(in’j)eAdm

Let us prove that H%(B) = 0. Suppose that H*(B) > 0. Choose a point of density x € B. We prove that
there exists € > 0 and a sequence (rn)ncy such that r, — O and foralln € N,

H*(BNB(x, 1))

Tea (B(x, rn)) <l-g, (6.4)

which contradicts the fact that x is a point of density. Let r, = 2NhUn~15, By definition of ry,
N . .
H[Xk _ h(z,rl)S/sk’ Xy + h(lrl)S/sk] c B(x, rn/2),
k=1
thus if we set jn = (|x1 /R D8/51| | xpy/hEDs/sv ), then
. N . . —_—
It ¢ [ - RO 9875 g + ROD515% © B(x, 1a/2).
k=1

For all n € N, there exists j, € ZN such that (in, j;,) € Adm and Ijlf," c Il‘::‘l. Now there are two cases:
either ji, € £i1(A) or h™"S4H® (s(An I;f)) <c.

1. Ifj}, € &in(A), then BN I}‘:t‘ = @. Thus, BN B(x, 1) = BN (B(x, 1) \ I]’:I'), and we can write

(BN BOr) I (BOGra\L) KT 500, 1Y)

5a(BOo,r) | He(BOora) | Crf CeN*

where C is a constant given by Ahlfors regularity. This proves (6.4) in this case.
2. If AnSag(% (g(A N I]’.z)) < ¢, then either j, € Fporjy, € Fn.1f jy, € Fn, then BN I]’E = @ and we conclude as

in the first case. If j;, ¢ T, then

n-1
in in’
polU Un e
n’=ngj'€F,
Thus, there exists n’ € {ng,...,n -1} andj’ € F, such that I]’:;‘ N I]’:;" # @. By construction, BN I;r’ = Q.
If one translates the cube I ]’:r so that the image lies in I ]’:5" and intersects I ;;1, then the translated cube is in

B(x, rn) but not in B, and has the same measure that I}’:,", so the same estimate as in the first case holds
(see Figure 5).
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B(x,rn/2) B(x, rn)

i,
I

in—-1
Iin

Figure 5: Construction of a cube isometric to I}’:;‘ that does not intersect B N B(x, ry).

Thus, H*(B) = 0, and since g is Lipschitz, H* (g(B)) = 0. With these we can write
H(g(A)) < H*(g(A\B)) + H* (g(AN B))

< i ( > HY(gANI)+ > H (g(A m}n)))

n=no \ jcgin(y) JEFn
(in,j)€Adm
< ( > LH*An I;I") ey h""”)
n=no \ jcgin(y) JEFn
(in,j)EAdm
oo g_(a(lln)
< Lt %A I"‘ _—
) ( > weuniive S g o
n="o JEEW(A)
a - 1 o ln
SLZZT a([()lN)ZZ:H(I
n=no je F,
o N
e 1, 30, 1)

2n-1 " “5ta(fo, 1)’
the last inequality is true since the cubes (I j")nzno, jes, have disjoint interiors by construction. Since the last
inequality is true for all ¢ > O and all ny € N, then H* (g(A)) = 0, which contradicts the assumptionon A. O

Until the end of this section, we fix a constant ¢ > 0 and a sequence {(im, jm) € Adm, m € N} given by
Proposition 6.4. Forall m € N, set fin = f; ; and Ky = flAn I}:). Forall m € N, K, is a compact of [0, 1]V.

Lemma 6.8. There exists a subsequence of (Km)men that converges to [0, 1]V in the Hausdorff distance.
Proof. By Proposition 6.4,

Hang) 3 ([0, 11V). (6.5)

a _ p-imSaqra imy _ arQ N
HO(Km) = "3 (A N 1) = 3¢%([0, 1] )79{(1(1;:) —

For all m € N, Ky, is a compact of [0, 1]N , 50 by the Blaschke Theorem, we can suppose that Km m% K. By

(6.5) and Lemma 2.8, H*(K) = H%([0, 1]V). Then, K = [0, 1]V, because a compact set strictly contained in
[0, 1]" has Hausdorff a-measure strictly less than 3(* ([0, 1]V). O

We can now prove Theorem 6.2.

Proof of Theorem 6.2. The proof is pretty much the same as the proof of Ascoli-Arzela Theorem. Let E be a
dense subset of [0, 1]V. By Proposition 2.9, for all x € E, there exists a sequence (x,;) such that for all m
N, xm € Km, and ds(xm, x) — 0. For all x € E, we fix a sequence as above.
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Forallm € N, we set gm = g, ;,, and zm = z;,j, the chosen pointin A N I]’:n" We now prove that there
exists a compact K such that forall m € N, gn(Km) C K. Let m € Nand x € Ky, Then,

ds(gm(x), 0) < 'S ds (g(fm(x)) - g(zm), 0)

< H S dy (g(fm(x), 8(zm))

< Lh_imsds’ga(fm(X), Zm)

< Lh_i'"sds(fm(x); Zm)

< Lh™"*diamy, I",
but diamdSI]’:: = NhinS; then ds (gm(x),0) < LN. Thus, gm(Km) C B(0, LN), which is compact. The usual
Cantor diagonalization argument allows us to choose a subsequence (that we will still denote by m) such
that (gm (xm)) men converges (for the distance ds) for all x € E (that is, for all the sequences (xn) fixed above).

Denote f(x) the limit. The map f : (E, dg,z) — (RN, ds) is Lipschitz. In fact, for all x, y € E, let (xm), (vm) the
two fixed sequences converging to x, y for the distance ds. Then, forall m € N,

ds,» (fO), f(y)) < ds,» (FX), gm(xm)) + ds,® (§m(xm), gm(ym)) + ds,x (gm(ym), f(¥))
< ds(f(x), gm(xm)) + Lds(xm, ym) + ds(gm(ym), f(¥))
< ds(f(x), gm(xm)) + L (ds (Xm, X) +ds(x,y) + ds(y, ym)) +ds(gm(ym), f(y))
< Lds(x, y).
By a standard argument, there is a unique extension of f (that we still denote by f) defined on [0, 1]" such that

f: (o, 1], ds®) = (RY, ds) is Lipschitz. Moreover, (g) "converges pointwise" in the following sense: for all
x € [0, 1]" and for all sequences (x,;) (not only the ones fixed above) such that x, € Knm and ds r(Xm, x) —>
m-—-oo

0, we have ds (gm(xm), f (x)) 2 0. In fact, by density of E, for all p € N, there exists x¥) ¢ E such that

ds(x®), x) < 1/2%. For all p, denote by (x(,ﬁ))meN the sequence converging to x) that we choose above. Then,

ds (gm(xm), f(X) < ds (gm(xm), gm(E)) + ds (gm(x®)), FXP)) + ds (F(P)), F(x))
< Ldg 5 0m, X2 + ds (gm(D), fP)) + Ldg »(xP), )

and the result holds by letting m — oo and then p — oo.
We now want to prove that 3(* (f([0, 1]¥)) > 0. Recalling that

gm(x) = dilp-ins (8(fin (X)) - g(zm)),
we get by Proposition 6.4, that
H*(gm(Km)) = h™ " H (G(fm(Km)) = K "*H (GANTM)) = c.

Therefore, by Lemma 2.8 it is sufficient to prove that dy (gm(Km), f([0, 1N ) — 0, because then
m—oo

0 < ¢ < limsup 3% (gm(Km)) < H*(f([0, 11V)).
m-—roo
Let us remark that since gm(Km) C B(0, Ln), then £([0, 1]V) c B(0, LN) by pointwise convergence, thus we
can use the equivalence in Proposition 2.9 to prove that gm(Km) A, £([0, 1]V). The first point of Proposition
2.9 is true by pointwise convergence of g to f. For the second point, let y = klim gm, (xm,) where, {xn}isa
—>00

sequence such that for all m € N, x;s € Km. We want to prove that y € f([0, 1]M). Without loss of generality,
since K C [0, 1]V we can suppose that xm, o xE [0, 1]V. Then, gm, (xm,) — f(x) = y by pointwise
convergence.

This proves that dy (gm(Km), f([0, 1]N)) — 0, and thus H*(f([0, 1]N)) >c>0. O
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7 (RN, d;) is not minimal for looking down

We know that (RV, ds)looksdown on ([0, 1]¥/d x, ds %), since ds i, < ds and the projection 7 : ([0, 11V, ds %) —
([0, 11V/ds, %, ds, %) is an isometry.

Proposition 7.1. A Lipschitzmap f : ([0, 11V, ds ) — (RY, ds) satisfies 3*(f([0, 1]")) = 0.

Proof. Let x,y € RN andi e L. Let mr; be the canonical projection on the i-th coordinate. We denote by
v : [1,N] — RY the following piecewise linear curve: if x = (x1,...,xy)andy = (y1,..., yy) then for all
ke{1,...,N}

v [k,k+1](t) = (}’1, cees V-1 Xp t (t - k)(yk - Xk)’ Xks1s oo XYI)-
7 is a geodesic between x and y with the distance induced by the classical norm || - ||; in RY. For all k €
{1,..., N} the map
(pk : ([Os 1]’ dk) — (R’ | : |S)
t — (g of)(’y(k + t))
is a Lipschitz map since +|(; x,1) and m; are Lipschitz. Here, dy = | - |** if k ¢ L, and dy = dz if k € L. The case

k ¢ L implies by a standard argument that ¢, is constant, since s < s;. The case k € L also implies that ¢ is
constant by Proposition 5.1. We conclude that 71; of is constant along the curve v and thus 7; (f(x)) = 7;(f(y)),
which proves that 3* (f([0, 1]¥)) = 0. g

Suppose that ([0, 1]¥/ds «, ds ) looks down on (RY, ds). Then, there exist a closed subset A [0, 11"/ds
and an L-Lipschitzmapg : (4, ds z) — (RY, ds) such that 3. (g(A)) > 0. Themap g = gort : (7' (4), ds %) —
(RY, ds) is Lipschitz, 9{55 (g(A)) > 0 and 7~ %(A) is compact. Thus, we can apply Theorem 6.2. There exists a
Lipschitz map f : ([0, 1]", ds %) — (R, ds) such that 3% (f([0, 1]V)) > 0, which contradicts Proposition 7.1.
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