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UNIQUENESS OF POSITIVE SOLUTIONS TO SOME NONLINEAR

NEUMANN PROBLEMS

YOUYAN WAN AND CHANG-LIN XIANG

ABSTRACT. Using the moving plane method, we obtain a Liouville type theorem for
nonnegative solutions of the Neumann problem

div (y*Vu(z,y)) =0, zeR" y>0,
lim y*uy(z,y) = —f(u(z,0)), z€R”,
y—0+

under general nonlinearity assumptions on the function f : R — R for any constant
a€(—1,1).
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1. INTRODUCTION AND MAIN RESULTS
1.1. Introduction. Let a € (—1,1), n > 1 and H denote the upper half space
H={(z,y) : € R",y > 0}.
In this paper, we consider the Neumann problem
div (y*Vu(z,y)) =0 in H,

ou
e = (u) on OH,
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2 Y. WAN AND C.-L. XIANG

wheref : R — [0, 00) is a nonnegative function, V = (0, -+ , 0y, 0y) is the full gradient
operator in H, and
Ou = — lim y*Oyu(x,y)
e g0y VI Y)
Equation (1.1) has been studied extensively in the literature. Indeed, equation (1.1)
is closely related to the fractional Laplacian equation

(—A)°u = f(u)  inR" (1.2)

where (—A)? is the usual fractional Laplacian operator defined via its multiplier |£|>¢ in
Fourier space, where we denote

s=(1—-a)/2
throughout the paper. This connection has been highlighted by Caffarelli and Silvestre [4]
and by related applications such as Cabré and Sire [2, 3|, Frank and Lenzmann [15] and
Frank et al. [16]. More precisely, let y > 0 and let P : R" — R be the kernel given by

o n 9 —(n+1—a)/2 "
Py(x) = kay™" (1+ (I21/y)°) . T ERY,

where the positive constant k, is chosen such that [p, Py(z)dz = 1. It was proven in

Caffarelli and Silvestre [4] that for sufficiently regular function ¢ in R™ (e.g., ¢ belongs to

the fractional Sobolev space H*(R")), the function ® : H — R defined as

Bay) = B <ola) = [ Pjlo— o)z (@) €E,

n

is an extension of ¢ to the upper half plane, such that lim, o4+ ®(z,y) = ¢(x) holds on
OH in some sense. Moreover, ® solves the boundary problem

div (y*Ve(z,y)) =0, (z,y) € H,
0P /ov® = ds(—A)°¢p, on OH,

with ds = 2172°T (1 — s) /T'(s). In particular, the following identity holds for all functions
¢ € C§°(H), the space of smooth functions on H with compact support,

d [ A-8)76Pda = [ 4>V a(e.y) Pdady.
Rn H

Another equivalence of fractional Laplacian operators given in the form of difference quo-
tients, such as
u(z) —u
(“A)u(x) = CpiP.V. /R n %dy, (1.3)

are also used quite often in the literature, see e.g. Cabré and Sire [2, 3] and Chen et al.
[9, 11].

On the other hand, nonlinear Neumann boundary value problems of type (1.1) have
their own independent interests. In the case a = 0, equation (1.1) is reduced to

{Au(x,y) =0, (x,y) €H,

% = f(u) on OH,

(1.4)

where A is the usual Laplacian operator in R®*! and v is the unit outward normal on
OH. Equation (1.4) has been studied considerably, see e.g. [13, 19, 24, 25, 26] and the
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references therein. In particular, Hu [19] established nonexistence results for positive
solutions to equation (1.4) with f(u) = u? for 1 < p < n/(n — 1), which have found
applications in the study of heat equations with nonlinear boundary condition in Hu and
Yin [20]. Ou [26] exteneded the result of Hu [19] to the range —oco < p <n/(n—1) by the
moving plane method. Quite recently, Jin, Li and Xiong [21] studied equation (1.1) for
all a € (—=1,1) with f(u) = u("29)/("=25) in the weak sense and classified all the positive
solutions to equation (1.1). They also pointed out the nonexistence of positive solutions
to equation (1.1) with f(u) = uP for p < (n + 2s)/(n — 2s). The same results to [21] was
also obtained by de Pablo and Sdnchez [12] in the case —1 < a < 0 and f(u) = «” with
l1<p<(n+2s)/(n—2s).

1.2. Main result. In this paper, our aim is to extend above results in a more general
setting. This is motivated naturally by the effort of gaining a better understanding on
the role played by the nonlinear term f(u) in problems of type (1.1). To state our main
results, assume throughout the paper that f : [0,00) — [0,00) is a continuous function
satisfying

(H1) f(¢t) is nondecreasing for t > 0 and f(0) = 0; and

(H2) g(t) = f(t)/t*~! is a nonincreasing function in ¢ > 0, where

2% =2n/(n — 2s)

is the so called fractional critical Sobolev exponent.

As examples, it is straightforward to verify that both functions f(¢) =t for 0 < p <
28 — 1, and f(t) = Y pr cxtPr for 0 < p, < 2% — 1, ¢ > 0, satisfy (H1) and (H2).

Due to the regularity theory developed in Cabré and Sire [2], we can prove that weak
solutions of problem (1.1) are also classical solutions. Thus, we will restrict ourselves to
classical solutions of problem (1.1). Our result reads as follows.

Theorem 1.1. Suppose that f satisfies (H1) and (H2), and that v > 0 is a classical
solution to the Neumann problem (1.1). Then uw % 0 holds on H if and only if g(t) =
f(t)/t%~1 is a constant function for t > 0, in which case the following hold:

(1) If g = 0, that is, f(t) =0 for allt > 0, then

u(ac, y) = Clyl_a + 027 ($7 y) € H7

for some nonnegative constants Cy,Co with C? + C2% > 0.
(2) If g = go > 0 is a constant function, that is, f(t) = got*~' for all t > 0, then

u(z,y) = (P§ xuo) (z), V(x,y) €H, (1.5)

where

n—2s

cd
UO($) - d2 + ]x — $0’2

for some xg € R™, d > 0, and ¢ > 0 is a constant depending only on n and gg.

In view of the extension principle of Caffarelli and Silvestre [4] aforementioned, the
following theorem is a direct consequence of of Theorem 1.1. Recall that s = (1 — a)/2.
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Theorem 1.2. Assume that f satisfies the conditions (H1) and (H2). Then there exists
a nontrivial nonnegative solution to the fractional Laplacian equation (1.2) in H*(R™) if
and only if f(t) = Ct%~1 for t > 0 with some constant C' > 0, in which case, solutions of
equation (1.2) are of the form

b (n—2s)/2
Qz) = (—> . zeR" (1.6)

|z — zo]? + ¢

for some constants b,c > 0 and a point xg € R™.

We remark that in Theorem 1.2, we restricted the solutions to the fractional Sobolev
space H*(R"™), the completion of C5°(R™) under the quadratic form

iy, = [ 1=8)ulde = [ felace) P

This is due to the fact that solutions of problem (1.2) in H*(R™) can be considered in the
setting of problem (1.1), in view of the extension principle of Caffarelli and Silvestre [4].
As a matter of fact, Theorem 1.2 holds for nonnegative functions under far more general
conditions, see e.g. [10, 11, 23]. In particular, in the most recent paper Chen, Li and Zhang
[11], by introducing a direct method of moving spheres for fractional Laplacian operators
given by the difference form (1.3), the authors proved that if u € Ls(R™) N Cllo’i (R™) is a
nonnegative solution to equation (1.2), where Li(R™) is given by

Ls(R") = {f € Lioe(R") : (1 + [2) "% € L'(R")},

and f : (0,00) — [0,00) is a locally bounded function satisfying (H2), then the results of
Theorem 1.2 holds, see Theorem 2 of [11] for more details. However, since we do not need
so general results in the present paper, we refer the interested readers to [10, 11, 23] for
more details.

As another consequence, consider the variational problem

s =it { [ Vo) dadyio e @), [ o@oHRar—1f. @)

The constant S in problem (1.7) is well defined, due to the trace inequality

/a 106,05 < G /H Vé(a,y)Pdady, V€ C3°(H),

where Cp, , > 0 is a constant depending only on n and a, see e.g. Frank et al. [15, 16].
In the case a = 0, minimizers of problem (1.7) was classified by Escobar [14], in which
the author showed that minimizers are of the form (1.5) with s = 1/2, for some zy € 0H,
yo < 0. By Theorem 1.2 and the extension principle of Caffarelli and Silvestre [4], we have
the following.

Corollary 1.3. Minimizers of problem (1.7) are of the form (1.5) for all =1 < a < 1.

To prove Theorem 1.1, we apply the famous moving plane method which was invented
by the Soviet mathematician Alexanderoff in the early 1950s, and later developed by Serrin
[27], Gidas, Ni and Nirenberg [17], Caffarelli, Gidas and Spruck [4], Li [22], Chen and Li
[6, 7], Chang and Yang [5], Chen, Li and Ou [10], Li [23], Chen et al. [8, 9, 11] and many
others. Now this method has been developed to study more classes of problems, such as
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integral systems, subelliptic equations on Heisenberg groups, see e.g. [1, 28], and even
on fully nonlinear nonlocal problems (see e.g. [8]). In this paper, we will mainly use the
moving plane method in integral form developed in [10]. We also combine some useful
result in Li [23] so as to simplify the arguments.

2. CLASSIFICATIONS OF POSITIVE SOLUTIONS

2.1. Some basic facts and notations. We collect some useful properties of equation
(1.1) in this subsection. First we have the following comparison principle.

Lemma 2.1. (Comparison principle) Let Q C H be an open set with a part of flat boundary
I'COH. Let uw >0, u 0, be a classical solution to equation
div (y*Vu(z,y)) =0 in Q,

li a < I.
Jm uy(z,y) <0, x€

Then

u>0 on QUT.

Proof. The result holds in €2 by the maximum principle for uniform elliptic equations, see
e.g. Gilbert and Trudinger [18]. We need to show that u > 0 holds on I'. Fix an arbitrary
point X = (20,0) € I'. Suppose that lim, 04+ y®u,(zo,y) < 0. By continuity, we have
uy(xo,y) < 0 for (xg,y) close to Xy enough, which implies that u(zo,0) > u(xg,y) > 0 if
we choose y small enough. In the general case, choose ¢(y) = y'~. The function u — e¢
is also a solution of the same equation in €2 but with boundary condition

y* (u—ep), < —(1-a)e<0 onT.
Hence we deduce that u(x,0) = (u — €g)(x,0) > u(x,y) — ey! =2 for sufficiently small y.
Letting € — 0 we obtain u(X) > u(x,y) > 0. The proof of Lemma 2.1 is complete. O

As an application of Lemma 2.1, we have the following corollary.

Corollary 2.2. Ifu > 0 is a nontrivial classical solution to equation (1.1), then u > 0 on
H.

Next we introduce some notations that will be used in the proof of Theorem 1.1. Let
A€Rand X = (z1, 22, ,zp,y) € H. We write
T\={X eH:z = A},
Ya={XeH:z > A},
pa = (2X,0,---,0,0) € OH,
Xn=02\—x1,29, + ,Tn,Y) -

We note that if u is a nonnegative solution to problem (1.1), then the function v defined
by

o(X) = |X|}L_25u <‘§|2> X = (z,y) e A\{0}, (2.1)
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is also nonnegative in H and satisfies

div (y'"*Vu(z,y)) =0 in H,
lim 52, (2, ) = (2" *0())o "} (z) on OH\{0}. 32
y—0-+
Moreover v satisfies
lim | X|""*u(X) = u(0). (2.3)

| X |—o0

Thus v € Lﬁ(ﬁ)\) for any n +1 < ¢ < oo and any A > 0. Since v seems to have better
properties than that of v in the neighborhood of infinity, we turn to study the function v
instead of u in the following. Remark that it is possible that v has singularity at X = 0.

Furthermore, write vy (X) = v(X)). It is straightforward to verify that vy > 0 solves
the equation

div (ylf?SVm(w, y)) =0 in H, A
. _ _ o 2.
Tim ' 20,00(2,0) = —g(ln @) @) on 0B\ B

Now let us start the proof of Theorem 1.1 with the following homogeneous case, which is
also the simplest case that we can expect.

2.2. Homogeneous case. In this subsection we consider the case f = 0. In this case
the result of Theorem 1.1 can be viewed as an analogue of the classical Liouville theorem
for nonnegative harmonic functions in Euclidean spaces. There are many different ways
to study this homogeneous case, such as by Harnack type inequality. But here we prefer
to use the moving plane method, since the essential point of the moving plane method is
already contained in this case.

Fix A > 0 and let 0 < 2¢ < A. Choose a cut-off function 7, € C§°(R"*1) such that
0<7n <1inR"™ g =1for 2¢ < |[X —py| < eltandn =0 for |[X —py| < eor
X —pa|l = 2L [V (X)] < Cet for {e < |X —py| < 2¢} and |V (X)| < Ce for
e <|X —py| <2t Here C > 0 is independent of e. Multiply both sides of equations
(2.2) and (2.4) by ¢ = (v — vy)+n?. Here ¢, = max{c,0}. We deduce that

/ Y1V (0 — v2) 4 X
Ean{2e<|X —pal<1/e}

< / YOIV (me(v — va) ) PdX
A

_ / YV (0 — v2)4 - VedX + / Y (0 — 03)2 [V PdX
N N

:/ y* (v — UA)1|V776|2dX =:J.
DI
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The last equality holds since we are considering the case f = 0. Estimate J as below.
Write R, ={X e H:r <|X —p)| < 2r} for r > 0. Then

J < 06_2/ Y (v —vy)2dX + 062/ y* (v —vy)2dX
YANRe EANRy .

SCGZ/ ya]v|2dX+C'62/ y®|v)|?dX,
Re Rl/e

where C' > 0 is independent of €. For ¢ > 0 sufficiently small, we derive from (2.3) that

6_2/ yv?dX < C')\e_2/ ydX = O("2%),
’ {XEM:| X —px[<2¢}

and that

62/ y?dX < C’,\EQ/ ya|X|2(25_")dX
EANRy . {X€H:1/e<| X —pi|<2/€}

< C}\62+2(n72s) / yadX
[XEFL|X—pa]<2/c}

= O("%)
for some constants C\ > 0. Hence
J=0(""%) 50 ase—0.
Therefore, combining above estimate for J and (2.5) yields that
v < vy, in Xjy.
Since A > 0 is an arbitrary constant, we derive by sending A — 0 that
v(x1, e, X, y) S O(—X1, X2, T, Y) V(x,y) € H.

Note that in the above arguments x; could denote any direction on 0H. We conclude
that v is radially symmetric with respect to the variable x € 9H. That is, u = u(|z|,y).
Moreover, since we can apply the Kelvin transform centered at any point of OH, we infer
from the same procedure that u is symmetric with respect to any point on JH, which
implies u(x,y) = u(y) for all (z,y) € H. By substituting u = u(y) into the equation, we
obtain

u(:n,y) :Clyl_a+027 (x,y) EE
for some constants C7,Cy > 0. This finishes the proof of Theorem 1.1 in the case f = 0.

2.3. Nonhomogeneous case. Now we consider the case f #Z 0. We divide the proof of
Theorem 1.1 into several steps.

Step 1. We show that the procedure of moving plane can be started for sufficiently
large A. The essential idea is already contained in the proof for homogeneous case. We
start with the following integral inequality.

Lemma 2.3. For any fired A\ > 0, there holds

2% 2
[ vV w)Pax <o </ vQ?dx) [ V- nfax. 2o
N OHNOA N
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where Ay = {X € Ty : v(X) > v\(X)}, Cy is a constant which is bounded when \ is away

from zero.

Proof. Formula (2.6) is a consequence of Caccioppoli type inequality. Indeed, let 0 < e < A
and 7. € C§°(R™*1) be given as in the homogeneous case. Multiply both sides of equations
(2.2) and (2.4) by ¢ = (v — vy)1n?. We obtain that

/ Y|V (v —vy)o2dX
SaN{2e< | X —py <L}

< / YOIV (v — vp)4) [2dX
PN

- / YOV (v — v3)4 - VedX + / Yo (0 — v3)2 |V PAX
E/\ Ez\

= I+
As in the previous subsection, we have
J=0(""*) =0 ase—0.

Thus, we only need to estimate I.
By equations (2.2) and (2.4), we have

I = / Y*V(v—v)\)4 - Voo
PN

= / by*'V(v—uvy)4 - v
(X ANsuppne)

/ (922 0(@)0% (@) = glarl" = (@)or " (@) oe.
{zeR™:z1 >\ e<|z—pi|<2/€}

Since |z| > || if z1 > X and v > vy on A), and since g is nonincreasing by assumption,
it follows that

I < g(2)"" () (% — 0F Y peda

/{IER":11>>\,5§|z—p>\|§2/e}

CS\/ 0% 72 (2) (v — vy )3 da
OHNOA

IN

*

s

2
/ 2% 2; 2% 2:
Cy </ v S(x)dm) (/ (v— v,\)fdx> ,
OHNOA OHNOX

where Cf := (25 — 1) sup,, - g(|z[""**v(z)). Recall that |z|"~*v(z) — u(0) as |z| — oo.
So C\ — (25 — 1)g(u(0)) > 0 as A — oo, which implies that C} is bounded for A being
away from zero. By virtue of the trace inequality (1.7), we deduce

2
* 2:
([ w-wFas) < [ 19— oax,
OHNOX DIPN

where S is the constant defined as in (1.7). Therefore,

IN

252
2*

1<Cy ( / v2i<a:>dx) [ v o Pax,
OHNOA A
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where C), is a positive constant which is bounded when A\ is away from zero.
Finally, combining the estimate of I and J together and letting ¢ — 0, we obtain
(2.6). The proof is complete. O

As a consequence of (2.6), we infer immediately that for A\ > 0 large enough, there

holds
2n-2
C)\ </ U28> S a
OHNOA, 2

since v(z,0) € L% (OH N 9L,). Hence, for A large enough we deduce that

| V=) =0
N
Thus for A\ large enough we obtain
v < vy in Xy.
Step 2. Now we can move the plane. Define
p=1inf {A>0:0v <w)yin Xy}.
Lemma 2.4. If u > 0, then v = v, in ¥,.

Proof. By continuity, we have v < v, in ¥,,. Suppose on the contrary that v # v, in 3.
Then for (x,0) € OH N 0%, we have that

fa]" v ()

|x‘n+23

2" vu(x))

N |x‘n+2s
= g (2" vu(2)) vy ()
9 (lzu[" " vu(@)) v~ ().

Applying the comparison principle of lemma 2.1, we deduce that

g(lz" > v(@)v" (2)

IN

v(z,y) <vulz,y)  for (z,y) € ¥, U{X € OH, z1 > u}.

By virtue of the strict inequality, we find that the characteristic function xp4, — 0 a.e.
in R™ as A = p. Thus the Dominated convergence theorem implies

27 -2
lim C), (/ v2s> =0.
A=p OHNOA,

Combining above limit together with the inequality (2.6), we conclude that there exists a
sufficiently small positive constant 6 > 0 such that for all A € [u — d, y]

v < vy in Xy.

However, this is against the choice of u. The proof of Lemma 2.4 is complete. O
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Now we can prove Theorem 1.1 in the nonhomogeneous case.

Case 1: g is not a constant function.

We show that u vanishes everywhere. To this end, first we claim that y = 0. For
otherwise, © > 0 implies that v = v, in X,. But then substituting the equality into
equations (2.2) and (2.4) leads to the identity

g(|1:]”_281)(x)) = g(\xu|”_2sv(a:)) for all z € 0%,

which is impossible since g is monotone and nonconstant. Hence p = 0. Then we deduce
that

v(z1, w2, ZTn,Y) S V(—w1, 22, Ty, y)  for all (v, 22 -0 20, y) € Xo.

By the same argument as that of the homogeneous case, we conclude u depends only on
the variable y. But then the equation can be explicitly solved by
f(m)

u(z,y) = *fayl_a +m

for some constant m > 0. Thus u cannot be nonnegative for y large enough if f(m) > 0.
However, this happens, for otherwise if f(tg) = 0 for some typ > 0, the monotonicity
assumptions (H1) and (H2) implies that ¢ = 0, which is against our assumption. Therefore,
there is no nontrivial nonnegative solution to equation (1.1).

Case 2: g = constant > 0.

In this case, f(u) = fou>~! for some fy > 0. With no loss of generality, we assume
that fo = 1 so that g = 1. The proof in this case is essentially the same as that of [10, 26]
but with some simplifications. We give a sketch of proof below. First we prove

Lemma 2.5. There exists a constant us, > 0 such that

lim | X["725u(X) = Ueo. (2.7)

| X |00

Proof. In fact, if u > 0, then Lemma 2.4 shows that u has no singularity at infinity, and
so the result holds. Indeed, suppose that (2.7) does not hold. Then for any two different
point a,b € OH, let ¢ = (a + b)/2 and consider the Kelvin transform centered at c:

1 X —c¢
X) = .
o) rX—crn—28“<\X—c\2 +C>

Then v has singularity at X = ¢. Repeat the same argument in the above. We conclude

that p = 0. Thus, v is radially symmetric about the axis that passes X = ¢ and parallels
to y—axis. In particular, we have u(a) = u(b). Since a,b are two arbitrary points on 0H,
u must depend only on y. We obtain a contradiction as in Case 1. The proof of Lemma
2.5 is complete. O

The following lemma is very useful to derive the formula (1.5).
Lemma 2.6. Let u be a solution to equation (1.1) and a € R™, \""2% = uy. /u(a,0). Then

we have
)\ n—2s A2 o
u(z,0) = | —— u a—i—M,O , 1w eR"™
|z — al |z — al?
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Proof. First notice that in our case for any (a,0) € 0H and § > 0, the translation
n—2s

u(- — (a,0)) and the scaling us(X) =6 2 u(dX) are solutions to equation (1.1) as well.
Consider a = 0, A" 2% = uy, /u(0). Let e be any unit vector on 9H, and set

1 X —e¢
X) = .
v(X) |X—ern—28“k<rx—e\2 “)

n— n—2s

Then v is a solution to (1.1) with v(0) = A 225u(0), v(e) = A7 2 ue by (2.7). By the
choice of A, we also have v(0) = wv(e). Hence v is radially symmetric with respect to

x = e/2. In particular, we have for any h € R that

(g) (L) - W_XH)"‘Z (31e).

Letting t = %, we arrive at

u(Ate) = W%%u <)\§) .

Thus for any (z,0) € OH, we achieve

A\"TTE A2
0)=| — — 0.
w0 = () (Gpo)
Now the lemma follows from a translation. O

We are quite close to our result now. Combining Lemma 5.8 [23] and Lemma 2.6
yields

n—2s

d =
u(z,0) = <C—) , zeR"

d2 + |$ - x0|2
for some ¢,d > 0. Then, using a standard Caccioppoli type inequality, combining Lemma

2.5 and the above explicit formula of u(-,0), we deduce that u has finite energy in the
upper plane in the sense that

/y“|Vu\2dX < 00.
H

Next, let

[(z,y) = (P; % u(-,O)) (z).
Then I is a solution to equation (1.1) with I' = u on OH as aforementioned in the intro-
duction. Moreover, notice that u(-,0) € H*(R") holds since it is the function that achieves
the best constant for the fractional Sobolev inequality. Hence it follows from Proposition
3.5 of Frank and Lenzmann [15] (see also [16] for a higher dimensional analog) that T’
satisfies

/ Y| VT PdX < oc.
H

Hence both w and I' are finite energy solutions to equation (1.1) with the same boundary
value. This fact implies that w = I' in H. This finishes the proof for case 2. The proof of
Theorem 1.1 is complete.
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