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INTRODUCTION

This dissertation addresses stochastic game theory and partial differential
equations (PDEs for short). A basic observation in the theories of linear
PDEs and probability is that harmonic functions and martingales share
similar mean value properties. To illustrate this connection, we fix € > 0
and denote by 2 C R™ a bounded domain with the smooth boundary 0f).
We put a token at xg € Q with B.(z¢) C 2, where B.(x) is an open ball
centered at xy with the radius €. In general, when the token is at z; € Q,
it is moved to x4 € B:(z)) according to the uniform probability density.
The process stops when the token hits the complement of €2, and the final
payoff is given by a continuous function F' : Q¢ — [-M, M]. The expected
payoff at xg is denoted by uc(zp), and ue : Q — [—M, M] is called a value
function. The value function satisfies the mean value property over the ball
Be ($0),

1
wie) = f  wwdy= e
e\To €

Gl oo ue(y) dy. (1)

When € — 0, value functions converge uniformly towards the unique solution
of the Dirichlet problem of the Laplace equation —Au := —div (Du) = 0
with boundary data F. We recall that the solution of this linear PDE is
called harmonic and satisfies a similar mean value property.

Probabilistic interpretations for nonlinear PDEs arose in 1950s and 1960s
from optimal control problems and differential games. Bellman [Bel57]
showed that a continuously differentiable value function of a certain op-
timal control problem is a solution to the first order nonlinear PDE that is
now called the Hamilton-Jacobi-Bellman equation,

up(x,t) + igf(f(m,t,oz) - Du(x,t) + r(z,t,a)) =0,

where Du(z,t) is the gradient of u in space, « is the control, r is the run-
ning cost, and f gives the state dynamics. Isaacs [Isa65] studied connections
between two-player zero-sum differential games and the corresponding non-
linear second order PDE that is now called Isaac’s equation,

sup i%f(Laﬁu — fap) =0,

where L,z is a family of elliptic operators with bounded measurable coef-
ficients, and f,3 are real valued functions. These connections were based
on the concept of dynamic programming principle (DPP for short), which
describes Bellman’s Principle of optimality ([Bel57, II1.3]): Whatever the
initial state and initial decision are, the remaining decisions must constitute
an optimal policy with regard to the state resulting from the first decision.
Equation (1) is an example of DPP.

The Hamilton-Jacobi-Bellman equation does not necessarily have contin-
uously differentiable solutions. Since this equation is in non-divergence form,
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distributional weak theory based on integration by parts is not applicable. It
was not clear how to relax the concept of solution. In the early 1980s Evans,
Crandall and Lions [Eva80, CL84] introduced the concept of wiscosity solu-
tion as an appropriately defined weak solution to PDEs in non-divergence
form. The name viscosity solution refers to the method of vanishing viscos-
ity to prove existence results. The method of vanishing viscosity is no longer
central, but it lead to the modern definition.

1. TUG-OF-WAR GAMES

1.1. Background. In 2006 Peres, Schramm, Sheffield and Wilson intro-
duced a two-player zero-sum stochastic game which they called tug-of-war,
and showed that for a fixed € > 0 and a bounded final payoff F', the value
function u. of this game satisfies the DPP

1
us(z) = =(sup ue + inf w).
2 B:(z) Be(z)
In the seminal article [PSSW09], they showed that when € — 0, value func-
tions converge uniformly towards the unique viscosity solution u of the ho-
mogeneous infinity Laplace equation

—Agou 1= —(DQu Du,Du) =0

with boundary data F. The infinity Laplace equation is a nonlinear PDE
in non-divergence form, and the solution u is called infinity harmonic. This
equation was introduced by Aronsson [Aro67] in the context of absolutely
minimizing Lipschitz extensions. Existence, uniqueness and regularity prop-
erties of this equation gained increasing interest in 1980s and 1990s when the
viscosity theory developed. After [PSSW09], game-theoretic interpretations
for different variants of the infinity Laplace type equations were studied for
example by Atar and Budhiraja [AB10], Antunovié, Peres, Sheffield and
Somersille [APSS12], Armstrong and Smart [AS12], as well as Bjorland,
Caffarelli and Figalli [BCF12].

Peres and Sheffield [PS08] developed a new variant tug-of-war with noise
and showed that it has close connections to the nonlinear PDEs that are
sometimes called normalized or game-theoretic p-Laplace equations, 1 < p <
oo. The case p = 1 is related to the mean curvature flow [KS06]. The version
of tug-of-war with noise we present in Section 1.2 below was formulated by
Manfredi, Parviainen and Rossi in [MPR12]|. Ferrari, Liu and Manfredi
[FLM14] extended game-theoretic methods to Heisenberg groups, whereas
the game related to the obstacle problem of the p-Laplacian was studied by
Lewicka and Manfredi [LM]. In [MPR10a], the authors introduced time-
dependent tug-of-war games related to certain parabolic equations.

The dynamic programming principle is often the link between differential
games and PDEs. In the spirit of tug-of-war games, Liu and Schikorra [LS15]
obtained solutions to discrete DPPs satisfying certain general conditions.
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1.2. Tug-of-war with noise and the normalized p-Laplacian. A cen-
tral variant of tug-of-war games for this thesis is the tug-of-war with noise,
played between Max and Minnie in 2 C R™ as follows. First we fix p > 2
and € > 0. The game token is placed at zg € 2. With the probability
a = (p—2)/(n+p) € (0,1), the players flip a fair coin and the winner
can move the token anywhere in B:(xg). With the probability f =1 — «,
the token is moved randomly to a point in B(z¢) according to the uniform
probability density. The game continues until the token hits the e-boundary
strip
I.:={zeR"\Q : dist(z,00) <&}

for the first time at, say x;. Then Minnie pays Max the amount F(x;),
where F' : I': — R is a bounded, Borel-measurable payoff-function. Max
tries to maximize the payoff and Minnie tries to minimize it. We define the
value of the game for Max in zg € 2 as

g = infEY o [F(x,
ug(zo) supipf 1 sy [F ()]

while the value of the game for Minnie is
= = inf EY . [F(x,)].
ufr(zo) pfsup By s, [F(zr)]

Here St and Syp are the strategies of the players.

It turns out that there is a unique value function u. := uf = wuf in
Q. :=QUT;, us = F on I';, satisfying the DPP
e .
ue(z) = = | sup us + inf w. | +p ue(y) dy. (2)
2 \ B.(x) Be(x) Be(x)

Heuristically, the rules of the game can be read from this equation. More-
over, when ¢ — 0, value functions converge uniformly towards the unique
viscosity solution of the normalized p-Laplace equation

N
—Aju=0 (3)

with boundary data F. Here

1 1 -2

Aévu = —|Du|*"P div(|Du|P?Du) = —~Au + LAéVOu,

p p b

where AN v := <D2u|g—z‘, %> is the normalized infinity Laplacian.
The definition of viscosity solution for equation (3) is based on the fol-

lowing observation: If u is a smooth solution of (3), Du(xg) # 0 for z¢ € €,
and u — ¢ attains a local maximum at xo for some function ¢ € C?(£2), then

it holds —Al¢(z0) < 0. The viscosity solution u of (3) is required to satisfy
the following conditions:

e The function v is continuous.



e For all zop € Q and for all test functions ¢ € C?(Q) such that
u — ¢ attains a local maximum at xp and D¢(zp) # 0, one has

e For all 2o € Q and for all test functions ¢ € C?(Q) such that
u — @ attains a local minimum at zy and Dy(zg) # 0, one has
— AN p(x9) > 0.

This is not the whole definition. The case D¢(xg) = 0 requires special atten-
tion, because then —Aé\’ ¢(xo) is not well defined. For the precise definition,
see for example [C, Definition 2.1]. It follows from the work of Juutinen,
Lindqvist and Manfredi [JLMO1] (see also [JJ12]) that viscosity solutions
of (3) are distributional weak solutions of the standard p-Laplace equation
—div(]DulP~2Du) = 0. Hence, viscosity solutions of (3) are p-harmonic, see
also Section 3 below.

To give an idea of the connection between equations (2) and (3), we
assume again that v is a smooth solution of (3) with Du # 0, and obtain
heuristically a generalized mean value formula for u. Averaging the Taylor
expansion

u(y) = u(z) + (Du(z), (y — =)) + %<D2u(ff)(y —a),(y = @) +olly — «I*)

over the ball B.(z) and calculating

][ (Du(x), (y — 2)) dy = 0
B (z)

and
£ - - o)y = 5 @
—(D*u(x)(y —x), (y — z)) dy = —Au(z),
Be(z) 2 2(n+2)
we obtain
2
€ 2
u(zx) — u(y)dy = ———Au(x) + o(e?). 4
@)~ f,  w)dy = gt ol ()
Moreover, by using the Taylor expansion for u(z 4+ h) with h = 5@2%3‘ and

h= —5%, we get

1 Du(z) Du(z)
olo) =5 (0o + ) + e~ <ipuey)

1
~ —QEQAﬁu(:C) + o(e?).
From this we heuristically deduce

u(z) — 1 sup u+ inf u | = —152Aévou(x) + o(e?). (5)
Be(z)  Be(@) 2
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By combining the expressions (4) and (5) and recalling that a« = (p—2)/(n+
p) and B = (n+2)/(n + p), we get a generalized mean value formula for w,

u(zx) = @ sup u+ inf w | + 0 u(y) dy + o(e?).
2 \B.z)  B:(@ Be(2)

However, not all viscosity solutions of (3) are smooth in general, and
the actual proof of the connection between value functions and viscosity
solutions of (3) is more subtle, see [MPR10b].

2. LOCAL REGULARITY OF TUG-OF-WAR GAMES AND ARTICLES [A, B]

In [A, B] we study the local regularity properties of two variants of tug-of-
war games. The main goal is to understand the properties of these games on
their own right. In [A] we study the game tug-of-war with noise and running
payoff, where after each move Max gains a small payoff. In [B] we study the
local regularity of time-dependent tug-of-war games where the probabilities
«a and 8 may vary. In the following we denote by B, C R™ a ball centered
at the origin with the radius r, and

osc (ug, By) := sup us — inf ..
B, By

2.1. Tug-of-war with noise and running payoff. In [A] we study the
following variant of tug-of-war games. We fix € > 0 and denote by 2 C R"
a bounded domain satisfying the exterior ball condition. The final payoff of
the game is given by a bounded, measurable function F : I'; — [—M, M].
Moreover, we add a bounded, measurable running payoff f : Q — (0, M].
The players play the tug-of-war with noise as explained in Section 1, but
when the token moves from zj to 7y 1, the amount 2 f(zy,) is charged. First
we show that this game has a unique value function u. satisfying the DPP

ue(z) = & sup ue + inf wue | + 75 ue(y) dy + € f (z).
2 \B.(») Be(x) Be ()
Moreover, u. is uniformly bounded with respect to e, that is, there is a
constant C' = C(p,n) for which

|ue| < C(sup F' + sup f).
Te Q

We focus on the local regularity of the value function. Luiro, Parviainen
and Saksman [LPS13] proved asymptotic Lipschitz regularity for value func-
tions of tug-of-war with noise by using an idea they call cancellation strategy.
They estimate the value function by setting sub-optimal strategies where
players first try to cancel each others’ moves and then pull the token in a
certain fixed direction. Suppose that Bgr C 2, 2,y € Br with |[x —y| > ¢,
and for z € Byp it holds | — z| = |y — z| < |z — y| and 3I$T*Z| =m € N.
The precise strategies used in [A] are the following. When the game starts
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from z, we fix the following strategy for Minnie: If Max has won more coin
tosses than Minnie, then she cancels the earliest move of Max she has not
yet cancelled. Otherwise, she moves the token to the direction of the vec-
tor £-%. The length of her move is always §. We re-examine the situation
(technically speaking, we define a new stopping time) if Minnie wins m coin
tosses more than Max, or if Max wins at least 2R /e times more than Min-
nie, or if the length of the sum of random vectors exceeds 2R. Then the
game stays in Bgp before the re-examination. For the game that starts from
y, Max follows the cancellation strategy where he cancels the earliest move
of Minnie he has not yet cancelled, or otherwise moves the token to the

direction of the vector ==X,

The authors showed in [LPS13] that because of translation invariance and
the fact that the game stops almost surely in a finite time, such strategies
yield an asymptotic Lipschitz estimate. The most important difference be-
tween the game with a strictly positive running payoff f and the game with
f = 0 considered in [LPS13] is that for our purpose it is not enough to know
that the game ends almost surely in a finite time. We usually need an esti-
mate for the expected stopping time of the game. By using the cancellation
strategies, we get an estimate

Jus(2) = ue(y)] < (1 — P)osc (ue, Bor) + e’E[r*] osc (f, Bor),

where P is the probability that the game, started from z, was re-examined
because Minnie won m coin tosses more than Max. (By symmetry, P is
also the probability that the game, started from y, was re-examined because
Max won m coin tosses more than Minnie.) To obtain the Lipschitz estimate
with a Lipschitz constant independent of € in the proof of [A, Theorem 4.1],
the main task is to estimate E[7*], which is the expected number of steps
before the re-examination.

In [A, Theorem 4.2] we use the Lipschitz estimate and an iteration in
dyadic balls to prove Harnack’s inequality for non-negative value functions.
As in the proof of the Lipschitz estimate, the main task is to control the
cumulative effect of the running payoff. The following theorem summarizes
the main results of [A].

Theorem 1. [A, Theorems 4.1 and 4.2] Suppose that for some R > € it
holds Bsor C Q2. Let r € (e, R]. Then there is a constant C = C(p,n) for
which the value function u. satisfies the asymptotic Lipschitz estimate

r
osc (ug, By) < Cﬁ [osc (ue, Bgr) + osc (f, Bsr)] -
Moreover, in the case u > 0 the value function satisfies Harnack’s inequality

supu. < C(inf u: + sup f).
Br

Br Bsor

2.2. Time-dependent tug-of-war with varying probabilities. In this
section we consider the time-dependent variant of tug-of-war games which
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we study in [B]. For T" > 0, we denote by Qp := Q x (0,7) a parabolic
cylinder with the parabolic boundary

D= {99 x [0, T]} U {Q x {0}}

and the parabolic boundary strip of width ¢ > 0,

£ = (rg x [—i,T]) U (Q x [—522,0]) .

Here I'; is the e-boundary strip of 2. For a measurable function p : Qp —
(2,00), we define the functions « : Qp — (0,1) and g : Qp — (0, 1),

p(z,t) — 2 n+ 2

e FE A e pary g

oz, t) =

The game starts from the point (xo,%p) € Q7. When the token is at a

point (z, tx), with the probability a(zy, t), the players flip a fair coin, and
the winner of the toss moves the token to a point

2
g
(Tgt1,thr1) € Be(zg) x {tx — ?}’

according to his or her strategy. With the probability B(zg,tx), the to-
ken is moved to (zgi1,tgps1) in a set Bo(xg) X {tx — %} according to the
uniform probability density. We denote by (z-,t;) € I'7, the first point of
the sequence on I'Z,. Then Minnie pays Max the amount F'(z,,t;), where
F :T5 — [-M, M] is a given measurable payoff function.

It follows that the number of steps during the game is bounded, and the
value function satisfies the DPP

2 y€Be(z) 2 YyEB:(z 2

a(z g2 g2
us(z,t) = () ( sup u(y,t — =)+ inf )u(y,t—))

62

8 [t =Gy

Manfredi, Parviainen and Rossi showed in [MPR10a] that in the case of con-
stant probabilities this game has a connection to the parabolic normalized
p-Laplace equation. For this variant with constant probabilities a(z,t) = «
and B(x,t) =  we show asymptotic Lipschitz continuity by relying on a
similar cancellation strategy that was first used in [LPS13], and later in
[Hei] in the context of game regularity.

Theorem 2. [B, Theorem 3.3] Suppose that Bg, C 2, where 0 < e < r <

1
(%) 2. Suppose also that x,y € B, and % <ty <ty <T witht, —ty < r2.
Then for the constant probabilities o and B, the value function satisfies the
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Lipschitz estimate
1/2

)\w*ylﬂtﬁtol

’uf(x7t1) - u&(yatO)‘ S O(p7n r

HUEHoo
/ 21/2
+C'(p, ”)T [|ue | o -

For the general case with varying probabilities a(z,t) and [(x,t) the
cancellation strategy does not seem to work, mainly because the game lacks
good symmetry properties and translation invariance. To study local Holder
regularity, we use a time-dependent version of the idea that was first intro-
duced by Luiro and Parviainen in [LP]. This strategy uses a suitable com-
parison function defined in R?**! and having a certain favorable curvature
in space.

Theorem 3. [B, Theorems 4.1, 4.2 and 4.7] Suppose that for r > 0 it holds
By, C Q and r? < tg <ty < T. Then the value function satisfies the Holder
estimate for some 6 = 6(n) € (0,1),

& — y|? + [t — to|"? o2

9
Jue(e, 1) — el to)] < C(n) p + )

Moreover, in the case us > 0 the value function satisfies Harnack’s inequality

sup uc(z,tg — r*) < C(n) inf u.(z,to).
rEB, zeB,

As an application, we show that when ¢ — 0, the value functions u.

approximate uniformly the viscosity solution of the normalized parabolic
p(z, t)-Laplace equation

(n+ ple, O)ur = Au+ (p(x,t) — 2)Alu (6)

with continuous boundary data F. As a consequence of Theorem 3, it
follows that the viscosity solution u of (6) is locally Holder continuous with a
Holder constant depending only on the dimension n, and if u > 0, it satisfies
Harnack’s inequality.

3. THE NORMALIZED p-POISSON PROBLEM AND ARTICLES [A, C]

In [PSO08] Peres and Sheffield showed the connection between the tug-of-
war with noise and running payoff and smooth solutions of the PDE

—Aévu:f. (7)

We call equation (7) the normalized p-Poisson problem. It is a nonlin-
ear PDE in non-divergence form. For 1 < p < oo, the normalized p-
Laplacian AZ])V is a uniformly elliptic operator with ellipticity constants
A =max(p—1,1) and A = min(p — 1, 1). Krylov and Safonov [KS79, KS80]
proved Harnack’s inequality and Holder continuity for solutions of linear
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uniformly elliptic equations with bounded and measurable coefficients. Caf-
farelli [Caf89] extended these results for viscosity solutions of fully nonlinear
uniformly elliptic equations. For equations in non-divergence form, these
results have a similar role as the De Giorgi—Nash—Moser theorem has for
equations in divergence form. Caffarelli also proved C'h® regularity under
such regularity assumptions which the normalized p-Laplacian does not sat-
isfy because of gradient dependence and discontinuity. Hence, only Holder
continuity for solutions of (7) follows from the general regularity theory for
uniformly elliptic equations.

In [A] we show that for a given continuous boundary data and a contin-
uous, strictly positive and bounded f, value functions of tug-of-war with
noise and running payoff converge uniformly towards the unique viscosity
solution of (7). From Theorem 1 we get a game-theoretic proof that in the
case p > 2 the unique viscosity solution of (7) is locally Lipschitz continuous
and satisfies Harnack’s inequality. (Uniqueness was shown in [KMP12] in
the case f > 0.) Earlier Charro, De Philippis, Di Castro and Maximo had
obtained Lipschitz-type estimates in the case of p > n in [CPCM13] by using
PDE methods. In the case p > 2 Birindelli and Demengel [BD10] proved
C1@ regularity for a class of operators including the normalized p-Laplacian.

After [PS08], other normalized p-Laplace equations have received atten-
tion as well. For the normalized parabolic p-Laplace equation, Banerjee
and Garofalo [BG15] studied the boundary behavior, Jin and Silvestre [JS]
showed local C1“ regularity, and Does [Doel1] studied applications to image
processing.

In [C] we study higher regularity of viscosity solutions of (7). The main
theorem is the following regularity result in the whole range 1 < p < co.

Theorem 4. [C, Theorem 1.1] Assume that p > 1 and f € L*>(Q) N C(Q).
There exists o = a(p,m) > 0 such that any viscosity solution u of (7) is in
CH(Q), and for any ¥ CC Q,

loc

[wlera) < C = C (pn,d ' full o, 1oy )
where d = diam(Q2) and d' = dist(Q', 99).

Heuristically, we show that if a solution u can be approximated by a
plane in a small ball, then in a smaller ball there is a plane giving a better
approximation. To get a C1'® estimate, we have to show that the error in
the approximation improves by a multiplicative factor p < 1. An inductive
argument leads us to analyze the regularity of deviations of solutions from
planes, and the required oscillation estimate for these deviations is called
improvement of flatness. Recently, Imbert and Silvestre [IS13] used this
method to show C1“ regularity for viscosity solutions of | Du|Y F(D?u) = f,
where F' is uniformly elliptic.
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In the case p > 2 we give another proof, which is essentially to show that
viscosity solutions of (7) are distributional weak solutions of

—div(|Du[P~2Du) = |DulP72f.

Then we can rely on the known regularity results for quasilinear PDEs.
When using these techniques, it seems necessary that the C1® estimate
depends on the L> norm of f. Relaxing the dependence to ||f]|a(q) for
some ¢ < 00 requires a stricter assumption on p and a different method for
the proof.

Theorem 5. [C, Theorem 1.2] Assume that p > 2, ¢ > max(2,n,p/2),
fe Q)N LiQ). Then any viscosity solution u of (7) is in 0110’3((2) for

some o = «a(p,q,n). Moreover, for any Q" cC Q' CC Q, with Q' smooth
enough, we have

[ulcra@y <C=C (p, q,n,d,d’, [[ul Lo () ||f||Lq(Q)) ;
where d = diam (Q) and d” = dist (2", 0€).

The proof is based on proving uniform gradient estimates for weak so-
lutions v, of certain regularized equations in divergence form. We use the
potential estimates of Duzaar and Mingione [DM10] together with the De
Giorgi iteration. From the result of Lieberman [Lie93] we get a uniform
estimate for [ve]c1,5(q) for some 8 > 0, and Theorem 5 follows from a com-
pactness argument.

We also study the question of optimal regularity of solutions of (7). We
recall that distributional weak solutions of the standard p-Laplace equation
—div(|Du[P=2Du) = 0 are called p-harmonic, and they are of class Cllo’fo
for some ag > 0 depending only on p and the dimension n. Since the case
f = 0 is covered in Theorem 4 and viscosity solutions of the homogeneous
normalized p-Laplace equation are p-harmonic, viscosity solutions of (7)
should not be expected to be more regular than p-harmonic functions in
general. Hence, ag is a natural upper bound for Holder exponent of gradients
of solutions of (7). By approximating the solutions of (7) by p-harmonic
functions and using suitable rescaled function and iteration, for arbitrary
e > 0 we show local C1*0~¢ regularity for solutions of (7) in [C, Theorem
1.3]. The possible C1:20 regularity remains an open problem.
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1 Introduction

Max and Minnie play a zero-sum stochastic game as follows. Fix e > 0. First a token is placed at x, € Q, where
Q c R"isabounded domain. With probability « € (0, 1) they flip a fair coin and the winner can move the token
anywhere in an open ball B,(x,). With probability 8 = 1 — « the token moves to a random point in B,(x,). The
game continues until the token hits the boundary of Q for the first time in, say x,. Then Minnie pays Max
a total payoff

-1
F(x,)+€ ) flx)),
=0

where F is a bounded final payoff on the boundary and f a positive, bounded running payoff in Q. Since
B > 0, the game ends almost surely in a finite time. Max tries to maximize the total payoff and Minnie tries to
minimize it.

For given payoffs and € > 0, the game has a value u,, which is locally Lipschitz continuous up to the
scale e. To be more precise, we show in Theorem 4.1 that if Bsz(a) ¢ Q and € < r < R, then

osc(u,, B,(a)) < C%[osc(ue,Bﬂ(a)) + osc(f, Ber(@))],

where C > 0 depends only on p and ». In Theorem 4.2 we show that if B,,.(a) c Q, the value function u,
satisfies Harnack’s inequality

sup u, < K(inf u, + sup f),
B,(a) B,(a) Q

where K = K(p,n) > 0. In the proofs of Theorems 4.1 and 4.2 key ideas are related to controlling the expected
cumulative effect of running payoff during the game under proper strategies.
According to Lemmas 2.1 and 2.2, the value functions satisfy
u (x) = g«[sup u, + inf ue} +p J: u.dy + € f(x) 1.1)
2l BM e

forall x € Q. Choosing the probabilities o and 8 properly, this dynamic programming principle (hereafter DPP)
gives a connection to viscosity solutions of the inhomogeneous p-Laplace equation

—%IWI“’ div(|VulP?Vu) = -ATu = f, 1.2)
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where p > 2. Let f > 0 be continuous and bounded. If u is a viscosity solution to (1.2) in Q with some con-
tinuous and bounded boundary values, by Lemma 5.4 there is a sequence (u,) of value functions converging
locally uniformly to u. By Theorems 4.1 and 4.2, the function u is locally Lipschitz continuous and satisfies
Harnack’s inequality. To the best of our knowledge, Lipschitz estimate is unavailable in the literature in the
case 2 < p < n. In the case p > n > 2 similar estimates were proven in [7] by using PDE methods. Harnack’s
inequality also follows by utilizing PDE methods described, e.g., in [6, 10]. For recent advances, see, e.g., [8].

Tug-of-war games were first introduced by Peres, Schramm, Sheffield and Wilson in [21] and by Peres and
Sheffield in [22]. Various versions of the game have connections to the theory of non-linear PDEs. For example,
value functions of the tug-of-war approximate infinity harmonic functions and value functions of the tug-of-
war with noise approximate p-harmonic functions. Game-theoretic arguments have generated many new,
intuitive proofs for uniqueness and regularity properties of infinity harmonic and p-harmonic functions. See,
e.g., [1-5, 13, 15, 20]. For existence of viscosity solutions to certain parabolic equations, see, e.g., [9, 17]. For
different versions of DPP, see, e.g., [11].

In Section 2 we define the game, show that it has a value which satisfies DPP (1.1), and give tools to
estimate the value functions under different strategies and payoffs. In Section 3 we prove lemmas regard-
ing expected stopping times under specific strategies, local comparison of value functions and control of
infimum. In Section 4 we prove Theorems 4.1 and 4.2. In Section 5 we discuss the connection to the inhomo-
geneous p-Laplace equation.

2 Background of the game

Fix ¢ > 0 and p > 2. The probabilities in the game are a = (p — 2)/(n + p) and 3 = (n + 2)/(n + p). Define
[.:={x e R"\ Q: dist(x, 0Q) < €}
and
Q,:=QUT,.

Then B,(x) c Q, for all x € Q. The game ends when the token hits T, for the first time. In Sections 2, 3 and 4
the payoffs F: I, - Rand f: Q — (0, 0c0) are bounded and Borel measurable.

Let us briefly describe the stochastic terminology used in this paper. Strategies S; for Max and Sy for
Minnie are collections of Borel measurable functions that give the next game position given the history of
the game. When we fix a certain strategy for a player, we usually write S*** for Max and S\ for Minnie. By
a history of the game up to step k we mean a sequence

(x> (c15 x1)5 - - -5 (G X1))s

where x,,..., x; € Q. are game positions and ¢; € € := {0, 1, 2}. Here ¢; = 0 means that Max wins, ¢; = 1 that
Minnie wins and ¢; = 2 that a random step occurs. Our probability space is the space of all game sequences

H” :={w:we xyx(C,Q)x-}
Put ¥, := o(x,) and
Fr = 0(xp, (e, %1)5 -5 (G X1))
for k > 1. Note that here (¢, x,) etc. are random variables. Then
T(w) :=inf{k : x, € [, k=0,1,...}

is a stopping time relative to the filtration {F};2,-
The fixed starting point x, and the strategies S; and S;; determine a unique probability measure ]P;CIO)S[I on
the product o-algebra, see, e.g., [15].
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The expected total payoff, when starting from x, and using strategies S; and Sy, is obtained as a sum of
final payoff and running payoff

B, | + € Z: )| = HL (Fore@ + € Z: £ )R, @)

The value of the game for Max in x, € Q is given by
-1
uf (x,) = sup igf Egﬂsu [F(xr) + € z f(x,-)],
N i=0
while the value of the game for Minnie is given by
-1
ug(x) = i?f sup Egﬁsll [F(xT) +é Z f(x,.)].
L i=0

If a function u is defined in Q_, u = Fon I, and
€ €
u=up = uy

in Q, then u is the value of the game.
The next two lemmas guarantee that the game has a value which satisfies DPP (1.1). For similar results
without a running payoff, see [16, Theorems 2.1, 2.2, 3.2].

Lemma 2.1. For given payoffs and ¢ > 0, there is a unique Borel measurable functionu, : Q. — R,u, = FonT,,
which satisfies DPP (1.1) for all x € Q.

Proof. First we show the existence. Let (1), be a sequence of functions Q. — R such that u, = F on T, for
allk e N, u, = infre Fin Qand

Upy (%) = %{ sup u, +f§r(1£)uk} +pB :f wdy + € f(x)

B_(x) e B.(x)

forallk e Nand x € Q. If k > 1 and v > u;_,, then

Upyr (X) = ﬁ{ sup uy_; + inf uk_l} +p J: w_dy + € f(x) = uy(x)
2 Up.0 B.(x) S
e (X

for all x € Q. Since f > 0, we have u; > u,. By induction, the sequence (1) is increasing.
The sequence (1) is also bounded. Let D = diam(Q) and N = sup,, f. Note that for any point y, € Q there
is a sequence ( y,-).ﬂf)/ ¢ for which |y;,, - y;| < 5 and y,p, € I.. Choose an arbitrary k, € IN. We may assume

i=

sup iy > sup F.
Q

€

1/« 2D/e
uko(x0)><1—5(5) )sgpuko.

Choose a point x, € Q such that

Let (xj)§:0 ¢ Q. be a sequence for which |x;,; - x;| < 5, x; € [ and ] < %. By using the rough estimates

il <

supuy _; < sup iy,
Q Q

3

inf u, | <y (x;)
BE(xj) ko—1 ko \ Y j

and DPP we obtain
o o 2
(%) < (5 + ﬂ) sgp U, + Euko(xl) +€"N.
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Repeating this estimate for the values w (x;), j € {1,..., ]}, we get

a 2D/e o j 5 2D/e o j
., (%) < (5 +ﬁ) sgpuk0 ]; (E) +e'N ]Zo (5)

2D/e
< (1_(§) )supuk +2¢°N.
2 a °

Remembering how x, was chosen, we have

2D/e
sup uy, < 4€2N(—> .
a o

Since k, was arbitrary and the right hand side does not depend on k,, the sequence (1) is bounded. Hence
it converges pointwise to a bounded, Borel measurable limit function u. We show that the convergence is
uniform. Suppose not. Since a sequence supq, (1 —uy) is positive, decreasing and bounded, we have

M = limsup(u — uy) > 0.
koq
If 1 < k; <k,, we have
max { sup u, — sup u, , inf u, — inf u }Ssu (u—u)
{BE(,I:) ks BE(,I:) ky B (x) ks B (x) ki BE(,I:) ki
for all x € Q. Using DPP we estimate

e 1 (%) =ty 1 (X) <o sup (u—1y )+ f J: (u—uy))dz. (2.7)
B.(x,)
B.(x)

Fix § > 0. Select k, such that
sup(u —uy ) <M +98
Q.

and
sup B } (- 1, )z < .

x€Q
B.(x)

Then pick y € Q such that u(y) - Uy, (y) > M -8, and finally k, > k, such that u(y) - ukz(y) < 6. Then

uk2+1(y) - uk1+1(y) >M - 26’

and since « < 1, the estimate (2.1) contradicts the assumption M > 0 when § is small enough. Since the
convergence is uniform, the limit function u satisfies DPP (1.1).

In the proof of uniqueness the running payoff plays a minor role, so we just explain the ideas and refer to
the proof of [16, Theorem 2.2] for details. Assume that u and v are defined in Q_, satisfy DPPinQandu = F = v
on I,. Assume that u(y) > v(y) for some y € Q. Since u — v is bounded, we have

sup(u —v) == M > 0.
Q
Using DPP, we can estimate

u(x) —v(x) < %( sup u(x) — sup v(x)) + %( Biel}f) u(x) — gl’(lﬁ) v(x)) + :[ (u-v)dz + f(x) - f(x)

X
B.(x) B.(x) B(x)

<aM+f J: (u —v)dz.
B.(x)
Because of absolute continuity of the integral, a set
G :={x:u(x) - v(x) = M}

is non-empty, and if x,, € G, then u — v = M almost everywhere in a ball B, (x,). This contradicts the assump-
tion that G is bounded. A similar contradiction follows if v(y) > u(y) for some y € Q. Henceu =vin Q.. O
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Lemma 2.2. Given the payoffs and e > 0, the tug-of-war with noise and running payoff has a unique value func-
tion u, := uj = uj; which satisfies DPP (1.1) in Q.

Proof. By Lemma 2.1, there is a unique function u,, u, = F in [, satisfying DPP (1.1). We show that
u < u < up < ug.

Since
-1
sup E)s:o,s“ [F(xT) +é Z f(x,-)] >uf
N i=0
for all strategies Sy;, we get uj < uj;.
Next we show that u, < uf. Max follows a strategy S;'** in which from x,_, he steps to a point x; € B,(x;_;)

so that for fixed > 0

u.(x;) = sup u, — r]27k.
B (x¢-1)

Minnie uses a strategy S;;. Using DPP for u, at a point x;_,, we estimate

k-1
B, [ 100+ € Y. ) 127415,

i=0

k-2
> ﬁ{ sup u, — 112_k + inf ue} +p J: udy + € f(x_,) + € Z f(x;) - 112_k
B (xp-1) e\ Xk i=0
Be (k1)

k-2 . o
=u(xp 1) + € Z flx) —n2” (1 + E)

i=0

k-2
> u (x4_y) + € Z flx;) - 112_(k_1).

i=0

Therefore the process

k-1
M, = u(x;) + € z flx;) - 112_k
i=0

for k > 1, My = u,(x,) — 7, is a submartingale with respect to the strategies SM*** and Sy;. Using the Optional
Stopping Theorem we obtain

-1
() = supinf Y’ [F(xT) = f(x,.)]
o1 i=0
) -1
. X N T
> inf ]ES,IV[M’SH[F(xT) re ;) Flxp) -2 ]

-1
— Xo 2 N _ 47T
= %}If ]Es}"l“,sn[ue(xf) +e ;f(xl) n2 ]
2 lglf ]ES]IV[M,SH [ue(xo) - 11]
= u.(xy) — 1.
Since x > 0 was arbitrary, we have u(x,) > u.(x,). The inequality

uy(%o) < ue(x,)

follows from a symmetric argument, so

—
1]
=

=

in Q. Hence u, is the value of the game. O

The next two lemmas are useful tools in estimating the value function.
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Lemma 2.3. Let T be the stopping time of the game and let T* < T be a stopping time with respect to the
filtration F.. Then

T"-1

u(y) iglflE’sleaX,S”[ue(xT*) +é Y f(xi)]

i=0
for any fixed strategy S{V[ax, and

-1

u() < S E, i, [wctxe) + € Y fx)]
1 i=0
for any fixed strategy S{\{““.

Proof. We only prove the first inequality, since the second follows from a similar argument. Max has
fixed a strategy S"**. Let 5 > 0. Minnie follows a strategy Si™" in which from x,_, € Q she steps to a point
X € B.(x,_;) in which

u(x,) < inf wu, + 112_k.
e (X-1)

Let us first prove that
k-1

My = u(xy) + € Z flx) + n2*
i=0
for k > 1, M, = u.(x,) + 1, is a supermartingale under the strategies SM** and s)'™".

k-1

X, o . —k 2 -k

]Es{(;‘“,sﬁ“" [M|T,] < E{Bs(:clp )u€ + Bg}kfl)ue +12 } +p } udy + € %f(x,-) + 12
e (Xje—1 ke B.(xy) i=i

k-2
Su () +€ Y flx)+m2 Y = My
i=0

Hence M, is a supermartingale, and we get

-1 -1

. 2 2 -T*
inf B [l + € Y )] < Bl g [teire) + € 3 ) 472"

i=0 i=0

< ]EyMax Min [MO] = ue()’) + 7.
SI ’SII
Since # > 0 was arbitrary, the result follows. O

Lemma 2.4. Ifv, and u, are value functions with payoff functions f, and F, forv,, f, and F, for u,, and f, > f,,,
F,>F, thenv, > u..
Proof. Max plays with a strategy S; and Minnie follows a strategy S{‘fi“ in which from x,_, € Q she stepsto a
point x; € B.(x;_,) in which

v(xg) < 5 i(nf v+ 112_k

e (X1
for some fixed # > 0. Then

k-1 k-1
]E;?,S}VI““ [v(xk) +é ;}fu(xi) + ;12_k |5tk_1] < g{ inf v+ 172_k + sup v} +p J: vdy + € Z fulx) + ;12_"

Be(xe-1) B (%)) B.(x_,) i=0
e (Xk—1

k-1
< v(xk—l) + 52 Z fu(xi) _ ezfv(xk—l) + 112—(k—1)
i=0

k=2
—(k—
< vbne) +eh Y ) +n2 Y,
i=0
since v is a value function and f, > f,,. Thus

k-1
M, = v(x;) + € Z fulx;) + 172_k
i=0
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for k > 1, M, = v.(x,) + 1, is a supermartingale. Since F, > F, on I, we deduce by the Optional Stopping
Theorem that

-1
u.(x,) = i§1f sup IE;CI‘”SH [Fu(xf) +é z fu(x,-)]
nos i=0

-1
< sup ]E;CI0 e [Fu(xr) +é Z(; fulx;) + ;12_T]
1 1=

< sup B i [M)]
S

Mi
Sp Syt

=vu(x,) + 1.

Since # was arbitrary, this proves the claim. O

3 Stopping time estimates and regularity lemmas

Recall that since the running payoff is positive, the value function u, is bounded from below by inf;, F.In the
proof of Lemma 2.1 we saw that u, is bounded from above by

2 \2diam(Q)/e
max{supF, 462(—) supf}.
T, 44 Q

Unfortunately, this upper bound depends on e. Using the lemmas of Section 2, we can now show that the
value functions u, for different e are uniformly bounded. The idea is to fix for Minnie a strategy in which she
tries to push the token to a certain boundary point. No matter which strategy Max uses, the expected value
of the stopping time can be estimated so that the total effect of the running payoff is under control.

Lemma 3.1. For given payoffs F and f, there is a constant C > 0, independent of ¢, such that
U, < C(supF + sup f)
I, Q

Proof. Fix € > 0 and let x, € Q. Choose z € R" \ Q, then r > 0 such that B,(z) c R"\ Q,, and finally R > 0
such that Q, c Bg,(z). Let v be a solution to the problem

Av=-2(n+2) inBg,\B,(2),

v=0 on 0B, (z),
d
a—: =0 on By, (2),

ov

where a: is the normal derivative. As discussed in the proof of [19, Lemma 4.5], the function v is concave

inr = |x — z|, satisfies

u(x) = } vdy + € (€Y
B.(x)

and can be extended as a solution to the same equation to B, \
the boundary 0B, (z).

The game starts from x, € Q. Max plays with any strategy and Minnie plays with the strategy Si\{ﬁn in which
from a point x;_; € Bg(z) she moves to a point x; for which

, so that equation (3.1) holds also near

r—e(z

B 2

v(xg) < inf v+ =€
B (x4-1 [0

Let 7 be the smallest k for which x; € By(z) \ Q and 7" the smallest k for which x; hits the complement
of Bx(2) \ B,(2). Then t < =" for any game sequence (x;). Let us estimate the expected value of 7*. By radial
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concavity of v we get

Xo o . ﬁ
]ESI)S??m[U(XkH?k_l] < E{ sup v+ inf v+ ;ez} +p ][ vdy

B (x)y)
B (x)_y) k-1 B.(v,)
B 2
< av(xg_q) + Ee + B(xp_y) —€7)
B
=v(x,_,) - —€".
(o) = 5

Hence M, := v(x;) + kge2 is a supermartingale. In particular, we have

EY i [M,.] < v(xg) < C,

SI’SJI\;[in
where C is independent of e. On the other hand, since v(x.-) = 0, we have E[M_.] > gezlEr*. Hence

E[7] < E[r"] < Ce .
Then

5 -1
u.(x,) < sup IE’SC:’S{VIlin [F(xr) +e’ )y f(xi)] < C(supF + sup f)
S ’ i=0 T Q

Since x, € Q2 and € > 0 were arbitrary, the proof is complete. O

In the proof of Theorem 4.1 we need the following lemma, which is proven in the appendix of [15].

Put a token to the point (0, ¢) € B,,(0) x [0,2r] ¢ R and fixr > 0. From a point (x ti)s with probability %
the token moves to the point (x pti— €), and with the same probability to (x it €). With probability 3 the
token moves to the point (x;,,,t;), where x;,, is randomly chosen from the ball B (x;) ¢ R".

Lemma 3.2. The probability that the token does not escape the cylinder through its bottom is less than
Clp:n)(t +¢)
r
for all € > 0 small enough.
Also the next lemma is needed in the proof of Theorem 4.1, because it describes the expected total effect of
the running payoff under the strategies used there.

Let0 < e <t, < 1and startarandom walk from ¢, as follows. From the point¢;_, we step with probability
tot; =t; ; +e, with the same probability to¢; = t;_, — ¢, and with probability S we do not move, t; = t;_,. The
random walk stops when x ;€ R\ (0, 1) for the first time. Let T be the stopping time.

Lemma 3.3. In the random walk described above,

E[7] < Stooflefz.

Proof. Since
5 o 2 & 2 2 2 2
lE[thtO,...,tj,l] = E(tj’l +€) + 5(1‘j,1 —e)" + ﬁtj,l =t +ae,

we have
E[(t] - jae))ltg,...tj4] = 17, = (j - Dae™.

Hence also (t? ~ jae?) is a martingale. Let p = P(x; < 0). Then
to=FEt, > p(-e)+ (1-p)=-ple+1)+1.

For the function f: [0,00) — R, f(x) = (1 —t,)(1+x)™" + x + ¢, — 1 it holds that f(0) = 0 and f' >0, so we
have
p=(1-t)1+e) ' 21-t,—e.

Since (t? ~ jae®) is a martingale, we have

tg = tg —0-ae’ = lE(té —?ocez) < pe2 +(1-p)(1+ e)2 - ae’FT.
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We can estimate

ET < e *(pe’ + (1 - p)(1 +¢€)° 1))
=ea (A +e)l — £+ pe - p(1 +e))
<e’a N ((1+e)’ -t - p)
-2 -1 2 2
<ea (1+e) —ty+ty+e—1)
= e_zoc_l(e2 +3e+1t, - tg)
2ofl(t0 + 4€)

< 5tpa e . O

<€

The next two lemmas are needed in the proof of Harnack’s inequality. The first is a simple local comparison
estimate, and the second gives estimates for inf u, in balls of radius 2e < r < 1.

Lemma 3.4. Letu, > 0 be a value function and x, y € By(z) € Q, |x — y| < 10e. Then
o\ 20
U (x) = (E) u(y).

Proof. Start the game from x. Max uses a strategy Si\’“’x in which he takes £ -step towards y, and jumps to y
if possible. The game is stopped when the token reaches either y or Q. \ Bg(z). Let this stopping time be *.
Since the probability to stop at y is bigger than (%)20, we obtain from Lemma 2.3

u,(x) > inf E u.(x +20€” inf - Zou O
> N . i > .
5( ) = ISH S?Aax’sn[ e( T )] € IQ f ( 2 ) e(y)

Lemma 3.5. Letu, > 0 be a value function and B;yz(y) C Q for some R > 0. For z € B,z(y) and r € (2¢,R)

inf u. < Cr "u.(y),
. (2)

where C = C(p, n)

Proof. Without a loss of generality, we may assume that y =0 and R=1. Fix ¢ >0 and r € (2¢,1). Let
U = B,(z) \ B,(z). There is no loss of generality in assuming that 0 € U.
Define

- log(=2 )log(§)71 ifn=2.

|x—z]

(x) = {(Ix 2z - -2 ifn > 3,

Then v is harmonic in U with boundary values

v=1 onoB,(z),
v=0 onoB,(z).

In both the cases there is a constant ¢ > 0 such that
v(0) > cr”.

The game starts from x,, = 0. Minnie uses any strategy and Max uses the following strategy S’I‘Aax: In a ball

B.(x;_,), he aims to a point x; where
v(xg) > sup v-nre,
Be (xkfl )

where 77 > 0 is selected so that the stopping time estimation of the proof of Lemma 3.1 is at our disposal. The
game is stopped at the e-boundary I, of U and employing the boundary values (i) . The corresponding
stopping time is 7*.

We want to estimate the probability of stopping at the inner boundary.
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Since y — v(x + y) is radially decreasing and the map 0 < t — v(x + ty,) is convex for any fixed y, # 0,
we obtain
Eu o [0 X00 Xp5 e v v X ] 2 ﬁ{ sup v — 1’]1’"62 + inf u} +p ][ vdy
S5 2 (B (x) B.(x;)
e\ Nk Be(xk)
> av(xy) + Pu(xy) — nr'e
= v(xy) — e’
Hence M, := v(x;) + knr"e* is a submartingale. Denote by P the probability of stopping at the inner boundary.
The Optional Stopping Theorem gives

Xo

cr” < v(0) = v(x,) < E g ¢ [0(70) + nre’t*] < 2™'P 4 qCyr",
1T Pl

where C, > 0 is a constant such that Et* < C,e 2, and the term 2""'P comes from the fact that v < 2"*!
in B,(z) \ B,_.(z). We can select 7 so that #C, < c. Thus P > ¢'r", where ¢’ > 0. Using Lemma 2.3 we obtain

e [ (x,) + €21 inf f]

u.(0) = u (xy) > 1§}If ]ES'I““)SH
> P inf u,
B.(z)
> 't inf u,.
B,(z)
We get
ir}f) u, < (c'r)'u (0) < Cr"u,(0),
(2
where C = ¢/, O

4 Lipschitz and Harnack estimates

We are ready to prove the main results, Lipschitz continuity and Harnack’s inequality. In the proof of the
following theorem we use the cancellation strategy idea that was introduced in the proof of [15, Theorem 3.2].
Because of Lemma 3.3, the running payoff behaves well under this strategy.

Theorem 4.1. Let u_ > 0 be a value function and B¢g(a) C Q, where R > €. When e < r < R, we have

osc(u,, B,(a)) < C% [osc(u,, Bgg(a)) + osc(f, Bg,(a))], (4.)
where C is a constant depending only on p and n.
Proof. Take x, y € B.(a), |x — y| > €, and then z € B,,(a) such that

lx—z| =y -zl =|x-yl

When the game starts from x, Minnie plays according to the following cancellation strategy Sll‘{ﬁ“: If Max has

won more coin tosses than Minnie, then she cancels one of the moves of Max. Otherwise, she moves towards z

length $ or keeps the token in z. We stop the game if Minnie wins @ coin tosses more than Max, or if Max

wins at least % times more than Minnie, or if the length of the sum of random vectors exceeds 2R. Then the
Max

game stays in Bgy. For the game that starts from y, Max follows the cancellation strategy S;"*, and we define
stopping time t* as previously. For this stopping time t* < 7, where 7 is the normal stopping time of the game.
Hence Lemma 2.3 is at our disposal.
Notice that by putting
_ 3lx -yl
07 3x - vl + 2R’

Lemma 3.3 gives

£l | B b | P

E[r*] < 5a7! €°<C
3lx — y| + 2R R
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Let P be the probability that the game, started from x, ended because Minnie won more (hereafter Min w).
By symmetry, P is also the probability that the game, started from y, ended because Max won more (hereafter
Max w). Then, because of the cancellation effect, by using Lemma 2.3 we can estimate

1) = e ()] < |P(EES g [ () | Min W] = By, ¢ [ (x,) | Maxw])|

SMax Sy
+ (1= P)oscg_ () e + e E[r"] 08¢p_(z) f
<(1-P) 0SCp_ (z) Ue + Cylx - yIR_1 0SC_(2,) f
< C%[osc(uE,BéR(a)) + osc(f, Bgr(a))]
for C = C(p, n), since by Lemma 3.2 we have

| _p< QA
R
where C, depends only on p and n.
If x, y € B, and |x — y| < €, we can take a point z € B, such that |x — z| > eand |z — y| > €. By the triangle
inequality the estimate follows from previous estimate. O

Next we prove Harnack’s inequality. The idea is to show that if Harnack’s inequality does not hold for a fixed,
large constant, then by iteration argument the value functions are unbounded when ¢ is small. The cumula-
tive effect of oscillations of the running payoff during iteration seems to cause trouble, but surprisingly, it is
not even necessary to require the running payoff to be continuous.

Theorem 4.2. Letu, > 0 be avalue function. Assuming B, (a) C Q, wherer > 0, there exists a positive constant
K, depending only on p and n, for which

sup u. < K( inf u, + sup f).
B,(a) B,(a) Q

Proof. Without a loss in generality, we may assume that r = 1 and a = 0. For convenience of notation, let
N :=sup f.
Q

First we show that

inf u, > 0. (4.2)
B,(0)

Suppose not. Then there is a converging sequence (xj) C E (0), Xj = X, such that ue(xj) < % According to
Lemma 3.4,

)20
u(y) = (5) u.(x,)
when |y - x,| < 10e. This is a contradiction, so (4.2) holds.
Pick first a point x, € B,(0) such that
2 inf u,
u(xy) < 1520) U,
and then a point x, € B,(x;) such that

M, :=u.x,) > sup u, — N.
B,(x)

For k > 2, let R, = 2" and pick x;,, € By (x;) such that
M, = u(x,) = sup u,— N.
BRk (%)
We are going to show that
M, < 2""C)" "y (x,) + 2N, (4.3)
where C = C(p, n) is a constant such that Lemma 3.5 and Theorem 4.1 are valid.
On the contrary, suppose that inequality (4.3) does not hold. Put § := (2'**"C)™". Let us show by induction
that the counter assumption yields
M, > 2C(0R.,,) u (x,). (4.4)
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Notice first that from a straightforward calculation we get
2C(6Rk+l)—2n _ (an)—k+l(21+2nc)l+2n. (4.5)

By observation (4.5) the case k = 1 holds. Assume that (4.4) holds for k < j. Letk € {2,..., j + 1}. Then

M,
inf wu, < C((?Rk)_znue(xl) < % = M, (4.6)

Bsg, (x1) 2

where we used a weakened form of Lemma 3.5 and the induction assumption that (4.4) holds for k < j.
By Theorem 4.1,
osc(ue,BaRk(xk)) < C8(osc(u€,BRk (%)) + osc(f, BRk(xk))),

or in other words,
osc(ue, By, (1)) 2 (co)™ osc(ug, B, (i) — osc( f, By, (). (@.7)
By using first (4.7) and then (4.6) we obtain
M > osc(ue,BRk(xk)) -N
>(C8)'( sup u,— inf )ue) —osc(f, By (%)) - N

Bsry, (k) Bory (xk
> (C8) u(xy) - 2 'u(xy)) — 2N
= (2C8)'M,_, - 2N.
Now we come to an important point, when we want an estimation between M;,, and M,. At first glance it
seems that the cumulative effect of the oscillation of running payoff is an issue, but it turns out to be under
control. We get
M;,, > (2C8)7'M; - 2N

> (2C8)7'[(2C8) ' M, - osc(f, B (x)))] - 2N

, J ,
> (2C8) /M, - 2N ) (2C8) ™.
i=1
1

Remembering the counter assumption M, > (2'**"C)"**"u, (x,) + 2N and noticing that 2C8 = 27" < 5, we

obtain

j
Mj,, 2 (2C8) 77 (2""C) ¥y (x)) + 2N[(2C6)’j - Z(zca)*““] > (2C8) 77 (2M2"C) Py (x,).

i=1
Taking into account the observation (4.5), the induction is complete.
Take k, such that 0R; € (2¢, 4¢]. By Lemma 3.4,

) 20
inf u, > (—) sup .
Bary, (i) 2 By, (Xky)

By using Lemma 3.5 and inequality (4.4) we obtain
(g )_20 > supBéRkO (xi,,) Ye
2 inf Ban,, (xiy) e
. ue(xy,)
~ C(ORy ) "u(xy)
B My,
- C(ORy ) ™"u (x,)
N (2C8)2—k0(21+2nc)1+2n
C(621—k0 )—n
> C(Cs2m )™

_ C‘znko ,
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where C is independent of k,. This is a contradiction when k, is big enough, or in other words, when e is small
enough. Therefore inequality (4.3) holds and we get

supu, < sup u, <M, + N
B,(0) B, (x1)

< (21+2nc)1+2nu€(x1) +3N
<202""C)"" inf u, + 3sup f
B,(0) Q

< K(élr%g) U, + Sl(l)pf),

where K depends only on p and n. O

5 Relation to PDE

In this section we study local regularity of viscosity solutions to the inhomogeneous p-Laplace equation
N
~Au=f (5.1)

in Q. As before, p > 2. In the whole section f > 0 is continuous and bounded in Q, and boundary values of
viscosity solutions are required to be continuous and bounded. Recall that

1o
Au = E|Vu|2 PA u

is the normalized p-Laplacian. Here
A pu = div(|VulP Vi) = [Vl ((p - 2)AT,u + Au),

where
N -2 -2 2
A = [Vul A u = |Vu| “(D"u Vu, Vu).

By [12, Proposition 3], we can define viscosity solutions to (5.1) as follows.

Definition 5.1. A continuous function u is a viscosity solution to (5.1) at x € Q if and only if every C*-func-
tion ¢, Vep(x) # 0 or D*¢(x) = 0, that touches u from below in x € (Q, satisfies

—AT(x) = f(x),
and every C2-function ¢, V¢(x) # 0 or D*¢(x) = 0, that touches u from above in x € Q, satisfies
~AN(x) < f(x).

Note that if a test function ¢ satisfies V¢(x) = 0 and D*¢(x) = 0 for some x € Q, by the convergence argument
explained in [12] we can set
AT p(x) = 0.

The idea for showing local regularity properties for viscosity solutions to (5.1) is to notice that viscosity
solutions can be approximated uniformly by value functions of tug-of-war with noise and running payoff.
We need the following Arzela—Ascoli type lemma, which is proven in [19, Lemma 4.2].

Lemma5.2. Let {u. : Q — R, € > 0} be a uniformly bounded set of functions such that given n > 0, there are
constants r, and ¢, such that for every € < €, and any x, y € Qwith |x - y| < r, it holds that

ue(x) — u(y) < 7.

Then there exists a uniformly continuous function u : Q — R and a subsequence still denoted by u, such
that u, — w uniformlyin Q ase — 0.
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Let u be a viscosity solution to (5.1) in Q. We may assume 0 € Q. Choose R > 0 such that B,;(0) c Q. Let u,,
0 < € < R, be the value function of tug-of-war with noise and running payoff in Bx(0), where running payoff
is f from equation (5.1), and final payoff is u on the boundary strip

[, = {x € Q\ Bg(0) : dist(x, 0Bg(0)) < €}.
Lemma 5.3. The sequence (u.), defined in Bx(0) U I, as described above, satisfies the conditions of Lemma 5.2
in Bx(0).
Proof. By Lemma 3.1, the sequence (u,) is uniformly bounded in Bg(0). Fix # > 0. Since u is uniformly contin-
uous in Bg(0) U T, thereis r; > 0 such that x, y € Bg(0) UL, |x — y| < r, implies

lu(x) — u(y)| < g

When x, y € 0B(0), the same estimate holds between u (x) and u.(y) forall 0 < € < R, sinceu, =uonT,.
Let us next work out the case x € Bz(0), ¥ € 0Bg(0). Select 0 < s < S < r; and z € I, such that y € 0B,(z)
and B,s(z) ¢ Bg(0) UT.. Consider a function v : B,g(2) \ B,(z) — R,

Av=—-4(n+2)sup f in By(z) \ B(2),
Q

v=supu on 0B,(z),
Bg(z)
v=supu on 0B,4(2).

T,

€

Note that this function satisfies
v(a) = ][ vdy +2¢* sup f
B.(a) ¢

when B,(a) ¢ Bys(z) \ B,(2).
Letr, < S — s be so small that

sup v < supu+ﬂ.
B, (») Bg(2)

Pick x € B, (y) N Br(0). Since |x — y| < S s, by the triangle inequality x € Bz(0) N Bg(z). Let € < S. We start
a game from x, = x. Minnie plays with the following strategy S{"": at x,_,, she aims to a point x, where
1,
v(x) < inf v+ —€ sup f.
G < ol vt 3¢ b/
We stop the game when x;. € B,5(z) \ (Bs(z) N Bx(0)) for the first time. Let this stopping time be 7*.

Max plays with a strategy S;. From radial convexity of v we obtain

o 1

EX o 0(x)|Fp ) < —{ sup v+ inf v+ =€’ sup f} +p Jt vdy
oS 2 B.(x¢1) B (1) 2 Q o
B (x4

< av(x_q) + % sup f + Pu(x,_,) — 26" sup f
4 o o
< u(x_q) — € sup f.
Q

Hence M := v(x;) + ke’ sup,, f is a supermartingale, and we obtain

T"-1

u.(x,) < s;lp ]Eg:),s{?i" [ue(xr*) +é Z f(xl-)]
| i=0

< sup IE;CI"S{\?“ [v(xr*) + 1" sup f]
s v o

< u(xy).
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We conclude that when x € By(0), y € 0Bx(0), |x — y| < r, and € < S, we have

luo(x) —u (¥)| < lu(xy) — sup ul+| sup u—u(y)|<n.
Bg(z)NI, Bg(z)NI,

Finally, let us examine the case x, y € Bg(0). If dist(x, 0Bg(0)) < 2 and |x - y| < 22, there is y, € 0Bz(0)
such that |x - y,| < r, and |y — y,| < r,. Then

[ (x) — u ()| < 2n.
Hence we can assume that x, y € Bg_, ;3(0), and the asymptotic estimate
lue(x) —u(y)l <n
follows straightforwardly from Theorem 4.1. O

The ideas in the proof of Lemma 5.4 are similar to those used in the proof of [19, Theorem 4.9], where the
uniform limit of the value functions of tug-of-war with noise was shown to be a viscosity solution to the
homogeneous p-Laplace equation.

Lemma 5.4. Let u be a viscosity solution to (5.1) in Q and B,z(0) ¢ Q. Then u can be approximated uniformly
by value functions of tug-of-war with noise and running payoff in Bg(0).

Proof. Let (u.) be a sequence of value functions in B;(0) with final payoff u and running payoff

—_ PP
f= 2(n+2)

f.

By Lemma 5.2, it follows from Lemma 5.3 that there is a uniformly continuous function v in ER(O), v=u
on 0Bg(0), such that there is a subsequence of (1) converging uniformly to v in ER(O) when e — 0. For conve-
nience of notation, we denote this subsequence (u.). We are going to show that the function v is a viscosity
solution to (5.1) in Bk(0). By comparison principle (see, e.g., [12, Theorem 5] and also [14]), we will con-
clude v = u in Bg(0).

Choose a point x € Bz(0). We only work out the supersolution part, since the subsolution part is similar.
Let ¢ € C*(B), V(x) # 0 or D2¢(x) =0, be defined in a neighborhood B of x, touching v from below in x.
We need to show that

PATG(x) + f(x) = (p— )AL, ¢ + A + pf(x) < 0. (5.2)

If V¢p(x) = 0 and D*¢(x) = 0, we have A‘;’cp(x) = 0 and inequality (5.2) cannot hold. Hence we can assume
that V¢ (x) # 0. From Taylor expansion results in [18] it follows that there is a point x° € B,(x) in the direction
of V¢(x) such that

2{5up¢>+ inf ¢>} +B } d(y)dy — ¢(x)

B, (x) B.(x)

b s ((P-2(D ¢(x)( ), (E22)) 4 a¢00) + ofe).

>
2(n+2) - x| [x° — x|

Since v is the uniform limit of the sequence (1), there is a sequence (x.) ¢ B converging to x so that

u(y) - () = —€

when y € B.(x.). Using the DPP characterization of u,, we obtain

o : 277
—p(x) + 5{;::5 ¢+ Iirg)gb} ¥ ﬁj(x)gb(y)dy + EF(x,).
Hence

R e R R
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Since 7 is continuous and V¢(x) # 0, dividing by €* and then letting e — 0 we get

= —z(ﬁ 2 (P = DAGH() + 84 (x)) + f().

Remembering how the running payoff 7 was chosen, we have

0> %((1) ~ 2)Ag(x) + Ap(x) + pf ().

Hence v is a viscosity supersolution to (5.1) in Bk(0). By similar argument v is also a viscosity subsolution,
hence a viscosity solution. By the discussion in the beginning of the proof, the proof is complete. O

Theorem 5.5. Nonnegative viscosity solutions of (5.1) are locally Lipschitz continuous and satisfy Harnack’s
inequality.

Proof. By the previous lemma, each viscosity solution can be approximated locally uniformly by value func-
tions. Hence, Harnack’s inequality for viscosity solutions follows immediately from Theorem 4.2. By Theorem
4.1, value functions are locally Lipschitz continuous up to the scale e with a Lipschitz constant depending only
on p and n. Therefore viscosity solutions are locally Lipschitz continuous. O
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Abstract

We study local regularity properties of value functions of time-dependent tug-of-war games. For games
with constant probabilities we get local Lipschitz continuity. For more general games with probabilities
depending on space and time we obtain Holder and Harnack estimates. The games have a connection to the
normalized p(x, t)-parabolic equation u; = Au + (p(x,t) — 2)Ag]ou.
© 2016 Published by Elsevier Inc.
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1. Introduction

In this paper we study local regularity properties of tug-of-war type games related to parabolic
PDE:s. First, we establish asymptotic Lipschitz continuity for value functions of the game with
constant probabilities, and then continue analyzing the regularity of a more general game with
space and time dependent probabilities that we call p(x, ¢)-game.

The value functions of this particular two player zero sum game satisfy the so called dynamic
programming principle (hereafter DPP)
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QD) o ut =y inf u(y = )
sup u(y,t — — inf u(y,t — —
Bg(fc)) Y 2 B (x) Y 2

ug(x,t) =

2
+ B 1) ][ w(y.t =y,

Be (x)

which may arise for example from stochastic games or discretization schemes. In game terms,
this equation can be heuristically interpreted as summing up the three different alternatives of the

game round with the corresponding (x, ¢)-dependent probabilities while the step takes 8—22 time.

Lipschitz estimate for the game with constant probabilities is based on the good symmetry
properties produced by utilizing cancellation strategies that allows us to directly obtain Lips-
chitz continuity. In the p(x, t)-case the symmetry properties and sharp cancellation effects break
down. Moreover, global approaches to the problem are hampered by the of loss of translation
invariance, which makes it hard to keep track of accumulated error.

Our proofs are of local nature. The idea of the proof for Holder continuity of p(x, t)-game
arises from the stochastic game theory: we start the game simultaneously at two points x and z
and try to pull the points closer to each other, where ‘closer’ is in terms of a suitable comparison
function. In particular, in the stochastic terminology the process is a supermartingale. To show
that we may pull the points closer in this sense, we may consider the process in the higher
dimensional space by setting (x, z) € R?" and then apply suitable strategies for such a game.
There are several differences in the parabolic setting compared to the elliptic proofs in [17] and
[16] related to controlling the dynamic effects. Indeed, in the Lipschitz proof we utilize estimates
for probability distributions on different time instances whereas in the elliptic case it suffices to
deal with the long time limit distribution. In the case of the p(x, t)-game the resulting DPP is in
R?"*1 and the comparison function will have to take the time direction into account.

As an application, our results can be used to prove local Lipschitz continuity for the solutions
to the normalized p-parabolic equation

ur = |Vul> P div(|Vu|P 72 Vu) = Au+ (p — 2) AN u,

where Azovou = (D?u |g1’j| , %) is the normalized or game theoretic infinity Laplacian. This equa-
tion has been recently studied by Jin and Silvestre [14], Banerjee and Garofalo [2], Does [7], as
well as Manfredi, Parviainen and Rossi [19]. In the p(x,t)-case, we show that under suitable
assumptions the value functions of the game converge to the unique viscosity solution of the

Dirichlet problem to the normalized p(x, t)-parabolic equation

ur=Au+ (p(x,t) — 2)A&u.

However, a priori our methods and results are not relying on the PDE techniques; rather they are
quite different from those.

The connection between the infinity Laplacian and tug-of-war games was established by
Peres, Schramm, Sheffield and Wilson in [22], for the p-Laplacian in [21] and for the normalized
p-parabolic equation by Manfredi, Parviainen and Rossi in [19], see also [4].

This paper is organized as follows. In Section 2 we fix the notation and define the game. In
Section 3 we assume that p(x,t) = p > 2 is a constant and obtain local asymptotic Lipschitz
continuity for value functions by using game-theoretic methods. In Section 4 we get Holder
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and Harnack estimates for the p(x,t)-game. In Section 5 it is proved that value functions of
the p(x, t)-game converge uniformly to a viscosity solution of the normalized p(x, t)-parabolic
equation. In Section 6 we show that there is a unique viscosity solution to the p(x, t)-parabolic
equation with given continuous boundary data.

2. Preliminaries

Throughout the paper 2 C R” is a bounded domain. If not mentioned otherwise, for 7 > 0,
Q7 :=Q x (0, T) is a parabolic cylinder with the parabolic boundary

Ty :={9Q x [0, TT} U {Q x {0}}.

For our game we also need the parabolic boundary strip of width ¢ > 0,

g2 g2
s = (Fg X (—?, T]) U (Q X (—?,0]> .

[e:={xeR"\Q : dist(x, 0Q) < &}

Here

is the e-boundary strip of €2.
For a measurable function p : Q7 — (2, 00), we define the functions « : Q7 — (0, 1) and
B:Qr — (0, 1),

alx,t) = px.1) =2 2, B(x,t) = _nt2 .
p, D) +n p(x.0)+n
Notice that a(x,t) + B(x,t) =1 for all (x,¢) € Q7.

Next we define a tug-of-war type game, which we call p(x, t)-game to emphasize the con-
nection with p(x, t)-Laplacian, see Section 5. The game is a zero sum stochastic game between
Player I and Player Il in Q27. Fix ¢ > 0. First a token is placed at (xg, f9) € 27. With probability
a(xo, tp), the players flip a fair coin, and the winner of the toss moves the token to a point

2
(e1.1) € Be(xo) x {10 — 5}
according to his or her strategy. We use a notation B(xg) for an open ball centered at xy with
radius e. With probability B(xo, fp), the token moves according to the uniform probability to a
random point (xp, ¢1) in a set Bg(xg) x {to — %}, and in this paper we call such moves random
vectors for short. From (x1, t;) the game continues according to the same rules, and the token
moves to a point

2
€
(x2,12) € Be(x1) X {t1 — 7}-
We denote by (x;, ;) € '} the first point of the sequence on I'7.. Then Player II pays Player I the
payoff F(x;,t;), where F :I'; — [—M, M] is a given measurable payoff function. Naturally,
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Player I tries to maximize the payoff and Player II tries to minimize it. The number of steps
during the game is bounded,

T <2 %tg+1<2e 2T +1.

The value function u, of the game is

2
&
ug (xo, 10) = supinngf’étI‘l’)[F(xT, t— ?1:)],

S Su

where St and Sy are strategies of Player I and Player II. For further details on stochastic vocabu-
lary regarding tug-of-war games, we refer to [22].

Since the number of steps during the game is bounded, adding a bounded running payoff to
the game would not cause any new difficulties. In the case of unlimited number of steps the
situation is different, see [23].

A crucial property of value functions of tug-of-war type games is DPP characterization. In the
parabolic case this characterization is much easier to verify than in the elliptic case. Moreover,
proving DPP characterization for value functions of our game does not differ from the case where
the probabilities o and B are space independent. The following two lemmas can be proved by
using the techniques of [18]. We use the notation

for the mean value of a function « in a ball B,.. Here | B, | denotes the Lebesgue measure of B,.

Lemma 2.1. For given ¢ > 0 and payoff function F on ', there is a unique measurable function
u equal to F on I'}. and satisfying the parabolic DPP

QD) o unt = oy inf uly = )
sup u(y,t — — inf u(y,t — —
2 B (E) Y 27 Be(w) Y 2

u(x,t)=
&2
+Bn) futn = Srdy
Be(x)
for (x,t) € Qr.

Lemma 2.2. Given ¢ > 0 and a bounded payoff function F on I'%., the value function u. satisfies
the parabolic DPP.

A typical idea to estimate the value function u; is to fix a strategy for one of the players. We
may also localize the situation by using a new stopping time t* < t. The following lemma is a
standard tool for fixed strategies. Again we omit the proof which is similar to [23, Lemma 2.3].
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Lemma 2.3. If the game starts from (xo, to) € Qr and T* < 2toe ™2 is a stopping time, then

.L_*
ugs(x0, t > infEY00y, (x “ t) — —&2
8( 0 0) =5 SIO,SH s( T*, 10 > )

for any fixed strategy S? of Player I, and

*

ug(xo0,10) < SUPE(xO’t(?)ue(XT*, t) — —&)
s StSh 2

for any fixed strategy SPI of Player II.
3. Lipschitz estimate for p-game

In this section we study local regularity properties of p(x, t)-games when p(x,t)=p > 2 1is
a constant. Then the probability functions are also constants, «(x,?) =« € (0, 1) and B(x,t) =
B € (0, 1). This game was defined in [19].

We start with constant p for simplicity: these games have symmetry properties suitable for
cancellation strategy idea, developed in [17], to get asymptotic Lipschitz continuity. In order to
establish this, we use the following stochastic estimate, which combines well known Hoeffding’s
and Kolmogorov’s inequalities.

Lemma 3.1. Consider i.i.d. symmetric real-valued random variables Y,,, m = 1,..., N, for
which |Y,,| < b for some b > 0. Then for A > 0 the following inequalities hold:

)\2
P(Y14+...4+YN|=A) <2 — ,
(Yi+...+ Yy = 1) < exp( Zsz)

P( max |Y1+...4+Yul>X) <2P(Y1+...+Yy|=A).

1<m<N

When the game starts from (xo, #9) € Q27 and Player I follows a cancellation strategy with
target z, she tries to cancel the earliest move of Player I which she has not yet canceled. If there
are no moves to cancel, she tries to pull the token to the direction of vector (z — xo) € 2. Notice
that Player I pays no attention to random moves.

We want to use the cancellation strategy to prove asymptotic Lipschitz estimate for the
p(x,t)-game with constant p. The two main difficulties are the possibility to reach the maxi-
mum number of steps too soon and the case of different time levels. We estimate the probability
for reaching maximum number of steps in the proof of Theorem 3.2, and the problem of different
time levels is solved in Theorem 3.3.

1
Theorem 3.2. Suppose that Ber(z9) C 2, where 0 < ¢ <r < (%)2. Then, for points

(x,1), (y,t) € Br(z0) X (6(;—2, T) C Q1 and for sufficiently small ¢, the value function u, sat-
isfies the Lipschitz estimate

lx — vl

&
lug(x,t) —us(y, )| < C(p,n) ””8”00 + C/(p, n); ”uE”OO .
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Proof. Because of the error term, we may suppose that |[x — y| > €. Let z be the midpoint of
[x, y] C €2 and suppose first that

ug(y,t) > ug(x,t).

When the game starts from (x, t) =: (xp, fo), Player II follows the cancellation strategy with a
target z. Let us define the stopping time t*. There are four conditions to stop the game:

(1) Player II wins [|x — z| /¢] fair coin tosses more than Player I.
(2) Player I wins [r/e] fair coin tosses more than Player II.

(3) The sum of random vectors has length larger than r.

(4) We reach the maximum number of steps.

When the game starts from (y, ) =: (yo, fo), Player I follows the cancellation strategy with target
z, and we define 7* as before by changing the roles of the players. By using the cancellation effect
and Lemma 2.3, we obtain

k
Jue (x0. 10) — e (0. 0)| < 2 lluellog Y Pj+ 28 lue oo -
j=1

where P j 1s the probability that * = j and the game ended because of Condition 2 or 3, and §
is the probability that the game ended because the maximum number of steps was reached. The
number k is the maximum number of steps during the game, k = [2¢~21g].

We get an upper estimate for > P j from [17, Lemma 3.1]. The lemma gives an upper bound
C(p,n)|x — y|/r for the probability P’ that the tug-of-war with noise ends because of Condi-
tion 2 or 3. Since there is not Condition 4 in the elliptic case (there is not an upper bound for the
number of steps during the game), we have

k

J— x_
ZP,-fP’fC(p,n)l ry|.
j=1

Hence, we get

lx — yl
"

e (x,1) —ue(y, )| < C(p,n) e ll oo + 26 [lue floc - 3.1

The previous inequality also holds if u.(x,t) > u.(y, t), which can be seen by fixing a can-
cellation strategy for Player I when starting from (x,¢) and for Player II when starting from
(v, 1).

The main part of this proof is to estimate the probability § that the game ends when the
maximum number [2fy/2] of steps is reached. First we need a rough estimate for the number of
fair coin tosses between the players during the game. Denote by Z,, the Bernoulli variables with
Zn €1{0,1} and P(Z,, = 1) = «. Define

[
A::{sz>%lforalllze_l}.

m=1
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We estimate

Using Lemma 3.1 with Y, = Z,, —a, A= 5I,b=1and N =1 gives

2
> %l) < Z 2 exp(—%l) < 0(e).

[>g~1

l
Z IP( Z(zm — @)
m=1

[>g~1

Hence, for small enough ¢ there is a constant C’(p, n) > 0 such that

P(A)>1— C’(p,n>§.

1363

(3.2)

Supposing that (%g_zt(ﬂ is an even number, we estimate combinatorially the probability Po
that after exactly (%s_zto'l fair coin flips there have been exactly the same number of heads and

tails,

- [9e 2001\ (13!
Bo= (1 an) (5)
IT%e=2t91) \2

135 [§e 0] -1

246777 [9572]

1

123 (e %t0] \°
<|lz=-...————
—\23477 1% 2] + 1

1 3
N <f%8_2l01 + 1)



1364 M. Parviainen, E. Ruosteenoja / J. Differential Equations 261 (2016) 1357-1398

where in the last inequality we used the requirement #( > %~ For probability Pk, k € Z, that after
|'°‘ 247 of fair coin flips there have been k heads more than tails, we have Pk < Po (When &
1s negative, Pk means that there have been —k tails more than heads.) We get the estimate

IS B (B ) < o
Pk§< +1)Po§ :
& r

k=—[lx—yl|/e]

Denote by D an event that the event A occurred and at the time [%8‘2&)1 of fair coin flips there
have been at least |'|x€;y|'| heads more than tails. Moreover, denote by E an event that the event A

occurred and there have been at least ("C;—y'] heads more than tails at some point before (%8‘%01
fair coin flips. By the previous estimate we have

lx — I
r

1 , €
IP’(D)Z§< )(I—C(p,n)—)
r

1 lx — i
5(1—20( n) - )

To estimate P(E), observe first that

P(E N D) = %IP’(E)

and
£
P(E‘ND) < —.
3r
Since
P(D)=P(END)+P(E°N D),
we get

lx—yl e

P(E)>1-2C"(p,n) 3
r

Since the probability that the game ends before step [2f9/¢2] is greater than P(E), we get an
estimate for §,

5<Cp.m2 _”

€
+3C'(p, )r

and recalling estimate (3.1), we have

lx — yl

lue(x, 1) —ue(y, 1) < C(p,n) e lloo +28 e |l

lx — yl

£
<2C(p,n +6C’(p,n); e Nl oo - O
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Theorem 3.3. Let x,y € Q and t =: ty satisfy the conditions of Theorem 3.2 and t| € (ty, T)
satisfy t1 — to < r2. Then for (x, 1), (y, ty) € Q1 we have the Lipschitz estimate

|x — y| + |11 —10]2
|u8(-xst1)_u8(y’t0)|Sc(p7n) r ||u8||oo

1

/ 82
+C(p.m)— lluelloc -

Proof. We prove the case x = y, for otherwise we use triangle inequality and Theorem 3.2.
Because of the error term, we may suppose that #; > fo + &2. Denote

S =4t —fh)=¢&.

Suppose first that u.(y, t1) > u.(y, tp). The game starts from (y, #1). Player II uses a strategy SIOI
in which he pulls towards y and stays there if possible. The game ends when the token leaves the
cylinder S := B, (y) X (o, t1) for the first time. Let A be the event that the token hits the bottom
of §. Then, regardless of the strategy of Player I,

1 2(n+1)2
P:=PA)>(— .
10

This estimate follows from the proof of Lemma 4.6 below.
Denote

S
M = C(p.n)~|luelloo,

where C(p, n) is the constant from Theorem 3.2. By using Theorem 3.2 to estimate values of u,
in the ball B;(y), we get

uE(y’tl)_ué‘(y’tO)EP(ue(y’t0)+M)+(1_P) sup u&‘_ué‘(y’t())
9B (y)x[to,1]

=PM+({1—-P)( sup u.—u(y, 1))
3B (y) x[10,11]

<PM+A—=P)( sup us(y,t) +M —uc(y, 1))

telny,n]

=M+ 1 —P)( sup ug(y,t) —ug(y,1)).

t€lio, 1]

Choose k € N such that
X Ky
(I1-P)y <C(p,n)-.
’

By continuing the previous estimation we get
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k—1
ue(y, 1) —ue(y.10) <MY (1= P) + (1= P)( sup ue(y,1) — ue(y, t0))
=0 t€lto,11]
1 s
< =M +2C(p,n)=luelloo
P r

~ S
=C(P,n);||ualloo.

fu:.(y,t1) <us(y,to9), we fix a strategy for Player I when starting from (y, #1) and by symmetric
argument we get

~ s
Hence, we have

~ s
lue(y, 1) —ue(y, t1)| < C(p,n);H”eHoo

1
~ |t — 102
= C(Pﬂ)f””e“oo-

The error term of the scale £!/2 has to be added when 1] — g < &2. O

4. Holder and Harnack estimates for p(x, ¢)-game

In this section we study regularity properties of the p(x, t)-game, which was defined in Sec-
tion 2. We assume throughout the section that u, > 0 is a value function of the game. In the
first subsection we show asymptotic Holder continuity for u., and then continue with Harnack’s
inequality in the second subsection.

4.1. Asymptotic Holder continuity

Since our location dependent parabolic game is not translation invariant, we cannot immedi-
ately use the cancellation strategy. Instead, we use a more general idea developed by Luiro and
Parviainen for the elliptic case in [16]. The main idea is to start the game simultaneously at two
points and try to pull them closer to each other by using a suitable comparison function f with a
certain favorable curvature in space. The player trying to pull the two points closer, say Player I,
has a certain flexibility in her strategy depending on what the opponent does. If Player II does
not pull the points further away from each other, then Player I tries to pull them directly closer.
Instead, if Player II tries to pull the points almost optimally further away, then Player I aims at
the exactly opposite step.

As in the previous section concerning Lipschitz regularity, we break the proof of parabolic
Holder continuity into two parts. In the first part, Theorem 4.1, we consider the case where
the points x, y € Q2 are at the same time level ¢ in Q27. We use the strategy of [16], but add a
time-dependent term g(¢) = |¢|%/? to the comparison function f. The purpose of the term g in
our comparison function F'(x, t) = f(x) + g(¢) is to get the right boundary values for F* without
allowing too large error in estimates.
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In the other part of the proof of Holder continuity we handle the time direction. This part is
easier, and we could actually prove it by utilizing the technique we used in the proof of The-
orem 3.3. However, we present another proof relying more on the DPP property of the value
function u,.

Theorem 4.1. Let By, (0) x [—2r2,0] C Q x (=T, T). Then u, satisfies the Holder estimate

|x _y|8 / £’
lue(x,1) —ue(y,t)| < C(n) p; |uelloo + C (”)r—(g uelloo »

when x,y € B,(0) and t € (—r2,0).
Proof. Denote
S1:= B, (0) x (=r2,0), S» := By, (0) x (=2r%,0).

To define a suitable comparison function, define the functions g, f1 and f>,

g(r) =112,

filx,2) =Cm)|x —zI° + |x + 2|,

as well as
C>N=Dgd if (x,z2) € Aj,
fz(x’Z)_{o if |x —z] > N 5.
Here
€ €
A ={(x,2) cR* : (i— DE <|x—1z| Siﬁ}
fori ={1,..., N}. Finally, our comparison function is
F(x,z,1) = f(x,2) + g(1),
where

fx,2) = filx,2) — falx, 2).

We use this notation to emphasize the time dependent term g needed in the parabolic case.
By scaling, we may assume that

0<u,<r’in$\ 8.
This implies

we(x, 1) —ue(z,1) — F(x,z,1) <C*ed in §5\ Sy,
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and we want to show that the same inequality holds in Sj. Suppose not. Then

M:=  sup  (u(x',t) —up(Z 1) — F(x', 2, 1)) > C*Ned.
x',t"),(Z,t')esS)

Thriving for contradiction, let n > 0 and choose (x, t), (z,t) € S; such that
ue(xJ)_ue(Z’t)_F(X,Z,t)EM_H- (43)

Recall that DPP for u, reads as

o(x,t) g2 . g2
sup ug(y,t— 7) + inf  wue(y,t— ?)

YEB(x)

u&‘ (-x’ t) =
YEBg(x)

2
+ B 1) ][ eyt = S)dy.

Be (x)
By using the DPP characterization for the difference u.(x, 1) — u.(z, t), it is easy to see that

ug(x,t) —ug(z,t) =h + I+ I,

where
a(z,1) g2 g2
I = sup ug(y,t — —) — inf ug(y,t — —
1 > (BE(E) e(y 2) Anf e(y 2)
oinf (-5 ot 2)
inf us(y,t — —) — sup ug(y,t — —)),
Botr) ey > BS(IZ)) ey 5
82 82
I =B(x,1) ][u(y,t— E)dy— ][ u(y,t— E)dy ;
Bs(x) Be(Z)
and

_ a(x,t) —a(z,t)

: 2
g2 g2 g2
sgu(g)ue(y,t -5+ Bier%)fc)ue(y, t——5)-2 ][ u(y,t = —=)dy
B¢ (2)
This identity together with inequality (4.3) gives
M<h+Dbh+1I3—F(x,z,t)+n. 4.4)

We are going to estimate the terms /1, I and I3 to get a contradiction with (4.4). To be more
precise, we are going to show the following inequalities,
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a(z, )M > Iy —a(z, )(F(x,z,1) —n),
Bx,OM > I — B(x, 1) ((F(x,z,1) —n),
as well as
(a(x,t) —a(z, )M > I3 — (a(x, 1) — oz, ))(F(x,z,1) — ).
To estimate /1, first we prove the following inequalities

2 2 82

& . & o
;su(g)ug(y’t m ) T et ) <M B, oy (0 Fnzt=3)4n
and
&’ g2 £2
Bigl%)fc)ue(y,t —5) - ;:1(12)”8()’, -—3)=M+ Bg(x%ngs(z) FO.Z 0= =)+

The first inequality follows by picking x € Bg(x), z’ € B¢ (z) such that u.(x’) > supp_(,) ue —
n/2 and u,(z') <infp, ;) ue, — n/2 and estimating

2 2

€ 3
sup ug(y,t ——)— inf u.(y,t — =)
yegﬁx) ¢ 27 B © 2

<M£(-x/’t_ f) _ME(Z/9I_ 8_2)+T}
- 2 2

2
P
SM+F(X’,Z/,t—7)+n

2
&

<M+ sup F(y,y,t——=)+n.
(y.y))€Be (x) % B (2) 2

The second inequality follows the same way, and we get an estimate for /1,

a(z, 1)
2

I —

1 82 ) 82
<a(z,t) M+§ sup F(x,z,t—E)—i— inf F(x,z,t—?) .

B (x)x Be(2) Be(x)x Be(2)

Let us show that

1 / / 82 . / / 82
F(x,z,t) > = sup F(x,z,t—?)—l— inf F(x,z,t—?) + 2n

B (x)x Bg(2) B (x)x Be(2)
1 &2 8/2
== su f&x', 7))+ inf  f(x, D))+t — = + 7.
2 Bg(x)XpBg(z) B (x) X Be (2) 2
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Since

5/2 52

<&, 4.5)

2 2

it suffices to show that

f(x,z)>%( sup f+ inf f)+g5.

Be (X)X Bs (2) B (x)X Be(2)

Throughout the proof the error caused by the term g is in the acceptable scale &°.

During the rest of the argument we just write sup f and inf f meaning that sup and inf are
taken over B.(x) X B:(2).

Suppose first that [x — z| > Nf—o. Then f> = 0. Choose hy, h; € B:(0) such that

sup f1 < fi(x +hy,z+hy) +1.
Letd = 1—10 and assume first that
(hy —hy)y = (4—0)é?,
where V is the space spanned by x — z and

(hy —ho)y = (hy — hy) - —

Ix —z|

To estimate sup f| + inf fo — 2 f1, it is useful to write Taylor’s expansion for fi(x + hy,z + h;)
as

fl(x+hx,Z+hZ)
= fi(x,2) + C8lx — z|° " L(hy — hy)v +2(x +2) - (hy + 1)

c _
S8l =22 (6 = Dl = ho)y + (hx = b)Y )
1k +he |t 4 Ex B, he).

Here &, ; is an error term satisfying

Ex 2 (M, hy) < C|(hy, hy) P (Jx — z| — 26)° 73

< 106%|x — z|°2

when N is large enough, for example N > 100C/$.
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By using the Taylor estimate and the estimate for the error term, we obtain

sup f1 +inf o —2f

< filc+hy,z+h)+ filx —hx,z—hy) —2f1(x,2) +n
_ %8|x — 72 (2(5 — D(hy — h2)% +2(hy — hz)%/l)

4+ 20k 4 ho >+ Ex (b, h) + Ex 2 (—hy, —h2) + 1
<|x— z|3_2(20 — Cé)‘)g2 +8c+1n +¢°

<—Ce® +8e2 + 46 <26,

when C = C8 — 20 has been chosen large.
If

(hx —h2)y < (4= 6)&?,
then
(hy —h)y = (2—0/4)e,
and the second order term of the Taylor estimate, together with the error term, can be estimated
by
§5|x —21°72(2¢)2 + (2¢)% + 1062 |x — z|°2

30C 5—1
<—blx—2z| "¢
N

<8%|x —z|8 — 1e.
Now we get

sup fi +inf f; — 2f;

X —Z X —Z
,X+e )—2f1(x,2) +n
lx — z| lx — z|

< C8|x — z|%7 1 (—0e/4) + 166 + 8%|x — z)° e + 1

< fix+hy,z+h,)+ filx —¢

0
< (= 708lx - 2P e + 166 +n+ &

0
<5 — ZC)(Se‘S +16e 47

< —&°,

when C is large enough.
Suppose next that [x —z| < N 18_0' Then a straightforward estimate gives
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|fix + he 24+ hy) — fi(x,2)] <3Ce°.
We also have

inf(fi — f2) < sup fi —10C&® =23,
which implies

sup f +inf f <2sup fi — 10Ce® — 2 f>(x, 2)
<2f1+6Ce —10Ce® —2f, +&°
<2f —2¢°

when C is large enough. It follows that

1
(x,27) > = su +  inf + &8,
/ 2\, (x)XpBg ) 7 Be (x) % Be (2) f

Hence, we have shown that

, 1
Il_a(z )

S <a(z,t)(M + F(x,z,1)),

or equivalently,

o(z, 1)
2

oa(z, ) M >1) —a(z,t)F(x,z,t) — d.
Let us next estimate /. We want to show that

B, )M > I — B(x, ) ((F(x,z,1) +n),

where

2 2
I =B.1) ][ (.t =y - ][ w1 = dy

Bé‘ ()C) Bg (Z)

Let Py ;(h) be a mirror point of 4 with respect to span(x — )T If |x —z| > 26, we get an estimate

Bx,1)

I =
| B |

/ e (5 +h) — e (2 + Py () — F(x +h, 2+ Pe,(1)dy
B¢ (0)

L / F(x+h, 2+ Peo(h)dy
B:(0)
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px, 1)
| B |

<B(x,t)M + f F(x+h,z+ Py ;(h))dy.

B¢ (0)

If |x — z| < 2e, there is a perfect cancellation in the intersection B.(x) N B;(z). We refer to [16]
for details and just state that in this case we have an estimate

L <Bx,t)M + B(x,1)J,

where

1
J) = B / F(x+h,z+ Py (h)dh+ f F(y,y)dy
'\ B O\ B (x—2) Be(x)NB, (2)

‘We want to show that
F(x,z,t) > Jj.

Notice that since

f F(x+h,z+ P ;(h))dh + / F(y,y)dy

Bs(o)\Bs(x_Z) B (x)NBg(z)
< / f(x+h,z+ Py (h)dh+ f f(y,y)dy
B (0)\Be (x—2) Be (x)NBe(2)
bl
—_— — y’
| B | 2
Be
it is sufficient to show that

flx,z,0) —26°

1
> B.] f&x+h,z+ Py (h)dh+ f(y,ydy

’ B:(0)\Be (x—2) Be (x)NBe(2)

If |x — z| > N {5, the key estimate is

Cé

2 6—-2 5

— 10— —)+2 0,
e7lx —z]°77( n 2)) e’ <

which holds when C is sufficiently large. In the same manner, if |x — z] < N 16_0’ the additional
error term 2¢% does not cause extra difficulty compared to the elliptic case. These estimates can
be obtained by using similar Taylor expansion ideas than in the case I1, see [16].

In the last case we need to show that
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((X(X, t) - (X(Z, t))M > 13 - (a(x, t) - OZ(Z, [))(F(X, <, t) + 77),

where

_ a(x,t) —a(z,t)
N 2

3

82 82 82
sup ug(y,t — —)+ inf u ,t———2][u Jt— —)d
BS(E) e(y 2) Ant e(y 2) e(y 2) y

B¢ (2)

Again the extra error term compared to the elliptic case is on the scale of °. By choosing a
sequence (x;) such that u.(x;) — supp_(,)Ue, We have

82
sup us — ][ ug(y,t — ?)dy
B (x)

B:(2)

2 2
. & &
- f h]lfn(us(xj)_u&‘(y)_F(xj’y’t_ ?)"_F(xj’y’t_ ?))dy
B (2)

2
£
<M+ sup ][ F(a,y,t — —)dy.
a€Bg(x) @ 2
FAv4

We also get

2
I
inf u, — dy<M inf F(b,y,t ——)dy,
Bf%x)”g ][ug(y)y_ +][b€13ng(x) b,y 2)y

B:(2) B (z)

and finally

I < (a(x, 1) —a(z, 1)
3= 2

2 2
e e
2M + su ][F(a, ,t——)+ inf F(b,y,t ——)d
aeBssz) - g 27 beBe(x) Y 2

e(Z

Hence, it is sufficient to show that

1 .
f(x,z2) > = sup ][ f(a,y)+ inf f(b,y)dy +288.
acBg(x) @ beBg(x)

B:(z

The arguments are analogous to those used before, and we refer to [16] for details. O
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Next we consider the time direction. For the similar oscillation estimate in the PDE context,
we refer to [14, Lemma 4.3] and [1].

Theorem 4.2. Let By, (0) x [—2r2,0] C Q x (=T,T) and —r? < to <t; <O0. Then u, satisfies

|ty — 1o]%/2 £’
5 +C/(n)_5’
r r

lue (x, 1) —ue(x, t9)| < C(n)
when x € B, (0).
Proof. Define

O, := B,(0) x (—r2,0).

We want to show that the oscillation of u in Q, is comparable with the oscillation of u on
the bottom of Q, by a constant depending only on the dimension n. The idea is to control the
oscillation of u, by suitable comparison functions v and v. We use the DPP together with suitable
iteration to get estimates for u, and the comparison functions.

Denote

A :=08Cp (0)x(—r2) Ue
and set the first comparison function v as
T(x,t)=c+Tr 2Ar 4+ 2r 2Alx|%,

where ¢ is _chosen so that T(x, —r?) > u,(x, —r?) for all x € B,(0), and there is an equality for
some X € B,(0). Then actually x € B, (0), for otherwise

2A =T, —r?) =00, —=r%) < u. (%, —r?) —us (0, —r?) < A,

a contradiction. First we estimate

B(x,)r 2A ][ Ix +h|>dh < B(x,t)r %A ][ Ix|> 4+ 2x - h+ h%dh
B, (0) B, (0)

< B, )r 2A(x|> + £%).

Supposing that |x| > ¢ and using the previous estimate together with a simple calculation

sup |y|2 4 inf |y[> =|x 4+ ¢&* + [x — &> =2(x|> + &?),
B (x) B¢ (x)

we obtain
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a(x,t) _ g2 . _ g2 _ g2
( sup U(y’t__)+ inf U()’»f_—))‘F,B(X,t) v(yat__)dy
y€B, (x) 2 yEB:(x) 2 2

B (x)
&2
=2r2Aa(x, 1) (x| + &2 + 2r 2AB(x, ) (Ix|* + &) + Tr2A(t — S)+e
- 2 412 ) ) ) AN

=cH2r “Alx|"+Tr At + | 2r “Aa(x,t) +2r “AB(x,t) — 5 €
<v(x,1).

One can easily see that the same inequality holds when |x| < €.
We want to show that

M :=sup(u, —v) <0.
Or

Suppose not, so that M > 0. By using the DPP for u, we get

ug(x,t) —v(x,t)

<Tug(x,t) —Tv(x,t)

2 2

& _ &
<a(x, 1) sup (ug(y, 1 — 7) —v(y,t — 5))
B (x)

82 82
+ B(x,1) ][ (ueg(y, 1 — 5) —v(y, 1 — ?))dy
Be (x)

82 82
< a(x, OM + B(x, 1) ][ ey, = 59 =Bt = Sy,
Be(x)

Since we can find a sequence (x;,7;) C £ x (=T, T) such that (x;, ;) — (xo, fo) and (u; —
v)(xj,t;) — M, by absolute continuity of integral we have

f =90y =tim =90 1dy =
B (x0) Be(x;)
Hence the set
G:={(x,t)us(x,1t) —v(x,t) =M}
is non-empty, and if (xq, f9) € G, then (u; — V)(y, to) = M for almost all y € B.(xp). This con-

tradicts the assumption that G is bounded. Hence M < 0.
Similarly, we can show that for

v(x,t)=c— Tr 2 At — 2}’_2A|x|2
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we have v < u in the cylinder Q,. Hence
—— 2 2
U(.x, —r ) — y(i, —r ) < OSCBV(O)X{—I”Z} Ue,

SO

ol
|
9
A
w
=

Finally, we get
osco, u <supv —infv <c—c+4A <CA,

so the oscillation in the cylinder Q, is comparable with the oscillation on the bottom of the
cylinder. 0O

Remark 4.3. Another way to prove the previous lemma is to use the same technique that was
used in the proof of Theorem 3.3.

Combining the two previous theorems, we get local Holder continuity for the p(x, t)-game.
Theorem 4.4. Under the conditions of Theorem 4.2, u. satisfies the Holder estimate

x =yl + g -0, &
- +C'm) 5

|u8(-x’ tl) - ué(y’ t2)| =< C(l’l)
4.2. Harnack’s inequality

In this subsection we assume that u, > 0. We are going to prove Harnack’s inequality for u,,
Theorem 4.7, by using a well known iteration technique. Besides Holder continuity, we need two
lemmas to control the iteration process. We assume for function p : Q7 — (2, 00) that

infp > 2,

which implies that infe > 0. This requirement is not absolutely necessary, but makes the proof
less technical.

Since Holder continuity for u, breaks down at the ¢-scale, we need a rough estimate to control
the oscillation of the value function at this scale.

Lemma 4.5.]f%82 >t —t >0foracZy, and |x —y| <2(ty —t1)/¢, then

infa\¢
MS(X,tZ)z(T) ug(y, ).

Proof. When the game starts from (x, #), Player I uses a strategy in which she takes ua;y'-steps

towards y and steps to y if possible. We stop the game when the token hits the time level 71, and
denote the stopping time by t*. By simply estimating the probability that the first @ moves are
tug-of-war won by Player I and using Lemma 2.3, we obtain
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*

T
1) > infES2 [F(x,,, th — — &2
ué‘(x’ 2) juti 1;‘}1 SP,SH[ (x‘C[ , 12 2 & )]

infa \ ¢
> > us(y,t). O

Another lemma needed for Theorem 4.7 gives estimates for the infimum of u,. We use a
comparison function which is often used in the literature to get Harnack estimates for parabolic
equations.

Lemma 4.6. When xo € Byr(z) C Q for R <1, r € [9¢, R) and ty) > 0, then

inf up(y,10) < Cm)r~ 20407, (xo. 10 4+ R?).
yEBr Z)

Proof. Without a loss of generality, we may assume that z = 0 and 7y = 0. Consider a comparison

function
1\°3 (l,ﬂ)Z(nJrl)2 |x|2 2
W(x, 1) = (—) inf u.(y,0) 3 1 |9 ——=
9/ yeB.(0) (t + (3r)2) (D) t+(1r)? s

in 7. We have

1
max W(x,0)=— 1nf ug(y,O)
x€B,(0) 9 yeB.(

and ¥ (x,0) =0 when |[x — z| >r.
When x € Bog(0) and R? <t <2R?, we get

W(x 1)z <1>3 ot (0 — S (9 4R2)2
xa il - mn u ’ -
9/ yeB (0) i (2R2+(%R)2)("+1)2 R2 "

3
Z(l) 373040204007 e (3 0),
9 yEBr(O)

We use a martingale argument to show that
MS(-X’ t) > \Ij(x’ t)7

when x € Q and ¢ > 0. Let us start the game from (xo, 7), where 7 = R?. The fixed strategy S?
of Player I is to push towards 0 € 2 and stay there if possible. We show in Appendix that the
function W satisfies the following inequalities:

Case ) If x=0and r > 82/2, then for e e R", |e| =1,

Lrwo.1 ) Wee.t 82]>\110z
5 (’_5)—" (88,—?)_ (9)

Case 2) If 0 < |x| < ¢, then
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Lwo.r 82)+\p( b e 82)]>\p( £

— sy L — — X — &, — — = X, .

2 2 x| 2

Case 3) If |x| > &, then
L S N PR ST
= —e,t — — x——e,t——)]>W(x,1).
2 T 2 x| 2

The previous three inequalities guarantee that W satisfies

W, 1) < ~( WOt — Sy inf WSy
x,t) < —=( su J— — in Jt— —)).
2 yeBSsz) Y 2 YEB:(x) Y 2

In the appendix we also show that W is a subsolution to the scaled heat equation
n+2Dus(x,t) = Au(x,t).
According to [19], this implies
&2
W(x, 1) < ][ v (y, - 7) dy + o(e?),
Be(x)
when x € Q and ¢ > 0. Denote 7 :=7 — k(g% /2). For arbitrary n > 0, we obtain
Ego s, [W k1, )| (x0, 1)y« oy Gks 1)1

> a (X)W (xk, ) + B(x) ][ ‘I'(y’t"“)dy_%gk
Be (xz)

n
> W (xg, tx) — SR2 2k,

when ¢ is sufficiently small. According to Lemma 2.3, u, satisfies
Ego sy lue (et fer 1)1 (X0, 1), -y (ks 1)1 < e (g, 1)

Hence My := u (xp, ty) — W (xg, ty) — ﬁezk is a supermartingale. Let us stop the game when

either ¥ = 0 or 7, = 0. Denote the stopping time by t*. We have

T —1

~ ~ 2 ~ ~
—n=Eg g [Mre|(x0, 1), ..., (Xer—1, 1 — e7]1 < Mo = ug(xo, 1) — W(xop, 1).
Since n > 0 was arbitrary, we obtain

ue (x0,7) — W (x0,7) > 0.

Hence
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it () < COr 2 oo + B, o
r(z

Using the Holder estimate together with Lemmas 4.5 and 4.6, we get Harnack’s inequality for
Ug.

Theorem 4.7. If B1o,(0) x [tg — r2,t0] C Qr, then for sufficiently small € > 0, u, satisfies Har-
nack’s inequality

sup ug(x,to—r?) <C(n) inf wue(x, to).
x€B,(0) x€Br(0)

Proof. By scaling, we may assume that there is a point x| € B, (0) such that

1 =u.(x1,10) <2 inf wuq(x,1ty).
B,-(0)

XEDy
Let Ry := 2'~*r for all natural numbers k > 2, and pick x», x3, ... € Q such that

My :=ugs(x2,10) = sup ug(x, ),
X€By(x1)

and for k > 2

My i=ue(x1.00 —r> + Ry )= sup  (x,f0—r"+ Ry_).
XEBRk(Xk)

Letn = (21+3(”+1)2C )~!, where C = C(n) is a constant from the Holder and infimum estimates.
We are going to show that

M < n—1—3(n+1)28_1’ (4.6)
where ¢ is a Holder exponent for u,.

On the contrary, suppose that inequality (4.6) does not hold. Let us show by induction that the
counter assumption yields

Mk > (ch)—k+ln—1—3(n+l)2571 — ZC(nl/aRk+])_3(n+l)2. (47)
The case k =1 is clear, so assume that the inequality holds for My_;. Then

: My
inf  wu.(x,t9— r?+ R%(k—l)) =<

B, 175 g, (Xk)

ue(xp to—r>+R2,_ 1)
_ 5 26=D-17 (4.8)

where we first used Lemma 4.6 and then the induction assumption.
Holder estimate gives
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osc(ug, Byiss g, (x1) x {to — % + R3g_y D)
< Cn osc(ug, Br, (x¢) x {to —r* + Ry _; ),
SO we get
osc(ug, Br, (xk) X {to — > + R3,_,})
> (Cn)~osc(ue, By, (xx) % {to — r* + R _1)))
> (2Cn) ™' M1

> QCn) My,

and the induction is complete.
Take ko such that n'/° Ry, € (10e, 20¢]. Then

R3go_1) < 100n72/%6% < @830+ 0)2/852

and we obtain

(infoz)
-_ . 2 2
2 menl/BRkO (¥ky) ug(x,tg —r-+ Rko)

7843+ 1)2 2/8 ) 2
228301+ () supBRkO_l(XkO_l)ug(x,to "+ R 1)
>

e (Xgg—1,t0 — 1% + Rl%o—l)
C(nl/(ﬁRko)—2(11~|—1)2
. Mi,—»
- C(nl/aRko)—z(nH)Z

2Cn)*~*om,
- C(n1/521—1q))—2(n~|—1)2

> 6(n)2(n+1)2k0’

which is a contradiction when kg is big enough, or in other words, when ¢ is small enough.
Therefore inequality (4.6) holds and the proof is complete. O

S. Uniform convergence to viscosity solution

In Section 6 we will show that if the function p is Lipschitz continuous, there is a unique
viscosity solution u to the boundary value problem

(n+px,0)u =A% u,  for (x,1)€Qr,
u=F, for (x,1) €9,Qr,

where F is continuous and bounded. Let (u e;), €j — 0, be a sequence of value functions of the
p(x, t)-game with final payoff equal to F' on the parabolic boundary strip I'.. In this section
we show that u g > U uniformly on Q7. The most notable difference is that now we don’t have
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translation invariance at our disposal. Instead, we will make use of local Holder continuity of
functions u,;, see Theorem 4.4. We assume during the rest of the paper that €2 satisfies exterior
sphere condition.

First we need the following Arzela—Ascoli-type lemma. For the proof in the elliptic context,
see [20, Lemma 4.2].

Lemma 5.1. Let {u 1 Qr >R, > O} be a uniformly bounded set of functions such that given
n > 0, there are constants ro and gq such that for every & < gy and any (x,t), (y, s) € Qr with

lx —yl+ |t —s| <rg
it holds that

lug(x, 1) —us(y,s)| <n.

Then there exists a uniformly continuous function v: Qr — R and a subsequence still denoted
by (ug) such that ug — v uniformly in Qr as € — 0.

The plan is to first show that the sequence (u.;) satisfies the conditions of Lemma 5.1, and
then show that the uniform limit v is a viscosity solution to

N
(n+ px, D)o = A, v

with boundary data F. By using the uniqueness result of Section 6, we will conclude that v =
u on Qr. Our proofs yield that an arbitrary subsequence of (ug;) has a uniformly convergent
subsequence. Hence, by uniqueness of u, the sequence (u,;) itself converges uniformly to u.

To show that the sequence (u,;) satisfies the conditions of Lemma 5.1, we first need the fol-
lowing technical lemma, in which the function p(x, #) does not cause extra difficulties compared
to the case where p > 2 is a constant. The method for proof has been used before for different
games, see [19, Lemma 4.9] and [20, Lemma 4.5].

Lemma 5.2. For arbitrary n > 0, there are ro > 0 and &1 > 0 such that when (y,t) € 3,7,
(x,8) € Qr, e<eyand |y — x|+ |t —s| < rg, we have

|u8(y’ t) - u&‘(-xa S)| <7n.

Proof. If (y, t) is on the bottom of the cylinder 27, the result follows from Theorem 4.2. Assume
next that y € 0€2. It is enough to verify the case t = s =: #(, since otherwise triangle inequality
gives

|u€j(-x7 t) - qu(y9 S)| = |u8j(-x’t) - ué‘j(y,t)| + |M8j(y’t) - ng(y,S)l,

and the last term can be estimated by using uniform continuity of the boundary data.

Since 2 satisfies the exterior sphere condition, we have y € d Bs(z) for some Bs(z) C R\ Q.
Let us start the game from (x, t) =: (xg, f9) and fix for Player I a strategy S{) of pulling towards z.
Player II uses a strategy Sp1. Then,
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IE?(XOIO)[IXk Zllxo, ..., xk—1]
o (Xk—1, tk—1)
< — (|xk—1 —z| + e+ [xp—1 —z| —¢)
+ B(Xk—1, tk—1)
B (xr—1)

<|xk_1 —z| + Ce?,

|x — z|dx

where C does not depend on ¢. Therefore, My

, = |xx — z| — C&>k is a supermartingale. Jensen’s
inequality gives

1

1
B’ Tlve =2l + Ite — 10121 < lvo — 2] + Ce (E““O Ol ])

Suppose that for the stopping time t we have the estimate

(S)Ico W] < C(R/) dlSt(aisz(Z) x0)+0(1) (5.9)

where R > 0 is chosen so that 2 C Br(z), and o(1) — 0 when ¢ — 0. Then we have

EG — 1021 < |x0 — 2| + C(R/8)]x0 — 1
[lxe =zl + [tz —10|2] < |x0 — 2| + C(R/d)|x0 — y[ + o(1),
and the proof is complete by uniform continuity of the boundary function F.
It remains to justify estimate (5.9). In €2, let v be a solution to the problem
Av=—-2(n+2) inBgry\ B (2),
= on aBr (Z)’

where 2 a is the normal derivative. The function v satisfies

0
v

Vv

|Q.>C

(S5

v(x) = ][ vdy+82,

(5.10)
Be (x)

and it can be extended as a solution to the same equation in E,(Z) \ B, ¢(z) SO that equation (5.10)
holds also near the boundary 9 B, (z).

By concavity of v, it follows from (5.10) that (v(xx) + ke?) is a supermartingale. Define a
new stopping time 7%,

™ =inf{k : x; € Bs(2))}.
Since

v(xp) < C(R/J)dist(dBs(z), xo),
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we have

v(xo) — Elv(xr-)] _ C(R/8) dist(dBs(2), xo) +o(1)

X0 * <
E®] = ) 2

Since the function v is concave in r = |x — z| and T < ¥, we obtain estimate (5.9), and the proof
is complete. O

Lemma 5.3. The sequence (u) of value functions satisfies the conditions of Lemma 5.1.

Proof. Since u, < max F, the sequence (u.) is uniformly bounded. For asymptotic uniform
continuity, fix 5. Since u is uniformly continuous in Q7 x Iy, there is r; > 0 such that
(x’t)a (yas) S QT X F(‘,"

X =yl + [t =s| <1,
implies
u(x, 1) —uly,s)| <n/2.

When x, y € d Bg(0), the same estimate holds between u.(x) and u.(y) for all 0 < & < R, since
us =uonl,.

When y € I'; and x € Q7, by the previous lemma there are ry > 0 and &; > 0 such that when
|y — x|+ |t —s| < rg, we have

lug(y,t) —ue(x,s)| <n/2.

If x,y € Qr and dist({x, y}, I's) < ro9/2, then by using the triangle inequality with a boundary
point, we obtain |ug(y) —ug(x)| < n.

Finally, assume that dist({x, y}, ['¢) > ro/2. By local Holder continuity there is ¢; > 0 such
that when ¢ < g1, we have

|u8(y’ t) - u&‘(-xa S)| <n.
The proof is complete by taking g = min(ey, €2). O

We have shown that the sequence (u.) converges uniformly towards a uniformly continuous
limit function v, and next we show that the function is a viscosity solution to the normalized
parabolic p(x, t)-equation.

Below we denote by Amax((p(x,t) — 2)D2¢(x, t)), and Apin((p(x,t) — 2)D2¢(x,t)) the
largest, and the smallest of the eigenvalues to the symmetric matrix (p(x,?) — 2)D%p(x,1) €
R™*" for a smooth test function.

Definition 5.4. A function u : Q7 — R is a viscosity solution to
= Au+ (p(x, 1) —2) AN u,

if u is continuous and whenever (x, 7o) € Q7 and ¢ € C>(Qr) is such that
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1) u(xo, fo) = ¢ (xo, to),
i) ¢(x,t) >u(x,t) for (x,t) € Qr, (x,t) # (x0, t0),

then we have at the point (xg, #y)
(n+px,0)¢r < (p(x, 1) =2) AN ¢ + Ag, if Ve (xo,10) #0,
(n+ px. D)) < kmax((p(x.1) —=2)D?*¢) + Ap,  if Ve (xo.10) =0.

Moreover, we require that when touching u# with a test function from below all the inequalities
are reversed and Apmax ((p(x, 1) — 2)D2¢) is replaced by Amin((p(x,1) —2) D2¢).

Lemma 5.5. The limit function v is a viscosity solution to

= Au+ (p(x,1) —2)AXu,
with boundary data F.

Proof. We only show that the function v is a viscosity supersolution. (Showing that v is a sub-
solution is similar.) Choose (x, 1) € Qg and ¢ € C? touching v from below at (x, ). We need to
show that

B(x, 1) .
20 12) ((per.0) = DALe(, 0+ Ap(x,0) = (14 plr, D@ (x,0) 0. (5.11)

As a direct consequence of [19, Theorem 2.4], we have

o(x,t) (.1 82)+ inf (. 1 82)
su Jt— — in = —
2 e/ T2 T a2

2
+ B 1) ][ o1 = Doy — (e, 1)
Be(x)

>ﬁqu2

> ((p(x,t> —2)<Dz<p<x,t> (f—_x) , (f—‘x»
2(n+2) |x¢ — x| X% — x|
+ Ap(x, 1) — (n+ p(x, 1))e: (x, t)) + o(e?),

where x° € B (x) is nearly to the direction of Vg (x).
By the uniform convergence, there is a sequence (x,, t.) — (x, t) such that when (y, §) is near
(x¢, te), we have

ug(y,s) —@(y,8) > ug(xe, te) — @(xe, e) — ns.
Setting @ = ¢ + us (X, 1) — @(xg, 1) We have

Ug(Xg, te) = ‘;(xs, te), ug(y,s) > (Z(y, §) — M.
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We get

n >oe(x,tg) sup ¢(y,1 —é)—i— inf @(y,1 —ﬁ)
&= 2 BS(E) Yo le 2 Be(x) Y le 2

2
~ & ~
+ B(x, 1) ][ oy, te — ?)dy — @(xe, I)
Be(x)

Let us first assume that Vo (x, t) 7% 0. Then, since we can choose 1, = 0(g2), we obtain

O>ﬂ(x8,rg>ez((( t)_2)<D2( t)(xe—xg) (Yg—xg )>
" 2w+ T v —x ) U —

+ Ap(xe, te) — (n + p(xe, 1)) @r (Xe, ts)) + 0(52)-

When & — 0, it follows that

PED (1) =280 + Ap() — (14 p(x. )i (x. 1)) <0
2(n+2) o -

When Vo(x,t) =0, also D?¢(x,t) = 0, and it is easy to verify the required inequality
@i (x, 1) =20. O

6. Uniqueness for p(x, t)-equation

In this section we assume that the function p is Lipschitz continuous in Q27 with Lipschitz
constant C1. We prove that there is a unique viscosity solution to

(n+ ple, )y = AN u (6.12)

with classical Dirichlet boundary conditions. Existence is well known, and in fact the previous
section provided a game-theoretic proof.

The technique for uniqueness is well known; p(x, ¢) causes slight modifications. For the con-
venience of the reader, we give the details. For additional literature, see [15,10,2,3].

The parabolic equation (6.12) is discontinuous when the gradient vanishes. We recall the
definition of viscosity solution based on semicontinuous extensions of the operator, and refer the
reader to Chen—Giga—Goto [5], Evans—Spruck [8], and Giga’s monograph [9].

The next lemma allows us reduce the test functions in the case V¢ (xg, fp) = 0 and only test
by those having D¢ (xg, t9) = 0.

Lemma 6.1. A function u : Qr — R is a viscosity solution to (6.12) if u is continuous and
whenever (xg, to) € Q7 and ¢ € C*(Ur) is such that

1) u(xop, to) = ¢ (x0, to),
i) ¢(x,t) >u(x,t)for (x,t) € Qr, (x,t) # (x0, to),
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then at the point (xg, to) we have

(n+p, )¢ < (p(x, 1) —=2)AN ¢+ Ap, if Vo(xo,t) #0,
¢ (x0,10) < O, if Vo (xo,19) =0, and D*¢ (xo, 1p) = 0.

We also require that when testing from below all the inequalities are reversed.

Proof. The proof is by contradiction: We assume that u satisfies the conditions in the statement
but still fails to be a viscosity solution in the sense of Definition 5.4. If this is the case, we must
have ¢ € C2(Qr), (x0. fo) € 7 and n > 0 such that

1) u(xo, fo) = ¢ (xo, 1o),
i) ¢(x,t) >u(x,t) for (x,t) € Qr, (x,1) # (x0, t0),

for which V¢ (xo, 1) =0, D¢ (xo, 1) # 0 and

(n + p(xo, 10))P: (x0, f0) — 1
> Jmin((p(x0, 10) — 2) D*¢ (x0, 10)) + A (x0, to), (6.13)

or the analogous inequality when testing from below (in this case the argument is symmetric and
we omit it). Let

) .
Wi, 1y, 8) =ux, 1) — d(y, s) — (]I -yt + % I —s|2) (6.14)

and denote by (x;,7;, y;,s;) the maximum point of w; in Qr x Qr. Since (xo, to) is a local
maximum for u — ¢, we may assume that

(xj,tj,yj,87) = (x0,t0, X0, f0) as j— o0,

and (xj,1;),(yj,s;) € Qr for all large j, similarly to [11]. Since (x, #o) is a local maximum of
u — ¢, it follows from (6.14) that

j2

Tl

‘xj —yj| — Oand % |tj —sj‘2—>(),
when j — oo. If not, there would be @ > 0 and subsequences (x;), ... (s;) such that

%) .
J 4, J 2
—|x = + =t —=s|" > 0.
) lx =yl > | |
Let U, be a neighborhood of (xg, ) where oscillation of (u — ¢) is less than «. Since the
subsequences converge to (xg, fp), we get a contradiction.

We consider two cases: either x; = y; infinitely often or x; # y; for all j large enough. First,
let x; = y;, and denote
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) .
J 4 ] 2
0y, ) =7 xj —y|"+ St =),

Then

d(y,s)+o(y,s)

has a local minimum at (y;, s;). Since the function p is continuous, by (6.13) we have

A+ pGi s (Vs si) — 1> dmin(p(yj, ;) —2)D* (v, 5))) + Ad (¥, 5))

for j large enough. As ¢ (y;,s;) = ¢;(yj,s;) and —D2¢(yj, 5j) < ngo(yj, sj), we have by the
previous inequality

n <@+ pOj SN, s) + kmax(P(yj,57) —2)D*0(y;,57)) + A(y;, 5))

_ (6.15)
=+ pxj,s;)jt; —sj),
where we also used the fact that y; = x; and thus D2<p(yj, 5j)=0.
Next denote
J? 4 2
Y n =Tl —y[ + 50 —s)%
Similarly,
u(x,t) —y(x,t)
has a local maximum at (x;, ¢;), and thus since Dzw(x j»tj) =20, our assumptions imply
0>+ plxj, 1)) (xj, t;) = (n+ p(xj,1;))j(t; —s;), (6.16)

for j large enough. This contradicts (6.15), because both 7; and s; converge to #y and the func-
tion p is continuous.

Next we consider the case y; # x ;. For the following notation, we refer to [6] and [12,13]. We
also use the parabolic theorem of sums for w; which implies that there exists symmetric matrices
X, Y; such that

, , 2 ot
(55 =sp. 721 =y Gy = X5) € P g,
. ) 2 52—
(J(t,-—sj-),J Jj =il G =3, Yj)ep Py 8j),

and

X 0 1
S ) <D (xg, y) + = [DPW(xj, v )1
0 Y; J
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. I 4
with W;(x;, ;) = & [x; — y;|". Here

5 M M
D‘I’j(Xj,yj)=<_M M)

whereM:jz‘xj—yj|2(2 TN @ y’|—|—1> and

|x/-—yj| |x/ —Yj

M? —M2>

[D*W;(x;, y)I* =2 (—MZ M2

Let & := ﬁ and use (\/p(x;, )€, \/p(yj,s;)&). The above implies

pxj, t)E'X; & —p(yj,s)E'Y; &

2
C(plxjo 1) = PO s)) (§'ME + 8'M3).

where we used a simple estimate

(Jrer i) = [p0700) = (b2 1) = prye 52,

which holds since the function p is greater than 2.
We obtain

n<m+px;,t)jt;—s;)—m+pQyj,s;)jit;—s;)
=y (=)

—(p(xj,tj) —2)(X; , ) —tr(X ;)
|xj —Yj |x1 - )’j‘
(xj—vyj) (xj—y))
+(p(yj,s5) = 2)(Y; , ) +tr(Y;)
| Xjp—=Yil %) _yj}
<+ pkj,t;)jt;—sj)—m+p(yj,s;)jt; —s;)
(x; y]) (, yj) (xj y,) (xj —yj)

_p(xjvtj <X } |>+p(yj7sj)< ‘ | |>

—Yj —Yj

Since the function p is Lipschitz continuous, we have
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|—(n+p(xj,t;)jt; —sj)+ O+ p(yj,s;)jt; —s;)l
=|jt; —s))(p(yj,s;) — p(xj,tj))l
< CLjlty —sjl(Ixj — yj I+ 15 —s;%)?
< C1jltj —s;jIN2(xj — yj| +1t; — s51)
=2C1 (Gilt =552 Gl = 3D + ity = s12)
n

< —

2

when j is large enough. By theorem of sums, we get

) (xj—yj)
xj =il

n (xj—yj
~ < —p(xj, (X L—
lxj —y;

)+ p(yj. s

(xj—yj) &j—y)
2 |

xj—yil " xj =il

= C(p(xja1)) = plyjos))” (6'Me + %s/Mzs)
= € (Ixy =3P+ 1t = 5,P) G2y = 32+ 5% = 319
<€ (Pl =yl + Gl = yyHY?)

|4

when j is large. This is a contradiction, since jZ|x j — Yjl" — 0 when j — oo. In the last two

estimates we used Lipschitz continuity of p. O

By modifying the above proof we also get the uniqueness. For viscosity solutions we assume
continuity on 7.

Lemma 6.2. Viscosity solutions to (6.12) are unique.

Proof. The proof is by contradiction: We assume that # and v are viscosity solutions with the
same boundary values and yet

u(xg, fo) — v(xp, tp) = sup(u — v) > 0.

Further, by considering

T —1t
we may assume that

U]
(n+ p(x,1))u; < Ag(x,t)u -7

in the viscosity sense when testing from above.
Let
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) .
J J
wie by ) =) —v(y.5) = (G e =y + Sl =sP)

and denote by (x;,#;,y;,s;) the maximum point of w; in Qr x Q7. Since (xg, fp) is a local
maximum for u — v, we may assume that

(xj,tj,yj,8j) —> (x0, 0, X0, f0), as j— o0

and (x;,1;), (yj,sj) € Qr.
We consider two cases: either x; = y; infinitely often or x; # y; for all j large enough. First,
denote

’t’ R e — . l‘_
p(x y,s) = | lx — ¥l +2( s)

and let x; = y;. Then (y,s) = v(y,s) + ¢(xj,tj,y,s), has a local minimum at (y;,s;), and
(x,t) > u(x,t) —@(x,t,y;,s;) alocal maximum at (x;, f;). From this we deduce (denote with
abuse of notation ¢(y, s) = ¢(x;,;, y,s) in the next display)

n+p(yj,sj)jtj—sj))=m+pQj,si)es(yj,s;) =0

and (denote with abuse of notation ¢(x, 1) = ¢(x, 1, y;, s5) in the next display)
(n+pxj, )t —sj)=m~+ pxj,t;)e(xj, t;) <—n/T.

Thus
% <+ p(xj 1) (t; — ;) — (n+ p(yj. s)Et; — 57) =0,

a contradiction.

Next we consider the case y; # x;. For the following notation, we refer to [6] and [12]. We
also use the parabolic theorem of sums for w; which implies that there exist symmetric matrices
X, Y; suchthat Y; — X is positive semidefinite and

(j(tj — s PP |x =il @ =, Xj) P ulyj,s))
(j(l‘j —Sj), j2 {Xj — yj|2(xj — yj), Yj) 652’_1)()@',1‘]').

Using (6.13) and the assumptions on u, we get

= =14+ P35 (6 = ) + (0 Py 1) = 5))
(xj—yj)) (xj—y;)
i =il |xi =il
(i =y) (=)
"=yl ey =l

+ (p(xj, 1) —2)(Y;

)+ '[I‘(Yj)

—(p(yj,sj) = 2(X

) — tr(X ).
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The right hand side can be estimated similarly as in the previous lemma to obtain a contradic-
tion. O
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Appendix A

Let us show Cases 1, 2, and 3 from the proof of Lemma 4.6. Recall that the comparison
function in that lemma was

3 1 \2(n+1)2 2 2
W(x,1) = (1) inf up(y, 0)— 3 <9 _ L)
_I_

9/ yeB (0) (r + (%r)Z)(n—H)z

Starting from Case 1, we need to show that for e € R”, |e| =1,

‘I’(Of)<l[‘1’(0f—£)+‘lf( f—é)]
=TS gt =50

Since
1 (%r)z(n+1)2
P(0,t)=— inf ,0 ,
O0=75 B0 )[t + (§7)2] D2
2 1 \2(n+1)?
1 =
\IJ(O,t—g—):— inf us(y,0 (23 ) n <
2 9 yeB,(0) [r—% + (gr)z](n—i-l)
and
22 N (%F)Z(n—i-l)z 22 2
Yge,t ——)=| = inf u.(y,0) > . > 9— 5 N ,
2 9/ yeB.(0) t— 5+ (gr)z](n—i-l) t— &+ (gr)Z
we have to show that
+1)2 2
1 ez 700 1\? £
1 <= . 1+ (= 9 5 . =: Ay
2 t—%+(§7’)2 9 t—%+(§}")2

Since

we get
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[ 1.2 2
=)
_I—%‘F(gl’)z 9 t—%+(§l’)2
[~ 2 2
I =]
| 2 \r—-5+(3n? t— 5+ (3r)?

) 2 " 2 Y
INr-5+dn2) 2\t-5+dn?) B\r-5+dr2

>1

p— 9

O | —

and Case 1 is complete.
In Case 2, |x| = ne for some 0 < n < 1, and we need to show that

Wt < U0, - Dy vt e — D)
x’ = A 9 - X _8, _ .
2 2 |x| 2
Since
2
1\3 1,92(m+1)2 2
W(x,t)= (—) inf u.(y,0) (3 1) . 9_ |7781| ,
9/ yeB-(0) [t + (§7)2](+D t+(Lr)2
2 L20n+1)?
1 r
WO,/ —S)== inf u.(y,0) (23 ) 1 2,
2 9 yeB,(0) [t — &+ (§,,)2](n+1)
and

2 3 132(n+1)2 2 72
1 r 1
xy(x+ia,t—8—)=<—> inf u.(y,0) (23 ) |9 A+ mel” |
| x| 2 9/ yeB.(0) [t—% +(%r)2](n—l—1) t—5 + (%r)z

it 18 sufficient to show that

2 12 1,32 2.2 \?
|:9_ |'78|r 2i| Sl t";(3”) 924 (9_ (1‘2|‘77)8
t+ (7] T2\ -5+ )2 t =5 +(3r)?

Notice that in Cases 1 and 2 we don’t need to take the cut-off into account, since W (x,t) >0
when |x| < 2e.
Recalling that r > 9¢, we have

2
1 2.2
t—%+(§7‘)2

from which it follows that
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1,92 2.2 \?2

1( t+(1r) ) 92+<9_ (1 + )2 )

2 2
2\t—5+(3n)? t— 5+ (3r)?
1 1 g2 (1+n)%e? ?
ab1 G ve=mmed | EER i
t—5+Gr)? t— 5+ (3?2

2
2 (1+n)%e? e
? +(9_ e ) [T e T
t— 5 +(37) t—5+(3r)

Hence, it is enough to show that

2
ke 1771 1 +k)2e?
[9— kel 2] - 92+<9— (j)f
t+(3) 2 t—5+(53r)?
2

<36 . (A.17)
t— 5+ )2

The left hand side can be written as

2
Lo lkel? +< ke |2 >2+9( (14 )22 ) 1( (14 1)2e? )
t+ (52 \r+(5)? t—5+Gn?2) 2\r-2+dn?

2.2 2
9( (14+n)e )536 £

t—5 4+ ()2 t— S+ )2

Since

and

( ke |2 >2< ke |2
t+(5)?) T+ (Y

inequality (A.17) holds, and Case 2 is proved.
In Case 3, we need to show that if |x| > ¢, then

Lot Se =Sy pwi- 2o - Sz v
—[V(x+ —e,t — — xX——e&t——)]>W(x,t).
2 |x| 2 |x| 2
Suppose first that
2
(Ix]+¢) -9

2
-5 +(5)?

Then also
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2 RV
Al <9andM<9.

2 2
t+(3) t— 5+ (5)?

3 2
Since (é) infyep, () us(y,0) (%)Z(HU cancels out, it is enough to show that

t— 5+ (%) ( m2>
2 37 (9=
1+ (5)? 1+ (5)?

! (xl+0? \’ (el =0\’
<L (9___£T:L_> +<9___g_ﬁ__)
2 t= 5+ (5)? =5+ (52

2

or equivalently,

Rz
90—
t+(3)?

1 1 &2 el +e? \ (=02 \’
i)l ) b
2\ 2i=5+57 =5 +(5)? r=5+(5)?

This is equivalent to showing that

18 e? N A R A (1 1 W
(-5 +dn2) T2\ -9 +dn? [t 4+ (1122

- . ,
A\t =5 +(Gr)?

2

where
2\ 2 2 \?2
(M) +(9__<ng 2 )
=5+ (3)° t— 5+ (5)?
Since
e _0_1 62 )2 x
[+ G2\ 20452 \ir— g + 2P
( 1 g2 ) x|
=\1-3 2 2
20437\l -5 + )P
and

(x| +&)* + (x| — ) <2|x[* + 12]x %2,
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we get an estimate

(el +x =t !
(=5 +Gn2P2 ) I+ G2

>1<muwﬁ+0ﬂ—w4__o_1 g? ) x|
T2\ =546 20457\ - 5 + (2P

2
|x|? g2 1 |x|? g?
26 g2 1.5\2 g2 1.2 +§ &2 1.2 g2 132 ]
t—5+(3r) t—5+(@G3r) t—5+(3r) t—5 +(3r)

Hence, it is sufficient to show that

82
18 —
t—%—l—(gl")z

2
|x |2 g2 1 Ix |2 g2
=6 g2 1.N2 g2 1.2 +§ g2 1.2 g2 1 .32
t—7+(§}") t—7+(§r) t—7+(§r) t—7+(§r)

| =

N 2
A\t -5+ G2
If
Jx|? 5
B 1 Z ~?
t—5+Gr? 2
the previous inequality clearly holds. If
x| 5
P 1 ) S 57
t— 5 +(37)
then / > 72 and the previous inequality holds again.
When
2
(Ixl+¢) 59,

t— 5+ (5?2

we need to show that

2 \2 2 2 \?
1 1 -
(9—%) 5_(1+_;_><9_<|x|2_8>) ,

RS A R =5+ (3%,

and this follows by the previous estimates of Case 3.
Let us next show that W is a viscosity subsolution to
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(n4+2us(x,t) = Au(x,t).
Denote

|x|?
t—l—rz'

|z|* =
Then

(n+2)W;(x,t) — AWV (x,t)

(%)2(n+1)2 5
O —1zI")+

- (t + (%)2)(n+1)2+1

2
[_(” £2)n+ DO~ 124 + 21+ [zl +dn — 0 }
O —lz19)+

2
(%)Z(n—i-l)

T (e

9 — |z]*)+ A.

When a:=9 — |z]2 > 0, we get

%A = —n+2)n+ D*a>+2(n+2)9 — a)a + 4na — 8(9 — a)

= [—(n F)n+ 1) =2+ 2)] a>+22(n+2)a—72<0
when a = 8, and the discriminant is
D=22n+2?—4x72n+2)[(n+1)>+2] <0,

since (n + 1)> 4+2 > 2(n +2). Hence A <0 when 0 < a <9.
That W is a subsolution in Q27 follows from the fact that the maximum of two subsolutions is
a subsolution.
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Abstract

We consider the normalized p-Poisson problem
N . n
“Aju=f in QCR"

The normalized p-Laplacian Aév U= |Du]2_pApu is in non-divergence form and arises for example
from stochastic games. We prove C’i.’? regularity with nearly optimal « for viscosity solutions of
this problem. In the case f € L N C and p > 1 we use methods both from viscosity and weak
theory, whereas in the case f € LINC, ¢ > max(n, §,2), and p > 2 we rely on the tools of nonlinear
potential theory.

Résumé

On considere 1’équation de Poisson pour le p-Laplacien normalisé
N_ n
—Aju=f dans Q C R".

Le p-Laplacien normalisé est un opérateur sous forme non-divergence et il apparait dans 1’étude
de certains jeux aléatoires. On démontre un résultat de régularité Cﬁ)’g pour des solutions de
viscosité de ce probleme avec un exposent « quasi optimal. Dans le cas d’une function f € L>*NC
et pour p > 1, on combine des arguments utilisés dans la théorie des solutions de viscosité avec
des arguments provenant de la théorie des solutions distributionnelles. Dans le cas d’une fonction
f e LinC ouq > max(n, %,2) et p > 2, on se base sur des outils de la théorie du potentiel
non-linéaire.
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1. Introduction

In this paper we study local regularity properties of the inhomogeneous normalized p-Laplace
equation
N .
—Aju=f in Q, (1.1)
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where 2 C R™ is a bounded domain. The normalized p-Laplacian is defined as
Aévu = |Dul* PApu = Au+ (p — 2) AN u,

where ANy := <D2u‘g—z‘, %) denotes the normalized infinity Laplacian. The motivation to study
these types of normalized operators stems partially from their connections to stochastic games and
their applications to image processing. Equation (1.1) is different from the standard p-Laplace
equation due to the right hand side f. Indeed, it is in non-divergence form. The normalized
p-Laplacian is gradient dependent and discontinuous, so we cannot directly rely on the existing
general CH® regularity theory of viscosity solutions. Only Hélder continuity for solutions of (1.1)
follows from the regularity theory for uniformly elliptic equations, see [7, §].

Our aim is to show local Holder continuity for gradients of viscosity solutions of (1.1) by relying
on different methods depending on regularity assumptions of the source term f. Assuming first
that f € L>(Q)NC(2), we show that solutions of (1.1) for p > 1 are of class Cllo’? for some o > 0

depending on p and the dimension n.

Theorem 1.1. Assume that p > 1 and f € L>®(Q)NC(Q). There exists « = a(p,n) > 0 such that
any viscosity solution u of (1.1) is in Cllo’f(Q), and for any Q) CC Q,

[wereq) < C = C (pnd,d, lul gy, 1 e(e)
where d = diam(Q) and d’ = dist(',09Q).

By translation and scaling, we may prove the result at the origin and assume that u(0) = 0 and
oscp, u < 1. It is sufficient to show that for some p € (0,1) and for all k¥ € N, there exists ¢, € R"
for which

14+«
s (u(@) — g x) < 7.7,
where 7, := p*. Heuristically, we want to show that if a solution « can be approximated by a plane
g - = in a small ball B, , then in a smaller ball B, , there is a slightly different plane g1 -
giving a better approximation. To get a C'1* estimate, we have to show that the approximation
improves by a sufficiently small multiplicative factor. An inductive argument leads us to analyze
regularity of deviations of solutions from planes, w(z) = u(z) — ¢ - « for different ¢ € R™. The
required oscillation estimate for these deviations is called improvement of flatness:

os¢ (w(z) —¢ -z) <

z€B, P

N | —

for some ¢’ € R™, under the assumption that the oscillation of f is sufficiently small. This is shown
in Lemma 3.3 by using a compactness and contradiction argument. Recently, Imbert and Silvestre
[18] used this method to show Ch regularity for viscosity solutions of |Du|YF(D?u) = f, where
F' is uniformly elliptic. In our case, the most technical part of the proof of Lemma 3.3 is to show
a uniform C1® estimate for functions w under the assumption f = 0. This is done in the proof of
Lemma 3.2 by using the Ishii-Lions method.

Earlier, in the restricted case p > 2, a C? domain Q and f € C(Q), Birindelli and Demengel
[5, Proposition 3.5] proved global Holder continuity for the gradient of viscosity solutions of (1.1)



in connection to eigenvalue problems related to the p-Laplacian. In the case p > 2 we provide an
alternative proof by showing first that viscosity solutions of (1.1) are weak solutions of

— Apu = |DulP2f in Q, (1.2)

and then relying on the known regularity results for quasilinear PDEs to see that weak solutions
of (1.2) are locally of class C'12,

Restricting to the case p > 2, we can relax the estimate of Theorem 1.1 by providing a control
on the Holder estimate of the gradient that depends on a weaker norm of f.

Theorem 1.2. Assume that p > 2, ¢ > max(2,n,p/2), f € C(Q) N LYQ). Then any viscosity
solution u of (1.1) is in Cllo’g(Q) for some a = a(p, q,n). Moreover, for any Q" CC Q' CC Q, with
Q' smooth enough, we have

eren < C = C (pand &' Jullze. [ fllzacey)
where d = diam () and d” = dist (Q",00).

In the proof we first consider weak solutions u,. of certain regularized equations, and by using the
De Giorgi iteration and the potential estimates of Duzaar and Mingione [15] we obtain local uniform
estimates for ||Duc|[ze(q). From the classical result of Lieberman we get a uniform estimate for
[Duc]es(q) for some 3 > 0, and Theorem 1.2 follows from a compactness argument. In the proof
we also show that under the assumptions of Theorem 1.2, there exists a weak solution of equation
(1.2) which is in C2%(Q).

It is well known that p-harmonic functions are of class C'li’?o for some maximal exponent
0 < ap < 1 that depends only upon n and p. This was shown independently by Uraltseva [43] and
Uhlenbeck [42] in the case p > 2, and later extended to the case p > 1, see [13, 29] and also [34, 20]
for related research. The question of optimal regularity for p-Laplace equations in divergence form
has attracted a lot of attention recently, see Section 5 for further references. Since the solutions of
(1.1) should not be expected to be more regular than p-harmonic functions, the maximal exponent
g is a natural upper bound for C%* regularity for equation (1.1). In the following theorem we
obtain nearly optimal regularity for solutions of (1.1).

Theorem 1.3. Fiz an arbitrary £ € (0, ), where «g is the optimal Hélder exponent for gradients
of p-harmonic functions in terms of an a priori estimate.
Ifp>1and f € L®(Q) NC(Q), then viscosity solutions to (1.1) are in C*75().

loc
X If p > 2, ¢ > max(2,n,p/2) and f € C(2) N LI(Q), then viscosity solutions to (1.1) are in
Clo’?é (), where o := min(ag —&,1—n/q). Moreover the estimates given in the previous theorems

hold for a.

When the gradient is sufficiently large, the result follows from the classical regularity results
for uniformly elliptic equations. When the gradient is small, the first step is to use local C1®
regularity of the solutions of (1.1), proved in Theorems 1.1 and 1.2, to show that the solutions
can be approximated by p-harmonic functions in C®. The next step is to use suitable rescaled
functions and iteration to obtain the required oscillation estimate.

Over the last decade, equation (1.1) and similar normalized equations have received growing
attention, partly due to the stochastic zero-sum tug-of-war games defined by Peres, Schramm,
Sheffield and Wilson in [37, 38]. In [37] Peres and Sheffield studied a connection between equation
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(1.1) and the game tug-of-war with noise and running pay-off. The game-theoretic interpretation
led to new regularity proofs in the case f = 0 in [32], and later in the case of bounded and positive
f in [39], see also [9] for a PDE approach. Regularity studies were extended to the parabolic version
Uy = A;Vu in [35, 4, 21] and led to applications in image processing, see e.g. [14, 16].

This paper is organized as follows. In Section 2 we fix the notation and gather some definitions
and tools which we need later. In Section 3 we give two proofs for Theorem 1.1, in Section 4 we
prove Theorem 1.2, and in Section 5 Theorem 1.3.

2. Preliminaries

Throughout the paper 2 C R" is a bounded domain. We use the notation

1
udx ::/udm
][A Al Ja

for the mean value of a function u in a measurable set A C Q with Lebesgue measure |A| > 0. The
oscillation of a function w in a set A is denoted by

oscu := supu — inf u.
A A A

For p > 1, we denote by A and A the ellipticity constants of the normalized p-Laplacian Aév .
Recalling the expression

Du® Du
N, _ N, — 2
Aju=Au+ (p—2)Asu=tr ((IHP_Q);DUP)D “)

and calculating for arbitrary n € R", |n| =1,

u u u 2
(I + (p- 2)%)% n) =In*>+(p- 2)%
, Du)?

we see that A = max(p — 1,1) and A = min(p — 1,1).

We denote by S™ the set of symmetric n X n matrices. For a,b € R", we denote by a ® b the
n x n-matrix for which (a ® b);; = a;b;.

We will use the Pucci operators

PT(X):= sup —tr(4X)
A€Ax A

and
P (X):= inf —tr(AX),
(X) Al r(AX)
where Ay o C S™ is a set of symmetric n x n matrices whose eigenvalues belong to [\, A].
When studying Holder and C¢ regularity, for o € (0,1] and a ball B, C R™ we use the notation

lu(z) — u(y)|
U)coa(p,) = SUp
[ ] (Br) z,y€ By, x#y ‘JZ - y‘a

4



for Holder continuous functions, and

Ujcre(B,) ‘= [Uc1(B,) T sup
[] (Br) [] (Br) ,Yy€Br,x#y |$_y|o¢

for functions of class C1®. Here [u ulc1(p,) = SuPyep, |Du(w)].

Recall that weak solutions to —Apu := — div(|Dul’™ 2 Du) = 0 are called p-harmonic functions.
We will use the known Cﬁ)’fo a priori estimate in Sections 4 and 5. The existence of the optimal
ap = ap(p, n) follows from the known regularity estimates for the homogeneous p-Laplace equation.

The normalized p-Laplacian is undefined when Du = 0, where it has a bounded discontinu-
ity. This can be remediated adapting the notion of viscosity solution using the upper and lower
semicontinuous envelopes (relaxations) of the operator, see [10].

Definition 2.1. Let Q be a bounded domain and 1 < p < oo. An upper semicontinuous function
u is a viscosity subsolution of (1.1) if for all o € Q and ¢ € C*(Q) such that u — ¢ attains a local
mazimum at xg, one has

—AN¢(x0) < f(xo), if  D¢(xo) # 0,
_AQS(:UO) - (p - 2))‘ma:p(D (Z)( )) f( )7 if D¢($O) =0andp > 2,
—Ad(z0) — (p — 2)Amin(D%¢(x0)) < f(z0), if Dd(xg) =0 and1 <p < 2.

A lower semicontinuous function w is a viscosity supersolution of (1.1) if for all xy € Q and
¢ € C?(Q) such that u — ¢ attains a local minimum at xq, one has

~A)¢(x0) > f(20), if D¢(xo) # 0,
—~Ad(x0) = (p = 2)Amin(D?*¢(w0)) > f(x0), i Dp(wo) =0and p > 2,
—Ap(20) — (9 = 2)Amaz(D*d(20)) > f(20), if D(x0) = 0andl < p < 2.

We say that u is a viscosity solution of (1.1) in Q if it is both a viscosity sub- and supersolution.

<
<

We will make use of the equivalence between weak and viscosity solutions to the p-Laplace
equation Apu = 0. This was first proved in [23] by using the full uniqueness machinery of the
theory of viscosity solutions, and later in [22] without relying on the uniqueness. The techniques of
the second paper are particularly important for us in Section 3.2, where we do not have uniqueness.

3. Two proofs for Theorem 1.1

In this section we give two proofs for Theorem 1.1. In the first subsection we use an iteration
method often used to show C'h® regularity for elliptic equations.

In Section 3.2 we give another proof for Theorem 1.1 in the case p > 2 by showing that a
viscosity solution to (1.1) is also a weak solution to (1.2).

3.1. First proof by improvement of flatness and iteration

In this subsection we give a first proof for Theorem 1.1. We assume that p > 1 and f €
L>*(2) N C(Q), and we Want to show that there exists @ = a(p,n) > 0 such that any viscosity
solution u of (1.1) is in C:2*(9), and for any Q' cC Q,

loc

[wlereq) < C = C (pnd,d, lfull gy, I e(e)
5



where d = diam(Q) and d' = dist(, 990).

Since Holder continuous functions can be characterized by the rate of their approximations by
polynomials (see [25]), it is sufficient to prove that there exists some constant C' such that for all
x € Qand r € (0,1), there exists ¢ = ¢(r,z) € R"™ for which

osc (u(y) —u(z) —q- (z —y)) < Cr'te
y€Br(z)
If one also starts with a solution u such that oscu < 1, then it is sufficient to choose a suitable
p € (0,1) such that the previous inequality holds true for r = r, = p¥, ¢ = qx and C = 1 by
proceeding by induction on k£ € N. The balls B,(z) for z € Q and r < dist (z,0) covering the
domain 2, we may work on balls. By translation, it is enough to show that the solution is C1* at
0, and by considering
ur(y) = " %u(z + ry),
we may work on the unit ball B;(0). Finally, considering u — u(0) if necessary, we may suppose
that u(0) = 0. We also reduce the problem by rescaling. Let £ = (2||ul|p~(p,) —i—aall\fHLoo(Bl))*l.
Setting @ = xu, then u satisfies .
—Ay (@) =1

with [[@]| e (p,) < % and HfHLoo(Bl) < g9. Hence, without loss of generality we may assume in
Theorem 1.1 that ||ul|re(p,) < 1/2 and |[f||r(B,) < €0, Wwhere g9 = o(p,n) is chosen later.

The idea of the proof is to first study the deviations of u from planes w(z) = u(z) — ¢ - which

satisfy
Dw+q Dw+Hgq

Du+q |Dw+qr> foin B (3.1)

in the viscosity sense, and show equicontinuity for uniformly bounded solutions in Lemma 3.1. By
the Arzela-Ascoli theorem we get compactness, which, together with Lemma 3.2, we use to show
improvement of flatness for solutions of (3.1) in Lemma 3.3. Finally, we prove C1'® regularity for
solutions of (1.1) in Lemma 3.4 by using Lemma 3.3 and iteration.

In order to prove Theorem 1.1, we will first need the following equicontinuity lemma for viscosity
solutions to equation (3.1).

—Aw— (p—2) <D2w

Lemma 3.1. For all r € (0,1), there exist a constant § = f(p,n) € (0,1) and a positive constant
C =C(p,n,r, (j)Bsc(w), [ fllzn(my)) such that any viscosity solution w of (3.1) satisfies
1

[wlcoss,) < C. (32)

Proof. Equation (3.1) can be rewritten as

Dw+q Dw+gq 2
—t I -2 D = f.
r<( o )|Dw+CI|®|Dw+CI|> b /

Recalling the definitions of the Pucci operators PT and P~ respectively, we have

PH(D*w) +|f[ >0
{ P~ (D*w) — |f] <0.

By the classical result of Caffarelli in [7, Proposition 4.10], there exists 5 = B(p,n) € (0,1) such
that

[w]Covﬁ(Br) <C=C (p,n, T, OSC(’LU), ||f’|L”(B1)> ’ =

B1

6



The next lemma is needed to prove the key Lemma 3.3, where we show improvement of flatness.
For convenience, we postpone the technical proof of Lemma 3.2 and present it at the end of this
section.

Lemma 3.2. Assume that f =0 and let w be a viscosity solution to equation (3.1) with 08¢ w <1
1
For all r € (0, %], there exist constants Cy = Co(p,n) > 0 and 1 = Bi(p,n) > 0 such that
[w]e1.61(5,) < Co. (3.3)

We are now in a position to show an improvement of flatness for solutions to equation (3.1) by
using the previous lemmas together with known regularity results for elliptic PDEs. Intuitively,
we show that graphs of the solutions get more flat when we look at them in smaller balls.

Lemma 3.3. There exist g € (0,1) and p = p(p,n) € (0,1) such that, for any viscosity solution
w of (3.1), oscp, (w) <1 and ||f|[z(B,) < €0, there exists ¢ € R™ such that

p-

DO |

osc (w(z) —¢q -x) <
z€B),
Proof. Thriving for a contradiction, assume that there exist a sequence of functions (f;) with
I[fillLe(By) — 0, a sequence of vectors (¢;) and a sequence of viscosity solutions (w;) with
oscp, (w;) <1 to

Dw; +q; Dw;+ g
—Aw; — (p—2 <D2w- L2 1~ >:f-, 3.4
-2 Dwj + g5l | Dwj + g5/ (34)
such that, for all ¢ € R™ and any p € (0,1)
p
xgﬁgﬁp(wy(x) —d-7)>73. (3.5)

Using the compactness result of Lemma 3.1, there exists a continuous function we, such that
w; — Wee uniformly in B, for any p € (0,1). Passing to the limit in (3.5), we have that for any

vector ¢/,
/ P
—q -x)> . 3.6
s (wnsla) = 0) > (36)
Suppose first that the sequence (g;) is bounded. Using the result of Appendix A, we extract a

subsequence (w;) converging to a limit ws,, which satisfies

Do + oo Dwoe + goo 2 .
—t I -2 D =0 B
f << +(p )|Dwoo + Goo| ® | Dwoo + Gool oo e

in a viscosity sense. (Here ¢j — ¢oo up to the same subsequence.) By the regularity result of
Lemma 3.2, there exist 81 = f1(p,n) > 0 and Cy = Cy(p,n) > 0 such that |[weo||o1.6 (Byja) = Co.

If the sequence (g;) is unbounded, we extract a converging subsequence from e; = ‘(%, €j — €oco,
and obtain (see Appendix A)

— Aws — (p—2) <D2wOo €00, eoo> =0 in By, (3.7)
with |es| = 1. Noticing that equation (3.7) can be written as

—tr (I + (p—2)ece ® eoo)D2woo) =0,
7



we see that equation (3.7) is uniformly elliptic and depends only on D?ws.. By the regularity
result of [8, Corollary 5.7], there is f2 = [a(p,n) > 0 so that ws € C’ﬁ)’fQ and there exists
Co = Co(p, n) > 0 such that HwOOHCLﬁl (B1/2) < ().
We have shown that ws, € C’llo’f for 8 = min(p1, B2) > 0. Choose p € (0,1/2) such that
1
Cop’ < 1 (3.8)

By C’llo’f regularity, there exists a vector k, such that

1
— . < 144 — . .
xgsgp(woo(w) ko) < Cop ™" < 7p (3.9)
This contradicts (3.6) so the proof is complete. ]

Proceeding by iteration, we obtain the following lemma.

Lemma 3.4. Let p and g9 € (0,1) be as in Lemma 3.3 and let u be a viscosity solution of (1.1)
with oscp, (u) < 1 and ||f|p~(p,) < €0. Then, there exists a € (0,1) such that for all k € N, there
exists qr € R™ such that
osc (u(y) —qr-y) <rp, (3.10)
YEBry,
where ry, == p*.

Proof. For k = 0, the estimate (3.10) follows from the assumption oscp, (u) < 1. Next we take
a € (0,1) such that p* > 1/2. We assume for k£ > 0 that we already constructed g € R" such
that (3.10) holds true. To prove the inductive step k& — k + 1, we rescale the solution considering
for x € By

wi(x) =)' (u(rpz) — i - (r2).

By induction assumption, we have ogc (wg) < 1, and wy, satisfies
1

—Awy, — (p—2) <D2w Duwe & (an/150) D & (Qk/rg)’ > = fi

"1 Dwy, + (as/r2)|” [Dwk + (ar/75)

where fix(z) = 1, f(rix) with fkll oo (B,) < €0 since v < 1. Using the result of Lemma 3.3, there
exists {p+1 € R™ such that

1
0SC — a1 -x) < =p.
25 (wi(2) = le1 @) < 5p
Setting qr11 = qx + lg1175, We get
osc¢ (u(x) — qpe1 - ) < gr,?a < rii? O

B7'k+1

Since the estimate (3.10) holds for every k, the proof of Theorem 1.1 is complete.

The rest of the section is devoted to the proof of Lemma 3.2. First we need the following
technical lemma concerning Lipschitz regularity of solutions of equation (3.1) in the case f = 0.
For n x n matrices we use the matrix norm

||A[| :== sup {|Azl}.
|z|<1
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Lemma 3.5. Assume that f =0 and let w be a viscosity solution to equation (3.1) with 0S¢ w <1
1

For all r € (0, %), there exists a constant Q@ = Q(p,n) > 0 such that, if |q| > Q, then for all
z,y € By,

w(z) —w(y)| < Clz—yl, (3.11)

where C = C(p,n) > 0.

Proof. We use the viscosity method introduced by Ishii and Lions in [19].

Step 1

It suffices to show that w is Lipschitz in Bj/4, because this will imply that w is Lipschitz in

3) with the same Lipschitz constant. Take r = %. First we fix

any smaller ball B, for p € (0, i
= %, and introduce the auxiliary function

o, Yo € Bisr, where now %
16

Bz, y) = w(x) ~wly) ~ Lo(a —yl) — o[z — ol ~ 5 v~ wol?.

where ¢ is defined below. Our aim is to show that ®(x,y) < 0 for (z,y) € B, x B,. For a proper
choice of ¢, this yields the desired regularity result. We take

t—17 0<t<t:=(L)/0-D
sy = {10 0 st G
o(t1) otherwise,

where 2 > v > 1 and ¢ > 0 is such that ¢; > 2 and 7g[>027_1 <1/4.
Then

(b/(t) — 11— ,Yt'y—1¢0 0 <t< t1
0 otherwise,

¢//(t) — _7(7 - 1)t7_2¢0 0 <t S tl
0 otherwise.

In particular, ¢/(t) € [3,1] and ¢"(t) < 0 when ¢ € [0,2].

Step 2

We argue by contradiction and assume that ® has a positive maximum at some point (z1,y1) €
B, x B,.. Since w is continuous and its oscillation is bounded by 1, we get

M xl—x02§20s03 w < 2,
| ’2 ' (3.12)
M |y1 — yol” < 2o0scp, w < 2.

32\ 2
Notice that x1 # y1, otherwise the maximum of ® would be non positive. Choosing M > () ,
r

we have that |21 — zo| < /16 and |y1 — yo| < r/16 so that z; and y; are in B,.



We know that w is locally Holder continuous and that there exists a constant Cg > 0 depending
only on p,n,r such that

lw(z) —w(y)| < Cgle —y|? forx,y € B,.

Using that w is Holder continuous, it follows, adjusting the constants (by choosing 2M < Cp),
that

M |21 — x| < Cg 1 — 1|2,

o (3.13)

Mlyr —yol < Cglrr —

By Jensen-Ishii’s lemma (also known as theorem of sums, see [10, Theorem 3.2]), there exist
- —o. M
(€ ) €7 (wlar) = 5 on — )

3 L M
(nyY) S j2’ <w(y1) + ? |y1 - y0‘2> >
that is
(a, X +MI) € T w(ar),
(b,Y — MI) € T w(y),

where (, = ,)

Tr1 — ~
a= L (|x1 - yl’)ﬁ + M(z1 — xo) = G + M(z1 — x0),
11—y pt
b= L¢'(|lz1 - yl’)m = M(y1 —yo) = Gy — M(y1 — wo)-

If L is large enough (depending on the Hélder constant Cg), we have

L
|(L| ’ |b| > L¢/(|l‘1 - y1|) - Cﬂ |ﬂ§‘1 — y1|6/2 > —.

2
Moreover, by Jensen-Ishii’s lemma, for any 7 > 0, we can take X,Y € §" such that
I 0 X 0
e (o 7)< (5 %) (3.14)
and
X 0 B -B\ 2(B*> -B?
< — .
(0 —Y) = (—B B ) 7 (—32 B? ) (8.15)

= D%*¢(z1,p1) + % (D*¢(a1, yl))Za

where
T1 — Y1 1 — Y1
lz1 — w1l v —
Lo (|lx1 — T — T —
A e 1 DI (N St T '}
lz1 — u1] lz1 —yi| |z — i

10



and

B2 :L2(¢/(\$1—y1\))2 (I 11— 2 xl—y1)

e =l e -

2
71—y
T — T —
[z — 1| |z —
: ¢'(t)
Notice that ¢"(t) + n >0, ¢"(t) <0 for t € (0,2) and hence
1Bl < L' (|z1 — w1l), (3.16)
(g — 2
182 < 22 (16" o1 — ) + £ 2D (317)
1 — 1
Moreover, for £ = 1=4L. " we have
[1—y1]
(BE,&) = Lo"(lr1 —wl) <0, (B%,€) = L*(¢"(Jlox — y1]))*.
¢' (|21 — w1)

[z1—y1|’

Choosing 7 = 4L <|¢”($1 -yl + >, we have that for £ = A=A

|21 — w1
2 2 " 2 11 2
(BE,&) + 2(8%,€) = L (¢ (| — yal) + 216" f21 — m])
L //
< 3¢ (Jo1 —w1]) <0 (3.18)
In particular applying inequalities (3.14) and (3.15) to any vector (£, &) with |£] = 1, we have that

X —Y <0and || X]||,||Y]| <2]||B|| + 7. We refer the reader to [19, 10] for details.
Thus, setting 71 = a + ¢q, 12 = b+ ¢, we have for |g| large enough (depending only on L)

L
il > gl — Jaf > 12 > &
2 4
b L
2| = lq| — [b] = ol > (3.19)

o

where L will be chosen later on and L will depen
inequalities

only on p,n,Csz. We write the viscosity

(X + MI)(a+q),(a+q))
la+ q|?

(Y = MI)(b+q),(b+q))
b+ ql? ’

0<tr(X+MI)+ (p—2)

0> tr(Y — MI)+ (p—2)

In other words

0 < tr(A(m)(X + MT))

0 < — tr(A(m)(Y — MI))
where for n #£0 7 = 1 and

l

Amn) =1+ (p-2)17.
11



Adding the two inequalities, we get
0 < tr(A(m)(X + MI)) — tr(A(ne) (Y — MI)).
It follows that

0 <tr(A(n)(X —Y)) +1r((Alm) — An2))Y)

+ M[tr(A(m)) + tr(A(n2)) ] (3.20)

Estimate of (1). Notice that all the eigenvalues of X — Y are non positive. Moreover, applying
the previous matrix inequality (3.15) to the vector (£, —¢) where £ := éi Zh and using (3.18), we
obtain

2
(x50 <4 (1869 + 25%.0)
< 2L¢”(’1‘1 — le < 0. (3.21)
Hence at least one of the eigenvalue of X —Y that we denote by \;, is negative and smaller than

2L¢" (|z1 — y1]). The eigenvalues of A(n;1) belong to [min(1,p — 1), max(1,p — 1)]. Using (3.21), it
follows by [40] that

tr(A(m)(X —Y)) < Z)\i(A(nl))/\i(X -Y)
<min(1,p — 1), (X = Y)
< 2min(1,p — 1)Le" (|21 — y1]).
Estimate of (2). We have

A(m) — Aln2) = (M @7, =T, @T2) (p — 2)

(M =M +72) @M — M ® (M =M1 +71)](p — 2)

(M —M2) @M + M @71 =N @ (M — 1) — T2 @] (p — 2)
M

M —T2) @My — 7o @ (N —71)](p — 2).

(
[
[
[

Hence,

tr((A(m) — A(m2))Y) < n Y[ |[A(n1) — A(n2)l]
<nlp—2[|Y| 7 — 0a| (7] + [72])
<2n|p=2[|[Y]| |7 — T2l

On one hand we have

S| m | me —ml| |n2 —m|
[T — M| = | — —| < max )
ml|  mel |72] ||



where we used (3.19) and (3.13).

On the other hand, by (3.14)—(3.17),
o 4
Yl = mEaXKY&@l < 2[(BE, O]+ ;|<32€75>!
/ —
<ar (B0 gy - ).
71—y
Hence, remembering that |x; — y;1| < 2, we end up with

tr((A(m) — A(2))Y) < 128n [p — 2| Cd/ (|21 — w1]) |21 — i | 7572
+128n |p — 2| C1¢" (|21 — v ).

Estimate of (3). Finally, we have
M (tr(A(m)) + tr(A(n2))) < 2Mnmax(1,p — 1).

Step 3
Gathering the previous estimates with (3.20) and recalling the definition of ¢, we get

0 < 128n[p— 2/ s (& (22 — ) o — 3l + 16”122 — )
+2min(1,p — 1)L¢" (|21 — 1) + +2Mnmax(1,p — 1)
<128n|p—2|Cglz1 — y1P*7 4 2nM max(1,p — 1)
+128n[p — 2| Coy(y — 1o |21 — 42"~
—2min(1,p — 1)y(y — 1)¢oL |z1 — y1|" 2.

Taking v =1+ /2 > 1 and choosing L large enough depending on p,n, Cg, we get

<z min(1,p — 1)y(y — 1)

%o —2
L|xy — " 0

which is a contradiction. Hence, by choosing first L such that
0> 128n[p — 2/ Cj (¢/(Ja1 — ya) o = 1>~ + 19" (j1 — wa))
+ min(1,p — 1)L¢" (|x1 — y1|) + 2nM max(1,p — 1)

and then taking |g| large enough (depending on L, it suffices that || > 6L > 3|a| see (3.19)), we
reach a contradiction and hence ®(x,y) < 0 for (z,y) € B, x B,. The desired result follows since
for xg,yo € Bisr, we have ®(xg,yp) < 0, we get

16

[w(zo) — wlyo)| < Le(lzo — yol) < Llzo — yol. O
Remembering that % = % = %, we get that w is Lipschitz in Bs.
4

Finally, once we have a control on the Lipschitz norm of w, we can prove Lemma 3.2.
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Proof of Lemma 3.2. Introducing the function v(z) := w(z) + ¢ - x, we notice that v is a viscosity
solution to
~AMv=0 B,

and thus also a viscosity solution to the homogeneous p-Laplace equation Apv = 0, see [23]. By the
equivalence result first proved by [23], v is a weak solution to the homogeneous p-Laplace equation.
By the classical regularity result, there is 51 = B1(p,n) > 0 so that v € Cl’ﬂl(Bl) and hence also

loc
w € Cllo’f '(By). The main difficulty is to provide C*# estimates which are uniform with respect
to gq.
We notice that if |g| is large enough, then the equation satisfied by w is uniformly elliptic and
the operator is not discontinuous. Taking @ from Lemma 3.5 and assuming that |q| > @, we
know from Lemma 3.5 that |Dw(x)| is controlled by some constant C' depending only on p, n and

independent of |¢| for any x € Bs /4- It follows that, if ¢ satisfies

lq| > 0y := maX(Q,QC') >2 HDwHLOO(B3/4) )

then denoting v := ﬁ and e := %, we have

< le| = [vDw| < |[vDw +e| < |e| + [vDw| <

N
N W

Defining
Dw(z) +q Dw(x) +q
[Dw(z) +q| ~ [Dw(z) +q|’

N(z) = (p—2)
we note that (3.1) can be rewritten as
—tr(F(D*w,z)) = 0,
where F': 8" x B3y — R,
F(M,z) =—tr((I 4+ X(z))M),

is continuous.

Since Dw is Holder continuous, we can see this equation as a linear elliptic equation with C'*
coefficients. The standard Calderén-Zygmund theory provides local C%® regularity on w (boot-
strapping the argument gives even C* regularity on w).

Moreover, since v is a weak solution to the usual p-Laplacian, it follows that w is a weak solution
to

—div ([Dw+ [P *(Dw+q)) =0 in By (3.22)

Writing the weak formulation, we have that for any test function ¢ € C§°(Bs/4)

/ |Dw + q|P~2(Dw + q) - D dx = 0. (3.23)
B34

0
Fixing k, 1 < k < n, taking ¢ = a—(’p instead of ¢ as a test function and integrating by parts,
T,

we obtain
/ (|Dw + ¢|P~2(I + ©(x)) Dwy,) - Dpdz = 0.
B34
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Dividing by |q|P~2, we have for any function ¢ € C5°(Bsy4)
/ (jvDw + e[P~2(I + %(z)) Dwy,) - Dpdx = 0.
B34

We conclude that h := w;, is a weak solution to the linear uniformly elliptic equation
—div(A(z) Dh) =0,

where A(z) := |vDw(x) + e[P72(I + X(x)) € S™ satisfies

A(z) > min(1, p— 1) min ((g)w <;>p2> I,
A(z) < max(1, p — 1) max <<;’>M , <;>p2> I

Using the classical result of De Giorgi [12] for uniformly elliptic equations with bounded coefficients
(see also [36], [17, Theorems 8.24, 12.1]) we get that h is locally Hélder continuous and

[h]CO’ﬁl(Bl/Q) <C(p,n) HhHL2(B3/4) (3.24)

for some 5 = B1(p,n) > 0.
We conclude that if |g[ > 6o = 0o(p,n), then there exist C = C(p, n, ||| (p,) » HD“’HLOO(B3/4)) =

Co(p,n) > 0 (see Lemma 3.5) and 1 = 1(n,p) > 0 such that

[wlgrs1(, ,,) < Co-

If |q| < 6y, we have

oscv < oscw + 2|q| < 14 26p.
B B

It follows that

(w1 (B, ) < Wors s, ,) +2ld < Clp, n)OSBClU + 26y < Co(p,n).

3.2. Second proof by using distributional weak theory
In this part we establish a second method to show that viscosity solutions to (1.1) are in
CL%(Q), when f € L=(Q) N C(Q) and p > 2. Recall that equation (1.2) reads as

loc
~Ayu = |DulP72f in Q.

Since the exponent of the nonlinear gradient term is less than p and f € L*(Q), locally Holder
continuous weak solutions of (1.2) are known to be of class Cllo’f for some « € (0, 1), see [41]. More
precisely, if u is a weak solution to (1.2) in Bs,, then

[U]Clva(Br) <C=C (p,n,r, HUHLOO(BQ,«) ) HfHLOO(B27~)> :
15



We know that in the case p > 2 viscosity solutions of (1.1) are viscosity solutions to (1.2),
and our aim is to show that they are also weak solutions to (1.2). The next theorem holds for
the more general case f € L1(2) N C(Q2), where ¢ > max(n,p/2), and will be useful not only in
this subsection, but in Section 4 and Section 5 as well. Our proof cannot rely on uniqueness, see
Example 3.7 below. Instead, we use a technique developed by Julin and Juutinen in [22]. We point
out that the uniqueness of viscosity solutions is known only when f is either 0 or has constant
sign (see [24]). A detailed discussion can be found in [3, 38] for the case of the normalized infinity
Laplacian.

Theorem 3.6. Assume that p > 2, max(n,p/2) < q¢ < 0o, and f € L1(Q)NC(Q). Let u be a
bounded viscosity solution to (1.1). Then u is a weak solution to (1.2).

Proof. We will prove that a viscosity supersolution u to (1.2) is also a weak supersolution to (1.2)
(the proof adapts to the case of subsolutions with obvious changes). We need to show that

/ |DulP~2Du - Dy dx 2/ |Du|P~2 fo dz,
Q Q
where ¢ € C§°(Q).

Step 1: regularization.
Let us start by showing that the inf-convolution u. of w,

. x—y|?
wle) = inf () + 0. (3.25)
is a weak supersolution to
- AP’U‘E > ‘Dua‘p_QfE in Qr(e)v (326)
where
fe(x) = inf fy)
ly—2|<2Eoscau
and

Qo) = {x : dist(z,09Q) > 2\/eoscqu} .
We recall some properties of inf-convolutions. For more general discussion and proofs, see the

appendix of [22]. First we mention that u. is a semi-concave viscosity supersolution to (3.26).
Moreover, u. € Wl’OO(QT(g)) is twice differentiable a.e and satisfies

loc
Du.  Du,
E‘Dus‘ . ’Du€’>
> |Duc P2 f. (3.27)

—Apue = —|Duc|P~? <Au5 + (p—2)D*u

a.e. in Q... Finally we mention that u. — w locally uniformly and HUEHLOO(QT(S)) < [ullpo (), see
[10].

1
Since the function ¢(z) := u.(z)— % |z|? is concave in ,(c), we can approximate it by a sequence
€

1
(¢;) of smooth concave functions by using standard mollification. Denoting u. j := ¢; + 2—|x|2, we
3

can integrate by parts to obtain

/ |Due j|P"2Du. ;- Dypdr = / (—Apucj)pdx. (3.28)
Qo) Qo)
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Since Du, is locally bounded, the dominated convergence theorem implies

lim |Du j[P">Du, ;- Do dx = / |Du.|P~2Du, - Dy dz. (3.29)
I Ja Qe

Next, using the concavity of u.; (we have DQUEJ < %I ) and the local boundedness of Du, j, we
get
CP=2(n+p—2)

—Apliej = —
€
locally in §,(.). Applying Fatou’s lemma, we obtain
lim inf/ (—Apue j)pdx > / lim inf(—Apue ;)¢ de. (3.30)
j—o0 Qr(s) ’ Qr(s) j—o0 ’

Since

liminf(—Apue j(z)) = —Apuc(z)

J—00

almost everywhere, by using (3.28), (3.29) and (3.30) we obtain

/ |Du.|P~%Du, - Do dx > / (—Apuc)pdx
Qe 0]

> [ 1D hpds
Qr(s)

Hence, we have shown that u. € VVI})’CP(Q,,E) is a weak supersolution to (3.26).

Step 2: passing to the limit in the reqularization.
Take an arbitrary test function ¢ € C5°(€2). We finish the proof by showing that

/ |Du.|P~2Du, - Do dx — / |DulP~2Du - Do da (3.31)
Q. (e) Q

and
/ |Duc|P=2 fop da — / |DuP~2 foda. (3.32)
Qo) Q

Let ©” be the support of ¢ and € so small that Q" C Q' CC Q,(). We start by showing
that Du. is uniformly bounded in LP(Q'). Take a compactly supported smooth cut-off function
£ : Q) — [0,1] such that £ = 1 on Q" and such that the support of £ is included in €'. Choose
the test function (2L — u:)&P in the weak formulation, where L = supq |ue|. By using Holder’s
inequality we obtain

/ &\Dudr < / DucP2(2L — ue)€2 2| .| da
Qr(s) QT(E)

o [ @D D DECL - ) do
r(e)

IN

1/4 / €| Du. P da + C(p) L2 / P26 du
Qr(e) Qe

+ C(p) / LP|DEPdz +1/4 / €| Du|P da.
Qr(e) Qe
17



It follows that

/ &\ DulP d < C(p)LP)? / P2 dr + C(p) / 17| DePde

Qe Qr(e) Qre)
<C=C (pn, lullpeqgy 1 fllaey ) - (3.33)

Hence, Du. is uniformly bounded with respect to £ in LP(Q)). It follows that there exists a
subsequence such that Du. — Du weakly in LP(£)), and we can also show that Du. — Du
strongly in LP()). Indeed, taking this time the test function (u — u.)EP, we estimate

—/ fp|Du£|I’72DuE - (Du — Dug) dx < / |Du5|p72(u — ug)EP| fe| dx
Qr(s) Q7‘(5)

o [ @Dup D - ) da,
r(e)
Adding [, o |Du|P~2Du - (Du — Du)EP dx to this inequality and recalling that for p > 2
(la["~%a —[b[P~2b) - (a — b) > C(p)la — bI”,
we get

C(p)/Q | Du — Duc|P&P dx < [|ju — uEHLOO(Q’) ||Du€£||Lp Q) ||f€£”LP/2(Q/)
r(e)

+ pllu— UEHLOO (9% ||Du€§||Lp Q/)||D£HLP(Q’)

+ / |DuP~2Du - (Du — Du, &P da.
Qre)

By using the local uniform convergence of uc to u, the facts that |[fel[ ey < C(a, V) [|f]|1a()
Du € LP(€)) and the weak convergence of Du. in LP(€), we obtain

/ |Du — Du,|PEP dz — 0,
r(e)

so Du. — Du strongly in LP(€)).
Finally, we are ready to show that (3.31) and (3.32) hold. First we use the triangle inequality
to obtain

‘/ \Dug\p_Qfgcpdx—/ \Du|p_2f<pdac

g]/ Ducl(f. — f)pde| +

=11 + I5.

’ [ 4Dy = 1ol o

Using the generalized Holder’s inequality, we get

I <||Duel|zol|fe = fllLa@llelloe @y < Cllfe = fllper@y = 0.
18



To estimate I, notice first that since f and ¢ are continuous in €', f is bounded in Q’. By using
Hoélder’s inequality and the convexity of % power function, we obtain

IQSC‘“D%W ? — [DulP” 2”[,;7 Z(Q)

p—2

P

< C|IDucll gy = 11Dl | * =0,

since Du. — Du in LP(€)'). Hence, (3.32) holds, and by using the same argument, also (3.31)
holds. The proof is complete. O

Finally, we give an example to show why we deliberately avoided using the uniqueness machin-
ery. For similar counterexamples in the case of the infinity Laplacian, see [11].

Example 3.7. We give an example to show that for given continuous boundary data, there can be
several weak solutions to equation (1.2). Let f = (p — 1). Consider the 1-dimensional situation,
where for R € [0, 1] we define a function

C-C(&EL)? e (-1,-R)
u(z) =4 C [—R, R
C—C(E=E2  se(R).

Solving C' from
—(p-Du"=(p-1)
gives
2C 1

— 1 _ 1 2
it R 1lie C 2( 1+ R)“

This gives different weak solutions for the whole range of R. Indeed, assuming thatu € WHP((—1,1)),
for any test function p € C3° ((—1,1))

1 [/ |P~2 0 dor = — 7R(37+R)p Yo/ (x) dx + 1( — RPN (z)dx
—1

-1 R

~w-n( [ ok R () do

-1

+ /1(R — )P 2p(z) da:)

R

1
= [ 1P er do

Only the largest i.e. R =0 is a solution to the original —Aévu =(p-—1).
This counterexample also shows that in general weak solutions to (1.2) are not necessarily viscosity
solutions to (1.1).
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4. Uniform gradient estimates when f € C(2) N LI(N2)

In this section we assume that p > 2, f € C(Q) N L) for some ¢ > max (n, L 2). Our aim is

to prove Theorem 1.2, which states that viscosity solutions of (1.1) are of class C'IIOS‘(Q) for some
a = a(p,q,n), and for any Q" C Q' CC Q,

[u]cl,ﬁ(m) <C=C (p, q,n,d,d", [[ull oo ()5 ||f||Lq(Q)> )

where d = diam () and d” = dist (", 09').

Let u be a viscosity solution of (1.1). From Lemma 3.1, we know that u is locally of class C%
for some 8 = fB(p,n). From Section 3, we know that u is a weak solution to (1.2) and passing to
the limit in (3.33), we know that for any ' CC Q,

||DU||L1>(Q/) < C(p,n, HUHLOO(Q) ’ ||f||LfI(Q))' (4.1)
Moreover, for any A > 0 the function w is a bounded viscosity solution to the following equation
N —
— Ay v(r) + Mv(z) = M) := f(z) + Iu(z), =€Q. (4.2)

Let ' cC Q with €' smooth enough so that weak solutions to (1.2) satisfy the boundary condition
in a classical sense. In the sequel we fix small enough A\ = A\(p, n, ) > 0 and a viscosity solution u
of (1.1). We take Hélder continuous functions f. € C(2) N L9(2) such that f. converges uniformly
to f in © and f. converges to f in L9(€)). The idea for the proof of Theorem 1.2 is to obtain
uniform estimates for solutions v. to the following regularized problems

{ —div ((\DUS\Q + 62)(1072)/2 D’UE> = (|Dv:|* + 52)%(@ —Av.), ze,
ve =1 x € 0, (4.3)

where h. = f.+ Au. Notice that the right-hand side of the equation has a growth of power less than
p with respect to the gradient, and h. is bounded. Since the regularized equations are uniformly
elliptic with smooth coefficients, in Step 1 we notice that v. € Cﬁ)’f (8)(9’ )N Wli’f(Q’ ). In the next
two steps we obtain uniform estimate for the norm || Dv.|| gy and local Lipschitz estimate for ve.

Once we know that v. and |Dv.|P~2 are locally uniformly bounded, in Step 4 we use the regularity
result of Lieberman [30] to get a local uniform Hélder estimate for the gradient Dv.. By using
the equicontinuity of (Dv.), we obtain a subsequence (v.;) converging to a viscosity solution v of
equation (4.2) in C’I{)’?(Q’) when € — 0.

For A > 0 and a given continuous boundary data, uniqueness for viscosity solutions of (4.2) is easy
to prove. By using uniqueness, we conclude in Step 5 that the function v is the unique viscosity
solution to (4.2) with given boundary data w. Since u is a solution to (4.2), we get that u = v.
This gives a proof for Theorem 1.2.

Step 1: Local C'? regularity for v.. Let v. € W'P(Q) be a weak solution of the regular-
ized problem (4.3). Since p — 2 < p and h. € LY(QY) with ¢ > n/2, regularity theory implies
that the solutions v, are bounded and locally Holder continuous. This follows from the Sobolev
embedding for p > n and from [28, Theorems 7.1,7.2, Chapter 4 p. 286-290] for p < n. Since
he € C(Y) is bounded and the exponent on the gradient in the left term is less than p, we also

have v, € C’llo’?(e)(Q’) N VVEE(Q’) (see [28, Theorem 8.7, chapter 4, p.311], and also [13, 41] for
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more general regularity results.) This observation is useful, since we will derive estimates for Dv,

by using test functions involving the derivatives of v..

Step 2: Uniform boundedness of ||Dvel[; and |[[ve||po(q). First we derive a uniform
bound for || Dv|| Lp(Q)- Considering the weak formulation and taking ¢ = v. —u as a test function,

we have
p=2
/ (1Dvef? + %) "2 \D%deg/ (IDv.| + )7 2Jv. — ul|he| da
Qf Q
p=2
+/ (|Dv:* + %) 2 |Dv, - Du|dz
Q/
—|—)\/ (|Dve| + )P 2. ||ve — u| dzx
Q/
g/ (|Dve| + )P~ %|v. — ul|he| da
Q/
p=2
+/ (|Dv-> + %) 2 |Dv.||Dul dz
Q/
—I—)\/ (|Dve| + )P~ 2|v. — ul® da
Q/
+)\/ (|Dve| + )P~ 2|ve — ul|u| dz.
Q/
Using the inequality

p—2
|Dv5|pdx</ (|Dv:|* +€?) 7 |Dv.|*da
9% Qo

together with Young’s inequality and the previous estimate, we obtain
| D |P dx < 50/ | Dv|P dz + C(p)eP || +/ |Du|P dx
94 QY 94
+C0) [ foe =l s
Q
+ )\C(p)/ (v, — ulP da + C(p))\/ uf? da.
Q ol
If A= A(p,n,Q’) > 0 is small enough, then using the Sobolev embedding, we get
[ ipulrds < 6 [ 1DopdesCo) [ o hl do
Q Q ol
+52/ | Dv.|P dx—l—C(p,n)/ |Du|P dx
ol %

—i—C(p))\/ |ulP do + C(p)eP|CY].
Q/

(4.4)

(4.5)

(4.6)

Now we have to estimate [, [ve — ul|P/?|he|P/? dzz. We deal separately with the cases p < n, p=n

and p > n.
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Casep<n
n
We denote by p* = P the Sobolev’s conjugate exponent of p. Using Sobolev’s and Hélder’s
n—p

inequalities and noticing that 25* P — 5= n@fp, we get
b : o
P P p p'p P
/Q/ |ve — ul2 ]h€|z27 de < ||jve— qup*(Q, </ |he|27—p d:C>
< Clpon, 9))[[Dve = Dullgy B2 4o
< 53/ |Dv: — Dul? dz + C(p, n, []) ||he Hp e
o 5 ()
< 54/ | Dv|P dz + C(p,n, |Y]) HDuHLF )
Q/
+C(p,n, []) || e Hp ETR. (4.7)

Combining (4.4) and (4.7) and choosing d1 + d2 + C'(p)d4 = 1/2 in order to absorb terms, we obtain
remembering the definition of the function h.

100l ) < ol (P g+ [ (Dul 1+ ulp o)
< / p 1\14+p/n D
< Ol (I gy, + 19 0l
+C(p,n,|Q’|)/ (|Du| + 1 + |u])P dz. (4.8)
Q/

Casep=n
First we calculate

[ o= Rnel da < 8 o = gy + C) el

< 350y 1)) 1Dve — Dl gy + C0) el o
<5 HDvaH’ip(Q/) + Clnp ) 1Dl
C(p) [T (g - (4.9)
Combing (4.4) and (4.9) and choosing 61 + d2 + C(p)ds = 1/2, we obtain
HDUEHIzp(Q/) <C(p,n, ‘QID Hthlzp(Q/) + C(p,n, Q/) //(‘DU| + u| 4+ 1)P da
< Cm 1) (111 + 11 [ull o))

+C(p,n, Q’)/ (|Du| + |u| + 1)P dx. (4.10)
Q/
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Casep>n
First we calculate

[ e =l 22 e < 6o = g+ Com) Iy
< 6:C(p.m |9 D = Dullfy g
o) ey

< 0g [[Dve| [y + C(pi ) IIhEHig(Q,)
+ C(p,n, |Y)) || Dull}p o) - (4.11)

Combing (4.4) and (4.11) and choosing 61 + d2 + C'(p)ds = 1/2, we get

1Dy < Cloma D el + Coum ) [ (1Dul 41+ [ul) da

< ) (11 )+ 19 Nl )

+ C(p,n, |Q’|)/ (|Du| 4+ 1 + |u])P dz. (4.12)
Q/

Once the boundedness of || Dvel| (¢ is proved, we can derive a uniform bound for |[ve|| e (o
Using the Sobolev embedding, in the case p > n we get

Vel oo () < Nve = ull ooy + [l | oo )
< CO(n, @, p) || Dve = Dul| oy + |0l oo )

< C(p;n, ‘Q/D <HfHLq(Q/) + HUHWLP(Q’) + HuHLoo(Q/) + 1) :

For p < n, since he € L9(Q) for ¢ > %, we can apply [28, Theorem 7.1, Chapter 4] giving an

estimate for ||vz|| () When combined with the previous estimates of |[Dve|| ). We get

el oqary < € (Il ey 20 12 el gy el e )
< C (Il ey 750 1 11 oy sl gy )
where we also used the estimate

[|vel | - @) = |lve — uHLP*(Q’) + HUHLP*(Q’)
< Cp,n, )|l oo ey + ullwrn @y + [vellwroan)-

In both cases p < n and p > n, by using the estimate (4.1) we get

o=ll ey < € (1l oy 220 4 190 1 o) - (4.13)

Step 3: Local uniform Lipschitz estimate for v.. In this subsection we derive a uniform local
gradient estimate for v, by combining [15, Theorem 1.5] with the previous estimates (4.8)-(4.13).
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We follow the main steps of Duzaar and Mingione [15]. For the sake of completeness, we give some
details of these steps. We denote by V(x) := ho(z) — Avz(x). Then v, solves the equation

—div ((\D%P +e2) P22 D%) — (IDv2 +2)5FV, zeq,
Ve = U x € 0.

The Duzaar-Mingione gradient estimate relies on the use of a nonlinear potential of the function

|V |? defined by
R 2 3
PV (z, R) ::/ (W) C;p, (4.14)
0

where

VEBG@) = [ V)P
B(w,p)
Let us recall the main ingredients of the proof of the result of [15]. A key step is to derive a
Caccioppoli type estimate for the function (|Dv.|? + 62)g with a suitable remainder involving |V |2.
Relying on the regularity result of Step 1, this can be done by taking

8%(%))

+ &%,

pij(x) == 67(30] <77(1:)2 ((|D?fs($)’2 +e%)% - k)

as test functions in the weak formulation, where 7 is a non negative cut-off function. Next, a
modification of the De Giorgi techniques allowed them to get pointwise estimate of |Dv.|P in terms
of the L?” norm of Dv, and the nonlinear potential P". Finally, using interpolation, they improved
the estimate in terms of the natural LP norm of the gradient and the L® norm of the nonlinear
potential.

Our approximation is slightly different, but the Caccioppoli type estimate of [15, Lemma 3.1]
(adapted for the new right hand side) holds for 2 < p < n and also for p > n. Indeed, by using
the weak formulation with the test function ¢;; and integration by parts, there exists a constant
C = C(p,n) such that for any ball Br := B(z,R) C V,

I

2

2

C 2 2\ P 2
< _
W< ((DveP + %)% k) dy

D ((\DUEF +e?)h - k>+

e /
Br

It follows that the oscillation improvement estimate [15, Lemma 3.2] holds. Once we have such
control on the level sets of |Dv.|P, a standard modification of the De Giorgi iteration argument
implies the following potential estimate (see for example [15, Lemma 3.3])

2

dy.

>(p*1)/2 v

(2 + 11DvelF o i)

(]Dvg(a:)lz—ka?)g < C<]{B (|Dv. > +€%)” dy)l/2

+ (LD )

R
p—1

2

Pv(x, R),
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where C' = C(p,n). Proceeding as in [15] we get for R/2 < p <1 < R,

Y4
£ e® 4[| Dv ||i ! 1/2
1> OO(BT) 9
(||DU5H2LO<>(B,,) + 52) ' < C( =) ) (/B (|DU€|2 + 62)p/ dy)

p—1
+O (S +IDvelEes) T PV C R iy

1 P
<5 (24 1DvlEs,)) * + ClPY R sy
c 2, _2\p/2
+ =) /BT(\Dvg\ +e ) dy,

where C' = C(p,n). Now the standard iteration lemma (see for example [15, Lemma 2.1]) implies
that

p
2 2
(D0l )" <C L (D0 422" ay
R

SO [PY (B ey (419

where C'= C(p,n). Consequently, combining (4.8), (4.10), (4.12) and (4.15) we get
HDUEHLOO(BR/Q) S C (an/p HDU6‘|LP(BR) + prV() R)HLOO(BR) + 1) 9

for all R such that Br C €’ and where C' = C(p,n). Since v, is uniformly bounded in L*>(€') and
he is uniformly bounded in L%(€Y’), we have V € L1(’). We obtain

q—2 n(g—2)

/| VP WV ey BT < OV 05
z,p

where C' = C(n), and
R

PV ) < Wl [ 05 dp < OR'T,

where C' = C(g,n) |[V|[a(q- It follows that
sup PV (-, R) < C sup R'T < 00, (4.16)
B(z,R) B(z,R)

where C' = C(n,q,||V||Lqq))- Recalling that V' = h. — Ave, and using the bound (4.13) for
[vell oo 27y We get

HVHLq(Q/) <c (pﬂ% g, |, HfHLq(Q/) ) HUHLOO(Q’)) : (4.17)
Hence,

||DU5||Loo(BR/2) <C <p7 n,$2, q, ||f||Lq(Q/) ) ||u||L0°(Q/) >R> .

Step 4: Local uniform C!? estimate for u.. Since Duv, is locally uniformly bounded in L>®
with respect to €, the function

pe := (|Dv:|? + 52)}%21/
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is also locally bounded in L? with ¢ > n and satisfies

/ ety < 00) (1Dl o) [ VWl

n(g—1)
Cp,n) (DUl 2 ) + 1) IV a7

S C (q7n7p7 Q/7 HfHLq(Q/) 3 HUHLOO(Q/)> ,,qn—p-t,-g?

where § = %, 5 € (p—1,p). Applying the result of Lieberman [30, Theorem 5.3] ((v:) being

also bounded in L), we get that v. are locally of class C# for some 8 = B(p,q,n) and for any
Q' cc

IN

[v8]0175(9“) <C=C <p7 a,n, ‘Q/‘v ||U’HL°°(Q’) 7d”7 HfHLq(Q’)> ) (4'18)

where d” = dist(Q", 0¢).

Step 5: Convergence in the weak and viscosity sense and conclusion. We get from (4.18)
and the Arzela-Ascoli theorem that (u.) converges (up to a subsequence) to a function v in Cllof(Q’ )
for some o = (g, p,n) < B. Passing to the limit within the weak formulation, v is a weak solution
to

— Apv = [DvP~2(h — M), (4.19)

see Appendix B for details. Passing to the limit in (4.18), we get that for any Q" CC €', we have
the estimate

lellrar < C (2,0, @ 191 ull ey 1 ey )

From the boundedness of v., it follows that v is a bounded weak solution of the Dirichlet problem
associated to (4.19). Since (v —u) is uniformly bounded in Wol’p(Q’), we have (v—u) € W&’p(Q’).
Assuming sufficient regularity for the boundary 99, we have v € C(€) and for any zg € 9

lim v(z) = u(xzg). The reader can find further discussion of the boundary regularity problem for
T—T0

elliptic equations in the monograph of Maly and Ziemer [33]. On the other hand, the local Hélder
continuity of Dv. and the Holder continuity of h. imply, by the classical elliptic regularity theory,
that v, is also a classical solution to

~div ((!Dvg\Z +e2)PD2 Dvg) — (IDv.)? + %) (he — Mv.) in €.
This implies that v. solves in the classical sense

D?v.Dv, - Du,
| Dvel|? + €2

Hence v, is a continuous viscosity solution of the Dirichlet problem associated to equation (4.20)
with continuous boundary data u. Passing to the limit in (4.20), we get that the limit function v
is also a continuous viscosity solution of (4.2) with boundary data equals u, see Appendix C. The
viscosity solution to (4.2) is understood in the sense of Definition C.1. It is easy to see that the
fixed viscosity solution u of (1.1) is a viscosity solution to (4.2) with the weaker Definition C.1 (n
is then taken as an eigen-vector of D?¢(zg)). It follows (see the Appendix D for details) that, for a
given boundary data, the Dirichlet problem associated to (4.2) admits a unique viscosity solution.
By uniqueness, we conclude that the limit function v is the unique viscosity solution of (4.2) and
since u 1s a viscosity solution to this problem, we conclude that u = v in Q. It follows that u is of
class C for some o = a(p, ¢, n) and the estimate of Theorem 1.2 holds.
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5. Nearly optimal Holder exponent for gradients

In this section we prove Theorem 1.3. Assume that f € L9(2) N C(Q2) and fix arbitrary £ > 0.

We will prove that the viscosity solutions to (1.1) are of class C’ﬁ)’?g, where

f an—¢ when ¢ = oo,
e = min(og —§,1 — %) when max(n, £,2) < ¢ < oo,

and «q is the optimal Holder exponent in an a priori estimate for gradients of p-harmonic functions.
In the case ¢ = oo we only assume that p > 1, whereas in the case ¢ < oo we require p > 2.

The question of optimal regularity for inhomogeneous p-Laplacian in divergence form has re-
ceived attention as well, see [31, 27, 1, 2]. An alternative approach to study optimal regularity
questions for p-Poisson problem in divergence form could be based on [26, equation (1.38)]. In our
paper we do not try to quantify the explicit optimal value of a in C1'® estimate to the homogenous
case.

Remark 5.1. If p > 2 and f is a continuous and bounded function, in the case that €2 is either
a ball or an annulus, radial viscosity solutions to (1.1) have a better reqularity and they are in
CHL(Q) (see [6, Theorem 1.1]).

5.1. The case g = 0

In this subsection we prove Theorem 1.3 when f € L>(Q)NC(Q2). Since our results are local, by
translation and rescaling we can restrict our study in the unit ball B; C 2 and show the regularity
at 0 € By C Q. Like previously, it is useful to do suitable rescaling to get an Arzela-Ascoli type
compactness lemma. During the rest of this section, for dp > 0 to be determined later, we assume
that |[ul|pe(p,) < 1 and [|f]|zec(B,) < do without loss of generality. This can be seen like before:

Let £ = (|[ul[zoe(py) + 50_1||f\|Lq(Bl))*1. Setting @ = ku, then @ satisfies
Nz

with [[@[pec(p,) < 1 and || f||pa(s,) < do-
For convenience, in this subsection we denote by C' different constants depending only on p
and n. First we use our regularity result from Section 3 to show that the solutions to (1.1) can be
. . . . 1,
approximated by p-harmonic functions in C| . for some small o > 0.

Lemma 5.2. Let u € C(By) be a viscosity solution to equation (1.1). For given € > 0, there exists
6o = do(p,n,€) such that for ||ul|pe(p,) < 1, [|fllzee(By) < o, there exists a p-harmonic function
h in Bg,4 satisfying

HU — h‘|L°°(B1/2) <e and HDU - DhHLOO(Blﬂ) <E

Proof. Suppose that the lemma is not true. Then, for some ¢y > 0 there is a uniformly bounded
sequence of continuous functions (u;) and a sequence (f;) C C(Q2) N L>(2), ||f;||re~(B,) — 0, such
that
Ay uj = fj,
but for all p-harmonic functions A defined in Bj,, we have either ||u; — h||Loo(Bl/2) > gg or ||Duj —
Dh||pe(B, ,4) = €o-
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By Theorem 1.1, (u;) C C1*(By4) for some o > 0, so by the Arzela-Ascoli theorem there
is a subsequence, still denoted by (u;), which converges to some function h in cte(B, /2)- Then
the limit function h satisfies Ai,v h = 0 in the viscosity sense, so it also satisfies A,h = 0 in
the weak sense. By C1L® convergence, there is jo € N such that |Juj, — L (B, ,,) < €0 and
[Dujo — Dhl|pe(p, ,,) < €0- We have reached a contradiction. O

By using the approximation with p-harmonic functions, in the next lemma we obtain an oscil-
lation estimate for solutions u to (1.1) near the critical set {z : Du(z) = 0}.

Lemma 5.3. There exist \g = Xo(p,n) € (0,3) and o > 0 such that if ||f||pe(p,) < o and
u € CH*(By) is a viscosity solution to (1. 1) in By with |[ul|pe(p,) < 1, then

sup |u(z) — u(0)] < Ay ¢ + [ Du(0)| Ao
IEEB)\O

Proof. Take the approximating p-harmonic function A from the previous lemma. By the a priori
estimate for p-harmonic functions, there exist Ao = Ag(p,n) € (0, 3) such that

sup |h(z) — [h(0) + Dh(0) - z]| < C’)\(1]+O‘O,

wGB)\O

1
and C)\é+a° < 1)\ T2 Now we choose € > 0 satisfying € < 1)\0+a5

the previous lemma We get for all x € By,

This € determines §y through

u(x) = [u(0) + Du(0) - z]| < [h(x) —[1(0) + Dh(0) - z]|
+ [(u = h)(@)| + [(u = h)(0)] + [D(u — 7)(0) - x|
< ONT + 3¢
< )\é+a§,
The result follows by the triangle inequality. O

Next we iterate the previous estimate to control the oscillation of the solutions in dyadic balls.

Theorem 5.4. Under the assumptions of the previous lemma, there exists a constant C such that

sup |u(x) — u(0)] < Cr'te (14 [Du(0)[r~)
Q?EBT

for all sufficiently small r € (0,1).

Proof. For k € N, consider the rescaled function defined in By,

u(Agz) — u(0)
Uk(l‘) = k(lta k+ja
X' T [Du(O)rg
We have v (0) = 0,
)\k
ka(O) - D’LL(O),

)\k(1+a§ + Z |DU,(0) |)\/0€+Ja§
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and o
Ad

N T 1Du(0) 3

ANy (z) = FOb) < 3" F ),

where \)\Ig(l_aé)f()\lgx)] < dp, since )\15(1—%) <1.

Let us show by induction that ||vg||fe(p,) < 1. By the previous lemma, this holds for k = 1,
so assume that ||vj||ze(p,) < 1 for j < k. As shown above, the function vy satisfies the conditions
of the previous lemma, so we have

14+«
sup |vp(z) — ve(0)] < Ag ™ + | Dk (0)[ Ao
.’EEB)\O

Hence,

[u(xg ") — u(0)|

sup

weBi g T SR Du(0) g T
)\k‘-i—l
<+ 0 |Du(0)),

2o 4 SRS IDu(0) A
which reads

k
sup [u(Af ) — u(0)] < AT 4 37 Du(0) x5
reB; =0
This is equivalent to ||vg11]|pe(p,) < 1, so induction is complete.
We obtain for arbitrary k,

k+jas+1
sup lu(x) —u(0)] <14+ Z?ZO [ Du(0)[Ag e
IEBAIS’-Fl )\ék+1)(1+a5) - )\ék-‘rl)(l-‘rag)

k
<1+ [Du(0)|rg "N N
§=0

1 —(k+1)ae
< -
< (1 o Aé,;g> (1 + [Du(0)| Ay )

_C (1 + |Du(0)|Ag(’“+”“€) .
Since this holds for all k£ € N, we obtain for all sufficiently small r > 0,

sup u(x) = u(0)] < Cr'*+¢ (14 |Du(0)}r %) .
rEB,

We are ready to show Cllo’?f regularity for solutions to equation (1.1). If the gradient Du(0) is
very small, we obtain the result from the previous theorem. In the other case the result follows
from a more classical reasoning using the regularity theory of uniformly elliptic equations.

Theorem 5.5. Under the assumptions of Lemma 5.3, we have for all sufficiently small r € (0,1),

sup fufa) = [u(0) + Du(0) ]| < COrte
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Proof. When |Du(0)| < r®, Theorem 5.4 gives
sup [u(z) — [u(0) + Du(0) - 2| < sup |u(z) — u(0)| + [Du(0)]r
z€B; xzeB,

S Crl+a§.
When [Du(0)| > r°¢, define p := min (3,|Du(0)|'/%¢) and use the rescaled function

u(pzx) — u(0
(2) = (MML%()

We have w(0) = 0, |Dw(0)| > 1, and

2
~aule) = T i (),

where || =% f|| o (5,) < do. From Theorem 5.4 we obtain

|u(z) — u(0)]

sup [w(z)] = sup =

< C (14 |Du(0)|p=¢) = C.
r€B1 z€By,

. l,a
Since u € Cy_,

(B1) for some a > 0, there exists v € (0, 1) such that

1 .
|Dw(z)| > 3 in B,.

For all p > 1 w is a viscosity solution to —A,w = |Dw[P~2pl =% f(ux) =: g € C(B,) in B,, so by
[22] it is a weak solution to the same equation, which also satisfies the conditions of [28, Theorem
5.2, p. 277), see also [41]. Hence, w € W22(B,), so by the local version of [17, Lemma 9.16, p 241],
for arbitrary £ > 0 it holds w € C"'7¢(B,). In particular, w € C**¢(B,). Hence, for all s € (0, %),
we have

sup |w(z) — Dw(0) - 2| < Cs'Toe,

IEBS
or equivalently,
u(pa) —u(0) . Lt
SUp | ——fo—— — Du(0) - z| < Cs™ 7%,
rEB;g 19

and we get

sup [u(uz) = [u(0) + Du(0) - (o)) < Clyus)*+7%.

If r < &2, then the previous estimate gives

xsgg lu(x) — [u(0) + Du(0) - z]| < Critee,

If r > B!, noticing that r < p and |Du(0)| < Cu®s we obtain
sup [u(z) — [u(0) + Du(0) - z]| < sup [u(z) — u(0)] + [Du(0)[n

€D zeB),

g C/’LI—‘rag

9 1+CM§
S C (> ,,,_1+O£§
¥

S C,,,_1+O£§ .

30



This theorem completes the proof of Theorem 1.3 when f € C'(£2) N L*>(Q).

5.2. The case f € CNILA
In this subsection we assume that p > 2 and f € C(B;)NL4(B1), and use Theorem 1.2 to show

that the solutions to equation (1.1) are of class C’llo’?‘f. As previously, for dy > 0 to be determined
later, we take the assumptions ||ul|pe(p,) < 1 and ||f||ze(,) < do without loss of generality. We
also denote by C' different constants depending only on p and n.

We follow the reasoning of the first subsection. First we show that the solutions to equation

(1.1) can be approximated by p-harmonic functions in Cllo’g.

Lemma 5.6. Let u € C(B1), [|ul[re(p,) < 1, be a viscosity solution to equation (1.1). Given
e > 0, there is 0g = 6o(p,n,¢€) such that if ||f|[Le(p,) < do, there is a p-harmonic function h in
B3,y satisfying

||u_h||L°°(Bl/2) <e and ||Du—DhHLoo(Bl/2) <E.

Proof. Thriving for contradiction, assume that there exists £9 > 0 such that there are sequences
(uj) and (f;) satisfying ||u;||p(p,) < 1, f; € C(B1) N LA(B1), || fillpas,) — 0, and

N
—Ajuj = fj,
but for all p-harmonic functions h in Bj 4
HUj — hHLO"(Bl/g) >egg oOr HD’U,J — DhHLOO(Bl/2) > £9.
Recall from Theorem 3.6 that u; is a weak solution to
—Apu; = |Du]~|p72fj in Bj.

From Theorem 1.2 we know that (u;) € Ch%(Bjsy) for some o > 0, so by the Arzela-Ascoli
theorem, there is a subsequence, still denoted by (u;), converging in C*(Bj/4) to a function h.
By Appendix B, h is a p-harmonic function. We have reached a contradiction. O

The next lemma, follows from the previous approximation result as in the first subsection.
Lemma 5.7. There exists \g = Ao(p,n) € (0,3) and & > 0 such that if [fllzamy) < do and
u e C*(By) is a viscosity solution to (1.1) in By with [ullzoo(Byy < 1, then

loc

sup |u(z) — u(0)| < Ag "¢ + [ Du(0)| Ao
IEBKO

Theorem 5.8. Under the assumptions of the previous lemma, we have

sup |u(x) —u(0)| < Crltes (1 + |Du(0)\r_o‘5)
Z‘EBT

for all sufficiently small r > 0.
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Proof. The proof is similar to the proof of Theorem 5.4. Again we consider the rescaled function

u(AEz) — u(0)
kE(1+a _ k4+jag’
AT L D) A T

vp(z) =

and see that vi(0) =0,
)\IS Du
k(14+« _ k+jo
A L Du(0) A

Duy(0) =

and o
Ao

e o f >\
AU skl Du(0)Ag T

—Aévvk(x) =
Since ¢(1 — a¢) —n > 0, we estimate
—a q
[ A< [ (300 5080))) do
Bl Bl
k(l—« . _,
= [ (8 r) Ny
B

k
A0

kq(l1—ag)—nk
= [ sy
B,k

A0

< / | f(y)|%dy.

B)\0

Hence, we have [|fi|[ze(p;) < do. By continuing as in the proof of Theorem 5.4, we get the
result. O

Theorem 5.9. Under the assumptions of Lemma 5.7, we have

sup u(z) = [u(0) + Du(0) - 2]| < Cri+ee

for all sufficiently small r € (0,1).

Proof. We follow the ideas of the proof of Theorem 5.5. We get the result from Theorem 5.8
when |Du(0)] < r®¢. In the case |[Du(0)] > r%, define the rescaled function w(z) = (u(uzx) —
u(0))/uttee), for which w(0) = 0, |Dw(0)| > 1, and

2
~ANw(e) = W = p % ) = f(a),

where ||f.||za(B,) < do. From Theorem 5.8 we get

|u(z) — u(0)]

o < C (14 |Du(0)|p=) = C.

sup |w(z)| = sup
T€B1 Tz€EB,
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. 1«
Since u € Cp,

(B1) for some « > 0, there exists v € (0,1/2) such that
1
|Dw(zx)| > 5 in B,.

As explained in the proof of Theorem 5.5, we know that w € C’l’l_“/q(Bv). Since a¢ < 1 —n/q,
we have w € C1%¢(B,). Hence, for all s € (0,2), we have

>
sup |w(z) — Dw(0) - 2| < Cs'Toe,
r€Bg

and the rest of the argument follows as in the proof of Theorem 5.5. O

The proof of Theorem 1.3 is complete.

Appendix
A. The limit equation in Lemma 3.3

We prove two convergence results needed in the proof of Lemma 3.3. Assume that there exist
a sequence of continuous functions (f;) with [|fj|[z~(p,) — 0, a sequence of vectors (g;) and a
sequence of viscosity solutions (w;) with oscp, w; <1 to

Dw;+q; Dwj+qj
“Aws — (p— N { D2 20T PTG N
wi= =2 < “TDw; + ¢ TDw; + 451 &

Case 1: (gj) is bounded
First we show that if (g;) is bounded, there is a subsequence (w;) converging to a limit ws,
which satisfies

Dwso + goo Dwse + goo 2 .
—t I -2 D =0 B Al
r<< t )‘Dwoo+q00|®|Dwoo+QOo’ oo ne ( )

in a viscosity sense. Here ¢; — goo up to the same subsequence. We show that wy, is a subsolution
of (A.1) (the case of supersolution being similar). We fix ¢ € C%(£2) such that ws, — ¢ has a strict
maximum at zg. As ws is the uniform limit of the subsequence (w;) and xg is a strict maximum
point, there exists a sequence of points x; — xg such that (w; — ¢) has a local maximum at z;.
Suppose first that —D¢(z¢) # ¢oo. Then —D¢(zj) # g; when j is large, and at those points

we have Do Do
~8;— (p =) (Dot JUED Y <
’ "|D¢; +qj” |Do; + g ’
Passing to the limit, we get the desired result.
Suppose next that —D¢o(xg) = goo. We have to consider two cases. Assuming that there exists
a subsequence still indexed by j such that [D¢(x;) + g;| > 0 for all j in the subsequence, then

Déj+q; D¢j+q; > <t
|Do; +a;1" |Doj +q5 ) — 77
and we conclude by passing to the limit. If such a subsequence does not exist, then we have
—A¢(x5) = (p = 2)Amaz(D*¢(x5)) < fj(2;)
for j large enough. Passing to the limit we get
—A¢(zo) — (p — Q)Amax(D2¢(x0)) < 0.

We have shown the desired result.

—Adj—(p—2) <D2¢j
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Case 2: (q;) is unbounded
When (g;) is unbounded, take a subsequence, still denoted by (g;), for which |g;| — oo, and

then a converging subsequence from e; = \%7 €j — €. We have
J

Duwj|qj|" ' +e; Dwjlg;|™t +e¢
—ij—(p—2)<D2 J‘]| J ]’J| J :fj'

w;j , —
[ Dwjlgj| =t + ¢5] " |Dwjlg;| =t + e
We show that the uniform limit ws, (up to a subsequence) satisfies in the viscosity sense
— Ao — (p — 2) (D*weo €, €00) = 0 in By, (A.2)

with |es| = 1.

We only show that ws is a subsolution of (A.2) (the case of supersolution is similar). We fix
¢ € C?() such that we, — ¢ has a strict maximum at zg. By the uniform convergence of w; t0 Weo,
there are points z; such that w; — ¢ has a maximum at z; and z; — zo. Since D¢(z;) = D¢(x)
and |gj| — oo, we know that

D .
(é(x]) 7& —6]‘
|51
for j large. Denoting A; := D¢(x;)|q;|~! for short, we get at those points
A +e; A +e;
~86(a5) = (= 2) (Do) T T < )

14 + 5] |45 + ]
Since A; — 0, we get the desired result.

B. Convergence in the weak formulation

Assume that p > 2, ¢ > max(2,n,p/2), fe, f € C() N LYQ) and f. — f in LI(2). We show
that if u. is a weak solution to
—Apu. = ‘Du€|p72f€7
and if u. — u in CY*(K) for any K CC 2, then u is a weak solution to
—Ayu = |DulP72f.
For any test function ¢ € C5°(Q), u. satisfies

/ |Duc|P~2Du, - Dp dx = / |Du P2 f.¢ da.
Q Q
Since Du. — Du locally uniformly, we have for all sufficiently small &,
| Duc[P72|Due - D| < (||Dul| oo (supp gy + 1)P 7~ [Do| € LH(Q),

so by the dominated convergence theorem,
/ |Duc[P~2Du, - D¢ dx —>/ |Du[P~2Du - D¢ dz.
Q Q

It remains to show that
/ |Du P2 f.¢p dx — / |DuP~2f¢ du. (B.1)
Q Q
Notice that
|Duc|P~2 fop = [Duc P2 (fo — )¢ + | Duc|P 2 f¢. (B.2)
Since Du. € Li%.(€2), by the dominated convergence and identity (B.2), (B.1) holds.
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C. Convergence in the viscosity sense

Assume that h. € C(Q) and let v be a viscosity solution to

D?v.Dv, - Dv,

—Av—(p-2) |Dv.|? + €2

+ Mz =he in Y, (C.1)
and assume that v. — v locally uniformly in " and h. — h locally uniformly. We prove that the
limit v is a viscosity solution of (4.2). Viscosity solutions to (4.2) are understood in the following
sense

Definition C.1. Let €’ be a bounded domain and 2 < p < co. An upper semicontinuous function
v is a viscosity subsolution of (4.2) if, for all zgp € Q' and ¢ € C?(€) such that v — ¢ attains a
local maximum at xg and v(xg) = ¢(xg), one has either

—A) ¢(x0) + Av(zo) < h(xo) if De(z0) # 0,
or there exists a vector n € R with |n| <1 such that

—A¢(w0) — (p — 2)(D*¢(z0)n, n) + Av(zo) < h(zo) if De(zo) = 0.

The notion of viscosity supersolution is defined similarly and a function v is a viscosity solution to
(4.2) if and only if it is a sub- and supersolution.

We only show that v is a viscosity subsolution to (4.2). To show that v is a viscosity super-
solution, one proceeds similarly. Let ¢ € C? be such that v — ¢ has a local strict maximum at
xo and v(zg) = ¢(xg). Since v. — v locally uniformly, there exists a sequence x. — xo such that
ve — ¢ has a local maximum at x.. Since v, is a viscosity solution of (4.20), it follows that

D2¢($€)D¢($E) - De(e)

- Aqb(xa) - (p - 2) |D¢(ZEE)’2 + 2

+ Avg(ze) < he(xe). (C.2)

First suppose that D¢(xg) # 0, then D¢(x.) # 0 for £ small enough. Since h. converges to h
locally uniformly and v. converges to v locally uniformly, passing to the limit in (C.2), we get that

D?¢(x0) D (o) - D(o)

Do) + Av(zg) < h(xo).

—Ag¢(xo) — (p—2)

Do(z.)
|Do ()| + €2

Next suppose that D¢(zg) = 0. Noticing that

Do(ze)
| Dp(2)|? + &2
the limit in (C.2), we get that, there exists a vector n such that

—Ag(w0) — (p = 2)(D*¢(w0)n, m) + M (o) < h(xo).

< 1, it follows that (up to a

subsequence) the sequence converges to a vector n € R™ with |n| < 1. Passing to
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D. Uniqueness of viscosity solutions to (4.2)

In this section we prove the uniqueness of viscosity solutions to (4.2), where viscosity solutions
of (4.2) are understood in the sense of Definition C.1 and A > 0. Notice that, for A > 0, the
operator

F(X, & rx):=—tr(AE)X) + Ar — h(zx)

where o
' I+ (p—2n®n foracertainn,|n <1 if&=0

with & := é‘ is proper, that is

F(X,&s,2) < F(Y, ¢ rz) for Y <X, s<r.

Now, let v; and vy be two continuous viscosity solutions to (4.2) in € and such that v; = v9 on
0. We want to show that v; = vo. We argue by contradiction. Without loss of generality, we
assume that vy — v9 reaches a positive maximum at an interior point g € Q. For € > 0, the
function
e =yt

4e
reaches a maximum in ¥ x € at (x.,y.). By classical arguments we have that x. € ', y. € &/
for € > 0 small enough and x. — x9, y- — zg when ¢ — 0. We also observe that the function
|z — yel
4e

®(z,y) = vi(z) — v2(y)

x = v(x) — (vg(yg) + = v1(x) — ¢1(x) reaches a maximum at z. and y — vo(y) —

4de
sub- and supersolution we obtain the following. If z. = y. then D2¢;(z.) = D?¢(y.) = 0 and
writing the viscosity inequalities we get that

4
(vl (xe) — M) = va(y) — ¢2(y) reaches a minimum at y.. From the definition of viscosity

A (ze) < h(ze), Avg(ze) > h(ze).

It follows that A(vi(ze) —v2(xe)) < 0 and passing to the limit we get that A(vi(zo) — va(xp)) <0,
which is a contradiction since A > 0 and v;(z9) — v2(zo) > 0.
If . # y., then by the theorem of sums [10, Theorem 3.2] there are

—2,+ —2,—
(o, X) € T (vilxe)),  (§,Y) €T (valye))
with X <Y and & =&, = D¢1(z.) = D¢a(y:) # 0. Writing the viscosity inequalities, we have

—tr(A(&)X) + i (xe) < h(xe)
—tr(A(&)Y) + Avz(ye) = h(ye).
Since A(&) =T+ (p—2)¢, ®&, > 0and X —Y < 0, subtracting the previous two inequalities, we

get that
Awvi(we) = va(ye)) < h(xe) — h(ye)

and passing to the limit we get a contradiction.
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1. FINAL COMMENTS

During the preparation of this dissertation we noticed the following errors
and typos in the published articles [A,B]:

[A] In the statement of Theorem 4.1, instead of osc (f, Bsr(a)) should read
osc (f, Bsr(a)). In the proof of the same theorem, p.10, 1.-10, instead of
"Otherwise, she moves towards z length § or keeps the token at z.” should

read: ’Otherwise, she moves the token towards vector *-%, where m =
3lz—z| »

13

In the proof of Lemma 5.3, in the case x € Br(0) and y € 0BRr(0), we
choose € < 5, so we do not require that Bags(z) C Br(0)UT'.. The boundary
values of a radially concave v should read v = supp_ (,)u on 0Bs(z) and v =
supg u on 0Bag(z). Then the argument of the proof gives u.(x) —u-(y) < n,
and the other inequality wu.(y) — us(z) < n follows from the symmetric
argument by considering a radially convex function v’ with boundary values
v' =infp (;)u on OBs(z) and v' = infqu on 0Bas(2).

[B] The citation [19] ((MPR10b] in the introduction of this thesis) was meant
to be [MPR10a] by the same authors.

In p.1389, 1.5, the correct choice is to use

(\/P(xjatj) - 1€, \/P(ijsj) - 15) :

Then the argument, starting from line 11, reads as follows:

We have

n < —(n+p(x;t;)i(t; — ;) + (n+ply;,55))i(t; — s5)

+ (p(x),t5) = 2)(X;€, &) + tr(X;) — (p(y), 55) — 2)(Y5¢E, &) — tx(Yj).
Since the function p is Lipschitz continuous, we have
| = (P, 1))t = 53) + (n+ Py, 39))i(t = 7)| < 3

when j is large enough. Hence, we get
5 < (plegt) = DUKE, ©) + (X)) — (0w, 55) = VS, € - ()

< (X5 = Y5)8,6) + (p(aj, t5) — 2)(X;¢, &) — (p(ys, 55) — 2)(Yj€, §)

< (X;(4/p(aj 1)) = 16). (ol 1) - 16))

— (Y3 /plys.57) — 16), (y/plys 55) — 19)
< Cplat) = pluye5,))* (£ME + €M%
< C (g = yil® + 1t = 55°) (Pleg = w5 + 5oy — 3l")

<C <j2|l‘j —yi|t+ (§3|z; — Z/j|4)3/2>
1




2

when j is large. This is a contradiction, since j2|x; —y;|* — 0 when j — oo.
In the last two estimates we used Lipschitz continuity of p.

All occurrences of the parabolic normalized p(z, t)-Laplace equations should
be (n + p(z,t))u = Au+ (p(z,t) — 2)AN u.
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