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A CARLESON TYPE INEQUALITY FOR FULLY NONLINEAR
ELLIPTIC EQUATIONS WITH NON-LIPSCHITZ DRIFT TERM

BENNY AVELIN AND VESA JULIN

ABSTRACT. This paper concerns the boundary behavior of solutions of certain
fully nonlinear equations with a general drift term. We elaborate on the non-
homogeneous generalized Harnack inequality proved by the second author in
[26], to prove a generalized Carleson estimate. We also prove boundary Holder
continuity and a boundary Harnack type inequality.

1. INTRODUCTION

In this paper we study the boundary behavior of solutions of the following non-
homogeneous, fully nonlinear equation

(1.1) F(D?*u, Du,z) = 0.

The operator F' is assumed to be elliptic in the sense that there are 0 < A < A such
that

(12)  ATx(Y) < F(X,p,z) - F(X +Y,p,z) <ATr(Y), V(z,p) e RN xRV

for every pair of symmetric matrices X,Y where Y is positive semidefinite. We
assume that F' has a drift term which satisfies the following growth condition

(1.3) |F(0,p,2)|<o(pl), V(x,p) e RN xRY

where ¢ : [0, 00) — [0, 00) is continuous, increasing, and satisfies the structural con-
ditions from [26] (see Section 2). Note that the function F (-, p,x) is 1-homogeneous
while F(0,-,2) in general is not. In the case there is no drift term, i.e., ¢ = 0, we
say that the equation (1.1) is homogeneous.

The problem we are interested in is the so-called Carleson estimate [12]. The
Carleson estimate can be stated for the Laplace equation in modern notation as
follows. Let Q ¢ RN be a sufficiently regular bounded domain and zy € 9Q . If u is

a non-negative harmonic function in B(xg,4R) N which vanishes continuously on
00N B(zg,4R), then

(1.4) sup  u<Cu(Ag),
B(z0,R/C)NQ

where the constant C' depends only on 92 and N, and where Ag € B(xo, R/C)NQ
such that d(Ag,98) > R/C? (Ag is usually called a corkscrew point). For € to be
sufficiently regular it is enough to assume that Q is e.g., an NTA-domain, see [24].
The Carleson estimate is very important and useful when studying the boundary
behavior and free boundary problems for linear elliptic equations [11, 13, 24, 28],
for p-Laplace type elliptic equations [5, 6, 7, 32, 33, 34, 35], for parabolic p-Laplace
type equations [3, 4], and for homogeneous fully nonlinear equations [19, 20, 21].

In this paper we deal with either Lipschitz or C! domains and assume that
they are locally given by graphs in balls centered at the boundary with radius up
to Ry > 0 which unless otherwise stated satisfies Ry < 16. For a given Lipschitz
domain with Lipschitz constant [ we denote L = max{l,2}. The main result of
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2 AVELIN AND JULIN

this paper is the sharp Carleson type estimate for non-negative solutions of (1.1).
Due to the non-homogeneity of the equation it is easy to see that (1.4) cannot
hold. Instead the Carleson estimate takes a similar form as the generalized interior
Harnack inequality proved in [26] (see Theorem 2.1). Our main result reads as
follows.

Theorem 1.1. Assume that Q is a Lipschitz domain such that 0 € 9Q and assume
ue C(Byrn ), with R € (0, Ro/4], is a non-negative solution of (1.1). Let Ag €
Brjar, 02 be a point such that d(Agr,0Q) > R/(4L?), and assume that u = 0 on
0NN Byg. There exists a constant C' > 1 which is independent of u and of the radius
R such that

M dt
[ ——
w(Ar) R2o(t/R) +t

where M = SUPp, ono U-

This result is sharp since already the interior Harnack estimate is sharp. The
novelty of Theorem 1.1 is that the constant does not depend on the solution itself.

Let us point out a few consequences of Theorem 1.1. Let us assume that u is as
in the theorem. First, if ¢ satisfies

© dt
(1.5) fl ok

then there is an increasing function fr such that the maximum M is bounded by
the value fr(u(Ag)). The function fg is defined implicitly by the estimate in the
theorem. If ¢ does not satisfy (1.5) then the maximum M may take arbitrary large
values (see [26]). However, even if ¢ does not satisfy (1.5) we may still deduce that
if u(Ag) <1 then the maximum M is uniformly bounded assuming that the radius
R is small enough. This follows from the fact that R?¢(t/R) - 0 locally uniformly
under our growth assumption on ¢. Second if ¢ satisfies the Osgood condition

1 dt
(1.6) [0 PRl

then u(Ag) = 0 implies that u is zero everywhere. In other words (1.6) implies
the strong minimum principle. If ¢ does not satisfy (1.6) then the strong minimum
principle does not hold. Finally, in the homogeneous case ¢ = 0 Theorem 1.1 reduces
to the classical Carleson estimate.

In the homogeneous case, perhaps the most flexible proof of the Carleson estimate
is due to [11] and has been adapted to many situations, see e.g., [1, 3, 4, 14, 17, 18].
This proof relies on two basic estimates:

(1) A decay estimate up to the boundary (Hélder continuity), sometimes de-
noted by the oscillation lemma.
(2) An upper estimate of the blow-up rate for singular solutions.

The point is that the rate of blow-up dictated by (2) does not need to be sharp,
this is because it only needs to match the geometric decay dictated by (1).

Let us make some notes regarding the proof of (1) and (2) in the homogeneous
case. In the context of divergence form equations, the proof of (1) is standard and
follows e.g., from the flexible methods developed by De Giorgi [16], and is thus
valid for very general domains (outer density condition). However, in the context
of non-divergence form equations, this is far from trivial if the domain is irregular.
In fact, in Lipschitz domains it is basically only known for linear equations, and
the proof relies on the classical result by Krylov and Safonov [30, 31]. For more
regular domains the approach is usually via flattening, symmetry and iterating the
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Harnack inequality. If the Harnack inequality for a non-negative solution in Bsp
holds, i.e.,

supu < Cinfu,
Br Br

for a constant C' independent of u and R, then a well known proof of (2) consists of
iterating the Harnack inequality in a dyadic fashion up to the point of singularity.

Due to the non-homogeneity of our equation the classical Harnack inequality
no longer holds, and we will instead use the generalized Harnack inequality, which
states that a non-negative solution u € C'(Bzg) of (1.1) with R < 1 satisfies

(1.7) f Y__a g

m  R2P(t/R) +t
where m =infp, u, M =supp, u and C is a constant which is independent of u and
R. To continue our discussion it is important to note that the standard Harnack
inequality for harmonic functions can be written as

M
[ i e
m t

As such, the term R2¢(t/R) in (1.7) is the non-homogeneous correction term which
compensates the effect of (1.3). When using (1.7) the ”contest” between the cor-
rection term and the base term ¢ becomes evident. When we study the blow-up
rate (2) for solutions of (1.1) (Theorem 4.1) our goal is to show that for every
solution there exists a critical threshold level where the correction term becomes
small and stays small, all the way up to the singularity. This means that the as-
ymptotic behavior after the critical level is the same as in the homogeneous case.
This argument strongly relies on the structural assumptions on ¢ which imply that
o(t) = n(t)t for a slowly increasing function 7. Similarly when we prove the Holder
continuity estimate (Theorems 3.1 and 3.2) we show that there is a critical radius
such that below it the oscillation of the solution reduces in a geometric fashion.
Again the point is to quantify the critical radius.

1.1. First application: Boundary Harnack inequality. In the last section of
this paper, we consider the boundary Harnack inequality. Our contribution in this
direction is the same as for the Carleson estimate, i.e., we derive an estimate where
the constant does not depend on the solution. The proof is based on a barrier
function estimate and this requires the domain to be Ctl-regular.

Theorem 1.2. Assume that Q is a C%'-reqular domain such that 0 € 0. Let
u,v € C(ByrnQ), with R € (0,Ro/4], be two positive solutions of (1.1). Let Ag €
Bryar, N2 be such that d(Ag,00) > R/(4L?) and assume that v(Ag) = u(Ag) > 0
andv=u=0 on QN Byr. There exists a constant C, which is independent of u,v
and of the radius R, and numbers g, i1 € [0, 00] such that po < u(Ag) < p1,

su v(@) < ﬂ,
zeBRrcnQ u(x) = po

and
K1 dt

—————— <C
Ho Rng(t/R) +1
In the homogeneous case Theorem 1.2 reduces to the classical boundary Harnack
inequality, i.e., the ratio v/u is bounded by a uniform constant. If ¢ satisfies the
Osgood conditions (1.5) and (1.6) then Theorem 1.2 implies that the ratio v/u is
bounded. In the general case when ¢ does not satisfy (1.5) and (1.6) the ratio v/u
can be unbounded. Note that we allow pg =0 and p; = co. In this case, arguing as
in the case of Theorem 1.1, we may still conclude that if u(Ag) = 1 then the ratio
v/u is bounded when the radius R is small enough. At the end of the paper we give
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an example which shows that in the model case ¢(t) = (|logt| + 1)t Theorem 1.2 is
essentially sharp.

1.2. Consequences for the theory of the p(x)-Laplacian. Consider the p(z)-
Laplace equation

(1.8) —div(|[vuP@2vu) =0, 1<p(x)<oo.

Let us make the assumption that p(+) is continuously differentiable. In non-divergence
form this equation is of the form (1.1) and has a drift term which satisfies (1.3)
with ¢(t) = C(|logt|+ 1)t (see [26, 27]). Solutions of (1.8) are called p(z)-harmonic
functions.

Let us return to the previous outline of the proof of the Carleson estimate. In
[2, 23, 37] it was proved that a non-negative p(z)-harmonic function u in Bap
satisfies the following Harnack type estimate

supu < C(infu + R)

Bpr Br
for a constant C' depending on the solution u. In [1], Adamowicz and Lundstrom
used the above estimate to prove a version of (1.4) with a constant depending on
the solution. From our perspective Theorem 1.1 provides an improvement over
this. Specifically, calculating the integral in Theorem 1.1 in the context of the
p(x)-Laplacian we obtain the following corollary.

Corollary 1.1. Let Q be as in Theorem 1.1 and p € C*(RN) such that 1 <
p- < p(z) < py < oo, Assume that uw € C(Bygr nQ), with R € (0,Ro/4], is a
non-negative p(x)-harmonic function. Let Ar € Brjar 0§ be a point such that
d(Ag,00) > R/(4L?), and assume that w=0 on QN Byg. There exists a constant
C(N,p-,p+,|Iplcr, L) > 1 which is independent of u and R such that
sup u< Cmax{u(AR)”CR,u(AR)1+10R} .
Brjcnf2

Let us now turn our attention to Theorem 1.2. An immediate corollary for

p(x)-harmonic functions is.

Corollary 1.2. Assume that Q is C*'-regular domain such that 0 € 0Q. Let u,v €
C(Byrn ), with R € (0, Ry/4], be two positive p(x)-harmonic functions. Let AR €
Brjar N2 be such that d(Ag,0Q) > R/(4L?), and assume that v(Ag) = u(Ag) >0
andv =u=0 on QN Byr. There exists a constant C(N,p_, py,|plcr, L) > 1 which
is independent of u,v and R such that

sup o) < C'max {u(AR)CR7 u(AR)_CR} .
zeBR;cNQ U(IE)

The above corollary is similar to the boundary Harnack inequality proved in [1],
but in Corollary 1.2 the constants does not depend on the solution. As we already
mentioned we provide an example in Section 6 that shows that Corollary 1.2 is
essentially sharp.

1.3. Organization of the paper. In Section 2 we list all the assumptions on ¢
in (1.3) and recall the definition of a Reifenberg flat domain. In Section 3 we prove
the sharp Holder continuity estimate up to the boundary in Reifenberg flat domains
(Theorem 3.2). By this we mean that we give the sharp Holder norm in terms of
the maximum of the solution. In Section 4 we study the blow-up rate of a solution
near the boundary in NTA-domains (Theorem 4.1). These results are crucial in
the proof of the Carleson estimate but are of independent interest. In Section 5 we
give the proof of the Carleson estimate (Theorem 1.1). In Section 6 we prove the
boundary Harnack estimate (Theorem 1.2).
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2. PRELIMINARIES

Throughout the paper B(z,r) denotes the open ball centered at = with radius r.
When the ball is centered at the origin we simply write B,. Given a point € RY
and a set F c RY we denote their distance by d(z, E) = infyep |2 - y|.

We recall the definition of a viscosity solution.

Definition 1. We call a lower semicontinuous function u :  — R a wviscosity
supersolution of (1.1) in § if the following holds: if 2o € Q and ¢ € C?() are such
that u — ¢ has a local minimum at x( then

F(D*¢(x0), Dgp(x0),w0) 2 0.
An upper semicontinuous function u : Q - R is a viscosity subsolution of (1.1) in
Q if the following holds: if zg € Q and ¢ € C%(Q2) are such that u — ¢ has a local
maximum at rg then

F(D*¢(x0), Dp(x0),x0) < 0.
Finally a continuous function is a viscosity solution if it is both a super- and a
subsolution.

As mentioned in the introduction we assume that F' in (1.1) has a drift term
which satisfies the growth condition

|F(0,p,2)| < ¢(|p|)

for every (z,p) e RN xRN, where ¢ : [0, 00) = [0, 00) is continuous, increasing, and
satisfies the following structural conditions from [26]. For ¢ > 0 we write ¢(t) as
o(t) =n(t)t
and assume the following.
(P1) ¢:[0,00) — [0, 00) is locally Lipschitz continuous in (0, 00) and ¢(t) > ¢ for
every t > 0. Moreover, 7 : (0,00) — [1,00) is non-increasing on (0,1) and

nondecreasing on [1, 00).
(P2) n satisfies
t'(t)
log(n(t)) = 0.
n(t)
(P3) There is a constant Ag such that

n(st) < Aon(s)n(t)

lim
t—o0

for every s,t € (0, 00).

The assumption (P2) implies that n is a slowly increasing function [9]. We will
repeatedly use the fact that for every € > 0 there is a constant C. such that n(t) <
C.t® for every t > 1, see again [9]. We explicitly note that our assumptions (P1)-
(P3) do not rule out the possibility that ¢(0) > 0, that ¢ is non-Lipschitz at 0, and
that the maximum/comparison-principle does not hold. Moreover the assumptions
(P1)—(P3) do not imply that ¢ satisfies the Osgood conditions (1.5) and (1.6).

We may replace the equation (1.1) by two inequalities which follow from the
ellipticity condition and the modulus of continuity of the drift term (1.3). In other
words if u is a solution of (1.1) then it is a viscosity supersolution of

(2.1) Pia(D?u) = ~¢(|Dul)
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and a viscosity subsolution of

(2.2) Pra(D?u) = ¢(|Dul)
in 2. Here Py 4, 77:{’ A are the usual Pucci operators, which are defined for a sym-
metric matrix X € S™*" with eigenvalues eq,eo, ..., e, as
Pia(X)==X> e, -A > e and Pia(X)=-A Y ei-A ) e
’ e; >0 e;<0 e; >0 e;<0

We note that all the results of this paper hold if we instead of assuming that u is a
solution of (1.1) we only assume that it is a supersolution of (2.1) and a subsolution
of (2.2). We recall the result from [26].

Theorem 2.1. Assume that u € C(B(xo,2r)), withr <1, is a non-negative solution
of (1.1). Denote m := infp(y,yu and M := supp,, -y u. There is a constant C
which is independent of u and r such that

Mo g
fm TS

To describe the kind of domains we will be considering we first recall the defini-
tion of Reifenberg flat domains.

Definition 2. Let Q ¢ RY be a bounded domain. Then 952 is said to be uniformly
(8, r9)-approximable by hyperplanes, provided there exists, whenever w € 99 and
0 < r <7, a hyperplane 7 containing w such that

hOQn B(w,r),mn B(w,r)) <dr.

Here h(E,F) = max(sup{d(y,F) : y € F'},sup{d(y, F) : y € E}) is the Hausdorff
distance between the sets E, F c RV .

We denote by F(0,7¢) the class of all domains Q which satisfy Definition 2. Let
Qe F(0,r9), wedQ, 0<r<rg, and let 7 be as in Definition 2. We say that 9
separates B,.(w), if

(2.3) {z € Qn B(w,r) : d(z,d) > 267} c one component of R 7.

Definition 3. Let Q ¢ RY be a bounded domain. Then Q and 9 are said to
be (4,70)-Reifenberg flat provided Q € F(d,r¢), 0 < 1/8 and provided (2.3) holds
whenever 0 < r < rg,w € 9.

For short we say that Q and 9 are J-Reifenberg flat whenever 2 and 0f2 are
(9,70)-Reifenberg flat for some 79 > 0. We note that an equivalent definition of
Reifenberg flat domains is given in [29].

Next we recall the following definition of NTA-domains.

Definition 4. A bounded domain € is called non-tangentially accessible (NTA)
if there exist L > 2 and 7y such that the following are fulfilled:

(i) corkscrew condition: for any w € 9Q,0 < r < r¢, there exists a point
ar(w) € Q such that

L'r <la(w) —w| <r, d(ar(w),d0)> L r,

(i) RN\ Q satisfies (i),

(iii) uniform condition: if w € 9,0 < r < rg, and wy,ws € B(w,r) N Q, then
there exists a rectifiable curve 7 : [0,1] = Q with v(0) = wy, y(1) = wa,
such that

(a) H'(7) < Llwi ~wa,
(b) min{H(+([0,1)), H(7([£,11)) } < Ld(7(1),9), for all ¢ € [0,1].
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In Definition 4, H' denotes length or the one-dimensional Hausdorff measure.
We note that (iii) is different but equivalent to the usual Harnack chain condition
given in [24] (see [8], Lemma 2.5). Moreover, using [29, Theorem 3.1] we see that
there exists § = 6(N) > 0 such that if Q ¢ RY is a (3, 7()-Reifenberg flat domain and
if0<d< 5, then  is an NTA-domain in the sense described above with constant
L = L(N). In the following we assume 0 < § < 6 and we refer to L as the NTA

constant of ).

Remark 2.1. Let © be a Lipschitz domain with constant [ < 1/8 then ©Q is ¢-
Reifenberg flat with constant

l
VIEET

Moreover note that § <! and that any Lipschitz domain is also an NTA-domain.

d = sin(arctan(l)) =

2.1. Reduction argument.

Reduction to small Lipschitz constant. First we observe that we may assume that
the domain 2 in Theorem 1.1 is Reifenberg flat with small §. Indeed assume €2 is
an [-Lipschitz domain, and the equation (1.1) has ellipticity constants A and A. We
may stretch the domain by a linear map 7 such that Q' = 7(Q) is an I-Lipschitz

domain with [ < &5~ Moreover, if w is a solution of (1.1) in Q then v(z) = u(T *(z))

is a solution of a similar equation with ellipticity constants A and A. Thus we may
consider the case when € an [-Lipschitz domain, with [ < 1/100. In particular, by
Remark 2.1 we may assume that Q is Reifenberg flat with constant 1/100.

Reduction to a canonical scale. In the proof of Theorem 1.1 we prefer to scale the
radius R to one and Ry = 16. In this way we do not get confused by the many radii
which appear in the proof. Let us assume that w is as in the theorem. By rescaling

ugr(z) = ng) we obtain a function ugr which is a solution to the equation
(2.4) Fr(D*ug, Dug,z) =0

where

(2.5) [Fr(0,p,-)| < or([p]) = Re(|p]).

Note that (2.4) is of type (1.1), satisfying (1.2) with the same constants and with
nonlinearity ¢g.

Since ¢ does not satisfy (P1)—(P3) we need to rephrase Theorem 2.1 in our
new scale as we cannot use it directly for up (see Corollary 2.1). With this in
mind we prove the Holder regularity estimates (Theorem 3.1 and Theorem 3.2)
and the blow-up estimate (Theorem 4.1) assuming that we have a solution of (2.4)

and (2.5).
The simplifying point is that if we denote
(2.6) Dp(t) = dr(t) +t> dg,

then we see that ®p satisfies (P1) and (P2) with ng(t) = Rn(¢) + 1 and instead of
(P3) it satisfies

(P37)
77R(5t) < AOU(S)T]R(t)v for every s,t € (07 00)7
with the Ay from (P3) for ¢. Rephrasing Theorem 1.1 in terms of ug we see that
if we denote Mg =supp, nqur and mg = ”(LRR), then Theorem 1.1 becomes
Mr ¢
2.7 / <C.
( ) MR @R(t)
Thus our aim will be to prove that for a solution of (2.4) and (2.5), (2.7) holds.
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Corollary 2.1. Assume that u € C(B(x0,2r)), is a non-negative solution of (2.4)
and (2.5). Denote m := infp(y, ) u and M := supp(,, -y u. Let ag € (0,1), then
there exists a constant C'(cg) > 1 which is independent of u, r and R such that
M dt
— % <0, Vael0,a0].
fm roQ R (t) +t @€ [0, ]

Proof. We define v € C(B(z9,2p)), where p =rR < 1, by rescaling v(y) = Ru(y/R).
Then v is a solution of (1.1) with non-homogeneity ¢ and Theorem 2.1 implies

RM ds M dt
(28) ¢z /Rm p20(s/p) +5 [n Rr2¢(t|r) +t

Since 7 is slowly increasing function we have n(t) < C.t° for all ¢ > 1 and for any
e. It is now easy to see that if € > g for some fixed g € (0,1) then n(t) < C. t°.
Therefore by (P3) we deduce that for any « € [0, 9] we have

t
Rr2p(t)r) = r®Rny(t/r)~ < Aorn(1/r)Rn(t)t < AgCi_ayrr™ ™t RO(t) < Cr* ®p(t),
r
for a constant C'(ap) > 1. Plugging this into (2.8) gives the result. O

3. HOLDER CONTINUITY ESTIMATES

In this section we prove interior and boundary Hélder continuity estimates (The-
orem 3.1 and Theorem 3.2) when 2 is Reifenberg flat. We note that solutions of
(1.1) are known to be Holder continuous [36]. The point of the following results is
to derive the sharp Holder norm with respect to the L*-norm of the solution. As
we mentioned in the previous section we assume that u solution of (2.4) and (2.5).

Theorem 3.1. Let u e C(B(xg,2r)), with r <1, be a solution of (2.4), (2.5), and
denote M = supp(,, ) [ul. Then u is Hélder continuous, i.e. for every p <r the
following holds

osc ugClM(ﬁ) + C1 D (M) pM A1
B(xo0,p) r

for some Cy and « € (0,1/4), which are independent of u,r and R. We also have
the following oscillation decay, there exist a constant C' = C(AJ/A\,N) >0 and T =
T(AJA,N) €(0,1) such that

3.1 osc u<t osc u+CPr(M , € (0,r).
3.1) Blzow/2)  B(zo.p) r(M)Ve. pe(0r)

Proof. Without loss of generality we may assume that zo = 0. For every p <
r we denote M, = supg u and m, = infp, u. Define functions v(z) = M, - u
and w(x) = u(x) —m, which are non-negative in B,. Denote M, ,/5 = Supp, /2 s
My o2 =infp, o0 and My, /0 and my, o for the supremum and infimum of w. Note
that M, ,/2, My, 52 < 2M. Since v is a solution of (2.4) and (2.5) we obtain from
Corollary 2.1 with a = 1/2 that

My, /2 dt
e —
My p/2 \/E(I)R(]VI) +1
By integrating this we deduce
Mv,p/2 < C’mvﬁp/2 + C@R(M)\/ﬁ
This in turn implies
(3.2) M, —my <C(M,~ M) + COR(M)\/p.
Similar argument applied to w yields

(33) Mp/g—mpSC(mp/g—mp) +C©R(M)\/ﬁ
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Denote w(p) = oscp, u. Adding (3.2) and (3.3) gives

w(p/2) <Tw(p) + COR(M)\/p

for every p <r <1 where 7 = % < 1. This is (3.1). Moreover by [22, Lemma 8.23]
the following holds

w(p) < Cw(r) (3) + CDp(M)pH 4714
r
for some « > 0. O

We will turn our attention to the Holder continuity up to the boundary for
solutions vanishing at the boundary. The boundary regularity does not follow
directly from the interior regularity. There is an additional difficulty due to the fact
that the comparison principle does not hold for (1.1). In fact, even the maximum
principle in general is not true. We need two lemmas which allow us to overcome
the lack of comparison principle.

The first lemma shows the existence of the maximal solution of the equation
(2.2) with a given Dirichlet boundary data. Here we do not need the assumption
(P3) so we may state the result for ¢ instead of ®p.

Lemma 3.1. Let Q be a bounded Lipschitz domain. Assume that u € C(Q) is a
subsolution of (2.2) in Q. Then there exists a function v e C(2) which is a solution
of (2.2) in Q such that u=v on 9Q and u < v in Q.

Remark 3.1. Assume that we have a subsolution of (2.2) with nonlinearity ¢z.
Then by scaling to the original scale as in the proof of Corollary 2.1 we get a
subsolution to (2.2) with nonlinearity ¢, consequently we can apply Lemma 3.1
and subsequently scale back to the canonical scale to obtain that Lemma 3.1 also
holds for subsolutions of (2.2) with nonlinearity ¢g.

Proof. For € >0 small we define

e (t) = (1 + ) max{o(t), ¢()},
where ¢ is from (1.3). It is straightforward to check that ¢3 satisfies the assumptions
(P1)-(P3). We claim that there exists a solution v, € C(§2) of

(3.4) { Pia(D?*v) = ¢(|Dv]) in Q,
V=1 on 0N.

The existence of v, follows from [36]. We need to check that (3.4) satisfies the
assumptions in [36]. First we write (3.4) as

Pra(D?0) = = (|1Dv]) + (1 +2)(e) = (1 +€)o(e)
and denote F'(X,p) = Py A (X) = ¢=(|p]) + (1 +€)p(e). Then it holds that

F(0,0) =0.
Since the Pucci operator is uniformly elliptic [10] we only have to check that
(3.5) G (t) = de(s) < Cr(t+ )|t — 8|+ Calt - s

holds for every s,t > 0. Note that we allow the constants above to depend on ¢.
Since ¢ is locally Lipschitz and satisfies the condition (P2) we have for every t > ¢
that
¢'(t) =n' ()t +n(t) < Cn(t) < Ct,
where the last inequality follows from the 7(t) < Ct for every ¢t > 1. Thus we have
¢(t) = de(s) < sup G'(E)[t-s|<C sup [{[lt—s|<C(t+s+e)lt—s].

e<é<t+s+e E<t+s+e

Hence we have (3.5) and the existence v, follows.
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Let 0 < &1 < &2 and let v, and v., be solutions of the corresponding equations
(3.4). Let us show that the solutions are monotone with respect to e, i.e.,

(3.6) Vey (@) vy () for every x €.

The claim (3.6) follows from the standard comparison principle for semicontin-
uous functions and we only give the sketch of the argument. For more details and
for the notation see [15, Section 3]. Assume that the claim does not hold. Then we
conclude that there exists points x,y € Q, a vector p € RN and symmetric matrices
X,Y such that X <Y and the pair (p, X) belongs to the semi-jet D**v,, (z) and
(p,Y) belongs to the semi-jet D* v, (y). If the functions v.,,v., were C? regular
this would mean that p = Dv., (2) = Dv.,(y), X = D?v.,(z) and Y = D?v_,(y).
Since v., is a subsolution of (3.4) we have

Prxa(X) —¢c, (lgl) <0

and since v,, is a supersolution of (3.4) we have

PrxaY) =0z, (lgl) 2 0.
On the other hand, it follows from X <Y and ¢, (|q|) < ¢, (|g|) that

02 Py A(X) =2, (lg]) > PX A(Y) = 0, (Ia]) 20

which is a contradiction. Thus we have (3.6).

We note that repeating the above argument we get that u(x) < v.(z) for every
x € Q and for every € > 0. Hence we have that v.(x) - v(z) point-wise in Q and
v > u. It follows from the interior Holder regularity Theorem 3.1 that v. are locally
uniformly Holder continuous in 2. Therefore v is continuous in €2 and by a standard
viscosity convergence argument it is a solution of (2.2) in Q. Moreover, it follows
from (3.6) that for every € € (0,e0) the following holds

u(z) <v:(z) <., (x) for every x €.
Since u = v., on dQ we conclude that v € C(Q) and v = u on 9. O

The next result shows that in small balls the equation (2.2) almost satisfies the
maximum principle.

Lemma 3.2. Let ve C(B,) be a subsolution of (2.2) in B, with non-homogeneity
®r and r <1 such that v < M on OB, and let o > 1. There is a constant co > 0,
which depends on o, such that if r < m{(c#)g then

supv < oM.
B

Furthermore if (1.6) holds then the mazimum principle holds, i.e.,

supv < M.
B,

Proof. For every small € >0 we define
¢e(t) = (1 + ) max{®r(t), Pr(e)},

We first let €9 = 1/2 and consider 7 so small that

1
A / i > 2rg,
0 ¢50 (8)

where A > 0 is the ellipticity constant of the Pucci operator Py ,. Clearly we may
choose rg such that it does not depend on R < 1. Note that this implies

L ds
)\f > 27, for all € €[0,e0], 7€ (0,7r0].
0 5.(3) r or all €€[0,e0], r€(0,70]
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When 0 < 7 < rg we may define a function f. : [0,7] — [0,00) by the implicit

function theorem as
fe(t)  ds
pon [
0 b (s)

In particular, we have f. < 1 by the choice of r¢. Define a function g. : [0,r] - [0, c0)
as

g:(t) = fotfg(s) ds.

Then g. is increasing and satisfies g.' = A 1oc(gl). We define a radial function
we : B > R as

we(x) = g (1) + M - g(|z]).
Now note that ¢.(s) is constant for s < ¢ and thus g.(s) = cs® close to 0. It is
therefore straightforward to see that w. € C?(B,) and a calculation shows that

Pra(D*w) > ¢ (| Dwl) in B,

and w, = M > v on 0B,. It follows from the fact that v is a subsolution of (2.2)
with ® g instead of ¢, and from ¢. > @ that v—w. does not attain local maximum
in B, (see the proof of Lemma 3.1). Hence we have w. > v in B,..

Now if ¢ satisfies the Osgood condition

(3.7) f;%:‘”

then we easily see that w. - M and we get the maximum principle, i.e.,

supw < M.
B,

With the above in mind let us assume that (3.7) does not hold. In this case it is
easy to see that f. — f uniformly and for every ¢ € (0,7) it holds that

@) ds
3.8 £= A f =
( ) 0 CI)R(S)
Moreover g. — g uniformly with g(t) = fot f(s)ds and w, — w with
w(z) = g(r) + M - g(|z).
We still have w > v in B, and w = M on 0B,. Thus it is enough to show that

supw < oM ,
B
which by the definition of w is equivalent to
g9(r) < (o —1)M = pM.

We argue by contradiction and assume g(r) > uM. Since g(0) = 0 it follows
from the mean value theorem that there exists £ < 7 such that ¢’(§) = f(§) = “TM
Therefore it follows from (3.8) that

M uM

(&) - ™
. )\/ ds _ )\[ ds 5 )\[ ds
0 Dr(s) 0 Dr(s) uM o pp(s)s

27

- 2 ds
(3.9) 2>\( sup nR(t)) fﬂ i

“2 1v.1 <t M T S
o e

BM 4 opM
2r ™

-1
210g2)\( sup nR(t)) .
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By the assumption (P3’) we obtain
sup  nr(t) < Agn(u)n(1/r)nr(M) < Cop(M)r='/2,

/,12]\/[ <t M
™ ™

where the last inequality follows from n(t) < C+/t for ¢t > 1. Hence by (3.9) we have

N

c
nr(M)’
which contradicts the assumption
<0
nr(M)?
when c¢g > 0 is small enough. Moreover since nr > 1 we see that
Co
nr(M)?
if ¢g > 0 is again small enough. g

r
<cp<ro

We will now prove the boundary Hélder continuity.

Theorem 3.2. Let Q c RY be a §-Reifenberg flat domain, and assume xq € ON.
Let u € C(B(x0,7)NQ), with 0 < r <1, be a non-negative solution of (2.4) and (2.5)
such that u=0 on 0Q and denote M = suppg(y, »yaq - Then if 6 < Wlo’ u is Holder
continuous and for every 0 < p <r the following holds

sup USClM(B) +01(I)R(M)p2a’f’2a
B(zo,p)nQ2 r

for some Cy and a € (0,1/8).

Proof. We may assume that § = ﬁ, since the proof does not improve with smaller
value of §. We may also assume that zog = 0. In this proof we will proceed with
a comparison construction which is more or less standard when dealing with -
Reifenberg domains.

First let 7 € (0,1) be from (3.1) and let & € (0,1/4) be a number which we choose
later. Let us fix o := 72;;1 and let ¢g(o) be the constant from Lemma 3.2.

For the forthcoming iteration argument we wish to prove the following. Assume

that we are given a radius 0 < pp <7 and an upper bound M, which satisfy

1 Co
3.10 sup u < My<—M and pPo < ————.
(3-10) Byn®2 o nr(Mp)?
Let us define the following quantities,
T+1
pP1=Kpo, T1= 5

Ml = Il’liIl{TlMO + C@R(M)\/%, M()}
We will show that when x > 0 is chosen small enough then (3.10) implies

(3.11) Bi?gﬂu_Ml and p1 < PIGYATE
Moreover the choice of k is independent of u,r and R.

We begin by proving the first claim of (3.11). To do this we will fix the scale pg in
Definition 2 and obtain a hyperplane 7 and a set of local coordinates such that after
rotation, the normal of the plane is in the ey direction and Qn B, c {zx > -20po}.
Let us choose a point zp = (0,-20pg) € RV~ x R and notice that

(3.12) B,, ¢ B(zo, po/4) c B(zo,p0/2) € B,.

Denote D := B(zo,p0/2) n{xzn > -2dpo}. First note that in the domain DnQ wu is
a subsolution of (2.2) and vanishes continuously on D nd. It is easy to see that
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if we extend u =0 to D\ Q then u is a subsolution of (2.2) in D with nonlinearity
¢r. By Lemma 3.1 and remark 3.1 there exists v € C(D) which is a solution of the
following Dirichlet problem

P;,A(Dzv) =¢r(|Dv]) inD
(3.13) v=0 on 0D\ Q

v=1u on 9D N

and u < v in D. Since v solves (2.2) we can (again by extending as zero) use (3.10)
and Lemma 3.2 to get that

supv < oMy =: ]VIO.
D

Moreover, since the equation in (3.13) is of the type (2.4) and (2.5) we can via
reflection get a signed solution of an equation of the same type in B(zp, po/2) and
therefore use the estimate (3.1) in Theorem 3.1 to get
sup USTMO‘FO@R(]\;[O)\/pO.
B(z0,p0/4)NQ2
Since u < v in D we have by (3.12) and (3.10) that

sup u < My
By, N2

which implies the first claim of (3.11).
To prove the second claim of (3.11), the aim is to choose x such that it holds.
First note that 7My < My < My, which can be rephrased as

TS%S]..
0

Hence using (P3’) and the fact that on (0,1) 5 is non-increasing, we get

nr(My) < Aon(My/Mo)nr(Mo) < Aon(T)nr(Mo) .
From (3.10) together with the above we get

Co Co Co
2 22 2 22 22 2P0 -
nr(M1)? — Agn(7)?nr(Mo)? ~ Agn(T)

Thus by choosing k = min{rz%, 1/8} we have proved the second claim of (3.11).
0

Let us now choose M, := %M and a radius pg < r such that

. Co
3.14 po i=Mminy ———, 7.
(3.14) oommin{ oo}
Define the radii _

pj =K po
and the quantities

M; :=min{r M;_y + C®R(M)/pj—1, M;-1}.

Iterating the implication (3.10) == (3.11) we obtain that
(3.15) %scugMj, j=1,....

"5
Consider now the function w(p) : [0, po] such that w(0) =0 and
w(ps) = Mj,  w(tpjs+ (1 =1t)p;) = Mjy +8(M; = Mjyy)  for te(0,1).

Fix a radius p € (0,pp]. Let k be such that p € [prs1,pr]. Then x2p € [prss, pria]-
Let us estimate

(3.16)  w(k?p) < w(prs2) < 1w (prs1) + CPR(M)\/pra1 < iw(p) + COR(M)/p.
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Thus as in Theorem 3.1, we may use (3.16) and [22, Lemma 8.23 (with 7 = %, u =
1/2, v =m71)] to get an & € (0,1/4) such

2% a G
(3.17) w(p) <[ L) wloo) + CORMD aE. o [0.0).
Using (3.15), (3.17), the definition of w and arguing as before, we get for a new
constant C > 1

(3.18) osc ugc(ﬁ) M +COR(M)p%py, pel0,po].
BpﬂQ pO

We have thus proved the oscillation decay for possibly small radii p < pg. To
finish the proof let us show that (3.18) implies the result. First if pg = r we are
done. Let us assume that pg <r. If p € (pg,r) then it follows from & € (0,1/4) and

(3.14) that pg > WCM) and therefore
(3.19) BochuSMSC(pgnR(M))MSCq)R(M)p&r&.
pN

On the other hand if p < py we get from Young’s inequality that

P “ 14 . &, 24 4 R &,.a
M <M + %1% "M < M +COR(M)p™r
Po r &
ast 1 i < 2y ¢
where the last inequality follows from pg > T (6T

- Therefore by the above inequality
together with (3.18) and by (3.19) we get

0sc u < C(B) M+ COR(M)p%r®, pel0,r].
B,nQ r

Denoting « = @/2 finishes the proof. O

4. BLOW UP ESTIMATES

In this section we study the blow-up profile of non-negative solutions of (1.1)
near the boundary of an NTA-domain. The goal is to prove that every solution
grows first with a growth-rate prescribed by the non-homogeneity of the equation.
Then we show that there exists a critical value, which we are able to control in
a quantitative way, such that after the critical value the solution blow-up as the
solutions of the homogeneous equation.

We begin by describing this critical value of the solutions. As in Section 2.1
we may rescale such that if we have an (L, 7)-NTA-domain, with L > 2, we may
assume instead that we have an (L,2L?)-NTA-domain (the NTA constant I > 2 is
independent of scaling), Q ¢ RY, and by translation we can assume that 0 € 9.
From [25] (see also [24, Theorem 3.11]) we conclude that there exists an (L', r¢)-
NTA-domain € such that

(41) QHBQCQ,CQHB2L27

where the constants L',y depend only on L > 2 and the dimension N. As in [24]
we call such a domain a cap. Let us also define the joint boundary of the domain
and the cap, ' := 99’ n 9Q and the retracted caps

(4.2) Q=0 n{z:d(=T) 2 s}

The reason for introducing the cap Q' is the following useful property.

Lemma 4.1. Let x € QN Qy, for s < 5:=rg/(2L"). Then there is a constant
C=C(L")>1 such that

d(z,05,) <Cs.
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Proof. Let y € T" such that d(z,y) = d(x,T'), since ' is an NTA-domain there exists
an interior corkscrew point z = asps(y) € Q' such that

d(z,00") > 2s,
ie. z € Q) . Furthermore by the triangle inequality
|z —x|<|z—y|+|y—2| <2L's +2s= C(L')s,
which proves the lemma. (|
For the next lemma we denote

M; :=supu,
where the retracted cap , is defined in (4.2). As in the previous section we
assume that w is a solution of (2.4) and (2.5). Again we write ®r(t) = nr(¢)t with
nr(t) = R(t) + 1.

Lemma 4.2 (Existence of a critical value). Let Q and Q' be as above, and denote
by A =a1(0) a corkscrew point for the origin 0 € Q. Assume that uw e C(2n Byps)
is a non-negative solution of (2.4), (2.5) and denote M = supg, u. For every § >0
and « € (0,1) there are S € (0,5] (5 is from Lemma 4.1) and a constant C' depending
on 6 and « but not on u and R such that either

M
f L
u(A) Pr(t)
or

Ms  dt
4. d « M, d.
(4.3) fu(A) Br(D) <C  an S*nr(Ms) <

If (1.5) holds then we always have (4.3).

Before the proof we would like to point out that the properties in (4.3) for Mg
are exactly what we want for the critical value. The second inequality in (4.3)
says that the non-homogeneous part in the Harnack inequality in Corollary 2.1 is
as small as we want. The first inequality says that we are still able to control the
critical value Mg in a precise way.

Proof. For the rest of this proof denote Q0 = Qn Byrs. Let us fix § > 0. To be able
to use Lemma 4.1, we define for every s € [0, 3] (where 5 is from Lemma 4.1)

My :=supu.
Q

Let us first assume that there exists s € (0, 5] such that s® ngr (M;) < 6 and prove
that this implies the second statement of the lemma. We define S € (0, 3] as
S :=sup {s €[0,5] : s"nr(M;) < 6}.

We need to show that there exists a constant such that

Ms  dt

(4.4) f <C.
u(A) Or(t)

To this aim let K € N be such that 275715 < § < 27535, For every k < K we define
s =27%5 and sk := 5. Moreover we denote

Mj, :=supu.
Q,

We claim that for every k < K — 1 the following holds

M1 dt
4.5 f < 027 he
( ) M, @R(t)
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for a constant C'> 1 depending on the NTA constant L. Note that Mg = M.
Let us fix k < K - 1. Let x4 be a point in €/, | such that u(xg+1) = Mg+1. By
Lemma 4.1 we deduce that there exists a point Z € €} such that

(4.6) |£L‘k+1 - i‘| <CSpy1

for a constant C' depending on L. Moreover d(xg41,") > sk+1. It can be seen from
Definition 4 (with respect to Q) that we may construct a sequence of equi-sized
balls B/, j = 1,...,n with radii p ~ s; such that 2B7 c )y, pairwise intersecting
and

zp1 € BY, ZeB",
where n depends only on the NTA constants of 2. Let us now use Corollary 2.1 in
each ball, and denoting

m; =infu, M;=supu, j=1,...,n,
BJ Bi

an O@R(t)+t

Since the balls are pairwise intersecting we get

max; M; dt
[ e
min; m; paq)R(t) B

Now note two things. First, M; < max; ]\ij since z3.1 € B! and second, Mjy_; >
min; m; since & € B"n QY . Thus

M1 dt max; Mj dt
[T Lo LN S
M, pO‘(I)R(t) +1 min; m; pa(I)R(t) +t

Consequently for a constant Cjy > 1 depending only on o and on the NTA constants
of 2 we have

(4 7) ‘/\]\/[k‘fl dt C
. — < .
e (sgmr(t)+ 1)t 0

we get

Let us next show that
(4.8) spnr(t) 20 for all My, <t < Mpy,.
Indeed, by the definition of S we know that the following holds
sYnr(Ms) 26 for all sj.1 <8< 8.
Let us fix t € (Mg, My41). By continuity ¢ = M for some s € (Sg11, ). Therefore
sinr(t) 2 s"nr(Ms) 20

which proves (4.8).
Finally we have by (4.7) and (4.8) that

(5) M1 dt M1 dt
0 [ e g,
2)Jme sipr(t)t ~ Jm (s¢nr(t) + 1)t

This proves (4.5) since @R(t) nr(t)t and s <27

Summing (4.5) over k =0,..., K -1 we conclude that there is a constant C' such
that
M K M
/sdt Z[k dt _CZQO"%C
My Pr(t) (= IMi Pr(t)

Recall that by definition My = supg, u where QY := Q’ n {m :d(x,T) > §}. Therefore
it follows from the fact that Q is an NTA-domain together with repeated use of the
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interior Harnack (Corollary 2.1 with equi-sized balls) as before (staying inside )
that

Mo i
(4.9) L(A) On(t) ©

and (4.4) follows.

We need to treat the case when s*ng (M) > § for all s € (0,1]. We show that
this implies the first claim of the lemma. We define M}, as before but now K = co.
In this case we argue exactly as above and observe that (4.5) holds for every k € N.
Since M = supg, u = limy_,., M}, we obtain

M 0o My oo
L f ' i3022*"’“30
Mo Pr(t)  fzh M Dr(t) k=0

Hence we have

M dt
4.1
(4.10) L(A) Dr(t) ¢

by (4.9).

Finally we note that in the above case the assumption s*ng (M) > ¢ for all
s € (0,1] necessarily implies M = limy_,co M}, = co. Therefore if ¢ satisfies (1.5) then
(4.10) provides a contradiction and we are never in the case that s*ng (M) > § for
all s € (0,1]. O

Next we show that if § in (4.3) is chosen small enough the solution u will blow-
up as the solution of the homogeneous equation. The reason for this is that we
may choose 0 so small that the non-homogeneous term in the Harnack inequality
in Corollary 2.1 stays small all the way up to the boundary. This follows from
the assumption that ¢ is of the form ¢(t) = n(¢)t, where 1 is a slowly increasing
function We continue to use the notation M, := SUpqy U, where the retracted cap
O is defined in (4.2), ®r(t) = Ré(t) +t and use the notation ®r(t) = nr(t)t, ie.,
nr(t) = Rn(t) + 1.

Lemma 4.3 (Blow up rate after the critical value). Let Q, Q', u,« and S be as in
Lemma 4.2. There exists a § >0 such that if for some S € (0, 3] the following holds

SYnr(Ms) <9,

then for every s < S
C

(4.11) M, < TMS and s“nr(My) < C
s

holds for some v > 1, where §,v and C' depends on o but not on u and R.

Proof. First, let us choose §; > 0 such that
1
(4.12) Aon(e*“°) < =
1

Here Ay is the constant from the assumption (P3) and Cj is from (4.7). Second,
we choose 0 > 0 such that

1
(4.13) Ao sup27°F p(e20F) « —.
keN 0o

This is possible since 7 is slowly increasing which implies 7(t) < C.t° for t > 1 for
all € >0. We choose § >0 as

0= (51 52
and assume that S*nr(Mg) < 0.
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Denote
spi=27Fg and My, := supu.
QI
Sk

First we prove that for every k € N the following holds:

(4.14) spnr(My) <6 implies spnr(t) <1for all t e[ My, My.1].

We argue by contradiction and assume that the implication (4.14) is not true. Let
T € (My, My41] be the first number for which

(4.15) spnr(T) = 1.

Since 1 > 1 is non-increasing on (0,1) then necessarily 7' > 1. Moreover, since we
assume synr(My) < §1 then we have sfnp(t) <1 for all M, <t <T. As in the proof
of Lemma 4.2 we choose .1 € ', such that My,; = u(xks1) and let 7 € Q.
be such that (4.6) holds (see Lemma 4.1). Then we can proceed as in (4.7) in
Lemma 4.2 to conclude that

Mia dt T dt
SN S
M, (snp(t)+ 1)t Jmy, 2t
This implies T < 20 M;,. Since T > 1 and since 7y is non-decreasing on [1, ), we
have by the assumptions (P3’) on np that

senr(T) < spnr(e®@My) < Agn(e*?) spnr(My) <1

by (4.12). This contradicts (4.15) and therefore (4.14) holds.
Recall that by our notation Mg = My and S = sg. We prove the first estimate in
(4.11) by induction and claim that for every k € N it holds that

(4.16) My, < 2% M.
Clearly (4.16) holds for k = 0. Let us make the induction assumption that
(4.17) (4.16) holds true for k>0 .

First, by the assumptions on u we have
so nr(Mo) < 0.
Let us show that we have
(4.18) spnr(t) <1, for all ¢ e [My, My+1].
If My, < 1 then since ng is non-increasing on (0,1) we have
spnr(My) < sgnr(Mgy) <6 <9

and (4.18) follows from (4.14). If M}, > 1 then by the induction assumption and by
the assumptions (P3’) on ng we have

spnr(My) < spnr(e*“F M)
< Ao27 (2% s5mr(Mp)
< A02_ak77(€200k) < 51,

where the last inequality follows from (4.13) and from the choice of §. Hence (4.18)
follows from (4.14).
We need to show

(4.19) Mii1 < €2CO(k+1)M0.
Again arguing by iterating Corollary 2.1 as in (4.7) we may conclude that

M1 dt
[,
My, (sPnp(t) +1)t
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Therefore by (4.18) we have

M1 dt
— < (Y.
ka 2t 0

We integrate the above inequality and use the induction assumption (4.17) to de-
duce

Mpq < €200, < 2GR+ pp

which proves (4.19). Thus we have showed that (4.17) implies (4.18) and (4.19) for
k+1 and thus (4.16) holds for all k£ > 0, which implies the first estimate in (4.11).
The second estimate in (4.11) follows from (4.18). O

Using the § € (0,1) given by Lemma 4.3 in Lemma 4.2 we get the following result.

Theorem 4.1. Let Q and Q' be as in the beginning of the section, and denote by
A =ay1(0) the corkscrew point for the origin 0 € Q2. Assume that uw e C(2n Byps)
is a non-negative solution of (2.4), (2.5) and denote M = supg, u. Let o € (0,1),
then there is a constant Cy(a) > 1 such that either

M dt
(4.20) f < Oy,
u(4) Pr(t)
or there is an S € (0,5] such that
Ms  dt
4.21 f <Oy,
(421) u(A) Pr(t) X
Co
(4.22) My < TMS for every s € (0,9),
s
and
(4.23) s*nr(M;) < Cy for every s€(0,5).

However, if ¢ satisfies (1.5), then (4.21), (4.22), and (4.23) always hold.

5. PROOF OF THEOREM 1.1

This section is devoted to the proof of the main theorem.

Reduction. As discussed in Section 2.1 we may assume that 2 is a Lipschitz domain
with constant 0 < [ < 1 small enough so that ) is Reifenberg flat with ¢ < ﬁ.
Assume that 0 € 992. Furthermore, again alluding to Section 2.1 we will assume
that u e C'(Byg N Q) is a non-negative solution of (2.4) and (2.5). Due to the above
assumption that {2 is a Lipschitz domain with constant [ and the assumption on

scale (Section 2.1), we conclude that € is a (2,16)-NTA-domain.

Setup. Let us assume that we are in the case in Theorem 4.1 that (4.21), (4.22)
and (4.23) hold. Indeed, if we have (4.20) then the claim is trivially true.

Denote M := supp, o u. Let Co be the constant from Theorem 4.1 as well as the
values S, Mg, and the cap €'. Note that Bo nQ c Q' by (4.1). We wish to prove
that there is C' > 1 such that M < C' Mg. This will prove the claim since ®z(t) > ¢

and therefore
M M CM. .
f ﬂg/ Si+[ Uy i log €
u(A) Pr(t) u(A) Pr(t) Ms t
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Contradiction argument. Assume that there exists a point P, € B; n ) such that
(5.1) u(Py) > C Ms.

We will in the following use the short notation d(z) = d(z,0Q) < d(x,T') where
I'=90n9dQ. By the definition of Mg = supq, u we have d(Py) < S. Therefore
Theorem 4.1 yields

%
d(Py)7
where « is from Theorem 3.2. To show the second statement above, note that by

continuity there is an s; such that My, = u(Py) and d(Py) < s;. Thus for this
particular s; we get from Theorem 4.1 that

5? R (Msl) < CQ
which gives the statement. From (5.1) we conclude

(5.3) d(Pl)g(CC?f —dy and  d(P)® nr (u(Py)) < Co.

(5.2) u(Py) < and d(P)nr (u(P1)) < Cy,

Let k> Cy be a number such that
(5.4) Crk™™ <2

where (7 and « are from Theorem 3.2 and 7 > 1 is from Theorem 4.1. Moreover,
by choosing C' in (5.1) large enough we may assume that d; is so small that

(5.5) CLCy Mg 27 p(27)ds < 27771
and

1
(56) kdl < 57

where Cy is from Theorem 4.1 and Ag is from the assumption (P3). Let ]51 be
a point on 9 such that [P, — Pi| = d(Py). Let us show that there is a point
Py € By, (P1) nQ such that

(G.7) u(P) > 27u(P), d(Pg)s%, and  d(B)° nr (u(Ps)) < C.

First we use Theorem 3.2 in Byg, (]51) N Q with r = kd; and p=d(P;) < dy, and
conclude that there is a point Py € Bg, (P1) N Q such that u(P) > w(P;) and by
(5.6) we have

(5.8) sup  u < Cru(Py)k™™ + C1Or(u(Py)) (kdy )?“d(P)**
B, (P1)nQ

< CLu(Po)k™ + C1®r(u(Py)) 27d(Py ).
Let us show the first claim in (5.7), i.e.,
u(Py) = 27u(Py).
We argue by contradiction and assume that
u(Py) < 27u(Py).
Then we have by the assumption (P3’) on 7 that
Or(u(P2)) < DR(2u(P1)) = 2 a2 u(Py)) u(Py)
<Ao(2'0(27)) nr(u(Pr))u(Pr)
= Mo (27) u(Pr) nr(u(Pr)).
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Therefore by (5.8), the above inequality, (5.4) and (5.3), and finally by (5.5) we
conclude
w(Py) < sup  u<Cru(P)k™ + C127*®r(u(P2)))d(Py)**
B, (P1)nQ
< Clu(Pg)k_a + ClA()Q_a(Zﬁ(QV)d? u(Pl) UR(U(Pl))d(Pl)a
< 2_7_1u(P2) + CngAOQ_a¢(27)dff U(PQ)
< 2_’7 u(Pg)
This contradicts u(Ps) < 2Yu(P;) and thus the first claim in (5.7) is proved. To
continue we use the same argument as in (5.2) by applying Theorem 4.1 to get
Cy o
u(Py) < WMS, and d(Py)* nr (u(Py)) < Cy,
which proves the third claim. Since u(Ps) > 27u(P;) we deduce
Cy
Mg.
d(P)7 7

CMs <u(Py) <2 u(Py) <277

This implies

Hence we have proved (5.7).
We may repeat the argument for (5.7) we find a sequence of points (P;) such

that Pi € Bkdi,—l (Pi—l) n Q,
(59) U(PZ) > Q’YU(Pi,l) and d(PZ) = diSt(Pi, 8(2) < 2_i+1d1 =:d;
for every i = 2,3,.... By construction for every [ > 2 we have

-1 -1 -1

|P = Pi| <Y [Py = Pl € > kd; = 2kdy Y 27" < 2kdy < 1.
i=1 i=1

i=1
Since P; € By N we have P; € Bo n (2 for every i € N. Moreover
lim dist(P;, 092) = 0.

1—>00

By (5.9) we deduce that
1—>00

which contradicts the fact that v vanishes continuously on 9f). a

6. THE BOUNDARY HARNACK PRINCIPLE

In this section we use the Carleson estimate to prove a boundary Harnack prin-
ciple for two non-negative solutions which vanish on the boundary (Theorem 1.2).
The proof is based on barrier function estimate and this requires the boundary of
the domain to satisfy exterior and interior ball condition, i.e., the boundary has to
be Cll-regular.

6.1. Proof of Theorem 1.2. Since Q is a Cl''-domain we may, by flattening
the boundary, rescaling (see Section 2.1) and translating, assume that 0 € 9Q and
QnB(0,16C) = RY n B(0,16C), where C is the constant in Theorem 1.1, and u,v
are solutions of (2.4) and (2.5).

It is enough to show that

6.1) sup LEFIeN)

te(0,1) u(z +ten) ~ po
for every z € B(0,C) n{x,, = 1} for numbers po and py which satisfy the bound
stated in the theorem. In fact, it is enough to show (6.1) for z = en.



22 AVELIN AND JULIN

Denote =g = —en, 1 = 2en and M, = SUpps U, My = infB(xhl)u where Bj =
Bz nRY. In particular, m, < M,. First, by Corollary 2.1 we deduce
6.2 / <C.
(62) m,  Ppr(s)
Second, by Theorem 1.1 we have
M, (
(6.3) [ °_<c.
v(4) Pr(s)
We divide the proof in two cases. First we assume that
my /3 ds ~
6 [0 e
( ) 0 CI)R(S)
and
® ds ~
6.5 ——>2C
( ) M, (I)R(S)

holds, where C is a large constant which we choose later.
We construct two C?-regular barrier functions w;,ws such that

(6.6) Pra(D?w2) > 20z (|Dwsl), in V = B(x¢,3) \ B(wo,1)
and
(6.7) Pia(D*wy) < -20p(|Dwy|),  in U:= B(x1,2) \ B(ay, 1).

Moreover wy,ws are such that their gradient do not vanish and they have boundary
values wg > 0 on 9B(xg,1) and wy = M, on dB(xg,3), and wy = 0 on 9B(x1,2) and
wy =my on OB(z1,1). Hence we have that wy > v on 9V and wy < u on dU. Since
v is a viscosity subsolution of (2.2) and since |[Dws| > 0 it follows from (6.6) and
the definition of viscosity subsolution that v — ws does not attain local maximum
in V. Therefore we deduce that we > v in V. Similarly we have w; < in U. Thus
it is enough to bound the ratio

wa(ten)
te(0,1) w1 (ten)

To construct wy we define g: (0,1) - R such that

g(t) ds
(6.8) t:/ Y forte(0,1)
Ho C(I)R(S)
where C' > 1, which is the constant in (6.4) and (6.5), and 0 < pg < m,, are constants
which we choose later. Note that g is well defined by the implicit function theorem
due to (6.5) (recall that m, < M,). Then we have g(0) = o and ¢’ = CPr(g). We
define the lower barrier wy : U — R by

2—|z—z1|
wy(z) = fo g(t)dt.

Then wy =0 on B(x1,2). If we choose o =0 in (6.8) we deduce from (6.4) that
g(t) <m,/3 for all t € (0,1). This implies wy(z) < m,,/3 for all x € 9B(z1,1). On
the other hand, by choosing pg = m,, in (6.8) yields g(t) > m, for all ¢ € (0,1),
which implies wi(x) > m, for all x € 9B(z1,1). Hence, by continuity we may
choose 0 < po < my, such that wy; = m, on dB(x1,1). Finally it follows from the
construction that

inf |D > inf t) > >0.
lgl wi | te%,l)g() [0
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After a straightforward calculation we see that since g’ = C® g (g), we may choose
the constant C' > 2 in (6.8) large enough such that w; satisfies the following inequal-
ity in U

n-1
|z — 21|

Pia(D?wi(x)) = -ACPR(g(2 |z~ 1)) +

<-2Pr(9(2 - |z - 1))
= =20p(|Dwi(2)]).
The inequality above follows from ® (%) > ¢.

The upper barrier function ws is constructed similarly by defining first for every
p1 > M, /3 a function f:(0,3) > R as

H1 ds

t= f — for te(0,2).
f(#) C(I)R(S)

This is well defined due to (6.4). For x € V we define ws(x) by

wy(x) = /(;lwim*l f(t)dt.

Then we = 0 on dB(xg,1). By choosing p; = M, /3 gives wa(x) < M, for all z €
0B(x0,3). Therefore, by continuity we may choose p1 > M, /3 such that we = M,
on dB(x¢,3). Finally we choose C' so large that wy satisfies (6.7) in V. Note that
it follows from (6.4) that, inf;c(g o) f > 0. Hence we have

Ag(2 =z —x)

inf [Dws| > inf f>0.
v te(0,2)

To prove the claim we will show that

wa(ten) oy

6.9 su <
(6.9) te(0,1) wi(ten) ~ po
and that

M1 dt
6.10 / <C.
(6.10) v Ba(D)

Let us study the functions wq(t) = wi(ten) and wa(t) = wo(ten) for ¢t € [0,1]. By
construction we have that w}(t) = g(¢t) and w4(t) = f(¢). Since ¢’ > 2®(g) and
f' < =2®R(f) we conclude that w; is convex and ws is concave. In particular, for
every t € (0,1) we have

Wi (t) > (0)t=pot and  wo(t) <wH(0)t = t.

In particular, we have

11)2(15) < &
te(0,1) Wi(t) ~ po’
which is (6.9).
Recall that w;(0) =0 and @;1(1) = m,,. By the mean value theorem there exists
€€ (0,1) such that m, =wi(£) =g(&). By (6.8) we have

1>§:f9(€> dt :fmu dt
- Ho C@R(t) Ho é@R(t).

Similarly we deduce that

1o dt ~
<3C.
M, @R(t)

Since u(A) = v(A) the estimate (6.10) follows from the previous two inequalities,
(6.2) and (6.3).

We need to deal the case when either (6.4) or (6.5) does not hold. In this case the
result is almost trivial since we do not claim that the ratio v/u is bounded. Assume
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first that (6.4) does not hold. Then we simply choose o = 0 and pq = u(A). The
estimate (6.10) follows from (6.2) as follows

uw(A)  dt mu/3 dt mu dt uw(A)  dt ~
< @ <4C +1og3+ C.
_/0 Da(l) fo Br(l) +/mu/3 ¢ +f D) S TOBST

If (6.5) does not hold, we choose o = v(A) and pq = co. Then by (6.3) we have

oo MU oo -~
f . / de_, f & oesc
v(4) Pgr(t) v(A) Pr(1) M, t

6.2. Example for the sharpness of the boundary Harnack principle. Here
we discuss the sharpness of Theorem 1.2. We will only consider the case of the p(z)-
Laplace equation and show that Corollary 1.2 is sharp. To simplify the argument
we construct the example for cubes in the plane. To this aim we construct two non-
negative p(z)-harmonic functions in the cube @ = (0,1)% c R? such that v(z,) <
u(x.) at the center point z. = (1/2,1/2) and u,v = 0 at the bottom of the cube
(0,1) x {0}. We will show that the ratio in a smaller cube Q" = (1/8,7/8) x (0,1/2)

sup 2(%)
veQ u(T)
is not uniformly bounded, but it depends on the value u(z.) as in the statement of

Corollary 1.2.
First let us choose p(-) € C*°(Q) to be

O

p(z) =3 -1, where x = (21, 22) .

Then the p(z)-Laplace equation (1.8) in non-divergence form for smooth functions
with non-vanishing gradient reads as

(6.11) - Aw - (1-21)Aww = —log(|Vw|) wy,,
where A, w = (D%}%, rg%) denotes the infinity Laplacian. The point is that the

equation is homogeneous for functions of type u(x) = f(x2) and non-homogeneous
for u(z) = g(x1).

Let H,,in > 10* be a constant to be fixed, and consider H > H,p;n. We define
ue C%(Q) simply to be

u(x) = 2Hxs.

Then w is a solution of (6.11) and satisfies u(z.) = H at the center point z. =
(1/2,1/2) and u(z) = 0 when x2 = 0. Let us construct a solution v such that
v(x) =0 when x5 =0,

(6.12) v(ze) < H
and at a point & = (7/8,1/2) € Q' the following holds
(6.13) o(&) > HY

for some ~ > 1. This will prove that the ratio satisfies
sup @ > H'Y_l
veQ u()
since u(Z) = H, this implies that the power-like behavior observed in Corollary 1.2
is sharp.
To this aim we choose K > 1 to be the number which satisfies

1/2 JK+s/2 1 K +5/2
(6.14) H= f e’ ds, and define M := f e° ds.
0 0



A CARLESON TYPE INEQUALITY 25

. K+s/2 | . .
Note that since e® is increasing we have

K+1/4
efr1/

(6.15) H<e
We will need the following easy estimate.

Lemma 6.1. Let ¢ € (0,272) be fized, then there exists a K(¢) such that for all
K > K the following holds
fl eeK+s/2 ds > eexu/zfs
0

Proof. First let K > 1, and note that f(s) = e s a strictly increasing function.
Then from the mean value theorem we get

- kiap K+1/2-¢

[ e’ ds > ee® )
1-2e

It is now enough to show that

1 1= kyiss2 1 ks
f e’ ds < [ e’ ds.
€ J1-2¢ l-¢

A change of variables leads to

]_ 1-¢ K+s/2 1-e K+s/2+e/2
- / e’ ds < f e’ ds.
e J1-2¢ 1-2e

We now see that it is enough to prove the much stronger inequality
es?-1

Tefer ]

which is obviously true for a large enough K (¢) since /2 -1 > 0. |

Let us denote T' = {1} x (0,1) ¢ dQ. We choose v to be the solution of the
Dirichlet problem

-Av - (1-21)Axv = —log(|Vv]) vs,,
(6.16) v=MonT,
v=0o0ndQ\T.

Let us show that v satisfies (6.12) and (6.13).

To show (6.12) we construct a barrier function ¢ such that ¢ > v in @ and
©(z.) = H. We choose p(x) = F(x1) where F is an increasing and convex function
which is a solution of

1
F"= 5 log(F') F'

with F'(0) =0. We may solve the above equation explicitly by

t +s
F(t):f e ds
0

for any K € R. When we choose K as in (6.14) we get o(z.) = F(1/2) = H.
Moreover by (6.14) it holds that F(1) = M and therefore ¢ > v on 9Q. It is easy
to see that o € C%(Q) satisfies

“Ap—(1-21)Acp > -log(|Ve]) pz,  in Q.

Since v is a solution of (6.16) v — ¢ does not attain a local maximum. Thus from
¢ > v on 0Q it follows that ¢ > v in (). Hence we have (6.12).

To show (6.13) we construct a barrier function ¢ in D := Q n B(xy,1/2), where
xp = (5/4,1/2), such that ¥ < v in D and ¥(z) > H". To this aim we define
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Y(x) = G(|z — xp|) where G : [1/4,1/2] - R is decreasing, non-negative and convex
function such that G(1/2) =0, G(1/4) = M and

(6.17) G” > log |G |G| +4|G).

Let us for a moment assume that such a function exists. The inequality (6.17)
implies that 1 € C?(D) satisfies

_Aw(l‘) - (1 - wl)Am¢(x) = _(2 _ -Tl)G”(|QZ’ _ $b|) _ %

<=G"(|lz = ap]) +4IG" (| = a])|
< =log |G (| = 2 )] |G" (| = )]
< ~log| Dy ()| s, (x)
for every x € D. Therefore v — 1 does not attain local minimum in D. From the
conditions G(1/2) =0 and G(1/4) = M it follows that 1) < v on dD. Therefore ¥ < v
in D.
To find G, we denote G’ = g and define

ER—(1+s)t

g(t) =-e ;

where the large parameter R € R and the small parameter ¢ € (0,1) are chosen
later. When R > 1 is large G’ = g satisfies (6.17). To see this note that

gl _ (1 + E)GR‘(1+6)t|g|.

Thus (6.17) becomes

(1 +2)ef ) g| > log(lg|)lgl +4lg.

After rewriting, this becomes

EeR_(1+€)t > 47

which is true if R> R(¢).
We define

G(t)= M+ fl/t4g(s) ds.

Let us first choose H,,ip(¢), and thus M, large enough such that

1/2 R—(1+e)s
M>f T s 5 0
1/4

and choose R > R(e) such that

ER—(1+a)s

1/2
G(1/2):M—/ e ds =0.
1/4
Then we have G(1/2) =0 and G(1/4) = M as wanted.
We need yet to show that (&) > HY. Recall that & = (7/8,1/2) and z} =
(5/4,1/2). Hence | — xp| = 3/8 and therefore ¥ (&) = G(3/8). We use Lemma 6.1.
(6.14), the definition of G and the condition G(1/2) =0 to estimate

1 1/2
K+1/2-¢ K+s/2 R—(1+¢)s R—(1+e)/4
(6.18) e < [ e as=m= [ e ds < ¢°
0 1/4
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by possibly enlarging H,,;,(g). Therefore we may estimate the value of ¥ at & by
(6.18) and (6.15) and get

/2 po(i4e)s /16 R (1+e)s
1/)(92):G(3/8)fG(1/2):[/ e ds> [ et ds
3/8

3/8

—3/16-¢
eR=T/16(1+e) eR-(1+e)/4 €
> ce >c (e )

o—3/16=¢

(e (by (6.18))

K+1/4
=c (ee )

1/16-2¢
>cH®

e1/16-2¢

(by (6.15)).

We define v = e/19-2¢ which is bigger than one by choosing ¢ > 0 small enough,
hence also fixing H,,;,. This shows (6.13).
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