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Everywhere differentiability of viscosity solutions to a class
of Aronsson’s equations

Juhana Siljander, Changyou Wang, and Yuan Zhou

October 3, 2015

Abstract

We show the everywhere differentiability of viscosity solutions to a class of Aron-
sson equations in R™ for n > 2, where the coefficient matrices A are assumed to be
uniformly elliptic and C>'. Our result extends an earlier important theorem by Evans
and Smart [19] who have studied the case A = I,, which correspond to the co-Laplace
equation. We also show that every point is a Lebesgue point for the gradient.

In the process of proving the results we improve some of the gradient estimates
obtained for the infinity harmonic functions. The lack of suitable gradient estimates
has been a major obstacle for solving the C**® problem in this setting, and we aim to
take a step towards better understanding of this problem, too.

A key tool in our approach is to study the problem in a suitable intrinsic geometry
induced by the coefficient matrix A. Heuristically, this corresponds to considering the
question on a Riemannian manifold whose the metric is given by the matrix A.

1 Introduction

For any open set {2 C R™ with n > 2, we consider the Aronsson equation:
(1.1) Aplu](z) = (Dy(H(z, Du(x))), DpH(z, Du(z))) =0 in £,

where the Hamiltonian H is given by H(z, p) = (A(x)p,p). We denote the set of all
uniformly elliptic matrices A of order n by <7 (£2). Our main result is the following theorem.

Theorem 1.1. Assume A € o/(Q) N CHL(Q). Then any viscosity solution u € C(Q) to
the Aronsson equation (1.1) is everywhere differentiable in €.

In order to show the robustness of the methodology, following Evans-Smart [19] we also
show that every point is a Lebesgue point for the gradient.

Observe that when A is the identity matrix of order n, the Aronsson equation (1.1)
becomes the infinity Laplace equation:

n
(1.2) Ao := Z Uy, Ug; Uy, = 0 in €D
ij=1

Key words and phrases: L°°-variational problem, absolute minimizer, everywhere differentiability, Aron-
sson’s equation.
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G. Aronsson [1, 2, 3, 4] initiated the study of the infinity Laplace equation (1.2) by
deriving it as the Euler-Lagrange equation, in the context of L°°-variational problems, of

absolute minimal Lipschitz extensions (AMLE) or equivalently absolute minimizers (AM)
of

(1.3) inf{ esssup |Dul?: u € Lip(Q)}.
reQ

Employing the theory of viscosity solutions of elliptic equations, Jensen [21] has first proved
the equivalence between AMLEs and viscosity solutions of (1.2), and the uniqueness of
both AMLEs and infinity harmonic functions under the Dirichlet boundary condition. See
[29] and [6] for alternative proofs. For further properties of infinity harmonic functions,
we refer the readers to the paper by Crandall-Evans-Gariepy [13] and the survey articles
by Aronsson-Crandall-Juutinen [7] and Crandall [12].

For L*°-variational problems involving Hamiltonian functions H = H(z, z,p) € C?(2 x
R x R™), Barron, Jensen and Wang [8] have proved that an absolute minimizer of

(1.4) Foolu, ) = eisesgp H(z,u(x), Du(z))

is a viscosity solution of (1.1), provided the level sets of H are convex in p-variable. Recall
that a Lipschitz function u € Lip(f2) is an absolute minimizer for %, if for every open
subset U € Q and v € Lip(U), with v|sy = u|sy, it holds

Foo(u,U) < Foo(v,U).

See [16], [5], [22], and [23] for related works on both Aronsson’s equations (1.1) and
absolute minimizers of .#,. Recently, Bjorland, Caffarelli and Figalli [9] (see also [11])
studied the infinity fractional Laplacian, that is, the L°°-variational problems associated
to non-local Hamiltonian functions.

The regularity for infinity harmonic functions (or viscosity solutions to (1.2)) has at-
tracted great interest recently. When n = 2, Savin [30] has showed the interior C'-
regularity, and Evans-Savin [18] have established the interior C'*“-regularity. Wang and
Yu [32] have established the C'-boundary regularity and, moreover, they have also ex-
tended Savin’s C'l-regularity to the Aronsson equation (1.1) for uniformly convex H(p) €
C?(R?) [31]. When n > 3, Evans and Smart [19, 20] have established the interior ev-
erywhere differentiability of infinity harmonic functions, whereas Wang and Yu [32] have
extended this to the boundary differentiability. For the inhomogeneous infinity Laplace
equation, the everywhere differentiability has been shown by Lindgren in [25]. In this
paper, we extend the Evans-Smart [19, 20] differentiability result to cover also the case of
the Aronsson equation (1.1) for A € &/ (Q)NC*(Q) and n > 2. The result is not merely a
straightforward generalization of the known theory, since there are several new difficulties
in running the arguments.

The Evans-Smart method heavily relies on a linear approximation property proved
earlier by Crandall, Evans and Gariepy [13]. This result states that the difference quotient,
corresponding to the differentiability condition, has a convergent subsequence. Then one
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needs to show the uniqueness of the limit to conclude the result. A linear approximation
property also holds for the Aronsson equation (1.1); see Lemma 4.1 below. Lemma 4.1
was first proved by Yu [33] for some general Hamiltonian functions H(x,p); later a proof
was given in [23] when H(z,p) = (A(x)p,p) based on an intrinsic geometry induced by
the coefficient A.

For showing the uniqueness of the aforementioned limit, we need to establish certain
gradient estimates. The standard approach has been to study the e-regularized equation.
After introducing the coefficient matrix, the regularized equation does not necessarily
have smooth enough solutions for the standard Bernstein type arguments which rely on
differentiating the equation. In order to overcome this obstacle, we need to approximate
the coefficient matrix, too.

We can prove the estimates required for the convergence results only if the coefficient
matrix is close enough to the identity. As we want to consider the general case, we need
to use a blow-up argument to reduce the problem to studying merely such matrices. This
requires a careful analysis of the final reasoning for the differentiability result.

Finally, the introduction of the coefficient matrix into our gradient estimates causes
several technical difficulties not present in the case of the co-Laplace equation. The equa-
tion includes terms with partial derivatives of the coefficient matrix. In order to control
these new terms, we need to establish a series of new estimates.

In the process of proving the gradient estimates we are also able to improve the earlier
estimates for the infinity harmonic functions by Evans and Smart, see Theorem 3.3 below.
The lack of suitable gradient estimates has been a major obstacle in solving the C™® prob-
lem for the oo-Laplace equation [18]. We aim to take a step towards better understanding
of the problem also at this front.

As a final remark we would like to point out an interesting question related to the
assumption A € CH1. Already making sense of the equation (1.1) requires the coefficient
matrix to be at least C'. In the classical theory, on the other hand, this sort of higher
regularity results are typically based on perturbation arguments which require the coeffi-
cient to be, say, Holder continuous. In our setting this corresponds to assuming A € C1:2.
Now it is an interesting question whether the regularity assumption in Theorem 1.1 can be
relaxed and, in particular, whether it holds for instance for merely A € &/ (Q)NCY(Q). As

proved in Lemma 4.1, the linear approximation property only requires A € «7(Q)NC(€2).

2 Preliminaries

First of all, recall that the coefficient matrix A = (a¥(z))1<i j<n is called uniformly elliptic
if there exists L > 0 such that

(2.1) L7Yp|? < (A(x)p, p) < Lip|*, x € Q and p € R™.

Recall also the definition of the Hamiltonian

n

(2.2) H(z, p) = (A(z)p,p) = Y a"(x)pipj, v € Qand p € R™.
i, j=1
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In this section, we will describe a regularization scheme of the Aronsson equation (1.1).
Let’s recall the definition of viscosity solutions of the Aronsson equation (1.1).

Definition 2.1. A function u € C(Q) is a viscosity subsolution (supersolution) of the
Aronsson equation (1.1) if, for every x € Q and every o € C?(Q) such that if u — ¢ has a
local mazimum (minimum) at x then

(2.3) Anlel(z) = (<) 0.

A function u is a viscosity solution of (1.1) if u is both viscosity subsolution and superso-
lution.

For € > 0 and a uniformly elliptic matrix B € /() N C*(?), set the Hamiltonian
function Hg by
Hp(xz,p) = (B(z)p,p), x € Q and p € R".

We consider an e-regularized Aronsson equation (1.1) associated with B and Hp:

(2.4) {_ o lu] = —Ap, [u] — ediv(BVuS) =0 in Q,

€ on Of.

u

For (2.4), we have the following theorem.

Theorem 2.2. For e > 0, B € /()N C*>®(Q), and u € C*Y(Q), there exists a unique

solution u® € C°(Q) N C(Q) of the equation (2.4).

Proof. Consider the minimization problem of the functional of exponential growth
1
ce = inf {L[U] = / exp (-Hp(z,Vv))dz | v € KE},
[¢) €

where K. is the set of admissible functions of the functional Z. defined by
1
K, = {w € Wl’l(Q)‘ / exp (—Hp(z, Vw)) dz < 400, w = u on OQ}.
[¢) €

Note that since u € K., K¢ # 0. Let {u,} C K. be a minimizing sequence, i.e.,
lim Z[u;,] = c.. Without loss of generality, we may assume that there exists u¢ € K,
m—0o0

such that u,, — u¢ uniformly on €2, and Du,, — Du¢ in L9(2) for any 1 < ¢ < +o0. Since
Hp(z,p) = (B(x)p,p) is uniformly convex in p-variable, by the lower semicontinuity we
have that

1 > (e_lHB(:U,VuE))k
Z[uf :/ exp (-Hp(z,Vu)) dx = / dx
= [ (e vu ar =3 [ R0
- (e ' Hp(z, Vun,))"
Slgriglosz_o ; I dx

1
=lim inf/ exp (-Hp(z, Vuy)) de = liminf 7, [u,] = c..
0 €

m—ro0 m—ro0
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Hence ¢, = Z[uf] and u€ is a minimizer of Z, over the set K.. Direct calculations imply
that the Euler-Lagrange equation of uf is (2.4). The uniqueness of u¢ follows from the
maximum principle that is applicable for the equation (2.4). The smoothness of u¢ follows
from the theory of quasilinear uniformly elliptic equations, and the reader can find its
proofs in the papers by Lieberman [26] page 47-49 and [27] lemma 1.1 (see also the paper
by Duc-Eells [17]). O

Note that any viscosity solution u € C(2) of the Aronsson equation (1.1) is locally
Lipschitz continuous, i.e. u € C’ﬁ)cl(Q) (see [10] and [23]). Since we consider the interior
regularity of u, we may simply assume that u € C%(Q).

Now we will indicate that under suitable conditions on A, any viscosity solution u €
C%1(Q) of the Aronsson equation (1.1) can be approximated by smooth solutions u¢ of
e-regularized equations (2.4) associated with suitable Hp’s. For this, we recall that for
any A € &/(Q) N CHL(Q), it is a standard fact that there exists {A.} C &/ (Q) N C>®()
such that

@) | Ad|ons gy < 20l Al o for all € > 0.
(2.2) For any a € (0,1), Ac = A in CH%(Q) as e — 0.

Theorem 2.3. For any A € /() N CHY(Q) with ellipticity constant L < 25 (see (2.1)),
let {A} C o (Q)NC>(Q) satisfy the properties (2.1) and (2.2). Assume that u € C%1(Q)

is a wviscosity solution of the Aronsson equation (1.1), and {u¢} C C*°(2) N C(Q) are
classical solutions of the e-reqularized equation (2.4) on ), with B and Hp replaced by A,
and H 4, respectively. Then there exists a constant 6o = 0o(S2, [| Al (q)) > O such that if
DAl o) < 8o, then u — u in CP ().

loc

Proof. From Theorem 3.1, we have that for any compact subset K € €2,

Dl gy < € (ist(K, 09, ull ey, [ Acllen )

< C’(dist(K, o). lull ¢ - ||A||Cl,1(m), Ve 0.

This implies that there exists a @ € C'loo’g(Q) such that, after passing to a subsequence,
(2.5) u® — 4 in C2.(Q).

Since {A.} satisfies (2.1) and (2.2), there exists g > 0 such that for any 0 < € < ¢, it
holds that || A¢|| () < 2[|Al[ (), and the ellipticity constant Le of A, satisfies L. < 21.

J
Let 6o > 0 be the constant given by Theorem 3.2 and assume ||[DA| () < 50. Then

there exists 0 < €1 < o such that ||[DAc| (o) < do for any € < €;. Thus Theorem 3.2
below is applicable to u, for any 0 < € < ¢; and we conclude that there exist v € (0,1)
and C > 0, independent of 0 < € < €1, such that

(2.6) |u(z) — u(zo)| < Clo — x|, Vo €Q, zo € O
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From (2.5) and (2.6), we see that
|t(z) — u(zo)| < Clx —z0|”, Vx €Q, z9 € I

This implies that & € C(2) and @ = u on d9. By the compactness property of viscosity
solutions of elliptic equations (see Crandall-Ishii-Lions [15]), we know that @ € C'(Q) is a
viscosity solution of the Aronsson equation (1.1) associated with A and H,4. Since 4 = u
on 0%, it follows from the uniqueness theorem of (1.1) (see [10] and [23]) that & = u. This
also implies that u¢ — u in C2 () for € — 0. O

3 A priori estimates

Motivated by [19, 20], we will establish some necessary a priori estimates of smooth so-
lutions u¢ of the equation (2.4) associated with A, satisfying (2.1) and (2.2), which is
the crucial ingredient to establish everywhere differentiability of viscosity solution of the
Aronsson equation (1.1).

In this section, we will assume A € &7 (2)NC>° (), and u¢ € C>(Q)NC(Q) is a solution
of the e-regularized equation (2.4) with B and Hp replaced by A and H 4.

3.1 Lipschitz estimates

We begin with the following theorems.

Theorem 3.1. For u € C%(Q) and A € &/(Q) N C>®(R), assume u € C(Q) N C(Q)
is a solution of the e-reqularized equation (2.4), with B and Hp replaced by A and H 4.
Then we have the estimates

(3.1) max |u¢| < max |ul,
Q Q

and for each open set V. € QQ, there exists C' > 0 depending on n, L, ||u||o(§),dist(V, 09),
and || Al 1.1 (q) such that

(3.2) max |[Duf| < C.
Vv

Proof. The estimate (3.1) follows from the standard maximum principle of the equation
(2.4). For (3.2), we proceed as follows. To simplify the presentation, we will use the

Einstein summation convention. Denote uj = 8‘?0 uf, uf; = M‘?axj u, a” as the (i,j)™
entry of A, and ak = 6 a". Recall that
Ag[u] = 2a™Fuus; ajeue + a”ufu;aMUZ

Taking % of the equation (2.4), we obtain

atuf + 4alkuku altuf + 4a’kuksu attuf + aJk‘()ﬂLEzLECLMu6 + 2&” ; jakéue

ik
20" ugu i

YE]
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(3.3) —i—afuf-uj-a’;eui + afuf-u;-akfuﬁs + ediv(ADuS) + ediv(AsDuc) = 0.
Set
€ . g im, e Gl € mj_ e kb, e iy, €, €, km
(3.4) Gy, = 4a"uj el up + 2a;  uGa ug + ap uusatt
and
3.5 Fe,_4ikeeﬂe ij € € kb € ij e € kb € div(A.Dut
(3.5) s = 4a upula up + af ufuSag up + aguiuiatug 4+ e div(As Du).

Define the operator L. by

n
(3.6) Lev := 2a™*ugv ;a7 uf + Z GS,vm + ediv(ADv).

m=1

Then (3.3) can be written as
(3.7) ~Lo(u) = .

Set v¢ := 1| Duf|?. Then

n n
€ __ €, € € __ € € € €
v = Z ugug; and vj; = Z [ug;us; + us; jus),

s=1 s=1
so that by using the equation (3.7) we have

n

Lot = Z [Qalkuiugiuzjaﬂuﬁ + uiLeul + ea”u;u;]
s=1
n
(3.8) = 2|D*u ADu|? + Z [eaug;ug; — uSFe].
s=1

Set 2¢ := Z(uc)%. Then by the equation (2.4) we have

n
L.z = 2a’kuf€u§ju€aﬂu§ + 2alku2u§u§a’£u§ + E Grumus + eu div(ADu®) + ea" ujuj
m=1

= 2(Du’, ADu®)? + e(ADu¢, Du®) + u AY [uf]
+4u6aimu§nu§jaﬂu§ + 2u6akmju§akéu2u§n
= 2(Du¢, ADu)? + e(ADuS, Duf)

+4u(ADuS, D*u¢ ADuS) + 2u ((Duf, DADuS), ADu¢),

where (Duf, DADuc) is interpreted as the vector ((Duf, AxDu¢)); with A being the
element-wise derivative of A. Choose ¢ € C§°(£2) such that

¢=1inV, 0<¢<1,
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and, for 8 > 0 to be determined later, define the auxiliary function w® by
we := > + B2F.
If w€ attains its maximum on 952, then
sup v¢ < sup w(z) < maxw® = maxw® = = maxu?,
= v ) Q 2 00
hence (3.2) holds. Thus we may assume w® attains its maximum at an interior point

xg € Q. This gives
Duw(xg) = 0, D*w(zp) <0,

so that

(3.9) —Lew(z0) = —(2a™*ula? u§ + ea s,

S >0

T=x0

On the other hand, from (3.8) and (3.9) we have that, at x = x,
0 < —Lew(2%) = —Le(¢*0°) — BL2

= —<Z>2L€’U6 — BL2 — v€L€¢2 — 8¢aiku2aﬂu o; Z um w—deg Z @a”um]um

= [—29252|D21L6ADU€|2 — e¢? Z ausul; — 2B8(Duf, ADu)? — eB({Duc, ADuc)

sisg
s=1
7 %m

— [4ﬂu€(ADu€, D2uf ADu) + 2fufa]? uSu akguf}

— [8¢a’ufa uge; Z up Uy + degd Z pia” ugyup,

:Il+IQ+Ig+I4+I5.

+¢2ZU€F€—U 2)

We estimate Iy, - -, I5 as follows. Since (¢, A¢) > 1[¢|? for all £ € R™, we have
= —2¢2|D*u ADu‘|* — e¢? Za” ug;ug; — 2B(Duf, ADuf)? — e3(ADuS, Du)

2| 12 2 € 2112 €2 4
< =207 D*u*ADuc|” — z(b |D*uc|” — ﬁ|Du€| .
Applying Young’s inequality, we can estimate I by
I = —4Bu(ADu, D*u ADu¢) — 2Bu‘a}” uSus, aFluf

j
< 4B|uf||ADuf||D*uf ADuf| + C|Duf|?
< B3| D*u ADu | + C|Dufl* + C(8),

where we have used (3.1). Henceforth C' > 0 denotes constants depending only on n, L,
Al (), ||u|\c(§), and dist(V, 0Q).
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Similarly, by Young’s inequality we have

I3 = —8¢aujaluf @Z% uj 4e¢2¢, 0 ug, g,

< 8¢(AD¢, DuF) - (Du ,D2uEADu ) + 4e(AD*u Duf, D) ¢
< C|D2uEADuE|]Du€\2¢) + Ce| D*u Dufl¢

1
< §|D2uEADu6|2¢2 —~_|D?u¢? + C|Duc|* + C.

16L
For I, by using 0 < € < 1, we have

n

I :Z [4q§2u5 ’kuku aﬂu + ¢2u€afu€u5a“u5

s=1
+ ¢*usa ulu usa a™u§ 4 epuS div(AsDus )]
1 2, € 64 211M2,,€2
8]D u ADuc|?¢? + C|Duf|* + 16L¢ |D*uc|* + C.

Finally, for Iy, we have

Is = 20 a™*uf,(¢?)i 0 uf + dvca ’k(¢2)ku”a]€u + 2v¢a (<Z>2)zu€ak£uE
+va ”uﬁueakg(qg)g + ev® div(AD¢?)
< C|Duf* + C|D*u ADuf||Duf*¢ + Ce| Duf|?
< éyp%mpm%? +CDu + C.
Combining all these estimates with (3.9) yields that, at = = x,
2¢°| D*u ADu‘|* + %¢2|D2u6|2 + %mmfﬁ
< |D2uf ADuC 2% + C|Duc|* + CBY3| D2uf ADus |3 + ging>2|D2u€|2 +OB),
so that
D2 ADue 6% + %mpufr‘ < C|Du* + CBY3| D2 ADu3 + C(B).
We may choose § > 1 sufficiently large so that
|D%uf ADu 2 $% + %\Due\‘l < CBY3| D2 ADu Y + C(B).
Multiplying both sides of this inequality by ¢* and applying Young’s inequality implies
|D*u ADu‘ 5 + %|Du5|4¢4 < B3| D*u ADu|*3¢* 4 C(B)

< %\DQuEADue\QgZﬁ +C(p).
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Hence we have

| Duc|tp? <C.

r=x
This finishes the proof, since v = $|Du¢|? attains its maximum at 2. O
Next we will establish the boundary Holder continuity estimate of u€.

Theorem 3.2. With the same notations of Theorem 3.1, assume that in addition L < 21/4.
Then there exist 6o > 0, €o > 0, v € (0,1), and C > 0 depending only on Q and || Al ()
such that if || DA oo () < o and 0 < € < €9, then

(3.10) |u(z) — u(yo)| < Clo —yol”, yo € 09, z € Q.

Proof. To show (3.10), assume for simplicity that yo = 0 € 9. Define w(z) = A|z|7,
where A > 1 is chosen such that

—w +u(0) <u < u(0) +w on 9.

This is always possible, since u is Lipschitz. Now we claim that w is a supersolution of
the e-regularized equation (2.4). In fact, direct calculations imply

. ) N2k alla ZTi%j Oij
ik ¢ _ kS b 2 -
—a" (2)wg (z)wij(z)a’ (x)we(z) = _W Ay [(’y -2) |47 + |x|2—
3.3 (x, Ax)? 3.3 {z, A%x)
=X Q=) TN e

2 —
> /\373 LQ’Y’x‘g%zx . /\373L2\x]37*4

2 —
_ )\373 ( LQ’Y _ L2> |x|37_4.

Note that we can choose v > 0 so that 7 := ZL_—J —L? >0, since L < 21. Next we estimate

LTy
|$|673'y

> _)\373”"4”L°°(§)HDAHL“’(Q)W’?W_S

—af) (x)w;(x)w; (x)a" ()wo(z) = 2430 (x)a" (x)

Finally, for the regularization term we can estimate

_ ig_ i
erva; P

—ediv(ADw)(z) = —e a7y . I eday(y - 2)%
> —eALy(n 4+~ —2)|z[772% — 26)\ny||DAHLOO(§)|93|7_1.

Putting these estimates together, we have

—Aj[w]
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> 223937121 — NP Al oo (o (1D Al oo (|27 = 2eA Ly (n 4 7y = 2) ]|
—2eAny|| DA| oo (2|7
> 2059332771 = NP Al| oo () | DA oo (27772 = Cefar17,
Set

=0(NA) = ———— .
b =0 A) = e

If | DA| pe() < do and €9 > 0 is sufficiently small, then we have v € (0,1) that
— A% [w] > 0.

By the comparison principle, we conclude that w + u(0) > ¢ in Q. Similarly, we have
—w 4+ u(0) > uf in . Thus we obtain

(@) —u(0)] < Ajz", 2 €Q.

This completes the proof. O

3.2 Flatness estimates

In this section, we will prove refined a priori estimates of the e-regularized equation (2.4)

under a flatness assumption. Assume u® € C*(Q) N C () is a smooth solution to the
e-regularized equation (2.4) associated with A € &7 (Q) N C*>°().

Theorem 3.3. Assume B(0,3) C Q. For any 0 < A< 1, if A€ /() NC>®(Q) satisfies
A(0) = I, and

(3.11) IDAl| L= (B(0,3)) + ID*All L= (B(0,3)) < A,
and if u¢ € C*(Q) is a smooth solution of (2.4) that satisfies

3.12 “(2) — zp| < A,
(312) () — | <

then there exists a constant C' > 0 independent of € and A such that

(3.13) |Duf(x)|? < ul,(z) + CAY?  for all 2 € B(0,1).

Proof. Set ®(p) := (|p|* — pn)% = max{|p|> — pn,0}%. Let ¢ € C5°(B(0,3)) be such that
¢ =11in B(0,1), ¢ = 0 outside B(0,2), 0 < ¢ <1, and |Dg¢| < 2.

Define
v¢ = ¢?®(Duc) + B(u — x,)% + N Du|?.

Applying Theorem 3.1, we have

|u¢| + |Duf| < C in B(0,2).
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If é?ax) v€ is attained on 9B(0,2), then by (3.1), (3.11), and (3.12) we have
0,2

€ — € n2 D62 < 2 <
ér(loz?g()v(:c) 81;1(30?;) (B(u = m,)* + A|Duc|?) < BA* + CA < C,

and hence

n(l(z)nl() (|Du? —us, )42 < éx(l(?)lq)@(Du ) < CA

so that (3.13) holds. Therefore we may assume that v attains its maximum at an interior
point zg € B(0,2). If (|Duf* — uf)(z0) < 0, then ®(Duc)(z¢) = 0 and

(PDE < € — € < € 0 < 2 <
g(l&)lc) ( u)_é)%&)f)v(m) v(zg) < v(x”) < AT+ CA < CA

so that (3.13) also holds. So we can also assume
(|1Duf)? — us) (z0) > 0.

To estimate v°(zp), let L. and F¢ be given by (3.6) and (3.5). We need to compute
L.v¢ at 2°. Using

Ap[u] 4+ ediv(ADu) = 2a2kuku a?tuf + ay ufueawu@ + ediv(ADu®) = 0,

we obtain
—Le((uf — z,)?) = —4a™*usus, a]eug(u — x,) — 4a*ualuf(u — Oin) (UG — djn)
—8a' (uf, — Okn ) U3, attul(uf — )
—4ay (uf — 5m)u§ak€u§(u€ — Tp)
anZ,]ufu;aM( up — dpn,) (U — xp)

—2¢(u® — xy) div(ADu® — ADx,,) — 2e(Duf — ey, A(Du‘ — ey))
= —4((Duf, ADuf) — ankui) —2¢(Du’ — ey, A(Duf — ey,))
—8a™* (u, — Okn ) U, aluf(u€ — x,)

—4a;j (uf — (Szn)ujawui(u6 — )

n
—|—2ak ufujakﬁégn(ue —Tp) + QEZaén(uE — )
i=1
=h+Jo+ s+ o+ J5+ Js,

where we denote e, = (0, ...,0,1).
Applying (3.12) and Theorem 3.1, we have by straightforward calculations that

| J5| < CA\D*u ADuc|,
and

[ Jal, | J5] < CA,
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as well as
|Js| < Ce.

Since ||DA||p= < X and A(0) = I,,, we have |A — I,| < CX on Q and hence
|(Du, ADu®) — a”kuﬂ > [|Du]? — uf,| — [{Duf, (A — I,,) Duf)|
n—1
o = 1l = 3 o
k=1
> HDue\2 —uf,| — O
Hence we have that
Ji = —4((Du, ADu) — a™u§)? < —4|[Du|? — ug | + O
Since (£, AE) > 1]¢|?, we also have
€
Jy < = |Duf ~ en|”.
Combining all these estimates on J;’s, we have

~Le(( — ) < —A(DuP — ug)* 2| Dt — e

(3.14) +CON(1 + | D*uf ADuf|).

Moreover, similar to the proof of Theorem 3.1, we have

1 L

§L5(1Du€]2) = 2|D*u  ADu P + €y _ (auus; — uSFy)

s=1

> 2|D*uf ADucP? + %1D2u6|2 — C|D*uf ADu¢|| Duf|? — C|Duf|*
(3.15) > |D2uf ADucP? + %|D2u€\2 -
Next we need to estimate L.(¢?®(Du¢)). First recall

Le(®(Du)) = 2a*ufa? ul(®(Duc))ij + e div(AD(®(Duf)))
—l—(4ai5u§-jaﬂu§ + QaZjUEakéuj + azjufujaks) (®(Duf))s.

As explained earlier, we may assume |Du|? > u at 20 € B(0,2). With this assumption
we have at x = 2° that

n
(@(Du))s = 2(|Dur[? = ) (23w, — iy, )
k=1
and

n n
(@(Du))yy = 2(2D ujut — uiy ) (2wt — uiy)
s=1 s=1
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+2(‘Du€‘2 - u;) (2Z(uszu53 + usz]us) - ufu]) :

Hence we obtain that, at x = z,
Le(®(Duf)) = dat*us a?us (22% ul — m) (2Zu u )
4(|sz|2 — 6 a'® eajg €<22 ug;ug; + uswus) — umj)
+ 2ea <QZUSZUS —us, ) (ZZusJus — us, )
+ 26(]Du6]2 — u;)aij <2Z umusj + uswus) — uﬁnj)
—|—26a (|Du€]2 (221@ u§ — )
(3.16) |Due|2 ZGE (2Zu5mus — uy, )
= 4a™*ualtu E(QZUSJ ug — nJ) (QZUSZ U )
8(1Duc? — uf,)a*uga’u 6(2%1 8])
+ 2¢a” <2z:uSZ Uy )(QZUSJ Ug — )
+ dea” <\Du€\2 )(Zusj S]>
2(1Du? — ) (23l — L)
s=1

=K+ Ky+ K3+ K4+ Ks5.

Here G¢, is as defined in (3.4). Now we estimate K7, ..., K5 separately as follows. For K,
we have

2
K = 4[2<Du6,D2uﬁADu€) - <(D2u€)",ADuf>} ,
where (D?u€)" denotes the n'"-row of D?u¢. For K, we have

Ky = 8(|Duf|* — ut)| D*u ADu‘|?.
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For K3, we have
%Z(ZZuszus — uy, )2.
For K4, we have
Ky > %(|Due|2 —uf) | D).
From (3.7), we have

n
Ky = 2(1Du? — uf) (D0 2usFe — F),
s=1

so that we can apply Theorem 3.1 to estimate

|K5| < (|Duf? — u) (CA|D*uf ADuc| + L]DQ u? + CON).
Putting these estimates into (3.16) gives
(3.17) Le(®(Du)) > 8(|Duf|? — )(yD2 cADuP? + L\D2 | )

2
+4 [2<Du€, D*ufADuE) — ((D*u)", ADuE)]

(22'&51 Us )
- CA(\DufP — )| D*u ADuf| — CA
It follows from (3.17) that

L (¢*®(Du)) = ¢*Le (@(Duc)) + ®(Duc) L (¢7)
+a™ujalufédi(@(Du)); + 2eda’ ¢;(®(Du));
> 847 (|Duc? — uf,)| D*uf ADuf|? + @ (Duf) Lo (¢°)

2
442 [2(Du6, D*ucADuUE) — <(D2u€)", ADuﬂ

+4aikuiaﬂui¢¢i(@( + gb Z <2Zuszus - ’LL )

+2e¢a’ i (®(Duc)); — C AP [1 + (|Du6|2 —uf) |D2u€ADuE\].

It is easy to see that
Le(6?)] = ‘Qa’k € aIlus(¢2); + ediv(ADG?)
+ <4a%s ¢ aﬂu + QaSszaMue + a”ueueaks) (¢2)S

< C|Du‘]? + ¢| D*uADu‘| + Ce
< ¢|D*uADuf| + C,

15
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so that
& (Du)|Le(¢?)| < (|Duc? — uf)* (¢|D*uf ADut| + C).

By Young’s inequality, we have

4a™us a'uf ¢ (®(Du u));
= Saikuiaﬂujqbqﬁi(]DuﬂQ (22%3 uf — )
= 8a'*uf ¢ (| Du|*> — us)) - (2(Du6, D?ufADu¢) — ((D*u)", ADu€>>
) 2
< 4¢? [2<Du€, D*uADu) — (D u6)”,ADu€>}
) 2
+16 [<D¢,ADU€>(|DuEy - u;)] .
Thus by Theorem 3.1, we obtain
2 e s
4¢? [2<Du€,D2u€ADu6> - <(D2u€)”,ADuf)] + da S a? uS o (B(Dus));

> —16[(Dg, ADu)(IDuP )|

Y

—C(]DuﬂQ - u;)z

Similarly, by Young’s inequality, we have that
2ea) i (B(Duc)) ; = dega’i e (|Duf’ ~ (22%% ol )
2 €
< CelDg]*(IDu’? - up)” + 77 Z (22% uf — )
which gives

(22% uf — sy )6 — 2e0al oy (B(Du))

—ce|D¢| (1D - uf)”
—Ce(|Du‘* - u,i)2

VoIV

Putting all these estimates together and applying Young’s inequality, we conclude that

L (¢*®(Du)) > 8¢%(|Duc|? — us,) | D*ucADuc|” - C(|Duf|? - ug)®

—(|Duf? = us)? (8| D*u ADuf| + C)

—COX(|Duf|? — u,) | D*u ADuf|¢?* — CAg?

~C(IDu? = up)® = C(IDul = up)? = CA(|Duff = uy,) — CAg®

(3.18) —C(|Duf?* = uS)? — CA(|Duf|? — us) — C.
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Combining the estimates (3.14), (3.15), with (3.18) yields that, at x = x,

0 < —Lc(v) = =L (¢*®(Duc)) — BL((u — 24)?) — AL (|Du[?)
< C(|DucP - )2+C’)\(\Du 2 —u) + CA
—48(|Du? — u)* - 265\1} € —e,|” + CBA+ CBA|D*uf ADu|

+2)\( — |D2fADUEP — ﬁ]D2u6|2 + C).
Thus we have that, at x = zo,

(48 — O)(|Du|? — uS)? + 2A| D*uc ADuf|? + 226!

< CA(|Du‘]* = uf) + C(1 + B)A + CBA| D*u ADuc|.

D2u€’2

Choosing 8 > C and applying Young’s inequality, we obtain
B(1Du? — u)? < O + 282\
Thus we conclude that, at x = x,
(|Duf|* - u;)2 <O

This completes the proof. O

4 Differentiability

This section is devoted to the proof of Theorem 1.1. In order to do it, we need some
lemmas. The first lemma is the linear approximation property, which was proved by Yu
for some general Hamiltonian functions H(x,p) (see [33] Theorem 2.9 and Remark 2.11);
later a proof based on the intrinsic distance was given in [23] Theorem 6 for the special
case H(x,p) = (A(z)p,p). Below for reader’s convenience, we sketch the proof of Lemma
4.1 based on the intrinsic distance and [23].

Lemma 4.1. Let A € /() N C(Q) and u € C¥H(Q) be an absolute minimizer of Fuo
with respect to A in Q. Then for each x € Q and every sequence {r;};jen converging to 0,
there exists a subsequence r = {rj, }ren and a vector e,y € R" such that

w(x +75,y) —u(x)

(4.1) lim sup ‘ —(ez,r, y)| =0,
k=00 4eB(0,1) T,

and H(x, e ) = Lipg,u(x). Here

: . u(z) — u(y)|
Lip, , u(x) := limsup ———————,
Pl (=) y—mp da(z, y)

and

da(z,y) :=sup {w(x) —w(y): we % (Q) satisfies H(z, Dw(z)) <1 a.e. z € Q}
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Sketch of the proof of Lemma 4.1. Without loss of generality, assume x = 0 € Q and
u(0) = 0. We also assume Lipy,u(0) > 0, since the case Lip;,u(0) = 0 is trivial.
For any fixed rq € (O,dA(O, 89)), assume that r; ;1 < r; <rg for all j. For each j € N,

define
1

u(y) = Sulrsy) Ai(w) = Alr9), v € BO.r5m0),

Aso(y) = A0), y € R”,

and
Hj(l’,f) = <AJ($)§7 ‘5>7 HAES B(Oarj_l'PO)a £ eR"™

Also let d; denote the intrinsic distance d; corresponding to Aj.

Recall that by [23] Lemma 15 there exists us € WH*°(R") and a subsequence {r;, }ren
of {r;};en such that uj, converges to us locally uniformly in R™, and weak* in W1 > (R").
Moreover, by [23] Lemma 19 that there exists a vector e € R" such that

Uso(z) = (e,2), 2 € R", and Hy(e)( = H(0,e)) = Lipy_uoo(0).

From this, we conclude that

1

sup |—u(ry) — (e, y)| = sup [u;(y) —{e,y)[ = sup |uj(y) — uso(y)| =0
yeB(0,1) Tik y€B(0,1) yeB(0,1)
as k — oo, and Hu(e) = Lipy,u(0). This completes the proof. O

Given a pair of functions A € &7(Q) N C(Q) and u € C%'(Q), and a pair of 0 # r € R
and xg € €, we define
u(zo + ry) — u(xo)

Axo,T(y) = A(xO + ry), u:vo,?"(y) = r RS Q:L"o,?“ = r_l (Q \ {1170})

Similarly, for any xp € €2 and any non-singular matrix M € R™*", we define
Agg i (y) = Ao + My), zen(y) = M (u(zo + My) — u(xo)),

for y € Quonr := MH(Q\ {z0}).
The following scaling invariant property of absolute miminizers of %, is a simple
consequence of change of variables, whose proof is left for the readers.

Lemma 4.2. For any o € ), r # 0, and a non-singular matric M € R™ "™ if u €
C%L(Q) is an absolute minimizer of Foo, with respect to A, in S, then ug, » is an absolute
minimizer of Foo, with respect to Az, r, in Qggr, and ugz, pr s an absolute minimizer of
Foo, with respect to Agy v, 1 Qag -

We also need the following lemma, which was proved in [20].
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Lemma 4.3. Forb € S" ! and n > 0, if v € C*(B(0,1)) satisfies

sup ‘v(aj) — <b,x>‘ <mn,
z€B(0,1)

then there ezists a point xo € B(0,1) such that
‘Dv(:vo) - b| < An.
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. For every point xg € (2, we will show that there exists a vector
Du(zg) € R™ such that

(4.2) [u(wo + h) — u(zo) — (Du(ao), )| = of|h), ¥ h € R™.

From Lemma 4.2, we may assume that o = 0, u(zg) = 0, and A(x¢) = I,,. By Theorem
4.1, in order to prove (4.2), it suffices to show that for every pair of sequences r = {r;}
and s = {s;} that converge to 0, if

, 1
(4.3) lim  sup  —Ju(y) —(a, y)| =0
I yeB(0,3r;) Ty
and
, 1
(4.4) lim  sup —Ju(y) — (b, y)[=0

k=00 yeB(0,3s1) Sk

for some a, b € R”, then a = b.

Since H(0,a) = (a, a) = (b, b) = H(0,b) = Lip,,u(0), we have |a| = [b|. We prove
the above claim by contradiction. Suppose that 0 # a # b. Then, without loss of
generality, we may assume that a = e,. For, otherwise, let M be a nonsingular matrix

such that Ma = ey. Set v( = wllalMTy) 4nq Ay) = T
= en. y) = and A(y) = A(la|M*y)M. Then by Lemma 4.2

|al
v is an absolute minimizer of .#,, with respect to A. It is clear that (4.3) holds with u
and a replaced by v and e, respectively.
Since |b| = |e,| =1 and b # e, we have

0:=1-b,>0.

Let C' > 0 be the constant in (3.13) and choose A > 0 such that

Choose r € {r;} such that

1 A
(4.5) sup  —|u(y) —yn| < =,
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and

(46) {H;/SW < (A(@)8, €) < HFEIEPR, @ € B(0,3r), € R,
THDAHLOO(B(OB)) +r2HD2AHL°°(B(O,3)) < 3 min {§(B(0, 3)), A},

where §(B(0,3)) is the constant given by Theorem 3.2. N
For z € B(0,3), let A(z) = A(rz) and u(z) = Lu(rz). Since DA(z) = r(DA)(rz) and
D2A(x) = r2(D2A)(rz) for z € B(0,3), it follows from (4.6) that

{1+§1/5 €2 < (A(2)6, &) < BELIEP2, @ € B(0,3), € € R,
IDA]| e (0.9 + P2 Al| e (0,3 < 3 min {3(B(0, 3)), A}

Let A, € «/(Q) N C*(Q) such that

1) HAVEHCQJ(B(O,S)) < 2“"2{”01,1(3(073)) for all € > 0,

(i) for any 0 < a < 1, Ac — A in C*(B(0,3)) as € — 0.

Then there exists an €y > 0 such that for € < ¢

(4.7) {u51/4|5|2 < (Ad(2)€,€) < BZL|e?, w € B(0,3), £ R,

HDEGHLOO(B y T HD2A HLoo B(0,3)) = min {6(B(0, 3)), A}.

Let @€ € C%1(B(0,3)) be the unique solution of (2.4) associated with A, and Hy , with u
and Q) replaced by u and B(0, 3) respectively. Then, by Theorem 3.2, we have that ut —u

uniformly in B(0,3). By Lemma 4.2, u is an absolute minimizer of .#., with respect to
A. From (4.5), we also have

_ A
sup [u(y) — yn| < e
y€B(0,3)

Hence there exists €; € (0, €g) such that for all € < €y,
e A
(4.8) sup |u(y) — yn| < >
y€B(0,3)
Setting s = sx/r. Then we have

1
lim  sup = [ii(y) — (b, y)| = 0.
k=00 e B(0,35%) Sk

Choose n = %8 and pick s € {5}, with 0 < s < 1, so that

—_
1\3\3

sup  — |u(y) — (b, y)| <
y€B(0,s) S
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By Theorem 3.2, there exists €2 > 0 such that for all € < eo,

]' ~€
sup  —[u(y) — (b, y)| <.
yeB(0,s) S

Applying Lemma 4.3 to %ﬂg(s-), we can find a point zg € B(0, s) such that
| Duf(xo) — b| < 4n,
which, combined with |b| = 1, yields

T (20) < by +4n < 1 — 6 + 4n,

| DU (zo)| > 1 — 4n.
From (4.8), we can apply Theorem 3.3 to conclude
1D (a0)? < (o) + CXY2 < i (a0) + 2.
This, combined with (4.9), implies that

(1—4n)2§1—9+4n+g,

4
so that
0 0
0<12n+- <=
ST sy
this is impossible. Thus a = b, and there is a unique tangent plane at 0 and u is
differentiable at 0. The proof is complete. O

5 Lebesgue points of the gradient

In this last section, we show that every point is a Lebesgue point for the gradient, which
extends the property on infinity harmonic functions by [19].

Theorem 5.1. Let A € o/(Q) N CHLY(Q) and u be a viscosity solution of the Aronsson
equation (1.1). Then every point in § is a Lebesgue point of Du.

For the intrinsic distance d4 associated with A, define the intrinsic ball
B, (e,7)i={y | da(w,y) <}

1
forz € Q and 0 < r < dy(z,00). For E C R, deﬁne]l f:|E]/f
E E
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Lemma 5.2. For 0 < A < 1, let A € &/ (Q) N CHY(Q) such that A(0) = I, and
HDAHLOO(Q) < A2 Assume u € CYY(Q) is an absolute minimizer of Fu with respect

to A, and satisfies, for B4, (0,3) C Q,

zelr?gj}({o,?)) }u(aj) —u(0) — (a, CL‘)‘ <A

Then there exists a constant C' > 0 depending on |a| such that
(5.1) ][ |Du(z) — a|2 dx < C\.
By, (0,1)

Proof. Since
(1+CA)7HEP < (A(2)€,€) < (L+CNY)[E)?, Ve € Q, £ eR™,
we have
(14+CN Yz —y| <dalz, y) < 1+ CN|z —y|, Y,y € Q.
It suffices to show that

(5.2) ][ |Du(z) — a|2 dx < C\.
B(0,1+C\)

By the same argument as in the proof of [19] Theorem 4.1, (5.2) follows if

(5.3) sup  |Du(z)| < |a]+ CA.
2€B(0,1+CA)
To prove (5.3), let
Stu(r) := max M
da(z,x)=r r
A simple modification of the proof of [23] Theorem 2 shows that S u(x) is monotone
increasing with respect to r, and

V{(A(z)Du(z), Du(z)) = Lipy, u(z) = hII(lJ Stu(z).
r—
This implies
|Du(x)| < (14 CA\)Sfu(z), x € B(0,1+ C\).
For z € B(0,1+ C\), if By, (z,1) C Bg,(0,3) and da(z,z) = 1, then we have
u(e) — u(z)] <[u(z) —u(0) — (& z)| + [u(z)—u(0) — (a, 2)| + [(a,z — )|

<2\ +|al|lz — 2| < |a| + CA,
which implies that

Stu(z) < |a] + O\, Vo € B(0,1+ C\).

Hence we have that
|Du(z)| < |a] + CA, ¥V z € B(0,1+ C\).

The proof is completed by applying the argument in Theorem 4.1 of [19]. O
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Proof of Theorem 5.1. We want to show that for every xg € 2 and for every € > 0, there
exists rg > 0 such that

][ | Du(x) — Du(aco)‘2 dr < e.
Ba, (zo,7)

for every r < rg. As before, by Lemma 4.2, we may assume that zo = 0, «(0) = 0 and
A(0) = I,. For an arbitrary 0 < A < 1, since u is differentiable at 0, there exists 79 < A2
such that

5.4 —(Du(0),z)| < A, 0 <7 <10
(5.4) zer:a(}é,sm'“(m) (Du(0),z)| < Ar, 0 <7 <o

Set Ar(z) = A(rz) and u,(x) = u(re)

,
to A,. Observe that |[DA,| < r||DA| and by [23] Lemma 5.4, da, (rz,ry) = rda(z,y).
Hence Bg, (0,7) = rBg, (0,1). Therefore, (5.4) implies

. Then u, is an absolute minimizer of .%, associated

5.5 () — (Du(0),2)| <\, 0 <7 <.
(55) e, ) = (Du(0).) r<n

Now we can apply Lemma 5.2 to conclude that

][ | Du(z) — Du(())’2 dx = ][ |Du,(z) — Du(())‘2 dx
B, (0,r) Ba, (0,1)
<O\,

for every r < rg and A small enough. This completes the proof. O
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