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Abstract. Measurements have been performed on a time-of-flight setup at the Jyväskylä K130 cyclotron,
aiming at energy-loss straggling of heavy ions in gases. Theoretical predictions based on recently developed
theory as well as an empirical interpolation formula predict that straggling can be more than ten times
higher than Bohr straggling in the MeV/u regime. Our measurements with up to 9.3 MeV/u Kr ions on
He, N2, Ne and Kr targets confirm this feature. Our calculations show the relative contributions of linear
straggling, bunching including packing, and charge exchange. Our results for stopping cross sections are
compatible with values from the literature.

PACS. 34.50.Bw Energy loss and stopping power – 34.70.+e Charge transfer – 34.80.Dp Atomic Excitation
and Ionization – 29.40.-n Radiation detectors

1 Introduction

The stopping of charged particles in matter is character-
ized primarily by the mean energy loss and secondly by the
fluctuation (straggling). Both quantities are well studied
for light ions such as hydrogen and helium [1]. For heav-
ier ions, knowledge of the mean energy loss has improved
substantially during the past 10-15 years through both ex-
perimental and theoretical studies [2], while knowledge of
straggling is still rather fragmentary [3, 4]. This is due to
complexities both on the experimental and the theoretical
side.

Critical points in experiments are the quality of the
target, accurate knowledge of target thickness and com-
position, detector resolution and energy spread of the inci-
dent beam. For solid targets an additional major obstacle
lies in sample preparation and nonuniform foil thickness.
These problems become more serious as the stopping cross
section increases with increasing atomic number of the
penetrating ion, so that rather thin target foils are needed
for reliable measurements. Thus, reported high values of
straggling in solids deserve caution.

Nevertheless, experiments at very high energies where
nonuniform target thickness should not be a problem, indi-
cate that the variance of an energy-loss profile may exceed

the Bohr prediction [5] – which provides a useful estimate
for light ions – by at least a factor of ten [6].

On the theoretical side several phenomena contribute
to straggling beyond the classical result of Bohr. We dis-
tinguish between linear and nonlinear straggling:

1. Linear straggling is the fluctuation due to excitation
and ionization of independent target electrons. The
theory is closely analogous to that for the mean en-
ergy loss. A zero-order result is the Bohr formula [5],
〈

(∆E − 〈∆E〉)2
〉

Bohr
≡ Ω2

Bohr = 4πZ2
1Z2e

4Nx, (1)

where Z1 and Z2 are atomic numbers of ion and tar-
get, respectively, and Nx is the number of atoms per
unit target area. Corrections due to electron binding,
orbital motion, projectile screening and projectile ex-
citation need to be applied at low beam energies [7,8].
Relativistic corrections become important in the op-
posite limit [9].

2. Nonlinear straggling goes roughly quadratically with
the stopping cross section and is made up by
– bunching due to the spatial proximity of electrons

in the target atoms [7, 10],
– packing due to regular interatomic spacing of atoms

in molecules, crystals or amorphous materials [11,
12], and
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– charge-exchange straggling due to fluctuations in
mean energy loss [13].

A common reference standard for straggling measurements
is an empirical interpolation formula by Yang et al. [3].
With regard to heavier ions, this formula was based on a
very limited set of available experimental data. Neverthe-
less, it predicts straggling to reach values far above the
Bohr prediction over a certain energy range.

Recent estimates of bunching and packing [14] as well
as charge-exchange straggling [15] predict pronounced peaks
in energy-loss straggling for heavy ions, going as S2 or
(dS/dq)2, respectively, where S is the stopping cross sec-
tion and q the ion charge.

While bunching and charge exchange deliver positive
contributions to straggling, the packing effect may either
enhance (for molecular gases) or diminish (for condensed
targets) the fluctuation due to linear straggling. In order
to avoid a negative packing correction we perform mea-
surements on gas targets. In the present paper we de-
scribe the experimental technique and report first results
on measured energy losses and straggling for Kr ions with
energies above 1 MeV/u in gases.

2 Experimental

The measurements were carried out at the K130 cyclotron
in the Accelerator Laboratory of the University of Jyvä-
skylä. The experimental configuration is illustrated sche-
matically in Figure 1. A 82Kr22+ ion beam with1 9.3 MeV/u
was employed in the measurements. A retractable grid
consisting of thin copper wires (a wire harp) could be in-
serted to produce ions with a range of lower energies and
different charge states [16]. The energy range of interest
is selected by means of a 30◦ magnetic dipole. The en-
ergy loss of each ion was measured by the Time-of-Flight
(ToF) method [4]. In these measurements, four carbon-
foil time detectors of the Busch et al type [17] made up a
pair of Time-of-Flight detector telescopes (ToF1, ToF2).
ToF1 tags each ion with its energy, using the known mass
prior to entering the gas cell. ToF2 records the ion energy
after the gas cell. This is quite similar to the procedure
employed by Geissel et al. [18]. The time resolution was de-
termined to be 80 and 100 ps FWHM for ToF1 and ToF2,
respectively. The relative energy resolution, ∆E/E in the
E1 measurements corresponds to ∼ 0.0025 at 2 MeV/u
and increases monotonically to ∼ 0.0055 at 10 MeV/u.
The relative energy resolution for E2 will be similar. The
windows of the gas cell are 2 mm×2 mm silicon nitride
membranes2 on a Si support with a nominal thickness of
200 nm. The length of the gas cell was 0.241 m. The en-
tire system up to the magnet was aligned optically, and
the size of the beam was defined by two 1.5 mm diame-
ter apertures at either end of the gas cell, onto which the
silicon nitride windows were glued. The gas pressure was

1 The unit MeV/u denotes the energy per atomic mass num-
ber.

2 Silson Ltd, http://silson.com

measured by a piezoelectric manometer with 1 % absolute
accuracy.

3 Data Analysis

Measurements were performed with krypton ions in noble
gases and nitrogen. For each gas and energy we took data
for at least three different gas pressures. ToF1 and ToF2

spectra were first converted into energy spectra E1 and
E2 with the direct beam as a reference.

Two sets of measurements were done which differ in
the first step of the data analysis.

I) The direct beam of 9.3 MeV/u allows to directly ex-
tract peak position and width from the E2 spectrum.

2) The wire harp in front of the selecting dipole magnet
produces ions with different charge states and a contin-
uum of energies. As the magnet separates ions accord-
ing to momentum over charge, distinct small spans of
energies with different charge states may be selected.
Ions are grouped into peaks according to their inci-
dent energy E1 on the gas target measured with ToF1.
The grouping in the raw ToF1 data is seen in Figure
2 and after transformation to energy E1 in Figure 3.
The different path lengths through the wire harp (in-
set Figure 1) and angular spreading of paths through
the magnetic sector lead to a significant E1 spread for
each group which manifests itself as a sloping corre-
lation between E1 and E2 (green points in Figure 3).
This correlation, which would otherwise give rise to
an additional energy broadening, was removed on an
ion by ion basis by applying a correction to each indi-
vidual E2 value according to the correlation trend line
(blue line in Figure 3) depending on the difference of
each E1 value from the modal E1 value for each energy
group. The effect of this correction is seen as the red
data points in Figure 3. As the energy range in each
group is narrow, the change in energy-loss straggling
is small and well below experimental uncertainty.

– In the time to energy transformation a correction to
the amplitude of the energy data was applied to ac-
count for the variations between bin widths in the
ToF1 and ToF2 data and the E1 − E2 data.

A common procedure in the subsequent analysis is to
fit a Gaussian to the measured spectrum and from there
to find the mean value and variance. Caution is needed
here due to the following points:

– According to Bohr [19], an energy-loss profile approaches
Gaussian shape for Ω ≫ Tmax ≃ 2mv2. This condition
would seem well satisfied in principle, with 2mv2 =
0.02 MeV at E = 9.3 MeV/u and Ω ranging from 1 to
4 MeV according to figure 5. However, the approach
to Gaussian shape has been found to be rather slow
[20, 21] on the basis of linear straggling theory. Quan-
titative information incorporating nonlinear straggling
is currently unavailable, but since skewness is caused
by close collisions, it must show up primarily in lin-
ear straggling, while bunching and packing must be
secondary.
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– Figure 4 shows energy spectra for Kr in He determined
as described above for three different gas pressures. It
is seen that there are tails at the ∼10% level which are
asymmetric. However, tails are present already in the
zero-pressure profile (right).

– If the slight change of the profiles from pressure 149.7
to 221.5 mbar were significant, it would imply a devel-
opment away from Gaussian shape.

– Ω2 is expected to be proportional to the gas pressure.
Therefore, plotting the square of the width is a test on
the validity of the approximation. Such a comparison is
shown in figure 5. Within the scatter of the experimen-
tal points we find it justified to force the straight-line
fit to go through the origin.

– A two-parameter fit to data like those shown in figure
5 produces a nonvanishing intercept in some cases. An
example is the case of Kr-He shown in the figure. If
this effect is real, and not just due to experimental
scatter, the straggling parameter extracted from that
set of data would be higher.

While caution is indicated, we find it justified to iden-
tify the difference between the peak positions in figure 4
as the mean energy loss. This is confirmed by comparison
of stopping cross sections with data from the literature
shown in figures 6 - 9, where we find agreement with ex-
perimental data from refs. [22–24] within 10-15 %. Sim-
ilar agreement is found with output from the empirical
interpolation code SRIM [25], which relies heavily on the
same data from refs. [22–24]. The experimental error of
our measurements arising primarily from the length of the
gas cell, and secondarily from purity of the gas and pres-
sure measurement, has been estimated to be . 5%. We
also included theoretical curves calculated by the PASS
code [26], details below. Two options for the equilibrium
charge were chosen, since stopping cross sections tend to
become increasingly sensitive to the ion charge with in-
creasing atomic number Z1 [27].

The straggling is deduced from the halfwidths of the
two spectra. Effects on the peak width from initial beam
energy spread, windows of the gas cell and detector reso-
lution are corrected for by subtracting the variance of the
spectrum without gas from the respective values with gas.

Experimental errors are derived from the Gaussian fits
in plots like figure 5. Scatter of data points within a mea-
surement series and between data sets indicate that there
is a systematic error in the range of 15-20 % that is not
shown in figures 13 - 16. This error is small compared to
the reported enhancement of Bohr straggling.

4 Theory

Stopping Cross Sections

Theoretical stopping cross sections shown in figures 6 -
9 were evaluated with standard PASS input [2], except
that Hartree-Fock charge distributions according to ref.
[28] instead of hydrogenic wave functions were used for all
targets. Two different options were applied for the mean

equilibrium charge state as a function of energy [26], a
function which we denote as the standard Thomas-Fermi
charge state,

qTF = Z1

(

1− e−v/Z
2/3
1

v0
)

(2)

as well as Shima’s expression, which also depends on the
target material [29].

4.1 Linear Straggling and Bunching

Figure 10 shows relative straggling versus beam energy of
krypton ions in noble gases and atomic nitrogen predicted
by PASS [14]. Thin dashed lines denote linear straggling,
including binding, orbital motion and projectile screening,
calculated with the same input as stopping cross sections
in figures 6 - 9, but only with standard Thomas-Fermi
charge states. It is known that linear straggling is less sen-
sitive to the ion charge since it is determined mainly by
close collisions [14]. In thick solid lines the bunching effect
has been added on the basis of eq. (19) in ref. [14], again
with the same input, except that the inverse-Bloch cor-
rection that leads over to the Bethe regime at high speed
was omitted. Impact-parameter-dependent energy losses
were evaluated according to ref. [30] with shell corrections
evaluated fully-numerically.

In accordance with previous experience [1], no Bethe-
Livingston maximum – i.e., a maximum due to orbital mo-
tion well-established for light ions – is seen in linear strag-
gling. On the other hand, a rather pronounced maximum
is found in the bunching effect which, as to be expected,
increases with increasing number of target electrons.

4.2 Charge-Exchange Straggling

In ref. [31] a fairly general expression was derived for the
contribution of charge exchange to straggling. The five
curves for Kr in He in figure 11 are all based on this ex-
pression but involve different approximations. All of them
neglect the energy loss in charge-changing events.

For a system with only two charge states the general
expression reduces to a wellknown formula by Efken et al.
[32]. The curve labelled ‘Charge 35 and 36’ is based on that
formula, ignoring all charge states except 35+ and 36+.
The curve ‘Two leading charge states’ is based on the same
formula but involving only the two charge states next to
the peak charge at the respective energy as determined by
ETACHA. The curves ‘Charge 36, 35 and 34’ and ‘Three
leading charge states’ refer similarly to the specific case of
a formula derived in ref. [31] for three charge states.

For an arbitrary number of charge states the general
expression was reduced in ref. [15] to

d∆Ω2

d(Nx)
= 2

(

dS

dq

)2

G0, (3)
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where dS/dq is the derivative of the stopping cross section
with respect to the ion charge, taken at equilibrium, and

G0 =
∑

j

Fj(qj − q)βj , (4)

βj =
∑

k

qk

∫

∞

0

dx (Fkℓ(x) − Fℓ) . (5)

Here Fkℓ(x) is the charge fraction in charge state ℓ at path-
length x for ions ininitially in charge state k at pathlength
0, and Fℓ is the equilibrium charge fraction in state ℓ.

The most important simplifications underlying eq. (3)
are the restriction to charge equilibrium and a smooth
dependence of the stopping cross section on the ion charge.

Equation (3) separates into a factor depending on the
stopping cross section, which again has been evaluated by
the PASS code, while the factor G0 is entirely determined
by charge fractions. Charge fractions have been evaluated
by the ETACHA code [33], because the code developed
by two of us [34] is not yet ready for use with ions like
krypton. On the other hand, krypton lies on the upper end
of the capability of the ETACHA code, and predictions in
the energy range of 1-10 MeV/u are not accurate, as may
be seen from figure 12.

From figure 11 it is seen that all curves nearly coincide
at energies above 50 MeV/u. Discrepancies are seen at
lower energies. Clearly, the curves ‘Charge 35 and 36’ and
‘Charge 36, 35 and 34’ must fail as the mean charge state
decreases and the charge spectrum gets broader. From
a physical point of view the continuum approximation,
which refers to eq. (3), should provide the most realistic
estimate. However, the numerical evaluation is tricky, as
was pointed in ref. [15]. We note in particular a big dis-
crepancy between the continuum approximation and two
of the other approximations at energies below 5 MeV/u in
the sign of the slope. This point is going to be the subject
of a separate theoretical study.

Even in consideration of a substantial uncertainty we
may nevertheless conclude that according to theory, charge
exchange straggling is the dominating contribution to strag-
gling for Kr ions in the energy range 1 MeV/u. E . 100
MeV/u.

5 Results

Figures 13 - 16 show our experimental results for Kr in
He, N2, Ne and Kr compared with our estimates as well
as the empirical interpolation formula of Yang et al. [3].
Data are also shown in table 1.

Almost all experimental results for Ω2 lie a factor of
10 or more above the Bohr value, with maximum values
of (88± 8)Ω2

Bohr for He, 11± 2 for N2, 14± 2 for Ne and
20 ± 8 for Kr (figures 13 - 16). While the straggling ra-
tio increases almost monotonically with increasing energy
for He, it stays essentially constant over the energy range
covered by measurements for the other targets.

Theoretical results lie consistently below the measure-
ments. This leaves room for improvement: Energy loss in

charge exchange has not yet been taken into account ei-
ther here nor elsewhere in the literature to our knowledge.
We also note that to the extent that tails in the measured
spectra could be real, experimental values would become
even greater. However, fluctuations in target thickness –
that may be significant in measurements in solids – do not
contribute here: There is a small effect from the windows,
but that drops out when the difference is taken between
the empty and the filled chamber.

The empirical formula by Yang et al. [3] comes closer
to the measurements as far as the magnitude of the strag-
gling ratio is concerned. Although this could be expected
from a formula that is based on interpolation of measured
results, not many data were available in our energy range
at the time. The energy dependence agrees reasonably well
with the experimental finding for He. However, roughly
the same energy dependence is predicted by the Yang for-
mula for the other targets, while the approximate indepen-
dence of the beam energy is better described by theory.

Comparison between the theoretical results for He and
Kr targets indicates that the large ratio for He is predomi-
nantly due to charge-exchange straggling, while that effect
contributes less than 10% in case of Kr up to 7 MeV/u.

6 Comparison with previous measurements

There are not many experimental data on straggling alto-
gether, considering the number of studies of stopping over
the years. Amongst existing studies of straggling, solid tar-
gets dominate. Moreover, studies on gas targets often refer
to light ions (H, He, Li) and/or low energies [10, 35–37].

Sykes et al. [38,39] presented data for fission fragments
in gas mixtures but did not refer to theoretical estimates.

Schmidt-Boecking [40] measured straggling of ∼0.3 – 2
MeV/u Cl ions in an Ar-CH4 gas mixture and concluded
that his halfwidths lay about a factor of two above the
Bohr value.

Geissel et al. [41,42] measured mean energy losses and
straggling for several ions in gases and solids and ener-
gies from 0.5 – 10 MeV/u. Although the main topic in
that study has been the density effect in the mean en-
ergy loss, straggling data are reported in noble gases and
nitrogen for Pb, Xe and Kr ions, several of which lie an
order of magnitude above the Bohr value. A single data
point, included in figure 16, indicates that the two sets of
measurements are compatible.

Schmelmer et al [43] measured straggling of 1 MeV/u
Ni ions in D2, Ar and solid carbon, focusing in particular
on the dependence on entrance and exit ion charge. Mea-
sured values up to about a factor of 2 above the Bohr value
were reported, but a direct comparison with our data is
not possible.

7 Conclusions

– The present measurements have shown that for kryp-
ton ions in the energy range of 2-10 MeV/u, straggling
may exceed the Bohr value by 1-2 orders of magnitude.
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– The quantitative results may to some degree depend on
the significance of the tails in the time-of-flight spectra.
If real, these tails would enhance straggling further.

– Figures 13 - 16 also show that for Kr ions, the strag-
gling ratio measured in He is an order of magnitude
larger than for N2, Ne and Kr. The formula of Yang
et al. [3] predicts a less dramatic decrease from He to
Kr.

– Quantitative agreement between estimates and exper-
iment as well as between different estimates is still
not satisfactory. An important feature still missing is
the contribution of the energy lost in charge-changing
events, which is the subject of a separate study.
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the Academy of Finland under the Finnish Centre of Excel-
lence Programme 2012-2017, by the Danish Natural Science
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Table 1. Summary of measured stopping cross sections (estimated error 5%) and straggling ratios.

Kr-He Kr-N Kr-Ne Kr-Kr

Energy S(10−15 Ω2/Ω2

Bohr Energy S(10−15 Ω2/Ω2

Bohr Energy S(10−15 Ω2/Ω2

Bohr Energy S(10−15 Ω2/Ω2

Bohr

(MeV/u) eVcm2) (MeV/u) eVcm2) (MeV/u) eVcm2) (MeV/u) eVcm2)

2.10 5.4E+2 11.4 ± 0.3 5.42 1.04E+3 20.5 ± 2.4 4.39 1.43E+3 13.5± 0.8 3.74 11.8 ± 1.7
2.29 5.4E+2 16.8 ± 0.2 5.79 1.03E+3 19.2 ± 2.4 4.72 1.40E+3 14.0± 0.2 4.27 19.6 ± 7.5
2.49 5.3E+2 19.3 ± 0.2 6.16 1.00E+3 20.0 ± 1.8 5.06 1.36E+3 12.4± 1.9 4.55 18.5 ± 1.8
2.69 5.2E+2 18.2 ± 4.1 6.54 9.8E+2 20.2 ± 1.4 5.42 1.33E+3 11.0± 1.3 5.43 3.3E+3 10.5 ± 0.2
2.90 5.1E+2 21.4 ± 2.1 6.94 9.5E+2 20.3 ± 1.2 5.78 1.30E+3 10.9± 1.4 5.79 3.3E+3 10.93 ± 0.04
3.12 5.0E+2 24.5 ± 2.1 9.37 8.3E+2 21.6 ± 2.1 6.16 1.26E+3 12.3± 1.0 6.17 3.2E+3 11.0 ± 0.7
3.34 4.9E+2 29.0 ± 0.2 9.36 8.5E+2 14.1 ± 0.8 6.54 1.24E+3 12.3± 1.9 6.55 3.2E+3 11.5 ± 0.5
3.58 4.8E+2 34.0 ± 0.9 6.94 1.20E+3 11.8± 1.3 6.95 3.1E+3 9.48± 0.17
3.82 4.7E+2 40.5 ± 2.9 7.35 1.17E+3 10.8± 1.7 9.37 2.9E+3 9.34± 0.85
4.07 4.6E+2 41.2 ± 2.7 9.36 1.05E+3 4.6± 0.2 9.36 2.8E+3 6.13± 0.51
4.32 4.6E+2 50.7 ± 7.2
4.74 4.3E+2 39.3 ± 3.4
5.07 4.2E+2 50.2 ± 3.0
5.43 4.1E+2 63.5 ± 3.4
5.79 4.0E+2 72.0 ± 3.1
6.17 4.0E+2 81.3 ± 2.8
6.55 3.9E+2 86.3 ± 2.1
6.95 3.8E+2 85.5 ± 5.4
7.36 3.7E+2 87.9 ± 8.5
9.37 3.0E+2 44.6 ± 3.3
9.38 3.1E+2 47.4 ± 1.1
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Fig. 1. Experimental configuration. The beam enters from the left. A removable wire harp allows for energy degradation to
produce ions with different ME/q2 that are selected by the magnetic dipole [16].
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beam: 82Kr

target: 221.5 mbar He
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Fig. 2. Scatter plot of ToF1 versus ToF2 for 82Kr on 221.5 mbar He (higher ToF channels correspond to lower energies). Several
groups of ion energies are visible.
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Fig. 3. Scatter plot of energy E2 versus energy E1 for 82Kr on 221.5 mbar He. Green dots indicate three groups of uncorrected
data. The blue line corresponds to the energy correlation between energy 1 and 2. The red dots belong to the central energy
group but are shifted vertically in proportion to the horizontal distance from the peak maximum to correct for the energy
correlation.
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Fig. 4. Energy spectra for 350 MeV Kr on He at three pressures.
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Fig. 5. Straggling Ω2 versus pressure for 82Kr on several gases at 9.3 MeV/u. Solid lines are fits to the data, forced to go
through the origin, while dashed lines represent Bohr straggling.
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Fig. 6. Stopping cross sections for Kr in He. Present measurements compared to experimental data from Bimbot et al. [22]
and Herault et al. [23]. Also included are data from SRIM [25] and PASS [26], the latter for two different expressions for the
mean equilibrium charge specified in ref. [26].
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Fig. 7. Same as figure 6 for Kr in N2.
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Fig. 8. Same as figure 6 for Kr in Ne. Also included are experimental data from Geissel quoted by Paul [24].
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Fig. 9. Same as figure 8 for Kr in Kr.
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Fig. 10. Straggling of krypton ions in noble gases according to the PASS code [14]. Thin dashed lines denote linear straggling.
Thick solid lines: Including bunching. Charge-exchange straggling ignored.
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Fig. 11. Charge exchange straggling for Kr in He. See text.
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Fig. 12. Equilibrium charge states calculated by ETACHA, compared with the standard Thomas-Fermi charge eq. (2) and the
empirical interpolation formula from Schiwietz & Grande [44].
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Fig. 13. Relative straggling for Kr in He, N2, Ne and Kr. Present measurements compared to present calculations (Linear,
bunching, packing and charge exchange) as well as empirical formula by Yang et al. [3].
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Fig. 14. Same as figure 13 for N2.
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Fig. 15. Same as figure 13 for Ne.
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Fig. 16. Same as figure 13 for Kr. A single point from Geissel et al. [41] has also been included.


