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Abstract

We study the homeomorphisms of finite distortion from the unit ball
onto cusp domains in R?. Based on some works of Juhani Takkinen and
Pekka Koskela in R?, we are interested in the class of homeomorphism
of finite distortion with the distortion function K is locally exponen-
tial integrable, which means there exists some constant A > 0 such that
exp(AK(z)) is locally L'-integrable. This class of homeomorphisms
share many similar topological and geometric properties with quasicon-
formal mappings.

The origin of the problem can come back to Riemann mapping theo-
rem, which characterize the domains in the complex plane C that can be
obtained as a comformal image of the unit ball B*(0,1). But for higher
dimensional case, this kind of Riemann mapping problem is pretty diffi-
cult, even for quasiconformal mappings, it is still open. Then we choose
the special cusp domain in R? to study, maybe it will give us some in-
spiration in how to do this kind of problems.

Key words and phases: Homeomorphism of finite distortion, Rie-
mann mapping theorem, cusp domain, locally exponential integrable.
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1 Introduction

In this thesis, we are interested in homeomorphisms of finite distortion from the unit
ball B3(0,1) C R3 onto a cusp domain Q, C R®. The cusp domain €, is the set:

(1.1) Q, = B30,v2)\ {x = (11, m9,73) ER®: 0 < wy,\/23 + 22 < x}“} :

See Figure 1 below.

X1

Figure 1: Cusp domain 2

Definition 1.1. We say that a homeomorphism f : Q — f(Q) C R on an open
set Q C R? has finite distortion if f € WE'(Q,R3) and there is a function K : Q —

loc

[1, 00] with K(x) < oo almost everywhere such that
(1.2) IDf(x)]* < K(2)Jj (),

for almost all x € Q. Here |Df(x)| := sup{||Df(x)el| : e € S*(0,1)} and S?*(0,1) is
the unit sphere in R3.

If there is a constant K > 1 such that K;(z) < K for a.e. x € 2, we call f a K-
quasiconformal mapping. This is the so called analytic definition of quasiconfromal
mappings. We will give the geometric and metric definitions of quasiconformal
mappings. For equivalence of these definitions in the Euclidean case, see [16].



For a homeomorphism of finite distortion we define the optimal distortion func-
tion as

|Df(z)?
(13) Ki(z) =4 90 for all x € {J; > 0},
1 for all z € {J; = 0},

From now on, we only use the optimal distortion function.

In fact, there are different distortion functions. We call Ky(x) as the outer
distortion function of f. And sometimes, we also use the notation K} (x) for the
outer distortion function. The optimal inner distortion function of f (f has finite
distortion a.e.) is defined by

|D* f(@)[?
(1.4) Ki(x) =4 Gy foralle el >0},
1 for alll’e {(]]L':O}7

Here D# f(x) is the transpose of the cofactor matrix of Df(z), i.e. the matrix of
the 2 x 2 subdeterminants. We call K7 (z) the inner distortion function of f. These
distortion functions coincide for n = 2 but in general they are different for n > 3.
And by a simple computation, we have the following double inequality

(K{(2))? < Ky(z) < (K)(2))%

see [7, Chapter 7].

Based on [16, Page 62] and [10, Page 81-82], we know that there does not exist a
quasiconformal mapping from the unit ball B3(0,1) C R? onto the cusp domain
for any s > 0. The fact that quasiconformal mappings preserve n-capacity up to a
constant plays a fundamental role in the proof of this result. For the convince of the
reader, we will give the proof of such nonexistence result. We follow the argument
in [10]. Here the capacity is a way to estimate the distance and the size of two sets
in Fuclidean space. We will give the exact definition of capacity in Section 2. From
the definition, we see that homeomorphisms of finite distortion are generalizations
of the class of quasiconformal mappings. Thus it is natural to ask whether there
exists a homeomorphism of finite distortion from the unit ball B3(0,1) C R* onto
the cusp domain €2, or not? More precisely, we hope that the distortion function of
the homeomorphism of finite distortion is locally exponentially integrable. We say
K¢(z) is locally exponentially integrable means that there exists a constant A > 0
such that exp(AK(z)) € L}, .(B*(0,1)). This class of homeomorphisms of finite
distortion share many topological and geometrical properties with quasiconformal
mappings.

For this kind of Riemann mapping problem for homeomorphisms of finite dis-
tortion, we obtain the following three results. Both existence and non-existence are
contained. First, we describe the existence result:



Theorem 1.2. For every s > 0, there exists a homeomorphism of finite distortion f
from B3(0,1) onto the cusp domain Qg such that its distortion function K; satisfies

exp(AK}(2)) € Ly, (B(0,1)),

for all0 < X and all 0 < v < 1.

To prove the result above, we will construct a suitable homeomorphism from the
unit ball B3(0,1) onto the cusp domain €.
We will also obtain the following two non-existence results:

Theorem 1.3. For any s > 0, there does not exist a homeomorphism of finite dis-
tortion f from the unit ball B3(0,1) onto the cusp domain Qs such that its distortion
function Ky satisfies

(1.5) Ji(x) exp(AK  (z)) € LL,.(B*(0,1)),

loc
for any A > 0.
Another one reads as following.

Theorem 1.4. For any s > 0, there does not exist a homeomorphism of finite
distortion from the unit ball B3(0,1) onto the cusp domain € such that its distortion
function Ky satisfies

exp(AK7}) € L, (B*(0,1)),

loc

forany)\>0andfy>%.

The method of estimating the capacity has been used in the proofs of Theorem 1.3
and Theorem 1.4. For proving Theorem 1.4, we need the sharp modulus of continuity
of homeomorphisms of finite distortion. These concepts will be explained.

From Theorem 1.2 and Theorem 1.4 above, the case of v € [1, 2] is still open.

12
And we have the following conjecture.

Conjecture 1.5. For any s > 0, there does not exist a homeomorphism of finite
distortion from the unit ball B3(0,1) onto the cusp domain S such that its distortion
function Ky satisfies

exp(AK7) € Lb,(B*(0,1)),

for any A >0 and v > 1.

For the case v = 1, we believe there would exist such a homeomorphism f :
B3 — Qg with exp(AKy(z)) € L,.(B?) for sufficiently small A > 0. And for large

loc
A > 0, there does not exist a satisfying homeomorphism.
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2 History

Our final goal is to give a geometric characterization of the image of the unit ball B3
under a homeomorphism of finite distortion with a locally exponentially integrable
distortion function. This is the homeomorphism of finite distortion version of the
Riemann mapping theorem. Unfortunately, even a quasiconformal version of such
problem is not known. The class of homeomorphisms of finite distortion is a gener-
alization of the class of quasiconformal mappings; and the class of quasiconformal
mappings is a generalization of the class of conformal mappings. Next, we return to
conformal mappings.

2.1 Conformal mappings

Conformal mappings play a fundamental role in complex analysis. Let C denote the
complex plane, a complex-value function f : C — C has a derivative at z; € C, if

the limit
) i L) =T

Z—20 Z — ZO
exists. Let us give the definition of conformal mappings in the complex plane.

Definition 2.1. A complez-valued function f(z), defined on an open set Q C C, is
said to be conformal in Q) if it is a homeomorphism and it has a derivative at each
point of €Q.

Conformal mappings enjoy many interesting properties. One of the most impor-
tant one is the Riemann Mapping Theorem. Intuitively, a domain U C C is said
to be simply connected if it is path-connected and there is no hole inside. Path-
connected means that for every two points x,y € U, we can find a curve in U with
endpoints x and y. We call v C U a curve, if we can find a continuous mapping from
[0,1] onto ~y. If there is a conformal mapping from a domain U C C onto another
domain V' C C, then we say that V' is analytically isomorphic to U. Indeed the in-
verse of a comformal mapping is also comformal, so we can say U is also analytically
isomorphic to V.

Theorem 2.2. Let U be a simply connected open set which is not the whole plane.
Then U is analytically isomorphic to the unit disc in the plane. More precisely,
gen zo € U, there exists a comformal isomorphism

f:U — B*0,1)

from U onto the unit disc, such that f(z9) = 0. Such an isomorphism is uniquely
determined up to a rotation, i.e. multiplication by e for some real 0, and is therefore
uniquely determined by the additional condition

f(z) > 0.
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A proof of this result can be found in almost any complex analysis textbook, see
e.g. [1, Theorem 1, Chapter 6.

From the theorem, we know that every simply connected open set which is not
the whole plane is conformally equivalent with the unit disc in the plane. Since the
inverse of a comformal mapping and the composition of conformal mappings are still
conformal mappings, two planar simply connected domains are always comformally
equivalent. However in the higher dimensional spaces, this is not correct.

A conformal mapping f : Q — f(€) is a l-quasiconformal; that is |Df(x)
J¢(x) for every x € Q. We use 1-quasiconformal mapping to extend the class of
conformal mapping to R"(n > 3). By a very famous theorem of Gehring, we know
that every 1-quasiconformal mapping in high dimension (larger than 2) is simply the
Mobius transformation. Recall that a Mobius transformation is a finite composition
of reflections with respect to spheres and hyperplanes.

|2_

Theorem 2.3. Let Q,Q C R", n > 3, be domains and f : Q — Q be a 1-
quasiconformal mapping. Then f s the restriction of a Mobius transformation to
Q.

Proof. See e.g. P. Koskela’s lecture notes [10]. O

We know that Mobius transformations transfer the unit ball to a ball or a half
space, and for every ball or half space, we can find a Mobius transformation which
transfers it to the unit ball. So in higher-dimension space, if a domain €2 is 1-
quasiconformally equivalent to the unit ball, then 2 must be a ball or a half space.

Next, we discuss some basic results about quasiconformal mappings.

2.2 Quasiconformal mappings

There are several definitions of quasiconformal mappings, e.g. analytic (Just let
K¢(z) be uniformly bounded from above, see Definition 1.1), metric and geometric.
J. Viisala proved all these definitions are equivalent in R3, see [16]. In this thesis,
we just use the analytic definition of quasiconformal mappings. For those readers
who are interested in the other definitions of quasiconformal mappings, we refer to
Viisald's book [16].

We need the modulus of a curve family. Curve family means the family whose
elements are locally rectifiable curves. A curve in R? is a continuous map ~ of an
interval I C R into R®. We usually abuse terminology and call v both the map
and the image y(I). If I = [a,b] is a closed interval, then the length of a curve
v:I —R3is

I(7) = length(y) = sup Z (i) — v(tia)l,
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where the supremum is taken over all sequences a =t <ty <--- <t, <t,.1 =0
If I is not closed, then we define the length of v to be the supremum of the lengths
of all closed subcurves of 7. A curve ~ is rectifiable if its length is finite, and it is
locally rectifiable if all its closed subcurves are rectifiable.

We will not distinguish among open, closed, or half-open intervals when they
are domains of a curve; such distinction makes no difference in the forthcoming
discussion. Notice, however, that if v : I — R? is rectifiable and I is not closed,
then ~ has a unique extension to a rectifiable curve defined at the endpoints of I,
where “endpoints” should be understood in the generalized sense if I is unbouned.
(Strictly speaking, this extension takes values in the completion of R3, but we ignore
such issues here.)

Any rectifiable curve v factors

(21) Py:’ysos'ya

where S, : I — [0,1(7)] is the associated length function and ~, : [0,1(v)] — R? is
the unique 1-Lipschitz continuous map such that the factorization in equation (2.1)
holds. The curve 7, is the arclength parametrization of ~.

If v is a rectifiable curve in R3, the line integral over ~ of a Borel function

p:R3—[0,00] is
W)
/pds = / poys(t)dt.
0% 0

If ~ is only locally rectifiable, we set

/pds:sup/ pds,
8! Y

where the supremum is taken over all rectifiable subcurves 4 of 4. If v is not
locally rectifiable, no line integrals are defined. Now we can give the definition of
the modulus of curve family.

Definition 2.4. Suppose that I' is a curve family in R®. That is, the elements of
[ are curves in R3. We denote by F(T) the set of all nonnegative Borel functions

p:R3 — [0,00] such that
/pds > 1,
y

for every locally rectifiable curve v € I'. For each p > 1 we set

peF(T)

M,(T) = inf /R prdm.

If F(T') = 0, we define M,(T") = oo.
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Here and what follows, we use the notation M (I") := M;(I") for a curve family
. Suppose that f: D — D’ is a homeomorphism, where D and D" are domains in
R3. Consider a curve family I' in D and its image family I' = {f oy : v € I'}. If
f is conformal, then we can prove M (I") = M(I'). This fact can be generalized for
quasiconformal mappings, see [16].

Corollary 2.5. Suppose that f : D — D' is a K -quasiconformal mapping, where D
and D' are domains in R®. Then there exists a constant K, which just depends on
K and the dimension 3, such that

(2.2)

for every curve family T in D.

In fact, we can use inequality (2.2) to define quasiconformal mappings. Let
f: D — f(D) be a homeomorphism. If for every curve family T" in D, the inequality
(2.2) is satisfied, then we can prove that f is a quasiconformal mapping. It is the
so-called geometric definition of quasiconformal mappings.

Corollary 2.6. Let f : D — f(D) be a K-quasiconformal mapping, where D is a
domain in R3. Let x € D and r > 0. Define

Ly(x,r) :=sup{|f(z) — f(y)| 1y € D,|z —y| <r},

ly(w,r) = inf{|f(z) — f(y)| 1y € D, |z —y| > 7},
and

L
Hy(z,r) = f@’r).

Le(x,r)
Then there exists a constant H < oo which just depends on K and the dimension 3,
such that

H¢(x) :=limsup Hf(z,r) < H

r—0

forallz € D.

We can also use Corollary (2.6) to define quasiconformal mappings. If a homeo-
morphism f : D — f(D) satisfies the result in the last corollary, then we can prove it
is a quasiconformal mapping. That is the so-called metric definition of quasiconfor-
mal mappings. Using this definition we can extend the definition of quasiconformal
mappings to general metric spaces.

As we emphasized before, it is a difficult problem to characterize the domains in
Euclidean n-space that can be obtained as a quasiconformal image of the the unit
ball B"(0,1). It is a type of n-dimensional Riemann mapping problem. Gehring
[3] reduced this problem to look at the boundary of domain. He showed that if a
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quasiconformal mapping exists from a neighborhood of the boundary of a domain
onto a neighborhood of S"1(0,1) in B"(0,1), then a quasiconformal mapping exists
between the domain and B™(0,1). But unlike the Riemann mapping theorem (which
solves the problem for n = 2), no conditions pertaining solely to the boundary have
been discovered which guarantee a domain to be quasiconformally equivalent to
B"(0,1).

2.3 Homeomorphisms of finite distortion

The class of homeomorphisms of finite distortion is a generalization of the class of
quasiconformal mappings, see Definition 1.1. Notice that when K;(x) € L>®(Q), we
recover the class of quasiconformal mappings. In this thesis, we will study home-
omorphisms of finite distortion from the unit ball B3(0,1) onto the cusp domain
defined in (1.1).

3 Relative methods

In the proof of these results we got, we should use following several basic tools.

3.1 Sobolev functions

Theory of Sobolev functions is one of indispensable tools in some aspects of modern
mathematics, such as analysis, PDE and so on. In this subsection, we give the
definition and some properties of Sobolev functions. Throughout this subsection,
let Q denote an open subset of R®. And f € C§°(2) means that f is smooth and
supp(f) :={z: f(z) # 0} C Q is compact.

Definition 3.1. Asssume f € L (), i =1,2,3. We say g; € L, .(Q) is the weak

loc loc
partial derivative of f with respect to x; in € if

dp
(3.1) /Qf(?xidx_ /ﬂglgodx

for all p € C§°(92).

By (3.1), we get that the weak partial derivative with respect to z;, if it exists,
is uniquely defined almost everywhere. We write

gj; =g (i=1,2,3)
and
Df = (ﬁ} of ﬁ) |
Oxy Oxy Oxs
provided the weak derivatives %, a% and a% exist.
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Definition 3.2. Let 1 < p < oo, the function f belongs to the Sobolev space WP (Q)

if f € LP(Q) and the weak partial derivatives 5{_ exist and belong to LP(Q), i =

1,2,3. And we say [ belongs to I/Vllocp(Q_) if f € WY2(V) for each open set V CC Q.
Here V-.CC Q means that V. C Q and V C Q. And if f = (f1, f2, f3) is a map from
QCR3 toR? and f; € WP(Q) for every i = 1,2,3, then we say f € WHP(Q,R3).

If feWh(Q) we define

||f’|W1vP(Q) = (/ﬂ IfIP + |Df|pdx>

1[I0y = esssup (|f] +[Df]).

for 1 < p < o0, and

Here we denote esssupg, f :=inf{a € R: [{x : |f(z)| > a}| = 0}. We say a sequence
of functions { [z}, C WP(Q) converges to a function f € WP(Q) in Wh?(Q),
if ||fr — fllwir@) converges to 0 as k goes to infty. And f — f in I/Vlif(Q) if

1 fr — fllwreqv) for each V- CC Q. We are also interested in a subspace of W?(Q).

Definition 3.3. For 1 < p < oo, we define Wy™"(Q) as the completion of C3°(Q) in
WhP-norm.

Sobolev functions enjoy many interesting properties. We will give three proposi-
tions and for the proofs of these results, see [7, Theorem A.15].

Proposition 3.4. Let u € W'P(Q) for 1 < p < oo, then u has a representative @
(That means |{x € Q : u(z) # u(x)}| = 0) that is absolutely continuous on almost
all line segment in 0 parallel to the coordinate axes and whose (classical) partial
derivatives belong to LP(£2).

Proposition 3.5. For every Sobolev function u € WP(Q) for 1 < p < oo, there
exists a sequence {@;}32, C C*(Q) so that p; — u in LP(Q) and {Dy;}; is a
Cauchy sequences in LP(S).

Indeed, from the proof of Theorem A.15 in [7], both two propositions above are
equivalent to the definition of Sobolev functions.

Proposition 3.6. Let u € W'*(5B) and let p > 3. Then

)l COk (/B(:E,chy) lD“|p>;

for all Lebesque points x,y € B of u.
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Since the topic of this thesis is homeomorphisms of finite distortion, from now
on we discuss some results about such homeomorphisms.

Definition 3.7. Let Q C R3 be an open set, p € [1,00) and o € R. We say
f:Q — R belongs to the space LPlog® L(Q2) if

/Q |f(z)[Plog®(e + | f(z)|)dx < .

We say that f € LPlog® Li,.(Q2) if f € LPlog® L(V) for all subdomains V CC Q.

Lemma 3.8. Let f € W1 '(Q,R3) be a homeomorphism of finite distortion and

loc

suppose there is A > 0 such that exp(AK;) € L} (Q). Then |Df| € L™log™" Li,e(9),
and we have that f is differentiable a.e.

Proof. See [7, Lemma 2.8 and Corollary 2.25]. O

3.2 Lusin (N) and (N!') Condition

Definition 3.9. Let Q C R? be open. We say that f : Q — R3 satisfies the Lusin
(N) condition if

for each EC Q such that |E| = 0 we have |f(E)| = 0.

From the mathematical point of view this property plays a crucial role in the
change of variables formula which is an essential tool in the proof of Theorem 1.3.
Now we show that Lusin (N) condition implies the change of variables formula.

Theorem 3.10. Let f € VVI})C1 (Q,R3) be an orientation-preserving homeomorphism

and let  be a nonnegative Borel measurable function on R®. Then
(32) [ atrangsais < [ atay
Q £(@)
and if f satisfy Lusin (N) condition, then there is an equality above.
Proof. See [7, Theorem A.35]. O
And we can see that Sobolev homeomorphisms are pretty good in this sense.

Theorem 3.11. Let Q C R? be open and let f € W/ll’3(Q, R3) be a homeomorphism.

oc
Then the continuous representative of f satisfies the Lusin (N) condition.

Proof. See [7, Theorem 4.5]. O

Now using this theorem, we can prove that for the homeomorphism of finite
distortion whose distortion function satisfies the equation (1.5) enjoys the Lusin (N)
condition.
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Theorem 3.12. Let f : B3(0,1) — f(B?3(0,1)) be a homeomorphism of finite dis-
tortion with the distortion function satisfies (1.5), then f satisfies the Lusin (N)
condition.

Proof. Let M be a compact subset of B3(0,1). By the distortion inequalities (1.3),
(1.5) and Holder’s inequality, we can get

[ pr@par< [ x5t

< (/M Kj%(x)Jf(x)dxf : (/M Jf(gc)d:c)é < 00.

1
By (1.5), we know that Jy(z)exp(AK7 (x)) € Ly,.(B*(0,1)), then we can get that

loc
1
([ K7(2)Jp(2z)dx)? < oo immediately. Since f is a homeomorphism which maps
a compact set to a compact set, then we have ([, J;(z)dz)?® < IF(M)|z < .
Then by Theorem 3.11, we know f € W2*(Q,Q') and f satisfies the Lusin (N)

ocC
condition. O

In many applications it is also important to know when the preimages of null
sets are null sets.

Definition 3.13. Let Q C R3 be open. We say that f : Q — R? satisfies the Lusin
(N1 condition if

for each E C f(Q) such that |E| = 0 we have |f~(E)| = 0.

The next theorem shows that, for the validity of the (N~!) condition, it is enough
1

to assume that the distortion satisfies Ky € L7, provided f is a homeomorphism
of finite distortion.

Theorem 3.14. Let f € W2 (Q,R?) be a homeomorphism of finite distortion with

loc

K} € L, (). Then Jg(x) > 0 a.e. in Q and hence f satisfies the Lusin (N~7)

loc
condition.

Proof. See [7, Theorem 4.13]. It gives a more general result. O

3.3 Capacity estimates

First, let us give the definition of p-capacity between two sets E and F' in a domain

Q.
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Definition 3.15. Let E and F be two sets in a domain Q C R?, let A(E,F;Q) :=
{fucWi(Q):u>1 on F and u<0 on E}. For every p > 0 we define the
p-capacity between E and F with respect to €2 by

Cap,(E, F;Q) inf /|Du|pd:v

uEA (E,F;Q)

For us the most interesting one is the 3-capacity, since it is conformally invariant.
So we also call it con formal capacity (variational 3-capacity, 3-capacity). And by
Proposition 3.5, W51 () N C>(Q) is dense i in WEH(Q) in WP-norm, so we can also

loc

take the admissible function in the class ;> (Q) ﬂ C>*(Q).
For K-quasiconformal mappings f : Q C R’ S f(Q) C R3, we have

(3.3) %Ca]%(E?F;f(Q)) < Cap,(f71(E), [T1(F); Q) < KCaps(E, F; f(Q)).

For the proof of (3.3), see the more general result Lemma 3.18.
For 3-capacity, basic estimates are:
() ECE,FCF and QCQ, then

(3.4) Caps(E,F;Q) < Caps(E', F: Q).
(ii) If B(x,r) C B(z, R) C Q, then
(3.5) Caps(B(x,r),S*(z, R); Q) = Caps(B(z,r),S*(x, R); B(z, R))

_w
" (log £)*

Here wy is the (2)-dimensional volume of the unit sphere S%(0,1). In fact, the in-
equality can also be reserved. Indeed if u € A(B(x,r), S?(z, R); B(z, R))NC>®(B(xz, R)),
then the fundamental theorem of calculus and Hoélder’s inequality give

R
1< / | Du(tw)|dt

R
< / | Du(tw)|t5 3 dt

(['8) ([

for every w € S%(0,1). The desired inequality follows by raising the both sides of
this inequality to the power 3 and integrating over S?(0, 1) with respect to w.
(iii) If £, F C B(z,r) are continua with
min{ diam F, diam F'}
r

251>0a
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then
(3.6) Caps(E, F; B(z,r)) > 0(6;) > 0.

According to the definition of capacity, the estimates (i) and (ii) are obvious. For
(iii), we can find the proof of a more general result in [5].

Now we estimate of p-capacity, 2 < p < 3, between the two continuum in a 3-
dimension ball. The proof of the result is based on the Sobolev imbedding theorem
on spheres.

First for a L'-integrable function w, we denote f ,w(z)dx = ﬁ [ w(z)dz, here
A is a measurable set.

Lemma 3.16. Let p > 2 and u € W'P(B3(0,R)). Then up to a measure-zero set
in B3(0, R), for almost every t € (0, R) and almost every x,y € S*(0,t) we have

1) |mm—uwnscw(/;@JDmﬁ;,

where C' = C(p) and S*(0,t) is the 2-dimensional sphere centered at the origin with
radius t.

Proof. See [7, Lemma 2.19]. O

Lemma 3.17. Let E and F be two continuum in a ball B3(a,r), and assume that
there exists constants 0 < A < B < 1 such that S*(a,t)NE # (§ and S*(a,t)NF # ()
for every t € [Ar, Br]. Let p € (2,3) be fized, suppose that v € WIP(B3(a,r),R) is
continuous and satisfies: u=0 on E, u=1 on F and 0 < u(x) < 1. Then there is
a constant C(A, B,p) > 0 such that.

/ |DufPdz > C(A, B, p)r®?.
B3(a,r)
Proof. By the Fubini’s theorem, u € W?(S%(a,t)) for a.e. t € [Ar,Br]. Then

by inequality (3.7), for a.e. t € [Ar,Br| and almost all x € E N S*(a,t) and
y € FNS?%a,t), we have

< o) —uly)| < Clo—yF ([ Dutopas)”
S2(a,t)

<ot s ( / |Du(x)|pd5) "
S2(a,t)

Here dd means we integral with respect to the area measure of sphere. Thus we have

/ |Du(x)|Pds > Ct*™P for a.e. t € [Ar, Br],
S2(a,t)
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which yields the desired conclusion

/ | Du(zx)[Pdx > Cl/ t2Pdt > Cor P
B3(a,r) [Ar,Br]
Ci1(B3~P—A3~7)

3—p

3.4 Kyand Kif - inequalities

We give the so-called Ky and Kif—inequalities in the following lemma, and the proofs

are based on the change of variables formula. For a L'-integrable function w > 0
almost everywhere, we denote the weighted capacity by

(3.8) Capi(E,F;Q) = inf /Q |Dp(z) Pw(x)de.

HEA(E,F;Q)
Here Q C R3 is a domain, and E, F are compact subsets of €.

Lemma 3.18. Let f be a homeomorphism of finite distortion from Q to Q', and let
E and F be two continuum in 2. Then we have

/

Capy™ 1B, F,Q) < Caps(f(E), f(F);Q),

and

/

Capy(B, F;Q) < Capy ™" (£(E), (1) Q).
Proof. Since f = (f1, fo, f3) € WEI(Q,Q), by Proposition 3.4, we know that f;,

loc
1 = 1,2, 3, is absolutely continuous on almost all line segment in 2 parallel to the
coordinate axes. Let p € A(f(E), f(F);Q) N C>®(Q) be an admissible function,
then p o f is absolutely continuous on almost all line segment in €2 parallel to the

coordinate axes and (classical) partial derivatives exists. Even we have

Opo f)(x)  ~=0ulf(z)) 0fi(x) .
Ox; _; Ox . =123

)
j 81?2

Then

Do o) = (20D, BIED ITEDY _ 5001 Do),

and |Dpo f(z)| < |Du(f(x))|-|Df(x)]. By the argument above we get that po f(z)
satisfies Proposition 3.4, then we know po f(z) € WL (Q) and po f(z) € A(E, F;Q).

Then by distortion inequality (1.2) and change of variables formula (3.2), we have

|Dpo f(z)]?
Q Ky(z)

C’ap;/Kf(z)(E, F;Q) < dx
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plosr
< [ 1Ducr) K

< [ 1Duts@)PIyta)ds

< [ 1Dty
Q

and
Caps(E, F;0) < /Q Dpo f(x) *d
< [ IDutsa) DS @)
< [ IPutre)P Kste)Ia)da
< | IDH) PR )iy
Since yu is arbitrary, we get the desired result. 0

3.5 Orlicz functions

In this subsection, we introduce some results on Orlicz functions. Our results have
the standard assumptions that

(3.9) exp (A(Ky(x))) € Ly,o(B(0,1))
for some special Orlicz function A. Let us give the definition of Orlicz functions.

Definition 3.19. We call a strictly increasing function A : [0,00) — [0, 00) with
A(0) =0 and lim;_,, A(t) = oo an Orlicz function.

Indeed someone always assume that Orlicz functions are also differentiable. In
this thesis, we will always assume our Orlicz function A satisfies several conditions,
for example, we assume that A satisfies

= A(s) 1 [lC/exp{AmN/P 1
1 A e 2 _
(3.10) /1 . ds 5/0 A (log C/tﬁ)dt 00

for all C,8 > 0. We wish to warn the reader that the conditions (3.9) and (3.10)
do not imply Kf(x) to be even locally integrable and thus an additional technical
assumption on A must be posed. To fill up this gap, we assume that A satisfies also
the following condition:

(3.11) Jto € (0,00) : A (t)t — o0 ¥t > t.
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It was proven in [13] that, under these assumptions on the distortion function, a
mapping f of finite distortion is continuous. It was also shown in [13] that assump-
tion (3.10) is sharp for continuity.

In this section, we associate with A two other Orlicz functions:

O(t) = texp(A(t)),

(3.12) P(5>:q>+(s)_1’ s> 0, and P(0) =0

We notice that ® is strictly increasing, since A is strictly increasing. Therefore the
inverse function ®~! is well defined. We immediately have

(3.13) P(®(t)) = exp(A(t)) — 1.

Then for the Orlicz functions above, we have the following proposition from [13] and
three lemmata from [11].

Proposition 3.20. Assume that A is an Orlicz function satisfying (3.10) and (3.11).
Then for the associated Orlicz function P defined in (3.12), we have the pointwise
iequality

(3.14) P(KJ) < J+exp(AK)) —1

for all K, J > 0, where the Orlicz function P satisfies the integrability condition

(3.15) /OO Ps) s —

52

and also for every 0 < €, there exists a constant sy > 0 such that we have
(3.16) (s P(s)) <0< (s P(s))

for all s > sg.

Proof. For the proof of (3.14) and (3.15), we just use the assumption (3.10).
Indeed, by the change of variables s = ®(¢), (3.12) and (3.10) we obtain

/°° Pls)+ 1, _ /°° (P(®(t)) + 1)<1>’(t)dt

2

ay S D ()2
30
- /1 o
_ /°° (1 —i—tA'(t))eXp(.A(t))dt
A t? exp(A(1))
1 At
= /1 (t_2 T) dt = oo.
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This proves (3.15). Regarding (3.14), we distinguish two cases; naturally we may
assume K # 0 # J. If KJ < ®(K), then by (3.13)

P(KJ) < P(®(K)) = exp(A(K)) - 1.
If K.J > ®(K), then

KJ KJ
PKJ])=———7--1<—-1=J-1.
(KJ) d-1(KJ) - K
This proves (3.14). Regarding (3.16), we just need to use (3.11), we divide the proof
into two cases; when € > 1, it is obviously that s~1 P(s) is increasing as the product
of two positive increasing functions. For 0 < € < 1 we define h(s) = s 'P(s) and
hi(s) := h(s) + s 1. By (3.13)

hi(®(t)) = (1) 11+ P(®(t))) =t T exp(eA(t)).

Hence

(h(®(1))" =t exp(eA(t))[eA () — (1 - €)].

By (3.11) we find a ty such that hy(®(t)) increases for ¢t > t;. We conclude that
h(s) = s7H(P(s) + 1) — s ! is increasing on (sg, 00), where sg = ®(t).

We define H(s) = s~'P(s), then H(®(t)) = 2 — ZL=. Then (H(®(t))) = 2(1 —

EION 2

exp(i‘(t))) + tex’i(i)(t)) and it is always negative. So H(®(t)) is decreasing. And since
®(t) is an Orlicz function, so H(s) = s7'P(s) is also decreasing. O

Lemma 3.21. Assume that A is an Orlicz function satisfying (3.11), and let p €
[1,00). Then there exists ts := ta(p, A) € (0,00) such that the function

t — t P exp(A(l))
is increasing on (tg,00).
Proof. The claim follows from the identity

S exp(A(1) = 7 exp(A) A ()t ).

O

Lemma 3.22. Assume that A is an Orlicz function satisfying (3.11), and let p €
[1,00). Then there exists t3 := t3(p, A) € (0,00) such that the function

t

" I og )

is increasing on (t3,00).
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Proof. Because

Lo (40)c - (40) (01,

by Lemma 3.21, we find a number %Vo(p, A) such that exp (&> t~1 is increasing for

P
t> %vo. We conclude that

. exp <A<A71 (ploe t)))
A1 (logtr) A l(plogt)
is increasing on (t3,00), where t3 = exp(A(ty)/p). O

Lemma 3.23. Assume that A is an Orlicz function satisfying (3.11), and let p €
[1,00). Then there exists ty == t4(p, A) € (0,00) such that the function

t = exp (A (t%»

is convez on (ty,00).

Proof. Because

Lo (4(1)) = Lo (4 () 4 ()

it suffices to show that the function
exp (A (t%))

t

t—

is increasing for large values of ¢. This holds by Lemma 3.21, and so the claim
follows. O

3.6 Weakly monotone functions

As the beginning of this subsection, we first introduce the definition and some results
about monotone functions.

Definition 3.24. Let u be a continuous function in a domain D C R3 and let u
have boundary values at each point of 0D. We say that u is monotone in D if

supu =supu and infu=infu
OA A OA A

for each domain A C D.
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We have the following proposition for monotone functions.

Proposition 3.25. A function u is monotone in D C R? if and only if there exists
no domain A C D such that u is constant on A without being constant in A.

Proof. First, we prove the necessity. If there is a domain A C D such that u = C'
(Here C'is a constant.) on 0A without being constant in A. Then, there must be
a point © € D such that u(z) < C or u(x) > C. It contradicts the fact that u is
monotone in D.

For the sufficiency, assume w is not monotone in D, then there exists a domain
A C D such that we have supyp u < supp u or infga u > infa u. We consider the
first case supyp u < supy u, for another case the proof is similar. By the topological
property of D, there exists a point x; € A such that Cy := u(z;) = sup, u (here C}
can be oco) and x5 € OA such that Cy := u(zy) = supya u, then we have Cy < C4.
For every C5 € (Cy,Cy), by the continuity of u, We consider the domain Ag, C A
with the boundary {z € D : u(z) = C3} C D. Obviously z; € Ag,, then we know
Cy = SUPAG, > Cs = SUPyA, U- So we have proven that if v is not monotone in D,
we can find a domain which is a subset of D such that u is constant on the boundary
of the domain without being constant in the domain itself. m

The class of weakly monotone functions is a generalization of monotone functions.
For a function u : Q — R, we define u*(z) := max{u(x),0} for z € Q.

Definition 3.26. A real valued function u € WH(Q) is said to be weakly monotone
if for every ball B C ) and all constants m < M such that

(3.17) o= (u—-M*—(m—uteWy"(B),
we have
(3.18) m < u(zx) <M

for almost every x € B.

Now we collect results which enable us to derive regularity properties of a map-
ping of finite distortion from integrability of its differential. Let us consider a class
X (Q) € L"1(Q) of measurable functions on 2 satisfying the following two condi-
tions:

(X-1) J;(-) € L, (Q) and det Df =Det D f provided f € WH(Q,R"), |[Df| € X (Q2)
and J¢(-) > 0 almost everywhere.
(X-2) If g,h > 0 are measurable, g < ch for some 0 < ¢ < oo and h € X(2), then

g€ X(Q).
Here the statement det D f =DetD f means that
(3.19) /g&Jf /fz T, f1y o fic1s 05 fints ooy fo)d

for each i = 1,...,n and for all p € C§°(2).
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Proposition 3.27. For every mapping f € C*(2, R"™) the equation (3.19) is satisfied
for each i =1,...,n and for all p € C§°(R2). Moreover, the same extends to hold for
every f € W (Q R").

Proof. See [7, Proposition 2.10]. O

Proposition 3.28. Let X be a space of measurable functions satisfying (X-1) and
(X-2). Let f = (fi,.... [n) € WE"H(Q) be a mapping of finite distortion with
|IDf| € X(Q2). Then the coordinate functions of f are weakly monotone.

Proof. We follow the standard idea as in [8, Section 4]. Let us consider a ball
B cc Q. We prove e.g. that if fi < M on 0B in the sence of traces, i.e. the
positive part of f; — M belongs to Wol’l(B), then f; < M a.e. in B. We consider
the truncated function f; = min(fy, M) and the mapping f = (f1, fa, ..., fa). Notice
that, by (X-2), |Df] € X (). Let ¢ be a smooth test function with compact support
in ) such that ¢ =1 on B. Since f; differs from fl only on B where Dy = 0, we
have fiDy = fiDyp, and thus

/@Jf(.r)d.fﬂ :_/fl‘](xagpaf%'"afn)dx
Q Q
:_/Qflj('r7§07f27”'7fn)dx

:L@w@m.

Hence, if we set F = {f # [}, we have

é#@mzégmwzo

Since Jy(z) > 0, it follows that Jf = 0 a.e. on E and thus, as f is a mapping of
finite distortion, Df = 0 a.e. in E. It follows that D(f; — fi1) = 0 a.e. in  which
yields that fi = fi < M a.e. in B. O]

Based on the proposition above, we have the following corollary.

Corollary 3.29. If there exists an Orlicz function A : [0,00) — [0,00) satisfying
(3.10) and (3.11), and the distortion function K(x) satisfies (3.9). Then f satisfies
the assumptions of Proposition 3.28. That means that the coordinate functions of f
are weakly monotone.

Proof. See [13]. O

The next proposition comes from [12, Corollary 1.3].
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Proposition 3.30. Let ® be an Orlicz-function that satisfies

(®—-1) [~ tqi(fzdt = 0.

(& —2) Thereisp € (n— 1,n) such that t — t P®(t) increases for large values of
t.

Let f € WHY(Q,R") satisfy J;(x) > 0 a.e. © € Q, and assume that

/Q<I>(|Df(3:)])dx < .

Then det Df € L} (Q) and det Df = DetDf.

loc

Proof. See [12]. O

There is a particularly elegant geometric approach to the continuity estimate of
monotone functions. The idea goes back to the oscillation lemma by F.W. Gering [4].
While many interesting implications of Gehring’s lemma have been discussed in the
literature, the fact that one can use it for weakly monotone functions seems to be less
familiar. It is surprising that the usual convolution procedure with mollifiers of Dirac
distribution has little effect on the monotonicity of functions. Consequently, we take
the time here to state and give a rigorous proof of this fact. Let u € W'*(B(a, R))
be a Sobolev function in a ball B(a, R). Fix a nonnegative x € C§°(B) supported in
the unit ball such that [, x(y)dy = 1. The mollifiers x;(y) = j"x(jy), j = 1, ....n, ..
give rise to the sequence u; € C*(R™) defined by

(3.20) () = x; * ulz) = /B u(y)x;( — y)dy.

It is well known that {u;} converges to u in W,2"(B(a, R)) and wu;(zo) — (o),
u;(yo) — u(yo) at the Lebesgue points z¢,yo € B(a, R) of u. For a locally integrable
function f : R” — R, we say xy € R" is a Lebesgue point of f, if we have

r—0+ | B(zo,7)]

im = [ )~ Sl =0

Here by |B(zo,7)| we denote the volume of the ball B(xg,r). There is a precise
statement concerning monotonicity, see book [7, Lemma 2.18].

Lemma 3.31. Let u € W'P(B(a, R)) be weakly monotone in the ball B(a, R) and
xg, Yo be Lebesgue points in B(a,r),r < R. For each § > 0 there exists N such that

(3.21) lw;(z0) — uj(yo)| < osc(uj, 0B(a,t)) + 26

for all j > N and every t € [r, R].
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Proof. We claim that the estimates

(3.22) u;(zg) < max{u;(z) : x € 0B(a,t)} + 0
and
(3.23) u;(yo) > min{u;(y) : y € 0B(a,t)} — 6

hold for all r < ¢t < R, whenever j is sufficiently large. We only need to show
the first inequality. The second inequality follows by applying the first one to the
function —u and to the point yq in place of x3. Suppose, to the contrary, that there
exists a sequence {ji} and radii r <t < R, k =1,2,3,..., such that

wj, (xo) > max{w,;, () : x € 0B(a,t;)} + 0.

Without loss of generality we may assume that {{;} converges to some number
t € [r, R] and that [t — ¢;| < 5. Define

v, () == uy, () —uj, (x9) + 60 for = € Bla,ty).

Since v, (x) < 0 for all z € S"'(a,t;), we conclude that (v;, )t € Wy ?(B(a,ty)).
Let us define

3 (2) = v, <a + (- @%’“) for x € B(a,t).

It is easy to see that (9;,)* € Wy?(B(a,t)). By (3.20), we know that vj, (z) —
u(z) — u(zo) + 0 in WP because z is a Lebesgue point of u. Therefore

N t

0j, (z) — <u(a + (z — a)=) — u(wy) + 5) H — 0.
t wlp

It is not difficult to show that

w(z) —u (a+ (z — a)t?k)

— 0.

HWI’P

Indeed, this is easy for C''-functions and for general u it follows by approximation.
Therefore we obtain f)fku — u(zo) + 6 in W'(B(a, R)). This implies however that
(u—u(xzg) +0)T € WyP(B(a,t)).

As u is weakly monotone it follows that u(z) < wu(xg) — ¢ for almost every
x € B(a,t), then we have m fB(xo’r) u(y)dy < u(z) for all 0 < r <t — |a — x|
But this is impossible since z; is a Lebesgue point of w in B(a,r) C B(a,t).

Now inequalities (3.22) and (3.23) imply

w;(zo) — ui(yo) < osc(u;, 0B(a,t)) + 20.

One may interchange zy with yy to conclude with inequality (3.21). O
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By Fubini’s theorem we observe that the function ¢ — f@B(a N | Dul? belongs to

L;.(0, R). Consequently, its Lebesgue points form a set of full linear measure on the

interval (0, R). With these preliminaries, we can now prove the following variant of
the oscillation lemma.

Lemma 3.32. Let u € W'P(B), n —1 < p < n, be weakly monotone in a ball
B = B(a,r) and xo,yo be Lebesque points of u in B(a,r), r < R. Then

(3.24) |u(o) — ulyo)| < Clp, )t (faB(ayt)lDUI”f

for almost every t € (r, R).

Proof. We apply Sobolev’s inequality on spheres (3.7) to a function u; € C*(B) at
(3.21) to get:

y(20) — 3 (90)] < 0sc(uy, DB(a, 1)) + 20

<cre(f pup) 2
9B(a,t)

for all » <t < R. Here C(p,n) is a constant depends on p and n. Fix a Lebesgue
point r < ty < R of the function t — [, |Dul?. For sufficiently small & > 0,
integrate over the interval t5 — e <t <ty + &, we obtain

/t0+€ <|U](x0) _uj<y0)| B 26)pw 1tn71dt < / ‘Du|p
t O(p, n)t " - to—e<|z|<to+e ’

Now we can pass to the limit as j — 00, because u; is just convolution of u. Because
0 can be sufficiently small, it is also legitimate to take 6 = 0 in this limit inequality.

to—e Cp(pv n)tp - to—e 0B(a,to)

Divide by 2¢ and let € go to zero to obtain

0—¢€

o) = w0 [y
CP(p,n)tg ~ JoB(ato)

This means that

|wm»—wmﬂs0@nmoQ[mWJDmﬁ;

as desired. [
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3.7 Modulus of continuity

Next we study the modulus of continuity under the assumption exp(A(Ky)) €
L} .(Q) for A which satisfies (3.10) and (3.11). The result comes from [15].

Let A be an Orlicz function satisfying the integrability condition (3.10), n €
{2,3,4,..}, K > 0, and § > 0. We introduce the strictly increasing function

a(r) = aa knp(r) defined for 0 < 7" < nK/w,_1 by the formula

r /2 1
(3.25) QA Knp(r) =sup {t € (0, 5) : /t A (og nK 15" ds > 6} :

Now we can formulate our theorem.

Theorem 3.33. Assume that an Orlicz function A satisfies both (3.10) and (3.11).
Let f : Q@ — R™ be an orientation-preserving (which means Jy(z) > 0 for a.e. x € Q)
homeomorphism of finite distortion whose distortion function satisfies

(3.26) K = /Bexp{A(Kf(x))}dx < 00,

where B = B(xg, R) CC Q. Then

@)= Sl < Caln0) [ 3y62102) 1/"

R/80 di
3.27 . _
20 o /cw(a:—xon tA=! (log Cupn (nK fwn1t"))

whenever x € B(zg, a(R/80)).

We split the proof of Theorem 3.33 into two parts, Lemma 3.34 and Lemma 3.36.
Lemma 3.34 is proved in [11, Lemma 4.2] and Lemma 3.36 is proved in [15, Lemma
2].

Lemma 3.34. Under the hypotheses of Theorem 3.33, we have

dt
(lognK /w,_1t")

<Caxtn) [ Iz

B(zo,R)

R/2
323 5@~ Fol [ o

whenever x,y € B(xg, 1) C B(xo, R/2) are Lebesque points of f.

Proof. Combining the distortion inequality |Df(x)|™ < K¢(x)Js(z) with Proposi-
tion 3.20, we obtain that P(|Df|") € L},.(Q), where [;* Ps(f) ds = oo and for every

loc
€ > 0, there exists a constant ¢; such that the function ¢ — ¢*~1P(t) is increasing for
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all t > t1. Using Proposition 3.28 and Proposition 3.30, we conclude that the coor-
dinate functions of f are weakly monotone (see Definition 3.26). This is based on
the fact that J;(-) coincides with the distributional Jacobian, i.e., (3.19) holds. Let
p=n—3,7<R/2and z,y € B(x,r) be Lebesgue points. Then [Df| € L} (€2).

Using Lemma 3.32, which holds for mappings whose coordinate functions are weakly
monotone, we have the estimate

f(2) = f(y)] N\
(3.29) C(n,p)t : (f{)B(gco,t)|Df| )

for almost every ¢t € [r, R]. Write B, = B(zo,s) and A; = Byi, \ Byi-1,, for all
i €{1,2,...}. Define

G = {t € (207, 20 ; /8 o (A(K (a) do < 2i31r /A o (A(zq(:::)))m}

foralli € {1,2,...} N[1,log, £] = I. Because 2rr < R, we have I # (). Using Fubini’s

theorem, we conclude that

21'71
2

for all © € I. Combining the distortion inequality and Holder’s inequality with the
inequality (3.29), we have that

G| >

T,

for almost every ¢ € [r, R]. By Lemma 3.21, we find a number t; := to(-2, A) such

n—p’

that the function t — ¢ 75 exp(A(t)) is increasing on (t9,00). Let t € [r, R] be such
that f,, exp(A(Ky(z)))dz < oo, and pick 7 so that

xp(A(T) = | exp (Al () .

Write A = max{r,ts}. Then we estimate

_p_ 1 .
| i@ e K5 (a)| 5 d
0By | tl OB {|K¢(x)|>N}
L1
0B OB {| K f ()| <A}
< )\%ip
= xp(ADY)

| Ky ()| 7= dx

f exp(A(K¢(x)))dx + =) =
0By
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It follows that

/(@) = fy)]" < C(p,n)A J(x)dz,

3.31
(3.31) ; -

and use Jensen’s inequality we get

=T < o m, (105 (f sty o)

Jr(x)dz

0By

for almost every ¢ € [r, R|. Fix i € I. For almost every ¢t € G;, we have that

(332 L@ _tf W o, Ay A <log (L)) /8 e

Wyt 12t

Here the constant K comes from (3.26). Integrating this estimate over the set Gj
with respect to ¢, we arrive at

N L e (Sgt )

—1t"

< C(p,n, A)/A. J(x)dz.

By Lemma 3.22, we fix t3 = ¢3(n,.A) > 1 so that the function h(t) = (tA™ (log (=) )71
is decreasing on (O l). Then t — h( s 1) is decreasing on <0 M) D

7t 6nK
(0, R). Combining this with the estimate |G;| > £-r, we conclude that

2iT dt

@ =1 [ A o ) S )i

1t™

Because

wWn—1(s+2t=2r)n

/QiT dt B \/21'—23,,. ds
yey o B A eeeeyey o

(3.34)

v

—1t"

/22 23 1 dt
9i—1, 3t¢471 (log tynk )
we obtain the estimate

33) o) - ol | o (15; oy * Cond) [ e

—1t™
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Summing over the set I, we arrive at

(3.36) |f(@) = f)I" / v e (lfgt TRy =

C(p,n,A) /A. Je(x)dz.

—1t"

In the case t € (0, p/ 0K ), we have that

Wn—1t3
1 1 t
<3'37> tinK t . tnnK
tA-! <log — > 3tA1 <log . 1t”>
1 1
>

lap -1 (log 1t"> .

Here we used the fact that the function s — =7 is increasing on (ts3,00).

—L(log s™)
Furthermore *
tA™! <10g t3n§n> nk 6nK
(3.38) sup : <t"< R"< < Car(n),
tA 1 <10g t”) Wh— 1t3 Wn—1

and so also in the case R"™ >

K tinkK
(3.39) A7 <log n ) >yt A <log 3T ) .
wn_lt" ’ wn_lt"
Combining the inequality (3.36) with the estimates (3.37) and (3.39), we complete
the proof of Lemma 3.34. O

Inequality (3.28) together with the following Lemma 3.36 gives us the desired
modulus of continuity. And for the proof of the following Lemma 3.36, we need a
crucial tool that is the following integral-type isoperimetric inequality:

(3.40) ]/ Ji(w)de < ( ]/ D f\”‘1d5> o
B(zo,s) OB (x0,s)

for almost every 0 < s < dist (zg, 02), where dé is the area measure of the sphere
0B(xo, ).
Let us give a theorem from [14, Theorem 1.1].

Theorem 3.35. If f satisfy the assumptions of Theorem 3.33. Then f satisfies the
1soperimetric inequality

(3.41) [ el <1 ([ |D#f<x>|dx)"nl

with [(n) = (n »Yw,_1)"", for every o € Q and almost every radius r € (0, dist (zg, 0)).
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Proof. First, we want to show that under the assumptions of Theorem 3.33, we can
2

get f € W/lloC"L“(Q,R") By (3.11) we have lim; % = 00, which in turn implies
that exp(A(t)) dominates ¥ for every p € [1,00). Therefore, K;(z) € LP(2) for
1 < p < co. Then by the definition of distortion function and the Hélder inequality,

for every B(xz, R) CC Q, we have

[ ipf@Edes [ () @)Fd
B(z,R)

B(z,R)

T R
< </ K?(m)dx) </ Jf(x)dx> < 00.
B(x,R) B(z,R)

The last inequality follows from the discussion above and the fact that f is a home-
omorphism of finite distortion such that fB(x r Jr(x)de < [f(B(z, R))| < oo.

Let B = B(zg,R) C € be a ball such that B C Q. We approximate f in
2

W1 (B, R") by mappings f! € C®(Bg,R"). Since the function | D# f?| converge
to |D# f| in L'(Bg) (observe that the cofactor matrix is made up from (n — 1)-
subdeterminants of the differential matrix and n"—jl > n — 1), we find by Fubini’s
theorem that |D¥ f| converges to |D¥ f| in L'(0B,) for almost every radius r €
(0, R). Fix r € (0, R) so that the functions |D¥ f| converges to |D# f| in L*(9B,).
Pick 0 < € < Z. We take a convolution approximation wu; to the characteristic

2
function xp, . of the ball B,_, by using the standard modifiers ®; (see [9, Formula

(4.6)]) where ¢ is chosen to be so small that u§ € C§°(B,.). Then 0 < uf < 1 and by
the isoperimetric inequality for smooth functions, we have

‘ T
(3.42) / uy(x)Jpi(z)de < / Jyi(z)de < I(n) (/ |D#fz(:z:)|dx) .
r [d aBr
Applying Stokes’ theorem for the smooth mapping f* we find that

(3.43) / ug(x)Jpi(v)de = — ; fi(x)J (2, ul, fa, ..., f1)dw.

T

The telescoping decomposition of the Jacobian (cf.[9, Chapter 8]) leads the equation

/B F ()T, for oo f) /B Fi@) (@ i, fi o )
- / (i) — Fi@) (@, for o fo)da

n

(344) +Z f1($)J($7u§’f2ia"'7fli—17fk_fliakarla'“afn)dm'
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Combining Hadamard’s inequality with Holder’s inequality we find that
| fl(l’)J<CC,U§,f2,...,fn) - f{(l’)J(l‘,U;fS,,f;)dl”
B B
< [ 1= ipuiligp
B,

s / DD FFDS — DD
k=2 v Br

n2—1

2 2\
€ im2\" 2 "
< 1Duilmiay ([ 10-70°) ([ 105155)
B B
n2—n-2

< O(n)|Duf| (5, <|fl|n2>772 (/B (IDf*| + |Df|)"n“) n

(3.45) </ |Df—Dfi\J‘+21)"2.

By the Sobolev-Poincaré inequality we see that the right hand side of inequality
(3.45) tends to zero as i goes to co. Combining this with inequality (3.42) and
equation (3.43) we find that

_n_
n—1

(3.46) -/ fi(@) (@, uf, fo, ..., fo)dz < I(n) (/

OBy

ID* (o)l )

Applying the assumptions uf € C§°(B,) and (3.19) we conclude that

_n_
n—1

(3.47) / r ut(z)Jp(z)dr < I(n) ( /a N |D# f(x)\dx)

Since u§(x)J;(z) < xp,(z)Jp(x) and J(-, ) € L},.(Q), we can use the Dominated

loc
convergence theorem. Let first ¢ — 0 and then € — 0, the claim follows. O]

It is easy to obtain (3.40) from (3.41).

Lemma 3.36. Under the hypotheses of Theorem 3.33, we have

/ Tp(x)de < / e dt
xr)ax ex —N
san TSP 1A (log Ca () (0 i)

(3.48) - / J5(x)da
B(zo,R)

whenever r € (0, R/e?).
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Proof. Under the assumptions of Theorem 3.33, the assumptions of Theorem 3.35
are fulfilled and hence (3.40) holds; see [13] and also [12].

Write By, = B(xg,s). The distortion |Df(z)|™ < Ky(z)Js(z) together with
Holder’s inequality applied to the right-hand side of (3.40) yields

(3.49) ]/ N Ji(z)dx < ( 8Bst(x)"—1d5> o ]/ . J () do.

Hence, the following elementary differential equation is satisfied:

(3.50) d% <log < / S Jf(x)dx>> > ( n

Fon, Kp(w)=1ds) "

By the assumption (3.11), it is easy to prove that there exists a 79 = 79(n,.A) > 0

such that the functions 7 — exp(A(7)) and 7 — exp (A (Tﬁ>) are convex on

(70,00); see Lemma 3.23. We define an auxiliary distortion function

o - 92

The preceding differential equation gets a slightly weaker form

(3.52) % <log < / S Jf(x)dm>) > ( n .

fagskf(if)”’lde) "

The desired decay estimate (3.48) on the integrals of Jacobian of f over balls then
follows if we can show that

(3 53) /R ds S /R/e3 dt
. - = — -
TS (faBst(x)”‘1d6> " o AT (log(nCae/unat™))

Toward this end, let 7z and 7, be integers such that log R — 1 < iz < log R and
logr <14, <logr+ 1. We have

eH»l
o

R ir—1
d d
CENI : = :

s <J%BSf(f(ac)”*ld(5>m s <JCBBSf(f(ac)”*ld(5>E
We estimate each integral in the right-hand side of (3.54) in the following way. Fix
i € {ir,ir +1,...,ig — 1}. Changing the variable by setting s = €', we have

e’i+l

d i+1 dt
(3.55) / | i = / ( .

s (faBSKf(x)n_ldé) o JCaBtf(f(l‘)”_lﬁ) -
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Since the function 7 — 1/7 defined on (0,00) is convex, the Jensen’s inequality
yields

1

(3.56) / m( dt ) > [ / Hl( 8Btf(f(x)n1d5> dt]l.

JCBBt f(f(x)”—ldé

Recall that the functions 7 — exp (A <Tﬁ)> and 7 — exp(A(T)) are convex on
(70, 00). We apply the Jensen’s inequality twice to obtain that

i+l = i+1
/ < f(f(x)"_ld(5> dt < / Al <log ]/ eXp(A(f(f(a:)))d(S) dt
i 0B, i OB
i+1 3
<A <log/ ]/ exp(A([Q))dédt)
i 0B,

(3.57) = A" <log /j é]/aB exp(A(I@(x)))ddds) :

We made a change of variable in the last step. Now an easy computation gives

T ~ e K
(3.58) /e (g f@BS exp <A(Kf(x))d(5> ds> < e

Here K comes from (3.26). Combining inequalities (3.54)-(3.58), we conclude that

R ds il ek -1
> -1 .
/7" = Zz:z: {A (Og (wn_lem))}

s (faBSK?_ld(S)n 1
iR—2 o -1
[ (2
i Wy_1€M8
R/e? 70 -1
(3.59) > / [tA‘l (log( i >)} dt,
r wn_ltn

which proves (3.53). O

Now we complete the proof of Theorem 3.33 as follows.
Given z € B (zo,a (£)), we consider the ball B(zo,r),r = a;}nyKﬁﬂx — Zo).
By Lemma 3.34, we have the estimate

3=

(3.60) )= 1)1 < Calng) ([ syt

(:)30,1”)
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Using Lemma 3.36, we further obtain the estimate

R/€3 dt

/B(xoﬂ“) Tite)ds < 2exp _n/Qr tA-L <1og (CA,n(e) - ))

Wp—1t"

(3.61) / Jp(x)dz.
B(zo,R)

Combining the inequality (3.60) with the estimate (3.61), we finally obtain the
desired modulus of continuity (3.27).

Remark 3.37. The integral in (3.27) of Theorem 3.33 can be taken from |x — y|
to R/80 when |x — y| is sufficiently small. To see this, notice that the ratio of this
integral, taken from |v — xo| to o~ (| — xo|), with the corresponding integral from
|x — o] to R/80 tends to zero when |x — xzo| tends to zero. Then we will obtain the
following inequality

)= )] < Cacln ) [ 3y62102) l/n

R/80 dt
(3.62) - exp {(6 -1) /lx_zo AT (log CA,n(nK/wn_lt”))}

where € tends to zero as |x — xg| tends to zero.

4 Main results

Base on the tools above, we are ready to give our results about the homeomorphisms
of finite distortion from the unit ball B*(0,1) onto the cusp domain ;. The non-
existence of quasiconformal mappings has been understood before, and the other
three results are new.

4.1 Non-existence of quasiconformal mappings

In this subsection, we show that there does not exist a quasiconformal mapping
from the unit ball B3(0, 1) onto the cusp domain Q,. We can find the result in [16]
and [10]. The proofs are based on the fact that quasiconformal mappings preserve
n-capacity.

Theorem 4.1. For any s > 0, there does not exist a quasiconformal mapping f
from the unit ball B3(0,1) onto the cusp domain .
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X1

Figure 2: Cusp domain (2

Proof. Suppose there is a quasiconformal mapping such that f(B3(0,1)) = Q,. Pick
a circle Fy of radius 2¢'™ around the cusp at the level x; = t. Let E = {(z,0,0) :
—1 < z < 0} on x;-axis. See Figure 2 above. Since F, C B3((t,0,0),2t**) and
E C B3((t,0,0),t)¢, then by (3.4) and (3.5), we have

Caps(E, Fy;Q,) < Caps(B((t,0,0),2t7), S((¢,0,0),); )

_%%O when t — 0.
(log 2t1+s)

Because f is a K-quasiconformal mapping for some K > 0, by (3.3) it follows
that

(4.1) Caps(f~(E), f71(F,); B*(0,1)) < KCaps(E, F; Q) = 0

as t — 0. But, on the other hand, since the curve f~'(E) passes through the
topological loop f~!(F}) for t > 0 small enough, we have

min { diam f~}(E), diam f~1(F})} > 106
d(f7H(E), [~ (F)) -
for all small enough ¢, and thus by (3.6)

Caps(f~HE), f~(F,); B*0,1)) > §(3,107%) > 0.

It is a contradiction with the inequality (4.1), so the claim follows. O
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4.2 Proof of Theorem 1.2

In this subsection, we construct an example which satisfies the assumption exp(AK }7) €
L} .(B*(0,1)) for all 0 < v < 1 and A > 0. Let us start from a lemma which shows
the distortion function of the composition of two mappings is less than or equivalent

to the product of the corresponding distortion functions.

Lemma 4.2. Let fi,fo : R? — R?® be two homeomorphisms of finite distortion.
1

1

loes then for almost

Assume they are differentiable almost everywhere and Kfl (x) € L
every x € R® we have

Kpyop (2) < Ky, (f1(7)) - Ky ().

Proof. Since f; and f; are homeomorphisms of finite distortion, we know f;(z), fo(x) €
WL (R? R?). By Theorem 3.14, we know {x € R : fiis differentiable at x and f; is
differentiable at f(x)} is full-measure. For such z € R? such that f; is differentiable
at x and f, is differentiable at fi(x), if J5, (x) = 0 or J,(f1(z)) = 0 is satisfied, then
since D(fa0 f1)(z) = D(f2)(fi(x)) - D(f1)(z), we get Jp,op () = 0. By the definition
of optimal distortion function and that every distortion function is not less than 1,
we get 1 = Ko, () < KfQ(fl(x)) - Ky, (@).
For x € R3, if both Jp, (z) > 0 and Jp,(f1(z)) > 0, we have

KfZOfl(x) = ’D(ﬁj jfle()m)‘
— sup ID(f2 0 f1)(@)v]]?
jol<1 Jprop (2)
- 1D A @) wrsal” D) @)
e T (fi(@)) T (@)

2 DUE)A@)P D))
 Jp(fi(@) Jp ()
= Kf2(f1<l')> ’ Kfl(x)

as desired. O

Now we begin the proof of Theorem 1.2

Proof of Theorem 1.2. Let 0 < v < 1 be fixed. Our goal is to construct a homeo-
morphism f : B*(0,1) — Q; of finite distortion such that exp(AK}) € L;,.(B*(0,1))
for all A > 0. We divide the proof into five steps.

Step 1: First, for the convience of the compositions below, we enlarge the
ball B3(0,1) to B3(0,/2). We define the mapping f, : B*(0,1) — B3(0,v/2) by
folz,y,2) = (v/2x,v/2y,/22). Obviously, it is a conformal mapping, so K, (z) = 1.
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Step 2: we construct a homeomorphism f;, which maps the ball B(0,/2) onto
the following Lipschitz domain,

A, := B(0, ﬁ)\({(wl,xg,mg) cxy > @} U {($1,£L‘2,ZE3) cmyp > 0,4/23 + 22 < xl}) .

Then we construct the homeomorphism discussed above from B(0, \/5) to A; in
cylindrical coordinates by:

\/23/; :;Tl'—i— r—\/2 r2 ’9>’ if 0 <r< \/TlT)
filz,r,0) = ‘2271\/;‘:;/5 +f/5—2 2_7"2,7“,«9>,if@§r<%E
(x,7,0), if@§r<\/§.

And by a simple computation, we find that f; is a quasiconformal mapping.
Step 3: First, we define a subdomain of the cusp domain 2, by
V10 }

Q= \ {(x1,$2,$3) STy 2> T

As we can see §; has the same cusp at origin as the cusp domain ;. Then we
will give a homeomorphism of finite distortion fo from A; onto €2; and prove its
distortion function satisfies exp(AK},) € Lj,.(4;) for all 0 <y < 1 and A > 0. For
the convenience of computation, we divide our argument into two parts:

First, using the cylindrical coordinates and we define f, on the domain D, :=
Alﬂ{(x,r,9)10§x<‘/TlT) and x <r <22z} by

2 _ 1+s
fg(.ﬁE,’l“,H) _ (g(:l:), g(x) xg (x)T'—{'QgH_S(.T) _29($)’9) ’
@loglog(i) N 10 5 .
where g(z) = 1oglog(l)10 , and we set C':= ¥z=loglog <\/_To> We define a linear

function L,(r) : (z, 2x)l—> (9" (x), 29(x

Now we can write fa(x,r,0) = (g(x), L.(r),0) for (x,r,0) € D; C A,.
For the left part Dy := A; \ Dy, we use the spherical coordinates and define the

mapping f on Dy by
falr6,0) = (ﬁg (%) ,9,¢) .
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Now let us prove that exp(AK}, (7)) € Li . (A)) for all A > 0. We need to figure
out the differential matrix of f, , and give an upper bound to distortion function.
According to two subdomain D; and Dy, we have and |D; N Dy| = 0, then we divide
the full processing into two cases.

Case 1 (a € D,): To compute Ky,(a), here we employ the cylindrical coordinates
a = (x,r,0) € D;. We choose a local cylindrical coordinate system at every a €
D, C O by setting e§ = (1,0,0), e§ = (0,cosf,sinf) and e} = (0, —sin 6, cos ).
Notice that in Cartesian coordinate system in R?, ¢ points to the z-direction, both
e5 and e point to the directions which are perpendicular to the z-direction and lie

in the plane {(0,y, z) € R*} and det (M) = 1. If we restrict to the Cartesian

D(z1,22,23)
plane {(0,y,2) € R*}, we find that the vector €5 points to the radial direction and
e4 is perpendicular to it, so it points to the angular direction. To this basis on
the preimage side we associate a similar basis on the image side, denoting it by

(el @ o)y We now represent the differential matrix of f, at the point a by
{2(0) 652(00 (a))

using bases (ef,e3,e%) and (e , e which we will refer to E, and E Fa(a)s
respectively. The resulting differential matrix is

%g(az) 0 0
(4.2) Dy, (a,r,0)= | #La(r) gLa(r) 0
0 0  fedy
g (z) 0 0
| a 29(:v)—§1“(w) 0
0 0 29(1)751“(@ +291+S(i)*9(x)

where a — (29/<x>—<1+s>gs<x>g/g>>x—<2g<w>—gl+s<x>)r + (21 + 5)g°(2)g () — 24 (x)). The
elements inside the matrix are computed as follows. For the convenience, we call the
three parts of fy(x,r,0) = (g(x), L.(r),0) as Cartesian part, radial part and angular
part, respectively.

As the Cartesian part of f depends only on x, the partial derivative of the first
component of fy in the basis Fy,(,) in the ef-direction is d%g(x). The Cartesian part
does not depend on r and #, and so the partial derivatives of the first component of
f2 in the basis Ey,(,) in the e§ and e§-direction are zeros.

Next we observe that for € > 0 the change in the radial part, and thus in the
652(a)-direction, is Ly4c(r) — L (r) when the change to the e{-direction is €. Thus the
partial derivative of the second component of f; in the basis Ey,(,) in the ef-direction

is
. Lyve(r) — Ly(r) _d
limg = = L),
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Similarly, the partial derivative of the second component of f; in the basis Ey, ) in
es-direction is

L.(r+¢€) — Ly(r) d

lg% ; = %LI(T’).
And obviously, L,(r) does not depend on 6, so % L,(r) = 0.

For the third component of f5, since we observe that the angular part does not
depend on x and r, so the partial derivatives of the third component of f in the
basis Ey,q) in the ef and ej-directions are zeros. As discussed above, the partial
derivative of the third component of f; in the basis Fy,(, in the e§-direction is

_ Ly(r)(0+€)—0)  Ly(r) d
lg% re 7 @0'

To estimate Ky, (z) from 4.2 we use the following known result (see [16]) which
states that for a linear bijection A : R3 — R3 the distortion K of A satisfies

(3 a2 )
4. K< -=n=
(4:3) ST det(A)

Here (a; ;) is the matrix of A, and it gives us a simple upper estimate for K. And
we give the relative estimates below.
The determinant of the differential matrix is

det{Dy (5, 7,6)) = < C > (29(95) ~ gl+s(x))

x log % (log log %)2 x
‘ <2g(33) —9 (@) | 297() - 29(95))

T T
- ¢ 2C' (s
= (;plog% (loglog %)2> ’ (l’loglog% B T (loglog %)14’8)
2(:“’ él—i—s 26114_5 2@
| <x10g10g% o (loglog %)Hs i 7 (log log %)HS  rlog log%>
C’3+s

>
— 2%log L (loglog %)4+s7

the last inerquality follows from x < r < 2z and ¢°(z) < 1. And by a simple
calculation, we have

d ST C? '
(o)) =2 = TR
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2

A N 1+s
2C C
< d Lm(’f’))Q (29(1') - glJrS(l'))Q _ loglog% - <loglog%>

T X

~

CQ
22 (log log %)2 ’

IN

(Lx(r))Q _ (2g(x) — g ()

i T

2
2C Cits 9 Clits C
T — it T+s T
loglog - (log log %> s N (log log %) s loglog =

i r

~

¢ e\’
+ ) 1+s

= T
zloglog 7 2 (loglog L
2 202 +s (r2+2s
= * ; 5
x? (log log %)2 x? (log log %)% x? (log log %)2“
and
Ay @) - 8)98(96)9'(920))93 — (29(2) —g'**(@)) |

dz X
+(2/(1 +5)g°(x)g (z) — 29 (x))
_ (QTgx(x) n rg ;(93) +o(1 + s)gs(m)g/(x))

_ <7“(1 +9)g°(@)g'(2) | 2rg(x)

T z2

+2g/($))
= ]1 - ]2.

Now it is obvious that o* < I + I3. Let us estimate I? and I3.

- (210 10

1214 9)g (@) <x>)

x x?
R R " 2
- 2 R S () (i
?log ! (loglog2)” 22 (loglog )™ wlog ! (loglog 1)™"
- Ci(s,0)

x? (log log %)HQS .
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The last inequality follows x < r < 2z and 0 < z < Y10 And similarly
’ 2
1 s 2 /
i - (U ko) m)

. . . 2
B (1+s)Ctrsr 2Cr N 2C
x? log % (log log %)2“ z?log log % xlog % (log log %)2
02(57 é)
22 (loglog %)2
Then by the computations above, we can estimate the distortion function from
above by

3
2

o)+ (FL0) + (£L.0) + (522))
det(Dy,)
< Cy(s,C) log = <loglog 1>1+5.

then we get exp(AK} ) € L'(Dy), for all 0 <y <1 and A > 0.
Case 2 (a € Dy): The ideas are similar to Case 1. Here we attach a local coordi-
nate system at every point a € Dy by setting e§ = (cos ) cos ¢, cos 0 sin ¢, sin ), e§ =

(sin 0 cos ¢, sin @ sin ¢, — cos f) and e§ = (sin ¢, — cos ¢, 0) and we have det <M> =

D(x1,z2,23)

Ky, (x,7,0) < ((

1. To this basis on the preimage side we associate a similar basis on the image side,

denoting by (e, ef*@ ¢y The result differential matrix is

rlog(%) (loglog(%))
Nt
Df2 (7’, 0, ¢) = 0 rlogloZC(V§> "
V5C
0 0 Tloglog(é)

Then by a simple computation, we know that the distortion function is

2
5 d
Ky, (x,r,0) =log \/—— <log log £>
r r

Then we get exp(AK},) € L'(Dy) for all 0 <y < 1 and A > 0.
Step 4: We give the homeomorphism from §2; to €2, by

s 1+s
Luimad 7’0) if0§x<@ and (@) <r<l,

ﬁ
fs(x,r,0) == 5V\2ﬁo’"a:r9>,if0§x<@ and 1§7’<2Tm,

(z,7,0), elsewhere.
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By a simple computation, we know it is a quasiconformal mapping.

Step 5: By the result above, we know f(x) = f3 o fy 0 f; o fo(x) is a homeo-
morphism of finite distortion between the ball B(0,1) and cusp domain Q. It is
easy to check f; (1 =0,1,2,3) is differentiable almost everywhere and satisfy Lusin
(N~1) condition. By Lemma 4.2, we get K¢(x) < K, (fo(f1(fo(x)))) Ky, (f1(fo(2)))-
Ky (fo(x)) Ky, (x). Since fp is conformal, both f; and f3 are quasiconformal and K,
satisfies exp(AK},) € L, (A;) for all 0 < v < 1 and A > 0, then we get that Kj(z)

loc

satisfies exp(AK}) € Ly, (B(0,1)) for all 0 < < 1 and A > 0 as deserved. O

loc

4.3 Proof of Theorem 1.3

Proof of Theorem 1.3. Let us assume there is such a homeomorphism of finite dis-
tortion f with K; satisfies the inequality (1.5), then by Lemma 3.18, we have

Caps(f~Y(E), f~(F,), B}(0,1)) < Cap'Y "B, F, A,).
Since
min{ diam f~(F), diam f~!(F})}
d(f~(E), f~1(F))

for all ¢, and following (3.6), we have

> 107

Caps(f~HE), f~YF,), B*0,1)) > §(3,107%) > 0.

for the estimates above please refer the proof of Theorem 4.1. Next, we will show

that C’apg(f(fil(y)) (E, F,, Ay) = 0ast — 0, and this gives us a desired contradiction.
We write w(y) = K;(f~!(y)) and define

" d
o) = [ ° |
t1+s

<f5’2((t,0,0),s) Wd5>

for 1% < r <t and further define u : B((£,0,0),¢)\ B((t,0,0),t'*s) — R by setting

[NIE

We extend u in an obvious way to the exterior of B((t,0,0),t)\ B((t,0,0),t'*) and
we obtain a Lipschitz function (Since Ky > 1, and also w > 1 and it is easy to check
that v is Lipschitz). We conclude by the Fubini theorem that

3
t 1
/ | Du(z)Pw(z)dr < / / = | wdods
B((£,0,0),) t1+s J52((4,0,0),5) v(t)(fsg(s) wdo)?2




47

t
d
< v(t)3/ i - =o(t) 2
tl+s 2
<f52<<t,o,o>,s> “’d">

Hence it suffices to show v(t) — oo as t — 0.
Next, pick integers i; and i1+ so that logt — 1 < i; < logt and log t**% < in4s <
logt'** + 1. Then

t+—1 i+1
¢ ds

v(t) > > / -

1=l 145 <fS2((t70,0),5) wda)

Now, a change of variable, convexity of t — % and Jensen’s inequality show that

i+1 i+1

c ds N ds
| b ;

fs2((t,o,o),s) Wd‘7> S (w2 f SQ((t,O,O),s)wda )

/ i+l dr
- 1
i (o f 52((t,o,0),er)°"d0) 2
1

i+1 ) -
> </ (wa wd0)2dr) ,
i S52((t,0,0),e™)

for each ip+s < ¢ < i, — 1. Applying Jensen’s inequality again, for the convex
1
functions r — exp(r) and r — max{e, exp(rz)}, we see that

i+1 2 w2 i+1 !
/ <w2]/ wda) dr < =2 log / exp ( 7[ )\2de> dr
i S2((£,0,0).e7) Y §2((£,0,0),¢7)
WQ
< —=log exp(Aw2)dodr | ,
S2((¢,0,0),e7)

where @ = max{1,w}. An easy computation shows that

z+1
/ f exp(A o2 Ydodr = / f exp (AW %)dads
§2(er) S2((£,0,0),

1+1

S — / / exp AG?)dods
W26 ‘ 52((t,0,0),

- w263z

M\H

N——
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where C' =1+ exp(\) and [ = fB((t,O 0).4) exp(/\Kfé(ffl(y))), by (1.5) and Theorem

3.10, we know [ < oo. It is easy to see wcefgi 2 2 for all i < i, — 1. Combining the
inequalities above, we conclude that

1t—1 et t1

m= > [
o >z‘:izt1:+s ¢ (LfSQ(S)(A)Cl(T)é

A= CI
> — log™* .
- 1 Z 0g (w2€3z>

2 .
w2 1=1+s

AU dr

1

2 1+s ClI
wg /1t rlog (wﬂs)

Vv

and we get v(t) — oo as t — 0. Hence we know Cap¥(E, F, Ag) goes to 0, as t goes
to 0.
For every admissible function p, we have

/ps(y)Kf(f‘l(y))dyz/ pPw(y)dy,
Qs

Qs
-1
and since Capy (E, Fy, §2) goes to 0, as ¢t goes to 0, we have C’ap?f(f ®) goes to 0
as t goes to 0, then we get a contradiction and we finish the proof. O]

4.4 Proof of Theorem 1.4

Proof of Theorem 1.4. First, let us assume there exists such a homeomorphism.
Pick a circle F, of radius 2t'** around the cusp at the level x; = ¢t and let £ =
{(2,0,0) : =1 <2 <0}, see Figure 2. Then by the same argument as in the Proof
of Theorem 1.3, we have

Caps(E, Fi; Q,) < Caps(B((t,0,0),2t°), 5%((£,0,0),1); Q)

<L2%Owhent—>0.

 (log gtw)

We denote E' = f~'(E) and F, = f~'(F;). Then E’ is a curve passing through
the topological circle F,. Therefore, for every ¢ close enough to 0, we can find
zh € F, and 2} € E such that vy = dist (2}, 2}) = dist (E',F}). We define
r1 = max{ dist (z}, 7) : © € F} }, and it is not difficult to check that r; > v/2ry and
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71,75 tend to zero as t tends to zero. So for every r € [ry, v/2rs), B NS (x4, 1) # () #
F, N S(xt,7). Then by the Lemma 3.17, we get

(4.4) Clp, 3y < / \Duldz,

B3(z},v/2r2)NB3(0,1)
for every u € A(E', F}; B3(z},/2ry) N B3(0,1)) N C*°(B(0,1)). Then for such ad-
missible function u, using the Holder’s inequality and Jensen’s inequality for the

A (3— (3-p)
convex function ¢t — max{exp (p (3 p)) , exp (tW " )} we have

v(3-p)
Dul v
o< f NP\ i (@)
B3 (f,V2r2)NB3(0,1) A3 K/ ()
5\ 5 5
< / 1Dulo)l” g, )" ]/ NTET K] (2)de
B3(xf,v/2r2)NB3(0,1) A7 Ky (x) B3(a,\/2r2)NB3(0,1)
P

<

D 3 \°
[ Duta)?
B3 (ah,v2r2)nB3(0,1) A7 Ky ()

z @& [
-log® | exp MG K7 (x)dx
B3(x%,v/2r2)NB3(0,1)

D 3 g » ~
< / lluﬂd:ﬁ -log® f exp ()\K;Z(a:)) dr |,
B3(xh,\/2r2)NB3(0,1) /\?Kf(gg) B3(x},v/2r2)NB3(0,1)

where K () = max{ (“’T_l) ,K¢(z)}. Then for every admissible function u, we get

3
Cp.3. A7) _ |Du@)]” , -

log% <Ln> - /]33(16»\/57"2)033(0,1) Ki(z)
T2

¥(3=p)
P

(4.5)

Because f is a homeomorphism of finite distortion with the distortion function
Ky(z), by Lemma 3.18

Capy " (f7Y(E), 1 (F); B}0,1)) < Caps(E, F,, ),

And by the discussion above we get
C(p7 37 )\7 f}/)

Ll
IOg'Y (7'_§L>
By the discussion above, we can obtain
C
W9 <

=
(log 7) 108 Fa=ro

(4.6) < Capy ™ (f71E), FH(F); BY0,1)).

(4.7) Caps(E, F; Q) <
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we take A(t) = A7, and by the modulus of continuity (exactly, by inequality(3.62)),
we get

C

Caps(E, F; Q) < 5
(10?5 @) —F(z0) f(l“o)\)

IN

2
1 -1 1/4 1
o8 Car(3 ﬁ)(fB Jp(2)dz)3 P <(6 ) fu_x(" tA=" (log %)

IN

IN

2
IOg . + l—le f . dt
1 1 — L1 3C K
( Ca,k (3,8) fB J(zaz)s a7 ol e o

2
1
'y(l 6 logl—; 3C‘A73K[ _ logl—; 1920_,4’3[(
wa|z—20]3 wo

(4.8)

IA

where K = [ exp(AK})dz < oo and |z — zq| = 7.
Then by the inequalities (4.5), (4.8) and Lemma 3.18, we can get

1

C C
(4.9) TN S o
log~ (E) log” ~ .
Since > , we have £ < 2 — 2 which contradicts the above inequality (4.9) as 75
tends to zero. Thus we get the desured result. O
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