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Abstract Approximating the Pareto fronts of nonlinear multiobjective optimization
problems is considered and a property called inherent nondominance is proposed
for such approximations. It is shown that an approximation having the above prop-
erty can be explored by interactively solving a multiobjective optimization problem
related to it. This exploration can be performed with available interactive multiob-
jective optimization methods. The ideas presented are especially useful in solving
computationally expensive multiobjective optimization problems with costly func-
tion value evaluations.

1 Introduction

In multiobjective optimization (MO), the problem is to find a preferred solution in
the presence of several conflicting objectives (see e.g., [7, 17, 23]). In such prob-
lems, there is no single well-defined optimal solution but several mathematically
equally good solutions, so-called Pareto optimal (PO) solutions, can be identified.
To be able to find the most preferred among them as the final solution usually ad-
ditional preference information is needed from a human decision maker (DM), who
knows the problem domain.

According to [7], MO methods can be divided into no-preference methods, a
priori methods, a posteriori methods and interactive methods. For details of these
different methods see e.g., [17]. Interactive methods can be seen as the most promi-
nent - as argued in [20] - because the DM can learn about the problem as e.g., in [4]
and adjust his/her goals accordingly. Because only such PO solutions are generated
that are interesting to the DM, interactive methods are generally computationally
much less expensive than, for example, a posteriori methods, for which many PO
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solutions must be computed in order for the DM to get enough alternatives for mak-
ing an informed decision.

If a multiobjective optimization problem (MOP) is computationally very de-
manding i.e., function evaluations take a lot of time, even the classical interactive
methods can have problems; the DM may get frustrated in waiting while new PO
solutions that reflect his/her preferences are computed. This high computational de-
mand occurs often, for example, with the so-called black-box MOPs, whose objec-
tive functions are not explicitly known as algebraic functions of decision variables
but need to be e.g., simulated. Approaches based on evolutionary multiobjective
optimization methods have been proposed e.g. in [11, 14] for finding PO solutions
for computationally expensive MOPs. Another way to handle such MOPs is to use
design of experiments for constructing surrogate approximations of the objective
functions and then solving the surrogate MOP [26, 25]. However, according to [9],
the use of surrogate approximations loses its computational benefits as the number
of objectives increases. The approaches based on evolutionary algorithms have their
issues too; in order to produce a dense Pareto set representation, a large number of
solutions must be computed, which is time-consuming or sometimes even impossi-
ble. On the other hand, the choice of the final outcome from a large number of PO
outcomes is cognitively very demanding as noted in [13].

Instead of estimating each objective function with a surrogate, one can estimate
the set of PO outcomes (also called the Pareto front (PF)). In [4], an interactive
method called Pareto Navigator is proposed, in which a PF approximation for a
convex MOP is constructed based on a relatively small set of PO outcomes. Having
constructed the approximation, the preferences of the DM can be reflected in real
time by moving on the approximation in a way that resembles the visual interactive
Pareto Race method for linear problems [12]. When a preferred point on the approx-
imation has been found, the closest actual PO outcome can be found by means of
the achievement scalarizing function [24].

The construction of a PF approximation (that allows consideration of the objec-
tive vectors between known PO outcomes) and its exploration with MO methods
is a novel approach to computationally demanding MOPs and has some potential
benefits. When compared to a posteriori methods, some computational expense can
be avoided because a smaller number of PO outcomes is sufficient. Since the DM is
allowed to explore the approximation by iteratively expressing his/her preferences,
the cognitive load of going through a large set of PO outcomes becomes lighter. The
DM can also learn about the problem in the process. Finally, since the construction
of the PF approximation does not have any special requirements for the initial PO
outcomes, they may be generated with any method for finding PO outcomes, and
because the DM is not involved in this, the possible computational cost is not a
problem.

The Pareto Navigator method is, however, only applicable to convex MOPs, be-
cause of the type of approximation it uses. The ultimate goal behind our study is
to develop a MO method that uses the Pareto Navigator’s idea of navigating on the
approximation for general continuous nonlinear MOPs. The aim of this paper is to
concentrate on the issue of what kind of approximation can be used for the above
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mentioned exploration. Because interactive MO methods have been proven effective
in finding a preferred point on the PF, we want to employ them also for finding a
preferred point on the approximation. The process of finding a preferred point on a
PF approximation (by using interactive MO methods or other methods) is referred
to in this paper as decision making on the approximation.

There are numerous methods for approximating the PF of a MOP. A survey [22]
summarizes methods published before 2003. More recent approximation methods
for nonlinear MOPs are given e.g., in [3, 5, 15, 16]. However, the uses of the PF
approximations in decision making have not received the attention that they deserve.
Among the few exceptions are [2, 4, 8, 10, 15, 18, 21]. None of these, however, aims
at using general interactive MO methods in exploring the PF approximation. The
approach of this paper is, thus, different from all the above; we aim at characterizing
an approximation for a specific use of exploration with interactive MO methods.

The paper is structured as follows. Some terminology and notation is set in Sec-
tion 2. We introduce a new property called inherent nondominance (IND) for a PF
approximation and prove its relevant properties in Section 3. In Section 4, decision
making on the approximation is discussed and an example is given. We also propose
an approach to exploring an IND PF approximation by solving a special type MOP.
Finally, we draw conclusions in Section 5.

2 Notation and definitions

In this paper we study multiobjective optimization problems (MOPs)

min
s.t. x∈X

( f1(x), . . . , fk(x)) , (1)

where fi : X → R is a function for all i ∈ {1, . . . ,k}, X ⊂ Rn and k,n ∈ N. We also
define a vector valued function f : X →Rk, f (x) = ( f1(x), . . . , fk(x))T for all x ∈ X .

The set X is called the feasible decision set of (1) and every x ∈ X is called
a (feasible) decision. The set f (X) is the feasible outcome set of (1) and every
z ∈ f (X) is called a (feasible) outcome. The set Rk is called the objective space of
(1) and every point z ∈Rk is called an objective vector. With the above notation, the
MOP (1) can be formulated as

min
s.t. z∈ f (X)

z. (2)

For any objective vectors z1,z2 ∈ Rk notation z1 ≤ z2 means that z1
i ≤ z2

i for all
i = 1, . . . ,k and z1 6= z2. If z1 ≤ z2 it is said that z1 dominates z2. If B ⊂ Rk is a set,
then a point b ∈ B is Pareto optimal (PO) in B, if there does not exist a point b̃ ∈ B
that dominates b. An outcome z ∈ f (X) is PO for (1), if z is PO in f (X). Finally, the
Pareto front (PF) of B, PF(B), is the set of PO points in B and the PF of a MOP, PF ,
is the set of PO outcomes of the MOP. A feasible decision x ∈ X is a PO solution to
(1), if f (x) is a PO outcome.
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We assume a rational decision maker (DM): he/she always prefers a PO objective
vector over a dominated one in any set of possible objective vectors. In other words,
for every set A⊂Rk the preferred objective vectors of the DM belong to PF(A) and,
furthermore, the DM is not interested in A\PF(A) if he/she is aware of PF(A).

The starting point of this study is as follows. Assume that we are given a compu-
tationally demanding MOP with the above notation. This problem is referred to as
the initial MOP. If not otherwise defined, the notations PO and PF always refer to
this problem. We also assume that we are given a finite set of PO outcomes P. This
set is referred to as the initial set of PO outcomes. As in Pareto Navigator, the way
this set has been generated is not restricted in any way.

3 Inherent nondominance and inherently nondominated
approximation of the PF

In this section we introduce the concept of inherent nondominance and other related
concepts. We also present the relevant properties characteristic for an inherently
nondominated approximation of the PF. These properties will be further interpreted
in Section 4.

Definition 1. We say that a set A⊂Rk is inherently nondominated (IND), if for any
two points a1,a2 ∈ A neither a1 ≤ a2 nor a2 ≤ a1.

Definition 2. A set A⊂Rk is an inherently nondominated PF approximation (based
on P) if A is IND and P⊂ A.

According to the following theorem, the actual PF satisfies the IND condition.
The actual PF should be suitable as an approximation of itself, because naturally it
is the best approximation that one can hope for.

Theorem 1. The PF is an IND PF approximation based on P.

Proof. Since P is a set of PO outcomes, then P⊂ PF . The property that PF is IND
is trivial, since if z1,z2 ∈ f (X) so that z1 ≤ z2, then z2 /∈ PF . ut

The following theorem gives a sufficient and necessary condition for a set to
be IND and could, thus, have been chosen as the definition for an IND set. We,
however, chose the definition given above.

Theorem 2. Let A⊂ Rk be a set. Then the set A is IND if and only if PF(A) = A.

Proof. ”⇒ ”: Naturally PF(A)⊂ A. To show that A⊂ PF(A), assume the contrary
that there exists a point a ∈ A\PF(A). This implies a point b ∈ A so that b≤ a. But
this is a contradiction, since A is IND.
”⇐ ”: To show that A is IND assume the contrary that there exist distinct points
a,b ∈ A so that a ≤ b. This would imply that b /∈ PF(A) and would thus be a con-
tradiction. ut
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The following corollary follows directly from Theorem 2. It is, however, con-
siderably important, since according to it an IND approximation extends P without
losing Pareto optimality.

Corollary 1. If a set A⊂ Rk is an IND PF approximation based on P, then

P⊂ PF(A).

Proof. Now PF(A) = A⊃ P, because of Theorem 2 and Definition 2. ut

The above properties of an IND approximation are rather straightforward. Theo-
rem 3 establishes the existence of IND PF approximations.

Theorem 3. The set of initial PO outcomes P is an IND PF approximation based
on P.

Proof. Because outcomes in P are PO, they do not dominate each other. Also P⊂ P
trivially. ut

The IND approximation P is not, however, interesting, since it does not contain
any points outside the set of initial PO outcomes P. We want to construct IND
approximations A that extend P, but we must skip the development of algorithms
producing such IND approximations because of space limitions. Our general idea
is to start with a large set B, P ⊂ B ⊂ Rk, and then remove from B such points
b ∈ B\P that violate the IND condition. By Theorem 3, this procedure produces an
IND approximation. Also by Zorn’s lemma, there exists at least one minimal (by
inclusion) set B̃⊂ B\P such that B\ B̃ is an IND PF approximation.

Example 1. Let the set of initial PO points be P = {p1, p2, p3, p4}, where p1 =
(1,0,0), p2 = (0,1,0), p3 = (0,0,1) and p4 = (2/5,2/5,2/5). We compare two
piecewise linear PF approximations A1 = conv(P) and A2 = conv(p1, p2, p4) ∪
conv(p1, p3, p4)∪ conv(p2, p3, p4), where conv(C) is the convex hull of a set C.
These are shown in Figure 1. The convex hull of all outcomes in P is used e.g., in
[4, 21] for approximating the outcome set f (X) for convex MOPs and has thus been
used for getting also a PF approximation. Approximation A2 is IND, which can
be shown analytically. Approximation A1 is, however, not IND because the point
(1/3,1/3,1/3) ∈ A1 dominates the initial PO outcome p4 that is also in A1. For
this reason, approximation A1 is not able to capture the non-convex shape implied
by the initial set of PO outcomes and, unlike the IND approximation A2, gives too
optimistic estimates.

4 Decision making on the approximation

In this section we discuss decision making on the approximation. The underlying
reasoning is that once the PF approximation with desired properties has been cre-
ated, one can navigate on it with significantly lower computational cost than on the
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Fig. 1: Two piecewise linear PF approximations constructed with the same
initial set of PO outcomes. The approximation A1 is the convex hull of all
points and the approximation A2 is a union of three triangles.

PF of the original problem. Once a desired objective vector on the approximation
has been found, one can generate the closest corresponding PO solution as in Pareto
Navigator.

The problem of finding a preferred point on a PF approximation is similar to
finding a preferred outcome of a MOP; like the PF, its approximation A may have
many mathematically equally good objective vectors and, thus, there is a need for
decision making even on the PF approximation. An important aspect of decision
making on an approximation is the question of how well the preferences of the DM
on the approximation reflect the preferences on the real PF.

Based on a limited knowledge of the PF in a form of the initial set of PO out-
comes P, the accuracy of the approximation cannot naturally be guaranteed outside
the initial PO outcomes. What can, however, be done is that a rational DM is given
the opportunity to choose any of the initial PO points in P while making rational de-
cisions on the approximation. An undesirable occurrence happens e.g., in non-IND
approximation A1 in Example 1, where a rational DM will not be interested in the
initial PO outcome p4, because this point is not PO on the approximation.

Assuming that the PF approximation discussed above is IND, then we have the
following: First of all, all points in the initial set of PO outcomes are now plausi-
ble decisions for a rational DM because P ⊂ PF(A) by Corollary 1. Second, since
PF(A) = A by Theorem 2, the diversity of the PO objective vectors on the approxi-
mation can be examined directly from A. Since the DM is rational, then the diversity
of PF(A), not that of A, is interesting to him/her. If the PF approximation A is non-
IND, these are not the same things.

We are left with the question of how to help the DM find a preferred point on a PF
approximation. This is another instance where the concept of an IND approximation
helps. According to Theorem 4, an IND approximation is the PF of a MOP that also
has the set P on its PF.

Theorem 4. If a set A ⊂ Rk is an IND PF approximation based on P, then there
exists a MOP with notation (1) so that P⊂ PF( f (X)) and PF( f (X)) = A.
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Proof. Assume that f = I (the identity mapping), X = A and n = k in (1). Then
PF( f (X)) = PF(X) = PF(A) = A, where the last equation results from Theorem 2.
Also by definition P⊂ PF( f (X)) = A. ut

The MOP, whose existence is guaranteed by Theorem 4, can be seen as a surro-
gate MOP for the initial MOP. We define this MOP for a general set, and not just for
an IND approximation, and also give it a name.

Definition 3. For any nonempty set A⊂ Rk, the MOP

min
s.t. z∈A

z (3)

is called the MOP implied by A. The formulation above is analogous to formulation
(2) but instead of the set of outcomes f (X), an arbitrary set A in the objective space
Rk is used.

When trying to find a preferred point on an IND PF approximation, we thus pro-
pose to solve the MOP implied by A and take the final solution of the former as
a preferred point on the approximation A. This approach has a couple of apparent
benefits: All methods developed for solving MOPs are now applicable for decision
making on the approximation and there is no need to develop new ones for this.
Especially we can now use interactive MO methods in solving MOP (3). Also, since
the PF of the MOP implied by the approximation is explicitly known, the compu-
tational expense should be very low while using MO methods in solving this MOP.
Furthermore, since all the outcomes of the MOP are actually already on the PF of
this MOP, there is no need to be concerned about the convergence to the PF, which
also saves computational time. These aspects are clarified below with an example.

Example 2. In [6], a computationally expensive, black-box problem of wastewater
treatment planning involving three objective functions is solved with the interac-
tive multiobjective method NIMBUS [19, 17]. In the optimization process, 11 PO
outcomes including the final preferred outcome (0.72,332,524)T were computed.
Here we want to produce a PF approximation in the neighborhood of the final out-
come and then to formulate a MOP implied by this approximation in a form that
could be solved with interactive MO methods. We use the already generated PO
outcomes to construct this approximation but we want to emphasize that any appro-
priate method could have been used to generate the set P. We choose a subset of
known PO outcomes (and thus approximate only a part of the PF) for the simplicity
of the presentation.

The final outcome and four outcomes closest to it are chosen as the initial set of
PO outcomes P. Thus, we have P = {p1, p2, p3, p4, p5}, where p1 = (1.7,326,506),
p2 =(1.1,336,515), p3 =(0.9,333,519), p4 =(0.7,332,524), p5 =(0.5,347,528).
The set

A = conv(p1, p2, p3)∪ conv(p1, p3, p4)∪ conv(p3, p4, p5)∪ conv(p2, p3, p5)

shown in Figure 2 is an IND PF approximation and this can be checked analytically.
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Fig. 2: The IND PF approximation A.

The IND PF approximation A can be parametrized with a slack variable t ∈
{0,1}3× [0,1]2 and, using this parametrization, the MOP implied by A can be for-
mulated as

min z(t)
s.t. z(t) = t1(t4 p1 + t5 p2 +(1− t4− t5)p3)

+t2(t4 p1 + t5 p3)+(1− t4− t5)p4)
+t3(t4 p2 + t5 p3 +(1− t4− t5)p5)
+(1− t1− t2− t3)(t4 p3 + t5 p4 +(1− t4− t5)p5)

t = (t1, . . . , t5) ∈ {0,1}3× [0,1]2

0≤ 1− t1− t2− t3 and 0≤ 1− t4− t5.

(4)

The MOP (4) includes 2 continuous and 3 discrete decision variables, 2 linear in-
equalities concerning them and also some box constraints. The decision variable t
does not have any meaning to the DM, but is merely a product of the parametrization
of A. However, the objective function values in the vector z(t) ∈ A have a meaning
to the DM for each feasible t and based on these values he/she can express prefer-
ences. Exploration of the PF approximation A means varying the decision variable t
based on the preferences of the DM and then showing him/her the resulted objective
function values.

MOP (4) can by inputed e.g., to the WWW-NIMBUS implementation of the
NIMBUS method [1]. Solving it is computationally inexpensive and the DM can
get feedback to his/her preferences quickly unlike with the initial computationally
expensive MOP. Thus, the DM could be more inclined to see more new outcomes
and this should help him/her obtain a better understanding of the problem.

The ideas presented in this paper are of general nature, but can be seen to be
related to some specific MO methods found in the literature. The Pareto Navigator
method [4] can be interpreted as solving a MOP implied by the convex cone of the
Pareto optimal solutions. The surface of this convex cone approximates the PF since
for Pareto Navigator the problem is assumed to be convex. The methods of [15], on
the other hand, can be seen as using a visual technique called the Interactive De-
cision Map for solving the MOP implied by an approximation (that is constructed
by methods mentioned therein) of the feasible outcome set. However, since the ap-
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proximations used in these methods are not necessarily IND approximations, the
benefits mentioned in this section do not apply.

5 Conclusion

We have proposed a new approach to solving computationally expensive multiob-
jectice optimization problems. In our approach, we first approximate the Pareto front
and then enable the decision maker to explore the approximation with his/her pref-
erences. We have also proposed inherent nondominance, a new property for Pareto
front approximations which ensures desirable properties for approximations so that
exploration can take place.

The utilization of proposed approximation approach requires an algorithm to
construct an inherently nondominated Pareto front approximation from a given set
of Pareto optimal outcomes. Furthermore, we must study which interactive multi-
objective optimization methods are best suited for solving the multiobjective opti-
mization problem implied by the approximation. These issues will be considered in
future papers.
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