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Highlights
e The exact formula for the global attractor of the Lorenz system is obtained.

e The validity of the formula for all classical values of parameters is proved.
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Lyapunov dimension formula for
the global attractor of the Lorenz system

G.A. Leonov?, N.V. Kuznetsov®”, N.A. Korzhemanova®, D.V. Kusakin®

®Faculty of Mathematics and Mechanics, St. Petersburg State University, 198504 Peterhof, St. Petersburg, Russia
b Department of Mathematical Information Technology, University of Jyvaskyld,
40014 Jyvaskyld, Finland

Abstract

The exact Lyapunov dimension formula for the Lorenz system for a positive measure set of pa-
rameters, including classical values, has been analytically obtained first by G A. Léonov in 2002.
Leonov used the construction technique of special Lyapunov-type functions, which was developed
by him in 1991 year.

Later it was shown that the consideration of larger class of Lyapunovitype functions permits
proving the validity of this formula for all parameters, of the system, sueh that all the equilibria of
the system are hyperbolically unstable. In the present work itdis proved the validity of the formula
for Lyapunov dimension for a wider variety of parametersévalues including all parameters, which
satisfy the classical physical limitations.

Keywords: Lorenz system, self-excited Lorenz attracter, Kaplan-Yorke dimension, Lyapunov
dimension, Lyapunov exponents.

1. Introduction

The exact Lyapunov dimension formula for the Lorenz system for a positive measure set of
parameters, including classical values, has been analytically obtained first by G.A.Leonov in 2002
[23]. In that work it was used thé techmigque, of special Lyapunov-type functions, which had been
created in 1991 [40] and was.developed then in [43, 1]. Later in the works [42, 24, 37] it was
shown that the consideration,of a wider class of Lyapunov-type functions allows one to provide
the validity of the formula for such parameters of the Lorenz system that all its equilibria are
hyperbolically unstable.

In this study it is prevedithe validity of the obtained formula under classical restrictions on the
parameters. One-6f the motivations for this woks is the numerical localization of chaotic attractor
in the Lorenz system in the case of one unstable and two stable equilibria [53, 57].

2. The Lorenz/system

Considerithe classical Lorenz system suggested in the original work of Edward Lorenz [46]:

t=o(y—x)
y=rr—y—xz (1)
Z=—bz+xy.
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Lorenz obtained his system as a truncated model of thermal convection in a fluid layer. The
parameters of this system are positive:

c>0,r>0 b>0,

because of their physical meaning (e.g., b = 4(1 + a?)~! is positive and bounded).

The active study of the Lorenz system gave rise to the appearance and subsequent consideration
of various Lorenz-like systems (see, e.g. [3, 4, 47, 55]). A recent discussion on the equivalence of
some Lorenz-like systems and the possibility of universal consideration of their behavior can be
found, e.g. in [27, 30, 28].

Since the system is dissipative and generates a dynamical system for V¢ > 0 (toverify this, it
suffices to consider the Lyapunov function V(z,y, 2) = 3(2? + y* + (2 — r — 0)?); ste,'e.g. [46, 1]),
it possesses a global attractor (a bounded closed invariant set, which is globally attractive) [5, 1].

For the Lorenz system the following classical scenario of transition to<chaos is known [53].
Suppose that o and b are fixed (we use the classical parameters ¢ = 10,0 =8/3) and r varies.
Then, as r increases, the phase space of the Lorenz system is subject“te the following sequence
of bifurcations. For 0 < r < 1, the zero equilibrium Sj is globally asymptotically stable. For
r > 1, the equilibrium Sy is a saddle and a pair of symmetric equilibria/ S; o appears. For 1 <
r < rp, ~ 13.9, the separatrices I'; o of equilibria S, are attracted to the equilibria S;,. For
r =1, ~ 13.9, the separatrices I'1 » form two homoclinic trajectories of equilibria Sy (homoclinic
butterfly). For r, < r < r. &~ 24.06, the separatrices I'; dand I's\tend to Sy and Si, respectively.
For r. < r < r, = 24.74, the equilibria S} » are stable and, thesséparatrices I'; » may be attracted
to a local chaotic attractor (see, e.g. [53, 57]). The corresponding local attractor in Fig. 1 is self-
excited! with respect to the zero equilibrium and ¢an be'found using the standard computational
procedure, i.e. by constructing a solution with_initial’ data from a small neighborhood of the zero
equilibrium, observing how it is attracted, and visualizing the attractor.

For r > r,, the equilibria S} 2 become Anstable.” The value r = 28 corresponds to the classical
self-excited (with respect to all equilibria) local attractor (see Fig. 2).

3. Estimates of Lyapunov dimension via the Lyapunov direct method

Consider an autonomous differential equation
= f(u), f:R"—=R" (2)

where f is a contindously, differentiable vector-function. Define by w(t, ug) a solution of (2) such
that u(0, ug) = ug;-and consider the evolutionary operator ¢*(ug) = u(t, up). Assume the unique-
ness and existence of solutions of (2) for t € [0,400). Then system (2) generates the dynamical

L An oscillation/can generally be easily numerically localized if the initial data from its open neighborhood in
the phasé"space (with the exception of a minor set of points) lead to a long-term behavior that approaches the
oscillations” Therefore, from a computational perspective, it is natural to suggest the following classification of
attractors [21, 34, 35, 26], which is based on the simplicity of finding their basins of attraction in the phase space:
An attractor is called a self-excited attractor if its basin of attraction intersects with any open neighborhood of an
equilibrium, otherwise it is called a hidden attractor [21, 34, 35, 26, 17]. Up to now in such Lorenz-like systems as
Lorenz, Chen, Lu, and Tigan systems only self-excited chaotic attractors were found. In such Lorenz-like systems as
Glukhovsky—Dolghansky and Rabinovich systems both self-excited and hidden attractors can be found [20, 31, 32].
Recent examples of hidden attractors can be found in The European Physical Journal Special Topics: Multistability:
Uncovering Hidden Attractors, 2015 (see [51, 2, 15, 58, 49, 50, 14, 45, 13, 54, 48, 56, 52]). Note that while coexisting
self-excited attractors can be found by the standard computational procedure, there is no regular way to predict
the existence or coexistence of hidden attractors.



Figure 1: (a) Numerical visualization of a self-excited Lorenz attractor by using a trajectory with aminitial point
taken in the vicinity of the equilibrium Sy. (b), (¢) Trajectories with the initial data (¥16.2899, F0.0601, 42.1214)
tend to equilibria S ;. Parameters: r = 24.5, 0 = 10, b = 8/3.

(a) Initial data near the equilibrium Sy (b) Initial data near the,equilibfium S;  (c) Initial data near the equilibrium So

Figure 2: Numerical visualization of the classical self-excited local attractor in the Lorenz system by using the
trajectories that start in small neighborhoods of the unstable-equilibria Sg 1,2. Here the separation of the trajectory
into transition process (green) and approximation of attractor (blue) are rough.

system {¢'};>0. Let a nonempty set K C R" be invariant with respect to {¢'}i>0, i.e. p'(K) =K
for all ¢ > 0. Consider the linearizasion of system (2) along the solution ¢*(u):

0 ="J (" (),  J(u) = Df(u), (3)

where J(u) is the n x“myJacobian matrix, the elements of which are continuous functions of w.
Suppose that det J(u) % 00 Vu € R™. Consider a fundamental matrix of linearized system (3)
D¢t (u) such thateD@’(u) = I, where I is a unit n x n matrix. Let o;(t,u) = o;(D¢'(u)),
i =1,2,..n, belthe singular values of Dyt (u) (i.e. o;(t,u) > 0 and o;(t,u)” are the eigenvalues of
the symmetric matrix D' (u)* De'(u) with respect to their algebraic multiplicity)? ordered so that
o1(t,u) > L > oj(t,u) > 0 for any v and ¢t > 0. The singular value function of order d € [0, n| at
u € U is defined as

wa(De'(u)) = o1 (t,u) - - o) (t, w)o g (tu) 4, deo,n), (4)

where |d| is the largest integer less or equal to d and w,(Dy'(u)) = o1(t,u) - - - o, (¢, u).

The concept of the Lyapunov dimension was suggested in the seminal paper by Kaplan and
Yorke [16] and later it was developed in a number of papers. The following definition is inspirited
by Douady-Oesterlé [8]. The local Lyapunov dimension of the map ¢’ at the point u € R™ is

2 % denotes matrix transposition.



defined as [18]
dimy, (¢", u) = max{d € [0,n] : wa(Dy"(u)) > 1}

and the Lyapunov dimension of the map ¢! with respect to invariant set K is defined as

dimy,(¢', K) = sup dimy,(¢", u) = sup max{d € [0,n] : wa(Dy'(u)) > 1}.
ue K ueK

In the paper [8] Douady and Oesterlé it is rigorously proved that the Lyapunov dimension of
the map @' with respect to the compact invariant set K is an upper estimate of the Hausdorff
dimension of the set K. Thus we have

. . . t
dimpg K < ilzlg dimy,(¢", K).

Here inf,>q dimy,(¢*, K) is called the Lyapunov dimension of dynamical system {G' };5o with respect
to invariant set K. For computations it is important that (see, e.g. [18])

. . t 7 . . t
%gg dimp, (¢, K) = lgglglof dimp, (", K). (5)

Consider the finite-time Lyapunov exponents at the point u:
1
LE;(t,u) = Elnai(t, w), 1=1,2,..4m t>0.

If n > dimy,(¢%, u) > 1, then for j(¢,u) = |dimy,(¢", u)] and s(tu)= dimy, (¢, u)— | dimy, (%, u) | we
have 0 = 1 In(w;(u)+s(t0) (D@’ () = ngi") LE;(t, wys=s(tsu) LE;(; 441 (t, u). The representation

LE1 (t, U) —|— e —|— LEj(t,u) (t, ’U,)
| LEj(tu)+1 (2, u)]

corresponds to the Kaplan-Yorke formula [16]%with respect to the finite-time Lyapunov exponents?.
Remark that here j(t,u) = max{m : >_;" LE;(t,u) > 0} and LE;( )41 (t,u) < 0 for j(t,u) < n.

Consider an effective analytical niethod, proposed by G.A. Leonov in 1991 [40] (see also [43, 23,
1, 41, 42, 27, 32]). The advantage’of this approach is that it allows one to estimate the Lyapunov
dimension of invariant sets without logalization of the set in the phase space and, in many cases,
to get effectively exact Lyapunov dimension formula [23, 38, 37, 27, 30, 25, 29, 33]. Consider a
nonsingular n x n matrix=S. Let \;(ug,S), i = 1,2,...,n, be the eigenvalues of the symmetrized
Jacobian matrix

dimy, (o', u) = j(t,u) + (6)

1
(St )5~ + (S (u(t, )5 ™)) )
ordered so that/A\;(ug, ) > -+ > A, (uo, S) for any u.

Theorem A. Letd= (j + s) € [1,n], where integer j = |d] € {1,...,n} and real s = (d — |d]) €
[0,1). If there exist a differentiable scalar function V : U C R"™ — R! and a nonsingular n x n
matriaNSywsuch that

sup (A1 (u, S) + -+ + Xj(u, S) + sAjya(u, S) + V(u)) <0, (8)

ueK

3 While in the computations we can consider only finite time ¢ and evolutionary operator ¢f(u), from a theoretical
point of view, it can be considered the limit values of finite-time Lyapunov exponents (LEs). For example, Kaplan-
Yorke formula with respect to LEs is considered in [6, 12]. Relying on ergodicity, the LEs and Lyapunov dimension
of attractor are often computed along one trajectory, which is attracted or belongs to the attractor. But, in general,
one has to consider a grid of points on K and find the maximum of corresponding local Lyapunov dimensions (see,
e.g. [22, 32]).



where V(u) = (grad(V))* f(u), then
dimyg K < dimy,({¢'}is0, K) < dimy (97, K) < j + s
for all sufficiently large T > 0.

A proof of this theorem, based on the invariance of Lyapunov dimension with respect to dif-
feomorphisms, is given in [18] (see also [25, 19]).
Corollary 1. If for d = j + s defined by Theorems 1 at an equilibrium point ug, = got(ug’,;) the
relation
dimy,({¢'}i20, teq) = J + 5

holds, then for any invariant set K > ug, we get the formula of exact Lyapunov dipiension

dimg,({¢' }iz0, K) = dimp({¢' }iz0, ugy) = J + 5.

For the study of continuous time dynamical system in R? the following result.is  useful. Consider
a certain open set K. C R"™, which is diffeomorphic to a ball, whose boundary 0K, is transversal
to the vectors f(u), u € OK.. Let the set K. be a positively invariantsforithe solutions of system

(2).
Theorem 2. (see [40, 41]] Suppose, a continuously differentiable function V(u) and a non-
degenerate matrix S exist such that

M(u, S) + Xo(u, S) + V(u) <0, Wu e K.. 9)

Then any solution of system (2) with the initial dateug~€ K. tends to the stationary set as
t — +o0.

4. Exact Lyapunov dimension of the global Lorenz attractor

Further we will consider a bounded set /', which is invariant with respect to the Lorenz system,
and use the compact notation dimy, K _for theyLyapunov dimension of the Lorenz system instead
of liminfy_, . dimy,(¢*, K).

By Theorems 1 and 2 for the/Lorenz system we can obtain the following result.

Theorem 3. Let Q = Q(o, bsr) be the domain in three-dimensional space of parameters (o,b,r),
where the following two inequalities

r—1>0, (10)
12 2
r—lzb(b+a 1) —4o(b+ ob— 1) (11)
302
are hold and.ione of the following two conditions (a) and (b) is satisfied:
(a)
o*(r—1)(b—4) <4do(ob+b—b>) —bb+ 0 —1)% (12)
(b) let the equation
(20 —b+7)° (b(b+0—1)> —do(ob+b—b") +0*(r —1)(b—4)) + (13)
+4by(c 4+ 1) (b(b+ 0 —1)* —4o(cb+b—b*) —30°(r — 1)) =0
have two distinct real roots v >~ gnd
o*(r —1)(b—4) > 40(cb+b—b*) —b(b+ o — 1)
o (1)
> 0.



1. If

. A(b— \)
20 —b < (o +1)(or +1)Ag§06}§01 NN e (1)
X =min{l,b,0}, r—1>0

or
(0,b,1) € Q and
b—o)b—1)<or<(b+1)(b+0), (16)
then any bounded solution of system (1) tends to a certain equilibrium as t — +o00 and
dimy, K = 0.
2. If (o,b,r) € Q and
or>(b+1)(b+ o), (17)
then
200+b+1)

dlmLK§3—

o+1+ /(0 —1)2+4or (18)

From numerical experiments (see, e.g. [12, 7]) it is known that thesLyapunov dimension of the
zero equilibrium is an upper bound for the Lyapunov dimension“of any invariant compact set of
the Lorenz system. This fact is also known [36] as the Eden conjecture on the Lorenz system (see,
e.g. [10, p.411,Question 3.],[9, p.98, Question 2.], [11]).

Lemma 1. (see, e.g. [11, 23]) If for the parameters of system (1) inequality (17) is valid, then

26+ 0+1)
okl /(0 —1)2+4ro

dimy,(0,0,0) = 3 — (19)

Since a global attractor contains all equilibria of the considered system and estimation (18)
coincide with (19), by Corollary 1 we getiexact Lyapunov dimension (Lyapunov dimension formula)
of the global Lorenz attractor (or any invariant set, which contains the zero equilibrium).

Theorem 4. Let K be a global“attractor of classical Lorenz system (1) and conditions (10)-(14)
of Theorem 3 be valid.
In this case if

or> (b+1)(b+ o),

then
200 +b+1)

o+1+ /(0 —1)2+4dor
Corollary 2. If all three equilibria are hyperbolic, then the conditions of Theorem /J are satisfied.

dimLK:3—

(20)

The numerical check of this Corollary is shown in Fig. 3: L2 is the domain, where all three
equilibrig are hyperbolic, and L1 is the domain, where the conditions of Theorem 4 are satisfied.
For example, for the standard parameters ¢ = 10 and b = % formula (20) is valid for r > 22

45
Thus, the result, obtained in [37] is a particular case of Theorem 3.
Corollary 3. For 1 <b <2 andr > 1 the conditions of Theorem 3 are satisfied.

Thus, the result, obtained in [11], is a particular case of Theorem 3.

Taking into account the physical meaning of parameters, let us consider 0 < b < 4. In this case
the following Corollary can be proved



L1 L

L2 -2
— 3 o I —_— 3
—L4 —L4

o

Figure 3: Domains of parameters (o,b) for r = 10,28,100: the conditions of Theorem 3 hold — shaded by L1, the
corresponding boundary is L3; three equilibria are hyperbolic — shaded by L2, the corresponding boundary is L4.

L1
— L2
— D1

O
(S THNE S C2 M|

Figure 4: Domain of parameter (o,b) for r = 3: the conditiéns of Theorem 3 are valid — shaded by L1, the
corresponding boundary is L2; the conditions of Theotem 3 are not valid for 0 < b < 4 — D1.

Corollary 4. For allr > 1, 0 > 7, and 0 <b < 4 the conditions of Theorem 3 are satisfied.

Thus, for each r» > 1 it remains t6'¢heck numerically the behavior of system with the parameters
from the bounded domain [0 <4 < 4,0< 0 < 7] (see, e.g. domain D1 in Fig. 4). We consider
an increasing sequence r; > A-and nimerically integrate trajectories with initial data from the
bounded absorbing set [44}. “©ur numerical simulation shows the lack of chaotic attractor and,
thus, in the considered domain the Lyapunov dimension formula (20) is valid.

5. Proofs of the“statements

5.1. Proof of Theorem '3

For the proot weise Theorems 1, 2 and the approaches to the choice of S and V' from [36, 23, 37].
Consider. a solution of (1) u(t,up) = (x(t,x0),y(t,yo), 2(t, 20)).
I. Forusystem (1) the matrix J has the following form

—0 o 0

Following [23], for
or+(c—=0b{b-1)>0 (21)



we introduce a matrix

—p 100
S=[-210],
0 01
where o
= . 22
P Vor+ (e —b)(b-1) (22)
Then
b—o—1 -2 0
SJS™! = —%—i—pz -b —x

—p(y+=tz) = b
Consider the characteristic polynomial of the matrix 1(SJS™ + (SJS71)*):

N4 (0+DA+blo—b+1)— (%—ﬁy— <Ma:+£y>2].

(A+0) 2 20 2

Such a choice of the matrix S allows one to simplify the expression for the eigenvalues. The
corresponding eigenvalues \; = \;(z,y, z,5),i = 1,2, 3, are the follewing numbers

=

9 20 i 9 b—1 \*|?
(0 —2b+1)"+ 7—/)2 +p (y+ P .

I1. We shall prove that A\; > Ay > A3, V, ygz:

1 1
o+ 42
2 2

Ny = =b, Ay = —

2
—(a+1)+\/(a—2b+1)2+<27”_pz) _|_p2(y_’_b?71x)2

5 > —b >
I e e
N (0+1) = /(o =P p*(y + 7
= 2
~

20 2 b—1 \°
(0 =204 124+ ——pz) +p2y+ r) >0o—-2b+1>
P o
2 2 b—1 \°
Z—\/(U—Qb—f—l)z—i-(—a—pz) +p2(y+ 3:)
p o

=

20 2 b—1 \°
(U—Qb+1)2+(7—pz) +p2<y—|— . x) > |lo— 20+ 1|
20 2 9 b—1 \?
— —pz| +ply+ x| >0.
p o

In the left-side there is a sum of two total squares, i.e. the inequality is always satisfied. Thus,
)\1 Z )\2 Z )\3 for all xr,Y,z.




ITI. To apply Theorem 1 and Theorem 2, we transform the relation 2(A; + Ay + sA3) with
s €0,1):

200 F A+ sA3) =—(0+2b+1) —s(c+ 1)+

[ 2 2 b—1 \?|*
+(1—5s) (a—2b—|—1)2+(§—pz> +p2(y+ - x)] =

—(a+2b;—1)—5(0+1)+

4o b—1 \*|° (23)
+ (1 —s) (0—2b+1)2+i2—40z+,0222+p2(y+ m)] =
p o
—(c+2b+1)—s(c+ 1)+
b1 \? 3
+(1—9) [(0—1)2+4ar—4az+p222+p2( x)] :
o
Next we use the inequality
l
VE+T<VE+ — (24)

2k

for k41> 0,k > 0. Consider

b—1 \?
k;—i—l:(0—1)2+4a7’—4az+p222+p2( 96)
o

and
k= (0 <)% % dor.

According to (23), the following equation

b—1 \°
I<:+l:(0—1)2—|—40r—4az+p2z2+p2( x) =
g

2 ? b—1 \?
:(U—2b+1)2+(70—pz) —l—p2( - £C> >0

is valid. By the condition of Theorem 3 we have

ro+ (0 —b)(b—1)>0< ro > —ab+ o +b* —b.

Then
k= (=1)24+40r > (0 —1)* —40b+40 +4b* —4b= (¢ —2b+1)* > 0.
Applyingiméquality (24) with k¥ = (o — 1)? + 4or and | = —doz + p?2* + p? (y + b;—lx)Q to

relation\(23); we obtain

2(A\1 + s + sA3) < (a+2b+) (0+1)+(1=9)(c—1)+4or]z+

2(1 — s) P p_ b—1 \° (25)
(0 — 1) 4 4or]2 T ( )]
(26)

Introduce the function




where

1 o
0(z,y,2) = v42” + (—ov1 + 73)y° + 732" + 5715”4 — T2 — NyeTy — —2.

b

We choose the running parameters 71, 72, 73, 74 in such a way that

2,2 2 b—1 \? .
R;:—O’Z—f—%‘f’%(y‘i‘ 1‘) +9§O V%%Z,
o

where (x) is a derivative with respect to system (1). Then, using (25), we obtain

2(M +do+85X3) +2V < —(0+20+1) —s(c+ 1) + (1 — s)[(c — 1) + 407

(VI

(27)

(28)

(29)

i.e. we estimated 2(A; + Ay + sA3) + 2V using the relation, which depends on the parameters of

system (1) and is independent of x,y, z.

IV. We perform the analysis of R, choosing the running parameters vyy95, Y337, in such a way

that (28) is valid. Taking into account (27), we obtain

p(b—1)?

R = _,le4 + (71772 + 2071 + bfyl)x2z + ( 152

Y102 7 20’74) 4

p*(b—1) o
T e = 2rom 20y + 20 o — o )y

4
= AllA + A2$2Z + A322 + 311'2 + Bgl'y + Bng,

p’ r
+ (2071 — 2v3 — oY1Y2 + Z) y* % (— — 2b73) 22 =

where )
Ar = —m, Aoy =1 (2pk 20 + 1), Ay = pz — 2bys,
2 h=1 2
By = p(4—2) — 1172 — 2074 = C1 — 207,
o
(b—1 o
By = M Fauye = 2royi + 2rys + o1y — — + 207y, = Cy + 2074,

20 b

2

By =207 — 273 —omye + %.

IV. a. Under the conditions A; # 0 and B3 # 0 we transform the relation for R:

2 2 o a2
R= A (962 + ﬁz) + Bs (y + &33) + 4515 — B z? + AA1 Az — A 52

24, 2B, 4B, 44,

Then
A <0
Bs <0
4A1As — A3 >0
4B,Bs — B3 >0

= R<0 Vr,y,z.

Now we analyze the signs of four addends in (30):

Al =1 <0& 7 >0,

11

(30)

(31)

(32)



2
Bg<0<:>2’}/3>20"}/1—0")/1”)/2+p—, (33)

4
2
0 < 4A1A3 — Ag = —4")/1 (Z — Qb")/g) — ’}/12(”)/2 + 20 + b)2 (34)
Since according to (32) v > 0, from (34) it follows that
Pm
(Y2 + 204+ b)2 —p* +8by3 >0 & 23 > ut @(w + 20 + b)*. (35)

Then
4BlBg - B22 = 4B3(Cl - 20’*}/4) - (CQ + 20’74)2 = 43301 - 80'33’)/4 — 022 — 40'02’74 - 40’2’}/2 =
= —40%y] + 40 (—2B3 — Cy) + 4B3C, — C3.

The relation 4B, Bs — B3 is a quadratic polynomial in v, with a negative coefficient of 3.
Therefore for the inequality 4B, Bz — B3 > 0 to be satisfied, it is negessary that the corresponding
quadratic equation has a real root, i.e. a positive discriminant:

D, = 160°%(4B3 + Cj + 4B3Cy) + 160*(4B;C = C3) =

= 160307 + 640° B3 + 640° B3Cy + 640> B3C, — 160”054 640> Bs(Bs + Cy + C).
Since B3 < 0 according to (31), we obtain D., > 0 < B; + C; + Cy < 0. Then

2 b —1)?
B3+01+C2:2071—273—07172+p—+—p( )+
4 402
2b—1 o
—rye + & (20 ) H11= 2rom + 2z Home — 4 =
2 P b—1)?
=73(2r — 2) = 11(7200F 200) —nY2(0 + 7 —0 — 1)+ pZ + 7 <402—) +
2(b—1 o 2
2 2 2
pPh—172 pPb-1) o
+ 402 T 20 b’
Thus, for
2 2 2 2
p* prb—1)2% pb-1) o
293(r)— 1) <207 (r — 1) + yya(r — 1) — T i . (36)

there exists %, such that 4B, Bs — B2 > 0.
Note ‘that in (36) a part of the right-hand side of the inequality can be transformed in the
following way

p (o +b—1)>
402 '

(37)

IS

2 2 2 2 2 2
p(b—=1)° p(b—1) p* (o (b—-1)° o(b—1)
T YT T e\T T T

12



Taking into account (32), (33), (35), (36), (37), conditions (31) become

m >0 )
P

273>2<7%—07172+Z

2 = R<0 Vaz,y,z. (38)

P 71 2 y I
Qv > = 2 b
73_4b+4b(72+ o+0b)

2b+0—-12 o

2(7"_1)7332071(T—1)+7172(7"_1)_—p( 102 ) b

For obtaining (30) it is assumed that A; # 0, B3 # 0. Let us analyze the cases A; =0 and Bs = 0.
IV. b. Consider B; = 0. In this case we have
R = Aya* + Asz?z + A32? + Bia® + Bouy,
i.e. it is impossible to choose 71, 72,73, 74 in such a way that R < 0 is*valid Vz, vy, 2.

IV. c. Consider the case v; = A; = 0 and B3 # 0. Then
As=7(12+204+0)=0

and
Bs \?> 4B,B;— B?
R:A322+le2+32xy+33y2:A322+B3 y+—2x + 123 2]/,2.
2Bs 4B,

In this case
A3 <0

B3 <0 = R<0 Vz,y,z. (39)
4B Bs =B3 > 0

The second and third conditions are similar to the second and fourth conditions in (31). Conse-
quently it remains to consider

p’ p?

0> As=— —2by3 & 293> —.

2 Az 1 V3 V3 = 1
The latter inequality, obtaimed under the assumption A; = 0, coincides with condition (33) if
in (33) we take #4~="0. /Thus, the conditions on the running parameters 7, vz, 73,74, obtained
under the condition Ay = 0, B3 # 0, can be joined with those, obtained under the condition

Al 7é 0, B3 7& 0, 1e.

7 >0 )
p2
273>2071—0%72+Z
2 = R<0 Vuz,y,z. (40)
P gt 2 = s
2va > — 4 — 2 b
73_4b+4b(72+ o+0b)
2b4+0—-1)2 o
2(7" — 1)’}/3 S 20”)/1(7” — 1) +’}/1’}/2(7’ — 1) — % + E

13



V. For r — 1 > 0 conditions (40) can be transformed in the following way:

(

71 Z 07
2
2793 > T + 2071 — 07172,
2 41)
P il 2 (
Qe > — 4 — 2 b
73_4b+4b(’72+ o+ b)7,
p*(b+ o0 —1)* o

293 < 2071 + 7172 —

\

1020 —1) =1

For the existence of 73 it is necessary and sufficient that

2 2 2
p p*(b+o0—1) o
— 20 — < (2 — y
7 Qe on) <m@o ) - = T o
P T 9y bt ) < (20 4 g) — O T D e O "
7w =TT T e — 1) Al 1)
We now analyze the above inequalities.
V. a. Consider the first inequality from (42) for different 9.
Let 9 = 0. Then the inequality is equivalent to
2 2(p, _1)2
24 plbto-l) -
4 do%(r — 1) b(r—1)
If 49 > 0, then we obtain the condition
1 > P +Ho - 1)
M> 7T 2y Ry — 17 o )
Yo(o+1) \ 4 do?(r — 1) b(r — 1)
and if 5 < 0, then
1 2 (b —1)?
< — LA (P pbro— )T o )
Yo (o4 1)\ A do%(r — 1) b(r — 1)
In the latter case it is required-that
2 2 2
p.. p(b+o—1) o
L g - <0 43
17 =0 =1 (43)

since, according to“(40), we have v; > 0. Thus, since the cases of 7, = 0 and v, < 0 impose the
same condition 6on the parameters of the system, they can be joined.

V. b. Brom thessecond inequality of system (42) we obtain the condition for ~;:

_ 2 2 2 12
(20 i)b+”yz) 71§_<p+,0(b—|—0 o )

4 402(r—1)  b(r—1)
If 9 = b — 20, then it is required that

P pPb+o—-17° o <0
4b 4o%(r — 1) b(r—1) —

If 75 # b — 20, then we obtain the following condition for v,
4b <p2 p*(b+ o — 1) o )

M= TP S Yy

20 — b+"}/2)2

14



According to (40), 71 > 0 is valid. This implies the following

2 2 )2
P o prb+o—-1)7° o <o. (44)

W 4o%(r — 1) b(r —1)

Thus, inequality (44) holds true also for 5 = b — 20 and v, # b — 20.
Condition (44) must be satisfied for any sign of . If, in addition, condition (43) is also
satisfied, then in function (27) we can take v, < 0 and in this case there exist v;, 73,74 such that

the relation

2.2 2 b—1 \?2 .
R:—az+pz +p— Y+ r)] +60<0 Vr,y,z
4 4 o
is valid. If inequality (43) is not satisfied, then in (27) it must be taken v, > O andjexcept for
condition (44), it is necessary to find conditions for the existence of ;.
In this case we obtain the following family

re2 2 12
PP b+o—-17° @ <0,
4b 4o%(r — 1) b(r —1)
2 2 12
PP b+o—-17° ¢ <0
( 4 4o%(r — 1) b(r —1)
2 2 )2
PP (b+to—-17° ¢ <
W 402(r—1)  b(r—1) (45)

Y2 > 0,72 7é b_QO-,
1 (p2 P20+ o =1)? o ) _
72(0 +1)

4 102 — VW 7 b(r—1)
4b (,0_2 pPb+o—17 o )
(20 — b+ 72)? \4b 402(r — 1) bir—1))"

V. c.
Consider the first condition<f (45):

pg(b+0—1)2_ o

2
& <0
4b 4o(r — 1) b(r—1) — 7
2 2 )2
PP (b+o—-17° o <o
4 40%(r — 1) b(r —1)
Substituting the value p from (22), we obtain
o? n (b+o—1)2 __9 <y
4b((r—1)o =02 +b+aob) 4(r—1)((r—1o—b2+b+ob) blr—1)— "~
o? N (b+o—1)> T _y
A(r—=1)oc = +b+0ob) 4r—1)((r—1o—b+b+ocb) b(r—1) '
<~
12 2
T_lzb(b—l—a 1)* —4o(b+ ob b)7
302

o?(r—1)(b—4) < 4o(cb+b—b*) —b(b+0o — 1)

15



V. d. Consider the second condition of (45):

prpbto -1 o
4b 4o%(r — 1) b(r—1) = 7
Yo > 0,72 # b — 20,
1 (p_2 pA(b+o—1)> _c ) _ (46)
Yoo +1) \ 4 402(r — 1) b(r —1)
_ 4b (p_2 pPo+to—172 o )
L (20 —b+72)? \ 4D 40%(r — 1) b(r—1)/)"

From Item V. c. it is known that the first inequality of system is equivalent to the relation

b(b+o—1)2—4do(b+ob—1?)
302

r—12>

Next we transform the following inequality

1 (p2 pA(b+o—1)> o ><_ 4b <p2 pAb+o—1)3 o )

Ylo+1)\ 4 do2(r—1)  b(r—1) (20 — b+ )2

4b 40%(r — 1) b(r —1)

2 2 2 _1)2
(20—b+72)2(%+ plbto-17 o ))<0

+ b (ot 1) (p— +

4b do%(r — 1) b(r —1

=
pPob+to—-1?2 o )

40%(r — 1) b(r — 1)
=

(20 —b+7)? [b(b+ 0 — 1) A=da(ob+b—b°) + o*(r — 1)(b—4)] +

Fabya(o +1) (b(b + 0 — 1)< do(ab + b — b?) — 30%(r — 1)) < 0. (47)

The left-hand side of the inequality is a quadratic polynomial in ~,. If the coefficient of 3 is
negative, i.e.
b(b+ g~ 1) %= Aa(ab+b—b*) +o?(r — 1)(b—4) <0,

then there exists vo > 0 satisfying inequality (47).
If the coefficient is équal to 0, i.e.

b(bFo—1)>—4o(ob+b—b*) +o*(r—1)(b—4) =0,
then the relation
4bya(o + 1) [b(b+ 0 — 1) — 4o (ob+b—b*) — 30 (r — 1)] <0

has to be’valid. By (46), 72 > 0 is satisfied and b(b + o — 1)* — 40(b+ ob — b%) — 30%(r — 1) <0,
Then the'inequality

Abya(o + 1) [b(b+ 0 —1)* —4o(ob+ b —b*) — 30*(r —1)] <0

is valid.
If the coefficient is positive, i.e.

b(b+o—1) —4o(ob+b—0b*)+o*(r—1)(b—4) >0,

16



then for the existence of vo > 0, satisfying (47), it is necessary and sufficient that there exist two
different real roots of the equation

(20 —=b+7)* [b(b+ 0 —1)> —4o(cb+ b — %) + o*(r — 1)(b—4)] +

+4bya(o + 1) (b(b+ 0 —1)* —4o(ob+b—b*) —30°(r — 1)) =0 (48)

and the largest root must be positive. This condition corresponds to the second condition of the
theorem.

V. e. Relations (11)-(14) imply the inequality

2.2 2

p*z*  p

R=— -
ot St <y+

2
x) +0<0 YV, y, 2.

Consequently, (29) is valid:

2 + A+ 5A3) + 2V < —(0+ 20+ 1) — s(0 + 1) + (1 — 8)[(Br— )24 dor]2.

VI. To apply Theorem 2, we consider inequality (29) for s =0:
QA + A+ V)< —(0+2b+1) + [(o —1)>+Aor]z.

Then we find conditions for the parameters of system .6, 7 for which 2(A\; + Ay + V) < 0. We
have
o426+ 1)+ (0 —1)>+40or]2 < 0 [(0%51)° +4or]2 < (0 +2b+1). (49)

The parameters of system o, b are positive numbersyi.e. ¢ + 2b+ 1 > 0. Therefore after squaring
two sides of inequality (49) we obtain

02 =20 +1+4dor < 62+ 1+ 4b*> + 20 + 4ob + 4b

<~
dor < 40340\t dob+4b < or < (b+1)(b+ o).

Thus, taking into account (21), we obtain condition (16) for which
20\ + A + V) <.

Then Theorem 2 c¢amybe applied, i.e. any bounded on [0;400) solution of system (1) tends to a
certain equilibrium as = +oo.

VII. Inequality (15) is obtained in [39].
VIIL, To apply Theorem 1, we take s # 0 and (29):

2M 4+ A+ A+ V)< —(0+26+1) —s(c+ 1)+ (1= 9)[(c — 1)* + dor]z =

o=

= —s(o+1+[(c—1)2+40r]2) — (6 +2b+ 1) + [(c — 1) + 4o7]2.
Find s such that the relation 2(A\; + Ay + sAg + V) < 0 is valid:

—s(c4+1+[(c —1)2+407]2) — (6 +2b+ 1)+ [(6 — 1)2 + 4o7]2 < 0
N (50)
—(0+2b+ 1)+ [(0 —1)2+4or]2 < s(0 + 14 [(0 — 1)? + 4or]2).

17



The parameter o of system (1) is a positive number. Therefore the coefficient of s, 0+ 1+[(c —
1)2 +407]2, is greater than 0. In this case if inequality (50) is divided by o + 1+ [(o — 1) +4o7]z,
then the sign is not changed, i.e. we have
—(0+2b+1) + [(0 — 1) + 4or]2
o+1+[(0c—1)2+407]2 '

5> 850 = (51)

Thus, in the case when (11)-(14) are satisfied and s satisfies (51) we have 2(A\; + Ay + s s+ V) < 0.

Under the hypothesis of Theorem 1 we have s € [0, 1). However according to (51) the relation
s > so must be valid. The case s = 0 is already considered. Obviously, o+ 1+ [(0 —1)24+407]z > 0.
Therefore for sqg > 0 to be valid, it is required that

—(c+2b6+ 1)+ [0 —1)2+40r]z2 >0 < [(0—1)>+40r]z > 0 +20% 1. (52)

The relation o +2b 4+ 1 > 0 is always satisfied since the parameters o, b of system (1) are positive
numbers. Thus, after squaring inequality (52) we obtain

02 =20+ 1+40r >0 +1+4b* + 20 +40b+4b < or > (b #1)(b+0). (53)
Next we find a condition for which sq < 1:

—(0 420+ 1)+ [(0 — 1)% + 4o7]>

- <1
o+1+[(c—1)2+4or]2
~
—(0+2b+ 1)+ [(0 — 1) +4or]2 < ot 1+ [(0 — 1)2 4 dor]2
4
0 <o+ 140

The latter inequality is always valid. Thewparameters of system (1) are positive numbers and
therefore
b 1D)(b+0o)>b—0)b-1)
is always satisfied, i.e. from conditions/(21), (53) it remains only condition (53). Thus, it is
obtained condition (17) underavhich the relation 2(A; + Ay +sA3 + V) < 0 is satisfied and Theorem
1 can be applied. Consequently, dimy, K < 2 + s for s, satisfying (51) and (17). Thus,

200 +b+1)

dimp, K <3 — .
L= o+1+4+/(c—1)2+4or

5.2. Proof of Corellary 3

I. We consider inequalities (11), (12), which are sufficient conditions for the theorem to be

valid:
b(b+o — 1)2 —4o(b+ ob— b2)

302 ’
o*(r—1)(b—4) <4do(ob+b—b*) —bb+ 0o — 1)
Since it is considered 1 < b < 2,0 > 0, we get

b(b+o—1)>—4do(b+ob—1?)
302 ’
b(b+ o — 1) —4o(ab+b—b?)
o%(4—10)

r—12>

r—1>

r—1<

18



Consider the right-hand side of these inequalities. Both denominators are positive and the numer-
ators are the same. The numerators can be transformed as

b(b+o—1)>—40(b+ab—b*) = —30%b+ (—6b+ 6b*)o + b(b — 1)*. (55)

Since the discriminant of the corresponding quadratic equation D, = 48b*(b — 1)? is positive, we

have the following real roots
2V/3
012 = (1 + T) (b — 1)

Therefore, since coefficient of o2 in (55) is negative, the right-hand sides of inequalities (54) are
positive if
o € (01,09)
and are negative if
o € (—o0,01) U (09,+0).

If o0 € (09, +00), then

—_1)2 _ _ 12 _1)2 s 12
max[(),b<b+0 1)2—4o(b+ob—1%) b(b+ o —1)* =4o(ab+ b b)}:(),

302 ’ g2 (4=0)

and three inequalities (10), (11), and (12) are equivalent tow — 1)> 0.
If o € (0,03), then

—_1)2 _ _ 12 _1)2 _ 12
maX[O,b(b+U 1)? —4o(b+0b—b°) bb+a—1)°—4o(cb+b b)]:

302 ’ o%(4 —b)

b(b+ 0 21)*—4do(cb+b—1?)
a’(4—1b) ’
and three inequalities (10), (11), and (12),are equivalent to the following inequality

b(b4+ o — 1) —4do(ob+b—1?)

R
T > T (56)
IT. Consider (16):
b—0o)b—1)<or<(b+1)(b+o0),
and find conditions on’parameters o, b, r such that
(b—o)(b—1) <or. (57)
Since o > 0y inequality (57) is equivalent to the following one
b(b—1—
bo=l=0) . (58)
o

Since 1 < b < 2, the left-hand side of inequality (58) is negative if o > 1 and positive if o < 1.
III. Thus, if o € (max(o9,1),4+00), then

b(b+o—1)2—4o(b+0b—0%) bb+o—1)>—4o(cb+b—1b*) b(b—1—0)

= 0.
302 ’ o2(4 —b) ’ o

max |0,

Therefore, for Theorem 3 to be valid, only the inequality » — 1 > 0 must be hold.
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IV. If 0 € (0,max(09,1)), 1 < b <2, then

b(b—1—0) < b(b+o—1)2—40(ob+b—b?)
o — 02(4—b)
& (59)

0<(140)b*+ (—c*+0—2)b*+ (0 — 1)

Here the right-hand side is the third-order polynomial in b and the corresponding roots are the
following

(0 —1)?

by =0, b,=
! rR oc+1

C by=1.

The maximum of (‘:1)2 on the interval o € (0, max(09,1)) is 1 and the miniptum is 0" So b; <
by < bz. Thus, inequality (59) is valid on interval 1 < b < 2, since coefficient of b3 the right-hand
side is positive. Then

bb+o—1)2—4do(b+0b—10%) b(b+0c—1)>—4do(cb+b=b%) b(b—1—o0)

max |0, 302 ’ o%(4—b) ' o -
_bb+0—1)2—4o(ob+b =%
0%(4 —b)
and it b(b 1)? — 4a(ab b — b*
r_1 (b+0 —1)* — 4a(abt b — b?)

o2(4—b) ’
Theorem 3 is valid.
V. Now consider condition (15) of Theorem 3 tojobtain the remaining interval

b(b+o—1)>—4do(cb+b—1?)
o%(4—b)

o € (0,max(09,1)), Q<7 —b<

If 0 > 1, then \j =1 and

_1 Ab—N)
20 — b <{(o% 1)(or —l—l)AIer[lOa’Li(O] (\/ﬁ—\/((;—)\)(l—)\))?'

In this case, we obtain the following sufficient condition (for A = 1 in the right-hand side of
inequality):

(c+1)(c+r)(b-1)

rio

20 — b < )
which is transformed to the following quadratic inequality with respect to r
(20% — ab)r* + (0 —ob— b+ 1)r + 0> — 0’b — ob+ 0 < 0. (60)

It is easy to check that the roots of the corresponding quadratic equation

ob—0+b—1—/(8b—8)c* + (—4b?> + 12b — 8)0> + (—3b> + 2b + 1)o2 + 2(b — 1)20 + (b — 1)?

20(20 — b) ’
Cob—o+b—1+/(8h—8)ot + (—4b2 + 125 — 8)0® + (=302 + 2b + 1)o? + 2(b — 1)%0 + (b — 1)2
B 20(20 — b)

rn =

T
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exist and 711 < 0 < 7 if 0 > 1 and 1 < b < 2. Since the coefficient of r? in (60) is positive
provided that ¢ and b are from the considered domain, then we need to consider the relation
0 <r—1<r;—1only. If the inequality

b(b+o—1)*—4o(cb+b—b?) _
0%(4 —b)
_ ob—o+b—1+ /(80— 8)c* + (—4b? + 12b — 8)03 + (—3b2 + 2b + 1)02 +2(b — 1)20 + (b — 1)2
20(20 — b)

-1

(61)
is valid, then Theorem 3 is hold for ¢ € (1, max(o9,1)), b€ (1,2],7r—1> 0.
Since we consider o € (1, max(02,1)), b € (1,2], then 02(4 — b)(20 — b) > 0 and inequality (61)
is transformed to
(—16b+ 16)0™* 4 (330> — 37b + 4)0® + (—8b> + 5b% — b+ 4)0* + (—2b* 4 46— 20*)0 <
< 0%(4 —D)\/(8b — 8)a* + (—4b2 +12b — 8)03 + (—3b2 + 2b + 1)02 +2(b— 1)20 + (b — 1)2.

This inequality is valid in the case of negative left-hand side, because 1 < H< 2. If the left-hand
side is positive, we square both sides of the inequality:

((=16b + 16)0* + (330> — 37b + 4)0® + (—8b* + 5b* — b + 4)0” £ —2b" + 4b° — 2b%)0)? <

< o' (4 —0)*((8b — 8)o* + (—4b* + 12b — 8)0® + (—3b*+ 2bt'1)0” + 2(b — 1)%0 + (b — 1)?)

=

0 < (8b* — 328b? + 704b — 384)0® + (=4b! £11006% — 2408b* 4 1568b — 256)0" +
+(—1348b" + 2884b% — 1888b% + 480b — 128)6¢ + (464b° — 728b* + 288b* — 248b* + 224b)0°+
+(68b% — 3320° + 404b* — 116b° + 8b>7232b)0™ + (—32b7 + 84b° — 76b° + 44b* — 36b° + 16b%)0°+
+(—4b® + 166" %.240° + 16b° — 4b*)0” =: hi(0,b) = hy.

(62)
As is shown in Fig. 5, inequality (62) holds, and, therefore, inequality (61) is satisfied.

8000 8000
6000 6000
4000 4000

2000 2000

Figure 5: Projection of 3d plot of h; on the corresponding planes

VI.If 0 < 1,1 < b < 2, then the inequality 20 — b < 0 is valid. In this case the inequality
20 — b < 0 is a sufficient condition for (60). So if o < 1, we take o > 2.
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Since we let o < 1, in condition (60) A\g = . Then we obtain the following sufficient condition
(consider A = ¢ in the right-hand side of inequality):

(c+1)(oc+7r)(b—0)

2 Y

20 —b<

r

which is transformed to the following quadratic inequality with respect to r
(20 — ab)r? + (0® — 0%b — ob+ 0*)r + o' — 0°b — o®b + 0* < 0. (63)
It is easy to check that the roots of the corresponding quadratic equation
ob—oc?+b—0—+/—(c+1)(b—0)((3c —1)b— (70 — 1)0)
2(20 — b) \

ob—c*+b—o0++/—(c+1)(b—0)((30 — 1)b— (70 —1)a)
2(20 — b)

A —

H2)

exist and 7 < 0 < r@ if 0 < 1 and 1 < b < 2. Since in (60) the,coefficierit of 72 is positive
provided that ¢ and b are from the considered domain, then we need to consider the relation
0<r—1<r®—1.

If the inequality

b(b+o—1)*—4do(cb+ b4 V?)
o%(4—10) J
ob—o0?+b—o0++/—(c+1)(b—aN(30—1)b— (70 — 1)0)
< 2(20 —b)

(64)
—1

is valid, then Theorem 3 is hold for o € (g,min(og, 1)), be (1,2],r—1>0.
Since we consider o € (2, min(o,1)), b€ (1, 2]y we have 0%(4 — b)(20 — b) > 0 and inequality
(64) is transformed as

(4 —b)o* + (b* — 21b + 20)0°(33b? — 36b)0? + (—8b* + 4b* + 4b)o — 2b* + 46 — 2b* <
< 0*(4 = b)§/ Ao $1)(b—0)((30 — 1)b — (To — 1)0).
If the left-hand side of (65)/is,positive, then both sides can be squared:

(4 —b)o* + (b* —21b # 20)0°(33b* — 36b)0? + (—8b* + 4b* + 4b)o — 2b* + 4b® — 2b*)? <
< =gl(4=b)*(c+1)(b—0)((30 —1)b— (T — 1)0)
~
0 < —8(b— 4)?0® + (126 — 1361 + 416b — 256)0” + (—4b* + 1400 — 928b* + 1248b — 384)05+
+(—84bA+115446° — 28720 + 1376b)0° + (12b° — 1408b* + 28125% — 1256b% — 160b)0+
+(4b8 4 4360° — 588b* — 220b% + 368b%)0> + (68D° — 344b° + 468b* — 176b° — 16b%)0*+
+(—32b%£.806° — 48b° — 16b* + 16b%)0 — 4b°® + 1607 — 24b° + 16b° — 4b* =: hy(0,b) = ha.
(66)

(65)

As is'shown in Fig. 6, inequality (66) is valid. So inequality (64) is satisfied.
Thus, Theorem 3 is holdif 1 <b <2, r>1. B

5.3. Proof of Corollary 4
I. We consider the following sufficient condition for the theorem to be valid:

b(b+o—1)2—40(b+ob—1?)
r-1> 307 (67)
o?(r—1)(b—4) <4o(ob+b—b*) —bb+0o —1)?
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Figure 6: Projection of 3d plot of hy on the corresponding planes.

and show that this condition is true for sufficiently large 0. The domain,in=which condition (67)
is not satisfied is bounded with respect to 0. Since we consider b <4 andg > 0, system (67) is

equivalent to the following one

b(b+ o — 1) —4o(b+.60 =1?)
302
b(b+ o —1)% — 4o(b +ab~ b?)
o? (4=b)

r—1>

r—1>

] > id
" 3
b7+ 1 1)2—4(§+b bQ)
r’=1> 15
Let
1\’ 1 b
f(b,o>=(—+1—-) _4(_+1__>:
o o o o
:%b2+_2‘z60b —6U+12—302
ag g o

Then system (68) can be represented as
b
r—1> gf(b, O')

b
r—1> mf(b,(f)

(68)

(71)

The function f(b, o) is quadratic polynomial in b with a positive coefficient of b*>. The abscissa of
parabola peak is equal to by = 1 — 30. If we consider ¢ > %7 then by < 0 and, therefore, on the

interval b € (0,4) the maximum of the function f(b, o) is achieved for b = 4 and has the form

18 9
g g
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For o > 3 + /12 we have f(4,0) < 0.
Since b € (0,4) and r > 1, for sufficiently large o we get

b
r—1>0>§f(b,a)

) (72)
1 _
T >O>4_bf(b,0),
i.e. condition (67) is satisfied.
II. Let us show that for sufficiently large o and r > 1 the inequality
or>(b—o)(b—1) (73)
is satisfied. Then the domain in which it is not satisfied is bounded with respéct to o.
Condition (73) is equivalent to
1 —o—1
P>+ L Sh 41 (74)
o o

The right-hand side of this inequality is quadratic polynomial inb with”a positive coefficient of
b%. The abscissa of parabola peak is equal to b, = g+ % If @ >77, then b, > 4. In this case the
maximum of the right-hand side of the inequality for b € (0,4) is smaller than that for b = 0, i.e.
1. Thus, for sufficiently large o, b € (0,4) and r > 1 the4elation

—o=1

g

b+1

1
r>1> =+
g

is satisfied, i.e. (73) is valid.
IIL. If r > 1, b € (0,4), and ¢ > 7, them,condition (67) and inequality (73) are valid, i.e. the

conditions of Theorem 3 are satisfied.
[ |

6. Conclusion

In this work we demonstrated that a previously known result for the Lyapunov dimension of
the Lorenz system holds/true fora larger set of system parameters. In particular, it is shown that
the Lyapunov dimension fermula may be valid in the case of one unstable and two stable equilibria.
Also by analytical and mumerical methods we have checked that the Lyapunov dimension formula
obtained is validfor 0'<.b < 4.
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