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is paper gives a characterization of Sobolev functions on the real line by means of pointwise inequalities involving nite

di erences.

1. Introduction

e general opinion in the literature on Sobolev spaces

" (R) and their generalizations is that the one-

dimensional case = 1 may not be interesting. In the rst

order case = 1, the theory is essentially contained in the
fundamental theorem of calculus

() = a0 . R 0

and the higher order case > 1 reduces recursively to the
rst order case according to the following de nition.

De nition (Sobolev spaces). Assume that R is an open

interval with nite Lebesgue measure in R and let  be a

vector space of functions. One says that if there

exists that agrees with  almost everywhere and has

weak derivatives of order in  and the derivatives of order
,0 1, are absolutely continuous.

e main goal in this paper is to point out that there are
interesting phenomena related to the Sobolev spaces already
in the one-dimensional case. More precisely, we give a direct
and relatively elementary proof of the following result.

eorem . Suppose that
measure. A real valued (continuous) function
the Sobolev space " () = () ( 1,

R isan open interval with nite
Risin
> 1)ifand

is is also shown to apply to more general Orlicz-Sobolev, Lorentz-Sobolev, and Lorentz-Karamata-Sobolev spaces.

only if for each and R the thdi erence of the function
at the point  withstep = ( )/

o= (O)= (D) 0

=0

satis es the inequality

; ()+ ()

for some function V().
Note that this result is false for domains with in nite
measure as nonzero constant functions satisfy ( )with =0

butarenotin 1 () (we leave it to the reader to formulate an
appropriate version of  eorem for homogeneous Sobolev
spaces, which avoids this de ciency). We will also consider
this result in the more general framework of Banach function
spaces. However, the material is presented in such a manner
that it is accessible to readers who are only interested in
the classical case. Inequality ( ) in  eorem is one of the
examples of pointwise inequalities characterising Sobolev
functions, proved and propagated by Bojarski and his stu-
dentsin aseries of papers over the lastalmost  years; see, for
example,[ ]. ecase =1liesatthe initial conceptsand
cornerstones of analysis on general measure metric spaces

[ ]



Let us give an overview of the paper. e proof of
eorem is presented in a series of results. We rst give
a detailed proof of the fact that Sobolev functions satisfy
the pointwise inequality (). e idea is to consider the
Taylor expansion of the function. Using the linearity of the
nite di erences, we only need to compute and bound the
nite di erences of polynomials ( ) ! and of terms
like ( )+ ! e so-called Hermite-Genocchi formula is
an integral representation of the nite di erences (actually
divided di erences), which makes the computation rather
easy. It turns out that the functions  are multiples of the
Hardy-Littlewood maximal function of the corresponding
derivatives. Reference [ ] studies the possibility to nd
whose de nition does not involve derivativesatall. e other
direction is easily shown to hold for smooth functions and
the general result follows from this.  erea er, we recall the
theorems from literature necessary to be able to deduce that
our main results also apply to Orlicz, Lorentz, and Lorentz-
Karamata spaces.

2. Sobolev Functions Satisfy
Pointwise Inequality

We refer the reader to Chapter in[ ] for the de nition and
properties of absolutely continuous functions. We write

!, [ ,"]toexpressthatthe function :[ ,"] Ris( 1)-
times di erentiable and that the derivative of order lis
absolutely continuous. e aim of this section is to show that
membership in a Sobolev space implies ( ), where the nite
di erence is replaced by divided di erences.

De nition (divideddi erence). Let 4,..., ,;bepointsin
a domain R. One assumes that if  has multiplicity
then : Ris( 1)-timesdi erentiablein .Firstone
considers the case where PRl 4+ are ordered.
Onede nesfor 1

’ if l:2 +1

otherwise.

)

We extend the de nition to unordered tuples in the only
possible way that makes the divided di erence independent
of the ordering.

Remark . In the recursion formula, we omitted ; in the
nominator of the minuend and  ; in the nominator of the
subtrahend and then divided by . We claim that we
obtain the same result if we replace ; by and ,;by as
longas =2 is can be seen by induction. We look here
only at one of the two more di cult cases when one of the
omitted points is either the largest or the smallest (and there
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are at least three points). e omitted points are denoted by a
hat. We also omit the function. Consider

$4% $4 4
1

Ct b $4 4L 84, 4% 84 4K

+1 #1001
1
1 0
= a1 84,40 a1 $4, 400
+1 $411 4 %+ +1 $4 ’ 4'+]_%
1
+1 1 +11 .

We collect the rstand third term and expand the second one:
$4% $4 %

1

= 1 845, 4% 1 84,4 40 ()

+1 $4,4 40+ $4 ,4.4%

1
+1 1 11 .
Collecting the rst two terms and the second two, cancelling,
and applying the induction hypothesis give

$4% $4 %S4 Bab
- - 1oy

1 +1 1 +1 1

e following formula is a useful tool to compute divided
di erences.

+1%' ()

Lemma (Hermite-Genocchi formula). Let ,,..., 4, be
points in a domain R. One supposes that R
issuchthat ¢ 2 is absolutely continuous if notall  coincide

and that additionally (’( ) exists if all points are the same.
en

$ g0y
1 1
- o o ?
()
1
b O 0+ | 4.
0
+igE+ 1
Proof (see page  in[ Jaswell). If =1, we have that
1
ot 1 0 1 1
0
& 1 0
- - @7 =2
—_ ’ 0 )
=% 1 0 ' ()
—_ 0 0: 1
:7$ o b =84, b, =2y,
$ o0 o, 0= 1
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Assume now that the claim is true for some . We assume

here that ,; =2 and leave the case when and ;

coincide to the reader (computation () might be helpful).
en, evaluating the right most integral,

1 1
1 2
0 0
g (g o+ .
0 =1
+ +1 +19 +1
1 1
= 1 2
0 0
g O)
g 8 U8+ .
0 :1
+ +1 1 9
()8 ot 1 99 +1
=1
1
#
+1
1
= $ 01 ' 1 +l% $ 0 ’ %
+1
_$ 01 ) +1%
()
O

We use the Hermite-Genocchi formula to compute nite
di erences of polynomials.

Lemma . Let beapointin R and Np. We set
= ()
en
$ o0 _ 70, 0 _ <, )
Proof. As  is smooth, we can use the Hermite-Genocchi

formula, Lemma . If 0 < ,then ) = 0; hence the
Hermite-Genocchi formula gives the claim. If = | then
() = 3 we compute the integral in the Hermite-Genocchi
formula via induction over
Welet rstfor xed , O

0
?01"'1 @ = 1

1
) S 1 ()
0 0 0

We claim that
— 0
2o 0= N. ()
For = 1, this can easily be seen. Assume that the claim
holds forsome . en
0
701 ’ +1@0= 0 19 01 ’ @1
- - ()
T 3 YT+
e Hermite-Genocchi formula tells us [ o,..., ] =
A g,..., By# 3 giving the proof. O
e following notation ison page in[ ].
De nition . Set
0o _ -1, ,
+ = 70, < , ( )
andfor >1
1 1
LT . ()
e de nition below is a variant of De nition . in[ ].

However, as our starting point is di erent than Schumakers,
there is a slight regularity issue when does not di er from
at leasttwo . However, we are only interested in cases where
C livesunder anintegral, and we agree heretosetC ( ) =0
in points where we do not have enough regularity.

De nition (B-spline). Let ### 1 o 1 o i
be a sequence of real numbers. Given integersDand > 0,
one de nes (notethat is xed so thatthe nitedi erenceis
with respectto )

1

(D)8, 4 ¥ N
Cc =7 +
O 0 otherwise.
()
We call C the th order B-spline associated with the knots
isis eorem . in[ ]. Schumaker does not give the

proof but writes that it is similar to the one of eorem . in
his book.
eorem (Dual Taylor Expansion). Let [.,"] en
for all "
1 T
_ YMHE ()
-0 3
. ()
1) E
R LD E O

(13



Proof. e proof uses induction and integration by parts.
Note that, by replacing by in the integral, we may delete
the +in( ).. ecase = 1reduces to the fundamental

theorem of calculus for absolutely continuous functions; see,
for example, eorem .. in[ ]. Let us assume that the
statement holds for some and x LM en

(1)+1E+1 ()

3
_t (DME O
3
1 +1
(1) "E ()
C 1 ()
_ " (HE (O
3
(HE (O,
" 3
O
We now cite apartof eorem . in[ ].Notethat is

a positive integer and E, means that we take the right hand
derivative of order . We only need and prove the equality for
= 0. We also assume that not all points coincide.

eorem  (Peano representation). Fix 0 , Where
is the maximum multiplicity of ,..., , . en
(D EC (O)E ()
b =

$ 1 1 + 0 ( 1)3 ( )
for all ' [min{ } max{ }].
Proof of the Peano Representation for = 0. We take the
dual Taylor expansion from  eorem en, we apply

[ ,..., + ]onbothsidesand remember that we computed
the divided di erences of polynomials in Lemma . O

Our goal is to use the Peano representation to obtain
an upper bound for the divided di erences. We start with
establishing an upper bound of the factor E,C in the
integrand.

Lemma . Suppose that e . and < L, . en
there is a constant F such that

1 _F

E.C ()=98 ,...., . % . - ()
Proof. We want to estimate

$ . 4 b L

I L R
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Assume G < 1. We claim that
1 1
— + =D D 6 N
()
is claim is easily seen to be true for =2 . atitis true
alsofor = follows by induction. We also note that
2 1
5 . ()
is absolutely continuous on bounded intervals and that
0
(Dt : ()
is a weak derivative that equals the derivative whenever
=2 .We rstassume thatnotall ..., . ; coincide.

An application of the Hermite-Genocchi formula, Lemma
gives

()

We use now the fact that the integrand is bounded from above
by ( 1)3 and the computation () to obtain

1

e+ ] + L ( )

Suppose now that = = + 1 =2 . en

L., + 1 ). 1| is bounded from above by 1 if

> andvanishesif < .Intheend, we nd aconstant
F such that

F
E+$ gy + % + . ( )
+
O
In the next result, we use the notation
JK()=sup K ()

for the famous Hardy-Littlewood maximal function of K
introduced in the seminal paper [ ] of Hardy-Littlewood in
Acta Math. ().

eorem . Suppose o  ### ;o < and isin
'.[ o ]forsome N. en there is some constant F
such that

$o0eey FJ E o +J E

()
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Proof. We use the Peano representation, eorem , with
D= =0. en,using the bound of |[E,C ( )| found in
Lemma

1
¢ 3,

F

E.C () E ()

E ()
()

For [ o 1 wehave

F S E ()

E ()

0

e rstfactors in both integrals are bounded from above by
1. We see that the integrals are bounded from above by the
corresponding maximal operators. s gives the claim. [

e nite di erences de ned in () are, up to a factor,
divided di erences for equispaced nodes.
R. Let

Lemma . Let , be two pointsin a domain

Nand = ,+ G, where = ( )/ . eneach
R satis es
1
T U/ =— ; = ’ = .
$ 0 (] 3 0
()
Proof. We use induction. For =1, we have
$ 0 l% :#_ ( )
1 0
As = 1 o = o 1, and =1, we obtain the
claim. Suppose that the claim is true for some N. en
+1 ()
+1
— (1) +1 +1 +
=0
+1
= (" + +

=0

+1
= ( 1) + +1
=0
+1
(1) +
=0
= (3 1t
=0
(1) +
=0
= 3$1,..., +l% $0,..., %
= 3 ()8 o
()
O
We can now formulate  eorem in terms of nite
di erences.
Corollary  (Corollary of eorem ). Let R be a

domain. Suppose ', () for some N; then there is

aconstant F = F( ) such that

F J E ()+3 E ()

In particular, we have the following special case. Suppose

and L are normed spaces of functions such that the maximal

operator J : L is bounded. If () for some
1, then

; H o ()+ I ()
for some function

L depending on

Proof. We rstuse Lemma andthen eorem  with step

=( )/ . ereissome constant F = F( ) such that
= 38 grevey B
()
F JE ()+J E
FJ E ()+FJ E
O
Proof of eorem  (Sobolev functions satisfy pointwise

inequality). We combine Corollary  with the boundedness
of the maximal operator, which is by now classical and can be
found, for example,in  eorem .. in[ ] O



3. Pointwise Inequality Implies Membership
in Sobolev Space

In this section, our aim is to show that the pointwise
inequality ( ) implies the existence of the highest order
derivative in the correct space. We will take care of the
intermediate derivatives in the next section. In this section,
the properties of the Lebesgue spaces play an important role.
Our point of view is however to extract the properties of
the Lebesgue spaces and base our proofs solely on these
properties. We hope that the disadvantage of being slightly
more abstract is later on compensated when we generalize the
results. We start with some auxiliary results.

Lemma . Let R be a domain and M
is, M has compact support in
di erentiable. en

Cy( ), that
and is -times continuously

MO
$ ooy UM 7 N 0 ()
uniformlyin = as ,...,
Proof. By Taylors formula, for conv{ ¢,..., } thereis
0 cony{ (..., }suchthat
1
M()=M  +M R LT N —
() Y
+ %M( )0
()
Weapply [ o,..., ]onbothsides (with variable )and use

the computation of the divided di erences of polynomials
carried out in Lemma to obtain

1
$ oreen %M():—SM()O . ()
As M) is uniformly continuous on compact intervals, the
claim follows. O
Lemma . Assume R is open and P is compact.

en there is a neighborhood of P that is a subset of

Proof. For each P,we ndabalQ(, ) . Suppose
the statement of the lemmaisfalse. enforevery  Nthere
isR \ P with dist(R ,P) < 1/ . us, for each N,
there is P with (R, ) < 1/ .Since P is compact,
there is a subsequence () of () that converges to some

P.Now, liesinoneoftheballsQ( , ) .ForGlarge
enough, we havethat andR areinQ( , ) . isis
a contradiction. O

Lemma . Suppose R isopenand P
there exists S > 0 such that

compact. en

( )JTP= TP ()

for| | <S.
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Proof. We rst show that any member of the le hand side is
contained in the right hand side; this is true for any R. If
R is a member of the le hand side, then it is in P, and since
P isasubset of it isalso a member of the right hand side.

To prove the other inclusion, note that, by Lemma , there is
S > 0 such that the S-neighborhood P of P liesin . Now
suppose that R is in the right hand side and | | <S.  en for
=R+ ,wehave P implying thatR = .
atR Pisclear. isgives the proof. O

Next, we state basically De nition .. in [ ]. Readers
following [ ] might want to have a look at De nitions . .
and .. in their book. To gain familiarity with the concept
of Banach function norm, the reader may want to verify that
Lebesgue spaces are examples of Banach function spaces. As
we are here only interested in Lebesgue measure, we adapt
the notion to this case. e set M denotes the cone of
measurable functions whose values lie in [0, U].

De nition (Banach function norm; Banach function
space). Assume that V. R. A Banach function norm on V
is a map W from M™(V) to [0, U] such that, for all , K, and

( N) in M*(V), all scalars X 0, and all measurable
subsets Y of V, the following are true, where Z is the Lebesgue
measure:

(P)W( ) = 0if, and only if,
WX ) = XW( ), W( +K)

= 0 Z-almost everywhere,
W( )+ W(K);

(P)ifo K Z-almost everywhere, then W(K) ~ W( );
(P)Iif0 N Z-almost everywhere, we have W( ) »
w( );

(P )ifz(Y) < U, thenW(_ )< U;
(P ) ifZ(Y) < U, thenthereisaconstant F = F(Y,W) < U
such that “ Fw( ).

Given such a function norm W, the set = (W) of
all extended measurable functions  (identifying functions
equal Z-almost everywhere) such that W(| |) < U is called a
Banach function space (BFS for short), and we de ne

BE = - ()

We leave it to the reader to verify that Lebesgue spaces
satisfy the following properties (  can be chosen as the dual

space).
Properties . Given a Banach function space , we require
the existence of a Banach function space  such that

(B) contains each essentially bounded function whose
support has nite measure,

(HI) Holders inequality: “ | K| b b bKb |,
(C) iscomplete,
(D) bkb = sup{“ |K| M*, b b 1},

(AC) absolutely continuous norm: if (_ ) isasequence of
characteristic functions converging pointwise almost
everywhere to 0, thenb _ b converges to zero for

all ,



Journal of Function Spaces

(A) each function
functions (in

can be approximated by simple
-norm),

(NC) if and are step functions with 0 N,
then

ﬁ sgn g N 0 as N U. ()

Lemma . Suppose R is open and is a Banach

function space ful lling the items listed in Properties . Assume

that : Risin . WeletX TC() Rbe
de ned as

X M= MO ()
If

) ( )+ 1
()
for almost every

for some , then X has a continuous extension to

with norm bounded from abovebyc b b .

Proof. Our goal is to show

OMO()y  c B EBM . ()

because X extends then by the theorem of Hahn-Banach to

abounded functional on  with norm bounded from above
byc b b .Without loss of generality, we may assume that

is nonnegative. If  were be smooth, we could just use
integration by parts and use as bound the limiting case of the
pointwise inequality (). As is not necessarily smooth, we
have to operate on the level of nite di erences.

Let us choose M Cy( ) and denote its support by P.
Lemma ensures the existence of some positive S > 0 such
that ( )TP = TPfor0 aslongas| | <S/ .We
assume in the following that has been chosen accordingly.

e following integrals exist by Helders inequality
because M and thus M( ) are bounded with compact
supportand s integrable. Consider

(MO ()
= () M) ()

+ OO0 ()

We compute the following integral:

M()I

() M(O)

= () (D M

=0

= (D (M

= (1 + M
=0
= (1 M
=0 ( )
()
We have chosen S > 0 such that ( )TP= TP.We
continue
() M()
= (]_) + M
=0
= (1 M ()
=0
= (1) + M
=0
= M)
With the aid of (), we can now rewrite () as
M)
= () (IM() ()
OO0 () M)l
Inequality () leads to
(MO ()
Ho()+ (+ )IEM() ()
O MO0 )y M)

Using Haolders inequality (HI) for the rst summand, we
are le to show that the second summand tends to O as
approaches 0. We note rst that since the second factor
has support in a set of nite measures, we can replace the
integration domain by a set of nite measures.  en we apply
a(1*,1 )-Holder inequality and the uniform convergence of
the divided di erence to M()( )/ 3established in Lemmas
and . O

A er having veri ed that X has a continuous extension

to , we want to show that this extension has a representa-
tion as integral.



Lemma . Assume R is open. Suppose the properties
listed in Properties are met. Let X bede nedasin( )and
bounded on en there exists K with bKb bX b
such that

X M =01 K(C)M() ()
for all M , especially forallM  C, ().
Proof. e proof is heavily in uenced by the proof of eo-
rem .. in[ ].We rstwantto ndasigned measure]such
that

X M= M] ()

for each M en, we want to apply the Lebesgue-

Radon-Nikodym theorem to replace ] by ( 1) K( ) for
some integrable function K for which we then show that it is
contained in

We start by assuming that the measure of
each Z-measurable set d, we set

1@)=x _ . ()

We start by proving the e-additivity of ] (for the Z-
measurable sets). In the rst step, we just show the additivity.
By induction, it is enough to consider only two sets.

Let d; and d, be two disjoint Z-measurable sets.  en

is nite. For

1d,fd, =X H_ | 1=XH_  +_ I

1 — 2

=X H_ I+X H_,1=1d; +1d,.

()

We move to the veri cation of the e-additivity. Let
d,, d,,...becountably many pairwise disjoint Z-measurable
sets. We rst want to show that g _  converges in

WeletY :=Ff_d andY:=Ff_d. en,since(Y) is

increasing,

Z(V)=28hY9=1IlmzyY . ()

=1
AsY has nite measure, given S > 0, there exists G, N such
that
(L SZ(Y)<ZHY 1. ()

By the disjointness of the sets d , we see that

Z(Y)=ZHY 1+Zi hdj. ()

=+l
It follows that
Zi hdj=2z() ZHY 1 <ZY) @ 9SZ()
= o+l

=SZ(Y).
()
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We have for <

ézr —E =§:ﬂ-§ N O

By the considerations before and the fact that b # b is
absolutely continuous as stipulated in (AC), we see that
g_,_ is a Cauchy sequence. Now, as is complete by
(C), the Cauchy sequence converges in . We have, by the
continuity of X ,

]fd =XH_ 1=X8 _ 9

I
§.
>
(00}

_9=1lm X H_ 1T ()

im ]d = ]d

us ] is e-additive.

In order to apply the theorem of Lebesgue-Radon-
Nikodym, see, for example, Section . in[ ], and conclud-
ing the existence of & 1%( ) such that

1(d)= K , dZ-measurable, ()

we need to show that ] is absolutely continuous with respect
to Z. To do so, assume that Z(k) = 0. en](k) =X ( ).

By the absolute continuity of the normof  required in (AC),
we seethath_ b =0, and therefore J(k) = 0. Replacing K
by K if necessary, we obtain

X =(1D

K(C)_ () - ()

Now, we assume that
measure. We write = F
measure such that
we nd for each

does not necessarily have nite

as union of open sets with nite

+1- By the considerations above,
N aK such that

X _ =(1)

KO- () ()

for each measurable set d . It is easily seen that K
and K ,; agree almost everywhere on is gives rise to
a function K satisfying

X _ =) KO_(C)
()
d h forsome k.
=1
By linearity, we have for each simple function I:
XM= KOIC) . ()
To show that K , we want to use property (D).
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Let be a nonnegative simple function with support
insome . en sgn(K) is also a simple function with
supportin  .lItisa nitelinear combination of characteristic
functions of setsin . Hence

K =

isgn K K =X sgn K . ()

Using the boundedness of X , we see that

K Bxfoo . ()

If isanarbitrary functionin ,thenwe may constructa
sequence () , of simple functions, each  having support
in , such that 0 " | | Z-almost everywhere. By the
monotone convergence theorem, we have by () that

K = Ilim K Iimsupgx aa g ()
By (P ) in De nition , we see that
K Bxfoo ()

and Property (D) gives that K . In the last step, we want to
upgrade the integral representation () to hold for arbitrary
functions in M . As before, we approximate M by simple
functions  with support contained in  and 0 ~ M|
in Z-almost everywhere point. De ne Il =  sgn(M). By
(NC), I convergestoMin andasboth X and itsintegral
representation are continuous and agree on the set of step
functions, they agreeon . O

Having shown the existence of the weak derivatives
of highest order, we are le to show the existence of the
intermediate derivatives, which we do in Proposition  in
the next section. To keep the ow going, we give here the
proof that the pointwise inequality implies membership in
the corresponding Sobolev space under the assumption that
we already know that Proposition  holds.

Proof of eorem (pointwise inequality implies membership
in Sobolev space). We combine Lemmas and  and apply
Proposition . O

4. Equivalent Definitions of Sobolev Spaces

e aim of this section is to prove the following equivalence.

Proposition . Let
measure in R. Suppose

R be a domain with nite Lebesgue
is a Banach function space satisfying

(B) and (D). Assume that N. en the following sets
coincide:
@ d={ : there exists ,Where agrees almost
everywherewith and hasweak derivatives up to order
in }, where the derivatives of order ,0 1,
are absolutely continuous,
(b) Q ={ O 6 {0,..., ¥}, where Oare

the weak derivatives of ,

(©)F ={ O () s the weak

derivative of  of order

}, where

Weseethatd Q F.WenowshowthatF d.

Let us give an outline of the proof. Given K : R
(we will choose K = (), by integrating, we construct in
Lemma  an absolutely continuous function m together
with its weak derivatives m,,...,m 4, which are absolutely
continuous, and m‘ 7 = K. However, m and  might
not agree almost everywhere. We verify however in the
proof of  eorem (with the help of eorem ) that
we nd a polynomial n such that m + n agrees with
almost everywhere and shares with m the other required
properties. We conclude the proof of eorem by settling
the membership questions with the aid of Proposition

Lemma . Assume R is a domain. We further assume
that K : Risin 1]..( ).One xes and de nes
my o =K o,
()
m = m 4 1 » G N,

where the integrals are Lebesgue integrals, and we use the
notation

m 4 1 1
& m, L , ()
=5 [ .1
mi, 1 1 <
- [ .1
en
(@) m is locally absolutely continuous for all G N,
especially locally integrable,
(b) iftM  C, ( ),and0 G, one has
mMO=(1) m M ()

Proof. Let us prove (a) by induction. Assume G = 1. Note that

m;( )=0. us, we have for 1
1
m. ., m =mp 4 = Ko o ()
AsK 1Y 1]), we see that m, is absolutely continuous.

ecase ;< istreated similarly.

Assume now that the claim is true for some G. Now
m .4( 4;) is the integral of a continuous function and thus
locally absolutely continuous.

Let us have alook at (b). Note that the statement is true for
G = 0; thus we may assume that G 1. We make an induction
over . ecase = 0is clear. Let us choose an interval
[, containing a neighborhood of the support of M. As

m and MO are both absolutely continuous in [ , "], we have



by the integration by part formula for absolutely continuous
functions (see, forexample, eorem .. in[ ])andthe fact
that MO( ) =MO) =0

mMP = m MY = (1) [ ]mM‘). ()

[.]

Noting thatm =m , almost everywhere, we see that

m MY = (1) [ ]m MO=(1 m MO ()

Using the induction hypothesis, the claim follows. O
Wecite eorem . . in[ ]withoutgiving its proof.
eorem . lLetd =[,"], R, or R, and 0. If the

function 1} .(d)satis es

MO =0 ()

forallM C, (d), then there is a polynomial n of degree <
such that = n almost everywhere on d.

To show that m isin , we need to verify that (if there
is danger of confusion with respect to which variable we take
the norm, we use notationsas ( ))

E m (1) 1E <U ()
()

under the assumption that m ; isin . Actually, bounding
m from above by its absolute value, this means that we have

rst to take the 1*-norm and then the normin . We however
would like to switch the norms.

We adapt Proposition . in[ ]to our setting.
Proposition . Let W be a Banach function norm satisfying
property (D). If R is a measurable function, and
onehas and functionson suchthat ()= (, )=

(), then
Wi & B B ()
e cases {111 Yareeasytoprove. If =1 for
some 1 < < U, then the result can be proven by using

Fubinis theorem together with property (D). For the general
results we refer to Scheps proof.

e next result builds upon  eorem . .

in[ 1
eorem . Let R be a domain, and let 1. Suppose
is a Banach function space satisfying (B) and (D). If is

locally in  and has a generalized th derivative K locally in
, then there is  agreeing almost everywhere with , having

absolutely continuous intermediate weak derivatives, and the

weak derivative of order agrees almost everywhere with K.

Furthermore, the derivatives of are locally in . If  has

nite measure, one obtains the result with locally replaced by
globally.
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We thank Pilar Silvestre for pointing out how to prove the
membership of the intermediate derivatives in

Proof. Choose and letm bede ned asinLemma
AssumeM  C, (). en,using the fact that K is a weak
derivative of of order and (b) in Lemma

m MO = MO m MO

(1) KM (1) KM =0.

()

Using eorem ,weseethat m = nalmosteverywhere,
where nisapolynomial of degree< . us =n+m almost
everywhere and forM  C, ( )and0

Mo = n+m M)

()
+nt 1M

(D Hm

usm +n‘ )isthe thgeneralized derivative of .Asitis
locally absolutely continuous (if < )itlieslocally in . In
thecase = the same conclusion holds by the assumption
on K.

Moreover, there exists , for example, = n+m, that
agrees with  almost everywhere, such that its generalized
derivatives up to order 1 are locally absolutely continuous
and the th generalized derivative equals K almost every-
where.

As K is locally in  and the other derivatives are locally
absolutely continuous, they are locally in I - and thus locally

in by (B).
Suppose now that  has additionally nite measure.
Assume that and Karein globally. We want to show that

the intermediate derivatives are in  as well.
Note in our setting that, by (P ) in De nition
membership in  implies membership in 1. We proceed

by induction. Suppose that m . We will apply
Proposition . We set, denoting by conv{ , } the closed
interval with endpoints  and
1 =m 1 —conv{ , } 1 ()
en
ﬁm g ()
ZE m (1) 1E
()
= E ( v ) 1E
() ()
ga & gl( 1)3 ()
ga X g ( )E )
gml lg—a()al( l)<U O
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5. Banach Function Space Setting

Here, our main focus is a more advanced readership that
likely knows already Banach function spaces.  erefore, we
adopt a much briefer style, pointing merely to the literature
where the corresponding de nitions and results can be found.
We start with giving generalized versions of the necessity and
su ciency of eorem .

We list the results and prove them simultaneously by
splitting the proofs into parts according to the function
spaces.

eorem . Assume R is a domain, s a normed
space, and N. If the maximal function J : is
bounded, then there is a constant F = F( , ) such that for
each continuous there is withb b Fb b
and
; Ho()+ ()
In particular such  exists if

(1< U and isthe Lebesgue space ! ( ),
(i)l< <U,1 o U,and isthe Lorentz space
v
(iil< <U,1 o U,"isslowlyvarying,and is

the Lorentz-Karamata space ! . (),

(iv) p is an k-function with inf,.o(IM(I)/p(l)) > 1, where
M is the density function of p and s the Orlicz space

r.C )

(v =Rand
indexq <1.

is rearrangement-invariant with upper

eorem . Let R be open. Suppose is a Banach
function space such that (AC) holds. Assume further that the

function Risin .Ifforsome N, the following
inequality holds
, ()+ ()
for some , then there exists K withbKb ¢ b b
such that
OMO() =(D  KOM() ()
forallM C, ().
In particular the result holds if  is
(i) the Lebesgue space ! ( )forsomel< < U,
(ii) the Lorentz space ' * ( ),wherel< < Uandl1
o<y,
(iii) the Lorentz-Karamata space ! . ( ), where " is

slowly varying, 1< <U,and1<0 U,

(iv) the Orlicz space !..( ) for some k-function p satisfy-
ing

inf IM(D
>0 p (1)
where M is the density function of p.

>1, ()

To help with orientation, let us give an overview of
the remaining material in this section. With respect to
eorem |, note that we carried out the proof of Corollary
in a high level of abstraction. Hence, we are le to verify
that the spaces under question are normed spaces (we will
show that they are even Banach function spaces) and the

boundedness of the maximal operator.

Concerning the proof eorem , we proved the cor-
responding part of eorem under the assumptions that
the spaces under question are Banach function spaces and
further satisfy the requirements listed in Properties . e
existence of s classical (Proposition ) as is the fact that
(AC) implies (A) and (NC) (Proposition ). Hence, we only
need to point to the literature where (AC) was veri ed.

Proposition . Given a Banach function space, there is a
space such that properties (B), (HI), (C), and (D) are
satis ed.

Proof. We refer the reader to Sections . and . in[ ]orto
Section . in[ ] O

e de nition of absolutely continuous norm can be
found as De nition .. in[ ]andDe nition .. in[ ].

Proposition . A Banach function space that has absolutely
continuous norm satis es (A) and (NC).

Proof. e rststatement follows from
and the second from Proposition . .

eorem .. in[ ]
inthesamesource. [

. . General Statements

Proof of eorem  (general statement). We basically have
already proven the general statement in Corollary . O
Proof of eorem  (general statement). We gave the proof

of the Lebesgue space case in such generality that the
general statement follows from the proof of eorem and
Propositions and . O

. . Lorentz-Karamata Spaces. Lorentz-Karamata spaces are
detailed in [ ], mainly Section . . .

Proof of eorem , (ii) and (iii). e part that is le to
prove is the boundedness of the maximal operator, which is

guaranteed by Remark . . in[ 1. O
Proof of eorem , (ii) and (iii). By eorem .. in[ ],
we see that s a rearrangement-invariant Banach space. A

combination of Lemma . . in[ ] together with Lemma
in[ ] gives the absolute continuity (AC) of the norm
of . O



.. Orlicz Spaces. e setting istheone of [ 1].

Lemma . If pisan k-function satisfying the ,-condition,
then the Orlicz space !.. has absolutely continuous norm.

Proof. Let 1.( ). We verify rstthat

p < U. ()

Let S > 0. By the ,-condition, there exists a constant r =
r(b bey +S) such that

pHHg E(..)+SIII rp (1) ()

foralll 0. us

p = p8ﬂ(")—+s Hg a(..)+8|9

()
r 8 9 r.
P g E(..) +S
Suppose that Y is a measurable set.  en
B_g. =infsx>0: pHx' _ I 1t
()
=infsX>0: pHX' 1_ it.

Let us x X > 0. Again using the
p(X 1) r(x YHp(l). Hence

,-condition, we have

pHX1 | r p

_ - ()
Example . . in[ Jtellsusthat 1* hasabsolutely continuous
norm. usif _  converges Z-almost everywhere to 0, then

“ p(] [)_ converges to zero as well.  us, we have for
large enough that

r-p _ 1 ()

implying thatb _ by X Since X > 0 was arbitrary, the
absolute continuity of = follows. O

Proofof eorem  (iv). We conclude from Gallardos result,

eorem . in[ ], thatitissu cient that the complemen-
tary k-function satis es the ,-condition in [0, U). Again
resorting to Gallardo, this time to Proposition . in[ ], we
obtain the conclusion. O

Proof of  eorem (iv). at is a Banach function
space follows from  eorem in [ 1. To prove that

has absolutely continuous norm, we note that inequal-
ity () together with Proposition in [ ] ensures
that the complementary K-function of p satis es the -
condition. Lemma  veri esthat  has absolutely contin-
uous norm. O

Journal of Function Spaces

. . Rearrangement-Invariant Spaces.
tions can be found in[ ].

e necessary de ni-

Proof of eorem , (v). We are only le to show the
boundedness of the maximal operator. However, this is the
content of a result by Lorentz and Shimogaki, for example,
statedas eorem .. in[ ] O
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