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We have performed calculations based on the Skyrme energy density functional (EDF) that
includes arbitrary mixing between protons and neutrons. In this framework, single-particle
states are generalized as mixtures of proton and neutron components. The model assumes
that the Skyrme EDF is invariant under the rotation in isospin space and the Coulomb force
is the only source of the isospin symmetry breaking. To control the isospin of the system,
we employ the isocranking method, which is analogous to the standard cranking approach
used for describing high-spin states. Here, we present results of the isocranking calculations
performed for the isobaric analog states in A = 40 and A = 54 nuclei.
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1. Introduction

The proton-neutron (p-n) pairing is a long-standing open problem in nuclear physics,
and its possible relations to various nuclear phenomena have been widely discussed [1].
However, in spite of the recent impressive experimental progress and theoretical studies,
the understanding of the p-n pairing is still unsatisfactory. To address this problem, we
use the nuclear density functional approach. Our ultimate goal is to develop a superfluid
symmetry-unrestricted energy-density-functional (EDF) approach including the p-n mixing
both in the pairing and particle-hole (p-h) channels. Indeed, in accordance with fundamen-
tal self-consistency requirements of the Hartree–Fock(–Bogoliubov) (HF(B)) equations, any
generalization of quasiparticle states as mixtures of proton and neutron components must be
necessarily accompanied by, somewhat less intuitive, mixing of proton and neutron single-
particle (s.p.) wave functions.

Recently, as the first step in developing the superfluid EDF theory including the p-n
mixing, by extending the codes HFODD [2] and HFBTHO [3], in Refs. [4, 5] we have
developed a s.p. EDF formalism including the p-n mixing in the p-h channel. In this p-n
mixing calculation, we applied the so-called isocranking method by adding the isocranking

term to the Hamiltonian: ĥ′ = ĥ− ~λ · ~̂t, where ~̂t is the isospin operator.
Our model is based on a local Skyrme EDF extended to include the p-n mixing by

following the general rule given by Perlińska et al. [1]. Starting from the local density matrix
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ρ(r, tt′) (t and t′ are the isospin indices), we built the isoscalar ρ0(r) =
∑

tt′ ρ(r, tt′)τ̂0t′t and

isovector ~ρ(r) =
∑

tt′ ρ(r, tt′)~̂τt′t densities by contracting ρ(r, tt′) with the isospin identity

matrix τ̂0 and isospin Pauli matrices ~̂τ , respectively. The isoscalar density ρ0(r) and isovector
z component are the sum and difference of neutron and proton densities, respectively. These
densities are included in the conventional EDF calculations. The x and y components of the
isovector densities are new elements, which we take into account to extend the EDFs, and
which are nonzero only for the p-n mixed s.p. states.

In the following, we present selected numerical results obtained in A = 40 and A = 54
nuclei for the SkM* EDF parameters set [6]. The applications are divided into two classes,
without and with the Coulomb interaction. The reason is that we have extended our Skyrme
EDFs such that they are invariant under the rotation in the isospin space. If the Coulomb
interaction is switched off, the total and s.p. energies should be independent of the isospin
direction of the system, which allows us to validate numerical implementation of the code. The
Coulomb interaction, when included, is calculated exactly both in the direct and exchange
channels.

2. Numerical Results and Discussion

It is well known that the isospin symmetry is only weakly broken in atomic nuclei and the
concepts of the isospin conservation and isospin quantum number prevail even in the presence
of the Coulomb interaction. In order to control the approximate isospin conservation we have
employed, as already mentioned, the isocranking method, which corresponds to the lowest-
order isospin projection. We parametrize the isocranking frequency ~λ as

~λ = (λ sin θ, 0, λ cos θ) = (λ′ sin θ′, 0, λ′ cos θ′ + λoff). (1)

Even in the calculation with the Coulomb term, our Hamiltonian is invariant under rotation
about the Tz axis. Therefore, we set λy = 0 and consider the isocranking only in the Tx − Tz

plane. The procedure of the isocranking calculations is as follows [4]. First, we perform the
standard Hartree-Fock (HF) calculation for the isoaligned (|Tz| = T ) states and thus we find
the corresponding neutron and proton Fermi energies λn and λp. Next, we determine values
of λoff and λ′ as

(λoff , λ
′) =

1

2
(λTz=T

np + λTz=−T
np , λTz=T

np − λTz=−T
np ), (2)

where λTz=±T
np ≡ λn − λp is the difference of the neutron and proton Fermi energies in the

Tz = ±T isobars. Finally, we vary the tilting angle θ′ with λ′ and λoff fixed. In the calculations
without the Coulomb interaction, we set λoff = 0 and θ = θ′. Due to the Coulomb interaction,
the s.p. levels vary in function of 〈T̂z〉. Therefore, in varying the tilting angle θ from 0◦ to

180◦, level crossings may take place. The choice of ~λ in Eq. (1) helps avoiding the level
crossings and smooths a way to obtain the isobaric analogue states (IASs) from θ′ = 0◦ to
180◦.

In Fig. 1(a), we show the total energies of the T ≃ 4 IASs in A = 40 isobars calculated with
and without the Coulomb interaction. We have used (λoff , λ

′) = (0, 12.5) MeV and (λoff , λ
′) =

(−6.8, 13.6) MeV for the calculations without and with the Coulomb interaction, respectively.
They are determined from the difference of the proton and neutron Fermi energies λn − λp

in the standard HF solution for 40S and 40Cr. When the Coulomb interaction is switched
off, our EDF is invariant under the isospin rotation. The total energy calculated without the
Coulomb interaction is independent of the direction of the isospin, which constitutes a test
of the code.
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Fig. 1. (a) Total energies of T ≈ 4 IASs in A = 40 isobars calculated with and without the Coulomb
interaction in function of 〈T̂z〉. (b) Coulomb energies of T ≈ 4 IASs in A = 40 in function of 〈T̂z〉.
The results of isocranking calculations for every 10◦ of θ′ between θ′ = 0◦ and 180◦ are plotted.

-320

-300

-280

-260

-240

-220

-200

-180

-160

-8 -6 -4 -2  0  2  4  6  8

<Tz>

E
to

t 
(M

e
V

)

w/ Coulomb

A=40, T~ 8

w/o Coulomb

 0

 20

 40

 60

 80

 100

 120

 140

 160

-8 -6 -4 -2  0  2  4  6  8

<Tz>

E
C

o
u

lo
m

b
 (

M
e

V
)

A=40, T~8

(b)
(a)

Fig. 2. Same as Fig. 1 but calculated for the T ≃ 8 IASs in A = 40 isobars. The results of
isocranking calculations for every 5◦ of θ′ between θ′ = 0◦ and 180◦ are plotted.

When the Coulomb interaction is switched on, the total energy depends on the expecta-
tion value 〈T̂z〉. One can see that the total energy depends on 〈T̂z〉 almost linearly. The effect
comes predominantly from the Coulomb energy which exhibits almost the same dependence
on 〈T̂z〉 as that of the total energy as shown in Fig. 1(a). Its linearity results from propor-
tionality of the Coulomb energy to Z2 = T 2

z −ATz + A2/4, that clearly enhances the linear
term by a factor of A as compared to the quadratic term for small Tz.

In Fig. 2, we show the same results as in Fig. 1, but calculated for the T ≃ 8 states
in the A = 40 isobars. For these calculations, we have used (λoff , λ

′) = (0, 27.4) MeV and
(λoff , λ

′) = (−6.0, 28.6) MeV for the calculations without and with the Coulomb interaction,
respectively. The values are determined from the standard HF ground state solutions in 40Mg
and 40Ni. Again, the total energy calculated without the Coulomb interaction is independent
on 〈T̂z〉. However, in Fig. 2(b) one can see traces of the quadratic dependence of the Coulomb

energy on 〈T̂z〉, although the contribution from the linear term is dominant.

In Fig. 3, we plot the expectation values of the s.p. Routhian ĥ′ = ĥ−~λ ·̂~t, calculated for
the T ≃ 8 IASs with A = 40. At θ′ = 0, the Fermi surface appears around −12.5 MeV, below
which 14 neutron and 6 proton orbitals are occupied. The s.p. Routhians vary as functions of
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Fig. 3. Single-particle Routhians of the T ≃ 8 states in A = 40 isobars calculated with the Coulomb
interaction included. The arrows at the upper left and upper right indicate the positions of the Fermi
energies at θ′ = 0◦ and 180◦, respectively.
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Fig. 4. 〈T̂ 2〉 calculated for T ≃ 8 IASs with
and without the Coulomb interaction.
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Fig. 5. Root-mean-square radii of the T = 8
IASs with A = 54 as functions of 〈T̂z〉.

θ′, and, unlike in the case of A = 48 [4], there is no large shell gap above the Fermi surface.

Nevertheless, with our choice of ~λ, the level crossings are avoided. While the s.p. states are
pure proton or neutron states at θ = 0◦ and 180◦, which means that the |Tz| = T states
are nothing but the standard HF states without the p-n mixing, at all other tilting angles,
the s.p. states are p-n mixed. In particular, the proton and neutron components are almost
equally mixed at θ′ = 90◦, which corresponds to Tz ≈ 0.

Fig. 4 shows the expectation values of 〈T̂ 2〉 calculated for the T ≃ 8 states in A = 40
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Fig. 6. Quadrupole deformation β2 calculated
for the T ≃ 4 and T ≃ 8 IASs in A = 40 isobars
with the Coulomb interaction included.
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Fig. 7. Energies of T ≃ 1 isobaric analog
states in A = 54 isobars in comparison with the
experimental data [10]. The results of isocranking
calculations for every 30◦ of θ′ between θ′ = 0◦

and 180◦ are plotted.

isobars. In case of rigorous isospin conservation one should obtain 〈T̂ 2〉=72. The Coulomb
interaction breaks the isospin symmetry and gives a deviation from this value. However, even
in the case without the Coulomb interaction, the calculated 〈T̂ 2〉 deviates from the exact
value 72 due to the spurious isospin mixing within the mean-field approximation [7–9]. Note
that around Tz = 8 the spurious deviation is even larger than in the case with the Coulomb
interaction.

Fig. 5 shows the proton, neutron and total root-mean-square (rms) radii calculated with
the Coulomb interaction for the T ≃ 8 states in A = 40 isobars, together with the total
rms radius calculated without the Coulomb interaction. The neutron (proton) rms radius

increases with increasing (decreasing) 〈T̂z〉, that is, increasing the neutron (proton) com-
ponents. With the Coulomb interaction, the total rms radius increases with increasing the
proton components due to the Coulomb repulsion among protons. Without the Coulomb
interaction, it stays constant as a function of 〈T̂z〉. In Fig. 6, we depict the quadrupole defor-
mation parameter β2 calculated for the T ≃ 4 and T ≃ 8 IASs in A = 40 isobars. In both of
the IAS chains, the quadrupole deformation β2 is nearly constant, which illustrates the fact
that the s.p. configuration for all IASs stays the same.

In the A = 4n nuclei, such as the A=40 systems discussed above, even-T states are
the ground states of even-even nuclei and their IASs. We also performed calculations for
A = 4n + 2 nuclei, in which odd-T states are the ground states of even-even nuclei. As an
example of those calculations, in Fig. 7, we depict the calculated energies of the T = 1 triplet
in A = 54 isobars in comparison with the experimental data. Here, the I = 0+, T ≃ |Tz | = 1
states are the ground states of 54Fe and 54Ni and are described by the standard HF solutions
without the p-n mixing. On the other hand, the Tz = 0 IAS, the lowest I = 0+ state in 54Co,
is obtained by the isocranking calculation, and it consists of the p-n mixed s.p. states. It is
gratifying to see that both the energy of the Tz = 0 state as well as those of the |Tz| = 1
states are well reproduced by the theory. It is worth stressing that the Tz = 0 IAS in an
odd-odd nucleus is described here by means of a single time-even Slater determinant. This is
at variance with single-reference p-n unmixed EDF models, wherein such states do not exist
at all [11].
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3. Concluding Remarks

In this work, we have solved the generalized self-consistent Skyrme EDF equations in-
cluding the arbitrary mixing between protons and neutrons in the p-h channel. The values
of the total isospin and its Tx and Tz components of the system were controlled by the
isocranking method, which is analogous to the tilted-axis cranking calculation for high-spin
states. We have performed isocranking calculations for even-T A=40 IASs and odd-T A=54
IASs demonstrating that the single-reference EDF approach including p-n mixing is capable
of quantitatively describing the IASs both in the even-even as well as in the odd-odd nuclei.

Here, we have used the isocranking method to control the isospin, which is a simple linear
constraint method. In the code HFODD, we have also implemented a more sophisticated
method for optimizing the constraint [4], known as the augmented Lagrange method, and we
applied it to calculate the excitation energies of the T ≃ 0, 2, 4, 6,, and 8 states in 48Cr.

Recently, by extending an axially-symmetric Skyrme HFB code HFBTHO [3], another
Skyrme EDF code with the p-n mixing has been developed in Ref. [5]. We performed bench-
mark tests by comparing the results of the isocranking calculations obtained with the codes
HFBTHO and HFODD, and we obtained an excellent agreement.

As discussed in Ref. [11], there is spurious isospin mixing inherent to the mean-field
approach. In order to remove this spurious mixing, one needs to perform the isospin projection
and the subsequent Coulomb rediagonalization. The implementation of the isospin projection
into our p-n EDF code is now in progress.
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