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1 Introduction

Let @ C R® be a domain with smooth boundary 9Q. Then the classical time-
dependent Maxwell equations are

crlE+0,B=0 , —curlH+0,D =1 ,
divD =p , divB=0

in (2, where E resp. H is the electric resp. magnetic field, D resp. B the displacement
current resp. magnetic induction and I resp. p the current resp. charge density.
Here the gradient grad = V and curl = Vx , div = V- denote the usual differential
operators from vector analysis and x resp. - the vector resp. scalar product in R?. A
time-harmonic ansatz leads to the time-harmonic Maxwell equations

curl E +iwpH =0 , —cwrl H +iwelbl =1 , (1.1)

diveE=p=—~divl div uH = 0 (1.2)
w

in Q2 with complex frequency w # 0. Here we assumed that the relations D = ¢F and
B = ;H hold , where the matrix valued functions € and p, which are supposed to be
uniformly positive definite, bounded and symmetric, describe material properties,
i.e. the dielectricity and permeability. If we let 02 be a perfect conductor, then the
tangential component of the electric field vanishes at the boundary 02 and thus
so does the normal component of ;1 by the first equation in (1.1) and the relation
v-curlly, = —divgo vx|,,, where divyq denotes the surface divergence and v the
outward unit normal at 9 (2. This motivates to impose boundary conditions like

vx E=\ , v-uH = »x on 0 (1.3)



for some given vector resp. scalar valued function A resp. s. In the case w = 0 the
time-harmonic Maxwell system (1.1), (1.2) turns to the decoupled static Maxwell
system

curl E =0 , —curlH =1 , (1.4)
diveF =p , divpuH =0 (1.5)

in €.

In 1952 Hermann Weyl [24] suggested a generalization of (1.4), (1.5) and (1.3) on
Riemannian manifolds €2 of arbitrary dimension N € N within the framework of
alternating differential forms. If we let £ and F (= I) be differential forms of rank ¢
for some g € Z, shortly ¢g-forms, H and G(= 0) respectively (¢ + 1)-forms, f(= p) a
(¢ — 1)-form and last but not least g(= 0) a (¢ + 2)-form, then we call

dE =G s 0H =F ;
oel = f ; dpH =g ;
'E =\ ) CpH =

on (2 the generalized static Maxwell system, where d denotes the exterior differen-
tial, 0 = £ * d* the co-differential, * the Hodge star operator and ¢* the pullback
of the natural embedding ¢ : 9Q — Q. Moreover, now ¢ resp. p is a linear trans-
formation on ¢- resp. (¢ + 1)-forms and A resp. s is a ¢- resp. (¢ + 1)-form on the
(N —1)-dimensional Riemannian submanifold 92 of Q. For N = 3, ¢ = 1 and some
domain  C R? interpreted as a Riemannian submanifold of R?* we get back our
classical system (1.4), (1.5), (1.3), if we identify 0- and 3-forms with scalar functions,
1-forms with vector fields via the Riesz representation theorem and 2-forms with
1-forms by the star operator and thus with vector fields as well. Then the exterior
differential d acts on 0-, 1-, 2- resp. 3-forms as grad, curl, div resp. the zero mapping
and the co-differential § as the zero mapping, div, — curl resp. grad.

It is sufficient to study the electro static system for F, since we obtain the mag-
neto static system for H replacing ¢by ¢+ 1,eE by H and e by p.

In this paper we want to establish a solution theory for the electro static Maxwell
system

dE=G , deE=F UE =\

on N-dimensional Riemannian manifolds {2 with compact closure in section 2 as
well as on exterior domains Q@ C R” in section 3. In order to use Hilbert space
methods we will formulate this system in the usual weak sense. To remind of the
electro-magnetic background we denote the operator dresp. ¢ (acting on smooth
forms) by rot resp. div. We use the well known Hodge-Helmholtz decompositions
from Picard [12, 16] as well as the compactness results from Weck [21] and Picard
[15] to obtain static solutions, which satisfy the homogeneous boundary condition.

To handle the inhomogeneous boundary condition we assume that €2 possesses

a C3-boundary, and characterize the traces of differential forms E € R%(Q)!, i.e.

'Exact definitions will be supplied in sections 2.1 and 3.1.
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FE € L*(Q) and F has a weak rotation rot F € L*7"!(Q)). We show the existence of
a continuous and surjective tangential trace operator

Iy : RYQ) — RY0N) resp. Iy : Rf

loc

Q) — RU0Q) ,

which coincides with ¢* on smooth forms and where the latter one acts in exterior
domains. By the star operator we easily get the corresponding normal trace operator
I, = £ ® I'tx as well. Here ® denotes the star operator on d§2. The space R4(052)
is defined as the space of boundary differential forms A € H~Y/24(9Q) having a
weak boundary rotation Rot A € H=Y/24+1(9Q) . Here H~1/29(9Q) is the dual space
of HY249(9%2). For instance, for smooth boundaries such trace results have been
proved by Paquet [9]. In [2, 4] one can find corresponding results for the classical
Maxwell equation in Lipschitz domains of R?. Recently Weck [22] generalized the
results from [4] to our general setting.

The usage of the Sobolev spaces H™({2) within our trace theory requires regu-
larity results up to the boundary suited for Maxwell equations. To prove these we
follow the ideas of Weber, who showed such results in [19] for vector fields in the
classical case of Q) C R? (see also [8]). The discussion of exterior domains needs
similar results for weighted Sobolev spaces.

Finally we present a solution theory for the problem

rot K =G , diveE = F , LE=AX (1.6)
with
E € RYQ)Ne DY) resp. EcR,(Q)Ne DL, (Q) :

if Q resp. RY \ Q is bounded. To achieve uniqueness we additionally have to im-
pose some suitable orthogonality constraints on E, since the problem (1.6) has a
nontrivial finite dimensional kernel .H%(£2), the harmonic Dirichlet forms.

The static Maxwell boundary value problem (1.6) has been investigated by Kress
[6] and Picard [12] for the homogeneous, isotropic case, i.e. € = id, by Picard [16]
for the inhomogeneous, anisotropic case as well as by Picard [13] for the inhomo-
geneous, anisotropic classical case. All these results only cover the homogeneous
boundary condition.

Essentially section 2 is the main part of the first authors ph.d. thesis and section
3 contains some results from the second authors ph.d. thesis. Thus we refer the
interested reader to [7] and [10] for more details on the proofs or some additional
results.

2 Manifolds with compact closure

We will distinguish between two fundamentally different cases, i.e. {2 or its comple-
ment is bounded. In this section we consider the first case, i.e. {1 is an open subset

with compact closure of some C*-Riemannian manifold M of arbitrary dimension
N.



2.1 Notations and preliminaries

We denote the sets of positive integers, nonnegative integers, integers, reals, positive
reals and complex numbers by N, Ny, Z, R, R and C respectively. If z is a complex
number we write z for the conjugation. The Euclidean norm in RY resp. CV is
denoted by r := | - |. If U,V are subsets of some metric space (X, d), we write U or

gd for the closure and U for the boundary of U . Wesay U € V , if U is compact and
UcV.U(z), K,(z) resp. S,(z) is the open, closed ball resp. sphere with radius
raround z. If = 0 we often omit this argument. Furthermore, for U, C RY we
define

U ={zeU,: +zy>0} , U ={relU, :oy =0}

Let X be some normed vector space. Then | - |x denotes its norm and (-, -)x its

scalar product with naturally induced norm | - |x = ((-, -) X)l/ ?if X even has a
scalar product. For two subspaces U and V of X with UNV = () we denote the direct
sum by U + V and, if X possesses a scalar product and U, V' are orthogonal to each
other, we write U @ V' for the orthogonal sum. The adjoint resp. closure of a densely
defined linear operator A is denoted by A* resp. A and the space of bounded linear
operators from X into Y by B(X,Y). For the commutator of two operators A, B
use the symbol Cy p := AB — BA.

Let f be a mapping. We use the notation D( f) for its domain of definition, W (f)
for its range and N(f) for its kernel. f|,, is the restriction of f to U C D(f). The
support of f is denoted by supp f . Let U be an open subset of R" . For m € NyU{oco}
and p € [1, oo] we define

(
(U)::{fECm(U):suppf@U} ,
C(O) = { fly : f €CTRM)}
LP(U) :={f: U — C: f Lebesgue-measurable with | f | < oo} :
H"(U) = {f € L*U): 9 f € L*(U) forall |a| < m}

Here we have | f|i») := (/ |fI? d)\)l/p for p € [1,00) and | f|r=) := esssup,|f],
U

where ) is the Lebesgue measure, as well as

Fow = [(f3d0 oy = X 0 L0 g

lal<m

See Agmon [[1], chapters 2 and 3] for an exact definition of the Sobolev spaces
H™(U)( = W, (U) in his notation). We note that the Sobolev spaces H"(U) also
may be defined for m € [0, oc] .

We denote the Kronecker symbol by ¢, ;. Empty sums or undefined terms will
always be set to zero. We often use c as a constant, which may change during a
proof. Moreover, we assume the summation convention.
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Now let M be a complete N-dimensional, real, C*°-differentiable manifold with
orientation and Riemannian metric, short manifold. First we collect some results
from [3] or [5] and [21]: For each = € M there exist a chart (V, k) around z, i.e.
an open neighbourhood V' C M of z and a homeomorphism ~ : V' — U onto an
open subset U = h(V) of RY . The changing of charts is C*. In our notation each
diffeomorphism and its inverse is bounded and has bounded derivatives. Let A?(x)
be the complex linear space of alternating covariant tensors of rank ¢ acting on the
tangent space T,(M) in z and A?(M) its bundle. Elements of the latter space are
called ¢-forms or forms. In the case ¢ < 0 or ¢ > N we identify a ¢g-form with the
zero mapping and A°(M) is the space of the complex valued functions on M. The
exterior product

A AYM) x AP(M) — ATP(M)

acts pointwise and satisfies

A A DAV = (—1)?-TAD

dcAI(M) TeAr(M)

Any chart (V, h) induces special tangential vectors 8;‘ € T,(M) for all x € V by
8?]"" = (0;(f o h™')) o h. We have 8? hi = 0;; and thus {9},...,d%} is a basis of
T.(M) for all z € V. Moreover, the differential

dr : T(M) — T(M)
of a differentiable mapping 7 : M — M acts pointwise as

dr(9)(f) :=9(f o)

for all 90 € T,(M) a~nd satisfies the chain rule d(m, o 71) = dm o dry. Locally using
charts h for M and h for M we have

{dT}gi = J: , Fi=hoToh ! ,

where J: denotes the Jacobian matrix of 7, if we represent the linear mapping dr
in the chart bases {0},...,9%} and {9},...,0%}. In the special case M = R’ we
note dT(@?) = 8? 7. Hence the chart differentials dh; satisfy dhi(azf) = 8? hi = 0,
and form a basis of A'(z) and A*(V). Thus for each & € A%(V) we have an unique
representation

o= Y odn | (2.1)
)

1€8S(q,N
where ®; := @(8?1, . ,821) :V —C,dh! :=dhy A--- A dh;, and S(g, N) denotes the
set of ordered multi-indices I := (i1, - - - ,4,) of length ¢ . Especially for differentiable
f 'V — R the differential df is a 1-form and we get the local representation

N
df =) ) fdn

j=1



The assumptions on M yield an orientation and a scalar product on T,(M), which
induces in a natural way a scalar product on A'(z) and hence on A?(z). We intro-
duce the Hodge star operator * on A?(z), which acts on every positively oriented
orthonormal basis {¢', ..., ¢} of Al(z) as

x¢! =o(1,I)-¢"

where / U’ = {1,...,N} and o(I, ') is the sign of that permutation, which car-
ries over the indices / U I’ to (1, ..., N). The Hodge star operator is independent of
the orthonormal basis chosen, can be extended to A?(M) and thus yields an isomor-
phism * : A?7(M) — AN~4(M) satisfying

xx®=(—1)10V"Dp | DAV =5xDA*xT , x(pd)=pxd (2.2)
forall ® € AY(M), ¥ € AN=9(M) and ¢ € A°(M).
Let €2 be some open subset of M and m € Ny U {oc}. We write f € C™(Q2) for

some function f : Q — C, if poh™! € C™(h(Q2NV)) for all charts (V, h). We say

o e C™1(Q)), if &; € C™(Q2) holds for all component functions ®; from (2.1) of a
form ® and all charts . Moreover, we put

6""‘1(9) = {® e C™(Q): supp® € O} :

Cma@) = { @y 1 ® € C™I(M))

For those and the following spaces of forms we often omit the upper index ¢ in the
case q =0.
We introduce the exterior derivative

d: CQ) — C1T(Q)
having the properties
d(PAV)=dd AV + (=1)1> A dVY , (2.3)
dd® =0 (2.4)

for all ® € C>4(Q), ¥ € C>®P(Q). dis a linear operator and on 0-forms it acts like
the differential. Locally it is defined by

N
dd= > ) 9 dh; Adh]

IeS(¢,N) j=1

N
= Z Z o(5, I —7)- 8? O;_; dn’ 5

IeS(q+1,N) I3j=1

(2.5)

if ¢ is represented by (2.1). Here the ordered index I + j is a permutation of 7 U {;}
resp. I \ {j} . Furthermore, we get the co-derivative

§ 1 C®(Q) — Ca=1(Q)
) s (=D IV 5 d % @ ’
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which analogously locally acts as

o=y Z )-8 @r dht

1eS8(q—1,N) Ij=1

if {dhy,...,dhy} is a positively oriented orthonormal basis.

(2.6)

Let O be an open subset of another N-dimensional manifold M. Then the pull

back ma
F ™ AYQ) — AYQ)

of a C'-mapping 7 : @ € M — Q C M is defined pointwise by
P01, ...,0y) == ®(dr(dr),...,dr(d,))
forall ® € A%(Q), 9, € T(2). We note

"o =porT , THOAY)=T7T"dAT"VY , dr*¢ = 7d¢

forall o € A%(Q), ® € AYQ), ¥ € A?(Q) and ¢ € C4(Q) as well as the chain rule
(g 07)* = 7{ o7y . Locally 7* acts in the following way: Let (V,h), (V, h) be some

chartsin Q,Qand 7: V — V as well as
fi=horoh ™ :h(V)C RN = h(V)CRY

Then
= > D () (0 fs)oh) - (Rasyo7)-db!

I€S(q,N) |J|=q

holds for ® = Z ®,dh’ , where
IeS(q,N)

61 fJ(x) = ail fjl(x) . 'aiq qu(x)

and 7 is the permutation ordering the indices.
For subsets = of R" and ¢-forms

®=¢dx1A-~~/\de€éoo’N(E) ;

where {1, ..., 7y} denote Euclidean coordinates, we define the integral

A@:A¢w

Using this definition the integral over some chart domain (V, h) of a g-form

® = ¢dh! A--- AdRY € CN (M)

(2.7)



is given by

/@::/ (R ® = poh™dX
Vv h(V) h(V)

and finally we define / ® with a partition of unity. f N = Nand7: Q — Qisa

M
C!'-mapping respecting orientation we have the transformation formula

/T*(I):/CI)
Q Q

for all ® € CV(( ) If 9Qis a (N — 1)-dimensional submanifold of €2, then Stokes

theorem
/ dd = / (2.8)
90

holds for all ® € C=V=1(Q), where ¢ : 92 — Q) denotes the natural embedding.
On A?(M) we have a pointwise scalar product and induced norm

(@, W), = #(® A %) = (x0, 4 W)y, , |, = ((D,®),) "
This yields an inner product and a norm on é"o’q(Q)

(®, W) ;:/Q*@,xp)q:/gqm*xp 18l = (8, 0)0) "2

and we denote the closure of (OJOO"J(Q) in this norm by L*%(Q). Equipped with the
scalar product

(- dzae) = (-, ")
L24(Q) becomes a Hilbert space. By (2.2), (2.3) and Stokes theorem (2.8)

(@, 601200 + (AP, V)p20e () = / d(® A #T) = / F(@AFT) (2.9)
Q o

holds for all ® € C*9(Q2) and ¥ € C°>>*+1(()) and thus
<(1)7 5\I’>L2,q(9) + <d(I), ‘1/>L2.,q+1(Q) =0 , (2.10)

if one partner of ®, ¥ has compact support in (2, i.e. formally dand ¢ are skew
adjoint to each other. To remind of the electro-magnetic background from now on
we denote the exterior derivative dby the rotation rot and the co-derivative ¢ by the
divergence div .

Using (2.10) we say that F € L*%(Q) possesses a weak rotation in L41(Q), if
there exists some G € L*7"1(Q)), such that

<E, div (I)>L2,q(Q) = —(G, CI)>L2,q+1(Q)



holds for all ¢ € éoovq“(Q) , and write rot E = G € L2971 (Q). Analogously we
define the weak divergence. Then

RY(Q) :={E € L*(Q): rot E € L*7'(Q)} ,
D (Q) == {H € L>*(Q) : divH € L>!(Q)}
are Hilbert spaces, if we equip them with their natural scalar products
<E, H>Rq(ﬂ) = <E, H>L2,q(9) + <I‘OtE, I'OtH>L2,q+1(Q) ,
<E, H) Da+1(Q) = <E, H>L2,q+1(Q) + <d1VE, diVH>L2,q(Q)
We introduce the following densely defined linear operators:

ROT : C=o(Q) CL29(Q) — (ol (0) C L20+(Q)
s — d® = rot @

DIV : C=ati(Q) C L2074(@) — C=9(Q) € L24(Q)
P — 0 =divd
The operators
ROT = (ROT*)* C —DIV* ,
DIV = (DIV*)* ¢ —ROT"

are extensions of ROT resp. DIV with domains of definition D(DIV*) = R4({2) resp.
D(ROT*) = D?(Q) and

= RY(Q)

D(ROT) = Ce1(Q) = RY(Q)
D@

D(DIV) = Cooatl(Q) =: D)

(with closures in the graph norms). Therefore — DIV* resp. — ROT" is the weak ro-
tation rot resp. divergence div and thus on their domains of definition ROT, ROT,
—DIV* resp. DIV, DIV, — ROT" act like the weak rotation resp. divergence. More-

over, IO{‘I(Q) resp. IO)q“(Q) is a closed subspace of R%(Q2) resp. D?"'(Q2) and hence
a Hilbert space. Clearly DIV*, ROT, ROT*, DIV are closed operators and thus the
nullspaces or kernels

oRY(Q) := N(DIV ={EcRY(Q): 10t E=0}

oRY(Q2) := N(ROT) = {E € RYQ) : 1ot E =0} |
oDT(Q) = N(ROT* {HeD"(Q): divH =0}
0DqH(Q) = N(DIV) = {H € Dq“(Q) : div H =0}
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are closed subspaces of L*%(Q) resp. L*97(Q), i .e. Hilbert spaces. The star operator
yields

(o)
DY) = RUQ)  ,  xRYIQ) = DY(Q)
Because of 6§ = 0 and dd= 0 we see that
rotrot =0 , divdiv=0

still hold in the weak sense. We even obtain

© © © ©
rot RY(Q) C (R (Q) , div DI(Q) C (DY)

For ¢ € C>*(Q2) and ® € C>(2) we calculate

rot(e®) = (roty) A © + protd , (2.17)
div(p®) = (—1)@ DN 4 ((rot) A @) + pdive . (2.12)

— (0)

(o) (o)
These formulas imply ¢ £ € D?(Q) resp. o E € R?(Q2) for ¢ € C*(Q2) and £ € D9(Q)
() o o
resp. £ € R%(Q). Furthermore, we obtain ¢ £ € R%((2) resp. pE € D?(Q) for all
E € R1(Q)resp. E € DY(Q), if ¢ € C*(Q). This may be proved using mollifiers (see
[[1], Theorem 1.5]), i.e. one can show that for any E € R4(Q2) satisfying supp E € (2

there exists a sequence (®,,) C 60""1(9) with @, — E in RY(0Q).
We note that we generalize the boundary condition *E = 0 resp. /* * E = 0 in

the space Ioiq(Q) resp. f)q(Q) . Namely by ROT = (ROT")* we observe E € f{q(Q) ,
if and only if £ € R?(f2) and even

(E,div H)124(0) + (tot B, H)p24+1(9) = 0

holds for all H € D(ROT*) = D?"(Q) . Hence assuming sufficient smoothness of F
and the boundary 0 {2 we obtain by (2.9)

/ (CEYAN(FxH)=0
20

forall H € C>771(Q),i.e. t*E = 0.

11



From now on let {2 denote some connected open subset of M with compact clo-
sure in M.
Our next aim is to define Sobolev spaces on our manifold.

Definition 2.1

(i) Letm € Ny. Wecall Qa ‘C™-region’, if 0 Qis a (N —1)-dimensional C™-submanifold
of M, i.e. for each = € 02 there exists a C™-boundary chart (V, h) with h(x) = 0 and
h(V) = U, such that

hoQnV)=0) , hQNV)=U; , h(M\Q)NV)=U]

and ko h=* € C™ (U}, RY) hold for all charts (V, k) of x € Q. In this case we call
0Q a ‘C"-boundary’.

(ii) We say Q) has the ‘segment property’, if for each x € 02 there exist a chart (V, h),
some o € (0,1) and some vector v € RN with h(z) =0, h(V) = U, and

U,Nh(QNV)+710 Ch(QNV)

forall 7 € (0,1). (See [[1], Definition 2.1] for the classical segment property.)

We note that C'-regions possess the segment property. Due to the compactness
of Q a finite collection of charts {(Vj, hx) : k = 1,..., K} is sufficient to cover Q. Let
{& :k=1,..., K} be a corresponding partition of unity. W. 1. 0. g. we may assume
h(Vi) = Uy and supp &, o b, ! C Uiz forall k.

Then for m € [0, co) we define the Sobolev spaces

H™(Q)

as the set of forms E € A%((2), whose Cartesian components E¥ of (h,')*E = E¥ dx!
are elements of H™ (h,(2 N V;)), and put

K 1/2
L k112
Bl = (3 2 1 A

k=1 IeS(¢,N

Here and in future we identify a form with its restriction on subsets of its do-
main of definition. Using transformation theorems, (2.7) and [[26], Satz 4.1] for
scalar functions one sees that this definition is independent of the chosen charts and
partition of unity. A second covering yields the same Sobolev space but with an

equivalent norm. Another consequence of (2.7) is that for m € Ny and any Cmti
diffeomorphism 7 : {2 — () there exists a constant ¢ > 0, such that

1By < 17 Eligmagy < ¢ 1Elgmae) (2.13)

holds for all E € H™4(Q).
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Using charts and the completeness of H™((2) the following results may be ob-
tained from the scalar Sobolev spaces:

o C>(Q) NH™1(Q2) is dense in H™?((Q2) .

o é“’q(ﬂ) is dense in H*(Q) .

® /\ \/ /\ [© A E”Hm,ﬁp(g) <c: ”E”Hm,q(g)
decoor(@) >0 EeHm.aq(
b \/ /\ | * E”H"LJ’—(I(Q) <c- ”E”Hm,q(g)

c>0 EcH™: q )

We note L*(Q2) = H*(Q2) with equivalent norms. Furthermore, we define }OIm’q(Q)

as the closure of C*>4(€2) in the H™?(Q)-norm. If 2 has the segment property we can
take over more properties from the scalar case, i.e.

C>4(Q)) isdensein H™(Q) (2.14)

aswellas ® € H™?(Q2) for some ® € H™?((2), if and only if its extension by zero into
Q is an element of H™9(Q) for an open set Q with Q € Q € M. The first assertion
may be proved analogously to [[26], Theorem 3.6] or [[1], Theorem 2.1] and the
second analogously to [[26], Theorem 3.7]. The same techniques yield

—RI(Q) —D(Q2)
RY(Q) = C(Q) , DI(Q) = (D) . (2.15)

Definition 2.2 We call a transformation ¢ ‘admissible’ and write e € A®4(QY), if and only
if
o c(x) is a linear transformation on A9(QY) forall x € 2,

e ¢ possesses L™ (2)-coefficients, i.e. the matrix representation of € corresponding to an
arbitrary chart basis {dh'} has L™ (Q)-entries,

e c is symmetric, i.e. forall E, H € L*(Q)
(eE, H)r2ai) = (B, eH)120(0)

holds, and uniformly positive definite, i.e.

\/ /\ (eE, E) L2q y = "E"IQ}»q(Q)

>0 B€L2:4(Q)

Let ¢ € Ny. Wesay e € CH(Q) resp. e € C*4(Q), if and only if € has C*(Q)- resp. C(Q)-
entries, and write 0% € for |a| < (¢ meaning componentwise differentiation. Moreover, for
¢ € N we define

AM(Q) = AY(Q) N CH(Q) resp. A"(Q) := A(Q) N CH(Q)
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On L?9(Q) an admissible transformation ¢ yields an equivalent scalar product
(e, )120(0) and we set .L>7(Q2) := L>(Q2) equipped with (e -, - )124(q) -

If 7 : Q — Qis a C'-diffeomorphism respecting orientation we define a linear
transformation e, : AY(Q2) — A9(Q2) by

ey = el i= (1)1 s % 5 (77) 7! (2.16)
satisfying xe,7* = 7*x. This transformation ¢, is admissible. We obtain

Lemma23 Let7:Q — Q be a C2-diffeomorphism respecting orientation, ¢, from (2.16)
and & € A%4(Q) an admissible transformation. Then the transformation

e =g, (%)t € AY(Q)

is admissible. Furthermore,

(o) . (0)
() if E € RYQ), then T*E € RI(Q) and rot7*E = 7*rotE. Moreover, there exists
some c > 0 independent of E, such that

"T*E"Rq(g) <c: ”E"Rq(ﬁ)

(©) . (0)
(i) if E € e'DYQ), then T*FE € e 'D%(Q) and divet*E = e, 7*divéE. Moreouver,
there exists a constant ¢ > ( independent of E or ¢, such that

”T*E”g—lpq(g) <c: ”E”g—qu(Q)

Proof: Using the transformation theorem and some properties of the exterior prod-
uct and star operator one easily checks that ¢ is admissible as well as that for smooth

forms ¥ € C>*1(Q)

rot7*W = 7rotW , dive, 7"V = e, 7"div¥

~ o

holds. Let E € RY(Q) and ® € C"(Q)). We calculate

(T"E, div®)2.4(0) = (=1)* /(T*E) A (rot *®)
Q

=0 [ (B A () < )

= (—1)eNHaHDN=g=1) / E A (x#1ot*x (7°) 7" % )
Q

_ (_1)(q+1)(N—q—1)<E’ div *(T*)_l * ¢>L2vq(ﬁ)
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Since by (2.7) x(7*) "' x ® € (031"1“(52) C f)q“(Q) we obtain

(T"E, div®)12.4(0) = —(—1)(q+1)(N_q_1)< rot B, #(7*) " x (I)>L2*‘1+1(Q)

= —/(rot E)A((7) 7" % @)
QO

=— /Q(T* rot E) A (x®) = —(7"rot E, ®)12.4+1(q)

Thus 7" E € R9(Q2) and rot 7 E = 7" rot £'. From (2.13) we get the asserted estimate.

If £ € IO{q(Q) and ¢ € D77 (Q), then using the results obtained so far we note
(%) 1% ® € RV-971(Q) and 7* rot(7*) ' ® = rot *® as well as (7*) '+ ® € DI (Q).
This shows that the calculation from above still holds true for those F and @, i.e.

7E € R (€2) . Hence (i) is proved and may be used to show (ii) as follows:

E ¢ 5*1%)%(2) — %€ € (ﬁ)N*Q(Q)
= T"xEF € (IO{)N_‘](Q) and rot 7" x EE = 7 rot %€ B
= eT'E € gq(Q) and diver"E = e, 7" divéE
Again (2.13) yields the stated estimate. |

Let € be an admissible transformation. We define the ‘(harmonic) Dirichlet forms’
by
HYQ) = RYQ) N g’lqu(Q)

and denote them by H%((2), if ¢ = id. Moreover, we define the dimension of the
Dirichlet forms by
d? := dim . HY(Q)
L.29(Q)

By the projection theorem and the L*?(2)-orthogonality of rot fo{q—l(Q) and
——129(Q 0
0D9(2) resp. div D7+1(2) and (R?(Q2) we get the following Helmholtz decom-

positions (see [[12], Lemma 1], [[16], Lemma 1] or in the classical case [[13], p. 168],
[[17], Lemma 3.13] ):
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Lemma 2.4 The following (c -, - )12.4(q)-0rthogonal (denoted by ©.) decompositions hold
for admissible transformations ¢ :

@ L29(Q) = rot Ri-1(Q) &, £ ,DI(Q) = (R(Q) &. =~*div De+1(Q)

— e lrot R (Q) @. oD(Q) = £ RY(Q) @. div Do+ ()

Qi)  .L29(Q) = rot Re-1(Q) @, HU(Q) @, ¢ div D1L(Q)
= e lrot Re-1(Q) @, e~ HI(Q) . div Do+ (Q)
All closures are taken in L>9(2).

If v is another admissible transformation, then an easy application of this lemma
shows, that the orthogonal projection

m: ,HI(Q) — HIY(D)

S 1.2:9(Q)
on £ 1,D4(N2) along rot R1-1(Q) is well defined, linear, continuous and injec-
tive. Therefore by symmetry we obtain dim ,3?(2) = dim .H?(2?) and hence d¢ is
independent of transformations, i.e.

d? = dim . HY(Q) = dim H(Q)

Another essential ingredient of our solution theory is the so called Maxwell’s
compactness property.

Definition 2.5 € possesses the ‘Maxwell’s compactness property” (MCP), if and only if
the embeddings

(o}

RY(Q) N DY) — L*(Q)

are compact for all q.

The MCP is a property of the boundary and there is a large amount of literature
about the MCP. The first idea was to use Gaffney’s inequality, i.e. to estimate the
H'(Q)-norm by the (R?(Q2) N D?(Q))-norm, and then Rellich’s selection theorem.
To do this one needs smooth boundaries, which for instance may be seen in [[8], p.
157, Theorem 8.6]. If ¢ = 0 we even have

R(Q) N D°(Q) = R%(Q) = H()

In 1972 [20] resp. [21] Weck presented for the first time a proof of the MCP for
bounded manifolds with nonsmooth boundaries (‘cone-property’). More proofs of
the MCP were given by Picard [15] (‘Lipschitz-domains’) and in the classical case by
Weber [18] (another ‘cone-property’) and Witsch [25] (‘p-cusp-property’). A proof
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of the MCP in the classical case for bounded domains handling the largest known
class of boundaries was given by Picard, Weck and Witsch in [17]. They combine
the techniques from [21], [15] and [25].

We note that the MCP is independent of transformations, i.e. let ¢, admissible
transformations for all ¢, then 2 possesses the MCP, if and only if the embeddings

R(Q) Ne, 'DY(Q) — L*(Q)

are compact for all q.
For ¢ € A%(Q) the MCP implies (by an indirect argument) the existence of a
positive constant ¢, such that the estimate

||E||L2,q(Q) S C- (" rot E||L2,q+l(Q) + || diV EE"LQ,qfl(Q)) (2.17)

holds uniformly in £ € R4(Q) N e~ 'DY(Q) N H(Q)*.

An application of this estimate yields the finite dimension of the space of Dirich-
let forms .H9(2). In fact the dimension is determined by topological properties
of Q, ie. d? = dimHI(Q) = By_q is the (N — ¢)-th Betti number of Q (see [14]).

Moreover, from (2.17) the closedness of rot R () resp. div D?(Q) in L2971 (Q) resp.
L*471(Q) follows. We even have (with any v € A*(Q))

rot IO{‘I(Q) = rot f{q(Q) = rot (f{q(Q) Ne oDY(Q) N.HI(Q)™) | (2.18)
div D9(Q) = div D?() = div (D7(Q) N =", RYQ) N HI(Q)>) |, (2.19)

which was shown in [12] in the case ¢ = v = id. Here we denote the orthogonality
w. I. t. the (v -, - )12.4(q)-scalar product by L, and put L := Li4.
Let us define the range

W9(Q) := div D¥(R2) x rot Re(Q) x C%°

As in [12] a combination of the 1L.24({2)-decompositions from Lemma 2.4 and (2.18),
(2.19) yields easily

Theorem 2.6 Let ¢ € A%(Q), Q have the MCP and d4 continuous linear functionals ®*
on RI(Q) Ne DY) with

d4

Q) N () N(@) = {0}

(=1

be given. Then with . := (®L- ... &L .)

£ 3

Max. : RYQ)Ne'DIUQ) — We(Q)
E — (diveE,rot E,®.(E))

is a topological isomorphism.
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Remark 2.7

(i) For any v € A%(Q) we can choose O := (v, h)12a(q) with an arbitrary basis
{he} iy of U
(i) Let (v,0) € A% 1(Q) x A»(Q). By Lemma 2.4 we obtain

(o]

Wa(Q) = (0D () N HITH()H) x ((RTHQ) N ,HTH(Q)H) x C .
(iii) If we replace e by e~ and consider . Max = Max.-1 ¢, then

_Max e 'RYQ)NDIQ) — W)
E — (divE,roteE, ®.-1(eE))

is a topological isomorphism as well.

(iv) Clearly using the star operator we have the corresponding dual results.

Finally in the special case M = R" we need some operators from the calculus
developed in [23]. Let {z1, ...,2y} denote Euclidean coordinates. We introduce

R : AIRYN) — ATH(RN)

E — r,da" ANE=rdrAFE ’ (2.20)

T : ATYRY) — AY(RY)

E — (=1 xRxE (2.21)
and recall the formulas
RR=0 , TT =0 , RT + TR = r? (2.22)
aswell as for F € AYRY), H € AT (RY)
REANxH = ENxTH , THANxE =HN\*RE , (2.23)

ie. (RE,H),+1 = (E,TH),. The operators rot and div correspond to R and 7" in the
sense that

Crot,p(r 2 = ¢ (r)yr'RE resp. Caiv,p(r) 2 = ¢ (r)yr'TE (2.24)
hold for ¢ € C'(R) and £ € RY(RY) resp. E € DI(RY).
To conclude with this introductory section we present the componentwise (w. .

t. Euclidean coordinates) Fourier transformation on g-forms 3, which is a unitary
mapping on L>?(RY). With X (z) := z and the well known formula

F(0%u) =i X (u)

for scalar distributions © we get some formulas for J operating on ¢g-forms E':
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F« E=%«FF (2.25)

F(0“E) =i xF(E) , F(E) = (—i)F(xeE) (2.26)
F(rot E) =i RF(E) , rot ?(E) —iF(RE) (2.27)
F(divE) = 1T3"( ) , divF(E) = —19’(TE) (2.28)

FAE) = —-F(E) AF(E) = -5 - E) (229)

These formulas may be checked for smooth forms from Schwartz’ space and hence
remain valid for distributional ¢-forms, i.e. extend to our weak calculus. We note
rot div +divrot = A, where the Laplacian A acts on each Euclidean component of
E.

2.2 Regularity

Theorem 2.8 Let m € Ny, 2 be a bounded C™*+2-region and ¢ € A™*+'4(Q). Further-
more, let E € (RY(Q) Ne'D(Q)) U (RY(Q) Ne'DY(Q)) with

rotE € H™7T(Q) , diveE € H™1(Q)
Then E € H™1(Q) and there exists a positive constant c independent of E, such that
||E”Hm+1,q(g) <c- ("E”LZ‘J(Q) + ”rOtE||Hm,q+1(Q) + ||diV€E||Hm,q—1(Q))

Remark 2.9 By the star operator and some transformation E ~~ ¢ E we get the correspond-
ing theorem for spaces of the form e *R?(Q2) N D4(R2) as well.

We only prove this theorem in the case F € R4(Q2) N e~ 'D?(Q), since the other
case follows by x-duality. The classical case N = 3, ¢ = 1 and (2 is an open subset
of R? has been proved by Weber in [19] using the natural regularity of (¢ — 1 = 0)-
resp. (¢ + 2 = 3)-forms, i.e. scalar functions. In the generalized case there occur
some additional difficulties.

We need a few preparations:

Lemma 2.10 Letr > 0,2 := (z1, - ,xn_1) and

T UfQ — U~

r +— (2,—xp)
Then the mirror operator
Siot : RY(U,”) — RY(U,)
defined by SrotE\U: = Eand S, E| pr =T Eis well defined, linear and continuous. S,y

commutates with rot and | S, E|2a+10,) = V2 - | E] ;2. w1 () holds. (V/2/2 - Sy even is
an isometry.) Moreover, if supp E C U, for some o <, then supp St B C U,.
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Proof: By (2.15) it is enough to show S« £ € RY(U,) and rot S;ot £ = S0t rot E for

E € C=9(Uy) . The assertions about the continuity and the support follow directly.
Let ¢ : U? — U denote the natural embedding. Observing that 7 changes the

orientation, we get from Stokes theorem for ® € C~¢"(U,) (Clearly we identify ®
with its restriction on UF )

(et B, div®)y sy = (~1)7 /U EA(d*®)+ (—1)7 /W(T*E) A (d+ D)

=17 EAd(x®—(r7") *®)

:—/UT_(dE)/\(*(T)—(T_l)**(P)
+ /UO(L*E) A ((L* — () ® <I>>

By ¢ — 7! o« = 0 the boundary integral vanishes and we obtain

<SrotE7 diV(b)Lqu(UT) = —/ (dE) A *6) — / (T*dE> N *(i)
U- Ut
= —(G, D) 12011, ,

where G = S,;rot E. |
The mirror operator
Saiv 1= (—1)"V"9 % S 5 DUU) — DY(U,) (2.30)
has the corresponding properties.

Lemma2.11 Let N > 3 and o > 0. There exists a constant ¢ > 0, such that for all
E € (DYR") with supp E C U, there exists some H € H" (R") satisfying

divH=E ,  [Hlgie@y) < ¢ By

Proof: Let £ € (D?(RY) with supp £ C U,. By the Fourier transformation we get
|FE ()| < ¢ |Eli2a@y), ie. ¢ = A(U,)"?, and hence all components of FE are

bounded. Let / := r—2RFE (H(0) := 0). The estimate

|Hy(@)| <e > ol |FE(x)  ,  JeS@+1,N)
1eS(q,N)

implies X, H € L4 (RN) as well as H, F'H € L*¢*(RN), since N > 3. Moreover,
we get
HH||L2,q+1(RN) + |’rH|’L2,q+1(RN) <c- “E”LQ,q(RN)
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Thus H := —iF ' H € HY (RY) with | H g 00
as well as (2.22) we obtain

ry) < € | E] 2.0y and using (2.28)

divH =F'TH=F""“2TRFE=E
because div E = 0 yields TFE = 0 again by (2.28). |

To prepare the next lemma let U ¢ RY and

o= ) o' L)

IeS(q,N)

Then ® = ®" + &* is an orthogonal decomposition in L*4(U) where

P = Z o, dx! = Z P ,dx!

IeS(q,N-1) N>IeS(q,N)

Lemma212 LetU C RY, m € N, e € A™9(U) and E € L*Y(Q). Furthermore, let
E7,(eE) € H™(U). Then E € H™I(U).

Proof: From (cE*)? = (e¢E)’ — (eE7)? € H™I(U) we get (cEP)? €¢ H™?(U). Since
the restriction 7 of ¢ acting on the normal parts, i.e. e”?E? = (¢EP)?, is pointwise

invertible with C™(U) entries we obtain £” € H™4(U). |

Now let us turn to the proof of Theorem 2.8. Using a partition of unity we localize
our problem and only consider the more difficult case of boundary charts. By (2.13)

and Lemma 2.3 we transform our problem to the special domain U; using a C"™"2-
boundary chart. Hence we have to show the following assertion: Lete € A™ 44 (U;")

and E € Io{q(Uf) Ne'DI(U; ) with supp E C U, for some o € (0, 1) as well as
rotE € H™Y(U;7) ,  diveE € H™ Y (U,)
Then £ € H™4(U; ) and

1o I—

) (2.31)
<c- (”E”L&q(U;) + ||r0tE||Hm,q+1(U1—) + ||d1V5E||Hm,q71(U1—))

holds uniformly in E .
First let us discuss the case N > 3. We prove (2.31) by induction on ¢ and m.

Since R°(U;) = HY(U;) (and rot acts as V) the case ¢ = 0 is trivial. Because of
DN (U;) = HY(Uy) (and div acts as V) the case ¢ = N is trivial as well. Thus we
assume that the assertion is valid for ¢ — 1. Let m = 0. First we take care about the
tangential derivatives and show

0, Eel®>U;)

(2.32)
” ai E”LQaq(Ul‘) <c- ”E“RQ(Uf)ms—lDQ(Uf)
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fori=1,...,N — 1. By symmetry it is sufficient to consider i = 1. We choose some
6 € (0,1) satisfying p+ 40 < land put p; := o+ j#,j=1,...,4. For 0 < |h| < § we
introduce the mappings

7 RY — RY 1 :
x +— (r1+h,x9,--- ,TN) ! On = 4 (mh —id) ’

h

where RY := {z € RY : 2y < 0}. The pullback ¢; of latter operator acts compo-
nentwise as the differential quotient and commutates with rot, x and div. For all
F,G € L*>9(U;) with support in U,, we have
(ORF, G>LM(U;) = —(F, &hG)LM(U;) ’
0, (eF) = €0, F + (o) F ,

. 2.33
"ThF"LQ‘Z(U7) <c- HFHL2‘1 uy) ’ ( )
[0ne) Pl ooy < € IFloaqwry
where (6,6)®(x) := Z (6nes,r(z)) @ (z)da” for the matrix entries ;s of € and
1,JeS(¢,N)
O(r) = Z ®;(z)dx" and c is independent of h or F'. From [[1], Theorem 3.13]

1€8(q,N)
one obtains for m € Nand all F € H™¢(U;) supported in U,

”&;F"Hmfl,q(Ul_) S ”F"Hm,q(Ul_)
By [[1], Theorem 3.15] to show (2.32) it suffices to prove

[0hEl 20wy < ¢ 1B Roryne Do)
where c is independent of /1, ¢ or E'. Since we have §;F € R?(U,,) and moreover
supp 6, E € U, this estimate follows by a density argument from

|<55;E> (I)>L2aq(UQ’1)} S c- "E”Rq(Ul_)ma*lDQ(Ul_) ’ "q)”thJ(Ugl) (2-34)

forall d € (> 1(U,,), where c is independent of h, o, E or ®. Let ® € oo W(U,,)-
According to Lemma 2.4 we decompose ¢ = ®; + ' P, orthogonally in .L*%(2),

where ®, € rot f{q—l(U ) and @, € div Det(U;) (closures in L*4(12)), since H?(Uy)
vanishes by [[11], Satz 1, Satz 2] and thus .H?(U;) = {0} as well. Moreover, by
(2.18), (2.19) we may assume ®; = rot ¥; and ¢, = div \112 with some differential
forms U; € RTH(U; ) N ¢D YU ) and ¥, € DU ) N ORq“(U ). Furthermore,
the estimate (2.17) yields a constant ¢ > 0 independent of ¢, ®,, ¥, ¥,, such that
191 ge-r oy T ¥l pori )y < € [Pz

o1)
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holds. Let x € (O]OO(UQZ) with X|UQ—1 = 1. Then the induction assumption yields
XV, € HYY(U;) as well as

"X\I’l"Hl,q—l(U;) <c: "\IJl"Rq—l(Uf) <c- ”(I)”qu(Ugl)

Clearly the form y ¥, possesses compact support in U, U U, and by Lemma 2.10
and (2.30) the extension by zero of Sgi, x ¥ to RY is an element of D?"!(R") . Hence

we have @, := divSy, y ¥y € oD?(RY) with supp P, € U,, and P, = ®,. Lemma

vz
2.11 yields some H € H"“%*!(R") satisfying divH = ®, and furthermore the estimate
[H 1001y < l@lpaqy ) - Using @ = rot x Wy + e 'divxH in U, and (2.33) as well

as ", (x¥;) € fo{q_l(Uf), E e f{q(Uf) we get
(edr I, ®>L2vq(U;1)
= (Oh(EE), @) oy = (OnE)TRE, @)z
= —(eB, 108", (XU1)) 12y = (B v (XH) )y
— (2B, (0-ne™ )T W dVXH ) oy = ((OhE) B @)

(
= (diveE, 5ih(X‘1’1)>Lz,q(U1—> + (rot E,6%,(xH)) .,
(

which immediately implies (2.34). Hence (2.32) is proved.

By (2.5) we have
N—-1
+0yEy= (ot E)jyn — > 0(j,J + N —j)-0; Eyan_y € L*(UT) (2.35)
Jaj=1

for N ¢ J and thus E™ € H"(U;). Using 9;(¢E) = (9;¢)E + €0; E we obtain
0;(eF) € L*1(U; ) fori=1,...,N — 1 and by (2.6)

i@N(eE)J = (diV&E)J_N — Z_ O'(j, J) . (9]-(5E)J_N+j S L2’q(U1_) (236)

JFj=1

for N € J and hence (¢E)? € H"(U; ). Lemma 2.12 yields F € H"(U; ) and the
case m = 0 is proved.
Let m > 1 and our assertions be valid for m — 1 as well as the assumptions

be given for m. We consider F,eEF € H™(U;) with E € IO{q(Ul_) Ne 'DYUY),
supp £ C U, ,

rotB € H™ N (U7)  , diveEBE e H™Y(U))
and the estimate

||E”Hm,q(U;) <c- ("E”LZQ(U;) + ”rOtE”Hm—LqH(U{) + ||diV5E”Hm—1,q—1(U;))
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For sufficient small » we have 6, E € R (Uy) and 0;F resp. 6;rot E converges
weakly to 9; E resp. 9 rot E in L*4(U;") resp. L%t (U;) as h — 0. Thus we obtain

hE € IO{‘?(Uf) and analogously 0; £ € RY(U; ) fori = 1,...,N — 1. Hence all
tangential derivatives 0; £ € RY(U; ),i=1,...,N — 1, satisfy

rot 9; E = 0;rot E € H™ H(U)) :
dive 0; E = 0;diveE — div(0;¢)E ¢ H™ Y Y(U;) |

which implies 0; E € H™4(U; ) and also 0;(¢E) € H™?(U; ) by assumption. By
(2.35) and (2.36) we obtain dx E7,0n(cE)? € H™(U; ). Therefore we get also
E7, (¢E) € H™1(U]) and finally by Lemma 2.12 £ € H™"4(U;"), which com-
pletes the proof for N > 3.

The only non trivial remaining case is N = 2, ¢ = 1. But this case can be proved

similarly to the case N > 3 without using Lemma 2.11, since even ¥, € H"?(U;)
holds. |

2.3 Trace and extension theorems

Let Q be a C*-region. We provide a ‘tangential trace’ operator
Iy : RY(Q) — RY(0N)
and a ‘tangential extension” operator
I, :RY0Q) — RYQ)

where the space of tangential traces R?(052) will be defined below. The correspond-
ing results for ‘normal traces” on D?((2) will be achieved using the Hodge star oper-
ator.

From now on we will distinguish between rot, div and * on {2 and 9¢2. Keeping
the old notation for the operators on (2 we denote the corresponding operators on
the boundary 02 by Rot, Divand & .

First we need some preparations: For m € (0,00) let H™"™9(02) denote the
dual space of H™(0Q) = H™(09Q) and (A, ®)g-m.ae@) for A € H™™(052) and
¢ € H™4(092) the duality. We always demand antilinearity in the second component
of the duality. We define rotation, divergence and star operator by

<R0t )\, (I)>H—(m+1),q+1(8Q) = —<)\, Div ®>H—m,q(8g) s
<DiV )\, \I/>H7(m+l),q71(ag) = —<>\, Rot \I/>H—m,q(aQ) s (237)
<®)\, ¢>H777L,N717q(8§2) = <_1)q(N_1_q) <)\, ®¢>H—mq(aﬂ)
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for ® € H™La+1(9Q), ¥ € H™1471(9Q) and ¢ € H™V179(99) . We have

<®)\ ®¢>H m,N—1— q(aQ) ( 1)qN 1= q <)\,®®@>Hfm,q(ag)
<A, (I)>H m, q(ag) ,
(@ ® X, ®)m-magpn) = (=1 HOA, @) g-mv-1-0(00
(09)
= (=

1IN (N, @) r-ma(an)
and Div = (—1)@=YV®™= @ Rot ® . Moreover, we introduce the spaces

RIOQ) == {\ € HV290Q) : Rot A € H /> (0Q)} |
DU0Q) == {\ € H/*1(0Q) : Diva € H /21 (0Q)}

which will be equipped with their canonical norms

1/2
[Mraoe) = (IMu-1/2000) + | Rot Mlg-1/206100))

Y

. 1/2
lpaoey = (IMlir-v2a(o0) + 1 Div Mer-1/2a-1 o)

Y

where we identify Rot A\ € H=3/29+1(9Q) resp. Div A € H™3/2471(9Q) with its con-
tinuous extension on H=/24+1(9Q) resp. H~1/2471(9Q2) . The property

RI(09) = @DV 179(9Q)

keeps true and the induced mapping is isometric.

To define traces on R?(2) we first have to discuss tangential and normal traces
on H™4(Q2) . Using boundary charts, (2.13) and the corresponding results for scalar
Sobolev spaces (see e.g. [[26], Satz 8.7, Satz 8.8]), which componentwise will be
applied to g-forms in RY , we obtain the following two lemmas:

Lemma 2.13 Let m € N, Q be a C™*+'-region and 1 : 9Q — Q C M the natural embed-
ding. Then there exists a linear and continuous tangential trace operator

v, H™(Q) — H™1/29(9Q)

with
7P =P , Rot 3 ® = y;rot @

for all ® € C>4(Q). Moreover, , is surjective, i.e. there exists a linear and continuous
tangential extension operator

F : H'V29(90) — H™4(Q)

with the property vy, = id.
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Furthermore, using the star operator we define linear and continuous normal
trace and extension operators by

Yo ¢ H™(Q) —  H™Y2971(9Q)
s — (—1)(‘1_1)N®’yt*\11 ’

Yo o HPU271(9Q) — H™1(Q)
A — (—I)Q(N_q) * Y ® A ’
which possess the corresponding properties, i.e. Divy,, ¥ = —, div ¥ for all smooth

forms ¥ € C>*%(Q2) and 7,7, = id. In local coordinates we check v; x4, = 0 and thus
=0,  wwm=0 . (2.38)

By (2.9) and (2.14) we obtain
(rot®, W) 2.0+1(0) + (P, div¥)i240) = (1P, 10 V) 1240000 (2.39)

for ® € H"(Q), ¥ € HYT1(Q).
This suggests to define the tangential trace

IE c H/210Q)
of a ¢-form E € R?(Q2) by
[ E(p) = (TLE, ) u-1/240(00) = (T0LE, Jn@)12011(0) + (£, divinp)reqq) (2.40)
for all p € HY/24(0Q) . Clearly acting on E € H"9((Q) it satisfies
(LB, @) u-1/2000) = (ME, ©)124(00) (2.41)

for all ¢ € H'/?9(9Q). Hence in this case we have ['\E = (},E, - )124(90) and we
identify I';E with 1, E as an element in H'/29(9))..

Theorem 2.14 For each E € R%(2) the tangential trace I'1E is an element of R4(052).
Moreover, the tangential trace I'; has the following properties:

(i) /\ <FtE, ’yn\I’>H_1/2,q(aQ) = <I‘0tE, \I/>L2,q+1(g) + <E, diV‘P)Lz,q(Q)
EcR1(Q2),
VeHb It (Q)

(ii) A RotIE =T,rot E
EER4(Q)

(iii)  The mapping I'y : R?(Q2) — R(01?) is continuous.
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Proof: By (2.39) we get for ® € C°>4(Q) and ¥ € H-1(Q)

(rotfl), ’v}/n’}/n\If>L2,q+1(Q) + <q), diV’v}/n"}/n\I/>L2,q(Q)
= <’}/t(I), ’yn\I}>L2vq(BQ) = <I‘Ot(I), \I/>L2,q+1(Q) + <CI), diVW)LQ,q(Q)

The density argument (2.15) and the definition of I'; yield (i). For £ € R%(Q2) we
obtain
IC,Elgs2000 < ¢ 1Blpay

ie. T, : R1(Q) — H29(9Q) is continuous. Furthermore, for ® € C~4(Q) and
¢ € H*29+1(90) we calculate

(T'e®@, Div o) gg-1/2.090) = (7P, Div ) 124(50) = —(Rot %P, @) r2.0+1(00)
= —< trOt(I), g0>L2,q+1(3Q) = —(Ftrotq), g0>H—1/2,q+1(aQ)

Approximating £ € R?(Q2) with @ € C~4(Q) by (2.15) we get that Rot I, E ex-
ists in H=%/24+1(9Q) and Rot ['\E = I';rot E'. Hence RotI';E € H~Y/24+1(9Q) since
rot E € \R1HQ) ¢ RTY(Q), ie. T\E € R1(IN). This proves that the mapping
I, : RY(Q) — R1(012) is well defined, and (ii). Clearly we have

| Rot Tt Elg-1/2.0190) = [Terot Elg-1/200100) < ¢ [E|ga(gy :
since rot : R%(Q2) — RY(Q) is continuous. Thus (iii) is proved. |

Defining the normal trace acting on D?((2) by
T, = (-1)4"DV @ I«
we achieve (using the star operator)

Theorem 2.15 For each H € D%(Q) the normal trace T, H is an element of D71(992).
Moreover, the normal trace I',, has the following properties:

(1) /\ <FnH, "Yt\Ij>H*1/2vq*1(8§2) - <d1VH, \I’>L2,q—1(Q) —+ <H, rot\If>L2,q(Q)
HeDi(Q),
\I/GHl’q_l(Q)

(ii) A DivI,H = —T,divH
HeDa(Q)

(iii))  The mapping T, : DY(Q2) — D11 (9Q) is continuous.

Our traces possess natural properties. So we have for all £ € R%(Q)

NE=0 <+ EecRiQ) (2.42)
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and for all £ € D?(2)

E=0 <« EeD/Q) . (2.43)

Furthermore, (2.41) and (2.38) yield

Sep € RTYQ) A0 € DYQ) (2.44)

for all p € HY29(00)).
Now we will construct two extension operators.

Theorem 2.16 Let e,v € A% (S2). Then there exist two linear and continuous extension
operators

[, R10Q) — RUQ) Ne1yDYUQ) N ,HIY(Q) =

[, :D71(09) — DYQ) Ne L RYNQ) N ,HIY(Q)
satisfying [, =idandT,L,, =id.
Remark 2.17
(i) T, even maps to R9(Q) Ne~'divrot (IO{‘](Q) NH*1(Q)).
(ii) T, even maps to DI(Q) N e~ rot div (f)q(Q) NH>1(Q)) .

(iii) Because of the missing boundary condition neither T'; nor T, maps to H“9(2). But
this is obvious, since the existence of the left inverse I'; resp. I',, would imply

RYUON) Cc HY*9Q)  resp.  DTHIN) c H/*471(90)

(iv) E =T\ € RYQ)Ne ' DYQ) is the unique solution of the boundary value problem
diveE =0 , divrot E =0 ,
IE =\ : E € . HIQ)*
(v) H:=T,)\ € DIQ)Ne'RI(Q) is the unique solution of the boundary value problem

roteH =0 , rotdiv H =0 ,
T H =\ , H e H(Q)*

(o}

Here .34 (€2) = oD(2) N e R(Q) denotes the space of "harmonic Neumann forms” and
we have (H(Q2) = **e*g{q/(ﬁ) as well as dim .H(Q2) = d? with ¢ :== N — q. Clearly we
put again HI(Q) := uHI().
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Proof: Let A € R%(01). We have to find some E = I',A € R(Q) N e 1,D?(Q) with
I''E = \. Welook at

YI(Q) = RY(Q) N DYQ) |
YL (Q):=YN rotlo{qfl(ﬂ) = rotlo%qfl(Q) N DY) :

ro

VE,(©) = YO NdivD™ Q) = RY(Q) N divD™ (@)
supplied with (-, - >Rq(Q)me(Q) . By Lemma 2.4 and (2.18), (2.19)

Y(Q) = Y

rot

(2) @ Y, () © HU(Q)

is an orthogonal decomposition. Due to Theorem 2.8 all spaces are subspaces of
HY(Q).
We consider the following problem: Find some F € Y%{*(Q) satisfying

<diVF, ddi>>L2,q+1(Q) = <R0t )\, ’yn¢>Hfl/2,q+1(aﬂ) (245)

forall ® € Y42(Q).

Because of (2.17) the continuous bilinear form on the left hand side is strongly
coercive in YZ*(Q2) and using Theorem 2.8 the right hand side is an antilinear con-
tinuous functional on Y%*(Q). Hence the Lax-Milgram theorem yields a unique
solution I with

"F”D‘H'Q Q S C- || Rot >\||H71/2,q+1(69) . (246)
(©)

Analogously we solve a second problem: Find some H € Y%/ (Q) with

(e7'divH, div®);2.4(q)

) 2.47
= (divF, ®)p20+1(0) + (D, @) r2arii) — (N 7 ®)a-1/20000) (247)
forall ® € YZ£'(Q), where
dat1
Px = Z(A,%hﬁﬂ—l/z,q(a@) ~hy
=1
for some (-, - )124+1(q)-orthonormal basis {h, ..., hg+1} of HIT(Q).
Then clearly
|Hl i1y < ¢ (1VFlias1() + Il 2000 (2.48)
holds and combining (2.46) and (2.48) we have
[Flpereq) + 1H parrg) < ¢ IMlree) - (2.49)

For all h, the right hand side of (2.47) vanishes. Thus (2.47) also holds for all forms
d € YEUQ) @ HH(Q). Let ® € YIH(Q). By (2.18), (2.19) and Lemma 2.4 we

rot
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may assume ¢ = divl with ¥ € D?(Q) N Of{q+2(Q) N HH2(Q)E = Y (Q). Since

rot

¢ € H""1(Q)) we obtain by Theorem 2.8 ¥ € H*9*%(Q)). Here we needed the C?-
requirements on the boundary 9 2. Using (2.45)

<diVF, CI>>L2,q+1(Q) + <gb>\, (D>L2,q+1(Q) — <)\, ’yn(I)>H—1/2,q(3Q)
e <d1VF, diV\Ij>L2,q+l(Q) — <)\, VndiV\Ij>H*1/2le(6Q)
= <R0t A, ’yn\I’>H_1/2,q+1(8Q) + <)\, Div ’Vn\I/>H—1/274(aQ) =0
shows that (2.47) is even valid for ® € Y%'(Q) and hence for all & € Y+(Q).
Putting £ := —¢~'divH we obtain £ € R%(Q) Ne1,D?(Q) by (2.47) since of course
Cooatl(Q) € Y9! and rot B = divE + ¢y . Moreover,

5, HY29(90) ¢ HY1(Q) N RH(Q) € YH(Q)

holds and thus I''!E = X follows again by (2.47). Finally, by (2.49) our tangential
extension operator is continuous.
Defining
r, : D(0Q) — DY(Q)
A (1)) < T, @ A
(with £ * ex instead of ¢) yields ', [', A = (—1)@ DV @ T,T, ® A = A as well as
I\ € DYQ)Ne,RIQ). Clearly T, is continuous as well. |

To finish this section we present a generalization of Theorem 2.8, a regularity
theorem handling inhomogeneous boundary data:

Theorem 2.18 Let m € Ny, Q be a bounded (C™+% N C3)-region and ¢ € A™+14(Q)).
Furthermore, let E € R1(Q) N e 'DY(Q) with

rotE € H™H(Q) , diveE € H™Y(Q) , T,E € H™/29(90)
Then E € H™1(Q) and there exists a positive constant c independent of E, such that
”E’|Hm+1,q(9)

<c ("E"Lqu(ﬂ) + ||rOtE||Hm,q+1(Q) + ||diV€E||Hm,qfl(Q) + ”FtE||Hm+1/2,q(aQ))

Proof: Let E := %', € H"t14(Q). Then E := E — F € R%(Q) satisfies the assump-
tions of Theorem 2.8. Thus we get £ € H™"¢(Q) and using the continuity of ¥, the
asserted estimate as well. [

Remark 2.19 Clearly using the star operator and some transformation E ~ ¢E the as-
sumption T,e E € H™Y/24-1(9Q) instead of T,E € H™'/24(9Q) yields a corresponding

theorem. Moreover, these regularity results hold for spaces of the form e~ 'R4(2) N D(12)
as well.
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2.4 Static solution theory

Let Q be a C3-region, ¢ € A%(Q) an admissible transformation and d? continuous
linear functionals ®¢ as in Theorem 2.6 be given. We consider the following problem:
Find some ¢-form E € R4(Q) N e 'DY(N) satisfying

rotkl = G ,
diveE = F , 550
FtE = )\ ; ( ' )

P(E)=ap , L=1,...,d
Noting HI(Q) € H () we get

Theorem 2.20 The conditions G € (RIH(Q), F € (DT HQ)NHIH(Q)L, X € RY(09),
a € C and

Rot A = FtG A /\ <G, h>L2,q+1(Q) = <)\, fynh/>H71/2,q(8Q)
he Hat1(Q)

are necessary and sufficient for the solvability of (2.50). The solution is unique and depends
continuously on the data, i.e. there exists a positive constant c independent of E or the data,
such that

[El Ro(yne-—1pagey < € (IFli2a-1(0) + [Glizario) + [Mragan) + o)
holds.

Proof: The necessity of the conditions is easily checked. By Theorem 2.16 we obtain
E =T\ € RI(Q)Ne,DIQ). The ansatz E := E + F with E € ].?{Q(Q) Ne 'DY(Q)
leads with (2.42) to the system
rotF = G —rot E =: G € R () :
diveE = F € (DI 1 (Q) nHL( Q)
PE)=0ap—OYE) =0y , L=1,...,d" |,

which is uniquely solved by E := Max_ '(F, G, &) with Max, from Theorem 2.6, if
(F,G,a,) € Wi(2). Hence it remains to show

G e R(Q) N HEL ()

From I,G = IG — Rot A = 0 we see that G satisfies the homogeneous (electric)
boundary condition. To check the orthogonality on the Dirichlet forms we pick some

h from HI(Q) € HY™(Q) (by Theorem 2.8) and compute

<G7 h>L2,q+1(Q) = <G7 h>L27q+1(Q) - <PtE7 ,Ynh>H—1/2,q(aQ) =0
=\
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using Theorem 2.14 (i). This concludes the proof. |

Finally we shortly turn to the dual problem using the Hodge star operator. Let
d? continuous linear functionals ¥¢ on D?(Q) N ¢~ 'RY(Q) with

/

d?

Q) N ()N = {0}

(=1

be given. We formulate the dual problem:
Find for given data F, G, \, a a ¢-form H € D%(Q) N e 'RY(N) satisfying

divH = F ,
roteH = G , 551
H =\ , 2.51)

VYH)Y=a, , (=1,...,d"

Corollary 2.21 The conditions G € (RITH(Q)NHITH(Q)L, F € (DI(Q), A € DT1(9Q),
a € C¥ and

Div ) = —FnF N /\ <F, h>L2,q71(Q) = <)\, 7th>H—1/2»‘1—1(8Q)
he HI~1(Q)

are necessary and sufficient for the solvability of (2.51). The solution is unique and depends
continuously on the data, i.e. there exists a positive constant c independent of H or the data,
such that

1 lpsoyne 1oy < € (IFlzai@ + [Glizar@) + Ilpeon) + lal)

holds.

Proof: Applying the last theorem to the data &+ * I, &+ x G, £ * \, «a, the transfor-
mation + x ex and the linear functionals ®¢ := W{(x-) we obtain our solution by
H :=xFE. |

3 Exterior domains
In this section we will consider an exterior domain Q C RY,i.e. RV \ Qis compact,

as a special Riemannian manifold of dimension 3 < N € N. To this end we need
some preliminaries:
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3.1 Notations and preliminaries

We fix a radius ro and some radii r,, := 2"ry, n € N, such that R \ Q) is a compact
subset of U,, . For later purpose we choose a cut-off function 1, such that

n € C*(R,R) , suppn C [1, 00) , Mooy =1 , (3.1)

and define two other cut-off functions by

. t—r1
t) :=n(1 2
i(t) = n( +T2_T1) (3.2)
and
ni=mnor . (3-3)

Setting A, := RV \ K, and Z,; :== A, N Uz we note supp V) C Z,, , -
The definitions of spaces from section 2 carry over to exterior domains as long as
the boundedness of (2 is not necessary. Using the weight function

p = (141242
we introduce for m € Ny and s € R the weighted Sobolev spaces

H(Q) = {u € LL.(Q) : p"* 0% u € L2(Q) forall |o| <m} |

loc

CH'(Q):={ue Ly (Q):p°0%uec L*(Q) forall |o| < m}

loc

To distinguish between these different polynomially weighted Sobolev spaces of
exterior domains we are forced to use roman and bold roman letters simultaneously.
Equipped with their natural norms

N 1/2 N 1/2
gy = (2 10710 Taey) = (107 o)

la|<m la]<m
. 1/2 N 1/2
iy = (3 170 ) = (107 By
|| <m. lo|<m

these are Hilbert spaces. In the special cases m = 0 or s = 0 we also write
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H™(Q) := Hg'(?) ; H™(©) = Hi*(Q) :
L3(Q) = H(Q) = H{(Q) ; L*() = Hy(Q) = Hy(Q)

s

Now we have a global chart (£2,id) and naturally €2 becomes a N-dimensional
smooth Riemannian manifold with Cartesian coordinates {z1,...,zy}. As in sec-
tion 2 with componentwise partial derivatives 0% u = (0% ur) da?!, if u = u;dz’, we
introduce for m € Ny and s € R the Sobolev spaces H?4(2) resp. H?4(2) of ¢g-forms
and denote the natural (componentwise) norms as in the scalar case by | - |yn.(q,

resp. | - |gma g - Again in the special cases m = 0 or s = 0 we write
H™9(62) == Hg™(€) , H™I(Q) = Hg™(Q) :
L) = HO90) = HOQ) . 129(9) = (@) = HY'(©)

Especially for m = s = 0 and f = frda!,g = grda! € 1L29(Q) we have the scalar
product

ooy = [ 759 = [ th.ahy= [ Gogladr= [ figgix

Furthermore, for s € R we need some special weighted spaces suited for Maxwell’s
equations:

: ot B € L2471(Q

Equipped with their natural graph norms these are all Hilbert spaces. To generalize
the homogeneous boundary condition we introduce R?(2) resp. R?({2) as the clo-
sure of C*4(€2) in the corresponding graphnorm | - |4 o resp. | - [z, - The spaces

R?(2), DY) and even R(Q2) are invariant under multiplication with bounded
smooth functions. As in the last section a subscript 0 at the lower left corner indi-
cates vanishing rotation resp. divergence, e.g.

RUQ) = {E€RIQ) : tot E =0} = RI(Q) |
oDI(Q) :={H € DI(Q) : divH =0} =,D¥Q)

and in the special case s = 0 we neglect the weight index, e.g.
oDY(Q) :=¢DE() ,  RIUNQ):=R{Q)
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By the star operator we have

(©) (0) (0)

B (©) .
0Dy () =*R{,() D) =*R{,(Q)

where f)g () and f)g (2) are defined analogously to the corresponding spaces of
rotations. Finally we need the local spaces

LyQ):={F e AYQ): E € L*(Z) forallZ€ Q} |
LyiQ) ={F e Ly(V): EeL*QnU,) forallp>ry}
RiL(Q) :={EeLii(Q): ot Ec L ()},
RL.(Q):={E€RL.(Q):EecRI(QNU,) forall o >} ,
lo%foc( Q):={Ee€RL(V:¢E€ Rq(Q) forall p € COO(]RN)}

In this sense we also may define H;"/(Q2), H;»¥(Q) and D (), f)foc (Q). If we con-

sider the whole space, i.e. @ = RY, we omit the dependence on the domain and
write for example

oRI:=RIRY) ,  HPM:=H(R")

Exchanging the weight subscript by vox, e.g. (R%., (Q2), we indicate, that such func-
tions or forms have bounded support.

Finally in this case of an exterior domain we need some additional decay prop-

erties of our transformations. Let 7 > 0. A transformation v belongs to A%(Q), if
and only if v € A%9(Q), i.e. v is admissible, and

VOX

v=id+v with v=0(r"") as r — 00
holds. We call 7 the ‘order of decay’ of the perturbation © (or simply of v). Further-
more, for £ € N we define v € A%9(Q) resp. v € ALI(Q), if and only if v € A“Y(Q)
resp. v € A%(Q) and the transformation v fulfills the asymptotics

v=0"v=0(r"T) as r— 00

forall 1 < |o| < ¢. For 7 = 0 this only means boundedness and hence we have
AS(Q) = Ab(Q) resp. AS1(Q) = AL(Q).

Similarly to the bounded domain case we need a special property of our bound-
ary 0€):

Definition 3.1 2 possesses the ‘Maxwell’s local compactness property’ (MLCP), if and
only if the embeddings

o

R(Q) N DY(Q) — L>Y(Q)

loc

are compact for all q.
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Remark 3.2 The following assertions are equivalent:
(i) Q possesses the MLCP.
(ii) QN U, possesses the MCP for all o > ry.

(iii) The embeddings
RI(2) 1 DI(Q) — L}(©)
are compact forall t,s € Rwitht < sand all q.

(iv) Forallt,s € Rwitht < s, all gand all ¢, € A%(Q) the embeddings

RI(Q) N e, DY) — L2(Q)
are compact.

Lete € A®(Q) and ¢t € R. We introduce the ‘(weighted harmonic) Dirichlet forms’

() = oRY(Q) N e~1oDY(Q) (3.4)

and in the special case ¢ = id we denote them by H}(2). If t = 0, we also write
HI(Q) = . H(N) . Moreover, we define the dimension of the Dirichlet forms by

df := dim .H{(Q2) , d?:=dj

The same arguments as in the bounded domain case show, that the (¢, - )1240)-
orthogonal decompositions presented in Lemma 2.4 still hold true in unbounded
domains. We have

L2(Q) = rot R11(Q) @, £~,DY(Q) = (R%(Q) &, &~ div De+1(Q)
— e lrot R-1() @. oDU(Q) = £~ L,RY(Q) @, div De+1(Q) 65
— rot R-1() @, JHI(Q) @, e div Di+1(Q)

— e lrot RI-1(Q) @, &', 1 HI(Q) . div D+ (Q)

where all closures are taken in 1L29(()).

As in the bounded domain case one easily sees that the dimension of the space
of Dirichlet forms .H?(2) does not depend on ¢ . From [12] and [14] we even obtain
dim . H?(2) = dim HI(Q) = dim H?,(Q) = By, < 00, if Q possesses the MLCP. For
the sake of completeness we also define the ‘(weighted harmonic) Neumann forms’

~ o

HIQ) = DY) Ne 1 gRI(Q)
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3.2 Regularity

Before we discuss regularity results in our exterior domain we consider the whole
space case 2 = RY . In this special case we are able to characterize the following
Sobolev- resp. rotation- and divergence-spaces with the aid of the Fourier transform
on ¢-forms J using the formulas (2.25)-(2.29):

H™ = {E e L*:5(E) € L7} , meN (3.6)
R’={F € L*": RF(E) € L>*"'} (3.7)
D! ={E e L*:TF(E) e L*>*'} (3.8)

In this sense we also may define H*?, if s € R. First we prove

Lemma 3.3 Lete € AY. Then R1Ne DY = H" holds with equivalent norms depend-
ingone.

Remark 3.4 This lemma and a cutting technique easily yield a first inner regularity result.

Proof: Partial integration and A = rot div + div rot yield

N
A D 100 ®lten = |10t ©Fager + | divO|fan s (3.9)
n=1

o
PcCooa

A combination of this identity and (3.6)-(3.8) as well as (2.22) implies

RN D7 =H" (3.10)

o
with equal norms, since C* is dense in H" 4.

Now let E € R’Ne~'D?. By (3.5) and [[12], Lemma 7] we decompose the g-form
E = rot ® + ¥ according to

27 = rot R-1 @ (D7 = ot (R4, N(D%") @ (D7

observing rot U = rot £ and div¥ = 0. By (3.10) we obtain ¥ € H"? and the
estimate |¥|y., < ¢ - [E|g, with some constant ¢ > 0. Hence ¢¥ € H" and &
solves the elliptic system

diverot® = diveF — diveVl =: F € 12971 , divd =0 ,

where | F|i2q < ¢|E|geq-1pe - Using the operators 7, ;and 65,;,i = 1,...,N,h >0,
defined on RY from the proof of Theorem 2.8 as well as |7} ;¢[r20 = |¢[r20 and the

N
estimates [0} ;¢|r20 < | 0; lr2a, | 10t @201 < Z | 0n &)12.0 We get
n=1

(€0}, ; 10t @, 10t @) 120 = (diverot ®, 0%, d)120-1 + (Tt D, (6_p8)7") 1Ot @) 5,
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and thus by (3.9) uniformly in ¢ and &

N
(67, vt @, 10t @)r20| < € | Bl gupeipa - Y | 0n dlrza-s

n=1

< ¢ |Elgane-1po + (110t @lraa + | div dlpza-2)

for all ¢ € C>9~!. By this estimate and since C>?~! is dense in R?,' N D* " we
obtain
|05, r0t @fr2e < - |Elgine-1pa

where the constant ¢ > 0 is independent of i. Therefore rot ® € H*? and the esti-
mates | J; rot |20 < ¢ |E|geq-1pe? = 1,..., N, hold, which completes the proof.

|
Corollary 3.5 Lets € Rand e € AM7.
(i) Then RINe 'D? = H holds with equivalent norms depending on ¢
(i) If additionally ¢ =id + ¢ € AL with 7 > 0 and
Oné=0(r1 as r — 00 , n=1...,N ,
then also R? N e~ DY = H? holds with equivalent norms depending on ¢
Proof: Let £ € R?Ne'DY. We have p°E € L*? and by (2.24)
rot(p*E) = p*rot E + sp* 2RE € L>7"! ,
div(p°eE) = p*diveE + sp* *TeE € L*7!
Thus using Lemma 3.3 p°F € RN e 'D? = H" follows and
On(p°E) = p* 0, E+ sp° 2 X, FE € 1>
yields ().
Looking at £ € R1Ne'D! C RINe'D? we obtain £ € HY by (i). Therefore
it only remains to show 9, E € L%, n = 1,..., N. Choosing the cut-off function

¢ :=1—n(t'r) we calculate with (3.9) or (3.10) uniformly in ¢ € R,
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| 0nee- B2,

[ 0u(p™ 01 B) |1+ 5+ Do X B,

IN

C .
EHLCHLa

¢ <H rot(p**e; - E)HLQ,q-H + H div(p* g, - E)HLz,q—l + |t - E”L?q)

IN

IA
o

|0+ Elpgneipg + || div(er - éE)HL?ffl)
N
<o (I Blugoeospy + 30 10t Bz, )

Since 7 > 0 and decomposing RY = Uy U Ay we get for all ¥ € R,
H Om (¢t - E)H?}f < cy- H Ot - E)Higq (1+9%)~ H Om (- )Hiifl

1—-7

with some constant ¢y > 0 depending on ¥ and s, 7. A combination of the latter
two estimates yields for some sufficient large ¥} and with (i)

N
S Jouter- Bl

sc (”% : EHH;a =+ H rot (¢ - E)HLzﬂl + H div(ypy - eF) ”L2 qfl)
~cC: (”E’"Rgmfmg + ||t_17’_1RE"L§f1“(Zt 2¢) + ||t r 1T€E”L2q Yz, 2t))

Using ¢! < 2r~!in Z, 5, we finally obtain the estimate
N
5100 Bl 0 < 2 [0noe By, < ¢ 1Plugpeiny
n=1 n=1

which holds uniformly in ¢ . Thus letting ¢ — oo the monotone convergence theorem
implies F € H? and the desired estimate, i.e. (ii) is proved. |

Now we can formulate our first main regularity result in this section:
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Theorem 3.6 Let (€ Ny, s € Rande € A aswellas E € 129,

(i) Thenrot E € HYM, diveE € H% ! is equivalent to E € H.9 and there exists a
positive constant c, such that

|Blygerns < ¢+ (IElgza + 110t Elggeaen + | div eFlygear)
holds uniformly in E .
(i) Ifinaddition e =id + & € A with T > 0and forall 1 < |a| < 0+ 1
9% é = O(r~1oh as r— 00 )

then rot E € HYY', diveE € HY4" is equivalent to E € HY and with some
positive constant c the estimate

|Elgrna < - (1Bl za + [r0t Elygeges + | diveE]year)
holds uniformly in E .

Remark 3.7 Clearly from this theorem we obtain easily a second inner reqularity result by
a cutting technique.

Proof: Corollary 3.5 proves the assertions for ¢ = 0.
To show (i) by induction we assume

€ Attt rot £ € H7™ , diveE € HY !

The assertion for ¢ — 1 yields £ € H?q and the corresponding estimate. Then for
n=1,...,Nwegetd, E € L2, rot 9, E € H"1" and

div(e 9, E) = 0, diveE — div ((9,¢)E) € H bt
Using the assumption for ¢ — 1 a second time we obtain 9,, £ € H%? and
| On E"HQ«J <c-: <|| On E"Lg,q + | rot 9, E"I_Iﬁfl,qul + ” div(e 0, F) HHﬁ,mﬂ)

forn=1,...,N.Hence F € H{"}% and

N
|Elgeria < ¢ (1Elgea + Y19 Elggea)

n=1

< ¢+ (IElgsa + [ rot Elgean + [ diveElgyea-)

Similarly we prove (ii) paying attention to the fact that the weights in the | - |;e.q-
norms grow with the number of derivatives and that this effect is compensated by
the decay properties of ¢ and its derivatives. |

Using the results from the last theorem we are able to show easily weighted inner
regularity in exterior domains with a cutting technique:
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Corollary 3.8 Let{ € Ny, s € R, e € A“H4(Q) and E € L29(Q) as well as = C RY be
another exterior domain, such that = C Q and dist(Z, 0 Q2) > 0 (dist : distance function).

(i) Then rot E € HYHY(Q) and diveE € HY Q) imply E € HYT(Z) and there
exists a positive constant c, such that

HE"H{QHH(E) <c ("E"Lﬁvqm) + [ rot E"Hﬁ"ﬁLl(Q) + [ div 5E||H§x4*1(9))
holds uniformly in E'.
(i) Ifevene =id+¢é € ALY (Q) witht > Oand forall 1 < |a| <+ 1
9% & = O(r~loh as r— 00 ,

thenrot E € Ho'T (Q) and dive E € HYY N (Q) imply E € HA4Y4(Z) and there exists
some constant ¢ > 0, such that the estimate

|E

holds uniformly in E'.

Proof: With the aid of a cut-off function ¢ with supp ¢ C Qand ¢|; = 1 the form - E
fulfills the assumptions of Theorem 3.6. This yields ¢+ F € H " resp. - F € H e,
ie.

EecH{™M (=) resp. EcHIM(EZ) |
and the corresponding estimates can be shown by induction. |

Finally we combine the boundary regularity from Theorem 2.8 and the exterior
domain regularity:

Theorem 3.9 Let { € Ny, s € R, Q C RY be an exterior domain with a C**2-boundary,
ie. QN U,, isa C*%-region. Furthermore, let ¢ € A“%1(Q) and
E e (RI(Q) Ne ' DYQ)) U (RYQ) N e D))

(i) Then rot E € H%Y(Q) and diveE € HY1(Q) imply E € H Q) and with
some constant ¢ > 0

”E"H{;“v‘qg) <c- (”E“qu(g) + | rOtE"HQq“(Q) + [ div 5E||H£W1(Q))
holds uniformly in E'.
(i) If additionally e = id + & € ALY (Q) with T > 0and forall 1 < |af <+ 1
9% & = O(r~1oh as r — 00 ,

then rot E € H2YTH(Q) and diveE € HY(Q) imply E € HA4Y(Q) and there
exists some positive constant ¢, such that the estimate

|E

holds uniformly in E'.
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Proof: Let us discuss the case I/ ¢ f{g (©2). Applying the latter corollary we get

nE € H{™ resp. nE € H 1. Moreover, with (1 —n)E € IO{Z(Q N U,,) Theorem 2.8
yields (1 —n)E € H*1(Q N U,,) by induction. Extending (1 — n)E by zero leads to
(1 —n)E € H Q) , which completes the proof. |

VOX

Remark 3.10 Using the star operator all these regularity results also hold for all kind of
spaces like
e 'RINDY  resp. e 'RIND?

3.3 Trace and extension theorems

We will provide trace and extension theorems on rotation- and divergence spaces of
exterior domains using the results corresponding to the adequate spaces of bounded
domains known from section 2.
Let 2 have a C3-boundary and ¢ € A%4(2). Our aim is to construct a linear and
in some sense ‘continuous’ tangential trace operator
I, : R

loc

Q) — RY0Q)
with some corresponding linear and continuous tangential extension operator

I, : RY0Q) — R (Q)Ne DI (Q)

VOX

satisfying I',I"; = id on R9(912).

We need some preliminaries. Let 2, := QN U,, as well as S := S,,. Then of
course 0, = 0QUS holds and from section 2.3 for m € N we have the linear and
continuous traces

CH™ q(Qb) _ Hmfl/lq(a Qb) ,
(Qb) N Hm—l/2,q—1(8 Qb) 7
Fb RY() — RI(ON) )
Fb q(Qb) — Dq_l(a Qb)

m,q

together with their corresponding linear and continuous extensions

CHTY29(9 Q) — H™(Q,) N DI(Q) ,

Y
CHTV2971(9 Q) — H(Q) 0 RI(y) ,
q(a Qb) — Rq<Qb) N 6_10Dq(Qb> s
(8 Qb) — Dq<Qb) N 8710Rq(Qb>

fwb

n *
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First we introduce the tangential trace

v HPA@) — HOU29(9Q)

loc

, 3.11
® — VF(I)‘@Q G0

which is well defined, i.e. independent of the special choice of ©,, since C>4(();,)
is dense in H™4({);,) and 4P® = 7PV for all , ¥ € C*9((),) with ® = ¥ ‘near 9.
Analogously we define the normal trace v, : H{/(Q2) — H™ /24715 Q).

loc

For A € H™ 1/24(9 Q) we define A € H™ /%4(9 Q) by

s JA ondQ
10 onS
and present a tangential extension operator
oo HT2090) — HRIQ)NDL(Q) (3.12)
A — (1 —n)¥PA

Clearly 4 depends on the special choice of ¢, and supp(:A) C @ N U,, holds. Ap-
proximating 5\ with C°4(€),)-forms we calculate

(1 =n)ArA) = v ((1 - n)ﬁ?ﬂ)’m = VAP

:Z\‘ =\

o0 o0Q

and thus v,¥; = id on H"%/24(9 Q) holds. In the same way we construct a normal
extension operator
Yoo HPTU2HOQ) — HZI(Q) N RI,(Q) (3.13)
A — (L= 7
which satisfies v, ¥, = id. Clearly by our constructions the operators +,, v, and ¥,
4, are linear and continuous.
Looking once more at (2.39) this equation even holds true in our exterior domain

Q for pairs ® € H.)(Q) and ¥ € HL2(Q) . Especially for ¢ € H/29(0Q) we have

VOxX

Y € HLI(Q) and thus for all E € Hl’q(Q)

vox loc
(rot B, Ynp)L2a+1() + (B, div ynp)r2a) = (1 E, ©)r2a00)
Again this suggests to define a tangential trace
I"E e HY?(9Q)

of a g-form E € R} _(Q) by

IE(p) = (THE, @) g-12490) = (10U E, Yap)r2ari) + (B, div ¥np)120(0)
for all ¢ € HY29(9 Q). Clearly again for E € HY(Q) we have

DE = (wE, - )rea@q)

and in this case we identify I',E with 1,£ € HY29(9Q). Furthermore, I'; has the
familiar properties, which can be proved in the same way as in the case of bounded
domains.
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Theorem 3.11 For each E € R} _(Q) the tangential trace T, E is an element of R9(95)

and T, possesses the following properties:

(1) /\ <FtE> ’)/n\Ij>H—1/2,q(3Q) = <I'OtE, \I/>L2,q+1(Q) + <E, diV@)LQ,q(Q)
EeRL (),
VeHRLT (Q)
(ii) A RotI'E = T'irot B
EeR] (Q)

q

(iii) The mapping I', : R,
constant c, such that

(Q) — RI(0N) is continuous, i.e. there exists some positive

ICeElreom < - 1Elugan,
holds uniformly in E € R (Q).

loc

Gv) Ee€R!

loc

Q) = E e R}l

1.9Q) A TLE=0
Defining the normal trace acting on D{ () by
T, = (-1)4"YV @ I« (3.14)

we get

Theorem 3.12 For each H € D!

loc

and T',, has the following properties:

(Q) the normal trace T, H is an element of D?~1(09)

(i) /\ <FnH, ’Yt\IJ>H71/2,q71(89) = <d1VH, \I]>L2,q71(Q) + <H, rot\IJ)LQ,q(Q)
HeDL (),
VeHLL ()
(ii) A DivIl,H = —I',divll
HeD{ (Q)

1.(Q) — DY) is continuous, i.e. there exists some
positive constant c, such that

(ii)  The mapping T, : D}

ITnH | pa-1(00) < ¢ [H]| D(Q,)

holds uniformly in H € D ().

loc

Gvv HeD! () <+« HeD.(Q) A T,H=0

loc loc

Now we show that there exist the corresponding extension operators.
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Theorem 3.13 Let ¢ € A% (Q). Then there exist two linear and continuous extension
operators

[ : RYON) — RL_(Q)Ne DI _(Q) ,

VOX VOxX

I, :D710Q) — DI () Nne 'R (Q)

VOX VOX

satisfying T,y = id and T',,T',, = id. Moreover, T'; and T, map on forms, which have got
their supports in QN U,, .

Proof: For A € H™/24(9Q) we define A €¢ H'/29(9 Q,,) by

(A, 90>H—1/2,q(agb) = (A, 80|aQ>H—1/2,q(aQ)
for all ¢ € H/29(9€),). Let A € R(09) . Then we define

D= (1 —n)IPA e RI (Q) Ne DY

VOX

(©2)

and note suppTyA € QN U, . I is well defined since )€ R1(0€2,) holds, which
may be proved picking some ¢ € H¥24+1(9(),) C H¥29+1(9)) and computing

<)\, Div ¢>H_1/qu(aﬂb) = <)\7 Div §0>H—1/2,q(aQ)

P

= —(Rot A, 90>H—1/2,q+1(ag) = —(Rot A, ‘P>H—1/2,q+1(agb)

To prove the continuity of I'; we estimate
||ftA||Rq(Q)mg*1Dq(Q) <c- ”f‘?)\”Rq(Qb) <c: ")\”R‘I(aﬂb) Sc- ")‘"R'J(Ml) ) (3.15)

where we used the continuity of I'” and HS\HH,I ra@ay) < IMa-1/2000) as well as

Rot A = Rot \. )
It remains to show I';,I'; = id. Thus let A\ € R(0€) and ¢ € HY24(9 Q). Using
supp Jn C Qy, (2.24), Theorem 2.14 (i) and (2.23) we calculate

Q)

<thtA7 @>H—1/2,q(aﬂ)
= (rot '\, ) r2.a+1(0) + (T, A, div ) 12.0(0)

= <1”Ot F?:\, (1 - 77)’?n¢>L2,q+1(Qb) + <F?5" div ((1 o ’r])’?n<;7)>L2 Q)
’ b
- <77 r 'R Fb >”Yn90>L2,q+1(Qb) + <f?A7 ﬁl(T)rilT;ynngg’q(ﬂb)
= <F?FE 7777,(1 - 77)7n90>H*1/2vQ(8Qb)
b [0 (= RIS A v+ T AT )
Qp
= <5\77}3(1 — n)’7”90>H*1/2»<1(BQb) = </\, (72(1 — 77)77190)

= <)‘77n(1 - 77)'77L‘P>H—1/2,q(ag) = (A, 90>H—1/2,q(ag)

{89 >H1/2,q(aQ)
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The assertions upon T',, := (—1)?™~9 « T',® follow analogously or by the star opera-
tor. n

Sometimes it might be useful to work with solenoidal or irrotational extensions.
With a slightly stronger assumption on ¢ we get

Theorem 3.14 Lete € A™(Q)NAY(Z,, ,,)and v € A% (Q). Then there exist two linear
and continuous extension operators

ol : RY0Q) — RY_(Q)Ne ;DY

VOX

@ n 3@

ol : DIH0Q) — DI (Q) Ne'gRL (Q) N ,HY(Q)*

satisfying T';ol'y = id and T',01,, = id.

Remark 3.15 T, and oI, map on forms, which have got their supports in Q N U,, . More-
over, o', even maps to

(Q) N e div (RTE(Q) N HLEF(Q))

VOX VOxX

Rq

VOX

and oL, to
DY () Nne ' rot (DI (Q) NHLLH(Q))

vVOx VOxX VOxX

Proof: Let A € R%(9Q) and A € R9(9 ) as in the proof of Theorem 3.13. The idea is
to get the extension as a divergence of some compactly supported form. To do this
we look again at the proof of Theorem 2.16. There we have

P\ =ctdivH € RY(Q)

with some H € rot (lo%q(ﬂb) NH*(Qy,)) C 010%’1+1(Qb) N HY Q) N HH(Q,) L sat-
isfying | g1 g0 (0,) < ¢ [ div H|r2a,) < ¢ [TFA|L20(0,) by Theorem 2.8 and (2.17).
Putting

E:= A :=c'div((1—n)H) € e'D4

VOX

(Q) N,3H(Q)
and computing
E=0—-nIPA—e'/(r)yr 'TH =T\ — e/ (r)r 'TH

we get F € RZ,_(Q2) and I',E = I',I';\ = X since the second term of the sum belongs

VOX

to HL1 Q) C R

VOoxX VOX

(Q) . The continuity of (I, follows by
”E”Rq(g) <c: ("f?AHRQ(Qb) + ”H”HLQ-H(Qb)) <c- HF?AHRq(Qb) < ¢ [Alregon)

using (3.15). Clearly the normal extension defined by (I, := (—1)9"~9 x ,T';® and
acting on D7~ 1(992) possesses the corresponding properties. |

Finally we can prove the analogue to Theorem 2.18:
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Theorem 3.16 Let { € Ny, s € R, Q C RY be an exterior domain with a (C**2 N C3)-
boundary, i.e. QN U, is a (C*% N C3)-region. Furthermore, let ¢ € A“H9(Q) as well
as
EcRYO)Ne'DYQ)  , T,EecHTY290)
(i) Then rot E € HM(Q) and diveE € HY1(Q) imply E € HYY(Q) and with
some constant ¢ > 0
|| E ” HﬁJrl,q(Q)
<c: (“E“Li%m + | rot E“HQ‘I“(Q) + | div 5E”H§’q—1(g) + ”FtE”HeH/z,q(aQ))
holds uniformly in E'.
(i) If additionally ¢ =id + & € AYH9(Q) with T > 0and forall 1 < |a| <0+ 1
9% & = O(r~1oh as r— 00 )
then rot E € H2UTH(Q) and diveE € HYT'(Q) imply E € HAY(Q) and there
exists some positive constant ¢, such that the estimate
"E"HngI,Q(Q)
<c (|Elzaq + | rOtE”Hﬁﬂl(Q) + | div 5E||H§§;1(Q) + ”FtE”H4+1/2A,q(8Q))

holds uniformly in E'.

Proof: Let £ := %I, E € Ht14(Q). Then E := E — E € IO{E(Q) N e 'DY(Q) satisfies

the assumptions of Theorem 3.9. Thus we get £ € H/t14(Q) resp. H/H14(Q) and
using the continuity of 7; the asserted estimate as well. |

Remark 3.17 Clearly using the star operator and some transformation E ~ ¢E the as-
sumption U,e B € HHY2971(9Q) instead of T E € HY/29(00) yields the corresponding
theorem. Moreover, these regularity results hold for spaces of the form e~ 'R4(2) N D4(€2)
as well.

3.4 Static solution theory

In this last section we generally assume that our exterior domain €2 has got the MLCP
and
e =id + & e A2(Q) N CH(A,,) with order of decay 7>0

and the additional property

Oné =01 as r — 00 , n=1...,N
First we generalize the electro-magneto static results from [12] to inhomogeneous,
anisotropic media, i.e. we replace id by ¢. Having done this we will present a static
solution theory using our trace and extension theorems, which deals with inhomo-

geneous boundary conditions.
We need a fundamental estimate:
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Lemma 3.18 There exists some constant ¢ > 0 and some compact set K C RYN | such that

||E||L3,§(Q) <c- (" rot E||L2,q+1(Q) -+ || div €E‘|L2,q71(9) =+ "E"qu(QmK))

holds true forall E € R%,(Q2) Ne D%, (Q).

Proof: By a usual cutting technique w. 1. 0. g. we may restrict our considerations
to the special case Q@ = RY and ¢ € ALY with the asymptotics 9,,¢ = O(r=177) as
r—ooforn=1,...,N.Picking some E € R?, N~ 'D?, by Theorem 3.6 (ii) we get
E € HY for all t > 1 and the estimate (with ¢ depending on ¢ but not on F)

[y <0 (1Blsg + ot Blygogs +1dveBlin) (319
From [[12], Lemma 5| we receive a compact set K, such that
|El 29 < ¢ (I10t Blrzan + | div Elrza-r + [ Elrzax))
Then (3.16) (for ¢t = 1) and the latter estimate yield
|Blyny < ¢+ (170t Blyaan + | diveBlaa s + [Elzago + 1l )

Using (3.16) (for t = 1 + 7) again the term HEHHl_,{l;_ may be replaced by |E ”L%L .
Since 7 > 0 this one can be swallowed by the left hand side, which maybe produces
some other compact set K O K . |

We note that we did not need the MLCP for the proof of this lemma. But this
lemma and the MLCP yield directly by an indirect argument

Corollary 3.19 Let v € A%(Q). . H,(Q) is finite dimensional and there exists some
positive constant ¢, such that

|Eli29(0) < ¢« (I10t Blrzan ) + [ diveEli2o-1 o)

holds for all E € 1?{‘1_1(9) Ne DL, (Q) N .HL (Q)1-1». Here we denote by L _,, the
orthogonality w. r. t. the (vp=' -, p~' - )q-scalar product.

Now we are able to prove

Lemma 3.20 Let v € A%(Q). With closures taken in 1.2(Q) we have

()] rot IO{‘I(Q) = rot f{?,ox(ﬂ) = rot f{‘il(Q)
= rot (RY,(Q) Ne14D?, (Q) N.HL, (Q)F1)
(i) div D9(2) = div Diox(2) = div D%, ()

= div (D? () N e~ RY, (Q) N o1 HE (2)11)
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Proof: The proof is analogous to the one of [[12], Lemma 7| . Nevertheless, let us
briefly indicate how to prove (i). The other assertion follows similarly. To this end

let G € rot f{‘J(Q) and (E,)nen C Io{q(Q) be some sequence with rot £, — G in

L247(Q). Using 3.5)w. 1. 0. g. E, € Io{q(Q) N e 1,D?(Q) holds. Moreover, by the
projection theorem applied in L”%(Q2) we may assume

B, € R%, () Ne~1oD,(Q) N (Q)-1

By Corollary 3.19 (E,)en is a L>¢(Q)-Cauchy sequence and the limit £ € L>%(1)

even is an element of IO%ZI(Q) Ne oD%, (Q) N HL,(Q)+-1+, which completes the
proof. |

As in the bounded domain case we introduce the range

W9(Q) = div DI(Q) x rot Re(Q) x CTs

An immediate and easy conclusion of Lemma 3.20 is our first main result of this
section:

Theorem 3.21 Let d*, continuous linear functionals ®¢ on R%,(Q) Ne~'D,(Q) with
d?,

S (Q) N () N(@F) = {0}

be given. Then with ®. := (®L -, ..., @fil -)

Max. : RZ,(Q)Ne'D,(Q) — We(Q)
E — (diveE,rot B, ®.(E))

is a topological isomorphism.
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Remark 3.22

(i) For any v € A%(Q) we can choose ®- := (vp~' -, p~thy)124(q) with an arbitrary
basis {hi,...,hg }of H? ().

(i) Let (v,0) € A% 1(Q) x A»*1(Q). By (3.5) we obtain
W(Q) = ((DT(Q) N LHQ) x (RTTQ) N H(Q)4) x €
(iii) If we replace e by e~* and consider . Max = Max.-1 ¢, then

_Max : e 'R%,(Q)ND,(Q) — We(Q)
E — (divE,roth,(Pefl(eE))

is a topological isomorphism as well.

(iv) Clearly we have the corresponding dual results using the star operator.

Finally we present an electro-magneto static solution theory, which handles in-
homogeneous boundary data. To this end we additionally assume that 2 has got a
(3-boundary. Using the functionals ®¢ from Theorem 3.21 we consider the follow-
ing problem:

Find for some given data G, F, \,a a ¢-form E € R%,(Q) Nne~'D?,(Q) satisfying

rotk =G ,
diveEl = F , 3.17
FtE - )\ 5 ( ’ )

(E)y=a, , L=1,...,d,
We obtain the second main result of this section:

Theorem 3.23 The conditions G € (RIT(Q), F € (DT H(Q)NHIL(Q)1, X € R1(9Q),
a € C%1and

Rot A = FtG , /\ <G, h>L2,q+1(Q) = </\, ’)/nh>H71/2,q(8Q)
he Hat1(Q)

are necessary and sufficient for the solvability of (3.17). The solution is unique and depends
continuously on the data, i.e. there exists a positive constant c independent of E or the data,
such that

[l Rs @me-1p, (@) < € (IFl2a-1(@) + 1Glizan@) + Arson) + lol)

holds.
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Proof: The proof is similar to the one of Theorem 2.20. By Theorem 3.13 we get for
the extension F := ')A € R%_(Q) Ne~'D?_(Q). Then the ansatz F := F + E with

VOxX

Ee f{‘il(Q) Ne D, (Q) leads us with Theorem 3.11 (iv) to the system

rotE = G —rot E =: G € (RIH(Q) :
diveE = F —diveE = F € (DTHQ) N HIH Q)L
PE)=ap—OYE)=ap , L=1,....d",

which is uniquely solved by E = Max_ '(F, G, &) with Max, from Theorem 3.21,
if (F,G,a,) € Wi(Q). Thus using Remark 3.22 (ii) it only remains to show that
G belongs to R7t1(Q) N HUH1(Q). As in the bounded domain case G satisfies the
homogeneous (electrical) boundary condition. To check the orthogonality on the
Dirichlet forms we pick some h € H¢™ () c H"(Q) (by Theorem 3.9 (ii)) and
some cut-off function £ € ¢ with g, =1,e8 §:=1-—m(1+ ::TT:’) and calculate

3

<G, h>L2,q+l(Q) = <G, h>L2,q+1(Q) — (rot E, h>L2,q+1(Q) — <E, div h>L2,q(Q)
= <G, h>L2,q+1(Q) — <I‘Ot E, £h>L2,q+1(Q) — <E, div £h>L2,q(Q)

= <G, h>L2,q+1(Q) - <>\7’Yn§h>H*1/2,Q(6Q) =0
=vnh

using Theorem 3.11 (i) since £h € HLLHH(Q). |

VOxX

We finish this paper by shortly turning to the dual problem using the Hodge
star operator. To this end we define .J(!(Q) := 0]5?(9) Ne 1HRI(Q) with ¢ € R, the
space of “(weighted harmonic) Neumann fields’. Again we denote H!(Q) = . H!(Q)
and ,79(Q) := ,H(Q). Then we have .H(!(Q) = %07 () and hence the dimen-
sion of .H!(Q) equals d? (with ¢ = N — q). Furthermore, let d?, continuous linear
functionals ¥ on D?,(Q2) Ne~'R?, () with

/
q
d—l

T Q) () N(E) = {0}

(=1

be given. We formulate the dual problem:
Find for given data F, G, \,a a ¢-form H € D?,(Q) Ne~'R,(Q) satisfying

divH = F ,
roteH = G ,
T H =) 7 (3.18)

/

ViH)=a;, , (=1,...,d%

Analogously to Corollary 2.21 we obtain
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Corollary 3.24 The conditions G € (RTTH(Q)NHIT(Q)L, F € (DT 1(Q), A € DI71(8Q),
a € C™ and

Diva=-TI,F N (Fh)reee) = A wh)m-120-100)
heHa—1()

are necessary and sufficient for the solvability of (3.18). The solution is unique and depends
continuously on the data, i.e. there exists a positive constant c independent of H or the data,
such that

[ Hlps (@ne-1re ) < € (IFlezamr@) + [Glrzen @) + M lpiio0) + |al)

holds.
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