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QUASIREGULAR ELLIPTICITY OF OPEN AND

GENERALIZED MANIFOLDS

PEKKA PANKKA, KAI RAJALA, AND JANG-MEI WU

Abstract. We study the existence of geometrically controlled branched
covering maps from R3 to open 3-manifolds or to decomposition spaces
S3/G, and from S3/G to S3.

Dedicated to the memory of Fred Gehring,
whose work has been our inspiration

1. Introduction

In this article, we study the existence of geometrically controlled branched
covering maps from R3 to open 3-manifolds or to decomposition spaces S3/G,
and from S3/G to S3. The spaces considered are associated to classical ex-
amples in geometric topology and are equipped with a geometrically natural
metric; the covering maps are discrete, open and either of bounded length
distortion or quasiregular. We discuss the possibility of extending results
in [9] and [15] on quasisymmetric parametrization to quasiregular elliptic-
ity, and of extending the theorems in [14] on quasiregular ellipticity of link
complements to more general manifolds.

To set the stage for more general discussion, we consider the classical
Whitehead continuum Wh ⊂ R3.

The unit sphere S3 ⊂ R4 is a union of the closed solid 3-tori T = B̄2× S1

and T ′ = S1 × B̄2. Let S = {0} × S1, S′ = S1 × {0}, and L = S′ ∪ C be a
smooth Whitehead link in S3 where C is an unknot in S3 which is knotted
but contractible in T ; see Figure 1.

Figure 1. Whitehead link L.

Let ϕ : T → T be a diffeomorphic embedding so that ϕ(S) = C. Denote
T0 = T and T1 = ϕ(T ). The tori Tk = ϕk(T ) obtained by iterating the map
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2 PEKKA PANKKA, KAI RAJALA, AND JANG-MEI WU

ϕ form a nested sequence and the continuum Wh =
⋂
k≥0 Tk is called the

Whitehead continuum.

Figure 2. Tori T0, T1, and T2.

Whitehead discovered the continuum Wh in 1935 [18] and showed that
its complement W = S3 \Wh is a contractible open 3-manifold which is not
homeomorphic to R3; the Whitehead manifold W is the first such manifold
found. For similar reasons, the quotient space R3/Wh is not homeomorphic
to R3. On the other hand, (R3/Wh) × R is homeomorphic to R4 showing
that R4 has exotic factors; the spaces R2 and R3 however are known to have
no exotic factor.

Since W and R3/Wh are not homeomorphic to R3, the main question
from the quasiconformal point of view is whether W and R3/Wh admit
metrics for which there exists a quasiregular mapping

(1) from R3 to W , or
(2) from R3 to R3/Wh, or
(3) from R3/Wh to R3.

In question (1), it is natural to consider Riemannian metrics on W . Let
π : R3 → R3/Wh be the quotient map. Since the target in (2) contains
a non-manifold point [Wh] = π(Wh), we define quasiregular mappings as
in [13]. This definition, however, does not extend to the case (3) when
the source is not a manifold. Intriguingly, for mappings of bounded length
distortion (BLD) the question (3) is well-defined and has been answered by
Heinonen and Rickman [8].

Recall that a mapping f : X → Y between metric spaces is L-BLD (L ≥
1) if f is a discrete and open map which satisfies

`(γ)/L ≤ `(f ◦ γ) ≤ L`(γ)

for all paths γ in X, where `(·) is the length of a path.
In this article we consider questions (1)–(3) in more general context of

decomposition spaces associated to defining sequences. For the open White-
head manifold W and the Whitehead (decomposition) space S3/Wh we have
the following results.

Theorem 1.1. There is no BLD-mapping R3 → (W, g) for any Riemannian
metric g.

A natural framework for questions (2) and (3) is provided by the self-
similar decomposition spaces S3/G (or R3/G) arising from Semmes’ initial
packages. Semmes showed that these spaces admit natural metrics d which
promote topological self-similarity in S3/G to geometric self-similarity in
(S3/G, d); see Section 4. In these terminologies, R3/Wh and S3/Wh are
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given by the package (T, ϕ(T ), ϕ). Semmes metric d on the Whitehead
space S3/Wh extends the topological self-similarity of the pairs (Tk, ϕ

k) to
the quasi-self-similarity of the space (S3/Wh, d). More precisely, there exist
0 < λ < 1 and L ≥ 1 so that

λkd(x, y)/L ≤ d(ϕk(x), ϕk(y)) ≤ Lλkd(x, y)

for all x, y ∈ T and k ∈ N.

We show in Theorem 5.4 that every non-constant quasiregular mapping
R3 → S3/Wh omits the point [Wh]. On the other hand, S3/Wh is compact
and quasi-convex in the Semmes metric. The combination of these two facts
prevents the existence of BLD-mappings R3 → (S3/Wh, d).

Theorem 1.2. There are no BLD-mappings R3 → (S3/Wh, d) for any
Semmes metric d on S3/Wh.

The proof of Theorem 5.4 is a modification of the argument in [9] and is
in the spirit of Fred Gehring’s linking theorem in [6]; see also [16] and [15].

We do not know whether (S3/Wh, d) is quasiregularly elliptic, i.e., whether
there exists a non-constant quasiregular mapping R3 → (S3/Wh, d). How-
ever, the method of proving Theorem 5.4 shows that many decomposition
spaces, for example the space S3/Bd associated to the Bing double Bd, are
not quasiregularly elliptic.

Theorem 1.3. Let S3/Bd be the decomposition space associated to the Bing
double Bd and dλ a Semmes metric on S3/Bd for a scaling λ ∈ (0, 1). Then
every quasiregular map R3 → (S3/Bd, dλ) is constant.

We would like to recall that S3/Bd is topologically a 3-sphere. In this
sense, the obstruction to quasiregular ellipticity is a metric phenomenon re-
lated to the properties of the decomposition Bd. It is interesting to note that
there are non-trivial decomposition spaces which are quasiregularly elliptic.
For instance, the decomposition spaces associated to Antoine’s necklaces
constructed using a large number of tori are quasisymmetric to S3 when
equipped with Semmes metrics; see [15, Section 17] and [17]. However, it
should be emphasized that quasisymmetric parametrizability or quasiregular
ellipticity of many classical decomposition spaces, such as the space asso-
ciated to Antoine’s necklace constructed using three tori, is still an open
question.

The positive answer of Heinonen and Rickman’s to (3) follows from the
Berstein–Edmonds extension theorem for PL branched covers and Rickman’s
sheet construction: whenever S3/G is a decomposition space associated to
an initial package and d is a Semmes metric, there exists n0 ≥ 1 so that for
each integer n = 3i ≥ n0, there is a BLD-mapping (S3/G, d)→ S3 of degree
n; see [8].

We reduce the question on the existence of a BLD-map (S3/G, d)→ S3 to
the Berstein–Edmonds extension theorem by a different method and prove
the following result.

Theorem 1.4. Let S3/G be a decomposition space associated to an initial
package and d a Semmes metric on S3/G. Then for each n ≥ 3 there exists
a BLD-mapping (S3/G, d)→ S3 of degree n.
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The restriction for the degree in this theorem is essential and stems from
the non-existence of degree 2 branched covers S1×S1×S1 → S3; see Fox [4]
or Berstein–Edmonds [1] for a general cohomological argument.

This paper is organized as follows. In Section 2, Theorem 1.1 is proved.
We prove an extension of the Berstein–Edmonds theorem (Theorem 3.1) in
Section 3 and prove an extension of the Heinonen–Rickman theorem (Theo-
rem 1.4) in Section 4. In Section 4 we also discuss construction of self-similar
decomposition spaces and Semmes metrics. Finally, in Section 5 we discuss
the topological properties of self-similar decomposition spaces which yield
quasiregular non-ellipticity results and prove Theorems 1.2 and 1.3.

2. Non BLD-ellipticity of the open Whitehead manifold

We use the notation from the introduction. Let T = B̄2 × S1 and T ′ =
S1× B̄2 be solid 3-tori in S3 ⊂ R4, with disjoint interiors, for which T ∪T ′ =
S3. We denote S = {0} × S1, S′ = S1 × {0}, and by C ⊂ intT the curve
forming the Whitehead link L = S′ ∪ C with S′. Finally, let ϕ : T → T be
a diffeomorphic embedding such that ϕ(S) = C and ϕ(T ) ⊂ intT . Denote
T0 = T , Tk = ϕk(T ) for k ≥ 1, and Wh =

⋂
k≥0 Tk.

Let C = T0 \ Wh. Then ϕ : C → C is an embedding and defines an
equivalence relation ∼ on C by formula x ∼ y if and only if exists m, k ≥ 0
for which ϕm(x) = ϕk(y). With respect to this equivalence relation it is
easy to see that C/∼ is a closed oriented smooth n-manifold. We denote
W = C/∼, and by π : C → W the induced quotient map.

We also observe that there exists an infinite cyclic cover W∞ of W and
an embedding ι : C → W∞ for which the following diagram

(2.1) C ι //

π !!

W∞
π∞
��
W

commutes, where π∞ : W∞ → W is a covering map. We observe also that
there exists a unique homeomorphism ψ : W∞ →W∞

C
ϕ

��

ι // W∞
ψ
��

C ι // W∞
satisfying ψ ◦ ι = ι ◦ ϕ.

Proposition 2.1. The fundamental groups π1(W) and π1(W∞) contain free
groups of all finite ranks.

Proof. Since W is covered by W∞ it suffices to show the claim for π1(W∞).
Let D = T \ intϕ(T ). Then D is homotopy equivalent to the complement

of the link S′ ∪ ϕ(S) and π1(D) contains a free group. Note also that
homomorphisms π1(∂T ) → π1(∂D) and π1(∂ϕ(T )) → π1(∂D) induced by
inclusions are one-to-one; see e.g. [7, Section 16.4]. In addition, since π1(∂T )
is free abelian of rank 2, there exists (infinitely many!) elements of π1(D)
which are not in the image of either homomorphism.
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Since W∞ =
⋃
k∈ZDk, where Dk = ϕk(D), we have, by van Kampen’s

theorem, that the fundamental group of W∞ is the infinite product

· · · ∗Z2 π1(D−2) ∗Z2 π1(D−1) ∗Z2 π1(D0) ∗Z2 π1(D1) ∗Z2 π1(D2) ∗Z2 · · ·
which contains free groups of all finite ranks. �

By Proposition 2.1, π1(W) has exponential growth. Thus, by Varopoulos’
theorem, W and none of its covers is quasiregularly elliptic. However, the
Whitehead manifold S3 \Wh is not one of these covers; indeed, the White-
head manifold is not a covering space of any closed manifold see [7, Theorem
16.4.13]. The methods in the proof of Varopoulos’ theorem can however be
used to proof Theorem 1.1.

Proof of Theorem 1.1. Suppose there exists a L-BLD map g : R3 → (S3 \
Wh, g). We observe immediately, by the path-lifting property of discrete
open maps, that (S3 \Wh, g) is complete. Thus (S3 \Wh, g) is unbounded.
Indeed, (S3 \Wh, g) is one ended.

Since (S3 \Wh, g) is unbounded and f is BLD, we may fix a sequence
(xk) in R3 for which the image of balls fB3(xk, k) ⊂ T1 ⊂ C.

We fix a Riemannian metric g∞ onW∞ so that the embedding ι : (C, g)→
(W∞, g∞) is an isometry. By postcomposing f with ι and precomposing
with translations x 7→ x + xk for every k ≥ 0, we obtain L-BLD maps
fk : B3(0, k)→ (W∞, g∞).

Let W̃∞ be the universal cover of W∞ and let g̃∞ be the Riemannian
metric induced by g∞, that is, g̃∞ is the metric for which the covering map

π̃ : W̃∞ → W∞ is a local isometry. We fix also a point x0 ∈ π̃(f0(0)); note
that fk(0) = f0(0) for every k ≥ 0.

We fix now lifts f̃k : B3(0, k) → W̃∞ of mappings fk so that f̃k(0) = x0.

Then each f̃k is L-BLD and

B̄(f̃k(0), k/L) ⊂ fB̄3(xk, k)

for every k ≥ 0. By passing to a subsequence if necessary, the sequence (f̃k)

converges locally uniformly to a (surjective) BLD-mapping f̃ : Rn → W̃∞.
Following now the proof of [14, Theorem 1.3] almost verbatim, we observe

that, by Proposition 2.1, W̃∞ is conformally hyperbolic and the mapping f̃ is
constant. This is a contradiction since f̃ is BLD and hence non-constant. �

Remark 2.2. By the proof of Theorem 1.1 we observe that there are no
proper quasiregular mappings R3 → (S3 \Wh, g) for any metric g.

3. Extension of branched covering maps

In this section we prove a generalization of the Berstein–Edmonds exten-
sion theorem for 2-dimensional branched covers.

Theorem 3.1. Let W be a connected, compact, oriented PL 3-manifold
whose boundary consists of p ≥ 2 components M0, ...,Mp−1 with the induced

orientation. Let W ′ = N \
⋃j=p−1
j=0 intBj be an oriented PL 3-sphere N in R4

with p disjoint closed polyhedral 3-balls Bj removed, and have the induced
orientation on its boundary. Suppose that n ≥ 3 and ϕj : Mj → ∂Bj is a
sense-preserving PL-branched cover of degree n, for each j = 0, 1, ..., p − 1.
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Then there exists a sense-preserving PL-branched cover ϕ : W → W ′ of
degree n that extends the ϕj’s.

The so-called Berstein–Edmonds extension theorem [2, Theorem 6.2] is
the case p = 2 of Theorem 3.1. When p ≥ 2 and the degree n = 3i ≥ n0, the
theorem is due to Heinonen and Rickman [8]. Hirsch [10] has constructed
3-fold branched covers from W to W ′ for the types of manifolds considered
in Theorem 3.1; however his method may not be used to extend every pre-
assigned boundary branched cover ∂W → ∂W ′.

Proof of Theorem 3.1. Assume p ≥ 3. For each j = 1, . . . , p − 1, fix two
disjoint closed 2-disks Ej and E′j on ∂Bj which contain no branch values.

Therefore, each of ϕ−1
j Ej and ϕ−1

j E′j consists of n mutually disjoint 2-disks

in Mj ; we label these disks by Dj,i, i = 1, . . . , n, and D′j,i, i = 1, . . . , n,
respectively.

Fix a collection of mutually disjoint PL closed 3-dim cylindrical tubes
{Uj,i : j = 1, . . . , p−2 and i = 1, . . . , n} in W such that Uj,i connects Dj,i to
D′j+1,i, hence Mj to Mj+1. Similarly, choose a collection of mutually disjoint

PL closed 3-dim cylindrical tubes {Vj : j = 1, . . . , p− 2} in W ′ such that Vj
connects Ej to E′j+1, hence ∂Bj to ∂Bj+1.

Choose PL homeomorphisms αj,i : B
2(0, 1)×[0, 1]→ Uj,i for j = 1, . . . , p−

2 and i = 1, . . . , n, and PL homeomorphisms βj : B2(0, 1) × [0, 1] → Vj for
j = 1, . . . , p− 2, with the following properties:

(i) αj,i(B
2(0, 1) × {0}) = Dj,i, αj,i(B

2(0, 1) × {1}) = D′j+1,i, and

αj,i(B
2(0, 1)× (0, 1)) ⊂ intW ;

(ii) βj(B
2(0, 1)×{0}) = Ej , βj(B

2(0, 1)×{1}) = E′j+1 , and βj(B
2(0, 1)×

(0, 1)) ⊂ intW ′; and
(iii) βj ◦ α−1

j,i |Dj,i = ϕj |Dj,i and βj+1 ◦ α−1
j+1,i|D′j+1,i = ϕj+1|D′j+1,i.

Extend ϕj ’s to a map Φ from Q := ∂W ∪
⋃p−2
j=1(

⋃n
i=1 Uj,i) to Q′ :=

∂W ′ ∪
⋃p−2
j=1 Vj as follows: Φ|Mj = ϕj for each j = 0, . . . , p− 1, and

Φ|(Uj,i \ ∂W ) = βj ◦ α−1
j,i |(Uj,i \ ∂W )

on every tube Uj,i.
The map Φ is well-defined in view of (iii). It is clear that Φ is an n-fold

branched cover from Q to Q′ and from each of the two boundary components
of W \Q to the corresponding boundary component of W ′\Q′. Since W ′ \Q′
is homeomorphic to S2 × [0, 1] and ∂(W ′ \ Q′) consists of two 2-spheres, Φ
can be extended to an n-fold branched cover from W to W ′ by the Berstein–
Edmonds theorem.

�

Remark 3.2. Theorem 3.1 is false when degree is 2. By a theorem of Fox
[4], there is no 2-fold branched covering from S1 × S1 × S1 to S3; see also
Berstein–Edmonds [1] and [11]. Let W be S1 × S1 × S1 with two disjoint
closed 3-balls removed, so ∂W consists of two 2-spheres. Let W ′ be S3 with
two disjoint closed 3-balls removed, so ∂W also consists of two 2-spheres.
Then any 2-fold branched covering map ∂W → ∂W ′ can not be extended
to W →W ′.
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4. Initial packages, Semmes metrics, and the Heinonen-Rickman
existence theorem

In this section, we discuss the decomposition spaces S3/G arising from
sequences of cubes-with-handles and the Semmes metrics on such spaces.
As in [8, Theorem 8.17], an application of Theorem 3.1 shows that all these
decomposition spaces admit branched covering maps S3/G → S3. When
spaces are equipped with Semmes metrics, the branched covers may be cho-
sen to be BLD.

Let H ⊂ S3 be a smooth cube-with-handles. Recall that a compact subset
H ⊂ R3 is a cube-with-g-handles if H has a handle decomposition into a
0-handle and g 1-handles for g ≥ 0.

A tuple I = (H,H1, . . . ,Hm, ϕ1, . . . , ϕm) is an initial package if Hi are
pair-wise disjoint cubes-with handles in the interior of H and each ϕi : H →
Hi is a homeomorphism which can be extended to be diffeomorphic in some
neighborhood of H.

The decomposition space S3/GI associated to an initial package I =
(H,H1, . . . ,Hm, ϕ1, . . . , ϕm) is defined as follows. Denote L0 = H and
Lk =

⋃m
i=1 ϕi(Lk−1) for every k ≥ 1. We call (Lk) the associated sequence

of I.
Let also L∞ =

⋂∞
k=1 Lk and denote by GI the decomposition of S3 whose

elements are the components of L∞ and singletons in S3 \ L∞. We denote
by πI : S3 → S3/GI the canonical map. We call L∞ the limit set of (Lk).

For every x ∈ πI(L∞), there exists a unique component Lk(x) of Lk so
that x ∈ πI(Lk(x)). We call the sequence (Lk(x)) the branch of x. Note
that, for every k ≥ 1, there exists a (unique) sequence Ixk = (ix1 , . . . , i

x
k) ∈

{1, . . . ,m}k so that ϕix1 ◦ · · · ◦ ϕixk : H → Lk(x). We denote this map by ϕxk.

Although S3/GI is metrizable, there is no canonically defined metric. We
equip S3/G with a natural metric (a Semmes metric) introduced in [16]; see
also [9].

Given λ ∈ (0,∞) there exists a Riemannian metric gI,λ on S3\L∞ so that

the mapping ϕI = ϕi1◦· · ·◦ϕik restricts to a λk-similarity H\L1 → Lk\Lk+1

for every I = (i1, . . . , ik) ∈ {1, . . . ,m}k. Recall that a mapping f : X → Y
between metric spaces is a µ-similarity if |f(x) − f(x′)| = µ|x − x′| for all
x, x′ ∈ X.

Note that, by compactness of S3 \ intL0 and L0 \ intL1, the space (S3 \
L∞, gI,λ) is quasiconformal to (S3 \ L∞, gI,1) for every λ ∈ (0,∞).

Let dI,λ be the distance function associated to the Riemannian metric
gI,λ. For 0 < λ < 1, the metric completion of (S3 \L∞, dI,λ) is a path metric
space homeomorphic to S3/G and the embedding S3 \ L∞ → S3/G is an
isometry.

We call any metric dλ, that is bilipschitz equivalent to dI,λ, a Semmes
metric and the space (S3/GI, dλ) a Semmes space. The parameter λ is
called the scaling constant of the metric.

Using Theorem 3.1 we formulate the Heinonen–Rickman existence theo-
rem [8, Theorem 8.17] as an extension theorem, and give a new proof.

Theorem 4.1. Let I = (H,H1, . . . ,Hm, ϕ1, . . . , ϕm) be an initial package
and f : ∂H → S2 a BLD-map of degree n ≥ 3. Then there exists a Semmes
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metric dλ on S3/GI and a BLD-map F : (S3/GI, dλ) → S3 of degree n so
that F |∂H = f .

Proof. Let L = (Lk)k≥0 be the sequence associated to I and L∞ the limit
set of L. We may assume that H is contained in the interior of the unit
ball B3. Fix a number λ ∈ (0, 1) so that intB3 contains m pair-wise disjoint
closed balls of radius λ. We show that for a Semmes metric with scaling λ,
the space (S3/GI, dλ) admits a BLD-map as claimed.

Choose another initial package I′ = (B,B1, . . . , Bm, ψ1, . . . , ψm), with
B = B3, (Bi)1≤i≤m pair-wise disjoint closed balls of radius λ in intB, and
ψi : B → Bi similarity maps. Let L′ = (L′k)k≥0 be the sequence associated
to I′ and L′∞ the limit set of L′.

Set gi = ψi◦f ◦ϕ−1
i |∂Hi for every 1 ≤ i ≤ m, and fix a degree n BLD-map

g0 : ∂B3(0, 2)→ ∂B3(0, 2).
By Theorem 3.1, there exist sense preserving degree n extensions G0 : L0\

intL1 → L′0 \ intL′1 and G−1 : B3(0, 2) \ intL0 → B3(0, 2) \ intL′0 satisfying
G0|∂L0 = f = G−1|∂L0, G0|∂Hi = gi, and G−1|∂B3(0, 2) = g0. The
mapping g0 may be extended to a degree n BLD branched cover G−2 : S3 \
intB3(0, 2) → S3 \ intB3(0, 2), by coning with respect to a fixed point in
S3 \B3(0, 2),

Having mappings G0, G−1 and G−2 at our disposal, we may find a degree
n BLD branched cover G : S3 \ L∞ → S3 \ L′∞ satisfying G ◦ ϕI = ψI ◦G0

L0 \ intL1
G0 //

ϕI

��

L′0 \ intL′1

ψI

��
Lk \ intLk+1

G // L′k \ intL′k+1

for every I = (i1, . . . , ik) ∈ {1, . . . ,m}k, where ϕI = ϕi1 ◦ · · · ◦ ϕik and ψI is
a λk-similarity.

Since G induces a Lipschitz map from (S3 \ πI(L∞), dλ) to S3 \ L′∞ and
πI(L∞) is compact and 0-dimensional [3, Proposition II.9.1], G extends to
a BLD branched covering map F : S3/G→ S3. �

Theorem 1.4 follows from Theorem 4.1 and the remark below.

Remark 4.2. Let H be a cube-with-handles in R3 of genus g. The exis-
tence of a degree n (≥ 2) BLD-map f : ∂H → S2 follows from the Hurwitz
Existence Theorem. We outline the steps as given in [2, (2.2)].

Fix an orientation of S2, a set of k = 2 + 2g points {q1, . . . , qk} in S2, and
a base point ∗ ∈ S2\{q1, . . . , qk}. Then π1(S2\{q1, . . . , qk}, ∗) is a free group
on k generators x1, . . . , xk modulo the relation x1x2 . . . xk = 1. Denote by
Sn the symmetric group on n letters. We fix a homomorphism

ρ : π1(S2 \ {q1, . . . , qk}, ∗)→ Sn,

with the properties that ρ(x1) = ρ(x2)−1 is a cycle of length n and ρ(x3) =
· · · = ρ(xk) is a transposition. Then S2 \ {q1, . . . , qk} has a PL n-fold cover
Ω whose fundamental group is isomorphic to ker ρ and

S2 \ {q1, . . . , qk} ≈ Ω/ρ(π1(S2 \ {q1, . . . , qk}, ∗)).
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Denote by M the PL closed 2-manifold which is the compactification of Ω.
The unbranched covering extends to a degree n PL map ϕ : M → S2 whose
local degrees at the branch points p1, . . . , pk are deg(ϕ, p1) = deg(ϕ, p2) = n
and deg(ϕ, p3) = · · · = deg(ϕ, pk) = 2. By the Riemann-Hurwitz condition,

χ(M) = nχ(S2)−
∑
i

(deg(ϕ, pi)− 1).

Thus the Euler characteristic χ(M) of M is 2− 2g. Since ρ is transitive, M
is connected. Furthermore, since S2 is orientable, so are Ω and its compact-
ification M . Therefore, ∂H and M are PL-homeomorphic and the existence
of a degree n BLD-map f follows.

Remark 4.3. The sequence (Lk) associated to an initial package I is a
(self-similar) defining sequence for the decomposition space S3/GI. More
generally, a sequence X = (Xk) is a defining sequence in S3 if each Xk is
a closed set satisfying Xk+1 ⊂ intXk. We refer to Daverman [3] for details
on decompositions, quotient spaces associated to decompositions, and their
topological applications.

The construction of Semmes metrics can be carried over on decomposition
spaces associated to defining sequences given by cubes-with-handles. If, in
addition, the defining sequence has finite type, as defined in [15, Section 4],
the associated Semmes spaces (S3/G, dλ) admit good geometric properties.
For example, the proof of Theorem 4.1 extends to this class of spaces almost
verbatim; note that sequences L and L′ in the proof of Theorem 4.1 are
defining sequences of finite type.

5. Quasiregularly Non-Elliptic Decomposition Spaces

Let I = (H,H1, . . . ,Hm, ϕ1, . . . , ϕm) be an initial package and (Lk) the
associated sequence as in Section 4, i.e L0 = H and Lk =

⋃m
i=1 ϕi(Lk−1) for

k ≥ 1.
Under the assumption that components of Lk+1 are contractible in Lk

for every k ≥ 0, spaces R3/GI and S3/GI are generalized (homology) 3-
manifolds by [3, Corollary V.1A] and orientable generalized (cohomology)
3-manifolds in the sense of Heinonen and Rickman; see [8, Definition 1.6,
Example 1.4(c), and Proposition 8.16]. In particular, these spaces admit
local degree theory as discussed in [8, Section 1].

We assume from now on that (S3/GI, dλ) is a Semmes space which is a
generalized cohomology 3-manifold in the sense of Heinonen and Rickman.

We define quasiregular mappings R3 → S3/GI using the so-called metric
definition (see [13]). Let f : R3 → S3/GI be a continuous map. The (metric)
distortion of f at x ∈ R3 is

Hf (x) = lim sup
r→0

L(x, r)

`(x, r)
,

where

L(x, r) = max
y∈B(x,r)

|f(y)− f(x)| and `(x, r) = min
y∈S(x,r)

|f(y)− f(x)|.
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A non-constant continuous map f : R3 → S3/GI is quasiregular if f is
sense-preserving, discrete and open, and if there exists H < ∞ for which
Hf (x) ≤ H for almost every x ∈ R3 and Hf (x) <∞ for every x ∈ R3.

Since quasiregular mappings R3 → S3/GI are branched covers, that is,
discrete and open mappings, they have the path-lifting property ([8, Section
3.3].

As in the classical theory, we have Poletsky’s inequality for non-constant
quasiregular mappings R3 → S3/GI ([13, Corollary 11.2]): Let Γ be a path
family in R3 and f : R3 → S3/GI a non-constant quasiregular map. Then

(5.1) Mod3(f(Γ)) ≤ CMod3(Γ),

where C depends on the distortion of f .
Recall that the conformal modulus Mod3(Γ) of a family Γ in R3 is

Mod3(Γ) = inf
ρ

∫
R3

ρ(x)3 dx,

where ρ is a non-negative Borel function satisfying∫
γ
ρ ds ≥ 1 for all locally rectifiable γ ∈ Γ.

The same definition, after replacing dx by integration over Hausdorff 3-
measure in S3/GI, gives the conformal modulus Mod3(fΓ) of fΓ.

The rest of this section is devoted to the proof of a general non-ellipticity
result (Theorem 5.2) which covers Theorem 1.3.

We show that, under the assumptions of Theorem 5.2, the image of a
non-constant quasiregular map does not contain points of πI(L∞), where
L∞ is the limit of the sequence (Lk) associated to I. In particular, the
image is an n-manifold that has infinitely many ends; recall that a manifold
M has at least q ends if there exists a compact set E ⊂ M for which the
set M \ E has at least q non-compact components. This contradicts the
Holopainen-Rickman Picard theorem for quasiregular mappings [12] which
states that for every K ≥ 1 and n ≥ 2 there exists q = q(n,K) so that a
manifold M has at most q ends if there exists a non-constant quasiregular
mapping Rn →M .

5.1. Circulation. For the statement of Theorem 5.2 we define the notion
of circulation. Let I = (H,H1, . . . ,Hm, ϕ1, . . . , ϕm) be an initial package,
(Lk) the associated sequence and L∞ the limit set.

A simple closed smooth curve α : S1 → ∂H is a meridian of H if α is not
contractible on ∂H but there exists a continuous map ϕ : B2 → H so that
ϕ|∂B2 = α. We denote the collection of such maps by E(H,α).

Given k ≥ 0, a longitude in Lk is an unweighted PL 1-cycle (i.e. a sum
of finitely many closed PL-curves) σ in Lk with the property that

|σ| ∩ ϕ(B2) 6= ∅

for all meridians α of H, and all ϕ ∈ E(H,α). In other words, longitudes are
the 1-cycles in Lk that are linked with meridians of all cubes-with-handles
of Lk. We denote the set of longitudes by Σ(Lk).
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We say that the order of circulation of I is at least ω ≥ 0 if there exists
a meridian α of H and a constant C > 0 so that

circ(Lk, α,H) := min
ϕ∈E(H,α)

min
σ∈Σ(Lk)

#(|σ| ∩ ϕ(B2)) ≥ Cωk

for every k ≥ 0.

Remark 5.1. In many concrete examples of initial packages the order of cir-
culation is easy to estimate. For example, for the initial packages associated
to the Bing double and the Whitehead continuum has circulation at least 2
by a lemma of Freedman and Skora ([5, Lemma 2.4]); see [15, Section 17]
for a more detailed discussion. Note also that the definition [15, Definition
9.2] for circulation for defining sequences of finite type and is more general
than the definition we consider here.

5.2. Statements. The following theorem is the main result of this section;
recall that, by discussion in the beginning of Section 5, the quotient space
S3/GI is orientable under the contractibility assumption posed to the initial
package.

Theorem 5.2. Let I = (H,H1, . . . ,Hm, ϕ1, . . . , ϕm), m ≥ 2, be an initial
package so that Hi is contractible in H for each i = 1, . . . ,m, and let dλ be
a Semmes metric with scaling constant 0 < λ < 1 on S3/GI. Suppose that

I has order of circulation at least ω > m2/3. Then every quasiregular map
R3 → (S3/GI, dλ) is constant.

Since, for the Bing double, m = 2 and the order of circulation is at least
2, Theorem 1.3 follows from Theorem 5.2.

Remark 5.3. By modifying the method in [15], we may generalize Theorem
5.2 to include the class of defining sequences of finite type. Here we consider
only the self-similar sequences for simplicity.

As discussed above, Theorem 5.2 is deduced by combining the Holopainen–
Rickman Picard theorem for quasiregular mappings and the following result,
which forces a quasiregular mapping to omit points when the circulation is
large.

Theorem 5.4. Let I = (H,H1, . . . ,Hm, ϕ1, . . . , ϕm), m ≥ 1, be an initial
package so that Hi is contractible in H for each i = 1, . . . ,m, and let dλ be
a Semmes metric with scaling constant 0 < λ < 1 on S3/GI. Suppose that

I has order of circulation at least ω > m2/3. Then πI(L∞) ∩ f(R3) = ∅ for
all non-constant quasiregular mappings f : R3 → (S3/GI, dλ).

Proof of Theorem 5.2 Assuming Theorem 5.4. Let f : R3 → (S3/GI, dλ) be
a quasiregular map. We may assume that on (S3/GI) \ π(L∞) the metric
dλ is given by a Riemannian metric gλ. Then, by Theorem 5.4, f(R3) ⊂
S3/GI \ π(L∞). Since π(L∞) is a Cantor set by our assumption m ≥ 2,
S3/GI \ π(L∞) is a Riemannian manifold with infinitely many ends. Thus,
by the Holopainen–Rickman Picard theorem, f is constant. �

5.3. Proof of Theorem 5.4. Suppose f is a non-constant quasiregular
map from R3 to S3/G having a value in π(L∞), that is, there exists q =
f(p) ∈ π(L∞).
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We fix a normal neighborhood U of p, i.e. a domain such that U∩f−1(q) =
{p} and f(∂U) = ∂f(U). Let (Lk(q)) be the branch of q. Since Lk(q)→ {q}
in the Hausdorff sense as k →∞, there exists k0 ≥ 1 such that cubes-with-
handles in the sub-branch (Lk(q))k≥k0 are contained in the open set f(U).
By the self-similarity of (Lk)k≥0, we may assume that k0 = 0, and we have
H ⊂ f(U).

Given a longitude σ ∈ Σ(Lk) for k ≥ 0, we denote by σ∗ the union of
subcurves of f−1(σ) which are contained in U ∩ f−1(H). Moreover, we
denote

Σ(Lk)
∗ = {σ∗ : σ ∈ Σ(Lk)}.

Then f(Σ(Lk)
∗) = Σ(Lk) and

(5.2) Mod3(Σ(Lk)) ≤ CMod3(Σ(Lk)
∗),

by Poletsky’s inequality (5.1), where C depends on the distortion of f .
By [9, Proposition 4.5] and [15, Proposition 12.1], we have the lower bound

(5.3) Mod3(Σ(Lk)) ≥ Cm−2k,

where C does not depend on k.
Thus it suffices to prove the upper estimate

(5.4) Mod3(Σ(Lk)
∗) ≤ Cω−3k,

where C does not depend on k. Indeed, assuming (5.4), the theorem follows
by combining (5.2) together with estimates (5.3) and (5.4), and letting k →
∞.

We begin the proof of (5.4) by fixing a meridian α of H and a constant
C0 > 0 for which

(5.5) circ(Lk, α,H) ≥ C0ω
k

for all k ≥ 0.
Let W be a tubular neighborhood of ∂H contained in fU so that W ∩

L1 = ∅; recall that H = L0. Since f |U is a proper map, f(Bf ∩ U) is a
closed set in fU , where Bf is the branch set of f . Furthermore, f(Bf ∩ U)
has topological dimension at most n − 2. Thus there exists a simple loop
α̂ : [0, 1]→ H ∩W \ f(Bf ∩ U) which is homotopic to α in W . Thus

#(|σ| ∩ ϕ̂(B2)) ≥ C0ω
k

for every longitude σ ∈ Σ(Lk) and every ϕ̂ : B2 → H extending α̂.
Let {x1, . . . , xj} = f−1(α̂(0)) ∩ U . We denote by ζ : [0,∞) → H ∩ W

the infinite iterate to α̂, i.e. ζ(n + t) = α̂(t) for all t ∈ [0, 1) and n ∈ N.

Let ζ̃ be a lift of ζ starting at x1. Since U is a normal neighborhood, we
have ζ̃ : [0,∞) → U . In particular, ζ̃(n) ∈ {x1, . . . , xj} for all n ∈ N. By

uniqueness of the lifts, there exists 1 < i ≤ j for which ζ̃(i) = x1 and ζ̃|[0, i]
is a simple loop.

We may approximate ζ̃|[0, i] by a piece-wise affine Jordan curve γ : S1 →
R3 for which β = f ◦γ is contained in H ∩W and homotopic to α in W . By
coning γ using a point in R3, we obtain a PL map B2 → R3 which we denote
by ξ. Let T1, . . . , T` be the 2-simplices triangulating the image of ξ obtained
in the coning. Finally, we also choose and fix a regular neighborhood A of
β(S1) contained in H ∩W .
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We extend ξ to a map ξ : B2 × B3(δ) → R3 by (x, y) 7→ ξ(x) + y. Then,
for each y ∈ B3(δ), the loop

f ◦ ξ|∂B2 × {y}
is homotopic to β in A and hence homotopic to α in H ∩W .

By (5.5),

(5.6) #(|σ∗| ∩ ξ(B2 × {y})) ≥ #(|fσ∗| ∩ f(ξ(B2 × {y}))) ≥ C0ω
k

for every σ∗ ∈ Σ(Lk)
∗ and y ∈ B3(δ).

We use (5.6) to show that there exists M > 0 not depending on k such
that

(5.7) H1(|σ∗|) ≥Mωk for every σ∗ ∈ Σ(Lk)
∗.

Assuming this, the theorem follows since

M−1ω−kχξ(B2×B3(δ))

is an admissible function for Σ(Lk)
∗.

To prove (5.7), let σ∗ ∈ Σ(Lk)
∗, and analyse the map ξ : B2×B3(δ)→ R3.

For every 1 ≤ i ≤ `, let Pi = yi + span{vii, vi2} ⊂ R3 be the affine
plane containing the triangle Ti. We fix u = (u1, u2, u3) ∈ S2 so that v
is not contained in any of the 2-dimensional subspaces span{vii, vi2} for all
1 ≤ i ≤ `.

Given σ∗ ∈ Σ(Lk)
∗, (5.6) implies that for every 0 ≤ t ≤ δ,
#(|σ∗| ∩ (∪`i=1(Ti + tu))) ≥ C0ω

k.

In particular, there exists 1 ≤ i(t) ≤ ` such that

#(|σ∗| ∩ (Ti(t) + tu)) ≥ C0ω
k`−1.

We conclude that there exists i0 depending on σ∗, and a set E ⊂ [0, δ] with
H1(E) ≥ δ`−1, such that

(5.8) #(|σ∗| ∩ (Ti0 + tu)) ≥ C0ω
k`−1

for every t ∈ E.
Next we note that σ∗ ∈ Σ(Lk)

∗ consists of finitely many loops σ∗j . Indeed,
this follows from path lifting for branched covers and the fact that U is a
normal domain of f . We may assume that each σ∗j is rectifiable, otherwise
there is nothing to prove.

By applying an isometry, we may assume that

Ti0 ⊂ R2 × {0}, and u3 > 0.

Let Φ: R3 → R be the projection (x1, x2, x3) 7→ x3 and set

γ̃j = Φ ◦ σ∗j .
Let γj : [0, Rj ] → R be the reparametrization of γ̃j by arclength. In partic-
ular, ∑

j

Rj ≤ H1(|σ∗|)

since Φ is a projection. Since u3 > 0, we have by (5.8),∑
j

#(γ−1
j (t)) ≥ C0`

−1ωk



14 PEKKA PANKKA, KAI RAJALA, AND JANG-MEI WU

for all t with tu−1
3 ∈ E.

Since the γj ’s are parametrized by arc length, we get, by a change of
variable,

u3C0`
−2δωk ≤ u3C0`

−1H1(E)ωk

≤
∫
R

∑
j

#(γ−1
j (t)) dt =

∑
j

∫ Rj

0
|γ′j |(s) ds

=
∑
j

∫ Rj

0
1 ds ≤ H1(|σ∗|),

where C0, u3, `, and δ do not depend on k. Thus (5.7) holds. The proof is
complete.
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