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ABSTRACT

WANG, Hong
Evolutionary Design Optimization with Nash Games and Hybridized Mesh
/Meshless Methods in Computational Fluid Dynamics
Jyväskylä: University of Jyväskylä, 2012, 68 p.(+included articles)
(Jyväskylä Studies in Computing
ISSN 1456-5390; 162)
ISBN 978-951-39-5006-4 (nid.)
ISBN 978-951-39-5007-1 (PDF)
Finnish summary
Diss.

This research focuses on computational intelligent systems for solving computa-
tional fluid dynamics optimization problems.

Several approaches are used to discretize two-dimensional Euler equations:
finite volume methods, least-squares meshless methods and hybridized mesh
/meshless methods. A new fast meshless method coupled with ad hoc artificial
dissipation parameters is developed. Numerical experiments show the flexibil-
ity, accuracy and efficiency of the fast meshless method for solving aerodynamics
problems. A fast dynamic cloud technique based on a Delaunay graph mapping
strategy is proposed to move clouds of points in the computational domain for
unsteady simulations, position reconstructions and shape optimizations.

Evolutionary algorithms have become more popular in solving design
optimization problems in industrial environments. In that direction, hybridized
game coalitions coupled with evolutionary algorithms for optimization are open-
ing avenues to efficiently capture solutions of complex design problems. Genetic
algorithms coupled with Nash games and hierarchical genetic algorithms are
investigated to position reconstructions and shape optimizations. The perfor-
mance and accuracy of the above computational intelligent systems are evaluated
and compared on a series of model test cases.

Finally, two optimization test cases are implemented from the Finnish de-
sign test case database with the above methods. The test cases are BI-NACA0012
position reconstruction and two-dimensional shock control bump optimization
installed on a natural laminar flow airfoil (RAE5243). Numerical results illus-
trate the potential of the above methodology for solving design optimization
problems. As a result of numerous experiments with comparisons, the adaptive
hybridized mesh/meshless methods coupled with evolutionary algorithms and
game strategies provide the designer useful software tools for efficiently solving
computational fluid dynamics optimization problems.

Keywords: hybridized mesh/meshless methods, dynamic cloud, adaptive mesh-
less method, evolutionary algorithms, Nash games, hierarchical ge-
netic algorithms, position reconstruction, shape optimization
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1 INTRODUCTION AND MOTIVATION

In the field of Computational Fluid Dynamics (CFD), iterative methods for solv-
ing Euler equations using traditional finite difference methods or finite volume
methods were pioneered by S. K. Godunov [16] in the late 1960s and improved
by many CFD investigators like B. Van Leer [31], P. L. Roe [62], S. J. Osher [51], A.
Jameson [24, 23], T. H. Pulliam [58, 57] among others who introduced successively
numerous theoretical and numerical inherent advances. Most of their approaches
are computationally structured or unstructured mesh-based. The conventional
finite difference method is based on the structured mesh, which is easy to gen-
erate but not very flexible in treating complex geometries. In order to be flexi-
ble enough to accommodate geometric complexity, unstructured mesh is usually
preferred. However, more computational effort has to be paid for generating
complicated unstructured meshes.

To completely eliminate the connectivity limitation of the mesh topology,
a class of methods, namely meshless (gridless/mesh-free/element-free) meth-
ods are nowadays receiving increasing attention. These methods allow more
flexibility for computing flows around complex configurations by replacing the
mesh topology by clouds of points. Their interesting features motivated many re-
searchers to study them and various meshless approaches have motivated com-
puter scientists and analysts in different application fields. Among these, smooth
particle hydrodynamics (SPH) [38, 15], the element free Galerkin (EFG) method [4,
37], the generalized finite difference (GFD) [33] method, the reproducing kernel
particle method (RKPM) [35, 34], the finite point method (FPM) [50, 49], and the
meshless local Petrov-Galerkin (MLPG) approach [2] are the best known meth-
ods. In aerodynamics, many researchers have been working on meshless meth-
ods since early 1990s (J. T. Batina [3], K. Morinishi [44, 45], H. Q. Chen [6, 7, 8], D.
J. Kirshman [25], H. Luo [39], etc.).

Even though meshless methods do not deal with mesh quality ( orthogo-
nality, smoothness, skewness of elements/volumes, etc.), one major drawback of
the meshless methods is the low computational efficiency when compared to the
present mesh methods. To respond to this challenge, a hybridized mesh/meshless
method was introduced by Z. H. Ma et al [40]. In their paper, the spatial deriva-
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tives of governing equations are approximated by the weighted least-squares
(WLS) method using clouds of points in the vicinity of the body and the finite
volume method (FVM) using mesh elements in the rest of the computational do-
main. More recently, a fast meshless method by H. Wang and J. Périaux in Paper
[PIV] has been developed for the solution of two-dimensional(2D) Euler equa-
tions with carefully designed Artificial Dissipation (AD) in terms of second and
fourth order differences.

Most CFD research on meshless methods has been focused on numerical
steady simulations. Unsteady flows associated with moving boundaries have
been of continuously growing interest to aerodynamics researchers, and Paper
[PI] succeeded in extending the WLS meshless methods to rigid moving bound-
ary problems. In this paper, the spatial derivatives are directly approximated by
using the WLS meshless method in each cloud of points. An upwind flux dif-
ference splitting scheme using Roe’s approximate Riemann solver is used for the
estimation of the inviscid flux. When using a mesh-based method to simulate
these problems, a dynamic mesh technique based on deformation is usually con-
sidered in order to adapt the mesh to unsteady motions of rigid bodies. Due
to restrictions imposed on the mesh quality and topology, it is very difficult to
deform a mesh for large rigid movements of aerodynamic geometries. As men-
tioned above, meshless methods are not computationally penalized by such con-
straints and therefore have significant advantages over mesh-based methods in
the particular case of unsteady flow computations.

Based on the success in both steady and unsteady 2D Euler simulations
using FVM mesh-based methods, WLS meshless methods and hybridized mesh
/meshless methods, these techniques have been implemented for solving design
optimization problems in the present research. Over the past decades, Evolu-
tionary Algorithms (EAs) have become one of the most widely used optimization
methods. EAs are based on Darwinian evolution. They were pioneered by J.
Holland [19] for adaptation in the 1970s and developed by D. E. Goldberg [17],
Z. Michalewicz [41], C. A. Coello Coello [9], K. Deb [12], J. D. Schaffer [63], M.
Mitchell [43], among others. The basic ideas of Genetic Algorithms (GAs) consists
of populations of individuals which evolve in a search space and adapt to the
environment by the use of different mechanisms such as crossover, selection and
random mutation. Selection of better individuals after a deterministic classifi-
cation of the population improves the search procedure. The selection is based
only on computed values of the single objective function and does not require
derivative information. This makes it possible to find optimal solutions in dis-
continuous design spaces with combined discrete and continuous design vari-
ables. Many strategies to extend EAs to multi-objective optimization problems
with innovative approaches exist. These are discussed by many researchers like
K. Deb [13, 12], K. Miettinen [42], J. Périaux [28, 54] and etc.

In this study, GAs in Paper [PII], Nash GAs in Papers [PIII, PV, PVII], and
Hierarchical Genetic Algorithms (HGAs) in Paper [PVI] are employed. GAs and
Nash GAs are implemented for efficiency comparison to reconstruct the targeted
positions for several oscillating airfoils of prescribed surface pressure coefficients.



15

HGAs, which are studied in Paper [PVI], use three hierarchical topological layers.
The top layer has a single population with two child populations in the interme-
diate layer, which in turn have two child populations on the bottom layer, result-
ing in a total of seven populations. In the HGAs optimization procedure, each
population is handled by a GA and the elitist genetic information obtained in
the lower layers migrates to the closest upper layer for setting up better building
blocks, while at the same time, individuals below average go down the ladder
and die. The HGAs allow the use of multi-fidelity flow analyzers as follows:
high fidelity CFD modeling on the top layer, intermediate fidelity CFD model-
ing on the intermediate layer and low fidelity CFD modeling on the bottom layer.
This multi-fidelity advantage makes good use of FVM mesh-based methods, WLS
meshless methods and hybridized mesh/meshless methods, playing on different
layers with various design optimization requirements.

1.1 Objectives of the research

This study consists of four main goals. First, a meshless method is applied for
unsteady CFD problems. A fast dynamic cloud method based on the Delaunay
graph mapping strategy is proposed to accurately redistribute clouds of points in
the flow field without any iteration. A dual time-stepping approach is further im-
plemented to advance 2D Euler equations via the Arbitrary Lagrangian-Eulerian
(ALE) formulation in time.

The second goal of the study is to compare different evolutionary algo-
rithms and games like GAs, Nash GAs and HGAs for optimization problems.
Different 2D Euler analyzers are used in this research: a finite volume method,
a meshless method, a fast meshless method coupled with new artificial dissi-
pation, a hybridized mesh/meshless method. As for validation purpose, those
methods are tested on position reconstruction problems. One of the model test
cases implemented in this research is from the Finnish design test case database
(TA10, BI-NACA0012 geometry, available online in the Finnish design test case
database [48, 68]).

The third goal of the study is to use different evolutionary algorithms like
GAs, Nash GAs and HGAs for a real life shape design. One of the test cases
selected in this study is from the Finnish design test case database (TA5, 2D
shock control bump optimization, available online in the Finnish design test case
database [48, 68]).

The fourth goal of the study is to develop an adaptive meshless method
based on pressure gradients in the computational domain. To show the accu-
racy of the adaptive techniques, a meshless Euler simulation has been tested with
adapted clouds of points with equal number of points for an inviscid supersonic
flow in a channel. Moreover, one shape reconstruction test case with circular arc
bump using adaptive clouds of points is achieved.
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1.2 Organization of the thesis

The content of the thesis is organized in the following manner. In Chapter 2,
mesh/meshless methods for solving 2D Euler equations are introduced. In Chap-
ter 3, a review of evolutionary optimization methods used in the study is pre-
sented and the state-of-the-art of advanced EAs and game strategies is intro-
duced. Chapter 4 describes two cloud moving techniques: the Delaunay graph
mapping strategy based dynamic cloud technique with its application to rigid
moving boundary problems and an adaptive meshless method with its applica-
tions to shape reconstruction for an inviscid supersonic flow in a channel. Chap-
ter 5 gives two examples of how the mesh/meshless methods can be used for
design problems and applied for two test cases defined in the Finnish design test
case database. One demonstrates position reconstruction problems for oscillating
BI-NACA0012 in Section 5.1 using Nash games. The other one in Section 5.2 is
a 2D real life application which is to reduce the drag of a shock control bump in-
stalled on an RAE5243 airfoil by optimizing its shape and location on the upper
side of the airfoil using the HGAs methodology. Finally, Chapter 6 presents the
summary of this thesis and concludes with future research directions.

1.3 Author’s contributions in included papers

The core of this research deals with the hybridized mesh/meshless methods for
solving evolutionary design optimization problems coupled to Nash games.

In Paper I, a dynamic cloud technique based on the Delaunay graph map-
ping strategy is introduced and developed by the author to simulate rigid mov-
ing boundary problems within the framework of meshless methods. The inno-
vative method presented in this paper is a CFD application of meshless meth-
ods to unsteady flow simulations. Spatial derivatives are directly approximated
by using the WLS meshless method in each cloud of points. An upwind flux
difference splitting scheme using Roe’s approximate Riemann solver is used for
the estimation of the inviscid flux. A dual time-stepping approach using an ex-
plicit four-stage Runge–Kutta scheme is used to advance the flow equations in
time. Computational results obtained for transonic and supersonic flows around
a single NACA0012 airfoil and an RAE2822 airfoil in the steady case prove
the accuracy of spatial discretization achieved by the present meshless method.
Then the method is applied to unsteady flows around NACA0012 airfoil and
NACA64A010 airfoil oscillation in pitch situations about their quarter chord,
and the computational results obtained are in good agreement with the exper-
imental data. Those tests demonstrate both the validity and practicality of the
integration of the present method for solving optimization problems. The paper
was mainly written by the author, who also conducted all the computations.

In Paper II, GAs have been used to reconstruct the targeted position for sev-
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eral oscillating airfoils of prescribed surface pressure coefficients. A fast dynamic
cloud technique based on the Delaunay graph mapping strategy is employed for
simulations of different targeted positions. Spatial derivatives are directly ap-
proximated by using the WLS meshless method in each cloud of points. An up-
wind flux difference splitting scheme using Roe’s approximate Riemann solver is
used for the estimation of the inviscid flux, and time integration is further imple-
mented by an explicit four-stage Runge–Kutta scheme. Position reconstructions
of three oscillating airfoils operating in transonic regimes have been solved suc-
cessfully with a GAs optimizer and the meshless Euler solver with dynamic cloud
technique based on the Delaunay graph mapping strategy. Comparisons of tar-
geted and computed parameters are presented to prove the ability of our method
in position reconstruction in aerodynamic design. The paper was mainly written
by the author, who also conducted all the computations.

Paper III investigates the numerical efficiency of mesh, meshless and hy-
bridized mesh/meshless methods for solving inverse reconstruction problems
dealing with multi-element geometries such as BI-NACA0012 configuration op-
erating at subsonic regimes. Spatial derivatives are directly approximated by
using the WLS meshless method in each cloud of points. An upwind flux dif-
ference splitting scheme using Roe’s approximate Riemann solver is used for the
estimation of the inviscid flux, and time integration is further implemented by
an explicit four-stage Runge–Kutta scheme accelerated by a local time-stepping
approach and an implicit residual averaging method. The Delaunay graph map-
ping strategy is considered to move clouds of points in the meshless sub-domain
close to the multi-element configuration avoiding the regeneration in the region
of the mesh sub-domain during the optimization procedure. Results obtained by
the hybridized mesh/meshless methods have the advantages of flexibility, accu-
racy and efficiency of both mesh method and meshless method. Numerical ex-
periments clearly demonstrate the benefits of using a hybridized mesh/meshless
Euler flow analyzer feeding an evolutionary optimizer. Numerical results have
shown the potential and the flexibility of the hybridized mesh/meshless tech-
nique for inverse problems in aerodynamics. The paper was mainly written by
the author, who also conducted all the computations.

In Paper IV, a new fast meshless method has been developed for the solu-
tion to 2D Euler equations, with new artificial dissipation parameters introduced
in the discretization of second and fourth order derivatives. Additionally, an
explicit five-stage Runge–Kutta scheme is utilized to reach the steady state solu-
tion. A local time-stepping approach and a residual averaging method are im-
plemented to accelerate the density residual convergence. This paper compares
the computational efficiency of the proposed meshless method, one finite vol-
ume method, and one meshless method in literature for compliated flows over
one or two staggered airfoils. Numerical results show that the proposed mesh-
less method has the same accuracy and a much lower computational cost when
compared to the other two methods. Our numerical study demonstrates that the
proposed method is efficient and accurate for aerodynamics design problems.
The paper was mainly written by the author, who also conducted all the compu-
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tations.
Paper V is focused on the efficiency of Nash GAs optimizers. A fast mesh-

less method using second and fourth order artificial dissipation and a dynamic
cloud technique based on the Delaunay graph mapping strategy is introduced to
solve inverse CFD problems. The purpose of this paper is to use GAs and Nash
GAs for position reconstructions of oscillating airfoils. The main feature of this
paper is a detailed investigation on inverse problems in aerodynamics using both
flexibility and efficiency of the fast meshless method. Comparisons of prescribed
and computed aerodynamics parameters are presented for position reconstruc-
tion problems in aerodynamic design using both a fast meshless method coupled
with artificial dissipation and a finite volume method. Numerical results are pre-
sented to illustrate the potential of the fast meshless method coupled with artifi-
cial dissipation and evolutionary algorithms, to solve more complex optimization
problems. The author conducted the computations based on GAs and Nash GAs
coded in Paper [III] and the fast meshless solver in Paper [IV]. The paper was
mainly written by the author.

In Paper VI, the authors explore the use of HGAs in case of multi-fidelity
models in three different layers for speeding up optimization process. The idea
was introduced by M. Sefrioui and J. Périaux in the 1990s on supersonic flows in
nozzles [64]. The top layer consists of a single sub-population operating on a pre-
cise model. On the middle layer, two sub-populations operate on a model of inter-
mediate accuracy. The bottom layer, consisting of four sub-populations (two for
each middle layer populations), operates on a coarse model. The method was val-
idated on a real life optimization problem consisting of a two-dimensional shock
control bump optimization installed on a natural laminar flow airfoil (RAE5243)
from the Finnish design test case database. The precise model uses the fast mesh-
less method coupled with artificial dissipation based on fine clouds of points dis-
tributed in the computational domain. The intermediate model uses a hybridized
mesh/meshless method, and the coarse model uses a fast but less accurate finite
volume method. The hierarchical approach brought considerable improvements
in both CPU cost and in the quality of the final results compared to a single-
population based GA. The author conducted all the computations, with the help
of J. Leskinen and D. S. Lee, for the basic understanding of HGAs. The paper was
mainly written by the author.

Paper VII is a study conducted for comparing different levels of paralleliza-
tion of EAs. The selected algorithms are jDifferential evolution (jDE), jDE us-
ing the island model, Nash-jDE using geometry decomposition techniques, and
Global Nash Game Coalitions Algorithm (GNGCA) described by J. Leskinen and J.
Périaux in [32]. The methods were tested on the BI-NACA0012 geometry re-
construction, an optimization test case defined in the Finnish design test case
database [48, 68]). The results show that GNGCA software is the most efficient
or comparable to the Nash approach using two masters and two slaves. This
occurred even though the threads responsible for the flow reconstruction were
most of the time idle. For simulating an optimal load balancing, GNGCA was
also run with two slave threads leading into further improvement in efficiency.
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The island model did not bring any algorithmic improvement, probably because
of the relative simplicity of the objective function landscape. The test case on the
BI-NACA0012 geometry reconstruction was brought by the author and has con-
tributed to the comparisons of different results using Nash game strategy. The
paper was jointly written by J. Leskinen and the author.



2 MESH/MESHLESS METHODS FOR SOLVING 2D

EULER EQUATIONS

Meshless methods are different from traditional mesh methods, requiring only
clouds of points distributed in the computational domain. In this chapter, a new
fast meshless method is described and implemented for the solution of 2D Euler
equations, with new artificial dissipation parameters introduced in the discretiza-
tion of second and fourth order derivatives. Additionally, an explicit five-stage
Runge–Kutta scheme is utilized to reach a steady state solution. A local time-
stepping approach and a residual averaging method are implemented to accel-
erate the density residual convergence. A numerical example for two staggered
NACA0012 airfoils using the above fast meshless method coupled with Artificial
Dissipation (AD) is shown in Section 2.5.

2.1 Governing equations

The Euler equations represent the conservation principle for mass, momentum
and energy of inviscid fluids. In a 2D Cartesian coordinate system, the Euler
equations are expressed in the following form

∂W

∂t
+

∂E

∂x
+

∂F

∂y
= 0 (1)

where t is the time and (x, y) are the Cartesian coordinates. The vectors of con-
servative variables W, inviscid fluxes E and F have the following components,

W =

⎡⎢⎢⎣
ρ

ρu
ρv
e

⎤⎥⎥⎦ E =

⎡⎢⎢⎣
ρu

ρu2 + p
ρuv

(e + p)u

⎤⎥⎥⎦ F =

⎡⎢⎢⎣
ρv

ρuv
ρv2 + p
(e + p)v

⎤⎥⎥⎦ (2)

where ρ is the fluid density, u is the x-velocity component, v is the y-velocity
component, p is the pressure, and e is the total energy per unit volume. For an
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ideal gas, e can be written as

e =
p

γ − 1
+

1
2

ρ
(

u2 + v2
)

(3)

where γ is the ratio of specific heat. Additionally, the equation of state is given
by

p = ρR̄T (4)

where T is the static temperature and R̄ the ideal gas constant.
In the process of numerical calculation, we often use the non-dimensional

parameters for simplicity. A different non-dimensional system may alter the
equations appearance, but the underlying physical nature is not changed. The
non-dimension system is described as follows

(x�, y�, t�) =
(

x
l

,
y
l

,
t
l
C0

)
(5a)

(p�, ρ�, E�) =

(
p

p∞
,

ρ

ρ∞
,

E
C2

0

)
(5b)

(u�, v�) =
(

u
C0

,
v

C0

)
(5c)

where C0 =
√

p∞/ρ∞. Parameters with asterisk superscript denote the non-
dimensional parameters, parameters with subscript ∞ mean the free stream and l
denotes the reference length. Let α be the angle of attack, and the non-dimensional
free stream physical quantities are

(p�∞, ρ�∞, E�
∞) =

(
1, 1,

1
γ − 1

+
1
2

M2
∞γ

)
(6a)

(u�
∞, v�∞) = (

√
γM∞ cos α,

√
γM∞ sin α) (6b)

The Euler equations derived by (6) with non-dimensional parameters and dimen-
sional parameters are in the same form. For convenience in writing, we do not
use the asterisk superscript for non-dimensional parameters.

2.2 Spatial discretization

Meshless method is relatively new for the compressible flow applications com-
pared to the traditional mesh methods including the finite difference, finite ele-
ment and finite volume methods. In this section, basic theory of the WLS mesh-
less methods is first described, then the spatial discretization procedure of Euler
equations is presented.

2.2.1 Basic theory of the WLS meshless methods

The essential idea of meshless methods is to introduce a number of scattered
points Pi(i = 1, 2, 3, . . . , N) to a domain Ω. It is not necessary to consider the
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connectivity between the points. Figure 1 gives an example of the domain dis-
cretization using meshless points. For each point, several points around it are
chosen to form a cloud of points [3, 49, 6, 7, 40]. Figure 2 shows a cloud of points
Ci, in which the point i is named the center and the other points are called the
satellites (Pij is the midpoint between i and j).

 

FIGURE 1 Meshless points distribution in domain Ω.
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FIGURE 2 A typical meshless cloud of points.

The coordinate difference between the satellite j and the center i can be ex-
pressed as

hi
j = xj − xi, li

j = yj − yi (7)

For simplicity, we use hj and lj to denote hi
j and li

j, respectively. The vector

�ri
j = (hj, lj)
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starts from i to j, its length is

ri
j =
√

h2
j + l2

j (8)

and we define the reference radius of the cloud as

Ri = min
(

ri
1, ri

2, . . . , ri
j, . . . , ri

Mi

)
(9)

where Mi is the total number of the satellites in the cloud.
The least-squares method is an approach adopted within the framework of

meshless methods in the present study to approximate the spatial derivatives of
a function and its basic idea is described as follows [6, 7, 40]. Considering any
sufficiently differentiable function f (x, y) in a given small domain Ωi, the Taylor
series about a point Pi(xi, yi) can be expressed in the following form

f = fi + a1h + a2l +
1
2

a3h2 +
1
2

a4l2 + a5hl + O(h3, l3) (10)

where f = f (x, y) and fi = f (xi, yi) are the function values, h = x − xi and
l = y − yi are the coordinate differences between the points. The coefficients
ak(k = 1, 2, 3, 4, 5) represent the partial derivatives of the function at Pi(xi, yi)

a1 =
∂ f
∂x

∣∣∣∣
i
, a2 =

∂ f
∂y

∣∣∣∣
i
, a3 =

∂2 f
∂x2

∣∣∣∣
i
, a4 =

∂2 f
∂y2

∣∣∣∣
i
, a5 =

∂2 f
∂x∂y

∣∣∣∣
i

(11)

Keeping the terms until second order, we obtain the approximate function value
at point Pj(xj, yj)

f̃ j = fi + a1hj + a2lj + a3
h2

j

2
+ a4

l2
j

2
+ a5hjlj (12)

As the partial derivatives in Euler equations are of first order, the terms in the
formula (10) being kept to first order is usually reasonable. Consequently, the
approximate value is

f̃ j = fi + a1hj + a2lj (13)

and the error between the exact and approximate values is

ej = f j − f̃ j = f j −
(

fi + a1hj + a2lj
)

(14)

A weight function is introduced here to construct ej considering the effect of dif-
ferent distance between the satellite j and the center i based on Eq. (8) and Eq. (9)
as

ωi
j =

ri
j

Ri
(15)

Then for cloud Ci, the total error can be estimated by the following expression

Φ =
1
2

Mi

∑
j=1

(
ωi

jej

)2
(16)
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In order to minimize the error Φ, its derivatives about a1 and a2 are set to zero

∂Φ
∂a1

=
∂Φ
∂a2

= 0 (17)

and we gain a set of linear equations

Ax = b (18)

where

A =

⎡⎣ ∑ ωi
j
2h2

j ∑ ωi
j
2hjlj

∑ ωi
j
2hjlj ∑ ωi

j
2l2

j

⎤⎦ (19)

x =

[
a1
a2

]
b =

⎡⎣ ∑ ωi
j
2hj( f j − fi)

∑ ωi
j
2lj( f j − fi)

⎤⎦ (20)

If the matrix A is not singular, this system of equations can be solved by the
following simple strategy

x = A−1b (21)

The solutions can be written into linear combinations of the function values at
different points

a1 =
∂ f
∂x

∣∣∣∣
i
=

Mi

∑
j=1

αj( f j − fi), a2 =
∂ f
∂y

∣∣∣∣
i
=

Mi

∑
j=1

β j( f j − fi) (22)

where αj and β j are computed from (21). By removing the dependence of the
point i itself in the derivative approximation to satisfy,

∂ f
∂x

∣∣∣∣
i
=

Mi

∑
j=1

α̂j f j,
∂ f
∂y

∣∣∣∣
i
=

Mi

∑
j=1

β̂ j f j (23)

where α̂j = αj + ω̂jαi and β̂ j = β j + ω̂jβi.
They can also be estimated using the following formulae

a1 =
Mi

∑
j=1

αij( fij − fi) =
Mi

∑
j=1

α̂ij fij (24a)

a2 =
Mi

∑
j=1

βij( fij − fi) =
Mi

∑
j=1

β̂ij fij (24b)

where α̂ij = αij + ω̂ijαi and β̂ij = βij + ω̂ijβi, the subscript ij denotes the midpoint
Pij between i and j, and fij is estimated at the midpoint [6, 7, 8, 45].
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2.2.2 Discretization of Euler equations

The formulae from (18) to (24) provide a way to compute the spatial derivatives
within a cloud of points using the WLS meshless method. The Euler equations
are required to be satisfied for every cloud of points in the domain. For any cloud
Ci, (1) can be written as

∂W

∂t

∣∣∣∣
i
+

(
∂E

∂x
+

∂F

∂y

)
i
= 0 (25)

For the inviscid fluxes, let

Qi =

(
∂E

∂x
+

∂F

∂y

)
i

(26)

Substituting (24) into (26)

Qi =
Mi

∑
j=1

α̂ijEij +
Mi

∑
j=1

β̂ijFij (27)

In order to prevent odd-even decoupling of the solution and oscillations near
shock waves, additional artificial dissipation terms Di are required for the present
work. The governing equation can be written as follows

∂Wi

∂t
= − (Qi − Di) (28)

The artificial dissipation Di is a blend of second and fourth-order differences

Di =
Mi

∑
j=1

[
ε
(2)
ij
(
Wj − Wi

)− ε
(4)
ij

(
∇2Wj −∇2Wi

)]
(29)

where

∇2Wi =
Mi

∑
j=1

Wj − MiWi (30)

A pressure-based sensor is used to switch off the fourth-order differences at shocks
and the second-order differences in smooth portions of the flow field. In (29), the
coefficients ε

(2)
ij and ε

(4)
ij are defined as

ε
(2)
ij = K(2)λij max

(
μi, μj
)

(31a)

ε
(4)
ij = λij max

[
0, K(4) − ε

(2)
ij

]
(31b)

with the pressure-based sensor μ and λij given by

μi =

∣∣∇2pi
∣∣

Mi

∑
j=1

(
pi + pj

) (32a)

λij =
∣∣∣α̂iju + β̂ijv

∣∣∣+ c
√

α̂2
ij + β̂2

ij (32b)

where u, v and c are the local velocities and speed of sound, and K(2) and K(4) are
parameters taken as 1/2 and 1/64, respectively.
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2.3 Temporal discretization

In the present work, Euler equations are treated by the method-of-line, which
separates the spatial and temporal discretization. The semi-discrete form of the
governing equations in cloud Ci is written as follows

dW

dt

∣∣∣∣
i
= Ri (33)

where Ri is the residual value. An explicit scheme is used for the time discretiza-
tion on (33) yielding

Wn+1
i − Wn

i
Δt

= Ri (34)

The superscripts n and (n + 1) denote the time levels. Here Wn refers to the
flow solution at the present time t, and Wn+1 represents the solution at the time
(t + Δt). An explicit five-stage Runge–Kutta time integration scheme is used,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W
(0)
i = Wn

i

W
(1)
i = W

(0)
i + α1ΔtiR

(0)
i

W
(2)
i = W

(1)
i + α2ΔtiR

(1)
i

W
(3)
i = W

(2)
i + α3ΔtiR

(2)
i

W
(4)
i = W

(3)
i + α4ΔtiR

(3)
i

W
(5)
i = W

(4)
i + α5ΔtiR

(4)
i

Wn+1
i = W

(5)
i

(35)

where αk, k = (1, 2, 3, 4, 5) represents the stage coefficients,

α1 =
1
4

, α2 =
1
6

, α3 =
3
8

, α4 =
1
2

, α5 = 1 (36)

2.4 Acceleration techniques

The main disadvantage of the explicit Runge–Kutta time integration scheme in
the previous section is that the maximum permissible time step is limited by the
Courant–Friedrichs–Lewy (CFL) stability condition [5]. To relax this restriction
and accelerate the convergence, a local time-stepping approach and an implicit
residual averaging method are employed in this study.

The local time step Δti of discrete point is given by the following equa-
tion [5]

Δti =
σ

Mi

∑
j=1

∣∣∣α̂iju + β̂ijv
∣∣∣+ c
√

α̂2
ij + β̂2

ij

(37)

where σ denotes the CFL number.
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In the time marching equation, let Ri represent the residual at point i. In the
meshless method, a new residual can be given by [5]

R′
i =

Ri + ε
Mi

∑
j=1

R′
j

1 + εMi
(38)

where ε = [0.2, 0.5]. It can be accomplished by performing two Jacobi iterations.
The above techniques increase the CFL number up to 5 in the present work.

2.5 Numerical Results

For validating the fast meshless method coupled with AD, one test case of two
staggered NACA0012 airfoils operating at flow conditions as Mach number 0.8
and angle of attack 1.25◦, is simulated using the fast meshless method coupled
with AD, the finite volume method (FVM) described in [24] and the meshless
method in [40]. The following results can be found in Paper [IV]. It is noted that
all numerical simulations in Paper [IV] were performed on a computer named
TELECASTER and equipped with Intel(R) Core(TM) 2 Quad CPU Q9650 @ 2.00GHz
2.99 GHz with 3.00 GB of RAM.

Figure 3 provides both a global view and a close-up view of clouds of points
distributed on two staggered NACA0012 airfoils. Figure 4 shows both the global
view and the close-up of the mesh distributed on the same airfoils. For the mesh-
less method, a total of 9064 clouds of points were used in the global domain,
whereas 17408 mesh elements were used for the mesh method. Figure 5 shows
the comparison of surface pressure coefficients for this test case using the fast
meshless method coupled with AD, the FVM and the meshless method in [40].

TABLE 1 Comparison of convergence history on two staggered NACA0012 airfoils in
terms of the CPU time cost.

Methods CPU (mins)
Meshless method - AD 1.24
Mesh method - Jameson 1981 3.10
Meshless method - Ma 2006 14.93

Figure 6 shows the comparison of convergence history for the number of
iterations using the fast meshless method coupled with AD, the FVM and the
meshless method in [40]. The fast meshless method coupled with AD in this test
case saves up to 92% of the iteration cost while the FVM saves 78% compared
to the meshless method in [40]. The comparison of convergence history on two
staggered NACA0012 airfoils in terms of the CPU time cost is listed in Table 1:
the fast meshless method coupled with AD takes 1.24 minutes; the FVM takes
3.10 minutes, which is more than 2 times slower compared to the fast meshless
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FIGURE 3 Global and close-up views of clouds of points for two staggered NACA0012
airfoils.

method coupled with AD; and the meshless method in [40] takes 14.93 minutes,
which is more than 10 times slower compared to the fast meshless method cou-
pled with AD.

Other numerical test cases presented in Paper [PIV] show that, by using
the proposed fast meshless method coupled with AD, a rapid convergence to a
steady state can be obtained with the fully explicit five-stage Runge–Kutta time
integration scheme. This new fast meshless Euler solver presented in this chapter
is used intensively to solve optimization CFD problems in Papers [PV] and [PVI].

FIGURE 4 Global and close-up views of the unstructured mesh for two staggered
NACA0012 airfoils.
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FIGURE 5 Comparison of surface pressure coefficients on two staggered NACA0012
airfoils.

FIGURE 6 Comparison of convergence history on two staggered NACA0012 airfoils in
terms of the number of iterations.



3 GENETIC ALGORITHMS AND GAME

STRATEGIES FOR DESIGN OPTIMIZATION

In this chapter, Genetic Algorithms (GAs) and game strategies are introduced and
discussed as optimizers for CFD design optimization problems. Evolutionary Al-
gorithms (EAs) for design optimization have been developed since the late 1960s
and have been under intensive research due to their ability to capture global op-
tima. Compared to most of the deterministic methods, EAs do not require gra-
dient information, can work with non-differentiable objective functions and are
noise tolerant. Disadvantages of EAs are mainly related to the large number of
function evaluations needed. Many approaches have been proposed in order to
improve the accuracy and high computational cost of the methods. In the follow-
ing sections, the methods used in this study are reviewed and their computational
implementation detailed.

3.1 Evolutionary algorithms

Many global optimization methods have been developed during past decades.
The most popular evolution-based algorithms are undoubtedly EAs, merging
into one name with several different schools, including GAs, Evolution Strategies
(ESs) [61], Differential Evolution (DE) [66] and Genetic Programming (GP) [26].
EAs are population-based metaheuristic optimization algorithms. EAs work ac-
cording to the so-called "survival of the fittest" Darwinian principle inspired by
biological evolution. The main mechanisms of EAs include reproduction, mu-
tation, recombination, and selection. Candidate solutions to an optimization
problem are individuals of a population, with a minimized or maximized fitness
function evolving in a search space – environment. Evolution of the population
takes place over several generations. The most common form of EAs is GAs,
which were first proposed by J. Holland [19]. GAs are traditionally represented
on binary-coded chromosomes or strings. These chromosomes are modified by
operators (crossover, mutation, selection) in order to search better solutions. Bet-
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ter individuals with the selection – crossover – mutation procedure are created
until a stopping criterion ends the optimization search.

In order to show how GAs operate in the computer, let us consider the fol-
lowing single-objective test function:

f (x) =
Ndim

∑
i=1

x2
i , xi ∈ [−5.0, 5.0] (39)

which has only one global minimum, xi = 0, i = 1, . . . , Ndim . Ndim is the total
number of variables. In the following case, Ndim is chosen as 2.

The validity of GAs is tested using (39) with two variables. Parameter val-
ues in the GA are chosen as follows: 100 as the size of population, 0.9 as the
probability of crossover and 0.01 as the probability of mutation.

The elite values are shown in Figure 7. The algorithm is able to converge
into f = 0.36 × 10−08 successfully in only 32 generations.

FIGURE 7 Convergence history of GAs f = 0.0, (x1, x2) = (0.0, 0.0).

3.2 Multi-objective EAs and Game theory

Game theory was founded and established by mathematician J. von Neumann [69].
Most of his research on games was based on the zero-sum of the players, which
is a mathematical representation of a situation in which a player’s gain (or loss)
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of utility is exactly balanced by the losses (or gains) of the utility of the other
player(s). In the early 1950s, J. Nash [47] developed another game (Nash equilib-
rium) with the concept of "non-zero-sum", in which the sum of gains and losses
by players are sometimes more or less than what they began with. Since then,
game models have been broadened theoretically and applied to economics, pol-
itics, biology and other social and behavioral sciences. A frequent domain of
applications of different games can be found in multi-objective design optimiza-
tion.

In CFD design problems in particular, a multi-objective optimization prob-
lem (N ≥ 2) can be formulated mathematically as follows:

min
x∈S

F(x) = ( f1(x), . . . , fN(x))

subject to gj(x) = 0
hk(x) ≤ 0

(40)

where j = 1, . . . , M, k = 1, . . . , P, fi are objective functions, gj and hk are equality
and inequality constraints.

Solving a multi-objective problem by combination of weighted objectives
has several drawbacks, such as a loss of information and a priori definition a
priori of the weights associated to each objective. J. D. Schaffer [63] in 1985 was
the first to propose the GAs approach for multiple objectives through a Vector
Evaluated Genetic Algorithm (VEGA). Then D. E. Goldberg [17] proposed another
solution with the Pareto ranking and sharing in order to distribute the solutions
over the entire Pareto front (ensuring diversity) in 1989.

In the following, Section 3.2.1 presents a Pareto based multi-objective algo-
rithm inspired by Non Dominated Sorting genetic Algorithm (NSGA) introduced by
K. Deb [65, 13, 12]. Section 3.2.2 is focused on a non-cooperative multi-objective
algorithm which is based on Nash equilibrium. In Section 3.2.3, the coupling of
Nash game with GAs is described on two mathematical functions and hybridized
Pareto-Nash Games are introduced in Section 3.2.4

3.2.1 Pareto Optimality

Pareto Optimality (named after V. Pareto [52]) is a concept in economics with ap-
plications to engineering. In a Pareto based efficient economic allocation, no one
can be made better off without making at least one individual worse off. This
cooperative approach was proposed by D. E. Goldberg [17] to distribute multiple
objective solutions over the entire Pareto front. Then cooperative Pareto game
coupled with EAs gave rise to standard algorithms for multi-objective optimiza-
tion ([20, 65, 13]).

Figure 8 shows the Pareto optimality concept for a two-objective problem
with cooperation of players. A candidate solution is Pareto optimal if there is no
other outcome that makes every player at least as well off and at least one player
strictly better off.
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FIGURE 8 Pareto optimality.

3.2.2 Nash equilibrium

In the early 1950s, J. Nash [47] proved mathematically that finite games always
have an equilibrium point at which all players choose actions which are best for
them given their opponents’ choices. This key concept of non-cooperative game
theory has been a focal point of analysis since then.

The Nash equilibrium definition is a fundamental concept in the theory of
games involving two or more players in which each player is assumed to know
the equilibrium strategies of other players and no player has anything to gain by
changing his(her) own strategy unilaterally. For instance, consider two players, 1
and 2, with their own set of variables, x and y. Let S1 and S2 are the set of rational
strategies for each player. A strategy pair (x�, y�) is defined as Nash equilibrium
in S1 × S2 if and only if:

⎧⎨⎩ f1(x�, y�) = inf
x∈S1

f1(x, y�)

f2(x�, y�) = inf
x∈S2

f2(x�, y)
(41)

Figure 9 is a flow chart of Nash GAs. Let S1 and S2 be the string representing
the potential solution for a two-objective optimization, where x responds to the
first criterion and y responds to the second one. Player 1 optimizes x while y� is
fixed by Player 2; Player 2 optimizes y while x� is fixed by Player 1 in parallel.
Each player has his(her) own GA with population. Nash equilibrium is reached
when neither player can do better by unilaterally changing his(her) criterion.



34

FIGURE 9 Nash GAs flow chart.
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3.2.3 Merging Nash equilibrium and GAs

Here a non-cooperative multi-objective algorithm which is based on Nash equi-
libria is presented. In order to demonstrate the Nash approach, let us consider
a Nash equilibrium for a minimization problem of two mathematical functions.
There is a game played by two players, A and B, with the following objective
functions: {

fA(x1, x2) = (x1 − 1)2 + (x1 − x2)
2

fB(x1, x2) = (x2 − 3)2 + (x1 − x2)
2 (42)

A way to find a Nash equilibrium of the minimization problem above ana-
lytically is to use the notion of rational reaction sets. Let DA be the rational reaction
set of Player A and DB the rational reaction set of Player B:

DA(x̄1, x2) ∈ S̄A × S̄B such as fA(x̄1, x2) ≤ fA(x1, x2)
DB(x1, x̄2) ∈ S̄A × S̄B such as fB(x1, x̄2) ≤ fB(x1, x2)

(43)

It is easy to see that the rational reaction sets are the sets of the best solutions a
player can achieve for different strategies of its opponent(s). The Nash equilib-
rium is the intersection of the two rational reaction sets DA and DB:⎧⎨⎩ DA =

{
x1

∣∣∣ ∂ fA(x1,x2)
∂x1

= 0
}

DB =
{

x2

∣∣∣ ∂ fB(x1,x2)
∂x2

= 0
} (44)

FIGURE 10 Convergence history of Nash algorithms into the Nash equilibrium
( fA, fB) = (0.88, 0.88), (x1, x2) = (1.66, 2.33).
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If we apply (44) to the mathematical example given above as (42), the intersection
of the two rational reaction sets can be computed:{

∂ fA(x1,x2)
∂x1

= 0 ⇔ 2(x1 − 1) + 2(x1 − x2) = 0 ⇔ x2 = 2x1 − 1
∂ fB(x1,x2)

∂x2
= 0 ⇔ 2(x2 − 3)− 2(x1 − x2) = 0 ⇔ x2 = x1+3

2

(45)

Solving (45) yields the results x1 = 5
3 and x2 = 7

3 . Thus, the Nash equilibrium
is the point (x1, x2) = (5

3 , 7
3) ≈ (1.66, 2.33). The corresponding values of the two

objective functions are ( fA, fB) = (8
9 , 8

9) ≈ (0.88, 0.88).
The validity of the Nash approach is tested using GAs with a population

size of NP = 30 for each Nash player. Both the elite values and the function
values during the evolutionary process are listed in Figure 10. The algorithm
converges into the Nash equilibrium ( fA, fB) = (0.88, 0.88), (x1, x2) = (1.66, 2.33)
successfully within 20 generations.

The idea of Nash games can be applied to optimization. A multi-objective
optimization problem can be solved as a Nash game where the different criteria
are optimized by different players. For example, position reconstructions of BI-
NACA0012 played by Nash GAs in Papers [PIII] and [PV] showed the advantage
of using two Nash players to reach the targeted positions much faster than in the
case of single GAs. Also, shape optimization involving minimization of drag and
maximization of lift in aerodynamics can result in an adequate compromise at the
Nash equilibrium if it is located close to the Pareto front, thus avoiding the time
consuming Pareto search. Likewise, hybridizing Pareto games with competitive
games can provide substantial speed-ups because the algorithm can be seeded
with good solutions from the Nash game [28].

3.2.4 Hybridized Pareto-Nash Games

The hybridized Pareto-Nash games introduced in [27] can be interpreted as a
game coalition between a cooperative Pareto game and a competitive Nash game
solving simultaneously the same multi-objective optimization problem, captur-
ing simultaneously and efficiently the Nash equilibrium and the set of Pareto
non-dominated solutions. Figure 11 shows the hybridized Pareto-Nash games
structure with three Nash players and Nash sub-players, with arrows indicat-
ing exchanges of information between Nash players and from Nash players to
the Pareto player. Each Nash player has two hierarchical sub-players with their
own optimization strategy. The elite design information (best chromosome) from
Nash players are transferred to a Pareto player (in the computer to the Pareto
tournament buffer) at every generation. From this coalition, an important speed
up of the Pareto optimizer to capture a non-dominated solution is obtained by
maintaining diversity through elite information from Nash games. Figure 12
shows a flow chart of hybridized Pareto-Nash games.

In order to illustrate the efficiency of the hybridized Pareto-Nash games, let
us consider the following two-objective test case ZDT4 proposed by Zitzler-Deb-
Thiele [11]. ZDT4 is a multi-modal problem with two objective mathematical
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FIGURE 11 Hybridized Pareto-Nash games topology.

functions, and the multiple local Pareto front causes difficulties for many algo-
rithms to converge to the true Pareto optimal front. The test case is analytically
defined as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩

f1(x1) = x1
f2(g, h) = gh
g(xi) = 1 + 10(n − 1) + ∑N

i=1
(
x2

i − 10 cos (4πxi)
)

h( f1, g) = 1 −
√

f1
g

(46)

where N = 10, x1 ∈ [0, 1.0] and x2−n ∈ [−5.0, 5.0].
Using the hybridized Pareto-Nash game approach in 46, Nash player 1 and

Nash player 2 only optimize x1 and x2−n by using their own strategy and objec-
tives while the Pareto player considers cooperatively both x1 and x2−n to compute
fitness functions f1 and f2.

Nash-equilibrium and Pareto optimal front obtained by the hybridized Pa-
reto-Nash game coalition are compared to the Non-Dominated Sorting genetic Algo-
rithm II (NSGAII Pareto software) by K. Deb [13] in Figures 13, 14, 15 with differ-
ent number of generations stopping criteria 100, 150 and 200 respectively. It can
be observed that the Pareto non-dominated solutions indicate a better global solu-
tion curve for the hybridized Pareto-Nash game approach than the NSGAII with
the same population size of 100. In particular, the hybridized Pareto-Nash game
approach shows a significantly better performance than the NSGAII at lower
number of generations, but as the number of generations grows, the difference
reduces to the Pareto optimal front.

Similar speed-ups obtained by a game coalition with numerical experiments
on mathematical test cases ZDT1 (convex Pareto optimal front), ZDT2 (non-convex
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FIGURE 12 Hybridized Pareto-Nash games flow chart.
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FIGURE 13 Convergence history of the ZDT4 with 100 generations.

FIGURE 14 Convergence history of the ZDT4 with 150 generations.

Pareto optimal front), ZDT3 (non-continuous Pareto optimal front), ZDT6 (con-
uniformly distributed Pareto front) defined in K. Deb [11] confirm the efficiency
of this hybridized Pareto-Nash game. More recently, morphing wing design us-
ing the above methodology has demonstrated the potential of games coalitions
in real life application [29]. For more details about performances and real ap-
plications of hybridized game with GAs in multi-objective and multidisciplinary
design optimization problems in aeronautics, the reader can consult [55, 56].
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FIGURE 15 Convergence history of the ZDT4 with 200 generations.

3.3 Hierarchical Genetic Algorithms

HGAs [64], or in general, Hierarchical EAs (HEAs) are a special class of the
island-model GAs [46]. They use a hierarchical topology for the layout of sub-
populations. The concept of hierarchical topology is based on multi-population
dealing with multi-residual of accuracy or multi-resolution of the computational
points. The topology used in this research is illustrated in Figure 16 with seven
sub-populations (each node stands for one sub-population). The benefits of using
HGAs are a faster convergence towards a global solution and a fast search of a set
of good quality solutions when compared to GAs considering only a fine mesh
or a lower residual. In addition, the genetic operators parameters can be changed
between different layers. In the coarse bottom layer, the objective function evalu-
ation can be cheaper, allowing an explorative algorithm; on the accurate top level,
the algorithm can exploit high-quality solutions.

The HGAs studied in this research use a three-layer hierarchical topology
with seven sub-populations. The top layer has a single population with two
child populations in the intermediate layer, which in turn have two child pop-
ulations on the bottom layer resulting in a total of seven populations, as shown
in Figure 16. The basic idea is that the top layer receives best solutions or ge-
netic material from the intermediate layer and re-evaluates them by using high
fidelity models; the intermediate layer receives random solutions from the top
layer and best from the bottom layer and re-evaluates them using intermediate
fidelity models; the bottom layer receives random solutions from the interme-
diate layer and re-evaluates them using low fidelity models. Therefore, HGAs
allow the flexibility of using different mutation parameters for exploration or ex-
ploitation of the search space. In the following, the population at the bottom
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FIGURE 16 Hierarchical topology introduced by M. Sefrioui [64].

layer runs the exploration with a large mutation span while the population at the
top layer runs the exploitation with a small mutation span which accelerate the
optimization process.

As an example, HGAs with different levels of discretization are applied to
one position reconstruction problem for an oscillating single NACA0012 airfoil
in pitch at its quarter chord. The objective function is similar to the one defined
in Section 5.1.2 but for one single airfoil. The targeted design parameter is the
angle of attack with the value of 0.0◦. The top layer uses 40 points, the interme-
diate layer 20 points and the bottom layer 10 points on NACA0012 airfoil. Each
layer is run by the FVM Euler solver based on the Delaunay graph mapping strat-
egy to move mesh elements in the computational domain. Figure 17 shows the
comparisons of the convergence history for a single GA and HGAs in each sub-
population. After 4050 function evaluations, HGAs find the angle of attack at
−0.00242034◦, reaching the stopping criterion at 9.21802 × 10−08; while GAs take
13300 function evaluations to find the angle of attack at 0.0109391◦, reaching the
stopping criterion at 7.31399× 10−07. In order to show the performance of HGAs,
Figure 18 zooms on comparisons of convergence history for HGAs in each sub-
population. In terms of CPU time, the cost to solve this test case with HGAs is
98.5 minutes while GAs takes 189.3 minutes on a computer named TELECASTER
which is equipped with Intel(R) Core(TM) 2 Quad CPU Q9650 @ 2.00GHz 2.99
GHz with 3.00 GB of RAM.

In order to take full benefit of the hierarchical topology in optimization
problems, each layer uses simultaneously a different flow model and a differ-
ent level of discretization. In Section 5.2, HGAs are implemented using different
flow models for a real life application devoted to the drag reduction achieved by
a shape and position optimized shock control bump installed on an RAE5243 air-
foil. The top layer uses an accurate fast meshless or mesh Euler solver with fine
clouds of points or mesh elements respectively. The intermediate layer uses a hy-
bridized mesh/meshless Euler solver with intermediate mesh elements/clouds
of points. The bottom layer uses the FVM Euler solver with a coarse mesh in
order to explore efficiently the search space with a large mutation span. More
detailed studies can be found in Paper [PVI].
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FIGURE 17 Convergence history for one oscillating NACA0012 airfoil position recon-
struction using HGAs and GA.

FIGURE 18 Convergence history for one oscillating NACA0012 airfoil position recon-
struction using HGAs.



4 MOVING CLOUD TECHNIQUES

Optimization procedures require a technique for updating the distribution of
clouds of points in order to maintain cloud quality within the framework of mesh-
less methods. In aeronautical applications, examples of such situations abound
in the simulation and optimization of high lift configurations, flow control de-
vices, deflection of control surfaces, fuel tank separation, weapon release and
many others. Various methodologies have been proposed for the movement of
mesh elements/clouds of points, being either regenerated or dynamically up-
dated. Moving the mesh elements/clouds of points is the most commonly used
technique because the generation of a new mesh/meshless discretized domain
is computationally expensive. The concept of the mesh/meshless updating has
been adopted by many investigators. This is due to its flexibility in easily adopt-
ing different ways of modeling a fictitious elastic body, the so-called spring anal-
ogy scheme [14, 70]. It is also due to its computational efficiency compared to the
mesh/meshless regeneration procedure.

As mentioned above, a popular technique, known as the spring analogy
scheme, is based on a network of linear springs which solve static equilibrium
equations for this network to determine new locations of points. However, ex-
isting spring analogy formulations have difficulties maintaining the clouds of
points’ quality for large deformation cases [71]. In this study, a novel dynamic
cloud technique is proposed to move clouds of points according to new shapes or
positions of aerodynamic geometries. It is capable of deforming clouds of points
using the Delaunay graph mapping with ease and efficiency and guarantees the
cloud quality. In Section 4.1, the dynamic cloud technique and its applications
to rigid moving boundary problems are introduced and discussed. Moreover,
Section 4.2 presents an algebraic adaptive meshless scheme, which locally adapts
clouds of points in the computational domain, according to gradients of flow
variables, iteratively during simulation or optimization procedures.
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FIGURE 19 Global and close-up views of a Delaunay graph in the case of a single
RAE5243 airfoil.

4.1 The dynamic cloud technique and its applications

A fast dynamic cloud technique is introduced to ensure that clouds of points can
follow in an automated way the shape modifications during simulation or/and
optimization procedures. This dynamic cloud technique based on the Delaunay
graph mapping strategy [36] makes use of algebraic mapping principles which
allow clouds of points being accurately redistributed in the flow field without
any iteration. This has been adopted for the meshless methods in unsteady sim-
ulations in Paper [PI] and for design optimization problems in Papers [PII, PIII,
PV, PVI].

4.1.1 Dynamic cloud technique: the Delaunay graph mapping strategy

As shown in Figure 19, a Delaunay triangulation graph of the computational field
is set up with given points located on the boundaries of an RAE5243 airfoil.
Since the graph covers the whole computational domain, any points within it
must belong to one of the triangles in the graph. The triangulation contains every
point P with coordinates (x, y) in the computational domain. If P lies inside an
element T with vertices notated as E1, E2, E3, the coordinates of point P can be
expressed with the aid of barycentric coordinates (a1, a2, a3){

x = a1x1 + a2x2 + a3x3
y = a1y1 + a2y2 + a3y3

(47)

Here (xi, yi) are the Cartesian coordinates of vertex Ei. If S is the area of T and
Si, i = 1, 2, 3 are the areas of sub-triangles shown in Figure 20, then ai =

Si
S , i =

1, 2, 3.
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FIGURE 20 Relation of coefficients with the nodal points.

When the airfoil moves, all the background points are adjusted according to
the movement of the boundary points. The vertex coordinates of the previously
considered triangle become (x′i, y′i), i = 1, 2, 3, and the new coordinates of the
point P can be noted as {

x′ = a1x′1 + a2x′2 + a3x′3
y′ = a1y′1 + a2y′2 + a3y′3

(48)

Figure 21 illustrates the moved clouds of points for a 30◦ airfoil pitch, using the
spring analogy scheme described in [14] while Figure 22 shows the points dis-
placements obtained with the Delaunay graph mapping strategy. It is apparent
that, compared to the spring analogy scheme, better results are achieved by the
Delaunay graph mapping strategy in ensuring that clouds of points are following
the movements of the body boundaries without iterations [36] in the computa-
tional domain.

4.1.2 Application to moving boundary problems

The following results are based on Paper [PI]. A standard test case of an oscillat-
ing NACA64A010 airfoil is considered. The dynamic cloud technique based on
the Delaunay graph mapping strategy has been used to simulate rigid moving
boundary problems within the framework of meshless methods. Spatial deriva-
tives are directly approximated by using the WLS meshless method in each cloud
of points. An upwind flux difference splitting scheme using Roe’s approximate
Riemann solver is used for the estimation of the inviscid flux. A dual time-
stepping approach using an explicit four-stage Runge–Kutta scheme is used to
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FIGURE 21 Moved clouds of points for a 30◦ airfoil pitch using the spring analogy
scheme.

FIGURE 22 Moved clouds of points for a 30◦ airfoil pitch using the Delaunay graph
mapping strategy.

advance the flow equations in time. The computational results are compared
with the AGARD experimental data [10] and available referenced results in [70].
In this test case, the NACA64A010 airfoil oscillates in pitch about its quarter
chord and the instantaneous angle of attack α(t) is given by

α (t) = αm + α0 cos (ωt) (49)
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Here αm is the mean angle of attack, α0 is the magnitude of the pitching oscillation
and k is the angular frequency related to the reduced frequency by the relation-
ship k = ωc

2U∞
while c is the airfoil chord length, and U∞ is the free stream velocity.

The test case is simulated with the following flow conditions:

Ma = 0.796, αm = 0.0◦, α0 = 1.01◦, k = 0.202.

The computational domain is discretized for a single NACA64A010 airfoil
with a total of 200 points on the airfoil and 4006 clouds of points in the flow field.
Figure 23 shows both the global and the close-up views of the computational
domain for the single NACA64A010 airfoil.

FIGURE 23 Global and close-up views of the computational domain around a single
NACA64A010 airfoil.

Prior to performing the unsteady simulation, a steady flow solution is first
made using the WLS meshless method with the Roe’s Riemann solver for the sin-
gle NACA64A010 airfoil based on the specified flow conditions as Ma = 0.796,
αm = 0.0◦. The simulation of the unsteady flow field is then initiated from the
converged steady solution. The initial steady simulation is shown in Figure 24.

The lift coefficient and the moment coefficient versus time during the oscil-
latory motion are presented in Figure 25 using dynamic could technique based
on the Delaunay graph mapping strategy. It is clearly that the solution becomes
periodic after roughly one oscillation.

Then Fourier analysis is implemented to decompose the time variation of
the surface pressure coefficient into different modes. The real and imaginary com-
ponents of the first mode are displayed in Figure 26. The good agreement with the
AGARD experimental data [10] and available referenced results [70] demonstrate
both the validity and practicality of the present method. More detail comparison
and test case applications can be found in Paper [PI].
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FIGURE 24 Initial flow field for simulation the prescribed oscillation of a single
NACA64A010 airfoil.

FIGURE 25 Comparison of variation of lift and moment coefficients with time for pre-
scribed oscillation of a single NACA64A010 airfoil.

FIGURE 26 Comparisons of the first Fourier mode component of surface pressure co-
efficients with the AGARD experimental data and available referenced re-
sults for an oscillating NACA64A010 airfoil.
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4.2 An adaptive meshless method and its applications

Based on the success of developing an efficient dynamic cloud technique which
maintains the primary clouds of points qualities with rigid moving boundary
problems, it is expected to obtain reliable results maintaining the same number
of points in the computational domain at each time step or at each modified body
shape or position in a design optimization procedure. It is therefore very impor-
tant to bring an adaptive meshless method to adjust clouds of points automati-
cally.

In past decades, many adaptive mesh schemes have been developed and
become important tools for designers to increase the reliability and reduce the
cost of numerical computations in many engineering problems. Through an ef-
fective adaptive scheme, the discretization error can be reduced via an automatic
refinement of the computational region where the accuracy of the numerical so-
lution is low, and therefore the prescribed accuracy [72, 1, 53] is achieved. Hsu et
al. [21] proposed an algebraic mesh adaptation scheme based on the concept of
arc equidistribution.

4.2.1 An adaptive meshless method

In this research, an algebraic adaptive meshless scheme based on a weighted ref-
erence radius equidistribution is presented. To illustrate this, the difference in 2D
Cartesian coordinate system between center point i and its satellite point k can be
written as: {

Δxij = xj − xi
Δyij = yj − yi

(50)

For each satellite point j, the distance between center point i and point j is

Rij =
√

Δx2
ij + Δy2

ij (51)

and the reference radius of cloud Ci is defined as the longest distance between
the point i and its satellite point j as

Ri = max(Ri1, Ri2, ..., RiMi) (52)

where Mi is the total number of satellite points around point i. By using the
concept of a weighted reference radius equidistribution for mesh from Hsu et
al. [21], a weighted reference radius equidistribution for clouds of points based
on the pressure gradient in the flow field can be expressed as:

R̃i =
1

1 + β | ∇P |i Ri (53)

where β is a constant that controls the sensitivity to the pressure gradient. Thus,
the movement of point j should be:⎧⎨⎩ Δx′j =

(
1

1+β|∇P|i − 1
)

Δxj + Δxi

Δy′j =
(

1
1+β|∇P|i − 1

)
Δyj + Δyi

(54)
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considering the movement in point i(Δxi, Δyi).
The adaptive meshless method with a moving technique is implemented

and tested on a circular arc bump geometry. The geometry of the channel is de-
picted in Figure 27 and discretized with 2940 clouds of points distributed in the
computational domain. Supersonic flow conditions are Mach number 1.6 and an-
gle of attack 0.0◦. These flow conditions are high enough to form a normal shock
slightly in front of the bump. This shock bends into an oblique shock, which
eventually becomes the foremost oblique shock in a lambda shock structure near
the upper wall of the channel. The normal shock segment of the lambda shock
has a region of subsonic flow behind it, and the rear-most oblique part of the
lambda shock downward intersects the lower wall near the trailing edge of the
bump. The pressure contours are shown in Figure 28.

After three rounds of moved points adaptation based on the gradient of
pressure in the flow field, Figure 29 presents the moved clouds of points dis-
tribution in the computational domain. A higher resolution of the shock can be
observed in Figure 30. This comparison demonstrates the advantages of the adap-
tive meshless method.

4.2.2 Application to shape reconstruction problems

Since the adaptive meshless method achieves higher solution without adding any
points in the flow field, one shape reconstruction test case with the above circular
arc bump using adaptive clouds of points is considered in this study. The flow
conditions and computational points are the same as in Section 4.2.1.

Let the thickness of the circular arc bump h be selected as one design param-
eter. The objective function is defined according to surface pressure coefficients
as:

min f (h) =
M

∑
i=1

∣∣Cp(h)− Cp(h∗)
∣∣2
i (55)

where M is the total number of points distributed on the surface of the upper
and the lower channel. The search space for the reconstruction is the interval
h ∈ [2.0, 8.0], and h∗ is the targeted design parameter. The parameters values
in the GA software are the following: 30 for the size of population, 0.85 for the
probability of crossover and 0.01 for the probability of mutation. The stopping

FIGURE 27 Original clouds of points for the channel with a circular arc bump.
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FIGURE 28 Original pressure contours for the channel with a circular arc bump.

FIGURE 29 Adapted clouds of points for the channel with a circular arc bump.

FIGURE 30 Adapted pressure contours for the channel with circular arc bump.

criteria are the fitness value f (h) < 10−06 and the number of generation as 50.
Figure 31 shows the convergence history of the objective function recon-

struction procedure. Convergence to zero of the fitness function means that GAs
coupled with cloud movement have, within 40 generations, successfully rebuilt
the circular arc bump with the targeted thickness. Figure 32 is the comparison of
surface pressure coefficients of the targeted value and the obtained result. The red
solid line stands for the targeted pressure distribution of 5% bump, and blue dots
present the obtained pressure distribution of 5.01% bump. The obtained result is
in good agreement with the targeted pressure distribution.

To conclude, the adaptive meshless method coupled with GAs has rebuilt
the shape of the targeted circular arc bump based on the prescribed surface pres-
sure. The results presented in this chapter are preliminary and will be consol-
idated by a measure of the uniformity of level of errors in the flow field to be
minimized using sub-clouds and Nash algorithms as a multi-objective problems.
The objective functions could be chosen as f1, the distance between candidate
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and prescribed pressure coefficients minimized in L2 norm, and f2, uniform level
of errors minimized in L2 norm. Furthermore, distributed optimization coupled
with distributed levels of errors can both be run on High Performance Comput-
ing (HPC) in the future.

FIGURE 31 Convergence history of the objective function.

FIGURE 32 Comparison of pressure distribution of the targeted value and the obtained
result.



5 EVOLUTIONARY DESIGN OPTIMIZATION WITH

NASH GAS AND HGAS

In this Chapter, two optimization test cases have been selected from the Finnish
design test case database developed at the University of Jyväskylä and set up by
the scientific computing lab [48, 68]. The test cases BI-NACA0012 position recon-
struction and 2D shock control bump optimization are computed using different
optimizers (Nash GAs, HGAs and GAs) with different flow analyzers.

This chapter is divided into two sections. In Section 5.1, subsection 5.1.1
presents a numerical simulation using the hybridized mesh/meshless method
on a single NACA0012 airfoil operating at transonic regime; in subsection 5.1.2,
a GA and Nash GAs are chosen to rebuild the position reconstruction of BI-
NACA0012 configuration using the hybridized mesh/meshless method. In Sec-
tion 5.2, the HGAs methodology presented in Chapter 3 is implemented using
different flow models to reduce the drag of an RAE5243 airfoil with a shock
control bump installed the airfoil by optimizing its shape and location on the
extrados.

5.1 Position reconstruction for BI-NACA0012

The position reconstruction test case solved in this study belongs to the Finnish
design test case database (TA10, BI-NACA0012 geometry, available in [48, 68]).
The following results can be found in Paper [PIII].

5.1.1 Simulation using mesh/meshless methods on a single airfoil

A single NACA0012 airfoil operating with transonic flow conditions, namely at
1.25◦ angle of attack and with Mach number 0.8, is selected for position recon-
struction. Clouds of points are distributed in the vicinity of a single NACA0012
airfoil while mesh elements discretize the rest of the computational domain as
shown in the left part of Figure 33. The boundary of the airfoil is defined with
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FIGURE 33 Left: A close-up view of the computational domain for a single NACA0012
airfoil. Right: Comparisons of convergence history for a single NACA0012
airfoil.

338 points. Close to the airfoil, 3208 clouds of points discretize the meshless com-
putational sub-domain, and 5884 triangle elements discretize the computational
sub-domain surrounding the meshless region. The spatial derivatives are directly
approximated by using the WLS meshless method in each cloud of points. An up-
wind flux difference splitting scheme using Roe’s approximate Riemann solver is
used for the estimation of the inviscid flux, and time integration is further im-
plemented by an explicit four-stage Runge–Kutta scheme accelerated by a local
time-stepping approach and an implicit residual averaging method in this study.

The right part of Figure 33 compares the convergence history of the residual
error of the Euler analyzer defined with the L2 norm of the density. The red
triangle, blue dot and black solid line represent, respectively, the level of residual
errors with respect to iterations using the meshless, the finite volume method and
the hybridized mesh/meshless method. The hybridized mesh/meshless method
combines both the efficiency of the finite volume method and the flexibility of the
meshless method.

5.1.2 BI-NACA0012 position reconstruction using mesh/meshless methods

The number of points and the number of elements distributed in the whole com-
putational domain is 1851 and 3472 respectively while 102 points are distributed
on each NACA0012 airfoil surface. The flow conditions for computing this test
case are Mach number 0.5 and angle of attack 1.0◦. The left part of Figure 34 pro-
vides a partial view of clouds of points and mesh elements distributed around
BI-NACA0012.

Let BI-NACA0012 oscillate in a pitching movement about their quarter
chords, the rotating angles α1, α2 being selected as design parameters. The ob-
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jective function of the GA optimizer is defined according to the surface pressure
coefficients as

min f (α1, α2) =
M1

∑
i=1

∣∣Cp(α1)− Cp(α
∗
1)
∣∣2
i +

M2

∑
i=1

∣∣Cp(α2)− Cp(α
∗
2)
∣∣2
i (56)

where M1 is the total number of points distributed on the surface of the upper
airfoil and M2 is the total number of points distributed on the surface of the lower
airfoil. The search spaces are α1 ∈ [−10.0◦, 10.0◦], α2 ∈ [−10.0◦, 10.0◦], and α∗1, α∗2
are targeted design parameters. Parameter values chosen for the GA optimizer
are: 40 for the size of population, 0.85 for the probability of crossover and 0.01 for
the probability of mutation.

To solve the same reconstruction problem using Nash GAs optimizer, the
objective functions are defined as follows:

min f1(α1, α∗∗2 ) =
M1

∑
i=1

∣∣Cp(α1)− Cp(α
∗
1)
∣∣2
i +

M2

∑
i=1

∣∣Cp(α
∗∗
2 )− Cp(α

∗
2)
∣∣2
i

min f2(α
∗∗
1 , α2) =

M1

∑
i=1

∣∣Cp(α
∗∗
1 )− Cp(α

∗
1)
∣∣2
i +

M2

∑
i=1

∣∣Cp(α2)− Cp(α
∗
2)
∣∣2
i

(57)

Parameter values chosen for the Nash GAs optimizer are: 20 for the size of pop-
ulation, 0.85 for the probability of crossover and 0.02 for the probability of muta-
tion.

On the right part of Figure 34, the convergence history of the objective func-
tion reconstruction procedure is shown using a single GA and Nash GAs fed
by the hybridized mesh/meshless Euler flow analyzer. In this case, the conver-
gence of the reconstruction using the Nash game strategy coupled with GAs is

FIGURE 34 Left: A close-up view of the computational domain for BI-NACA0012.
Right: Comparisons of convergence history for BI-NACA0012.
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much faster than the one obtained with a single GA to rebuild the targeted BI-
NACA0012 positions.

Based on the successful computerized results, hybridized mesh/meshless
methods have shown significant advantages of flexibility, accuracy and efficiency
of both mesh and meshless methods used for Euler flow analyzer coupled to evo-
lutionary optimizers. These promising results open the door to solutions of more
complex 2D and 3D inverse problems in aerodynamics. Other results about this
optimization test case can be found in the Finnish design test case database [48]
and also in Papers [V] and [VII].

5.2 A 2D Real life CFD application

Drag reduction in transonic civil aircraft has been and still is one of the long-
standing interests in aeronautics design [60, 59, 30]. Despite continuous efforts
made in the last two decades, reducing significantly the total drag of aerody-
namic shapes remains a critical challenge to aircraft designers. This study inves-
tigates an active flow control technique called Shock Control Bump (SCB). The use
of SCB is proposed to generate a pre-shock isentropic compression wave in order
to reduce the total drag over an airfoil at a transonic speed. Numerical results
illustrate how SCB modifies the flow features over the airfoil at transonic speeds
and can reduce the total drag when compared to the baseline design. The follow-
ing subsections demonstrate also how HGAs can improve optimization efficiency
in terms of computational cost and design quality.

5.2.1 Definition of the active device CFD optimization problem

In this research, hierarchical and single GAs are applied to a real life optimization
problem. For the definition of the test case, a lift-constrained optimization prob-
lem consisting of a 2D SCB installed on an RAE5243 airfoil is used. More details

FIGURE 35 An RAE5243 airfoil with a 2D shock control bump.
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FIGURE 36 Bump design parameters.

about the definition of the test case can be found in the Finnish design test case
database (TA5, 2D shock control bump optimization [48, 68]).

The objective is to minimize the drag based on flow conditions: Mach num-
ber 0.68 with a fixed lift coefficient 0.82. Figure 35 shows the SCB and an RAE5243
airfoil baseline. The four design variables, bump height, position, length and
crest position, are represented in Figure 36. The design parameters (divided by
the airfoil chord length which is taken by unity) are defined as bump crest po-
sition, bump starting point to crest, bump total length, and bump height. The
allowed ranges of the design variables are listed in Table 2.

TABLE 2 Design parameters for 2D shock control bump.

Design parameters Min Max
Bump crest position Xcrest 0 1
Bump starting point to crest Xrelative 0 Xlength
Bump total length Xlength 0 0.4
Bump height ΔYh 0 0.05

In order to properly minimize the drag, a suitable Bézier spline parame-
terization of the bump shape is selected [18] to define the continuous shape of
the SCB.

5.2.2 2D shock control bump for drag reduction

Both the single and hierarchical GAs optimizers are run with four design param-
eters and the relaxed iteration [22], which are based on the angle of attack update
to satisfy the fixed lift coefficient constraint. Other approaches to treat equality
constraints with Nash game strategies can be found in [67]. The chosen analyzer
software is the Euler solver and the objective function to be minimized is the
shock drag. Figure 37 shows the Mach number distribution in the Euler flow
field around the baseline design.

Results of the optimization with the single GA provide the converged de-
sign parameter values of the SCB:

Xcrest = 0.691; Xrelative = 0.0774; Xlength = 0.201; ΔYh = 0.0296.
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FIGURE 37 Mach number distribution in the flow field for the baseline.

The corresponding Mach number distribution in the flow field is shown in Fig-
ure 38. It can be seen that the shock is slightly weakened using the SCB.

Results of the optimization with the hierarchical GAs provide the converged
design parameter values of the SCB:

Xcrest = 0.705; Xrelative = 0.0869; Xlength = 0.254; ΔYh = 0.0299.

The corresponding Mach number distribution is shown in Figure 39. It can be
seen that the shock is weakened using the SCB, and that the shock is less promi-
nent than in the single GA case.

The final design parameter values are listed in Table 3. The hierarchical ap-
proach reduces the drag in this test case by 40.7%, compared to only 26% achieved
with the single GA. The results show a better efficiency and accuracy of the hi-
erarchical GAs approach compared to the single-population GA approach. This
difference can be explained with two remarks. First, implementing cheaper com-
putational models on the intermediate levels of HGAs can reduce CPU time sig-
nificantly. This flexibility in choosing different models is the underlying idea
behind the hierarchical topology approach. Second, the different exploration and
exploitation levels can feed the optimization procedure with new genetic mate-
rial enriching the quality of candidate solutions at the exploitation upper level. Of
course such a fast genetic improvement is more difficult to achieve with a single-
population GA limited to a single model and uniform selection – crossover –

TABLE 3 SCB design parameters obtained by the single and hierarchical GAs.

Bump Xcrest Xrelative Xlength ΔYh Drag Drag
design red. (%)
Baseline – – – – 0.02135 –
GA 0.691 0.0774 0.201 0.0296 0.01580 26.0
HGAs 0.705 0.0869 0.254 0.0299 0.01266 40.7
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mutation parameters over the whole population. The results are coherent in both
test case runs, confirming the validity of the hierarchical approach.

More detailed results can be found in Paper [PVI]. Other results about this
optimization test case can be found in the Finnish design test case database [48].
In this study, the computation with different Euler flow analyzers focuses only
on the wave drag reduction. Navier-Stokes modeling with meshless techniques
is under investigation to do more realistic viscous corrections for optimization, in
particular to replace the HGAs’ top level modeling.

FIGURE 38 Mach number distribution in the flow field for the optimized airfoil using
GA.

FIGURE 39 Mach number distribution in the flow field for the optimized airfoil using
HGAs.



6 CONCLUSIONS AND FUTURE WORK

In this research, evolutionary design optimization methods coupled with Nash
games and hybridized mesh/meshless methods are developed and evaluated on
CFD problems. The three main pillars of this research are EAs, game strategies
and mesh/meshless methods with two different cloud movement techniques.

A meshless algorithm using dynamic clouds of points is implemented to
simulate rigid moving boundary problems, which are the main ingredients to
solve optimization problems. A new fast meshless method using second and
fourth order artificial dissipation developed by the author is an important ingre-
dient bringing very useful flexibility and efficiency to the design procedure.

After reviewing different classes of evolutionary algorithms, a single GA
is used to reconstruct, via prescribed surface pressures, the targeted position of
an oscillating airfoil with the help of dynamic clouds of points based on a De-
launay graph mapping strategy. Numerical results qualify the flexibility of our
methods for position reconstruction of aerodynamic bodies. Then, cooperative
Pareto games, competitive Nash games and hybridized Pareto-Nash games are
reviewed and associated to multi-objective optimization. Using the distributed
and parallel computing potentiality of these games, different optimization prob-
lems are solved using various mesh, meshless and hybridized mesh/meshless
methods coupled to different optimizers like GAs, Nash GAs and HGAs.

Based on numerous numerical experiments achieved on many model CFD
problems, the benefit of using different mesh/meshless Euler flow analyzers cou-
pled to different evolutionary optimizers is clearly demonstrated in this research.
FVM mesh-based methods, the WLS meshless methods and hybridized mesh
/meshless methods have been validated on simple model simulation and opti-
mization test cases. Finally, the HGAs optimizer described in Chapter 3 is used
for a real life optimization problem from a Finnish design test case database. Drag
reduction achieved by the shape optimization of a 2D shock control bump in-
stalled on the upper surface of an RAE5243 airfoil, operating in transonic Eu-
ler flow conditions under a fixed lift constraint. The precise model of the top
layer was an accurate fast meshless method. The intermediate model used a hy-
bridized mesh/meshless method and the coarse model used a fast but less ac-
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curate FVM Euler flow analyzer. Numerical results show explicitly the gain of
efficiency and accuracy of the HGAs over a single population GA.

In addition to many results illustrating this research, the adaptive meshless
method, without adding points in the computational domain, remains a major
avenue to provide a higher quality of design optimization. Keeping in mind
the important value of mesh/meshless adaption in multi-objective or multidis-
ciplinary design, the above methods will be applied to more complex geometries
and realistic flow models. These models include viscous effects such as boundary
layers and turbulent Navier-Stokes flows. The targeted applications in the future
include, among others, optimization of design parameters of a wind turbine and
also the shape of paper machine box, requiring both multi-disciplinary/multi-
physics simulation and optimization for innovative design.



YHTEENVETO (FINNISH SUMMARY)

Oheinen tutkimus käsittelee virtausdynamiikkaan liittyviä optimointiongelmia
sekä laskennallisen älykkyyden käyttöä niiden ratkaisemisessa. Virtauksen simu-
loinnissa käytetään Eulerin virtausmallia, jonka analysointi toteutetaan tehokkai-
den verkollisten ja verkottomien menetelmien yhdistelmien avulla. Optimoinnis-
sa puolestaan hyödynnetään peliteorian työkaluja ja geneettisiä algoritmeja.

Työssä esitetään ja toteutetaan useita eri diskretointimenetelmiä Eulerin yh-
tälöiden ratkaisemiseksi kahdessa ulottuvuudessa. Näitä ovat tilavuusmenetel-
mä, Taylorin sarjaan perustuva verkoton menetelmä sekä verkollisten ja verkot-
tomien menetelmien yhdistelmä- eli hybridimenetelmä. Työssä on toteutettu no-
pea verkoton menetelmä, jossa käytetään uusia keinotekoiseen dissipaatioon liit-
tyviä parametreja. Menetelmää on testattu useilla eri testitapauksilla, ja numeeri-
set tulokset ilmentävät nopean verkottoman menetelmän joustavuutta, tarkkuut-
ta sekä tehokkuutta aerodynamiikan suunnittelutehtävissä. Tekijä on kehittänyt
nopeaa dynaamisen laskentapilvimenetelmän, joka perustuu Delaunayn graafin
kuvautumiseen. Tätä menetelmää käytetään virtauksen analysointiin muuttuvis-
sa geometrioissa ja muodon optimointiin.

Kuluneen vuosikymmenen aikana evoluutiopohjaiset algoritmit ovat jatku-
vasti kasvattaneet suosiotaan teollisuuden monitavoitteisten ja monitieteellisten
optimointiongelmien ratkaisemisessa. Deterministisiin menetelmiin verrattuina
evoluutiopohjaiset algoritmit eivät vaadi tietoa gradienteista, toimivat myös ta-
pauksissa joissa objektifunktio ei ole differentioituva, ja ovat resistantteja kohi-
nalle. Tässä työssä yksinkertaiset geneettiset algoritmit yhdistetään Nashin peli-
teorioihin, ja hierarkkisia geneettisiä algoritmeja tutkitaan soveltaen niitä muo-
don optimoinnissa. Edellä mainittujen menetelmien suorituskykyä ja laskenta-
tarkkuutta evaluoidaan akateemisilla testiesimerkeillä.

Lopuksi käsitellään realistista siipiprofiilin ilmanvastuskertoimen pienen-
tämisongelmaa, jossa rajoitteena on kiinnitetty profiilin nostovoimakerroin. Ta-
pausta, jossa standardiin RAE5243-laminaariprofiiliin halutaan muotoilla shok-
kiaaltoja kontrolloiva kohouma, tarkastellaan numeerisesti käyttäen yllä mainit-
tuja menetelmiä. Ongelmaan liittyvä optimointitehtävä ratkaistaan käyttäen no-
peaa verkotonta menetelmää, verkollisen ja verkottoman menetelmän hybridiä
sekä tilavuusmenetelmää ja soveltaen hierarkkisia geneettisiä algoritmeja. Katta-
vien laskennallisten tulosten myötä todetaan, että adaptiiviset verkollisten ja ver-
kottomien menetelmien hybridit yhdistettyinä evoluutiopohjaisiin algoritmeihin
ja peliteorian työkaluihin ovat hyödyllisiä välineitä monimutkaisten virtausdy-
namiikan suunnittelu- ja optimointitehtävien käsittelemisessä.
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