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ABSTRACT

Kabardov, Muaed

Asymptotic and Numerical Studies of Electron Scattering in 2D Quantum Wave-
guides of Variable Cross-Section

Jyvaskyld: University of Jyvaskyld, 2012, 91 p.

(Jyvaskyld Studies in Computing

ISSN 1456-5390; 160)

ISBN 978-951-39-4997-6 (nid.)

ISBN 978-951-39-4998-3 (PDF)

Finnish summary

Diss.

We consider an infinite two-dimensional waveguide that far from the coordinate
origin coincides with a strip. The waveguide has two narrows which play the
role of effective potential barriers for the longitudinal electron motion. The part
of waveguide between the narrows becomes a "resonator" and there arise condi-
tions for electron resonant tunneling.

A magnetic field in the resonator can change the basic characteristics of this
phenomenon. In the presence of a magnetic field, the tunneling phenomenon is
feasible for producing spin-polarized electron flows consisting of electrons with
spins of the same direction.

Taking the narrows diameter as a small parameter, we derive asymptotics
for the resonant tunneling characteristics. The asymptotic formulas contain some
unknown constants. We find them by solving several auxiliary boundary value
problems in unbounded domains. Independently, we compute numerically the
scattering matrix and compare the asymptotic and numerical results.

The operation of the resonator systems discussed before has been analyzed
under the assumption that the electron energy lies between the first and the
second thresholds. This condition not always can be fulfilled by modern tech-
nologies. We analyze some properties of multichannel scattering in the situation
where the electron energy exceeds the second threshold.

Keywords: quantum waveguide, tunneling, resonance, spin, polarization, mag-
netic field, potential barrier, scattering matrix



Author

Supervisors

Reviewers

Opponent

Muaed Kabardov

Department of Mathematical Information Technology
University of Jyvaskyld

Finland

Professor Lev Baskin

Department of Mathematics

St. Petersburg State University of Telecommunications
Russia

Professor Pekka Neittaanmaki

Department of Mathematical Information Technology
University of Jyvaskyla

Finland

Professor Boris Plamenevskii
Department of Mathematical Physics
St. Petersburg State University
Russia

Professor Inigo L. Egusquiza

Department of Theoretical Physics and History of Science
University of Basque Country (Bizkaia campus)

Spain

Doctor Alexey Kokotov

Department of Mathematics and Statistics
Concordia University

Canada

Professor Dmitri Sokolovski

Department of Physical Chemistry
University of Basque Country (Leioa campus)
Spain



ACKNOWLEDGEMENTS

I thank all people who helped me in preparation of the thesis. It is difficult to list
all of them, but some have to be mentioned. First, I would like to thank my super-
visors Professor Lev Baskin (St. Petersburg State University of Telecommunica-
tions, Russia), Professor Pekka Neittaanmaki (University of Jyvaskyld, Finland),
and Professor Boris Plamenevskii (St. Petersburg State University, Russia) for
expert guidance and support. Thanks to the reviewers Doctor Alexey Kokotov
and Professor Inigo Egusquiza for their comprehensive reviews. I am grateful
to Timo Tiihonen, Raino Mikinen, and Timo Mannikko for their comments on
the thesis appearance. Timo Mannikko has also prepared the Finnish Summary.
Also, I would like to thank Marja-Leena Rantalainen who helped me with all is-
sues concerning preparation of documents. Doctor Tuomas Puurtinen deserves
special gratitude for his assistance in everything since my arrival in Jyvaskyla.

This work was financially supported by COMAS Graduate School of the
University of Jyvaskyla.



LIST OF FIGURES

FIGURE 1
FIGURE 2
FIGURE 3
FIGURE 4
FIGURE 5
FIGURE 6
FIGURE 7
FIGURE 8
FIGURE 9
FIGURE 10
FIGURE 11
FIGURE 12
FIGURE 13
FIGURE 14
FIGURE 15
FIGURE 16
FIGURE 17
FIGURE 18
FIGURE 19
FIGURE 20
FIGURE 21
FIGURE 22
FIGURE 23
FIGURE 24
FIGURE 25
FIGURE 26
FIGURE 27

The set (.o 16
The waveguide G(€).....cceeerimiiiiiiiiiiiiiiiiieeee e 17
The domain G(0). ....oevviiiiiiiiiiiiiiiiiiiie e 18
Asymptotic and numerical resonant energies .......................... 40
The resonant peak and its width......................... 40
The dependence of the width A(l,€) one.......ooocviiiiiiiinnnnnnn. 41
Ratio Ay (h,€)/Ag(h,e) asafunction of €......cccevvveiiiiiiiiiin.n. 41
The waveguide and the support of magnetic field.................... 44
The domain G(0) = G1U G U G3. ceeovviiiiiiiiiiiiiiiiiiicceee 47
Asymptotic and numerical resonant energies .......................... 70
Transition coefficient .............ccooooooiii 71
The width A(e) of resonant peak ..........c.eeeeeeiviiiiiiiiiiiennnnnnn. 71
Ratio Ap(h,€) /Da(H,€) covveiiiiiiiiiiiiii e 72
The transition coefficient at resonance for R = 0.2.................... 72
The potential corresponding to the 2D waveguide. .................. 75
The reSonator. .......cooiiiiiiiiiiii 78
The truncated domain GR..........coooiiiiiiiiiice 79
Transition probability for U{” Mpax =1L, n=1) e, 82
Transition probability for U (nyax = 2,1 =1).cccccciiiinnni. 82
Transition probability for Ué” Mipax = 2,1 =2)eeeeiiiiiieaennen 83
Transition probability for U (nmax = 3,1 =1).ccccciiiiiiinnnnnin. 83
Transition probability for U (yax = 3,1 = 3)..evvvviiiiiiiiinnnnn. 84
Transition probability for Ué” (Mpax =3, 1 =2)eeeeieiiieiaennen 84
Total transition probability for Uj".................coooo 85
Total transition probability for U5". ..........ccccoviiiiiiiiiiiiii, 85
Total transition probability for U™, ..........cccovveirvierrieirieenn. 85
Total transition probability for U™, ..........cccooveiirireriiieinenean 86



LIST OF TABLES

TABLE 1

The closed resonator eigenvalues and eigenfunctions



CONTENTS

ABSTRACT
ACKNOWLEDGEMENTS
LIST OF FIGURES

LIST OF TABLES
CONTENTS

1

2

INTRODUCTION ..ctttiiiiiiiiiiiiiiiiiiiiiieiiiiieeeiiiceeeniiiceerssieeessannees 11

ASYMPTOTIC AND NUMERICAL STUDIES OF RESONANT TUN-

)21 5 N 15
2.1 Statement of the problem ... 15
2.2 Limit problems.........cocooiiiiiiiiiiiii 18
2.2.1  First kind limit problems .......................... 18
2.2.2  Second kind limit problems .................... 20
2.3 Special solutions to the first kind homogeneous problems............ 21
2.4 Asymptotic formulas ...............cooooooo 24
2.4.1 Asymptotics of the wave function ......................oo 24
2.4.2 Formulas forsi1,512, C1,and Co .oovvvivniiniiiiiiiiiiieieee 25
243 The formulas for the characteristics of resonant tunneling . 28
2.5 Justification of the asymptotics ...................... 30
2.6 Comparison of asymptotic and numerical approaches ................. 36
2.6.1 Problems and methods for numerical analysis.................. 36
2.6.2 Calculation of the scattering matrix .....................ooooiiiis 38
2.6.3 Comparison of the results........................oii, 39

ELECTRON FLOW SPIN POLARIZATION IN 2D WAVEGUIDES IN

THE PRESENCE OF MAGNETIC FIELD.....cccevtiiiiiiiiiiiiieieeccnnnnnnnn, 43
3.1 Statement of the problem ........................ 44
3.2 The limit problems ............ccooiiiiiiiiiiii 47
3.2.1  First kind limit problems.................ccoooiiiiiii 47
3.2.2  Second kind limit problems .............cccccoiiiiiiiiiiiiii 49
3.3  Special solutions to homogeneous first kind limit problems.......... 50
3.4  Asymptotic formulas .................oooooo 53
34.1 Asymptotics of the wave function ..............ccccooiin 53
3.4.2 Formulas for $11, 512, C1, and Cp .evvvvneevneiineiieiiieeieeeiee, 54
3.4.3 The formulas for the characteristics of resonant tunneling . 57
3.5 Justification of the asymptotics ........................ 58
3.6 Comparison of asymptotic and numerical approaches ................. 65
3.6.1 Problems and methods for numerical analysis.................. 65
3.6.2 Comparison of asymptotic and numerical results ............. 69
MULTICHANNEL SCATTERING.....ccitttiiiiiiiiiiiieieeeeeeeceeeeeceeene, 73

41 PrelimINariOS......oco.ie e i 73



4.2 The eigenfunctions of the closed resonator............................ 78

4.3 The method for computing the scattering matrix ......................... 79
4.4 DISCUSSION ...oiiiiiiiiiiiii e 81
YHTEENVETO (FINNISH SUMMARY) ...cuuuuuiiiiiimiiiiiiiiiiiiiiiiieneeeeeeeeeennnnn. 87
REFERENCES.....uuiiiiititiiiiitnttttnnenreeseee e ee e e s e s s s 88
APPENDIX1 THE SPECTRAL PROBLEM IN G3 ceeeveveeeeiiiiieiiiiiiccnennes 90

APPENDIX 2 THE PROBLEMS IN G(¢€), G1, Q) teverrrriiiiiiiiiiiiiiiicicinnnnnnee 91



1 INTRODUCTION

At present the electron tunneling is being studied intensively in the systems
"metallic electrode—quantum dot-metallic electrode” (e.g., see [1], [2]). A quan-
tum dot (a conductive domain of diameter about 10 nm) is separated from the
electrodes by "tunnel” intervals (vacuum gaps or dielectric layers). Due to res-
onant tunneling, the conductivity of the system can abruptly vary with voltage
between the electrodes. There are prospects for building new nanosize electron-
ics elements (transistors, electron energy monochromators etc.) that are based
on the mentioned quantum dot systems and have frequency operating range
around 10'?Hz. However, the tunneling probability heavily depends on inevitable
electron scattering by inhomogeneities of the interfaces electrode-vacuum and
quantum dot—-vacuum. Therefore the production of the systems must satisfy not
easily accessible accuracy conditions.

The role of resonant structures can be given to quantum wires. Instead of a
system "electrode — quantum dot — electrode” one can use a quantum wire (two-
or three-dimensional) with two narrows. The narrows prove to be effective po-
tential barriers for the longitudinal electron motion and the part of the waveguide
between two narrows becomes a "resonator". The fact that in such conditions res-
onant tunneling can occur is confirmed by numerical experiments [3], [4]. Res-
onant devices based on quantum wires can provide some advantages in regard
to both operation properties and production technology. Such devices are ho-
mogeneous (i.e., are made of one material); when tunneling, an electron crosses
no interfaces of electrodes, dielectrics, or vacuum. Therefore the operation of the
devices is more stable under small perturbations of its geometry.

In [5], electron propagation was considered in a 3D waveguide with two
cylindrical outlets to infinity and two narrows of small diameter e. There were
considered electrons with energy between the first and the second thresholds.
For the main characteristics of resonant tunneling (electron wave function, reso-
nant energy E,s, transition coefficient T(E) etc.) there were obtained asymptotic
formulas and estimates for the remainders as ¢ — 0. It was assumed, that the
limit waveguide in a neighborhood of each narrow coincided with two cones in-
tersecting only at their common vertex. To construct the asymptotics the method
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of "compound" asymptotic expansions (the general theory of which was exposed,
e.g., in [6]) was applied.

The asymptotic formulas in [5] include several unknown constant coeffi-
cients; the issue of calculation of them was not discussed. Without numerical val-
ues of the constants, the asymptotic formulas provide only a qualitative picture.
When the constants are found, the asymptotics can be used as an approximate
solution. It remains vague, for what band of parameters the approximation is
reliable. On the other hand, one should expect numerical approach to be efficient
only if the waveguide narrows are not too small in diameter, and the resonant
peak of the transition coefficient is sufficiently wide. Therefore a detailed pic-
ture of resonant tunneling can be achieved when the asymptotic and numerical
approaches are combined. We suggest a methodology of such a combined ap-
proach and show its application in concrete situations. In particular, we answer
the questions mentioned in this paragraph.

We consider a 2D waveguide with two narrows of the same diameter ¢. In-
dependently of the article [5], we describe a new way of derivation of asymptotic
formulas, which is simpler and more universal than that in [5]; it is also based
on the method of compound asymptotic expansions (and can be applied to 3D
waveguide). The new derivation is mainly used here to give the background of
boundary value problems needed for calculation of the unknown constants in
the asymptotics. These BVPs are solved numerically. Besides, independently of
asymptotic approach, we approximately calculate the waveguide scattering ma-
trix by the method from [7]. After that we can compare the asymptotics with
calculated constants and the scattering matrix (the transition and reflection coef-
ficients). It turns out, that there is an interval of values of ¢, where the asymptotic
and numerical results practically coincide. If &€ goes outside the interval to the
right, the asymptotics ceases to work, but the numerical method for calculation
of the scattering matrix keeps efficient; if € goes to the left of the interval, the nu-
merical method becomes ill-conditioned, and the asymptotics remains reliable.

The presence of a magnetic field can essentially affect the basic character-
istics of the resonant tunneling and bring new possibilities for applications in
electronics. In particular, in the presence of a magnetic field, the tunneling phe-
nomenon is feasible for producing spin-polarized electron flows consisting of
electrons with spins of the same direction. We suppose that a part of the resonator
is occupied by a homogeneous magnetic field. An electron wave function satis-
fies the Pauli equation in the waveguide and vanishes at its boundary (the work
function of the waveguide is supposed to be sufficiently large, so that the bound-
ary condition is justified). Moreover, we assume that only one incoming wave
and one outgoing wave can propagate in each outlet of the waveguide. In other
words, we do not discuss multichannel electron scattering and consider only elec-
trons with energy between the first and the second thresholds. We take € as small
parameter and obtain asymptotic formulas for the aforementioned characteristics
of the resonant tunneling as ¢ — 0. The formulas depend on the limiting form
of the narrows. We suppose that, in a neighborhood of each narrow, the limiting
waveguide coincides with a pair of opposite angles.
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As before, the asymptotic formulas contain some unknown constants. To
find them, we numerically solve several boundary value problems in unbounded
domains independent of €. After that we compare the asymptotic and numerical
results. We show that there is a band of ¢ where the results of the two approahes
practically coincide.

The operation of the resonator systems discussed before has been analyzed
under the assumption that the electron energy lies between the first and the sec-
ond thresholds. This condition not always can be fulfilled by modern technolo-
gies. In Chapter 4 we consider some properties of multichannel scattering in
the situation where the electron energy can be between the second and the fifth
thresholds. These considerations show that in designing electronic devices based
on the resonant tunneling in quantum waveguides of variable cross-section, it is
reasonable to choose the system parameters so that electron energies do not ex-
ceed the third threshold. Some of the effects discussed in Chapter 4 have been
studied by the authors of [8, 9] where they numerically analyze multichannel
scattering in cylindric heterostructures. The waveguide we are studying differs
from that used in [8, 9]. Also, the authors of [8, 9] do not give physical interpre-
tation of the effects that the numerical simulation shows. In Chapter 4 we give
explanations of physical phenomena coming along with multichannel scattering.

In Chapter 2 we carry out asymptotic and numerical analysis of resonant
tunneling in one-channel regime, i.e. the electron energy is assumed to be be-
tween the first and the second thresholds. We study the behavior of the charac-
teristics of the process as ¢ — 0 in a neighborhood of one of the resonant energies.
We find the range of efficiency of the asymptotic formulas by comparing it to
the scattering matrix numerically found by the method in [7]. The mathematical
model of the waveguide and statement of the problem are given in Section 2.1.
The boundary value problems needed for the method of compound asymptotic
expansions are discussed in Sections 2.2 and 2.3. We derive the asymptotics in
Section 2.4 and justify the formulas in Section 2.5. Section 2.6 is devoted to nu-
merical analysis and comparing numerical and asymptotic results.

In Chapter 3 we study the characteristics of electron flow in the presence
of magnetic field. The analysis is carried out in the same way as in Chapter 2.
The presence of the magnetic field changes the behavior of the asymptotic and
numerical results and their proximity, though the disparities between the two
approaches seen in the Chapters 2 and 3 are caused also by different openings
(w = 0.57 in Chapter 2 and w = 0.97 in Chapter 3). The mathematical model
of the waveguide and statement of the problem are in Section 3.1. The bound-
ary value problems needed for the method of compound asymptotic expansions
are discussed in Sections 3.2 and 3.3. The asymptotics derivation is given in Sec-
tion 3.4 and justification of the formulas are in Section 3.5. Section 3.6 is devoted
to numerical analysis and to comparison of numerical and asymptotic results.

Chapter 4 is devoted to the analysis of the same problem as in Chapter 2,
but here we study multichannel scattering. We do not consider the dependence
of the electron flow characteristics on the narrows diameters. On the contrary,
the waveguide geometry is constant. We analyze the behavior of the transversal
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states of the wave function with respect to increasing electron energy and the cor-
respondence between the waveguide resonant energies and the closed resonator
eigenvalues. Section 4.1 gives some backgrounds on the problem. Section 4.2
contains the closed resonator eigenvalues and eigenfunctions which can be re-
garded as approximations to the corresponding values of the open resonator. The
method used for calculation of the scattering matrix is described in Section 4.3.
Finally, we discuss some facts which follow from the results of numerical simula-
tions in Section 4.4.

Appendices 1 and 2 contain the description of FEM used in simulations.
The computations were carried out in the environments MATLAB and COM-
SOL, which also have short introductions to FEM and other numerical methods
mentioned in the appendices.

The results of the thesis were published as preprints in [10, 11, 12] and some
results of Chapter 3 were reported to ECCOMAS [13] held in Vienna, 2012.



2 ASYMPTOTIC AND NUMERICAL STUDIES OF
RESONANT TUNNELING

A waveguide coincides with a strip having two narrows of diameter ¢. Electron
motion is described by the Helmholtz equation with Dirichlet boundary condi-
tion. The part of the waveguide between the narrows plays the role of resonator
and there can occur electron resonant tunneling. This phenomenon consists in
the fact that, for an electron with energy E, the probability T(E) to pass from
one part of the waveguide to the other part through the resonator has a sharp
peak at E = E,,;, where E,.s denotes a "resonant” energy. To analyze operation
of electronic devices based on the phenomenon of resonant tunneling, it is im-
portant to know E,.s and behavior of T(E) for E close to E;. In this section
asymptotic formulas for resonant energy and the coefficients of transition and
reflection for ¢ — 0 are obtained. Such formulas depend on the limit shape of
the narrows; we assume, that the limit waveguide in the neighborhood of each
narrow coincides with a pair of vertical angles. Asymptotic results are compared
with the corresponding numerical ones obtained by approximate computing the
waveguide scattering matrix. This allows to determine the band of € where the
asymptotics and numerical results are in close agreement. The suggested meth-
ods are applicable to much more complicated models than that considered here.
In particular, the same approach will work for asymptotic and numerical analysis
of resonant tunneling in 3D quantum waveguides.

2.1 Statement of the problem

To describe the domain G(¢) in IR? occupied by the waveguide, we first introduce
two auxiliary domains G and Q) in IR?. The domain G is the strip

G=RxD={(x,y) eR?: x € R = (—00,+00);y € D = (—~1/2,1/2)}.

Let us define Q). Denote by K a double cone with vertex at the origin O that
contains the x-axis and is symmetric about the coordinate axes. The set KN S!,
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FIGURE1 The set Q).

where S is a unit circle, consists of two simple arcs. Assume that Q) contains the
cone K and a neighborhood of its vertex; moreover, outside a large disk (centered
at the origin) Q) coincides with K. The boundary dQ) of () is supposed to be
smooth (see Figure 1).

We now turn to the waveguide G(¢). Denote by ()(¢) the domain obtained
from Q) by the contraction with center at O and coefficient e. In other words,
(x,y) € Q(e) ifand only if (x/¢e,y/¢) € Q). Let K; and Q);(e) stand for K and Q)(e)
shifted by the vector r; = (x?,O), j =1,2. We assume that |xJ — xJ] is sufficiently
large so the distance from dK; N dK; to G is positive. We put (see Figure 2)

G(e) = GNQy(e) N (e).

The wave function of a free electron of energy k? satisfies the boundary value
problem

Au(x,y) + Ku(x,y) = 0, (x,y) € G(e), (2.1.1)
u(x,y) = 0, (x,y) € 9G(e).

Moreover, u is subject to radiation conditions at infinity. To formulate the condi-
tions we need the problem

Av(y) + Ao(y) 0, yeD, (2.1.2)
v(—=1/2) =0(l/2) = 0.

The eigenvalues )\3 of this problem, where g = 1,2, ... are called the thresholds;
they form the sequence )\% = (rtq/1)%, 9 = 1,2,.... We suppose that k? in (2.1.1)
is not a threshold. Given a real k, there exist finitely many linearly independent
bounded wave functions. In the linear space spanned by such functions, a basis
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Gle)

FIGURE2 The waveguide G(e).

is formed by the wave functions subject to the radiation conditions

M .
e () + ) smj (k) eV (y) +O(e™), x = —oo,
nlxr) = 4 o | 213)
Y sumirj(k) eV (y) + O(e %), X — +oo;
j=1
M , 5
Y sutem,i(K) e (y) +O(e™), X — =,
j=1
upenm(%,y) = Qe (y)+
M ,
Y suemans ()€ () + O(e ), x — +oo;
j=1

Here M is the number of the thresholds satisfying A2 < k%; v, = \/k2 — A2;; ¥,
is an eigenfunction of the problem (2.1.2) that corresponds to the eigenvalue A2,

[ V2/lvysinAyy, meven,
Fuly) = { V2/ vy cos Ay, m odd, m=1,2,..., M. (2.1.4)

In the strip G the function U;(x,y) = eivfx‘I’]-(y), j=1,...,M,is a wave incoming
from —oo and outgoing to +oco, while Uy j(x,y) = e_i"/'x‘I’]- (v) is a wave going
from +o0 to —oco. The matrix

S = ||5mj||m,j:1,...,2M

with entries from the conditions (2.1.3) is called the scattering matrix; it is unitary.
The values

M 2 M 2
Ry = Z |5m]| ’ Ty = Z |Sm,M+j|
j=1 j=1

are called the reflection and transition coefficients, relatively, for the wave U,
incoming to G(¢) from —oo, m = 1,..., M. (Similar definitions can be given for
the wave Uy, incoming from +c0.)

In the present work we will discuss only the case (77/1)? < k? < (27t/1)?,
i.e. k? is between the first and the second thresholds. Then the scattering matrix
is of size 2 x 2. We consider only the scattering of the wave incoming from —co
and denote the reflection and transition coefficients as

R =R(ke) = |sii(ke)|>, T =T(ke)=|s1n(ke)|* (2.1.5)
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The goal is to find a "resonant" value k, = k,(e) of the parameter k correspond-
ing to the maximum of the transition coefficient, and to describe the behavior of
T(k,¢) for k in a neighborhood of k,(¢) as ¢ — 0.

2.2 Limit problems

We derive the asymptotics of the wave function (i.e. the solution of the prob-
lem (2.1.1) as e — 0) by use of the method of compound asymptotic expansions.
To this end we introduce "limit" boundary value problems independent of the
parameter &.

2.2.1 First kind limit problems

Put G(0) = G N Ky N Ky (Figure 3); thus, G(0) consists of three parts G1, Gy,
and Gs, where G; and Gs are infinite domains while G, is a bounded resonator.
The problems

Av(x,y) +Ko(x,y) = f, (x,y) € Gj, (2.2.1)
v(x,y) = 0, (x,y) € 9G;,

where j = 1,2, 3, are called the first kind limit problems.

Introduce function spaces for the problem (2.2.1) in G,. Let ¢ and ¢ be
smooth real functions in the closure G, of G, such that ¢j=1ina neighborhood
of Oj,j =1,2,and ¢} + ¢3 = 1. For | = 0,1,...and 7 € R the space V! (G) is the
completion in the norm

1/2
I 2
HU;Vé(Gz)H = (/G Z Z‘f’%(x/}/)ﬁg('rl+“|)|8”‘v(x,y)|2dxdy) (2.2.2)

2 |a]=0,=1

of the set of smooth functions in G, which vanish near O; and Oy; here rjis the
distance between (x,y) and O}, a = (a1, a2) is a multi-index, and

. olel
9= dx1oyt2’

Proposition 2.2.1 follows from well known general results, e.g. see [14, Chapters 2
and 4, §§1-3] or [6, v. 1, Chapter 1].

FIGURE 3 The domain G(0).
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Proposition 2.2.1. Assume that |y — 1| < 7t/w. Then for every f € VI(Gy) and
any k? except the positive increasing sequence {k%, p—1 Of eigenvalues, k%, — oo, there
exists a unique solution v € V%(Gz) to the problem (2.2.1) in Gy. The estimate

lo; V3 (G)Il < clIf; Vy(Ga) (2.2.3)

holds with a constant ¢ independent of f. If f is a smooth function in Gy vanishing
near O and Oy, and v is any solution in V%(Gg) of the problem (2.2.1), then v is smooth
in Gy except at Oy and O, and admits the asymptotic representation

v(x,y) = 1o (k1)@ (1) + O (1), rn—0
' bz]n/w(krz)dD(n — (pz) + o(r%n/w), =0

near the points Oy and Oy, where (r;, ¢;) are polar coordinates with center at O;, b; are
some constant coefficients, Ty stands for the Bessel function multiplied by a constant so
that ], (kr) = 1# + o(r"), and ®(¢) = w~"/2 cos (mg/w).

If k* = k3 is an eigenvalue of problem (2.2.1), then the problem (2.2.1) is solvable
in Gy if and only if (f,v9)g, = O for any eigenfunction vy corresponding to k3. The
condition being fulfilled, there exists a unique solution v to the problem (2.2.1) which is
orthogonal to the eigenfunctions and satisfies (2.2.3) (i.e. the Fredholm alternative holds).

We turn to the problems (2.2.1) for j = 1,3. Let xo; and X, be smooth
real functions in the closure G; of G; such that x(; = 1 in a neighborhood of O;,
Xo,; = 0 outside of a compact set, and )((2), it Xgo,j = 1. We also assume that the
support suppx,; is located in the cylindrical part of G;. For v € R, § > 0, and
[ =0,1,... the space V“ly, 5(G]~) is the completion in the norm

1/2
1
—1
lo; V3, 5(G))Il = ( LX) 4 12, exp(26w)) [0t dxdy
i |a]=0

j

(2.2.4)
of the set of smooth functions in Cj having compact supports and vanishing
near O;.

Recall that according to our assumption, k? lies between the first and the
second thresholds, so in every G; there is only one outgoing wave. Let U = U,
be the outgoing wave in Gy, and let U, = U be the outgoing wave in G3 (the
definition of U; in G see in Section 2.1). The next proposition follows, e.g., from
[14, Theorem 5.3.5].

Proposition 2.2.2. Let |y — 1| < 71/w and suppose that there is no nontrivial solution
to the homogeneous problem (2.2.1) (where f = 0) in Vi 5(Gj) with arbitrary small pos-

itive 6. Then for any f € Vg, 5(Gj) there exists a unique solution v to the problem (2.2.1)
that admits the representation

0O=1u + A]Xoo,]u]_/
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where A; = const, u € V% 5(Gj), and & is sufficiently small. Furthermore, the inequality

l; V3 s (Gl + 1AL < £V 5(G)) (2.2.5)

holds with constant ¢ independent of f. If the function f is smooth and vanishes near O;,
then the solution v in G admits the representation

0(x,Y) = a1 ]/ (kr)®(m — 1) + O(r7/“), 1 =0,
and the solution in Gs admits the representation
0(x,Y) = 4z 0 (kra)®(2) + O(r%"/“’), 1y — 0,

where a j are some constants.

2.2.2 Second kind limit problems

In the domains Q]-, j = 1,2, introduced in Section 2.1, we consider the boundary
value problems

w(&j, ;) =0, (Gj, mj) € 0y,
which are called the second kind limit problems; (¢ ir ’7]‘) are Cartesian coordinates
with origin at O;.

Let p; = dist((gj,17j),0;) and let ¢, oo j be smooth real functions in ();
such that ¢y ; = 1 for p; < N/2,g; = 0 for p; > N, and I/Jaj + l/)%o,j =1, N being
a sufficiently large positive number. For vy € Rand / = 0,1, ... the space ny(Qj)
is the completion in the norm

1/2
lo; VE(Q)) || = </Q_5(0) dedﬂj> (22.7)

7
of the set C°(€)j) of compactly supported in Q); smooth functions; here

1

S(0):= Y (Y00 m)* + 9o (@m0 ") 30 8 1) P

|a|=0
The next proposition is a corollary of [14, Theorem 4.3.6].
Proposition 2.2.3. Let |y — 1| < 7/w. Then for every F € VI(C);) there exists a
unique solution w € V3(QY;) to the problem (2.2.6) and
leo; VI < c|1F V(@) (2.2.8)

holds with a constant c independent of F. If F € CZ(CY;), then w is smooth in Q) and
admits the representation

zxjp]f”/“’@(n — @)+ O(p;SH/w), g <o,

A - (2.2.9)
’ijj n/wq)(q)j) + O(P]- 371/«1), gj >0,

w(gj, ;) = {
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as pj — oo; here (pj, @;) are polar coordinates in (); with center at O}, and function ® is
the same as in Proposition 2.2.1. The constant coefficients a; and B; are defined by

‘Xj - 7(F1 w;)ﬂ/ ,B] - 7(F1 w;’)QI

where wé and w]’ are unique solutions to the homogeneous problem (2.2.6) such that,
as pj — o,

/w —n/w 37/ w .
vl = (pf +ap; )®<n—q);)+o(p]« ey, g <0; 2210,
Bo; T/ @(g)) +O(p; ), &> 0;
. [ By ew(m—gp) + 0 (e ), & <0;
w] - T/w —t/w —31/w (2.2.11)
(P]- +ap; )<I>(qvj)+0(p]- ), & >0

the coefficients o and B depend only on the geometry of the set () and should be calculated.

2.3 Special solutions to the first kind homogeneous problems

Introduce special solutions to the homogeneous problems (2.2.1)in G;,j = 1,2, 3.
These solutions are needed for construction of the asymptotics in the next sec-
tion. Propositions 2.2.1 and 2.2.2 imply that the bounded solutions of homoge-
neous problems (2.2.1) are trivial (except the eigenfunctions of the problem in the
resonator), so we consider only solutions unbounded near the points O;.

Let us consider the problem

Au+Ku=0 in K,

=0 on aK. (23.1)

The function
o(r, @) = Ny (kr)®(o) (2.3.2)

satisfies (2.3.1); Nn /w stands for the Neumann function multiplied by a constant
such that

Ny /o (kr) = P9 Lo (r W),

while @ is the same as in Proposition 2.2.1. Let t — ©O(t) be a cut-off function
on R equal to 1 fort < §/2 and to 0 for t > §, J being a small positive number.
Introduce a solution

vi(x,y) = O(r1)o(r1, ¢1) + 01(x, ) (2.3.3)
of the homogeneous problem (2.2.1) in Gy, where 77 solves (2.2.1) with

f =[50,
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the existence of 7; is provided by Proposition 2.2.2. Thus,

NT T _ 3/ w
( y)z{ (N (krr) + af (k)@ (m — @1) + O(r;“), 11 =0, 234)

AU; (x,y) + O(e%), X — —00,

where /w is the same as in Propositions 2.2.1 and 2.2.2, and the constant A # 0
depends only on the geometry of the domain G; and should be calculated.

Define the solution v3 to the problem (2.2.1) in G3 by v3(x,y) = vi(d — x,y),
where d = dist(O;,0;). Then

(Nn/w(krz) + aTT(/w(kYZ))(D(QDZ) + O(Tgn/w), r— 0,
v3(x,y) = ; i (2.3.5)
Ae ™AL (x,y) + O(e™%%), X — +oo.

Lemma 2.3.1. There holds the equality |A|> = Im a.

Proof. Let (u,v)q denote the integral | o u(x)v(x)dx and let Gy, s stand for the
truncated domain G; N {x > —N} N {r; > ¢}. By the Green formula,

0= (AV1 + k2V1,V1)GN/5 — (V1,AV1 + k2v1)

GN,s
= (aV1/an,V1)aGN,é — (V1,aV1/aTl)acN,5 =2iIm (aV1/aVl,V1)E,

where E = (0Gy, s N {x = —=N})U (0Gy s N {r1 = }). Taking into account (2.3.4)
as x — +oo and (2.1.4), we have
12 9uUr

Im (9v1/0n,v1)36, ;n{x=—N} = —Im 71/2Aa—xl(x,y)AU1_(x,y) x:_Ndy +o(1)

1/2
= AP [ 1¥1() Py +o(1) = AP +-o(1).

Using (2.3.4) as r; — 0 and the definition of ® (see Proposition 2.2.1), we obtain

+w/2 J .~ _
Im (avl/an,vl)aGN,o_m{ﬁ:(;} =Im ) [—arl(Nn/w(krl) +a]n/w(krl)):|
X (Nr(/w(krl) +ﬁfn/w(kf1)) @ (7 — 1) [Pr1 Ao +o(1)
=

27 T+w/2 5

- —(Ima)—/ 1©(7 — 1) Pdgy +0(1) = —Ima + o(1).
W Jr—w/2

Thus |A|? —Ima +0(1) =0as N — coand 6 — 0. O

Let k3 be a simple eigenvalue for —A with Dirichlet boundary condition
in Gy, and let vy be an eigenfunction corresponding to k3 and normalized by
s, |vg|*dx = 1. By Proposition 2.2.1

(2.3.6)

20(x) ~ b1/ (kor1)@(g1), r— 0,
bz]n/w(koi’z)@(n' — (pz), Ty — 0.
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We assume that b; # 0; it is true, e.g. for the eigenfunction corresponding to the
least eigenvalue of the resonator. Since the resonator is symmetric with respect
to the mapping (x,y) — (d — x,y), we have g = by /by = +1. For k? in a punc-
tured neighborhood of k3 separated from the other eigenvalues, we introduce
solutions vy; to the homogeneous problem (2.2.1) in G by

voj(x,y) = O(rj)o(rj, ;) + Doj(x, ), =12, (2.3.7)
where v is defined by (2.3.2), and 0p; is the bounded solution to the problem (2.2.1)
in G; with
fitx,y) = =[8,0(r))]o(rj, ¢j).
Lemma 2.3.2. In a neighborhood V. C C of k3 containing no eigenvalues of the prob-
lem (2.2.1) in G, except k3, the equalities Doj = —b]-(k2 —K3) o + 0o; hold with b
from (2.3.6) and functions 0y analytic in K*eV.

Proof. First check the equality (voj, vo)g, = —bj/ (k* — k}), where vy; are defined
by (2.3.7). We have

(AUQ]‘ + kzvoj, UO)Gd — (Z)oj, AUO + kzvo)G5 = —(kz - k%)(voj, UO)G[S;

the domain G; is obtained from G, by excluding discs with radius é centered
at points O; and O;. Using the Green formula, as in Lemma 2.3.1, we get the
equality
—(k* — k§) (voj, v0), = bj+o(1).
It remains to let 6 tend to zero.
Since k3 is a simple eigenvalue, we have

_ Bi(k)

Voj = 2_12 k% 0o + Voj, (2.3.8)

where B]-(kz) does not depend on x, and 7y; are some functions analytic wih re-
spect to k? near the point k* = k3. Multiplying (2.3.7) by vy and taking into ac-
count (2.3.8), the obtained formula for (vg;, v9)c,, and the condition (vg, vo)g, = 1,
we get the equality

Bj(k*) = —bj + (K* — k§)B;(k*),
where Ej are some analytic functions. Together with (2.3.8) that leads to the re-
quired statement. O

In view of Lemma 2.3.2 the expressions va; = (k? — k3)v; and vy = byvgy —
b1vg, may be extended to functions continuous at k3 with respect to k*. According
to Proposition 2.2.1,

v (x ) - ((kz_k%)ﬁn/w(krl) +C1(k)7n/w(krl))q)(¢l)/ r — 0, (2.3.9)
Ay 2 (k) [0 (kr2) @ (7T — 92), rp — 0, o
Vo (x,y) ~ (b2Nr o (kr1) + d1 (k) T o (kr1)) (1), r1— 0, (2.3.10)

2y (=b1N o (kr2) + da(kK) [ (kr2) )@ (T — @2), 12 —0.

The proof of Lemma 2.3.2 shows that c;(ko) = —b1b;.
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2.4 Asymptotic formulas

This section is devoted to derivation of the asymptotic formulas. In Section 2.4.1,
we present a formula for the wave function (see (2.4.1)), explain its structure, and
describe the solutions of the first kind limit problems involved in the formula.
Construction of formula (2.4.1) is completed in Section 2.4.2, where the solutions
to the second kind limit problems are given and the coefficients in the expressions
for the solutions of the first kind limit problems are calculated. In Section 2.4.3 we
analyze the expression for sj, obtained in 2.4.2, and derive formal asymptotics
for the characteristics of resonant tunneling. Notice, that the remainders in the
formulas (2.4.20)—(2.4.22) arose in the intermediate stage of considerations while
simplifying the principal part of the asymptotics; they are not the remainders in
the final asymptotic formulas. The "final" remainders are estimated in the next
Section 2.5, see Theorem 2.5.3. First we derive the integral estimate (2.5.13) of
the remainder in the formula (2.4.1), which proves to be sufficient to obtain more
simplified estimates of the remainders in the formulas for the characteristics of
resonant tunneling. The formula (2.4.1) and the estimate (2.5.13) are auxiliary and
are analysed only to that extent which is necessary for deriving the asymptotic
expressions for the characteristics of resonant tunneling.

2.4.1 Asymptotics of the wave function

In the waveguide G(e), we consider the scattering of the wave U = ¢"1¥¥;(y)
incoming from —oo (see (2.1.4)). The wave function admits the representation

u(x,y;€) = x1,e(x, y)v1(x, y; )
+O(r)wi (e xr, e tysse) + xo e (%, y)va(x, 5 €) (2.4.1)
+O(r)wa(e  x, e Myn;e) + x3,:(x, y)vs(x, v €) + R(x, 5 €).

Let us explain the notation and the structure of this formula. When composing
the formula, we first describe the behavior of the wave function u outside of the
narrows, where the solutions v; to the homogeneous problems (2.2.1) in G; serve
as approximations to u. The function v; is a linear combination of the special
solutions introduced in the previous section; v; and v3 are subject to the same
radiation conditions as u:

1_ s11(e
o(e) = 2wi(5y) + L ()
~U; (x,y) +51(e)Uy (v, y), X — —00; (2.4.2)
va(x, y;€) = Ci(e)var(x, y) + Ca(e) v (x,y); (2.4.3)
s12(e ~ _
v3(x,y;e) = Ai{(ivfdv3(x’y) ~s(e)Uy (x,y), X — foo; (24.4)

the approximations 511 (¢), S12(¢) to the elements s11(¢), s12(e) of the scattering
matrix and the coefficients Cy (), Ca(¢) are yet unknown. By x;. we denote cut-
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off functions defined by

X1e(xy) = (1-0(r/¢)16,(x,y),  x3,e(x,y) = (1—0(r2/¢)) 1g,(x, y),
XZ,S(xry) = (1 - @(7’1/8) - @(7’2/8)) 1G2(x1y)/

where r; = , / x]2 + yJZ, and (xj,y;) are the coordinates of a point (x,y) in the sys-
tem obtained by shifting the origin to the point O;; 1, is the indicator of G; (equal
to 1in G; and to 0 outside G;); ®(p) is the same cut-off function as in (2.3.3) (equal
tolfor0 < p < d/2andto0forp > 4, § being a fixed positive number). Thus, Xije
are defined on the whole waveguide G(¢) as well as the functions Xj,ev3in (2.4.1).

Being substituted to (2.1.1), the sum 2]3:1 Xj,eVj gives a discrepancy in the
right-hand side of the Helmholtz equation supported near the narrows. We com-
pensate the principal part of the discrepancy by means of the second kind limit
problems. Namely, the discrepancy supported in the neighborhood of the point O;
is rewritten into coordinates (¢, 77;) = (¢ 'xj,¢ 'y;) in the domain €); and is
taken as a right-hand side for the Laplace equation. The solution w; of the cor-
responding problem (2.2.6) is rewritten into coordinates (x;,y;) and multiplied
by a cut-off function. As a result, there arise the terms O (rj)w;(e 'xj,e yj;¢)
in (2.4.1).

Proposition 2.2.3 provides the existence of solutions w; decaying at infinity
as O(p]._”/ “) (see (2.2.9)). But those solutions will not lead us to the goal, be-
cause substitution of (2.4.1) into (2.1.1) gives a discrepancy of high order which
has to be compensated again. Therefore we require the rate w; = O(p; 3™/
as pj — oo. By Proposition 2.2.3, such a solution exists if the right-hand side of
the problem (2.2.6) satisfies the additional conditions

(F,wh)a, =0,  (Fw))qg =0.

These conditions (two in each narrow) uniquely determine the coefficients 53 (¢),
512(€), C1(¢), and Cy(¢). The remainder R(x,y; €) is small in comparison with the
principal part of (2.4.1) as e — 0.

2.4.2 Formulas for 511, 515, C1, and C,

Now let us specify the right-hand sides F; of the problems (2.2.6) and find 511 (&),
512(¢€), C1(e), and Cy(¢). Substituting x1 (v7 into (2.1.1), we get the discrepancy

(A+K)x1,601 = [A, Xea]o1 + Xe1 (A +K)vr = [A, 1 — O 'r1)]oy,

which is non-zero in a neighborhood of the point O, where v can be replaced
by asymptotics; the boundary condition in (2.1.1) is fulfilled. According to (2.4.2)
and (2.3.4),asr; — 0,

01 (x/]/; S) = ({11_ (S)Nn/w(krl) + a?_@)ﬁr/w(k"l))q}(n - (Pl) + O(r?n/w)’

where ~
s11(e)a

1(e) ; (2.4.5)
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Choose in each summand the leading term and take p; = r1/¢, then
(A+K)xe101 ~ [A,1—0O(e1ry)] (afrf"/“' + afri”“’) (7 — 1)
= & (B 1= O(p1)] (ay € p ™ af 9T/ ) Bt~ 1) (246)

In the same way, by use of (2.4.3) and (2.3.9)—(2.3.10), write down the leading term
of the discrepancy from x. v, supported in a neighborhood of O;:

(A+I)xe101 ~ € 2[Dgp, 40,1 — O(p1)] (bfsfn/wan/w + bfsﬂ/wpf/w> @ (¢1),

(2.4.7)
where
by = C1(e)(kK* —K3) + Cae)by, by = Cy(e)cr + Cale)d;. (2.4.8)
As right-hand side F; of the problem (2.2.6) in ()3, we take the function
Fi(@1m) = = [8,¢7] (ape ™™/ p ™/ 4 af e/ “p/ ) o(r — 1)
— (A (b o b T ) dlgr),  (249)

where (T (respectively { ) stands for the function 1 — ©, first restricted to the
domain ¢; > 0 (respectively ¢; < 0), then extended by zero onto the whole
domain (). Let w; be the corresponding solution and then the term

O(r1)wy (e txy, ety e)

in (2.4.1), being substituted in (2.1.1), compensates the discrepancies (2.4.6)—(2.4.7).
Analogously, using (2.4.3)-(2.4.4), (2.3.9)-(2.3.10), and (2.3.5), we find the
right-hand side of the problem (2.2.6) for j = 2:

BaGa, ) = = [8,¢7] (ag e/ p, ™/ 4 aj e/ “p7/) @(7t — 2)
— 1,27 (e Py ™ b e 05 ) (g2),

where
a, (e) = —Ca(e)by,  af(e) = Ci(e)c + Ca(e)da,
b_ (8) . §12(€) b+ (8) o aglz (‘C’) (2410)
2 T Ae—ind’ 2 T Ae—ind’
Lemma 2.4.1. If the solution w; to the problem (2.2.6) with right-hand side
Fi(&j,mj) = — 18,07 (a7 e ™/ p ™/ 4 a7/ <pT ) @(m — @)

_ [A, g-l—] (bj—g—n/cupj—rf/w + b]—'s—gn/wp]{r/w> CI)(Q)]'), ] =1,2,

is O(pj_3”/“’) as pj — oo, then the relations
aj_e_”/“’ — oca;’s”/“’ — ,Bb;re”/w =0,

(2.4.11)
— /W _ T/ w gt/ w
b]. € ocbj € ,Ba]. € =0,

hold with « and B from (2.2.10) — (2.2.11).
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Proof. In view of Proposition 2.2.3 we have w; = O(p;BH/“’) as p; — oo if and

only if the right-hand side of the problem (2.2.6) satisfies the conditions
(Fywj)o, =0, (F,w)a, =0, (24.12)

where w; and w]’ are solutions to the homogeneous problem (2.2.6), for which the
expansions in (2.2.10)—(2.2.11) hold. Introduce the functions f+ on Q); by equali-
ties

Felojo9)) = p; /D (9))-
To derive (2.4.11) from (2.4.12), it suffices to check that

([, 71 f w))o, = (18,51 f- wf)a, = 1,
([A, T 1 fe w))o, = (18,81 fe,wf)a, = a,
([8, ¥ f— w)a; = (18,571~ w))o, =0,
([8, ¢t fr w))a; = (18,87 1f+ w))a; = B

Let us prove the first equality, the rest ones are treated in a similar way. Since
[A,{T]f- is compactly supported, in the calculation of ([A,{™]f-, wj) 0, one may
replace (); by

Of = ;N {p; < R}

with sufficiently large R. Let E denote the set SQJR N{p; = R} N{¢; > 0}. By the
Green formula

([A’ éi]f*/ wDQ]

(Aéffﬂw;‘)of - (gffﬂAw})nf
(0f-/an,wh)E — (f-,0w;/on)E.

Taking account of (2.2.10) for §; < 0 and the definition of ® in Proposition 2.2.1,
we arrive at

. s T+w/2
AI B —7 / P = R/
(18, &7)f - wjo, =S(®R) |
2 +w/2
--= (7~ g dpj +o0(1) = ~1+0(1),
W Jr—w/2

P — goj)zd(pj +o(1)

where S(R) stands for the expression

—1t/w
o an (pg'c/cu _’_apfn/w> _pfn/wi(P{'z/w —|—£Kp'7n/w)
] op; j j j dp; j

pj=R
It remains to pass to the limit as R — oo. O

Remark 2.4.2. The solutions w; mentioned in Lemma 2.4.1 can be represented as linear
combinations of functions independent of e. We write down the corresponding expression
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which will be of use in the next section. Let w} and w]V be the solutions of the prob-

lem (2.2.6) specified by conditions (2.2.10) — (2.2.11), and let {* and {~ be the same
cut-off functions as in (2.4.9). Put

wj =)= (o + o) D~ g)) L Bp; D (gy),
W= — Loy D — g) — T (o ) @),

A direct verification shows that

1
ot ot/wgl e w + T/ w r
ZU] a] & W]—|— ﬁ (lZ] & zxa] & )W]
_ 1 — =TT/ w + 7T/ w 1 T W T
= B (b]. € — ocb]. 3 )wj + bj e Wi (2.4.13)

Using (2.4.5) and (2.4.8), we transform (2.4.11) with j = 1 to the expressions

+7(e) = Ci(e)ey + Ca(e)dy,
) = C1(e)(K* — kg) + Ca(e)ba,

v(e)s11(e) +

(
24.14
8(e)511(e) +0(e) ( :

v(e) = Alﬁ (e_zn/“’ — aoc) , d(e) = Aﬁ

For j = 2, taking (2.4.10) into account, reduce (2.4.11) to the equalities

(zx—|—a(ﬁ az)eZ”/‘*’). (2.4.15)

1(e)512() = (Ca(e)cr + Cole)da)e ™™, 6(e)s12(e) = —Ca(e)bre™™?.  (2.4.16)

From (2.4.14) and (2.4.16), by means of Lemma 2.3.1, we find C (¢), Ca(¢), 511(¢),
and s75(¢):

C (8) :(b1C2)—1 ('y(s)bl + §(g)d2) §1Z(S)ei"1d,

N 2.4.17)
CZ(e) = — bl_lé(e)slz(e)ewld,
S1(e) =(2ibicy) ™! ((kz —kp)ba|v(e)]* + (K — k§)dz — baca) v (e)d(e)
— bicry(€)d(e) — (Cldz — cody)[6(¢) |2)§12(£), (24.18)

512(e) =2ibycze™ Wld( — k§)b1y(e)?
-1
— ((kK* — kg)dz — brc1 — byca)y(€)é(e) + (c1da — Czd1)5(€)2) - (2419
2.4.3 The formulas for the characteristics of resonant tunneling

The solutions of the first kind limit problems involved in (2.4.1) are defined for
complex k? as well. The obtained expression (2.4.19) for 31, has a pole klzg in the
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lower complex half-plane. To find klzg we equate 2ibycpe~ ™14 /31, to zero and solve
the equation for k, — k3:

(bycy + byca)y(e)d(e) + (c1da — cody)d(e)?

2 2
k= by (€)% + day(e)3(e)

Since the right-hand side of the last equation behaves like O(e?™/“) as ¢ — 0,
it may be solved by the method of successive approximations. Considering the
formulas (2.4.15), cj(ko) = —b1bj, by = £by, and Lemma 2.3.1, and dropping the
lower order terms, we get k%, = k% - ik%, where

K% = k3 — 2022 @ 4 O (W),

(2.4.20)
2 = 25263 | A (kD) P/ + O(7/).

For small k% — k%, the formula (2.4.19) takes the form

s 2B AR e (e

sia(k,e) = (1+ 00K -] +&/)).

k2 — k%,
Let k> — k3 = O(e¥"/¢), then
|k2 — k%| = O(€27r/w), A(k) _ A(k%) + O(SZ"/“’),
2(k) = —biby + O(£7), n(k) = (8) +O(™*),

and

s1a(k,e) = 847T/w2i,32b1b2A(ko)Zefivl(ko)d

(1+0@))

-1z
2 ,—ivy (ko)d
_ q(“‘("o)/"‘“’;@ k62 (1 +O(€zn/W)),
1—iP—r

where g = by/by and P = (2b2B%| A(ko)|*) ~1. Thus,

1

k2 — k2
1+P2 ( 847t/wr>

T(k,e) = |512)* = S(1+0(£2™9)). (2.4.21)

The obtained approximation T to the transition coefficient has a peak at k> = k2
whose width at its half-height is

. 2
Y(e) = ﬁe‘*”/w. (2.4.22)
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2.5 Justification of the asymptotics

Introduce functional spaces for the problem
Au+Ku=f G(e), u=0 aG(e). (2.5.1)

Let O be the same function as in (2.3.3), and let the cut-off functions 1,j=12,3,
be nonzero in G; and satisfy the relation

m(x,y) +0(r1) +m2(x,y) + O(r2) +13(x,y) =1

in G(e). Fory € R,6 > 0,and / = 0,1,... the space Vé,&(G(S)) is the completion
in the norm

of the set of smooth functions compactly supported on G(¢); here

1/2
u; Vé/é(G(E))H = (/G(E)S(u)dxdy> (2.5.2)

1 2 A .
S(u) =) (Z @2 (1)) (r} + €))7 e 4 +U§ez‘>"‘> % ul?
la|=0 \j=1

We denote by V«?:(SL the space of functions f analytic in k* which take values in
ny)/ 5(G(e)) and satisfy at k> = k3 the condition (X2 f, o), = 0 with a small
positive 0.

Proposition 2.5.1. Let k? be a resonance, k2 — k3 as e — 0, and let
I — k2| = O(e/%).

Assume, that 7y satisfies the condition m/w -2 < y—1< m/w, f € V,?j(G(s)) and
u is the solution of the problem (2.5.1) which admits the representation

u=1u+mA;U; +n3A;U;;
here A;” = const, it € Vilé(G(s))for small § > 0. Then
17 V3 s(G DIl + AT |+ [A7 | < cllfs Vis(Ge)l, (25.3)
where c is a constant independent of f and e.
Proof. Step A. First we construct an auxiliary function u,. As it was mentioned

before, 517 has a pole k%, =k - ik? (see (2.4.20)). Multiply the solutions to the
limit problems, involved in (2.4.1), by A(k)bzﬁezn/“’/slz(s, k)ei”ld, put k = ky,
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and denote the resulting functions by adding the subscript p. Then
01y (3, ;) =7 (b1 + O(E7/) v (x, i ky),

03y (%, 75) = 7/ byfvr (i Ky ) (2.5.4)
vap(X,y;€) = (—bll + O(ezn/w)> Vo1 (%, kp)
+ 0 (a2 £ O ) vl k),
wip(E1,m;€) = by’ (82”/‘“ (ﬂ(kp)ﬁ + O(Szn/w)) wi (&1, m)
+ (1 0@ ))witem)), w7
wap (&2, i) = bae™ (14 O(7/) ) wi (&2, 12) s

+ alky)Be™ Wi (E2,12) ) ;

the dependence of k, on ¢ is not shown. We set

up(x,y:€) = E(x,y) [x16(x,y)o1p(x,538) + O 2wy, (7w, e Myse)

+ XZ,S(xr y)UZp(X, y; 5) + @(S_ (71’2)?/(]2;7( Xz, y2/k g)
+x36(x, y)v2p(x, 5k €)], (25.7)

where E is a cut-off function in G(¢) that is equal to 1 on the set G(¢) N {|x| < R}
and to 0 on G(¢) N {|x|] > R+ 1} for a large R > 0. The principal part of the
norm of u, is given by x».v2,. Considering the definitions of vy, and vy; (see
Section 2.2) and Lemma 2.3.2, we get || x2,e02p|| = |[vol| +o(1).

Step B. Let us show that
1A+ K3 )up|| < ce™ (25.8)

where ¥ = min{n/w, 37/w — 01, v+ 1}, 01 = 20(37/w — v+ 1); until Step C,
|| - || stands for |- ;VS,(S(G(S)) ||. If T/w < v+ 1 and o is sufficiently small so that
21 /w > o1, thenx = 7/ w.

In view of (2.5.7),

(A + k%)up(x,y;e)
=[A, X1,¢] (m(x,y;e) — b1 B (1 + (k)T ) D (7 — (Pl))

+[A, Olwyy (e xy, e 15 e) — KO (e 2wy (e g, e )

+ (8 2] (02(x,58) — ©() (b, (&) ™/ + b ()17 @(7t — 1)
— O(r2) (ag,(e)r; ™/ + a3, (e)rF/“) @(92) )

+ [A, @]wzp(e_lxz, Lysse) — K2O(e 2 r2)w2p(£ X, € Yyp;€)

+ (8, 23] (03, 38) = BaBE¥™ (1, ™/ + k)13 ) @ (2) )

+[4,Bloi(x, y;€) + [A, Elus(x, y;€),



32

where
by, = O(e7/),  bf, = b1 +O0(77/%),
ay, = O(e2™/w), a;p = by + O(e¥™/v).

Taking into account the asymptotics of vy as r; — 0 and passing to the variables
(C1,m) = (8 X1,€ yl) we obtain

2
|Gy = 18,20 (v y) = (777 + alkp ) (= 1)) |
2
= C/( (et 18,177 ™20 — )| dxdy < g0/,
G(e
This and (2.5.4) imply the estimate

’(X,]/) — [A,Xl,e] ('Ul(x,y) _( —t/w +a(kp) n/w)(b(n._ 901)>H < ceV T/ w+1

Analogously,

](x,y) — [A, X2,e] (vz(x,y) —O(r1) (by, (e)ry ™/ + b (e)r{ ) (7 — 1)

— O(ry) (ggp(s)r;n/w_i_a (e)r n/w) (2 >H < cgrtr/wetl
[0 > 18,784 (230590 — 077/ 4 alkp)r ) (g) | < cer /et

It is evident, that

1A, Evy|| < e, 1=1,3.

Further, since w;- behaves like O(p}fh/ ) at infinity, we have

2
/G(E)(r]z—l-e) ‘[A Olw ( lxje 1yj)‘ dx;dy;

< C/K (rF +€)7 ‘[A ®](e'r)) 3”/‘“@2((,)]) dxjdy; < ceXm/0-),

]
where 07 = 20(3m/w — v +1). A similar inequality holds with w} replaced
by w;. Considering (2.5.5)—(2.5.6), we get the estimate

1A, ®lwj,|| < e/ W,
Finally, using (2.5.5)—(2.5.6) once more, taking into account the estimate
2
/G(S) (7’]2 +€2)7 ’@(e‘zarj)wé(e_lxj,s_lyj)‘ dx;dy;
_ 82’Y+2 /Q(p]Z 4 1)7 ‘ ( 1-20 ) ](6]/ 17])‘ dgjdﬂj < C€2’Y+2/
and a similar estimate for w]’., we derive

| Gey) = Oy (7 5,67y | < e/,
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Combining the obtained estimates, we arrive at (2.5.8).

Step C. This part contains somewhat modified arguments from the proof of The-
orem 5.5.1in [6]. Rewrite the right-hand side of the problem (2.5.1) in the form:

fxy) = filxyie) + fa(x yie) + fa(x, y5€)
+e " (e, s’lyl;el) + s’”’le(s’lxz,e’lyz; €), (2.5.9)

where

fi(xy;€) = xier (2, 9) f (%, ),
Fi(&j,nj;e) = €71 O(e'%0)) f(x0, + €5j, yo, + €1));
(x,y) are arbitrary Cartesian coordinates; (xo;, yo,) stand for the coordinates of O;

in the system (x, y); x;, y; have been introduced in Section 2.4. From the definition
of the norms it follows that

15 Va5 (GOl + 1125 VY (Gl + 1133 Vi 5(Ga) | + 1B V()| < 115 V) 5(G L))
(2.5.10)
Consider solutions v; and w; to the limit problems

Av+kzv:flinGl, v =0o0ndG,
Aw = F;in (), w:Oonan,
respectively; moreover, v; with [ = 1,3 satisfy the intrinsic radiation conditions

at infinity, and v, satisfies the condition (v,v9)g, = 0. According to Proposi-
tions 2.2.1,2.2.2, and 2.2.3, the problems in G; and Qj are uniquely solvable and

[02; VI(Gao) || < 2l f2: V3 (G) |,
loi; V25— (Gl < allfi; Vo5 (Gl 1=1,3, (25.11)
loj; V3 (@) < GillE (@), j =12,
where ¢; and C; are independent of e. We set

U(x,ye) = x1e(x,y)o1(x,y5e) + e O )wi (e xr e yase)
+x26(x,y)v2(x,y;€) + £_7+1®(r2)w2(s_1x2, e_lyz;s) + x3¢(x,y)v3(x, 5 €).
The estimates (2.5.10) and (2.5.11) lead to
I V25, (Gl < ellf: VAs(G(o)) (2512)

with ¢ independent of e. Denote the mapping f — U by R,. Arguing as in the
proof of Theorem 5.5.1 in [6], we obtain (A + k*)R, = I + S, where S, is an
operator in ny’, 5(G(e)) of small norm.

Step D. Recall that the operator S, is defined on the subspace Vf;”? (G(e)). Weneed
the image of the operator S, to be included in Vf;”? (G(¢)), too. To this end, replace
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the mapping R by R; : f — U(f) +a(f )up, where u, has been constructed in
Step A, a(f) isa constant. Then (A +k?)R, = [+ S, with S, = S; +a(-) (A +k*)u,.
The condition (x2S f,v0)G, = 0 as k = ko gives

a(f) = —(X2e7Sef,00) Gy / (X2 (A + k§)up, Vo) G,
Prove that ||S¢| < ¢||S¢||, where ¢ is independent of ¢, k. We have

ISef 1l < [1Sef 1| + la(F (A + K .

The estimate (2.5.8) (with ¢ > 7/w — 2 and 271/w > ¢7), the formula for k,, and
the condition k? — k3 = O(€2™/¢) imply the equality

(A + )1 VO | < [ = 13| [l Vsl + (A + K3 )up; VO 5| < ce?™/ <.
Since the supports of the functions (A + k%,)u p and x2 . do not intersect, we have

[(X2,e0 (A +k%)up,vo)G2| = (K3 — k%)(uPIUO)G2| > ce27/w.

Further, v — 1 < 1/w, so

|(x2erSef,00)G,| < NISefi Vo s (G(e))Il lvo; V4 (Ga)ll < clISefs Vi 5(G(e))l

Hence,
la(f)] < ce 2 ||Sef; VI 5(G(e)) |

and ||Sef| < c||Sef||. Thus, the operator I + S in VSj(G(s)) is invertible, which
is also true for the operator of the problem (2.5.1):
Acius Au+Ku: Vi (Gle) = V) (G(e));

here Vij _(G(¢)) denotes the space of elements of Vyzr 5,—(G(e)) that vanish on

dG(e) and are sent by the operator A + k? into VS'(SL. The inverse operator

is bounded uniformly with respect to ¢, k. Therefore, the inequality (2.5.3) holds
with ¢ independent of ¢, k. O

We consider a solution u; to the homogeneous problem (2.1.1) defined by

U (x,y) +s11 Uy (x,y) + O(exp (6x)), x — —oo,

ur(x,y) = {512 U, (x,y) + O(exp (—0x)), % =+ teo.

Let 517 and s1p be the elements of the scattering matrix determined by this so-
lution. Denote by i1, the function defined by (2.4.1) with @(r;) replaced by

@(sj_z”rj) and with removed R; 511, 51 are the same as in (2.4.18)—(2.4.19).
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Theorem 2.5.2. Let the conjectures in Proposition 2.5.1 be fulfilled. Then the inequality
511 — S11| + |s12 — S12| < cfspa]e*°
holds with constant c independent of € and k, 6 being an arbitrarily small positive number.
Proof. The difference R = uj — 113 ; is in the space V% 5,—(G(e)) and
fri= (B +K)(m — i)
isin Vg,é (G(¢)). By Proposition 2.5.1,
IR V2,5 ()] < clf: V2(Ge)]]. (25.13)
Let us show that
12; V5 5(G()| < cfsna|(e7 7/ H! 4 /@), (2.5.14)

where 07 = 20(37/w — 7y 4+ 1). The required estimate is a consequence of the last
two inequalities with y = w/w +1 —d and 07 = 4.

Arguing as in Step B of the proof of the previous statement, we obtain the
estimate

Hfl}V,(y)/(;(G(s))H < c(e7t! 4 d/w—ony
x max(|a;” (&)™ + |aj" () |7/ + b} (e) |77/ + |bj (e)[™/).
=1
From (2.4.11) it follows that
(|{1]-_(8)|8—7T/w + |a;_(8)|g7t/w) < C(|bj_(g)‘8—7t/w + |b]7~'(£)|€n/‘*’),

Using the formulas (2.4.8) and (2.4.10) for bji and relations (2.4.17) and (2.4.15),
we get
b7 (&)™ + |b () |7/ < ce” ™/ [Sa(e) .

Comparing the obtained estimates, we arrive at (2.5.14). O

Theorem 2.5.2 and formulas (2.4.21) — (2.4.22) imply the next statement.

Theorem 2.5.3. For |k*> — k2| = O(e¥™/ %) the asymptotic expansions

1 _
T(k,e) = . S(1+0(£279)),
1+P2< 827r/wr>

k%(s) = k% + 217%,382”/“’ + O(SZT(/erz,tg),

Y(e) = |54/ (1 + 0(2)

hold, where Y (&) is the width of the resonant peak at its half-height, 6 is an arbitrarily
small positive number.
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2.6 Comparison of asymptotic and numerical approaches

The principal parts of the asymptotic formulas in Theorem 2.5.3 contain the con-
stants by, |A|, «, B. To find them one has to solve numerically several boundary
value problems. We state the problems and describe a way to solve them. We
also outline a method for computing the waveguide scattering matrix taken from
the paper [7]. Then we compare the asymptotics with calculated constants and
the numerically found scattering matrix.

2.6.1 Problems and methods for numerical analysis
Calculation of b

To find by in (2.3.6), we solve the spectral problem
Av+Kv=0 inGy, v=0 ondGy,

by FEM (for the details see Appendix 1). Let vy be an eigenfunction correspond-
ing to k3 and normalized by

/ l00(x, )% dxdy = 1.
Gy

Then by can be determined (approximately) by

bl = Ein/w U?I)(EE)())) = \/Esin/wvo(g, O)

Calculation of |A|

The constant A # 0 has arisen in the asymptotics (2.3.4) of the solution v; of
homogeneous problem (2.2.1) in Gy; the solution is defined by the formula (2.3.3).
To avoid difficulties related to the unboundedness of v; in a neighborhood of the
point Oy, introduce v = (v; —v7)/A,

ar?/“’q)((pl) r —0;

v(xy,y1) ~ inm A | N (2.6.1)
+t7 1(y1) +O( ) X ,

where a = 2ilma/A. According to Lemma 2.3.1 in [5], we have Ima = |A|?, and
hence a = 2iA. Thus, it suffices to calculate a. Denote the truncated domain

Gy N{(x1,y1) : x1 > —R}
by GR and put I'® := 9GR N {(x1,11) : x1 = —R}. Introduce the problem

AV (x1,y1) + K2V (x1,11) =0, (x1,11) € G
V(x, 1) =0, (x1,y1) € IGR\TR;  (2.6.2)
0V (x1, 1) + iV (x1, 1) = 2ivie"R¥ (1), (x1,11) €TX;
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the function ¥ is defined by (2.1.4). The solution V is found by FEM (for the
details see Appendix 2). One may put

a= e V(¢ 0).
Calculation of « and B

We introduce the boundary value problem for calculation of « and § in (2.2.11),
denote the truncated domain QN {(r, @) : ¥ < R} by OR, and put
R.=a00n{(r,¢):r=R}.

Consider the problem

Aw(E,n) =0, (&) € OF;
w(@, 77) =0, (¢, 77) € aQR\rR; (2.6.3)
anw(é, 77) + gw(‘:/ 77) = 8(Cr ’7)/ (gl 77) erk
If w is a solution and ¢ > 0, then
lew; La(TF) || < ¢ Mlgs La(T) - (2.6.4)

Indeed, substitute u = v = w to the Green formula
(Au,v)r = (001, 0) 50k — (Vu, V) or
= (9n, 0)gaar\rk + (It + Cu, 0)pr — L (1, 0)pr — (Vi Vo) or,
and get
0= (g w)rr — {[lw; Lo(TR) > = | Vaw; Ly (QF) %,
From this and the obvious chain of inequalities
gllw; La(TR)|1? < gllow; La(TR) |12 + [ Vao; La(QF) |12 = (g, w)pe

< lw; La(TR) [} ] g5 La(TR) |
we obtain (2.6.4). Denote the left (right) part of I'* by TR (Tﬁ). Let W be the
solution of (2.6.3) as { = 71/wR, g|r = 0, and g|1-;3r = (271/w)R/ @)1 (). Let,
in addition, w" be a solution to the homogeneous problem (2.2.6) in the domain ()

with asymptotics of the form (2.2.11). Since the asymptotics can be differentiated,
w, — W satisfies (2.6.3) with ¢ = O(R~37/@)=1) According to (2.6.4),

er —W; LZ(FR)” < Cwin{{R—(?ﬂr/w)—l — JR3/w
as R — +oo. We find W with FEM (for the details see Appendix 2) and determine
B by the equality
W(—R,0)
p=-—""
@(0)

Obviously, ||(w, — R™“®(¢)) — (W — RT9®(9)); Lr(TR)|| < /R3¢, there-
fore we put

R™“ = \/TW(—R,0)R™.

R,0) — R™“®
y = W( /O)CD(O) (O) Rr[/w _ \/EW(R, O)Rﬂ/w _ RZ?T/(U‘




38

2.6.2 Calculation of the scattering matrix

Let us describe the method for calculation of the scattering matrix, consider-
ing only electrons of energy between the first and the second threshold. Then
in (2.1.4) we have M = 1. Put

G(e,R) =G(e)N{(x,y): —R < x <d+ R},
IR =09G(e, R)N{(x,y): x=—-R}, TX=0G(e,R)N{(x,y) :x=d+R}

for large R. As an approximation to the row (sq1,512) of the scattering matrix
S = S(k) we take the minimizer of a quadratic functional. To construct such a
functional we consider the problem

AXR 4+ 2XR =0 in G(gR),
XR =0 , on 9G(gR)\ (TRuUTK),
(0 +i0)XR = i(—vy + Qe ™RY (y) (2.6.5)

+ayi(vy + g)eiulR‘Yl (y) on TI¥,
(O + i) AR = ayi(vy + Q)@ RY (y) on TX,

where { € R\ {0} is an arbitrary fixed number, and a5, 4, are complex num-
bers. As an approximation for the row (sq,512) we take the minimizer a(R) =
(a9(R),a3(R)) of the functional

TR(a1,a2) =[|AR — &= "Ry — gy"1RF; Ly (TF) |12

+ || R — ap e @RIy L (TR)|12, (2.6.6)

where X'R is a solution to the problem (2.6.5). From the results of [7] it follows
that a?(R, k) — s1j(k) with exponential rate as R — co. More precisely, there exist
positive constants A and C such that |a?(R, k) —s1j(k)] < Cexp(=AR),j=1,2,
for all k> € [u1, 2] and sufficiently large R; the interval [y, u2] of continuous
spectrum of the problem (2.1.1) lies between the first and the second thresholds
and does not contain the thresholds. (Note, that application of the method is not
hindered by possible presence on the interval [p1, ji2] of eigenvalues of the prob-
lem (2.1.1) corresponding to eigenfunctions exponentially decaying at infinity.)
To express XX by means of a1,a,, we consider the problems

Avy +k2vi =0 in G(g R),
v = 0 ' on 9G(e,R)\ (TRuUTK), (2.67)
(9, + iC)vi =i(Fvy +{)eTRY¥; on TK, o
(On +i0)v; =0 on TI%,
and
AV + k%05 =0 in G(g R),
vy =0 on 9G(g, R)\ (TRUTK),
(B +i0)% = on T, 2.68)

(On +i0)vy = i(Fva + )eT2@HRY, on TX.
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Let v].i = va be solutions to problems (2.6.7), (2.6.8), then AR = va + Zj ajv].jR.
Now the functional (2.6.6) can be rewritten in the form

JR(a;k) = (aER(k),a) 4 2Re (FR(k),a) + GR(k),

where (-, -) is the inner product on C?, and £R stands for the 2 x 2-matrix with
entries

(o7 —e"R¥), (o — Ry ) L+ (07,07 ),
1

R’
rZ

(
Efz = ((U; _ emR‘{fl),v;)rR + (v;, (vy — eiv1(d+R)\{fl))
1
(

v, , (V] — eile‘Iﬁ))rR
1

552 - (’U;, U;)rf —|— ((’(]E — eivl(d+R)\P1)’ (UE _ elV1(d+R)1If1))

+ ((02— _ eim(d-‘rR)‘IJl),’()l_)rR ,
2

R’
1—‘2

FR(k) is the row (FR (k), F& (k)) and GR (k) is the number defined by the equal-
ities

”TlRl _ ((Ui&- o e—ileTl)/ (Ul_ o eile‘{’l))rR =+ (UT,U{)FQQ ,

1

FR = ((ﬁ _ e—iulR\Pl),v;Dr{{ + (vl+ (v; — eivl(d+R)Tj))r§ ,
gf = ((UIr —e Ry, (vf — e_iVIR‘Fl))rf * (vf,vf)rg,

The minimizer a° = (a¥(R, k), a3(R, k)) satisfies a’€R + FR = 0. The solution to
this equation serves as an approximation to the first row of the scattering matrix.
In the same way one can show that the approximation to the scattering matrix
S(k) is the solution SR = SR (k) to the matrix equation of the form SRER + FR = 0.
If one chooses { = —vy, thenv; =v; =0, ER = (1/v1)Id, and SR = -1y FR.

2.6.3 Comparison of the results

Let us compare the asymptotics k% ,(¢) of resonant energy k2, (¢) and the ap-
proximate value k%es/n(e) obtained numerically. Figure 4 shows good agreement
of the values for 0.1 < ¢ < 0.5. We have

|k$es,a (E) - k%es,n(s)‘/kges,a(s> < 10_3

for 0.1 < e < 0.3 and only for ¢ = 0.5 the ratio approaches 2 - 10~2. For ¢ < 0.1 the
numerical method is ill-conditioned. This is caused by the fact, that the waveg-
uide tends to the ‘limit’ (see Figure 3), on which the problems for calculation of
the scattering matrix are incorrect (ill-posed). This means that the round-off er-
rors cause the larger deviations in the solution and at some ¢ we get a random
vector instead of the sought-for vector of coefficients of the piecewise polyno-
mial function. The asymptotics moves this incorrectness” out of numerical part
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FIGURE 4 Asymptotic description k%, ,(¢) (solid curve) and numerical description

res,a
k2, . (¢) (dashed curve) for resonant energy k2 (¢).
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FIGURE 5 The shape of resonant peak for ¢ = 0.2: asymptotic description T, (k? — k2, ,
(solid curve) and numerical description T, (k* — k2,,) (dashed curve) for
transition coefficient T(k?> — k2,;). The width of resonant peak at height h:

asymptotic A, (h,€) = AA; numerical A, (h,¢) = BB.
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FIGURE 6 The dependence of the width A(/, €) of resonant peak on ¢ for various heights
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tion): the upper pair of lines for 1 = 0.2; the middle lines for i = 0.5; the
bottom lines for 1 = 0.7.
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FIGURE7 Ratio A, (h,e)/Aq(h, €) as a function of e. The ratio is independent of /1 within
the accuracy of the analysis.
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(i.e. the problems for the constants that have to be solved numerically) and thus
remains efficient at ¢ — 0.

The difference between the asymptotic and numerical values becomes more
significant as ¢ increases going out of the interval; the asymptotics becomes un-
reliable. The numerical method shows that for ¢ > 0.5 the resonant peak turns
out to be so wide that the resonant tunneling phenomenon dies out by itself. The
forms of "asymptotic" and "numerical" resonant peaks are almost the same (see
Figure 5). The difference between the peaks is quantitatively depicted in Fig-
ure 6. Moreover, it turns out that the ratio of the width A, (h, €) of numerical
peak at height / to A, (h, €) of asymptotic peak is independent of h. The ratio as a
function in ¢ is displayed in Figure 7.

Note that for ¢ = 0.1 (i.e. at the left end of the band where the numeri-
cal and asymptotic results can be compared) the disparity of the results is more
significant for the width of resonant peak than that for the resonant energy.



3 ELECTRON FLOW SPIN POLARIZATION IN 2D
WAVEGUIDES IN THE PRESENCE OF MAGNETIC
FIELD

We consider an infinite two-dimensional waveguide that far from the coordinate
origin coincides with a strip. The waveguide has two narrows of diameter e. The
narrows play the role of effective potential barriers for the longitudinal electron
motion. The part of waveguide between the narrows becomes a "resonator" and
there can arise conditions for electron resonant tunneling. A magnetic field in
the resonator can change the basic characteristics of this phenomenon. In the
presence of a magnetic field, the tunneling phenomenon is feasible for produc-
ing spin-polarized electron flows consisting of electrons with spins of the same
direction.

We assume that the whole domain occupied by a magnetic field is in the res-
onator. An electron wave function satisfies the Pauli equation in the waveguide
and vanishes at its boundary. Taking € as a small parameter, we derive asymp-
totics for the probability T(E) of an electron with energy E to pass through the
resonator, for the "resonant energy" E,.;, where T (E) takes its maximal value, and
for some other resonant tunneling characteristics.

The asymptotic formulas contain some unknown constants. We find them
by solving several auxiliary boundary value problems (independent of ¢) in un-
bounded domains. Having the asymptotics with calculated constants, we can
take the it as numerical approximation to the resonant tunneling characteristics.
Independently, we compute numerically the scattering matrix and compare the
asymptotic and numerical results.
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3.1 Statement of the problem

To describe the domain G(¢) in R? occupied by the waveguide, we first introduce
two auxiliary domains G and Q in IR?. The domain G is the strip

G=RxD={(x,y) eR*: xcR; ye D= (-1/2,1/2)}.

Let us define (). Denote by K a pair of opposite angles with vertex at the ori-
gin O. Assume that K is symmetric about the origin and contains the axis x. The
set KN'S!, where S! is a unit circle, consists of two simple arcs. Assume that ()
contains K and a neighborhood of its vertex. Moreover, outside a sufficiently
large disc the set ) coincides with K. The boundary dQ) of () is supposed to be
smooth (see Figure 1).

We now turn to the waveguide G(¢). Denote by ()(¢) the domain obtained
from Q) by contraction with center at O and coefficient ¢. In other words, (x,y) €
Q(e) if and only if (x/e,y/¢e) € Q. Let K; and Q;(¢) stand for K and Q(e) shifted
by the vector r; = (x?,O), j = 1,2. We assume that |x{ — x| is sufficiently large
so that the distance from 0K; N 9K to G is positive. We put (see Figure 8)

G(S) = GﬂQl(s) ﬂQz(E).

1
G(E) /‘\

FIGURE 8 The waveguide G(¢) and the support of magnetic field H in the resonator.

Consider the equations
(—iV 4+ A)?u &+ Hu = K?u, (3.1.1)

which are 2D counterparts of the equations describing the motion of electrons of
spin £1/2 in a magnetic field parallel to z-axis. Here V = (dy, ay)T; H=0;A,—
9dyAx. Let H depend only on p = ((x — x9)? + (v — 10)?)!/?, and let H(p) = 0
as p > R, where R is a positive constant. Then we can put A = A(p)ey, where
ey =p ' (—y+yo,x —x0) and

min{p,R}

It is evident, that the equality dyA, — d,Ay = H defines A up to a summand of
the form V f.
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Let (p, 1) be polar coordinates in the plane xy with center at (xo, o), the
angle i being measured from a ray parallel to x-axis. Introduce f(x,y) = cy,
where

c= /OR tH(t) dt.

We assume that —71/2 < ¢ < 37/2. The function f is uniquely determined in
the waveguide for |x — xo| > 0, moreover, Vf = A for |[x — xo| > R. Let 7(t) be
a cut-off functionon Ry, equaltolast > R+ 25 andtoOast < R+ 6, d being a
positive constant. Put A’ (x,y) = A(x,y) — V(7(|x — x0|) f(x,y)). Then

Al — By Al = Ay — 9y A, = H
and A’ = 0 as |x — xg| > R+ 25. The wave function u’ = uexp{itf} satis-

fies (3.1.1) with A replaced by A’. As |x — xg| > R + 26 the equation (3.1.1) with
new potential A’ reduces to the Helmholtz equation

—Au' = K2

In what follows we omit the primes in the notations. We look for solutions
to (3.1.1) satisfying the homogeneous Dirichlet boundary condition

u=0 onadG(e). (3.1.2)

The obtained boundary value problems are self-adjoint with respect to the Green
formulas

((—=iV + A)%u + Hu — Ku, 0)c(e) T ((On +1An) 1, 0)ac ()
= (u,(—iV + A)?v =+ Ho — kzv)G(g) + (1, (On +1An)0)36(e),
where A, is a projection of A onto the outward normal to dG(¢); u,v € C3°(G(e)).

Additionally, we require u to satisfy some radiation conditions at infinity. To
formulate the conditions, we consider the problem

Ao(y) +A%o(y) =0, ye(=1/2,1/2), (3.1.3)
v(—=1/2) =0(l/2) = 0.

The eigenvalues )\% of this problem are called thresholds; they form the sequence
/\%z(nq/l)z, g=12,...

Assume that k? in (3.1.1) does not coincide with any of the thresholds. Let us

consider the equation (3.1.1) with ” + . For a fixed real k there exist finitely many

linearly independent bounded wave functions. In the linear space spanned by
such functions, a basis is formed by the wave functions subject to the radiation
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conditions
M .
eimx‘f’m (y) —+ Z S;Z](k) eilvjxlf],(y) 4 O(eéx), X — —oco,
i (%,Y) = { um = (3.1.4)
Z% S;,M-&-]‘(k) e i(y) + O(e ), X — +oo;
]:
M .
ESX/Ier,]‘(k) e Y (y) + O(eﬁx), X — —oo,
Ui (X y) = 977
v —iVpX u + ix . _ox
¢ Fn(y) + ZSM+m,M+]’(k) e Yi(y) +O(e™™), x — +oo.
j=1

Here M is the number of thresholds not exceeding K% vy = /K2 — A2 ¥, is an
eigenfunction to the problem (3.1.3) that corresponds to A2, i.e.

V2/ vy sin Ay, ,
¥, (y) = { /vy sin Ay, meven (3.1.5)

V2/ Wy cos Ay, modd; m=1,2,..., M.
The function Uj(x,y) = eivfx‘lfj(y),j =1,...,M,in the strip G is a wave incoming
from —co and outgoing to +oco, while Uy ;(x,y) = ¢ "i"¥;(y) is a wave going

from +oo to —co. The matrix

5t = |Isg|

m,j=1,...2M

with entries from (3.1.4) is called the scattering matrix; it is unitary. The values

TR TR - 2
Ry = Zl ‘Sm]' , T, = 21 |Sm,M+]'|
= =

are called the reflection and transition coefficients, respectively, for the wave U,
incoming to G(¢) from —oo, m = 1,..., M. Similar definitions can be given for the
wave Upyyy, coming from +oco. The scattering matrix S~ and the reflection and
transition coefficients R, T, for the equation (3.1.1) with "—" are introduced in
the same way.

In the present work, we consider only the case when k? lies between the
first and the second thresholds. Thereby, the scattering matrix is of size 2 x 2. We
discuss only the scattering of the wave coming from —oo and denote the reflection
and transition coefficients by

R* = R¥ (k) = |s3;(k, €)[%, T= = T*(k,e) = |s;(k,€)|* (3.1.6)
The goal is to find a "resonant" value k¥ = ki (¢) of the parameter k, where the

transition coefficient takes its maximum, and to describe the behavior of T (k, ¢)
in a neighborhood of k" (¢) as ¢ — 0.
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3.2 The limit problems

We construct the asymptotics of the wave function (i.e. the solution of (3.1.1)) as
¢ — 0 by the compound asymptotics method. To this end, we introduce "limit"
boundary value problems independent of the parameter e. We suppose the do-
main occupied by the magnetic field to be localized in the resonator, the part of
the waveguide between the narrows. Furthermore, we assume that |x]- — xo| >
R+24,j =1, 2, so the vector potential A differs from zero only on a domain in-
side the resonator. Then outside the resonator and, in particular, near the narrows
the sought wave function satisfies the Helmholtz equation.

3.2.1 First kind limit problems

Let G(0) = G N Ky NK; (Figure 9); therefore, G(0) consists of three parts G, G
and G3, where G; and Gj are infinite domains, and G; is a bounded resonator.

FIGURE9 The domain G(0) = G; U G, U Gs.

The boundary value problems

Ao(x,y) +Ko(x,y) = f(xy),  (xy) €Gj (32.1)
v(x,y) =0, (x,y) € 9G;, -

where j = 1,3, and

(=iV +A(x,y)0(x,y) £ H(p)v(x,y) = Ko(x,y),  (xy) € Gy,

v(x,y) =0, (x,y) € 9Gy, (3.2.2)

are called the first kind limit problems.

We introduce function spaces for the problem (3.2.2) in G;. Let ¢y and ¢, be
smooth real functions in the closure G, of G, such that ¢j=1ina neighborhood
of 0j,j=1,2,and ¢? +¢3 = 1. For[ = 0,1,... and 7 € R the space V.(Gy) is
the completion in the norm

2 la]=0j=1

1/2
! 2
lo; VA(Ga)l| = ( X 2¢%<x,y>r?”’*“'>|a“v<x,y>|2dxdy) (3.23)

of the set of smooth functions in G, vanishing near O; and Oy; here rj is the
distance from (x,y) to the origin O, « = (a1, a2) is a multi-index, and 0* =
oldl 79x19y®2. Proposition 3.2.1 follows from the well-known general results; e.g.,
see [14, Chapters 2 and 4, Sections 1-3] or [6, vol. 1, Chapter 1].
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Proposition 3.2.1. Assume that |y — 1| < 7w/w. Then for f € V(Gy) and arbi-
trary k?, except the positive increasing sequence {k% p1 0f eigenvalues, k%, — 0o, there
exists a unique solution v € V%(Gz) to the problem (3.2.1) in Gy. The estimate

lo; V3(G2)ll < cllf; V3 (Ga) (3.2.4)

holds with a constant ¢ independent of f. If f is a smooth function in Gy vanishing
near O and Oy, and v is any solution in V%(Gz) to the problem (3.2.1), then v is smooth

in Gy except at Oy and O, and admits the asymptotic representation

o y) = | Wlwe(kn)@(e) +0(™), =0,
' b2 (k1)@ (T — @2) + O (1r3/“), 1y — 0,

near the points Oy and Oy, where (r;, ¢;) are polar coordinates centered at O}, b; are some
constants coefficients, Ty stands for the Bessel function multiplied by a constant such that
Tu(kr) = 1# + o(r"), and ®(¢) = w~/2 cos (mg/w).

Let k* = k3 be an eigenvalue of the problem (3.2.1). Then the problem (3.2.1) in G,
is solvable if and only if (f,v9)g, = O for any eigenfunction vy corresponding to k3.
These conditions being fulfilled, there exists a unique solution v to the problem (3.2.1)
that is orthogonal to the eigenfunctions and satisfies (3.2.4) (i.e., the Fredholm alternative
holds).

We turn to the problems (3.2.1) for j = 1,3. Let xo; and X, be smooth
real functions in the closure G; of G; such that x(; = 1 in a neighborhood of O;,
Xo,; = 0 outside a compact set, and )((2), it )(fo,]- = 1. We also assume that the
support supp X, is located in the strip G. For y € R, 6 > 0,and I =0, 1,... the
space V“Ir, 5(Gj) is the completion in the norm

1/2
!
l[v; Vé,é(Gj)H = (/G ). (X%,]'V?(%ZHQD —l—)(é,]» exp(26x))[0%0|* dx dy

J |a|=0
(3.2.5)
of the set of smooth functions with compact supports on G; vanishing near O;.
Recall that, by assumption, k2 is between the first and the second thresholds,

therefore in each domain G; there exists only one outgoing wave. Let U = U,
be the outgoing wave in Gy and let U, = U be the outgoing wave in G (the
definitions of U; and G are given in Section 3.1). The next proposition follows,
e.g., from Theorem 5.3.5 in [14].

Proposition 3.2.2. Let |y — 1| < 71/ w and suppose that there is no nontrivial solution
to the homogeneous problem (3.2.1) (where f = 0) in V72 5(Gj) with arbitrarily small

positive 8. Then for any f € ny’, 5(Gj) there exists a unique solution v to (3.2.1) that
admits the representation

0O=1u + A]Xoo,]u]_/
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where Aj = const, u € V;;Z’ 5(Gj), and ¢ is sufficiently small; herewith the estimate
s V2 (Gl + 1451 < el £ vy 5(GIl, (32.6)

holds with a constant c independent of f. If f is smooth and vanishes near Oj, then the
solution v to the problem in Gy satisfies

0(x,y) = @1/ (k)@ (7 — 1) +O(7), 1 =0,
and the solution to the problem in Gg satisfies
0(x,y) = 2] /0 (kr2)®(92) + O(r%”/“’), rp — 0,

where a j are some constants.

3.2.2 Second kind limit problems

In the domains ), j = 1,2, introduced in Section 3.1, we consider the boundary
value problems

w(&, ;) =0, (Gj mj) € 0y,
which are called the second kind limit problems; (¢ is 17j) stands for Cartesian co-
ordinates with origin at O;.

Let p; = dist((g},17),0;) and let ¢ j, o, j be smooth real functions in ();
such that ¢y ; = 1 for p; < N/2, ¢ = 0 for p; > N, and l/Jtz)’j + ll)c2>o,j =1, where N
is a sufficiently large positive number. Fory € Rand! =0, 1, ... the space Vé (Q))
is the completion in the norm

. 1/2
Jo; V()| = (/043(?1) d@jdm') (3.2.8)

]
of the set C° (ﬁ]) of smooth functions compactly supported in ﬁj ; here

1

S(v) = l%: (0, (Zj0 1) + 9o (&1 200 ) 900 (8, ) 2
a|=0

The next proposition is a corollary of Theorem 4.3.6 in [14].
Proposition 3.2.3. Let |y — 1| < 7/w. Then for F € V(C);) there exists a unique
solution w € V%(Qj) to (3.2.7) such that the estimate

lwe; V2] < el[F; V@]l (329)

holds with a constant c independent of F. If F € CX(C);), then w is smooth on Q; and
admits the representation

zxjp]f”/“’qD(n — @)+ O(p;an/w), g <0,

_ _ (3.2.10)
’ijj n/wq)(q)j) + O(P]- 371/«1), gj >0,

w(gj, ;) = {
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as pj — oo; here (pj, ¢;) are polar coordinates in O); with center at O}, and @ is the same
as in Proposition 3.2.1. The constants a; and B; are found with the formulas

[X]' - _(F,ZU;)Q, :B] = _(F/w;)ﬂl
where wé and w]’ are the unique solutions to (3.2.7) satisfying
o <p]{t/w + lxpj—n/w> ®(7 — ) + O(pj—37r/w), g <0; (3211)
T B @ (gy) + O (o), &>0;
o BT eR(m— 9+ 0(07), G<0 o
(P;I/w + DCP]-_n/w> ‘19(90]') + O(pj—?ﬂ'f/w)l gj >0;

as pj — oo; the coefficients a and B depend only on the geometry of () and have to be
calculated.

3.3 Special solutions to homogeneous first kind limit problems

In each of the domains Gj, j = 1,2,3, we introduce special solutions to the homo-
geneous problems (3.2.1). These solutions are necessary for construction of the
wave function asymptotics in the next section. It follows from Propositions 3.2.1
and 3.2.2 that the bounded solutions to the homogeneous problems (3.2.1) are
trivial (except the eigenfunctions of the problem in the resonator). Therefore, we
consider only solutions unbounded in the neighborhood of O;.

Let us analyze the problem

Au+kKu=0 in K, u=0 on oK. (3.3.1)

The function

v(r, (P) = Nn/w(kr>q>(¢) (3.3.2)

satisfies (3.3.1); here Nn /w 1s the Neumann function multiplied by such a constant
that
Nyolkr) = 1/ 4 o(r /%),

and @ is the same as in Proposition 3.2.1. Let t — ©(t) be a cut-off function
on R, equal to 1 for t < /2 and to 0 for t > 6, 6 being a small positive number.
Introduce the solution

vi(x,y) = O(r1)o(r1, ¢1) + 01(x, ) (3.3.3)
to the homogeneous problem (3.2.1) in G;, where v satisfies (3.2.1) with

f =[50,
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the existence of 7; is provided by Proposition 3.2.2. Therefore,

(Nn/w(krl) + aTn/w(krl))qD(n - (P1> + O(Tiﬂr/w)r r — 0,

(3.3.4)
AUy (x,y) + O(e%), X — —00,

Vl(x/y)—{

where J; /w is the same as in Propositions 3.2.1 and 3.2.2, and the constant A # 0
depends only on the geometry of G; and has to be calculated.

Define the solution v3 to the problem (3.2.1) in G3 by v3(x,y) = vi(d — x,y),
where d = dist(O1,O;). Then

(Nrjw(kra) + al s (kr2))@(92) + O(1F“), 12 =0,
vi(x,y) = . : (3.3.5)
Ae ™ALL (x,y) + O(e™%%), X — +oo,

Lemma 3.3.1. There holds the equality |A|> = Im a.

Proof. Let (u,v)q denote the integral |, o u(x)o(x)dx and let Gy, s stand for the
truncated domain G; N {x > —N} N {r; > ¢}. By the Green formula,
0= (AVl + k2V1,V1)GN,5 — (Vl, Avqy + k2V1)GN,(S
= (avl/an, Vl)aGN,o‘ — (V], aV1 /ai’l)acmS =2iIm (8V1 /aTl, V])E,
where E = (0Gy sN{x = —N}) U (0Gy s N {r1 = §}). Taking into account (3.3.4)
as x — +oo0 and (3.1.5), we have
1/2

ou, —
Im (9v1/0n,v1)36, sn{x=—N} = —Im s Aa—xl(x,y)AU1 (x,y) xszdy +o(1)

1/2
= (AP [ () Py +0(1) = [AP +o(1)
Using (3.3.4) as r; — 0 and the definition of ® (see Proposition 3.2.1), we obtain

T+w/2 [ P}

Im (avl /81’1, Vl)aGN,(sﬂ{ﬁ:ﬂ =Im _ﬁ (Nn/w(krl) + afn/w (krl))]

T—w/2
X (Najeo (kr1) + o (k1)) | (0 = @1)Pra| — dgr+0(1)
r1=
20 [tw/2 )
= —(Ima)— |P(t — ¢1)|"dg1 +0(1) = —Ima +o(1).
W Jr—w/2
Thus |A]> —Ima+o0(1) =0as N — oo and 6 — 0. O

Let k%, , be asimple eigenvalue of (3.2.2) in G, and let vat be a corresponding
eigenfunction normalized by |, G, |v5 |?dx = 1. By Proposition 3.2.1

i(x) ~ {bffn/w(ko,irl)qD(q)l)/ " — 0/ (336)

7 bET o (k
> Trjw(koa1r2)®(r — @2), 12 — 0.

We assume that b]-i # 0. For H = 0 it is true, e.g. for the eigenfunction corre-
sponding to the least eigenvalue of the resonator. For nonzero H this condition
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may not hold because of the Aharonov-Bohm effect. We do not describe the phe-
nomenon here. For k? in a punctured neighborhood of k%/ ., separated from the
other eigenvalues, we introduce solutions voi]. to the homogeneous problem (3.2.2)
by

va—;(x,y) = O(rj)o(r, ¢j) + ?fé(x,y), i=12, (3.3.7)
where v is defined by (3.3.2), and Z7Oi]. is the bounded solution to the problem (3.2.2)
with

filxy) = =[8,0(r)]o(r), ¢))-

Lemma 3.3.2. In a neighborhood V- C C of k%/ . containing no eigenvalues of the prob-
lem (3.2.2) in Gy except k% ., the equalities

TE2 2\l ot
00] —b; (k" — ko +) vy + 0y

hold with b]i in (3.3.6) and functions v UO ; analyticink? € V.

Proof. First check the equality (03;, v5)G, = —E/ (k* — k§ ..), where Ug; are de-
fined by (3.3.7). We have
(ADO] kZUOJ UO )G(, (vgj' AvO kzvo )G§ (k2 - k%,i)(vél voi)G,;;

the domain G; is obtained from G; by excluding discs with radius J and centers
O; and O;. Using the Green formula, as in Lemma 3.3.1, we get the equality

— (K~ Oi)(z’oi]rv(j)[) _b? +o(1).

It remains to let 6 tend to zero.
Since k3 | is a simple eigenvalue, we have

~+ BJ#E (k) + o ot
Toj = WUO + 0ojr (3.3.8)
0+
where Bji(kz) does not depend on (x,y), and 53; are some functions analytic

with respect to k* near the point k? = k%, .. Multiplying (3.3.7) by U(j)[ and tak-
ing into account (3.3.8), the obtained formula for (083., voi)Gz, and the condition

(vy,v5)c, = 1, we get the equality Bji(kz) = —E + (k% — k%,i)gji(kz), where
I§]#E are some analytic functions. Together with (3.3.8) that leads to the required
statement. OJ

In view of Lemma 3.3.2 the expressions v21 = (k2 — k(z)/ i)vatl and vi =

%vm — b1 002 may be extended to functions continuous at ko, , with respect to k2.
According to Proposition 3.2.1,

+ -~ ((k2 - k%),i)Nn/w(krl) + C%(k)fn/w(krl))q)((l’l)/ r —0,

Vo (%, ) {czi(k)fﬁ/w(krz)cb(n Z o), 0, (3.3.9)
(0 Ny (k) + a8 (K)o (k1)) @ (91), r =0,

il {(_bftﬁn/w(krz) 8Os kr))D( — g2), 7230, O

The proof of Lemma 3.3.2 shows that c; (ko) = fbibi'
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3.4 Asymptotic formulas

This section is devoted to the derivation of the asymptotic formulas. In Sec-
tion 3.4.1, we present a formula for the wave function (see (3.4.1)), explain its
structure, and describe the solutions of the first kind limit problems involved in
the formula. The construction of formula (3.4.1) is completed in Section 3.4.2,
where the solutions to the second kind limit problems are given and the coef-
ficients in the expressions for the solutions of the first kind limit problems are
calculated. In Section 3.4.3, we analyze the expression for s, obtained in 3.4.2,
and derive formal asymptotics for the characteristics of resonant tunneling. No-
tice, that the remainders in the formulas (3.4.20)—(3.4.22) arose in the intermediate
stage of considerations while simplifying the principal part of the asymptotics;
they are not the remainders in the final asymptotic formulas. The "final" remain-
ders are estimated in the next Section 3.5, see Theorem 3.5.3. First we derive
the integral estimate (3.5.13) of the remainder in (3.4.1), which proves to be suffi-
cient to obtain more simplified estimates of the remainders in the formulas for the
resonant tunneling characteristics. The formula (3.4.1) and the estimate (3.5.13)
are auxiliary and are analyzed only to that extent which is necessary for deriv-
ing the asymptotic expressions for the characteristics of resonant tunneling. For
brevity, in this section we omit "£" in the notations bearing in mind one of the
equations (3.1.1) and not specifying, which is considered.

3.4.1 Asymptotics of the wave function

In the waveguide G(e), we consider the scattering of the wave U = e1*¥(y),
incoming from —co (see (3.1.5)). The corresponding wave function admits the
representation

u(x,y;€) = x1,e(x, y)v1(x,y )
+O(r)wi (e 21,6 y1i€) + X2 e(x, y)va(x, Y5 €) (3-4.1)
+ @(rz)wz(s_lxz, s_lyz;s) +x3,:(x,y)v3(x,y5€) + R(x, 5 €).

Let us explain the notation and the structure of this formula. When composing
the formula, we first describe the behavior of the wave function u outside of the
narrows, where the solutions v; to the homogeneous problems (3.2.1) in G; serve
as approximations to u. The function v; is a linear combination of the special
solutions introduced in the previous section; v; and v3 are subject to the same
radiation conditions as u:

v1(x,y5€) = %Vl(x,y) + g1;58)v1(x,y)
~Uf (x,y) +5u(e)Uy (v,y), x — —oo; (3.4.2)
v2(x,y;€) = Ci(e)var(x, ) + Ca(e)var(x,y); (3.4.3)

_ Sa(e)
- Ae—il/ld

v3(x,;€) v3(x,y) ~s(e)U, (x,y), x — 4oo;  (3.44)
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the approximations 531 (¢), 512(¢) to the scattering matrix entries s11(¢), s12(¢) and
the coefficients Cy (¢), Cy(¢) are yet unknown. By x;. we denote the cut-off func-
tions defined by

xX1,e(x,y) = (1-0(r1/¢)) 1g,(x,y),
x2,6(x,y) = (1-0(r1/e) — O(r2/e)) 1, (%, y),
X3,e(%,y) = (1—0(r2/¢)) 16,(x,y),

where r; = / x}z + y]z., and (x;j,y;) are the coordinates of a point (x,y) in the sys-
tem obtained by shifting the origin to the point O;; 1, is the indicator of G; (equal
to 1in G; and to 0 outside Gy); O(p) is the same cut-off function as in (3.3.3) (equal
tolfor0 < p <é/2andto0forp > 4, 6 being a fixed positive number). Thus, x;,
are defined on the whole waveguide G(e) as well as the functions yx;, v3 in (3.4.1).

Being substituted to (3.1.1), the sum Z?:l Xj,evj gives a discrepancy in the
right-hand side of the Helmholtz equation supported near the narrows. We com-
pensate the principal part of the discrepancy by means of the second kind limit
problems. Namely, the discrepancy supported near O; is rewritten into coordi-
nates (Gj,17;) = (e_lxj, s_ly]-) in the domain Q); and is taken as a right-hand side
for the Laplace equation. The solution w; of the corresponding problem (3.2.7)
is rewritten into coordinates (x;, ;) and multiplied by a cut-off function. As a
result, there arise the terms O(rj)w;j(e~'xj, e 'y;;¢) in (3.4.1).

Proposition 3.2.3 provides the existence of solutions w; decaying at infinity
as O(p]-_"/ “) (see (3.2.10)). But those solutions will not lead us to the goal, be-
cause substitution of (3.4.1) into (3.1.1) gives a discrepancy of high order which
has to be compensated again. Therefore we require the rate w; = O(p;3™/w)
as pj — oo. By Proposition 3.2.3, such a solution exists if the right-hand side of
the problem (3.2.7) satisfies the additional conditions

(Fw)a, =0,  (Fw))qg =0.
These conditions (two in each narrow) uniquely determine the coefficients 511 (¢),
512(€), C1(¢), and Cy(¢). The remainder R(x,y; ¢) is small in comparison with the
principal part of (3.4.1) as e — 0.

3.4.2 Formulas for 511, s1p, C1, and C,

Now let us specify the right-hand sides F; of the problems (3.2.7) and find 511 (&),
512(¢€), C1(e), and Cy(¢). Substituting x1 (v7 into (3.1.1), we get the discrepancy

(A +K2)x1,601 = [D, Xea]vr + Xea (A +K2)v; = [A,1—O(e )]0y,

which is nonzero only near O;, where v; can be replaced by asymptotics; the
boundary condition (3.1.2) is fulfilled. According to (3.4.2) and (3.3.4),

v1(x,y;€) = (u;(s)ﬁ,r/w(krl) +af(s)7n/w(kr1))d>(7r—gol) +O(r‘;’"/“’), 1 — 0,
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where

_ 1 511(e) ot = a  sn(ea
ay () = A+ G _Z+T' (3.4.5)

Choose in each summand the leading term and take p; = r1/¢, then
(A+K*)xe101 ~ [A,1—0O(e 1ry)] <a1 7Y - atr ”/“’) (T — 1)

= S*Z[A(pl,%),l —0(p1)] (a;sf”/“’pf"/“’ + a+£”/“’pf/“’) d(m— ¢1). (3.4.6)

In the same way, by using (3.4.3) and (3.3.9)—(3.3.10), we write down the leading
term of the discrepancy from ). v, supported near O;:

(B + kX101 ~ € 2B gy g1 = Olp1)] (b e <07/ + by e/ /) (),
(3.4.7)
where

by = Ci(e)(kK* —k3) + Ca(e)by, b = Ci(e)c1 + Ca(e)ds. (3.4.8)
As right-hand side F; of the problem (3.2.7) in ()1, we take the function
Ei(1m) == [8,87] (aye ™ <p ™/ 4+ af e/l ) (m — 1)
— 8,81 (bre ™ 4 b T D(r),  (349)

where " (resp. { ) stands for the function 1 — ©, first restricted to the domain
¢1 > 0 (resp. ¢1 < 0) and then extended by zero onto the whole domain ). Let
w1 be the corresponding solution, then the term @ (1 )wy (e 1x1, e 1yy; €) in (3.4.1),
being substituted in (3.1.1), compensates the discrepancies (3.4.6)—(3.4.7).

In the same way, using (3.4.3)—(3.4.4), (3.3.9)-(3.3.10), and (3.3.5), we find the
right-hand side of the problem (3.2.7) with j = 2:

BaGam2) == [8,87) (a7 py ™/ + af e/ pf /) (7 — 1)
—[A,77] (bz_s_”/“’pz_"/“’ + b;’e”/“’pg/‘*’) D(¢2);
ay (g) = —NCQ((S))bl, ay (e) = CL(Ezci + Cy(e)dy, 5410
_ S12( € + __asyplée 4.
b2 (S) Ae—ivldl bz (8) - Ae—l'l/ld‘
Lemma 3.4.1. If the solution w; to the problem (3.2.7) with right-hand side
F(&omy) = = [8,87] (a7 e ™<p; ™+ at e/ o) o(m - g)
— 1,01 (b e e g b T ) (g, =12,

is O(p 3”/“J) as pj — oo, then the relations

a;e Y —qale™Y — BhTe™/@W =0,

— =TT/ W _ ot et/w _ patem/w (3.4.11)
bj € vcb]. € rg”j € =0,

hold with a and B in (3.2.11) - (3.2.12).
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371/0.;)

Proof. In view of Proposition 3.2.3 we have w; = O(p] as pj — oo if and

only if the right-hand side of the problem (3.2.7) satisfies the conditions
(Fywjo, =0, (F,wj)a, =0, (34.12)

where w! and w’ are solutions to the homogeneous problem (3.2.7) for which the
expansions in (3.2.11)-(3.2.12) hold. Introduce the functions f on Q); by

Feloj, ) = 07 ™/ D(g)).

To derive (3.4.11) from (3.4.12), it suffices to check that

(18,871 @)y = (18,01f- wha, = 1,
(8, 0o, = (8,71 f+ w0, = g,
(18,241 @)y = (18,07 1f= o, =0,
(18,1 0o, = (18,7 1f+ ), = .

Let us prove the first equality, the rest ones are treated in a similar way. Since
[A, T f- is compactly supported, in the calculation of ([A,{7]f-, w )Q one may

replace (); by Q = Q;N{p; < R} with sufficiently large R. Let
E:= 0908 N{p; = R} N{g > 0}.
By the Green formula,

(18, Z71f- wj)oy = (AT f- w))ar = (T f-, dw))ar
:(af,/an,wj)g—(f,,awj/an)g.

Taking account of (3.2.11) for ; < 0 and the definition of @ in Proposition 3.2.1,
we arrive at

B ! T+w/2 )
(1A, 27]f- wja; =S(R) /n_w/z O(m — ¢j)"dgj +0(1)
2 T+w/2
=-= O (7t — ¢;)2dg;+0(1) = —1+0(1),
W Jrn—w/2

where S(R) stands for the expression

ap—"/“’ 7w/ w —7/w —7/w d w/w —7/w
o0 (07" +ap, ™) = p; apj("f +ap; )| pj
pj=R
It remains to let R — co. ]

Remark 3.4.2. The solutions w; mentioned in Lemma 3.4.1 can be represented as linear
combinations of functions independent of e. We write down the corresponding expression
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which will be of use in the next section. Let w} and w]V be the solutions of the prob-

lem (3.2.7) specified by conditions (3.2.11) — (3.2.12), and let {* and {~ be the same
cut-off functions as in (3.4.9). Put

=) =g (o7 + g ™) (7~ gy) — TFBp; D (gy),
= W)~ {Bp; D (m— gy) = T (07 + ap; ) D(g)).
A direct verification shows that

1/, _ _
w; = ate™vwl 4 = (a- g /W aa*e"”") wh
] ] N AN ] ]

_ (e /w _ ptam/w ) Fom/w
=3 (b]. € sz]. € )w] er] e wr (3.4.13)

Using (3.4.5) and (3.4.8), we transform (3.4.11) with j = 1 to the expressions

v(e)s11(e) + v(e) = Ci(e)er + Ca(e)dy, (3.414)
5(e)s11(e) +6(e) = Ci(e) (K> — k§) + Ca(e)ba,
where
v(e) = Alﬁ (6‘2"/ © aoc) . oe) = Al 7 (zx +a(p? 062>€27T/w) . (34.15)

For j = 2, taking (3.4.10) into account, reduce (3.4.11) to the equalities
v(e)S12(e) = (C1(e)ca + Cale)da)e ™%, 5(e)s1a(e) = —Ca(e)bre ™19, (3.4.16)
From (3.4.14) and (3.4.16), by means of Lemma 3.3.1, we find C; (¢), Ca(¢), 511(¢),

and 515 (¢):

Ci(e) =(brca) " (’Y(S)El +5(€)d2> S(e)e,  Cale) = by 6(e)sa(e)e™,
(3.4.17)
s11(e) =(2ibyca) ™1 (K — k§)b1 |7 (e)|* + (K> — k§)dz — baca) v(e)d(e)
—b1c1y(e)é(e) — (crda — codq)|6(e) |2)§12(e)ei1’1d, (3.4.18)
S12(e) =2ibycoe™ ™" (= (kK — kg)bry(e)* — (K> — k§)dz — bacy — baca) v (e)d(e)
+ (c1dy — cady)5(e)?) . (3.4.19)

3.4.3 The formulas for the characteristics of resonant tunneling

The solutions of the first kind limit problems involved in (3.4.1) are defined for
the complex k? as well. The obtained expression (3.4.19) for 51, has a pole k%, in

the lower complex half-plane. To find kizg we equate 2ibycoe~ V14 /31, to zero and
solve the equation for k, — k3:

Rk = ((Brer + Bae2) v (0)3(e) + (ardz — can)0(e)?) (Br(e)? +dy(£)oe))



58

Since the right-hand side of the last equation behaves like O(e?™/¢) as ¢ — 0,
it may be solved by the method of successive approximations. Considering the
formulas (3.4.15), ¢j(kg) = —b;bj, Lemma 3.3.1, and dropping the lower order
terms, we get

ky = k7 —ik;,
K =K — a(|b1]? + |bo|?)e¥™ /@ + O(e4/@), (3.4.20)
ki = B2(|b1* + [b2f*) | A(kG) P + O(e°7/«).

For small k% — k2 the formula (3.4.19) takes the form

- w2ipA k)e~ind w
Sk, e) = —&'/ K (k> k(Z) (1+O(\k2—k§|+52”/ )).

Let k> — k3 = O(e¥"/¢), then

|k2 _ k%| = 0(827‘[/(4})’ A(k) _ A(k%) + O(£2n/w)/
CZ(kZ) = —Elbz + O(Szn/w), 2] (k) =1 (k%) + O(SZT(/w)/
and
= 218201 by A (kg)2ev1lko)d
sa(k,e) =&/« s zkz(_ol)ch <1 +O(82”/“’))
by by (Alko) zefivl(ko)d
|b1| |ba| \ [A(ko)]

27/
bl E @ (0ET ).
(i * )~ P
where P = (2|by||b2|B?| A(ko)|?) 1. Thereby,

Tk e) = 312 = . (14 0(27/%)).  (34.21)

b |B2]\? K2 — k2
Sl o O p2 r
()~ (o
The obtained approximation T to the transition coefficient has a peak at k* = k2
whose width at its half-height is

V(e) = (1ol B2y porenre (3.4.22)
b2 [Bn

which determines the resonator Q-factor (quality factor) equal to k2 /Y (e).
3.5 Justification of the asymptotics

As in the previous section, here we omit "+" in the notations and do not specify
which equation of (3.1.1) is considered. We return to the full notations in Theo-
rem 3.5.3.
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Introduce functional spaces for the problem
(—iV+A)>u+Hu=FkKu inG(e), u=0 onadG(e). (3.5.1)

Recall, that the functions A and H are compactly supported, and besides, they are
nonzero only in the resonator at some distance from the narrows. Let ® be the
same function as in (3.3.3), and let the cut-off functions U j =1,2,3, be nonzero
in G; and satisfy the relation 771 (x,y) + ©(r1) + 12(x,¥) + O(r2) + 13(x,y) = 1
in G(¢). Fory € R, 6 > 0,and [ = 0,1,... the space V%(G(s)) is the completion
in the norm

1/2

lu; V! 5(G(e)) | = ( /. o S dy) (352)

of the set of smooth functions compactly supported on G(e); here

1 2 . N
S(u)= Y ( @2 (1)) (1} + )7 e oy 77§QW|> [0%ul?.
=1

la|=0 \j=

We denote by V;]'(;L the space of functions f analytic in k? which take values in

VS, 5(G(e)) and satisfy at k> = k3 the condition (X2 f, o), = 0 with a small
positive 0.

Proposition 3.5.1. Let k? be a resonance, k2 — k3 as e — 0, and let
I — k2| = O(/%).

Assume, that vy satisfies the condition m/w —2 < y—1< m/w, f € VA%‘(G(S)), and
u is the solution of the problem (3.5.1) which admits the representation

u=1u+mA;U; +n3A;Uy;
here A = const, il € V2 5(Gl(e)) for small 6 > 0. Then
17 V3 s(G)Il + AT |+ [A7 | < cllf; V(G (35.3)
where c is a constant independent of f and e.

Proof. Step A. First we construct an auxiliary function u,. As it was mentioned
before, 517 has a pole k%, = k2 — ik? (see (3.4.20)). Multiply the solutions to the

limit problems, involved in (3.4.1), by A(k)bzﬁezn/“’/slz(s, k)ei”ld, put k = ky,
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and denote the resulting functions by adding the subscript p. Then

v1p(x,53€) =9 (b1 + O™ “))vi(x,y: k),

3.5.4
v3p(x,y;£) = szn/wbgﬁvl(x, vikp); ( )
v2p(X,y;€) = <_b1 + O(SZ’T/“’)> Vo1 (%, v kp)

1
#2700 (<0l £ O(E) ) valx k),
1
wip(E1mie) = bie™ (27 (alky)B + O(E2™/) ) wh(&1,m) -
+ (1+0)) Wi m)), -
Wap(G2,125€) = bzﬁn/w( <1 + 0(82”/“’)) wi (&2, 1)
(3.5.6)

+a(ky) B wi (E2,12) );

the dependence of k, on ¢ is not shown. We set

up(x,y;€) = E(x,y) (Xl,g(x,y)vlp(x,y; &) +O(e 2ry)wip(e txy, ey e)

+ Xx2,(x,y)v2p(x, y5€) + @(e_z‘frz)wZP(e_lxz,e_lyz; k,€)

+ X3,6(%, y)v2p(x, Y5 k, e)), (3.5.7)

where E is a cut-off function in G(¢) thatis equal to 1 on G(¢) N {|x| < R} and to 0
on G(g) N {|x| > R+ 1} for alarge R > 0. The principal part of the norm of u,, is
given by x2.0z,. Considering the definitions of vy, and v (see Section 3.2) and
Lemma 3.3.2, we get || x2,:v2p|| = [[vo]| +0(1).

Step B. Let us show that
I((—=iV + A)? = H =k )up; V2 5(G(e)) || < ce™“t, (3.5.8)
where
k =min{n/w, 3n/w—01, y+1}, 01 =2008n/w—7y+1).

If 7/w < v+ 1 and o is sufficiently small so that 27t /w > 0y, then x = 71/ w.
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In view of (3.5.7),
(=iV+A)*+H - k%)up(x,y;e)
= (8 x14] (o1 58) = BB (1 - aky )T/ €)@ (7 — 1))
+ (A, @]wlp(s_1x1,e_1y1;s) — K*O(e _zarl)ww(e_ X1, € _1y1;s)
+ (8 x2.) (25, y) = ©(r1) (b ()1, ™/ + b7 ()7 ) (7 = 1)
— O(r2) (ag, () ™/ + a3, (€)rF"“) @(g2) )
+ [A, Olwap (e xp, 6 My €) — KPO(e 2 Tra)way (e g, € Nyos)
+ 18, x3] (va(x,3€) = baBE™ (1, ™/ + alky )13 ) 0 (g2) )
+ (A, Eloi(x, y5€) + [, Elos (x, yse),
where
by, = O(7/), b, = by + O(7/%), ay, = O(/%), a3, = by + O(e¥™/¥).

Taking into account the asymptotics of v; as r; — 0 and passing to the variables
(&1,1m1) = (e 'x1,e 1y;), we obtain

[w) = 20 (o) = (77 + alhy) /)0 (m— 90)) ||

2
<c /G( )(1’ +e2)7 ‘[A X167 ﬂ/w+2q>(7r — gol)‘ dxdy < ce2(r=m/w1)
where || - || stands for ||- ;V$,5(G(8)) ||. This and (3.5.4) imply the estimate

‘(x,y) — [Ar?(l,s] (Ul(x,y) _ (r;n/w +a(kp)r{[/w)¢(n_ (Pl)) H < cg7+ﬂ/“’+1,
In the same way,

‘ (x,y) — [D, X2e (vz(x,y) —0(r )(b1p< )y m/w + b7 (s) 7T/w) (7= 1)

_ @(1’2) (azp( ) n/w+a2p( )r;'t/w) ((PZ )H < Cs’y+7r/w+1’
’ (x,y) — [D, X3 (T)3(x,y) _ (rz—n/w +a(kp)r§/w) (472)) H < ceV /w1

It is evident, that

I[A, Eloy|| < ce?™@, 1=1,3.

37T/a;)

Further, since wl behaves like O(p; j at infinity, we have

2
2 —1

2
< C/K (1’]2 +32)’Y MA/@} (8717’]-)73”/‘”@2(%-)‘ dxjdyj < C€2(37r/w7¢71)’

j
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where 01 = 20(371/w — v +1). A similar inequality holds with w} replaced by
w]’. . Considering (3.5.5)—(3.5.6), we get the estimate

1A, ©]wj, || < cet/w=on,

]7"

Finally, using (3.5.5)—(3.5.6) once more, taking into account the estimate
: 2
/ (r? +€2)7 ‘@(siZ‘TTj)wl.(sflxj, eily]-)’ dxjdy;
Gle)" ! j
2
= @2 [ (@4 1)7 |0 ) wi; )| dejdn; < e

and a similar estimate for w;, we derive

-2 “1.. -1 1
| Gey) = @727 (71 5,67y | < e/,
Combining the obtained estimates, we arrive at (3.5.8).

Step C. This part contains somewhat modified arguments from the proof of The-
orem 5.5.1 in [6]. Rewrite the right-hand side of the problem (3.5.1) in the form:

fy) = filx,y;e) + fa(x, y;8) + f3(x, y€)
+e IR (e g, e tygser) + e T R (e g, e ynse), (3.5.9)

where

fixyi€) = X (2, y) f (%),
Fi(&j,nj;e) = €71 O(e'%0)) f(x0, + €5j, yo, + €17));
(x,y) are arbitrary Cartesian coordinates; (xo;, yo,) stand for the coordinates of O;

in the system (x, y); x;, y; have been introduced in Section 3.4. From the definition
of the norms it follows that

115 Ve s (GO + £ VI (Gl + 11 f3 V6 (Ga) |+ 1By V() < 115V (G()) .
(3.5.10)
Consider solutions v; and w; to the limit problems

—(=iV+APv+Ho+kv=f, inG,, v=0 onadGy,
AM+kv=f inG, ©v=0 ondG, [=1,3,
Aw=F; in();, w=0 on an,

respectively; moreover, v; with [ = 1,3 satisfy the intrinsic radiation conditions
at infinity, and v, satisfies the condition (v, vp)g, = 0. According to Proposi-
tions 3.2.1, 3.2.2, and 3.2.3, the problems in G; and (); are uniquely solvable and

[02; V3 (G2) | < 2l fas V3 (G2,
o Vs, (GOl < el fis Vi s (Gl 1=1,3 (3.5.11)
llewj; V) < GIE V(@) j=1,2,
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where ¢; and C; are independent of . We set
U(x,y5€) = x1e(x,y)vi(x,y;e) + e TO(r)wi (e, e yne)
+x2e(x, )02 (x, v ) + e T IO(r)wa (e o, e yns €) + xae(x,y)v3(x, 5 €).
The estimates (3.5.10) and (3.5.11) lead to
U V25 (G| < ell £ V5(Gle))] (35.12)

with ¢ independent of e. Denote the mapping f — U by R.. Arguing as in the
proof of Theorem 5.5.1 in [6], we obtain (—(—iV +A)?2 + H + k*)R, = [ + S,
where S; is an operator in VS} 5(G(g)) of small norm.

Step D. Recall that the operator S; is defined on the subspace Vf;"ﬁ (G(e)). Weneed
the image of the operator S, to be included in Vf;"ﬁ (G(¢)), too. To this end, replace

the mapping R. by R; : f +— U(f) +a(f )up, where u, has been constructed in
Step A, a(f) is a constant. Then (—(—iV + A)? + H + k?)R, = I + S, with

Se=Se+a(-)(—(=iV+A)2+H+k)u,.
The condition (leeagg f,v0)G, = 0ask = ko gives

(X2,675¢f,v0) G,

) e CCV + AR £ H A Ry o),

Prove that ||S;|| < c||S¢||, where ¢ is independent of ¢, k. We have
ISefIl < ISef Il + [a(/) | (= (=iV + A)? £ H + K )up|.

The estimate (3.5.8) (with ¢ > 7/w —2 and 271/w > ¢7), the formula for k,, and
the condition k? — k3 = O(€2™/¢) imply the inequality

(= (=iV + A)? £ H+ K )up; Vo s
< 2 =15 [up; VO 51l + (= (=iV + A)? £ H + 5 Jup; VO || < ce®™/.

Since the supports of the functions (—(—iV + A)? + H + k%)up and X2 do not
intersect, we have

| (20 (—(=1V + A)? £ H+kg)up, 00),| = [(k§ — k3) (up, 00) | = ™.
Further, v — 1 < /w, so
|(X2,078ef,00)G,| < 1Sefs V2 5(G(e)) |l 100; VO, (G| < el Sef V(G (e))]l-

Hence,
a(f)] < ce | Sef; VI 5(Gle)) |
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and ||Sef| < c||Sef||. Thus, the operator I + S in V,S/’j(G(s)) is invertible, which
is also true for the operator of the problem (3.5.1):
Aciurs —(=iV + A)u+ Hu+Ku: Vi (G(e)) = Vi (G(e));
here V%’ﬁ_(G(e)) denotes the space of elements in V,io-,f(G(e)) that vanish on

9G(¢) and are sent by the operator —(—iV + A)? + H + k? into ng. The inverse

operator A, 1 =R, (I+ §£) ~1lisbounded uniformly with respect to ¢, k. Therefore,
the inequality (3.5.3) holds with ¢ independent of ¢, k. O

We consider a solution u; to the homogeneous problem (3.1.1) defined by

u(x,y) = {

Let s11 and sjp be the elements of the scattering matrix determined by this so-
lution. Denote by i, the function defined by (3.4.1) with @(r]-) replaced by
@(8]72‘7rj) and with removed R; 311, 515 are the same as in (3.4.18) — (3.4.19).

U (x,y) +s11 Uy (x,y) + O(exp (6x)), x — —oo,
s12 Uy (x,y) + O(exp (—dx)), X — o0,

Theorem 3.5.2. Let the conjectures in Proposition 3.5.1 be fulfilled. Then the inequality
[s11 = S11| + |s12 — 81| < c[F12|€¥7?
holds with constant c independent of € and k, 6 being an arbitrarily small positive number.
Proof. The difference R = 1y — il ; is in the space V% 5,—(G(e)) and
fii=(—(=iV+A? L H+K)(uy — i)
isin ng (G(¢)). By Proposition 3.5.1,
IR V2 5 (G()) < cfis V(G (el (35.13)

Let us show that

1f1; V2 5(G(e))|| < cfsa| (€7@ H 4 2/, (3.5.14)

where 07 = 20(37w/w — 7y + 1). The required estimate is a consequence of the last
two inequalities with y = m/w +1—J and 07 = 4.

Arguing as in Step B of the proof of the previous statement, we obtain the
estimate

1f1; V3 5(G ()| < e(e! + /)
x max(|a; () |7 + af (¢) 7/ + by (e) |~ ™/« + [bf () [™/).
=1
From (3.4.11) it follows that
(la; ()le™™“ + laf (e)|7/“) < c(|b; (e)|e™ ™ + [bf (e)[™).

Using the formulas (3.4.8) and (3.4.10) for b].i and relations (3.4.17) and (3.4.15),
we get
b7 () |e™< + b () |7/ < ce T sna(e) .

Comparing the obtained estimates, we arrive at (3.5.14). O
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Now we return to the detailed notations introduced in the first three sec-
tions. Theorem 3.5.2 and formulas (3.4.21)—(3.4.22) lead to the next statement.

Theorem 3.5.3. For |[k2 — k2, | = O(2™/%) the asymptotic expansions

1
T(ke) = (1+0(2 7)),
(e pENT L, (PR
| ==t = +Pi =
4 |b§E’ |b1i| gdn/w
kgri = k%,i - “(|b1i|2 + |b§c|2)£2”/w 4 O(£2n/w+2—5)’

+ - ‘bli| |b§t‘ -1 41m/w 2—0
Y= (e) = oo | PeE (1+O(€ ))/
by | [by]

hold, where Y* (&) is the width of the resonant peak at its half-height,
P: = (2|by’[[by [B* A(ko) *) ",

and 6 is an arbitrarily small positive number.

3.6 Comparison of asymptotic and numerical approaches

The principal parts of the asymptotic formulas in Theorem 3.5.3 contain the con-
stants b]i, |Al, &, B. To find them one has to solve numerically several boundary
value problems. In this section, we state the problems and describe a way to solve
them. We also outline a method for computing the waveguide scattering matrix S
taken from the paper [15]. Then we compare the asymptotics having calculated
constants and the numerically found scattering matrix.

3.6.1 Problems and methods for numerical analysis
Calculation of b;

To find b;, we solve the spectral problem

(—iV + A(x,)o(x,y) £ H(p)o(x,y) = Ko(x,y) in G,

v(x,y) =0 on 0Gy, (361)

by FEM (for the details see Appendix 1). Let Vj be an eigenfunction correspond-
ing to k3 and normalized by

/ |Vo(x,y)|* dxdy = 1.
G2

We have
bir/“®(p1)  as 0,

3.6.2
bZir;T/“’q)(rr —¢2) as 1 —0, ( )

Vo(x,y) ~ {
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1/2

where (p;, ¢;) are polar coordinates centered in rj, and ®(0) = 71~ '/* cos(70/w).

Then bli and b;ﬁ in (3.6.2) can be defined by
= e 9V (€,0), by = /e V9Vy(d —¢,0),

where € is a small positive number.
Calculation of |A|
To calculate |A| we must solve numerically the problem

—Av(x,y) = k*v(x,y) in Gy,
v(x,y) =0 on 9Gy, (363)
with conditions

v(x,y) ~ 2iApV/ YD (1T — @) as p—0,

v(x,y) = <eiv1x+ieiv1x> Tl(y)—f—O(e*ﬂx‘) as x — —oo, (3.6.4)

where (p, ¢) are polar coordinates centered in r;. Denote the truncated domain
GiN{(x,y) :x > —D}

by GP and the artificial part of the boundary 9GP N {(x,y) : x = —D} by I'P.
Consider the following problem

AOP (x,y) + k*0P(x,y) =0 in GP,
oP(x,y)=0 on oGP\IP, (3.6.5)
(0, +iv1) 0P (x,y) = f(x,y) on rp.

If v € R\O and f € Ly(T'P), the problem has a unique solution v°, and vP
satisfies the inequality

1P llgp < Cllflro,

where HUDHG? = ||UD||L2(G{3) ; similar notation is used for the norms and the
inner products below.

Let v be a solution to the problem (3.6.3), (3.6.4), and let V be a solution to
the problem (3.6.5) with f = 2iv1e"1P¥;(y). Then u = v — V satisfies (3.6.5) with
f =0(e"P). Hence, ||v — VHG? < Coe 7P,

We find V with FEM (for the details see Appendix 2) and put

A = iy/e VYV (—¢,0)/2.
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Calculation of « and

To calculate o and B, we consider the boundary value problem

—Aw(g,n)=0 in Q,

w(g,n) =0 on 09Q, (366)
with the following conditions at infinity
_ [ (0T +ap ) D(g) + O(p7/) as p— 00, {0,
w(C,n) = { ﬁp_n/wq>(7f— ) _|_O(p—3n/w) as p— oo, <0, (3.6.7)
where (p, ¢) are polar coordinates centered in r;. Introduce the notations
QP =an{(p,¢):p <D},
r? =a0" N {(p,¢) : p = D}.
Consider the problem
AwP(&,1)=0 in b,
wP (&, n)=0 on 9QP\IP, (3.6.8)
(9 +8)wP(&n) = g(&m) on re.
If wP is a solution and ¢ > 0, then
0P lleo < 7 lglro- (3.6.9)

Denote the left-hand part of I'” by I'® and the right-hand part of I'° by I'?.
Let W satisfy (3.6.8) with

{=mn/wD, gl =0, 8|r2 = (ZN/W)D(n/w)71¢(¢)-
Since the conditions (3.6.7) can be differentiated, w — W satisfies (3.6.8) with
g = O(D—(37T/w)—l)'
According to (3.6.9),

wD
|w — W||rp < C7D*(3ﬂ/w)fl _ /p3n/w

as D — 4-co. We find W with FEM (for the details see Appendix 2) and take

_ W(—D,O) T/w __ w/w
B = &(0) D =/nW(-D,0)D™«.
Obviously, ||(w — D™“®(¢)) — (W — DV/9®(¢))||rp < ¢'D~3/¢, therefore we
put
W(D,0) — D™/“®(0)

_ Dﬂ/w _ WI(D Dn/w _ DZT[/(U.
o B(0) V7W(D,0)
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Now the coefficients in the asymptotic formulas have been calculated, so we
can use the asymptotics for a quantitative description of the polarization process.
However, the formulas are designed for sufficiently small narrows” diameters.
Thus, it remains to estimate the range of € where asymptotics works. To this end
we calculate the scattering matrix employing the method suggested in [7]. Here
we present the needed description of the method. Introduce

G(e,D) = G(e)N{(x,y) : =D < x < d + D},
P =9G(e, D) N {(x,y) : x = —D},
P =9G(e,D)N{(x,y): x =d + D}
for large D. As an approximation to the row (s11,512) of the scattering matrix S(k)

we take the minimizer of a quadratic functional. To construct such a functional
we consider the problem

(—iV+APXP £ HXP = AP in GED) (5610
xP=o0 on 9G(e, D)\ (IPuUTYD), o
(O +i0)XP = i(—vi + 0)e™™PY¥1(y) + ari(vy + {)e"P¥1(y) on TP, (3.6.11)

(0 +i0) XL = azi(vy + {)eM@PIY (y) onTD,

where { € R\ {0} is an arbitrary fixed number, and 41,4, are complex num-
bers. As approximation to the row (s11,s12) we take the minimizer a°(D) =
(a9(D),a3(D)) of the functional

2

. 2
+ HXiD — ap e (d+D)‘II1
P

b ay,dy) = xPb— e—iv1D1{;1 — alei”D‘I’l
+

rp’

(3.6.12)
where XiD is a solution to problem (3.6.10). From the results of the paper [7] it
follows that a?(D,k) — s1j(k) with exponential rate as D — co. More precisely,
there exist positive constants A and C such that

|a)(D, k) = syj(k)| < Ce™P,  j=1,2,

for all k> € [u1, ua) and sufficiently large D; the interval [p1, ya] of continuous
spectrum of the problem (3.1.1) lies between the first and the second thresholds
and does not contain the thresholds. (Note, that application of the method is not
hindered by possible presence on the interval [y, 2] of eigenvalues of the prob-
lem (3.1.1) corresponding to eigenfunctions exponentially decaying at infinity.)
To express XiD by means of a1, a;, we consider the problems

(—iV +A)vs | £Hoy | = ko, in G(e D),
vi,=0 on 9G(g, D)\ (TP UTY),
(0 + ig)vil =i(Fvy +{)eT"P¥; on TP,
(0n+i0)oy ;=0 on I?

(3.6.13)
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and
(—iV +A)v., £HoL, = k%0, in G(e D),
vizf 0 on 9G(e, D)\ (FPuUTD), (3.6.14)
(0n +l§)vi2—0 on TP, e

(On +z§)vilz—z($v1+§)e¥ivl(d+’3)‘}’1 on TID.

In Ui the upper and lower = correspond to F in the condition on I'P UTY and

to the sign in the Pauli equation, respectively. Let us express Xi n Dby means of
the solutions vi to problems (3.6.13) and (3.6.14). We have

X2 = vl +a10] | + a0,
The functional (3.6.12) can be rewritten in the form
JP(a,k) = (agP(k),a) +2Re ((FP (k),a)) + GP (K),

where (-, -) is the inner product on C?, and P stands for the 2 x 2-matrix with
entries

Sl _ ( 7611/1 \Ifl) ( o 7ezv1D‘Ij ))FD + (U:T:,l’v;:,l)rD’
1 2
ivyD - — — ivi (d+D
e s ) - )
(Ui ) (vi = ezv1D1Y ))FD + ((0;2 B eiv1(d+D)‘Y1),'0;1)rD ,
1 2

52,2 = (v;z, v;z)FD + ((0;2 _ eivl(d+D)xyl), (03, eivl(d—i-D)\I;l))
1

52 1=
rp /
FP (k) is the row (FR (k), FB(k)) and GP (k) is the number defined by

Fh= ((01,1 — e Py, (01— eileTl))rD + <vi,1/v£,1)ro ’

1 2
—i - - ivy (d

Fb = ((v; e ’VlD‘Fl)'vi,z))r? + (v;l, (vip— eina( +D)T1))FZD ,

ng = ((vi _ e—iVlDlill), (’Uill _ e_iV1Dle1)>r]D —|— <UI/1, Uixl)r? y
The minimizer a® = (a9(D, k), a3(D, k)) satisfies a°EP + FP = 0. The solution to
this equation serves as an approximation to the first row of the scattering matrix.
In the same way one can show that the approximation to the scattering matrix
is the solution SP (k) to the matrix equation of the form SPEP + FP = 0. If one
chooses § = —vy, thenv | = v, =0, EP = (1/v1)1d, and SP = —v, FP.

3.6.2 Comparison of asymptotic and numerical results

Let us compare the asymptotics k% ,(¢) of resonant energy k2, (¢) and the ap-
proximate value k% ,(¢) obtained by the numerical method.
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The 'numerical” and "asymptotic’ resonant energies are shown in Figure 10.
The discrepancy between the curves depends on the magnetic field Hy and the
narrows’ opening w. Numerical resonance is calculated by the iteration process,
the asymptotic resonant energy taken for initial value.

The shapes of "asymptotic" and "numerical" resonant peaks are almost the
same (see Figure 11). The difference between the peaks is quantitatively depicted
in Figure 12 (note the logarithmic scale on the axes). Moreover, it turns out that
the ratio of the width A, (h, €) of numerical peak at height & to the width A, (h, €)
of asymptotic peak is independent of /. The ratio as function of ¢ is displayed in
Figure 13.

15.51

0.1 0.2 0.3 0.4 0.5
€

FIGURE 10 Asymptotic description kfes’a(s) (solid curve) and numerical description
k2, . (€) (dashed curve) for resonant energy k2 (¢).

The obtained data show that asymptotic and numerical methods give equiv-
alent results at the band of the narrows” diameters 0.1 < ¢ < 0.5 (see Figures 10
and 12). The numerical method becomes ill-conditioned as ¢ < 0.1, while the
asymptotics remains reliable. The explanation is the same as in the previous chap-
ter. On the other hand, the asymptotics gives way to the numerical method as the
diameter increases.

The difference between the asymptotic and numerical values is more signif-
icant for larger ¢ because the asymptotics becomes unreliable. However, as the
numerical method shows, for ¢ > 0.5 the resonant peak turns out to be so wide
that the resonant tunneling phenomenon dies out by itself.

Numerical simulations show sharp decrease of T(k2,) at certain values H,,
of the magnetic field (see Figure 14). The phenomenon is connected with the
Aharonov-Bohm effect and is caused by the phase shift and mutual interference
of electron waves bypassing the magnetic field along curves 1 and 2 (see Figure 8).
At H = H,, the waves cancel each other out.
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0.6

0.4+

0.2

-0.02 -0.01 0 0.01 0.02
k2—k>
res

FIGURE 11 Transition coefficient for ¢ = 0.2, asymptotic description T, (k* — k%,
(solid curve) and numerical description T, (k* — k2, ,) (dashed curve). The
width of resonant peak at height h: asymptotic A,(h,€) = AA; numerical

Au(h,€) = BB.

10 10
€

FIGURE 12 The width A(e) of resonant peak at half-height of the peak (dashed line for
numerical description, solid line for asymptotic description).
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FIGURE 13 Ratio A, (h, &)/ Aq(h, €) as function in e. The ratio is independent of 1 within
the accuracy of the analysis.
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FIGURE 14 The transition coefficient at resonance for R = 0.2.



4 MULTICHANNEL SCATTERING

We consider an infinite two-dimensional waveguide that far from the coordinate
origin coincides with a strip. The waveguide has two narrows which play the role
of effective potential barriers for the longitudinal electron motion and, thereby,
form a resonator between them. We analyze the resonator scattering character-
istics. The results show that the eigenvalues of the resonator and the resonant
energies of the waveguide are effectively approximated by a simple formula.

Also, as the obtained data show, to avoid dealing with transmission be-
tween transversal states and to get sharp resonant peaks, the devices based on the
phenomenon must be designed with such parameters (geometry, voltage, etc.)
that ensure the electron energy being below the third threshold.

4.1 Preliminaries

The total energy E of an electron moving in a cylindrical quantum waveguide can
be represented in the form
E=E, +E, (4.1.1)

where E is the transversal and E|| is the longitudinal components.

The values of E | are quantized and depend on the form of the waveguide
cross-section. For instance, if the waveguide cross-section is a disk of radius R,
then the n-th level of E | satisfies

hZ

2
T (4.1.2)

E (n)

1in being the n-th root of the Bessel function Jo, Jo(pn) = 0, and m; the transversal
effective electron mass (see, e.g. [16]). The effective mass of an electron takes into
account the average effect of the grating periodic potential on the electron motion.
For the anisotropic gratings the effective mass depends on the motion direction.
In the simplest two-dimensional case, where the waveguide is a strip of width D,
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we have )
E (n) = zzﬁfng (4.13)
The spectrum of E|| is continuous,
113
E = Zm,! . (4.1.4)

Here k|| is an electron wave number, m; is the effective electron mass along the
waveguide axis. In the dimensionless form for the strip

2 *
il _T 2 Fo_ M

where E, = E| /Epand E 1= Ej / Ep are the transverse and longitudinal dimen-
sionless energies, D = D/ Dy is the dimensionless waveguide width, %ll = k; Do
is the dimensionless wave number, Ey = >/ (2m}D2) is the unit of energy, Dy is
the unit of length.

In what follows we analyze in the dimensionless form a waveguide coinsid-
ing with a strip, where m; = m;, and omit ~ in the notations. Then

72

E=E +E, Ei(n)= ﬁn% E) = kﬁ, (4.1.6)
Assume that inside a waveguide the electron potential energy vanishes while
outside it is equal to infinity (i.e. sufficiently large). Then the wave function of an

electron going along the x-axis (from —oo to +c0) can be written in the form

Nimax .
P71 = e VY auxa(@))e VA (4.17)

n=1

Here ¥, is a vector in the cross-sectional plane; x,, (¥, ) are solutions to the equa-
tion
AXH + EL(”)X” =0,

satisfying the condition x, = 0 on the cross-section boundary. The number 7,4y
is found from the condition that E|| be non-negative.

The summands in (4.1.7) are called modes, and E (n) is called n-th energy
threshold. If the electron energy satisfies E| (1) < E < E, (2), then only one
mode (a wave with transversal number n = 1) can propagate in the waveguide.
The value of E; (1) depends on the shape and the area of the cross-section (it
increases as the cross-section area decreases). In the simplest two-dimensional
case (a strip of width D), we have E | (n) = n?n?/D? and x,(y) = cos(rtny/D).

Note that an electron with the same total energy can be in distinct trasnver-
sal states. For example, in the waveguide of width D = 1, an electron with energy
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E = 300 can be in the five distinct states:

n=1: E (1)=987, F=290.13

n=2: E (2)=395 E =2605,

n=3: [E, (3)=888 E =2112, (4.1.8)
n=4: E (4)=1579, E =142,

n=5: E,(5=2467, F=533.

An electron with E = 100 can have the three distinct states:

n=1: E (1)=987, E =90.13
n=2: E(2)=395 E; =605 (4.1.9)
n=3: [E (3)=888 E =112,

The representation E = E| + E|| is valid only for the cylindrical waveg-
uides. However, if a waveguide cross-section slowly changes, then (4.1.6) are
approximately satisfied (with D changed for D(x)). For the quallitative analysis,
we assume such relation to be fulfilled.

V(x)

eff

£l
9
w

Elong(_m)

X1 X2 X3 X4 X

FIGURE 15 The potential corresponding to the 2D waveguide.

Let us consider an electron moving from —oo to 4-c0 along a waveguide with
D(—oc0) = 1. If the waveguide width decreases along the x-axis, then E, (1, x)
increases. Since the total energy E remains constant, E|| decreases. This can be
interpreted as arising a potential barrier depending on x,

Vu(x) = m*n? (Dzl(x) - 1) : (4.1.10)

A point x; such that E||(x;) = 0 is called a turning point (Figure 15). The
coordinate of such a point is determined by E = 7t2n%/D?(x;). At x1, an electron
with energy E is reflected while the electron wave function exponentially decay-
ing for x > xq (under the barrier). Let us emphasize that the barrier depends on
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the transversal quantum number 7. At a certain point x,,;, the waveguide width
becomes minimal, D (X)) = Dyin. The electrons with total energy

E > n*n?/D?. = Eqn

min
go over the barrier. The barrier height (the maximal V;(x)) is equal to

V, = *n*(D, 2 —1).
If E slightly exceeds E; then there is some probability of over-barrier reflection.
The electrons with E < 71212/ Dgﬂ.” are reflected with probability close to 1.
If the resonator becomes wider behind the narrow, then V,,(x) decreases and at a
point x; (also called a turning point) the electron appears over the barrier; there
exists a small probability for tunneling through the potential barrier. The tunnel-

ing probability is proportional to

oxp [ [ V) Eye]

The larger the integral in the expression, the less the width of the resonant peak.

In our calculations we have assumed D,,;, = 0.3, so the barrier heights
(depending on n) are V7 = 99.8, Vo = 399.1, V3 = 898.1, and V, = 1597. The
critical values of the total electron energy are E.,; = 109.7, E;» = 438.6, E;y3 =
987 and E, 4 = 1755.

If there are two narrows in a waveguide, then the domain between the nar-
rows plays the role of a quantum resonator. If an electron went under the barrier
corresponding to the first narrow and entered the resonator, it would be reflected
at the point x3 by the barrier created by the second narrow (see Figure 15). If

kH(X4—X3) :k||L€ff ~mm, m=12,... (4111)

then there arise conditions for strengthening waves moving in the resonator in
opposite direction (the so-called constructive interference). In such a process, the
probability sharply inreases for the electron to pass through the resonator. If the
narrows are identical, the probability turns out to be 1 for certain values of the
energy (the resonant energies). The full resonant electron energy satisfies

Eres = m2n® + (4.1.12)

Less

For the narrows considered in this work, L, ff R L, where L is the resonator
length, i.e. the distance between the x,,;,-coordinates of the two barriers.

For electrons with the same full energy having distinct transversal quantum
numbers, the resonant conditions can be distinct. For example, for the resoantor
with length L = 1.5, an electron with energy E = 49.3 and transversal quantum
number n = 1 passes through the resonator with probability close to 1 (this en-
ergy is resonant for n = 1, m = 3). However, an electron with the same full
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energy and transversal quantum number n = 2 has a negligible transition prob-
ability (the resonant conditions are not fulfilled). An electron with E = 43.9 will
pass through the resonator for n = 2, m = 1 will not pass for n = 1.

Due to scattering by an effective potential, when entering the resonator, an
electron can change its transversal state (keeping the full energy). For the waveg-
uide with axial symmetry, only such changes are possible that keep the transver-
sal state evenness.

Even in the case that the original electron state is not resonant, for the new
state with changed transversal quantum number the resonant condition can be
fulfilled. Leaving the resonator, such an electron can recover its original state.
As a result, the transition probability sharply increases for formally non-resonant
energy values.

The aforementioned resonator systems can serve as a base for building var-
ious amplifiers, in particular, transistors. Their operation has been analyzed un-
der the assumption that the electron energy lies between the first and the second
thresholds. However, this condition is not always fulfilled. With modern tech-
nologies the waveguide diameter cannot apparently be made less than 15-20 pe-
riods of crystal lattice, i.e. 5-8 nm, and the operation voltage (and consequently,
the energy of electrons in the channel) less than 0.1-0.2 eV. The energy corre-
sponding to the first threshold (in the dimensional units) is E; = 712h*/2m*D2.
Only if the effective mass of the electron is not greater than 0.01m,, the mentioned
assumption is fulfilled. If the effective mass m™* of an electron in the conductor is
close to the free electron mass m,, the current is affected by electrons with ;4
up to 4-5. For wider waveguides the number of channels is even greater.

In elastic scattering of the incident wave by the waveguide narrows, tran-
sitions between transversal states are possible with particle’s total energy being
invariant. This process of multichannel scattering can cause significant decrease
of tunneling probability at resonance and operation problems in the devices cre-
ated on the basis of the effect of resonant tunneling.

The frequency characteristics of the quantum resonance devices are deter-
mined by the time g during which the electron resides in the resonator. The
parameter also determines the Coulomb extrusion of incident electrons by the
space charge of electrons in the resonator (Coulomb blockade). To find 7z we
have to consider the process of scattering of wave packet moving in the quantum
waveguide towards the resonator.

Even in one-dimensional case the scattering of wave packets on one poten-
tial barrier leads to unexpected results [17, 18]. For instance, in the scattering
of a spatially narrow wave packet, the appearance of a transmitted packet of
small amplitude is possible before the packet fully transits through the barrier
(the Hartman paradox, see [19]). This is conditioned by the influence of the wave
packet components with large energies for which the probability of tunneling is
high.

Naturally, in the two-dimensional case the process of transition of a wave
packet through a narrow and, a fortiori, through a quantum resonator has even
more complicated character. It is explained by the fact, that the components of
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the wave packet with large energies can change the transversal part of the en-
ergy during the scattering (i.e. switch from one scattering channel to another).
Determination of the transition amplitudes with respect to parameters of the res-
onator (the narrows diameter and shape, the resonator length, etc.) is necessary
for calculation of time characteristics of the devices based on resonant tunneling.

4.2 The eigenfunctions of the closed resonator

A necessary condition of electron resonant tunneling consists in proximity of the
incident electron energy E to one of the eigenenergies k%, of the closed resonator
(Figure 16). Therefore we expose the calculated values of k%, and figures of the
corresponding eigenfunctions in Table 1.

/ I'eff \

&

/®
! D

FIGURE 16 The resonator.

For the rectangular resonator with unit width (i.e. D = 1) and length L
k2, = m*n® 4+ m*m*/ L2, (4.2.1)

where n and m are transversal and longitudinal quantum numbers. Since the
shape of the resonator is close to rectangular, the eigenvalues are well approxi-
mated by the expression (4.2.1) with L replaced by L,s (this L. is slightly less
than L,ss in the previous section). For the resonator with angle w = 0.97 at the
vertex and with length L = 1.5 the value of L,s is approximately equal to 1.45
forn =1and to 1.42 forn > 1.

TABLE 1 The closed resonator eigenvalues and eigenfunctions
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n 1 2
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' (=
12, = 443978 | K2,

| B2

w

5 6 7
12, = 84.8217 |Kk2, = 125.6741 | k2, = 180.1483| k2, = 240.3497

0 O @ @

K2, = 117.9935 k2, = 161.2690 | k2, = 214.9305 | k2, = 273.2698

00 1000000! A2
06959 000000, VLIS

I
a1
N
e
=
O

S
=]

59.

=

481

ey
I

0
00
OO
OO0Es
Q0 S
>
GIS)
o
o
00

k2, = 93.7270 |k2, = 108.5681 | k2, = 134.3437 | k2, = 165.5023 | k2, = 209.7926 | k2, = 261.8551 | k%, = 326.4400
== a0p Ob €0 OPp® a0 0 e 0 0D 1400
(=) O = O go0b, g0000 709009, 0000090,
3

804 | k2

ev

k2, = 163.4579 | k2, = 17

Il
~N
3}

Il
o
S
o
-

174 k2,

N

7.

N

302 k2, = 287.1038| k2, = 330.8411

4 '004)‘ - o §§§ §§§§ °/aob\° gﬁ’?‘.”g kgv > 370
oo == »a
SO 4 (=X=1 C1=1=] 0B 00 O\QODIO /boou




79

The disparity between the calculated eigenvalues and approximations by
formula (4.2.1) is less than 0.5%. Note, that such an accuracy is achieved in spite
of the significant difference between the considered eigenfunctions and those for
the rectangular resonator (see the figures in Table 1).

4.3 The method for computing the scattering matrix

Here we give a description of the scattering matrix calculation method used in
the computations (see [7]). We consider only the scattering of waves incident on
the resonator from —oo, i.e. we consider solutions of the form

2N max
n(x,y) = Uy (v, ) + ) sl () + O, [x] = oo,
j=1

where
uzzn(xry) = 1l€ftei EH(n)xXﬂ (]/)r n = 1121 sy nmax;
Ut (x,y) = llefte_l\/EH(])ij(y), F=1,2 . M,

u]?”t(x,y) = lrightei \% EH(jin"m)ij—nmﬂx (y)/ ] = Mpmax + 1, Mpax +2, ..., 20max,

E| (j) = E—EL(j) and 1},f;, 1,i¢p,; are the indicators of the left and the right outlets
of the waveguide. The matrix s = {snj}, n=212... 0, ] =1,2,..., 204, is
the upper half of the waveguide scattering matrix. Denote the domain occupied
by the waveguide by G. Introduce the notations:

GR:=Gn{(xy): —R<x <L+R},
R:=aGRN{(x,y): |x—L/2| =L/2+R}.

Here R is a sufficiently large positive constant (see Figure 17).

0.5D
\ / GR \ /
e 4A—A_

-R 0 L L+R

FIGURE 17 The truncated domain GR.

As an approximation for the n-th row of the scattering matrix we take the
minimizer ay = (a);, a0, ...,a5,, ) of the functional

2Mmax

]1112 = HXE—U,T— 21 anju](‘mtniz(rl?)-
]:
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Here X'} is a solution to the problem

(A+E)XR =0 in GR,
XR =0 on dGR\ TR,

. 2Mmax
0y +i) XL = (av+i€)(u,2”+ )3 anju;’”f) onTX,
j=1

where { € R\ {0} is an arbitrary fixed number, v being the outward normal.
From the results of the paper [7] it follows that a° j(R, k) — s,j(k) with exponen-
tial rate as R — co. More precisely, there exist positive constants A and C such
that

|40 (R, k) = sj(k)| < Cexp(=AR), j=1,2,..., 20uax,

for all k* € [u1, 2] and sufficiently large R; the interval [y, 2] of continuous
spectrum of the problem lies between two consequent thresholds and does not
contain the thresholds. (Note, that application of the method is not hindered by
possible presence on the interval []/11, o] of elgenvalues of the problem).

We can put XR = o + rl ”"‘” a,jo?"!, where !, 03! are solutions to the

J
problems

(A+E)vit =0 in GR,
ol =0 on oGR\ TR
7'/1 X 7

(0y +i0)vl" = (9, +iQ)U"  onTR

and
(A+E)vf =0 in GR,
vt =0 on aGR\ TR,
9y + zg) out — (9, + ig)u]‘?uf onTR, i=12,..., 2Mmax-

Now we can rewrite the functional JX in the form
JR = (a,ER,a,) + 2Re (FK,a,) + GX,
where (-, -) is the inner product on C?"mx, by £R we denote the matrix with entries
R _ out out out out _
Squ ( -u, - Uy )LZ(FR)’ p,q=12,..., 204y,

the row FR consists of the elements

.FR = ( U,T, out u"”t) g=12,...,20max,

Ly(TR)’
and the number Q}f is defined by
2
R __ in
Gn = ‘ — U Ly(TR)

The minimizer of [ satisfies a,ER + FR = 0. We take the solution of this equa-
tion for an approximation to n-th row of the scattering matrix.
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4.4 Discussion

A transversal quantum number is an adiabatic invariant. Therefore, for smooth
variations of the waveguide cross-section, the change of a transversal quantum
number will be unlikely. However, with sharp variation of the cross-section di-
ameter (at distances comparable to the electron wavelength) the probability of a
change of transversal state becomes high.

If the resonator is symmetric about x-axis, then only scattering with pre-
served evenness is possible (the incident and scattered waves have the same
evenness). It is explained by the fact, that the matrix element (¢;,|V|(out) of
transition between channels vanishes for wave functions of different evenness
because of the symmetry of the potential V providing the transition. Let us ex-
plain the fact in more detail. The original problem reads

Auy +Ku, =0 in G,

(4.4.1)
u, =0 on 9dG,

X 2Mmax
wp = U+ ) s +0(e™P) as [x] — e,
j=1

Let vn(x,y) = un(x, —y) and n < nyay (We consider only the upper half of the
scattering matrix). The function v, satisfies

Av, + kv, =0 in G,

(4.4.2)
v, =0 on 9JG,
and
i Nmax . 2Max )
ve = (1)U + ) sy (1)U Y sy (= 1) e U O (e
j:1 j:nnzax+1
as |x| — oo. Let n be even. Then wy, = (u, + vy,)/2 satisfies
Aw, +Kw, =0 in G,
n R o (4.4.3)

w, =0 on IG,

and
Nmax 2M g
=), U+ ) syl +0(e M) as x| - o,
j:1 j:nnzax+1

where the sums do not contain the terms with even j and j — 71,4y, respectively.
The solution of the problem is w, = 0 and, consequently, s,,; with odd j (for
J < Nyax) and j — 1y (fOr j > 11140x) are zero.

If n is odd, then we consider w,, = (1, — v,)/2 and conclude that Snj with
even j (for j < nyay) and j — fyax (fOr j > 1y04) are zero.
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FIGURE 18 Transition probability for the wave U{” (Mmax = 1, the transversal quantum
number n = 1 for the scattered wave).

For example, if the electron energy is between the second and the third
thresholds (471> < E < 971%), we have s; = s;4 = 0. It means that there are
no transitions between the transversal states.

The energies E ~ 14.58 and E ~ 28.68 are resonant and correspond ton =1
and m = 1,2 (Figure 18). For 47> < E < 97* (the electron energy between the
second and the third thresholds) there are no changes of the transversal states
due to the evenness invariance. For the incident wave with n = 1, the resonant
tunneling occurs at E ~ 48 and E ~ 76 (Figure 19), which correspond to the
closed resonator eigenvalues E ~ 52.15 and E ~ 84.8 withn = 1, m = 3,4. The
shift of the resonant energies to the left is caused by small increase of the distance
between the turning points in the open resonator.

1
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2
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0.2

0.1

80 90

FIGURE 19 Transition probability for the wave U{” (Mmax = 2, the transversal quantum
number n = 1 for the scattered wave).

For incident wave llé”, resonant tunneling occurs at energies E ~ 44.4, 59.1,
and 83.7 (Figure 20), which correspond to n = 2, m = 1,2,3. The width Qf
the resonant peaks for this case is significantly less than that for the wave Uj".
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FIGURE 20 Transition probability for the wave Ué” (Mmax = 2, the transversal quantum
number n = 2 for the scattered wave).

The explanation is that the height of the potential barrier is much greater for the
wave U}". This also explains the smaller distance between the resonant peaks and
the corresponding eigenvalues of the closed resonator.

0.8
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FIGURE 21 Transition probability for the wave U{” (Mymax = 3, the transversal quantum
number n = 1 for the scattered wave).

For a waveguide symmetric about x-axis, transition between channels be-
comes possible only when 9712 < E < 1672, i.e. when the electron energy is
between the third and the fourth thresholds. Since for the wave Ui" the longitu-
dinal energy E| is large (it is above the barrier height for E > E,; = 109,7), the
probability of electron transition without change of a transversal quantum num-
ber is fairly high (Figure 21). The probability of electron transition with a change
of transversal state (n = 1) — (n = 3) is high as well (Figure 22). Both |s14|?
and |s14|* have sharp resonance at E & 93, which corresponds to the eigenenergy
of the closed resonator with n =3, m = 1. For |sig|> the peak is natural, since
for the longitudinal component the conditions of resonance hold. But for [s14/?
the resonance is caused by transition (n = 1) — (n = 3) at the entrance into the
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FIGURE 22 Transition probability for the wave U{” (Mmax = 3, the transversal quantum
number n = 3 for the scattered wave).

resonator, resonant magnification of the wave amplitude, and subsequent transi-
tion to the initial state (n = 3) — (n = 1). Similarly behaves the wave U, with
strong direct (n = 3) — (n = 1) and reverse (n = 1) — (n = 3) transitions with
a change of the transversal quantum number and the resonance at E ~ 93.
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FIGURE 23 Transition probability for the wave Ué” (max = 3, the transversal quantum
number n = 2 for the scattered wave).

For incident electrons with n = 2 no change of transversal state is possi-
ble and there is a sharp resonance of unit height at E ~ 117 (Figure 23). For an
incident electron with energy 167> < E < 257 the situation is even more com-
plicated, since transitions with change of transversal quantum number become
possible for n = 2, too. We do not analyze the obtained results here, because
qualitatively the effects are similar to those for 9712 < E < 1672,

The wave UL" with energy greater than E,; approaches the narrows and
partially goes in the state with n = 1, so the probability to pass through the
resonator is large even for non-resonant energies (due to passing over the bar-
rier), see Figure 26. The crititcal energy E. 3 for the original mode is greater than
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FIGURE 27 Total transition probability for U}".

the electron energy and the transition probability without changing the state has
peaks at the energies which are resonant for the state with n = 3. The sharp
oscilations at energies close to the eigenvalues of the resonator for n = 3 (see Fig-
ure 26) is apparently the manifestation of the interference of the modes withn =1
and n = 3 at the exit of the resonator. An electron with n = 1 whose energy ex-
ceeds the third threshold partially goes in the state with n = 3, having resonances
at the same energies as an electron in the state with n = 3.

Figures 24-27 show the graphs of T;-Ty as functions in E; here T, stands
for total transition probability of U*. The numbers (1,m) are the transversal
and longitudinal quantum numbers of the respective eigenvalues of the closed
resonator. Similarly to UY", the wave U}" partially changes its transversal state
(goes in the state with n = 2) and has resonances corresponding to the states
n = 4 and n = 2. However, the forth threshold is less than E..» and, a fortiori,
than E., 4 (the barriers are very high), so the free path through the resonator is
impossible for n = 2 and n = 4. Therefore, the peaks in Figures 25, 27 are very
narrow regardless the interference of the modes with n = 2 and n = 4 (causing
the slight asymmetry of the peaks).

The peaks in Figure 27 corresponding to the resonant energies for n = 2
(E = 160 and E ~ 212) are wider than the nearest peaks with n = 4 because the
barrier height for the state with n = 2 is notably lower than n = 4.

Evidently, the sharp resonances with transition probability T close to unit
exist only below the third threshold. Therefore, in designing electronic devices
based on the resonant tunneling in quantum waveguides of variable cross-section,
the parameters of the system (the cross-section area, the waveguide material, the
operation voltage) should be chosen so that the energy of an electron in the sys-
tem would not exceed the third threshold.
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YHTEENVETO (FINNISH SUMMARY)

Viitoskirjassa tutkitaan elektronisirontaa kvanttiaaltojohtimissa, joiden poikki-
leikkaus ei pysy vakiona.

Elektronit liikkkuvat darettomén pituisessa kaksiulotteisessa aaltojohtimes-
sa. Johtimessa on kaksi kapeikkoa, jotka toimivat kuten potentiaalivallit. Kapeik-
kojen vilisestd aaltojohtimen osasta muodostuu resonaattori, jolloin silld alueel-
la tapahtuu elektronin tunneloitumista. Ilmion ominaisuuksia voidaan muuttaa
lisdadamalla resonaattoriin magneettikenttd. Talloin elektronivirta voidaan polari-
soida siten, ettd sen elektroneilla on samansuuntainen spin.

Kapeikkojen lapimitta madaritetddn parametriksi, minkd avulla johdetaan
asymptoottiset kaavat tunneloitumisen ominaisuuksille. Kaavojen sisdltamat tun-
temattomat vakiot méadrdtdan ratkaisemalla useita reuna-arvotehtdvid rajoitta-
mattomissa alueissa. Vastaavasti sirontamatriisi lasketaan numeerisesti, minka
jilkeen asymptoottisia ja numeerisia tuloksia verrataan toisiinsa.

Resonaattorin toiminnan analysoinnissa oletetaan, ettd elektronien energia
on ensimmadisen ja toisen kynnysarvon vaélilld. Tatd ehtoa ei vdlttamatta pystyta
aina tdyttdmadn tdman pdivan teknologialla. Vditoskirjassa analysoidaan moni-
kanavasironnan ominaisuuksia myos tilanteessa, jossa elektronien energia ylittaa
toisen kynnysarvon.
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APPENDIX1 THE SPECTRAL PROBLEM IN G,

Let us rewrite the problem in the weak form
(Vo,Vu) —2i(AVo,u) + (|A|*0,u) £+ (Ho,u) — k*(v,u) =0, (A1.1)

where u € H}(G,) := {v: v € H(Gy), v =00n0G,} and the inner products
mean those in L (G).

Let Py be N-dimensional space of piecewise polynomial functions equal to 0
on 0Gy, and let {17,,}]1;’:1 be a basis in Py. The space Py is defined by dividing the
geometry into small elements and choosing the basis functions 7. In the calcula-
tions we used triangular mesh (for triangulation the advancing front’ method is
used) and second order Lagrange elements.

We replace both the sought-for function v and the test function u by func-
tions V,U € Py. Then using the representation

N
V=Y Vpily
p=1
and writing the equation (A1.1) for/ = 14,9 = 1,2,..., N, we get the generalized
eigenvalue problem
AV = K*BY, (A1.2)

where A and B are matrices with entries

qu = (vﬂp/ V’?q) - Zi(Av’?p/ 77q) + (’A|277p/ ’7q) + (H’7p/ ’761)/
Byg = (11p.1q),

andV = (W1, V,, ..., Vn). The eigenvalue problem (A1.2) is solved by the Arnoldi
method (see, e.g. [20]). This description includes the case of a resonator without
magnetic field (Chapter 2), which is specified by setting H = 0. The calculations
have been carried out in the environments MATLAB and COMSOL, where one
can also find elementary introductions to the used methods and techniques.



APPENDIX2 THE PROBLEMS IN G(¢), G1, Q)

Consider the problem

(—=iV+A)Pv+Ho=kov in X,
v=0 on Y, (A2.1)
(0p+iC)v=f on Y,

where Y7 + Y, = 0X. Let us rewrite the problem in the integral form

(Vo, Vu)x — 2i(AVo,u)x + (|A|*v,u)x £ (Ho,u)x
—K*(v,u)x + it(v,u)y, = (f,u)y, (A22)

where u € H{(X) := {v: v € H(X), v =0on Y} and the inner products mean
thatin L,.

Asin Appendix 1, we choose a sequence of spaces Py C H}(X) of piecewise
polynomial functions and replace v and u by V,U € Py. Then we expand V in
the basis {1, }:

N
V= Z Vollp
p=1

and writing the equation (A1.1) fortd =1,,9 =1,2,..., N, we get the equation
AV =B, (A2.3)
where A is a matrix and B is a column with elements

qu :(Vﬂp/ V’?q)X - 2i(AV17p, ’7q)X
+ (|A|2’7pr 1g)x £ (H1p, 119)x — kz(ﬂp/ 17)x +iC(1p,1q) v,
Bq :(f’ ﬂq)er

and V = (V,V,...,Vn). The system (A2.3) is solved by incomplete LU-fac-
torization (LU-factorization for sparse SLAE). The environments MATLAB and
COMSOL have been used in the computations.

This description includes several cases. To solve the problems for scattering
matrix in the presence of magnetic field (Chapter 3), we set

X =G(e), Yo =TPuTp.

Additional setting H = 0 corresponds to the problem without magnetic field.
The problems for multichannel scattering matrix (Chapter 4) correspond to X =
GR, Yo = TR, Assuming X = GP, Y, = I'P, we get the problem in G; in Chap-
ters 2 and 3. Finally, the problem in () in Chapters 2 and 3 are solved by setting
X=0P v, =rP.

We use “advancing front” method for triangulation and second order La-
grange elements as basis functions. We do not carry out any analysis of theoreti-
cal aspects of FEM, like convergence, accuracy, etc. For the issues we refer to the
wide literature devoted to the theory of FEM, e.g. see [21, 22, 23].
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