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Abstract

In this thesis which consists of an introductory part and six publications the neutral-
current neutrino-nucleus scatterings off the stable molybdenum nuclei are studied
using microscopic nuclear models. The main focus is on supernova neutrinos and the
nuclear responses to them for the aforementioned nuclei are computed by folding the
computed cross sections with realistic neutrino-energy spectra.

In this work both the coherent and incoherent contributions to the cross sections are
considered. The contributions from the prominent multipole channels to the incoherent
cross sections are also discussed in great detail.

iii



Author’s address

Supervisor

Reviewers

Opponent

Emanuel Ydrefors
Department of Physics
University of Jyviskyld
Finland

Professor Jouni Suhonen
Department of Physics
University of Jyvaskyld
Finland

Professor Cristina Volpe
Institut de Physique Nucléaire
University of Orsay

France

Professor Jonathan Engel

Department of Physics and Astronomy
University of North Carolina

USA

Professor Karl-Heinz Langanke

GSI Helmholtzzentrum fiir Schwerionenforschung
Germany

v



Publications

L.

IL.

I11.

IV.

VI

E. Ydrefors, M. T. Mustonen and J. Suhonen, MQPM description of the struc-
ture and beta decays of the odd A=95, 97 Mo and Tc isotopes, Nucl. Phys. A
842 (2010) 33-47.

E. Ydrefors and J. Suhonen, Theoretical estimates of responses to supernova
neutrinos for the stable molybdenum isotopes, ATP conf. proc. 1304 (2010) 432-
436.

E. Ydrefors, K. G. Balasi, J. Suhonen and T. S. Kosmas, Nuclear Responses to
Supernova Neutrinos for the Stable Molybdenum Isotopes, in: J. P. Greene (Ed.),
Neutrinos: Properties, Reactions, Sources and Detection, Physics Research and
Technology, Nova Science Publishers, 2011.

E. Ydrefors, K. G. Balasi, T. S. Kosmas and J. Suhonen, The nuclear response
of 9" Mo to supernova neutrinos, Nucl. Phys. A 866 (2011) 67-78. Erratum to
appear in Nucl. Phys. A.

K. G. Balasi, E. Ydrefors and T. S. Kosmas, Theoretical study of neutrino
scattering off the stable even Mo isotopes at low and intermediate energies,

Nucl. Phys. A 868-869 (2011) 82-98.

E. Ydrefors and J. Suhonen, The nuclear response of molybdenum to supernova
neutrinos. Accepted for publication in AIP conf. proc.

The author of the present thesis has performed the numerical calculations for the
listed publications and written the first draft of publications I, IT, III, IV and VI and
parts of the manuscript for V. The author has derived the expressions for the neutral-
current transition densities in the microscopic quasiparticle-phonon model (MQPM).
The author has implemented computer codes for calculation of transition densities
and the cross sections for neutral-current neutrino scattering off nuclei.



vi

Publications




Contents

5

Introduction

Neutral-current neutrino scattering off nuclei
2.1 The semi-leptonic weak Hamiltonian . . . . . . .. .. .. ... ....
2.2 Cross-section formula for neutral-current v-nucleus scattering . . . . .

Quasiparticle description of open-shell nuclei

3.1 Nuclear mean field . ... ... ... ... ... . ... .. .. ...,
3.2 Quasiparticle random-phase approximation . . . . . . .. .. ... ...
3.3 Microscopic quasiparticle-phonon model . . . . . . ... ... ... ..

Results and Discussion
4.1 Nuclear structure of the stable molybdenum isotopes . . . ... .. ..
4.2 Neutral-current neutrino-nucleus cross sections . . . . . . .. . .. ..

Conclusions

A Neutral-current transition densities in the MQPM

vil

11
11
14

25

31



viii Contents




1 Introduction

The history of neutrino physics began already in 1930 when W. Pauli proposed the
neutrino to explain the missing energy in nuclear beta decay. The neutrino and its
properties have since then been a rapidly expanding research field with e.g. the obser-
vations of the non-zero neutrino mass and neutrino flavour oscillations [1], see [2] for
a review. There are however still many open questions such as e.g. the unknown value
of the neutrino mass, the Dirac-or-Majorana nature of the neutrino and the value of
the third neutrino mixing angle.

From the astrophysical point of view neutrinos and neutrino-nucleus reactions play
important roles in e.g. supernova explosions and for the nucleosynthesis of the heavy
elements [3, 4]. Neutrinos interact only weakly with matter and neutrinos from astro-
physical sources can therefore be detected by Earth-bound detectors by using neutral-
current and charged-current neutrino-nucleus reactions. Supernova neutrinos therefore
constitute valuable probes of both the unknown supernova mechanisms and neutrino
properties [5]. One example of a possibility for future measurements is the MOON (Mo
Observatory of Neutrinos) project [6]. In this experiment the neutrinos will be mea-
sured by using both charged-current and neutral-current neutrino-nucleus scattering.
Observations of the neutral-current induced neutrino-nucleus reactions are important
in order to test the effects of neutrino oscillations on the measured energy spectra of
the electrons produced by inversed beta decays [7].

Nuclear responses to neutrinos are important both for measurements and as inputs in
supernova simulations [8]. Neutral-current neutrino-nucleus scattering is independent
of the neutrino flavour and can therefore be adopted also for detection of muon and tau
neutrinos. Neutral-current detectors such as the OMNIS (Observatory for Multiflavor
NeutrInos from Supernova) [9] or the LAND (Lead Astronomical Neutrino Detector)
[10] could therefore be used to test current supernova models and to study neutrino
oscillations. The purpose of this work is therefore to study neutral-current neutrino
scattering off open-shell nuclei. The calculations presented in this thesis are based on
the Donnelly-Walecka method [11, 12] for the treatment of semi-leptonic processes in
nuclei. In its original form the theory was written in the isospin formalism. As part of
this thesis the theory therefore has been formulated in the proton-neutron formalism
which is more suitable for the treatment of heavy open-shell nuclei.

As the main application of our theory framework the cross sections for the neutrino
scatterings off the stable (A = 92,94, 95,96,97,98,100) molybdenum isotopes are



2 Introduction

calculated. It should however be noted that the tools presented in this thesis could be
applied to other nuclear systems as well.

In addition, the Mo nucleus is a famous double-beta-decay emitter and has been
used by several current experiments e.g. the NEMO (Neutrino Ettore Majorana Ob-
servatory) [13]. Thus nuclear-structure calculations in the Mo region are welcome from
many points of view. The obtained nuclear wave functions are essential in studies of
weak processes in '°°Mo and in the other stable molybdenum nuclei. In the case of the
neutrino-nucleus scattering the cross sections are derived from these wave functions
and then folded with the appropriate neutrino spectra in order to obtain realistic
estimates for the nuclear responses to supernova neutrinos.

An accurate description of the final and initial nuclear states is a key ingredient in
realistic neutrino-nucleus scattering calculations. In the following work the quasipar-
ticle random-phase approximation (QRPA) [14] is adopted for the even-even isotopes.
The possibility of using large valence spaces means that the QRPA and its exten-
sions, e.g. the MAVA model [15], constitute therefore the most feasible models for
the construction of vibrational states in heavy open-shell nuclei [16]. For the odd
nuclei (Mo and "Mo) the nuclear states are constructed by using the microscopic
quasiparticle-phonon model (MQPM) [17].



2 Neutral-current neutrino
scattering off nuclei

The calculations in this thesis are based on the so-called Donnelly-Walecka formalism
for the treatment of semi-leptonic processes in nuclei. The general theory is outlined
in the comprehensive work by J. D. Walecka [18] and the application of the formalism
to neutral-current reactions in nuclei was reviewed in [12]. An extensive review of the
theory in the form used in the present computations is given in [19]. In this chapter the
formalism for the treatment of neutral-current neutrino-nucleus scattering therefore
is only briefly summarized.

2.1 The semi-leptonic weak Hamiltonian

The Feynman diagram for the neutral-current neutrino scattering off a nucleus with
proton number Z and mass number A is shown in Fig. 2.1. In this process which
proceeds via the exchange of a neutral Z° boson the nuclear final state is either
the same as the initial state (coherent scattering) or an excited state of the nucleus
(incoherent scattering which is indicated by an asterisk). In the figure &, and k; are
the four momenta of the incoming and outgoing neutrinos and p,, and p; represent
the four momenta of the initial and final nuclear states. Here the same conventions as
in [19] are adopted. The four-momentum vector for the incoming neutrino therefore
is written as k, = (Ej, —k) where Ej, is the energy and k is the three momentum. For
the outgoing neutrino we have similarly &), = (Ey, —k’). The four momenta p, and
pil are defined correspondingly.

In the computations of this thesis the transferred four momentum g, fulfils —g,¢" <
M2 where My is the mass of the Z° boson. The complicated coupling in Fig. 2.1
can therefore to an excellent approximation be replaced by an effective four-point
interaction. The nuclear matrix element of the effective weak Hamiltonian can then
be cast into the form

(1Ml = < / e x| T () i), (2.1)

where for the neutral-current processes the coupling constant is G = G = 1.1664 x
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lepton current j}fpt hadron current 7,

Figure 2.1: Neutral-current neutrino scattering off a nucleus (A, Z). The transferred four
momentum is here ¢, = kj, — k.

107° GeV. In (2.1) the hadron current J*(x) is of the V — A structure
Tr) = TVH(x) — (), (22)

and [, is defined by .
(flinP (o)) = Lue™, (2:3)
where jiP'(x) represents the lepton current. At the origin (x = 0) the single-nucleon

matrix elements of the hadron currents JV#(x) and J**(x) can be expressed in the
general forms

o) (P’ [TVH(0) [P piny

o .
_ M [Fll\m;p(n)(QZ)’YH _ ;UuuunéVC;p(n)(QZ)] u(p., 0_)7 (2.4)
mn
and N a(p',0') xeipm)
o) (PO [TH(0)[Po)pmy = = Fx Q)57 ulp, ), (2.5)

%

where |po) ) denotes the state vector of a free proton (neutron) with three-momentum
p and spin ¢ and my denotes the nucleon mass. In the present theory the nucleons
are treated as point-like particles. The quark degree of freedom is then approximately
taken into account by introducing the nucleon form factors Fr o™ (Q2), F3 @™ (?)
and FA "™ (Q?) in (2.4) and (2.5). In this work the adopted expressions for the nu-
cleon form factors are those of [19, 20, 21].
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2.2 Cross-section formula for neutral-current r-nucleus
scattering

The double-differential cross section for neutral-current neutrino-nucleus scattering
from an initial state ¢ with angular momentum J; to a final state f characterized by
angular momentum J; can by a multipole expansion of 2.1 be written [18, 19]

d*oiy G K| Ey J J
— 4 2.6
(deEex)V/y 7(2J; + 1) (; o *;“1)’ (2.6)

where

oy = (1 + cos 9)‘(Jf||MJ(q)HJi)‘2 + (1 + cos @ — 2bsin’ 9)’(Jf||£](q)‘|e]i)‘2
+ qBexc(1 + cos 0)2Re{ (J[IM 1) (S L5 (@)1 T}, (2.7)

and

ot = (1= cosd -+ bsin ) (AT @I + AT @)
+ @(1 — COSG)QRG{(JfH’Z}mag(q)HJi)(JfH']}el(q)||Ji)*}. (2.8)

Here Fexe = E — Ej is the excitation energy of the nuclear final state and 6 denotes
the angle between the incoming and outgoing neutrinos. The magnitude of the three-
momentum transfer is furthermore given by

q¢=1q| = VE2 + 2E,Ew (1 — cos ) (2.9)

and b = EyE}, /q* has also been introduced. In (2.8) the minus sign is used for neutrinos
and the plus sign for anti-neutrinos. The operators M ;(q), L;(q), 7;"*8(¢) and T} (q)
are the ones defined in e.g. [19].

In (2.7) and (2.8) one-body forms are assumed for the operators and they can conse-
quently be expanded as [22]

Ton =T (allTylb)[chés)ar, (2.10)
ab
and therefore R
JATSNT) = T4 (@l Ts1b) (e lllclén] 11 :), (2.11)
ab

where the index a holds the single-particle quantum numbers n,, [, and j,. Here
cl is the particle creation operator and the time-reversed annihilation operator ¢,
is defined through the magnetic quantum number m, as ¢, = (—1)%**™c_, where
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—a = (a,—my). In (2.11) both a and b are either proton or neutron indices and the
summations run over all single-particle orbitals in the chosen valence space. Expres-
sions for the reduced transition densities (J¢||/[c[G]|J;) for the MQPM are given in
appendix A and the transition densities in the QRPA are discussed in great detail in
[22].



3 Quasiparticle description of
open-shell nuclei

In the included publications of this thesis the quasiparticle random-phase approxima-
tion (QRPA) is adopted to construct the initial and final nuclear states of the even-
even isotopes. For the odd-mass nuclei (**Mo and ”Mo) the microscopic quasiparticle-
phonon model (MQPM) is used. In this chapter the quasiparticle mean-field is first
introduced. The formalisms of the QRPA and the MQPM are then briefly summarized.
More comprehensive treatments are given in [22] (QRPA) and in [17] (MQPM).

3.1 Nuclear mean field

In this thesis nuclear systems consisting of up to 100 nucleons are considered. The
standard way to solve this rather involved many-body problem is to use the so-called
mean-field approximation. The dominant part of the nuclear interaction is then taken
into account by constructing a nuclear mean-field of non-interacting particles. The
nuclear Hamiltonian with a two-body interaction V' is hence written as

H = ZEaCLCa + % Z @aﬁvgclcgclgcw (3.1)
«a afBvyo

where To3y5 = (af|V|y6) — (aB|V|67). Here the notation introduced in Sec. 2.2 is
adopted and thus e.g. a = (a,m,) with a = (ng,l,, j.). The single-particle energies ¢,
in (3.1) can either be generated by the self-consistent Hartree-Fock (HF) procedure
(see e.g. [22]) or by the use of a phenomenological nuclear potential. In this work the
Coulomb-corrected Woods-Saxon potential has been adopted.

An appropriate description of the pairing correlations is essential for the description of
the nuclear states in open-shell nuclei. Evidence for nuclear pairing comes from e.g the
odd-even mass difference and the fact that most open-shell nuclei have low-lying
states of spherical shape. The foundations for the treatment of pairing phenomena in
fermionic systems were laid by Bardeen, Cooper and Schrieffer [23|. The importance
of pairing correlations in nuclei were first recognized by A. Bohr, B. R. Mottelson
and D. Pines [24]. The BCS theory constitutes today one of the standard tools in
theoretical nuclear physics. The starting point in this formalism is the ansatz for the
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BCS ground state
IBCS) = [ ] (wa — vachel) [HF), (3.2)
a>0
where the amplitudes u, and v, are solved iteratively from the BCS equations. The
quasiparticles are subsequently defined via the Bogoliubov-Valatin transformation

{aT =UqCy, + VaCa,

Aoy =UgCo — UQCIX.

(3.3)

With (3.3) the nuclear Hamiltonian (3.1) in quasiparticle representation takes the
form

H = Hy1 + Hypo + Hoo + His + Hs1 + Hyo + Hoa, (3.4)

where H;; is proportional to a normal-ordered product of 7 quasiparticle creation op-
erators and j quasiparticle annihilation operators. In (3.4) a constant term has been
omitted which anyway has no contribution to the excitation energies of interest for
the present work. By the BCS procedure, i.e. by the minimization of the energy of
the BCS ground state (3.2), the terms Hp and Hyg vanish. In (3.4) the diagonal
term Hp; contains most of the nucleon-nucleon short-range interactions and by the
BCS approximation therefore a so-called quasiparticle mean field is introduced, i.e. a
generalization of the Hartree-Fock mean-field of particles and holes. In practice the
parameters of the BCS calculation however have to be fitted to reproduce the exper-
imental pairing gaps. In this work the emperical pairing gaps have been computed
from the three-point formulae [22]

{ Ay =1(=1)ZT(S(A+1,Z 4+ 1) — 25,(A, Z) + Sp(A—1,Z — 1)),

4

(3.5)
Ap = =)V (S, (A +1,2) — 254(A, Z) + Su(A — 1, 2)),

by using the proton (S,) and neutron (S,) separation energies of [25]. In (3.5) Z
denotes the proton number and N the neutron number of the even-even reference
nucleus.

3.2 Quasiparticle random-phase approximation

In the QRPA the excited states of the even-even nucleus are constructed by coupling
two-quasiparticle operators to good angular momentum J, and parity m,. The state
vector for the excitation w = (J,, 7, k) is then given by

w) = QLIQRPA), (3.6)

where
QT = Z 071 Xé:a’ ]Jw]\[ + Y:;();' [aaaa’}Jwa), (37)

a<a’
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and |QRPA) denotes the QRPA vacuum. Here 0, = /1 + 0,0 and k, enumerates
phonons with the same angular momentum and parity. In (3.7) the sum runs over all
proton-proton and neutron-neutron configurations so that none of them are counted
twice. The QRPA equations can be expressed in the matrix form [22]

(_1]3‘3* _i*> G{(:) = E, (é:) : (3.8)

where A is the well-known quasiparticle Tamm-Dancoff (QTDA) matrix and B con-
tains the induced ground-state correlations. In (3.8) E, denotes the energy of the
QRPA phonon, i.e. the excitation energy of the state |w) in a nucleus. The eigenen-
ergies (E,) and the eigenvectors (X“ and Y¥) are then solved from (3.8) by using
e.g the diagonalization method introduced by Ullah and Rowe [26].

3.3 Microscopic quasiparticle-phonon model

In the MQPM the building blocks are quasiparticles and QRPA phonons determined
in the even-even reference nucleus adjacent to the odd-A nucleus under discussion. The
states of the odd-A nucleus are then constructed by using the creation operator

TiGm) = 37 Xkl + 37 x5 a1, (3.9)

n

where j denotes the angular momentum and m the z-projection of the state. The
quantum number k£ enumerates here states with the same angular momentum and
parity. The MQPM equations of motion [17] then lead to a generalized symmetric
eigenvalue problem of the form

Hyj,, = EYNy),, (3.10)
where H and N are the Hamiltonian matrix and the overlap matrix respectively and
the components of the eigenvector 1%, are the amplitudes X* and X%, of (3.9). For
the explicit forms of the matrices H and N the reader is referred to [17]. In (3.10)
Ejk denotes the energy of the MQPM state. In this work the overcompleteness and
non-orthogonality of the quasiparticle-phonon basis have been handled by using the
diagonalization method established by Rowe [27].
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4 Results and Discussion

In this chapter the performed calculations of the neutral-current neutrino-nucleus
cross sections for the stable molybdenum isotopes upon which this thesis is based
are reviewed. The computed energy spectra and wave functions are first considered in
Sec. 4.1. The results for the neutrino-nucleus cross sections are subsequently discussed
in Sec. 4.2.

4.1 Nuclear structure of the stable molybdenum iso-
topes

In the nuclear-structure calculations carried out for the even-even Mo isotopes in
[28] and for the odd nuclei (**Mo and °"Mo) in [29] we adopted a single-particle
valence space composed of the full 3fiw and 4Aw harmonic-oscillator shells plus the
Ohyy/2 and Ohgjy orbitals both for protons and neutrons. The single-particle energies
were first computed from the Coulomb-corrected Woods-Saxon potential by using
the parametrization by Bohr and Mottelson [30]. In the next step the quasiparticles
were defined by performing BCS calculations for protons and neutrons separately. In
these computations the monopole part of the interaction was scaled by a constant
ggair (gPr) for protons (neutrons) so that the energy of the lowest quasiparticle state
was roughly equal to the emperical pairing gap A, (A,) computed from (3.5). In
the present calculations the Bonn one-boson-exchange potential [31] was used as the
two-body interaction. The agreement between the computed BCS spectra and the
available experimental level data could be improved by slightly adjusting the single-
particle energies for some of the states in the vicinity of the respective Fermi surfaces.
The excited states of the even-even nuclei were subsequently constructed by using the
QRPA. In the QRPA calculations the particle-particle and particle-hole parts of the
QRPA matrix were scaled by the parameters g, and gpy respectively. For the odd-A
nuclei the calculation proceeds further by the use of the MQPM. For the MQPM
calculations no further adjustments of parameters were made.

In Fig. 4.1 the calculated excitation energies of “Mo and Mo are shown together
with the available data [32, 33]. It is seen from the figure that the results are in
satisfactory agreement with the experimental energies. The obtained results are also
supported by the higher-QRPA calculations performed in [34]. Here it should be noted

11
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Figure 4.1: Comparison between the QRPA computed energy spectra and the experimental
data of [32, 33] for %Mo and *°Mo.

that it was concluded in [34] that the 25 and 45 states in Mo and the 05 state in
100Mo are of two-phonon character.

In Fig. 4.2 the MQPM results for the energy spectra of the odd isotopes (Mo and
9Mo) are compared with the experimental energies of [35, 36]. It can be concluded
that the agreement with the data is excellent except for the energy of the 3/27 state in
%Mo. In [29] the quality of the MQPM wave functions were tested also by computing
log ft values of beta-decay transitions from *Tc to Mo and between *"Tc and *"Mo.
The obtained results were in fair agreement with experimental data and the nuclear
wave functions can thus be considered as a suitable starting point for neutrino-nucleus
scattering calculations. The distribution of the computed states in Mo are displayed
in Fig. 4.3. It is seen in the figure that the states are quite irregularly distributed with
respect to the excitation energy Fe,.. This is explained by the cut of the quasiparticle-
phonon basis. The same pattern is repeated for “’Mo and those results are therefore
not shown here.
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Figure 4.2: Comparison between the MQPM calculated energy spectra and experimental
data [35, 36] for %Mo and *"Mo.
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Figure 4.3: Distribution of the calculated states in >Mo. In the figure the height of the bin
k corrreponds to the number of states having excitation energies Eexe € [KAE, (k + 1)AE]
where k =0,1,... and AF = 0.5 MeV. The fraction of states which contributes significantly
to the neutral-current neutrino-nucleus scattering cross sections is shown in red.



14 Results and Discussion

4.2 Neutral-current neutrino-nucleus cross sections

In the papers [28, 38] we subsequently computed the cross sections for the neutral-
current neutrino-nucleus scattering off the even-even and odd molybdenum isotopes
respectively by using the formalism outlined in [19]. In the calculations the double-
differential cross section (2.6) was first calculated for all final states f, scattering
angles # and neutrino energies Ej. The total cross section, o(E}), was then computed
by numerical integration over the scattering angle and subsequently adding up all the
individual contributions of the included nuclear final states.

In Figs. 4.4 and 4.5 the coherent and incoherent contributions to the reactions
YMo(v, v )**Mo* and PMo(v,v')*®Mo* as functions of the energy of the incoming
neutrino are shown. From the figures it can be concluded that for both reactions
the total cross section is dominated by the coherent, g.s. — g.s., transition for the
neutrino energies relevant to supernova neutrinos. The same characteristics were also
obtained for the other molybdenum isotopes.

E T I T I T I T I T I T B
10t e E
ATO10%E - -
o = 4
g - _
L1025 — — — — incoherent |3
= £ — total 3
E N — — coherent b
=10 =
[ / 3
/ ]
ol -
1o E/ E
- :
10-t " | ) | ) | ) | ) | )
0 20 40 60 80 100 120

By, [MeV]

Figure 4.4: Coherent, incoherent and total cross sections as functions of the energy of the
incoming neutrino for the neutral-current neutrino-nucleus scattering off %Mo.
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Figure 4.5: Coherent, incoherent and total cross sections as functions of the energy of the
incoming neutrino for the reaction %Mo(v, /)% Mo*.

In [38, 39] we studied the contributions from the possible multipole channels of (2.6) to
the incoherent neutrino-nucleus cross sections. The results for %Mo, Mo and Mo
for the energies E, = 13.2 MeV and Ej, = 60.0 MeV of the incoming neutrino are
presented in Figs. 4.6 and 4.7 respectively. In the figures the contributions from the
axial-vector and vector components of the nuclear current (2.2) to each multipole are
also shown. In Fig. 4.6 and Fig. 4.7 the contribution ("interference") coming from the
mixing of the axial-vector and vector parts of the nuclear current is also displayed. It
is visible in Fig. 4.6 that in the low-energy region excitations by the 17 multipole are
the most prominent ones for the neutral-current neutrino-nucleus scattering off Mo,
9 Mo and ®Mo. The same conclusions holds also for the other molybdenum isotopes.
The conclusion which we stated in [39] concerning the large contribution from the
0% multipole to the cross sections for “*Mo and '°°Mo is therefore wrong. This was
caused by a minor bug found in our computer codes.

The contributions from the 1t multipole for Mo and '““Mo are however smaller
than the ones for Mo and Mo. For small neutrino energies the 17 transitions pro-
ceed mainly through the operator Tlel’A. The essential nuclear-structure information
is thus contained in the strength functions Sj+(Fey) which here have been defined as
S1+ (Eexe) = |\/677T(1}FH’TI€1’A(q = 0.0)[|0f)|* for all 1* final states 1(} with excitation
energies Ey. The calculated strength functions for Mo and %Mo are shown in
Figs. 4.8 and 4.9 respectively. It can be concluded from the figures that for %Mo
most of the 17 strength is coming from transitions to states with E. < 10.0 MeV.
On the other hand in %Mo and Mo the bulk of the total strengths corresponds
to states with Eg > 10.0 MeV. The smaller 1T contributions for *>'%Mo compared
to the ones of %Mo are consequently explained by the fact that for the prominent
1T excitations in the heaver isotopes (*Mo and '°Mo) the energy of the outgoing
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neutrino Fj is smaller leading to a suppression of cross sections because of the phase
space factor |K'|Ey in (2.6). From Fig. 4.7 it can furthermore be concluded that for
larger neutrino energies the picture is more complicated with many contributing mul-
tipoles. In this region of neutrino energies transitions of axial-vector nature dominate
the cross sections.
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Figure 4.6: Contributions of the dominant multipole channels to the incoherent neutrino-
nucleus scattering off Mo, %Mo and Mo for the energy Ej, = 13.2 MeV of the incoming
neutrino.
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Figure 4.7: Contributions of the dominant multipole channels to the incoherent neutrino-
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Figure 4.8: Computed strength functions for transitions from the QRPA ground state to
excited 17 states in Mo and %Mo respectively.
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The most important quantity from the experimental point of view is the averaged cross
section, (o), which is obtained by folding the total cross section o(Ej) with a given
profile of neutrino energies. In this thesis the main focus is on the supernova neutrinos
and the spectrum of neutrino energies can then be approximated by a two-parameter
Fermi-Dirac distribution, i.e.

o) = ,

(o) F(a)T3 | exp(Ey/T —a)+1
where T denotes the neutrino temperature and « is the degeneracy parameter. In
(4.1) the neutrino flux is normalized to unity by the constant Fy(«). The values of T
and « employed in this work are presented in Table 4.1. In the table the corresponding
average neutrino energies (Fj) are also given.

flavour a T [MeV] (E) [MeV]
Ve 2.1 3.6 13.0
Ve 3.2 38 15.4
Vis Upy D 0.8 4.8 15.7

Table 4.1: Adopted values from [40] of the parameter o and the neutrino temperature 7,
and the corresponding average neutrino energy (E}) for the different neutrino flavours.

The calculated averaged cross sections for the coherent neutral-current neutrino-
nucleus scattering off the stable molybdenum isotopes are shown in Table 4.2. The
results for the incoherent neutrino-nucleus scattering are similarly presented in Table
4.3. From Table 4.1, Table 4.2 and Table 4.3 it is seen that both the incoherent and
coherent cross sections increase significantly with increasing mean neutrino energy
(Ey). As is seen in Table 4.2 the coherent cross sections for the odd nuclei (**Mo
and "Mo) are almost the same as the ones for their even-even partners (**Mo and
%Mo respectively). On the contrary the incoherent cross sections for Mo and “"Mo
are slightly larger than for the even-even isotopes. The reason for this discrepancy is
currently unknown.

It can also be concluded from Table 4.3 that the incoherent cross sections for “*Mo
and 1Mo are smaller than the ones of the other even-even isotopes. To explain this
behaviour the 07 and 17 contributions to the averaged cross sections for the -
scattering off the even-even nuclei are displayed in Fig. 4.10. As is visible in the figure
the 07 contribution is rather small for all the even-even isotopes It is also seen in
Fig. 4.10 that the 17 contribution is roughly the same for *2Mo, **Mo and “*Mo but
is notably smaller for ®*Mo and '°°Mo. This suppression of the 1* transitions in the
heavier isotopes (**Mo and %Mo) was discussed earlier.

It should be noted that the computed cross sections in Table 4.2 and Table 4.3 are
quite sensitive to the adopted values of T' and «. In [38] we showed that for tau and
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muon neutrinos the calculated averaged cross sections can differ by a factor of ~ 2—3
depending on the adopted neutrino spectra.

flavour (0)5®  (o)en™ (Do  (0)en™ (0)en”” (o)eon™ (o)ign'™
Ve 181 196 200 212 211 228 245
Ze 240 260 266 28 281 303  3.26
Vv 256 278 284 300 300 323 347
Du7r 256 278 283 300 300 323 347

Table 4.2: Computed averaged cross sections for the coherent neutral-current neutrino-
nucleus scattering off the stable molybdenum isotopes in units of 1073 cm?. The employed
values of 7" and « are those given in Table 4.1.

flavour (o) (incon  (Oincon  (Oincon  (Oincon  (Dincon (0 )incon
Ve 116 118 162 119 160 994 859
Ze 173 176 221 177 218 151 131
veve 255 253 283 253 278 221 199
Du U 227 227 255 228 251 200  17.7

Table 4.3: Computed averaged cross sections for the incoherent neutral-current neutrino-
nucleus scattering off the stable molybdenum isotopes in units of 107%? cm?. The employed
values of T and « are those given in Table 4.1.
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Figure 4.10: Contributions from the 07 and 17 multipoles to the nuclear responses to
electron neutrinos for the even-even Mo isotopes.
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Figure 4.11: Differential cross sections for incoherent neutral-current neutrino-nucleus scat-
tering to final states with excitation energy Eexc in %Mo.

In Fig. 4.11 and Fig. 4.12 I show the differential cross sections for supernova-v, scat-
tering to various final states in Mo and Mo respectively. As we concluded in [37]
the singe-particle transitions 1ds; — 1ds/; are important. These transitions cor-
respond to the 3/25 and the 3/2] states in Mo and °"Mo respectively. The other
prominent final states in the figures are 3/2%, 5/2% and 7/2" states which are of
mainly three-quasiparticle character. The most important transitions are of the form
1ds, — 0gg/2 ® w or of the form 1ds/;; — 087/ @ w where w stands for a QRPA
phonon. In Mo there are also prominent transitions of either the non-spin-flip form
1ds5/2 — 1ds/2 ® w or the spin-flip form 1ds;; — 1d3/2 ® w. The prominent final
states can thus be interpreted as an odd neutron in the 1d orbital or as a Og (or 1d)
neutron coupled to a vibrating core. This is visualized in Fig 4.13 for ®*Mo and the
same reasoning holds also for *"Mo.
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Figure 4.12: Differential cross sections for incoherent scattering to final states with excitation
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Figure 4.13: Neutral-current neutrino-nucleus scattering off >Mo. In the figure the spin of
the odd particle is indicated by an arrow.
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5 Conclusions

In this thesis a comprehensive study of the neutral-current neutrino-nucleus scat-
terings off the stable (A = 92,94,95,96,97,98,100) molybdenum isotopes was per-
formed. Studies of weak interaction phenomena in these nuclei are of importance for
e.g. the MOON experiment planned in Japan. In this work the cross sections for the
aforementioned nuclear targets were computed for neutrino energies relevant for su-
pernova neutrinos. The nuclear responses to supernova neutrinos were subsequently
calculated by folding the obtained cross sections with a two-parameter Fermi-Dirac
distribution. In the computations the final and initial nuclear states of the even-even
isotopes were constructed within the context of the QRPA. For the odd nuclei (Mo
and 9"Mo) the nuclear states were generated by using the microscopic quasiparticle-
phonon model.

In our calculations we have found that the coherent contribution dominates the cross
sections for the neutrino energies which are relevant for supernova neutrinos. For the
typical energies of supernova neutrinos excitations of the 1* multipole are the most
important for all the studied nuclei. For neutrino energies which correspond to the
high-energy tail of the neutrino spectrum similar patterns are seen for all the studied
isotopes. At these energies the most important multipole is 1~ but also several other
multipoles contribute significantly to the cross sections.

For the odd nuclei we have found that the prevalent final states can simply be thought
of as an unpaired nucleon in a 1d orbital or as a Og nucleon coupled to a vibrating
core. The coherent cross sections for the odd nuclei are roughly the same as for the
even-even isotopes. On the contrary the incoherent cross sections for Mo and *"Mo
are slightly larger than for even-even nuclei. The reason for this enhancement of the
cross sections for the odd isotopes is currently unknown. One aspect which needs to
be studied more is how the cut of the quasiparticle-phonon basis affects the cross
sections.

The computed averaged neutrino-nucleus cross sections turn out to be rather sensi-
tive to the supernova model used. Depending on the adopted values of the neutrino
parameters the nuclear responses to tau and muon neutrinos might differ by a fac-
tor of ~ 2 — 3. This uncertainty is probably larger than the errors coming from the
nuclear-structure calculations. Future experiments can thus presumably be used to
test the validity of the current supernova models.
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A Neutral-current transition
densities in the MQPM

In this appendix the reduced neutral-current transition densities in the MQPM frame-
work are presented. In the present notation the label p refers to a proton orbital and
n to a neutron orbital. When the indices a and b are adopted both of them are ei-
ther proton or neutron indices. Here only the expressions for a neutron-odd nucleus
are given. It is however straightforward to obtain the corresponding expressions for
a proton-odd nucleus by interchanging all neutron labels into proton labels and vice
versa.

In the MQPM the basis set consists of one-quasiparticle states |v) = |n;m) =
[nnlngn; m) and quasiparticle-phonon states |nw; jm). A quasiparticle state with an-
gular momentum j and magnetic quantum number m is then given by

[n;m) = af|QRPA) (A.1)
and a quasiparticle-phonon state is defined as
[nw; jm) = [a} Q1] | QRPA), (A.2)

where |QRPA) is the QRPA vacuum. The QRPA creation operator Q] is here given
by
QL =1 oui(Xeulabal)san, + YViulaada)sm), (A.3)

where the auxiliary amplitudes are given by

X, ifa<ad,
X, =<{2X2, ifa=d, (A.4)
(—1)Jetiwtlotlxe if g > o
and the amplitudes Ya“jl, are defined correspondingly. In this way the restriction a < @/,
present in (3.7), is relaxed to simplify the calculations.

The reduced transition density for a transition between two one-quasiparticle states
is given by

(ngllfehs)allng) = Ntatusdan ;0 + (—1)" 020,048 0n, 5, ). (A.5)
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For the reduced transition densities concerning transitions between a one-quasiparticle
state and a quasiparticle-phonon state the matrix elements take the forms

(ng]| [c;ép/])\ | niws; j:)
= —0n;n;Or,, (— 1)7n H2 o (Opty Xy + upvp Yoor), (AL6)
(nglleléwallnaws; ji)

0
= 7( 1)jnf+]L+>\/\jl‘]wl |:5nfn1j12 . (Unun’X P+ Unvn’Y )

Wi

Jn A i -1 yw; 95y
+ <5n’nivnun’ { M nanTLTLLf + 6nnf /\S UpUp!

In’ ‘]Wi ]n ]n
« (_l)jn+jm+,\arﬁhyﬁli) — (= 1)intin A (57””%“”, {J;f J/\ jz }

5; e e
le +6nnf zi];'unun/( 1)]n+]n/+)\o'miiymzz>:|7 (A?)

In

(anﬁij[C;ap’]z\H”i) = 6nfnL5/\Jufjf0'pp (upvp/X + vpup/Y 1), (A.8)

and

(ngwy: grllleh]allng)

YT 5>\Juf s

= jf/\wa 5nfn1720 (unvn/X .+ vnun/Ym,) + (5n'nfunvn/
wy
. 5

{jf J/\ :; } T X + O, ifjg Vn gy (— 1)1 Fma A ;;fwa)

v In/

s TR U S R
_ (71)'771-5-.7” +X (577,77,76 Up Uy {ji wa z‘j]:l:} O—,L/,lniX:)/{”i

5 w
G, ﬁévnun( 1)initistA g1 mef)]v (A.9)

’l’l’ﬂf
In

The reduced transition density between two quasiparticle phonon states can be written
on the form

(ngwy; grlllchelallnawi; 5i)

= wqup(nywy; jylllalas]a[niwi; gi) + (=1)7

vaup(npwys el [azaa]/\Hniwz‘% Ji)s
(A.10)
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where
(nswy; gl [aL&p/h lniwis ji)

_ N L jf+in g Fip iy —1 _—1
= (Snfni)\Juwai]fji {Jw jnf J: }Z(_l)]f IngTIpTIy Upb’ap/b/

f b

Joo A L) eerow Joo A T cerew
x ({7wr A el e g g ey A Y,f,Y“’i) A1l
({jp’ Jy ]p} pb p'b ( ) jp Jy .]p’ p'b = pb ( )

and

(nywys jelllad an]alIniws; ji)

T~ s T e () PR 11
= JupJuiJpdiA [%’m(_ly A {jn J'rj:/ Jw,} Zgnb’gnfb’
5

jf J7. J VW Y wi 5j’j71 w
X ({jb/ Jw " }anf/X'rL:)fb/ - ,/I:Qf }/;;J)/Ynfj;)/)
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jn jn’ J,
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Ji oy Jw | gwr g Odydi o ow
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Jv!
A jf Ji intiy +in,+tip —1 _—1
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sy gy )
jn’ ]n
+5,mf5n/ni5wfj§cﬁX(—1)jn+ﬁ+wa+A{J? 1 JA } (A.12)
]n .7TL/ wy

In the case then the initial (i) and final (f) states are the same also the term
Sav0r0Jav2j; has to be added to (A.5), (A.6), (A.7), (A.8) , (A.9) and (A.10). This

is the case in e.g. coherent neutrino-nucleus scattering which is considered in this
work.
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