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ABSTRACT

Jeronen, Juha
On the mechanical stability and out-of-plane dynamics of a travelling panel sub-
merged in axially flowing ideal fluid: a study into paper production in mathe-
matical terms
Jyväskylä: University of Jyväskylä, 2011, 243 p.
(Jyväskylä Studies in Computing
ISSN 1456-5390; 148)
ISBN 978-951-39-4595-4 (nid.)
ISBN 978-951-39-4596-1 (PDF)
Finnish summary
Diss.

In this study, we consider the dynamical behaviour and stability of a moving
panel submerged in two-dimensional potential flow in a papermaking context.
The steady-state critical velocity of the system is determined in terms of problem
parameters. Dynamical response is predicted via direct temporal simulations,
and the eigenfrequency spectrum is analyzed, obtaining both the subcritical free
vibration behaviour and the initial postbuckling response. By using an analyt-
ical functional solution for the reaction force of the surrounding air, the fluid-
structure interaction model is reduced to one integro-differential equation. This
makes it possible to work with this fluid-structure interaction problem efficiently
with modest computational resources, while improving on the accuracy when
compared to the classical technique of added-mass approximation. Discretiza-
tion is performed by the Fourier–Galerkin method, and results from the numer-
ical computations are visualized. The predictions of the model are successfully
validated against existing results. It is found that the model works especially well
for long, narrow web spans. To accomodate readers from various technical back-
grounds, the topics are reported in a detailed, ground-up manner. After a gen-
eral introduction, the elastic stability properties of the classical moving string and
those of the damped moving string are analyzed in detail as an introduction to
this class of problems. Finally, to facilitate eigenfrequency spectrum analysis for
the main problem, techniques are developed for overcoming the two main practi-
cal challenges: producing continuous curves out of randomly ordered eigenvalue
data, and classifying physically meaningful solutions versus numerical artifacts.

Keywords: Axially moving, panel, potential flow, fluid-structure interaction (FSI),
elastic stability, eigenvalue problem, paper web
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PREFACE

The motivation of this study comes from paper production, which is an impor-
tant segment of industry in Finland. In a paper machine, the paper that is being
manufactured travels in the machine as a thin sheet. Viewed at the macroscopic
scale, this paper web appears uniform; hence, continuum models are used for in-
vestigating its mechanical behaviour.

Due to inertial effects related to the out-of-plane acceleration, axially mov-
ing materials are unstable; in very general terms, running them too fast makes
them lose stability. For brittle materials such as paper, loss of stability usually
leads to breakage, interrupting the production process. Such interruptions are
costly for two reasons. First, keeping the paper machine running requires a con-
stant input of large amounts of energy, regardless of whether paper is being pro-
duced. Secondly, the factory remains offline until the web has been properly
re-fed through the machine to restart the production process; this takes time.

Thus, avoiding web breaks is a matter of both technological and economical
interest. A related technological and economical question is getting the most out
of a given kind of paper machine design. Exactly how fast can one expect the
paper to move before fundamental physical limits are reached, and what factors
should be changed when designing new paper machines, if higher production
speeds are desired?

The physical limits of stability for moving materials can be predicted from
continuum models. The study of such models thus provides the physical context
in which the technological processes must work. This is where the present study
comes in.

In such a stability analysis, it is important to account for the fluid-structure
interaction of the moving paper web and the surrounding air, because paper is a
lightweight material. Only by including this interaction into the model (in some
manner) it is possible to make accurate predictions of the mechanical behaviour
of the paper web.

These days, supercomputers are often used in scientific computing, to en-
able the solution of complex high-resolution models with detailed equation sys-
tems and a large number of variables (technically speaking, degrees of freedom).
But on the other hand, semianalytical methods for simple models are making a
return, due to their accuracy and computational efficiency (see e.g. Xing and Liu,
2009b).

It is our view that simple models provide a foundation and reference point
for more complex multiphysics studies. Fast solvers, made possible if the model
is simple enough, can also be used for applications such as model parameter
optimization, fast direct exploration of the parameter space, or statistical analysis
and visualization of the effects of uncertain data. Hence, we have approached the
problem using the tools of simple models and fast solvers.

Our research team works at the Department of Mathematical Information
Technology at the University of Jyväskylä. The team is headed by professor Pekka



Neittaanmäki. Researchers include Ph. Lic. Matti Kurki, M. Sc. Tytti Saksa, M.
Sc. Tero Tuovinen and myself. Additionally, and importantly, professor Nikolay
V. Banichuk from the Ishlinsky Institute for Problems in Mechanics of the Russian
Academy of Sciences, Moscow, is a regularly visiting team member, and many of
our studies are based on ideas suggested and projects started by him.

During the last few years, we have performed a number of studies on mov-
ing materials with the papermaking application in mind. Fluid-structure inter-
action of the moving panel with surrounding ideal fluid was investigated in
Banichuk et al. (2010b) and Banichuk et al. (2011b). Gravitational loading with
an axial component, in inclined moving panels, was studied in Banichuk et al.
(2011c).

Semi-analytical steady-state solutions for moving isotropic and orthotropic
plates were determined in Banichuk et al. (2010a) and Banichuk et al. (2011a),
The effect of linear tension inhomogeneities along the supporting rollers has also
been studied, currently reported in the preprint Banichuk et al. (2010c). The last
three have been combined, and extended into linear tension inhomogeneities for
an orthotropic plate, in the thesis work by Tuovinen (2011).

This thesis concentrates on the problem of the axially moving panel, sub-
merged into ideal fluid for which axial motion of the free stream is allowed.
Hence, the study is focused on one-dimensional models of the paper web. These
include both the moving string and the moving panel.

As the present work is a thesis, presentation of new, original results is the
most important aspect. However, utilizing a monograph format, effort has been
made to make the text understandable, so as to accommodate technical readers
from various different backgrounds. This has necessitated the inclusion of some
preliminary material. The purpose of the additional material is to make the text
more self-contained, allowing for clearer presentation and a larger target audi-
ence, since axially moving thin materials with fluid-structure interaction are a
fairly specific topic. All the preliminary material is fully optional; it is intended
that the reader familiar with each topic may skip such sections.

We assume that the technical reader is familiar with at least one of the fol-
lowing:

1. Models of thin continua: strings, beams, panels and plates;
2. Changes to these models required by axial motion (and the difficulties this

will introduce compared to classical, stationary continua); or
3. Fluid mechanics: specifically, potential flow,

but familiarity with all three is not assumed.
In the thesis, we analyze the effect of fluid-structure interaction of the mov-

ing panel with two-dimensional potential flow, representing the flow of the sur-
rounding air. Using an exact, analytical functional solution for the pressure dif-
ference across the web, the fluid-structure interaction model is reduced to a single
integro-differential equation.

This approach simplifies the analysis considerably, yet it is closer to solu-
tion from first principles than empirical added-mass models. Considering that



added-mass models are classical in this application area, also an added-mass ap-
proximation for the present model is derived. However, this is an added bonus;
the main analysis is based on the original model, using the exact solution of the
pressure difference in terms of the panel displacement.

The main results of the study are as follows.
Using Euler’s approach for stability analysis and numerical techniques, the

critical velocity of the system is obtained. The critical velocity is analyzed numer-
ically as a function of problem parameters. This makes it possible to account for
the fundamental, physical stability limit in paper machine design. The results are
validated by a comparison with existing results in literature.

Direct temporal simulations of the system dynamics show the time evolu-
tion of the system, starting from a given initial condition. The spacetime be-
haviour is visualized, and briefly studied with respect to the web (panel) and
fluid (free-stream) velocities. This provides some intuitive understanding of the
system behaviour.

The complex eigenfrequencies of the system are determined, and studied
parametrically as a function of the web and fluid velocities. This shows how the
free vibrations of the system behave in different settings. Stability implications
are briefly discussed, and it is seen that in the membrane limit, the introduction
of the exact analytical aerodynamic reaction qualitatively changes the initial post-
buckling behaviour of the model.

Additionally, the complex eigenfrequencies of a moving, damped string are
derived analytically. This is a simpler problem in the same problem class, for
which a pen-and-paper solution is feasible. The dynamic stability is analyzed.
The results from the eigenfrequency analysis are graphed in the same manner as
those from the main problem of interest, allowing a direct (qualitative) compari-
son.

For problems that must be analyzed numerically, two detailed solutions are
developed for the practical issue of producing correct piecewise linear curves
out of randomly ordered eigenvalue data. The effectiveness of the techniques is
demonstrated by applying them to the main problem of interest.

In the present model, independent axial motion of the paper web and the
free stream are allowed. The model predicts that in all cases, the surrounding
air significantly decreases the natural frequencies of the moving panel; in other
words, vibration of the web in air is much slower than in vacuum.

Finally, fast solvers have been implemented for the analysis. Although no
formal benchmarking was made, the longest computation times for the figures
displayed in this thesis were in the order of minutes on a regular desktop com-
puter; many of the figures were computed within seconds. Especially the steady-
state problem was directly solved thousands of times to produce the data for the
contour plots of the critical velocity. This demonstrates that the model allows for
efficient numerical solution with modest computational resources.
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NOMENCLATURE

The traditional, hopefully reasonably complete listing of symbols used follows.
Symbols are listed alphabetically, Latin first, then Greek. The ordering is case
insensitive, but symbols with subscripts appear after symbols with no subscripts.

In case of symbols that are defined with reference to other symbols, the note
(p. xx) shows on which page the definition can be found. For physical quantities,
the dimensions are given in standard SI units, like [unit: m]; the special label
[dimensionless] denotes dimensionless physical quantities.

There has been an effort to avoid using the same symbol for more than one
purpose, but in a text of this length some degree of namespace conflict is unfor-
tunately unavoidable.

In addition to the symbols listed here, some symbols are used with a very
short scope of definition. Since these are only needed very near to where they are
defined in the text, they have been left out of this list.

For meta-conventions used, see the separate section on notation, included
at the end of this list.

Latin symbols

a, b, c: coefficients (see context); in discussion of free-vibration solutions, coeffi-
cients of original second-order terms in corresponding PDE (p. 58)

a(ξ, x): integrand in aerodynamic matrix ajn (in discussion on aerodynamic
matrices, p. 238)

A1, A2, B: in discussion on damped string, coefficients in original PDE (p. 68)
Ajn, Bjn, Cjn, Djn: in discrete form, matrices related to vacuum terms (p. 133)
ajn, bjn, cjn: in discrete form, matrices related to fluid terms (p. 133)
C: in discussion on axially moving string, critical velocity C ≡ √

T/m
D: bending rigidity of panel (p. 92). Also known as cylindrical rigidity.
E: Young modulus (stretching/compression resistance) of an elastic object.

Used in the definition of bending rigidity (p. 92). [unit: Pa ≡ N/m2]
f (x), g(x), h(x): functions (see context)
g: external or gravitational loading experienced by the panel, g = g(x, t).

[unit: Pa ≡ N/m2]
g′: external loading as function of nondimensional coordinates, g′ = g′(x′, t′).

The function g′ is defined by the relation g′(x′, t′) ≡ g(x, t), where the
nondimensional point (x′, t′) corresponds to the dimensional point (x, t).
As the only exception to the prime notation, this is not a nondimensional
quantity; g′ has the dimension of the original g. (p. 129) [unit: Pa ≡ N/m2]

g′′: dimensionless external loading (p. 129). The double-prime is used to dis-
tinguish this quantity from g′.

G: abstract external load function (eq. (143), p. 127; compare the form of (143)
to eqs. (146), (150) and (154))



h: thickness of the panel [unit: m]
k, j, n: indices (see context; note: i is avoided in indices when possible)
�: span length or half-length (see from relevant boundary conditions in each

context) [unit: m]
m: area mass (grammage) of panel [unit: kg/m2]
n: local unit normal vector of panel surface, n = (nx, nz)

N(ξ, x): aerodynamic kernel (Green’s function of airflow problem; p. 113)
p: in discussion on stability, any problem parameter of interest; in airflow

problem, fluid pressure
p2: in discussion on damped string, second-degree polynomial
p4: in discussion on damped string, fourth-degree polynomial
q f : aerodynamic reaction pressure experienced by the panel [unit: Pa ≡ N/m2]
s: in discussion of free-vibration solutions, stability exponent (complex eigenfre-

quency, defined in discussion p. 47 ff.); in discrete problem, arbitrary scaling
factor (p. 131)

s∗: in discussion of free-vibration solutions, stability exponent, as expressed
specifically in the (x, t) coordinate system (in contrast to the transformed
(ξ, η) coordinate system). This symbol is used only when both coordinate
systems are referred to in the same discussion.

S: in airflow problem, the surface of the panel or other object placed in the
flow (p. 108 ff.). Refer to Figure 28, p. 109. In discussion on convergence of
aerodynamic integrals, line segment (p. 233 ff.). Refer to Figure 75, p. 234.

t: time coordinate [unit: s]
t′: nondimensional t. Usually the prime is omitted. (p. 58)
T: axial tension of panel, T ≡ σh (p. 55) [unit: N/m]
u: in discussion on damped string, auxiliary function for w (eq. (44), p. 70);

elsewhere, longitudinal (axial) displacement of the panel [unit: m]
U: panel displacement field, U ≡ (u, w). (p. 104 ff.)
V0: axial velocity of panel [unit: m/s]
v∞: free-stream axial velocity of surrounding air [unit: m/s]
v f : fluid velocity field (p. 103 ff.)
w: transverse (out-of-plane) displacement of the panel or string [unit: m]. Refer

to Figures 25 (panel, dynamic case, p. 101), 26 (panel, steady state, p. 102),
22 (panel, in vacuum, p. 93) and 8 (string, p. 56). See also w′.

w′: nondimensional transverse displacement of the panel. Note: usually the
prime is omitted. (p. 58)

W: in the time-harmonic trial, complex-valued space component of solution.
The relation is w(x, t) = exp(st)W(x) (p. 47). In aerodynamic problem,
auxiliary function W(η) (complex velocity potential; p. 111).

x: axial space coordinate in Euler or laboratory system [unit: m]
x′: nondimensional x. Usually the prime is omitted. (p. 58)
z: transverse space coordinate (unless otherwise noted) [unit: m]



Greek symbols

α: nondimensional dynamic time scale parameter in dynamic problem (p. 126);
in other contexts, angle as indicated in the relevant figure (p. 62, 94, 104, 150)

β: nondimensional bending rigidity (p. 126); in discussion of moving ideal
string, amplitude coefficient (p. 63); in discussion on moving damped string,
helper coefficient for shorter notation (p. 69); in other contexts, angle (when
two are needed in the same discussion; p. 150)

γ: nondimensional fluid density (p. 126); in discussion on moving damped
string, helper coefficient for shorter notation (p. 70)

α, β, γ: in other contexts, coefficients (see context)
ε: small positive real number; ε > 0
ζ: auxiliary coordinate (see context)
η: in airflow problem, complex number η = x + zi (p. 108); in discussion of

free vibrations of moving string, generalized time coordinate (p. 61); other-
wise, auxiliary coordinate (see context)

θ: nondimensional axial free-stream velocity of fluid (p. 126). In some of the
steady-state problems (Section 6.1), the fluid velocity is an eigenvalue (eqs.
(184) and (186), p. 157 ff.). In temporal simulations (Section 6.2) and in
eigenfrequency considerations (Section 6.3), it is a parameter.

κ: in discussion on moving damped string, helper coefficient for shorter no-
tation (p. 69); in the abstract generalized eigenvalue problem, scalar eigen-
value (p. 158)

λ: in all main problems, nondimensional axial velocity of panel (p. 126). In the
steady-state problems (Section 6.1), for cases where the panel moves, the
velocity is an eigenvalue (eqs. (181) and (182), p. 156 ff.). In temporal simu-
lations (Section 6.2) and in eigenfrequency considerations (Section 6.3), it is
a parameter. In discussion of vacuum solution of moving panel, λ denotes
the eigenvalue of the auxiliary problem (p. 95).

Λ(ξ, x): helper function for definition of aerodynamic kernel (p. 113)
ν: Poisson’s ratio (i.e., coefficient for how much an isotropic elastic object shrinks

in the transverse direction when it is stretched by a given amount in the axial
direction). Used in the definition of bending rigidity (p. 92). [dimension-
less]

ξ: axial space coordinate in Lagrange or co-moving system (p. 55 ff.; pp. 105–
107) [unit: m]; in airflow problem, dummy variable for integration (p. 111
ff.) [dimensionless]; in discussion of free vibrations of moving string, gen-
eralized space coordinate (p. 61) [dimensionless]

ρ f : density of surrounding fluid (air) [unit: kg/m3]
σ: axial stress [unit: Pa ≡ N/m2]
τ: characteristic time (arbitrary normalization constant; p. 58) [unit: s]
φk: Galerkin basis function k, piecewise linear basis (p. 137); in least-squares

fitting, basis function k (p. 122, 185)
Φ: in aerodynamic problem, fluid velocity potential (p. 102)



ϕ: in aerodynamic problem, fluid velocity disturbance potential (p. 102)
ψ: in discussion of steady state of travelling panel, auxiliary function (p. 95)
Ψ: in aerodynamic problem, stream function (p. 111)
Ψk: Galerkin basis function k, sine basis (p. 131)
χ: in aerodynamic problem, auxiliary function (p. 111)
ω: in discussion of free-vibration solutions, wavenumber-like parameter for

boundary condition fitting (p. 63, eq. (29) for both the string and the damped
string)

Ω: space domain (see context; for our problems, it is either the interval [0, 1], or
the interval [−1, 1])

Notation

∂/∂·: partial (local) derivative with respect to variable ·
d/dt: material (convective, total, Lagrange) derivative; only used w.r.t. time t.
wx, wξ , wt: notation for derivatives; wx ≡ ∂w/∂x, wξ ≡ ∂w/∂ξ, wt ≡ ∂w/∂t
L: linear differential operator; linear integro-differential operator
K: linear integro-differential operator (when more than one is needed in the

same discussion)
i: imaginary unit, i ≡ √−1 (note: i is avoided in indices when possible)
z: complex conjugate of z. For z = a + bi (where a, b ∈ R), z = a − bi. (Mainly

used in Chapter 5.)
Re ·: real part of complex-valued quantity ·
Im ·: imaginary part of complex-valued quantity ·
‖·‖: norm of · (which norm, see from context)
‖·‖L∞ : the L∞ norm of · (and similarly for other explicitly designated norms)
|·|: absolute value of ·
f±: limit for any function f (x, z, t) at z → 0±. Defined as f±(x, t) ≡ lim

z→0±
f (x, z, t).

(Not to be confused with the functions named f± in subsection 2.2.4, only
used within that subsection.)

f (x, z; α, β): function of variables x and z, with parameters α and β. (Note the
semicolon.)

x 	→ y: “x maps to y”; used for function definitions having a short scope.
a′: nondimensional version of quantity a. Note: usually the prime is omitted,

since most algebraic manipulation in the present work is performed in the
nondimensional form.

()T: transpose of a matrix
()H: Hermitian conjugate of a matrix
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1 INTRODUCTION

This work draws elements from the branch of physics known as continuum me-
chanics, often nowadays seen as belonging to the engineering sciences, and from
the field of scientific computing, which contains areas such as mathematical mod-
elling of physical phenomena, numerical solution of partial differential equations
(PDEs), simulation, mathematical optimization and uncertainty analysis.

The structure and context of the study, for readers familiar with solid and
fluid mechanics, is depicted in Figure 1. For readers wishing to know more, the
concepts in the Figure will be explained during the Introduction.

We will first motivate the study and mention the main results in Section 1.1.
In Sections 1.2–1.4, we will give a short general introduction into models of thin
continua, axial motion, and fluid models (and fluid-structure interaction). Section
1.5 briefly discusses elastic stability on a general level, and explains how it will
be investigated in the present study (we will use the time-harmonic trial function
approach).

The reader comfortable with all the required background may skip directly
to the end of the Introduction, Section 1.6, where we provide a look at the litera-
ture of axially moving materials in connection with fluid-structure interaction.

1.1 Motivation and main results

The motivation of the present study comes from paper production, which is an
important segment of industry in Finland. In a paper machine, the paper that
is being manufactured travels in the machine as a thin sheet (see Figure 2, and
the schematic side view in Figure 3). Viewed close up, this paper web (as it is
called) is made of a web of fibers (see Figure 4), but at the macroscopic scale it
appears as a uniform sheet; hence, continuum models are used. The sheet is very
thin (see Figure 5); typical thicknesses vary from 0.1 mm (office paper) to 1 mm
(cardboard).

All paper machines contain open draws, where the paper web momentar-
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FIGURE 1 Structure and context of the present study.

ily travels without mechanical support, while it is moving from one supporting
roller to another. In any practical paper machine there is always at least one open
draw, in the transfer from the press nip (which squeezes out most of the water)
to the dryer section. Also, if the dryer section is of the classical heated cylinder
type, which has been used for over a century (see Figure 2), an open draw exists
between each successive pair of cylinders (Karlsson, 2000).

When a thin sheet of material travels without mechanical support, it is sub-
ject to destabilizing effects such as the centrifugal effect (due to inertia of the
axially moving material particles), and aerodynamic reaction forces (due to the
surrounding air). Aerodynamic reaction1 is a technical term that refers to how the
surrounding fluid “pushes back”, as its motion is disturbed by the vibration of
the material sheet.

The interaction between the travelling material and the surrounding air is
found to be especially important for applications in paper production, where the
material itself is lightweight. Including this fluid-structure interaction (FSI) into the

1 Originally, the term aerodynamic has referred specifically to interaction with air, and hydro-
dynamic specifically with water. However, flows of fluids of both kinds – gases and liquids
– share many similarities, and as a result the same theories can often be used for both.
Hence, the terms aerodynamic and hydrodynamic are sometimes used interchangeably, with
some researchers preferring the other and some the other. In this work, we will use the
term aerodynamic.
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FIGURE 2 Dryer section of a paper machine. This is an old photo, in which the open
draws can be seen. In modern machines, the dryer section is covered by a
metallic hood.

FIGURE 3 Start of the dryer section of a paper machine. Schematic diagram.
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FIGURE 4 Microscopic structure of paper. The individual fibers are 10 μm in diameter.

FIGURE 5 Microscopic structure of paper, viewed across the web thickness. Electron
microscope images of copy paper made of eucalyptus. Left: result of light
wet pressing. Right: result of heavy wet pressing. On the left, the total thick-
ness of the web is about 100 μm (= 0.1 mm).
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model forms a coupled, multiphysical2 model: it is not sufficient to consider only
the dynamics of the travelling material, but the behaviour of the surrounding
airflow must be analyzed, too, and its effects on the material fed back into the first
part of the model. This coupling changes the dynamics, which, in turn, affects the
surrounding flow.

Now, if the moving material loses stability, the most likely result (in the
case of brittle materials such as paper) is that it will break apart, interrupting
the production process. Such interruptions in paper factories are costly; hence,
avoiding web breaks becomes an important practical question in the design of
paper machines. This design, in turn, must take into account the limits created
by the fundamental physics of the situation. Thus, fundamental stability limits
must be analyzed.

This is where the present study comes in. It is a basic research type study,
concerning the effect of surrounding ideal fluid on the stability and dynamics
of an axially travelling panel. These theoretical models are used to represent
the surrounding air and the moving paper web, respectively. We will clarify in
subsection 1.4.1 what we mean by ideal fluid; for readers already familiar with
modelling of fluid flows, potential flow is the appropriate short label (as shown in
Figure 1).

In this context, the term panel refers to a thin sheet, for which it is assumed
that there is no variation in the displacement profile in the width direction (see,
e.g., Bisplinghoff and Ashley, 1962, keyword flat panel). It shares mathematical
similarities with the classical Euler–Bernoulli beam model, although the physical
interpretations are different (see the comparison at end of subsection 1.2.1).

Typical applications for the family of models of axially travelling continua
are band saws, tape drives (Ulsoy and Mote, 1980), computer hard drives and
optical drives (Hosaka and Crandall, 1992; reviewed in Païdoussis, 2004), and
indeed the production of thin sheets of continuous material such as steel, paper
or textiles (Vaughan and Raman, 2010). Sometimes more exotic applications for
moving materials are suggested; for example, in 1914, D. P. Riabouchinsky inves-
tigated the use of an axially moving surface in an airfoil to delay flow separation,
thereby achieving higher lift (Tokaty, 1994, p. 176, and plate 16).

Stability analysis comes with a long tradition. The steady-state stability of
parabolic shapes partially immersed in a homogeneous medium was analyzed
in the two-part book On Floating Bodies by Archimedes of Syracuse. This book,
originally dating from the 3rd century BCE, can be thought of as the oldest surviv-
ing work on stability analysis; its probable application was shipbuilding (Russo,
2004). A fluid-structure interaction problem!

The present form of static stability analysis that will be applied in this work,
originally developed for a differential equation describing the bending of a beam,
was introduced by Euler (1766). The dynamic stability analysis for linear elastic
systems, which extends Euler’s method, is due to Bolotin (1963). According to

2 The term multiphysical refers to any situation where models from different branches of
physics must be combined or connected together for a full analysis. Fluid-structure inter-
action (FSI) is a multiphysical discipline.
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Mote and Wickert (1991), the instability behaviour of some axially moving ma-
terials is mathematically analogous to the buckling of a compressed column, en-
abling the use of these techniques.

To sum up, the main topic of interest in this work is the fluid-structure in-
teraction of a moving web with two-dimensional potential flow, representing the
flow of the surrounding air.

Using an exact, analytical functional solution for the pressure difference
across the web, the fluid-structure interaction model is reduced to a single integro-
differential equation. This approach simplifies the analysis considerably, yet is
closer to solution from first principles than empirical added-mass models. Con-
sidering that added-mass models are classical in this application area, also an
added-mass approximation for the present model is derived. However, this is an
added bonus; the main analysis is based on the original model, using the exact
solution of the pressure difference with no added-mass approximation.

The main results of the study are as follows.
Using Euler’s approach for stability analysis and numerical techniques, the

critical velocity of the system is obtained. The critical velocity is analyzed numer-
ically as a function of problem parameters. This makes it possible to account for
the fundamental, physical stability limit in paper machine design. The results are
validated by a comparison with existing results in literature.

Direct temporal simulations of the system dynamics show the time evolu-
tion of the system, starting from a given initial condition. The spacetime be-
haviour is visualized, and briefly studied with respect to the web (panel) and
fluid (free-stream) velocities. This provides some intuitive understanding of the
system behaviour.

The complex eigenfrequencies of the system are determined, and studied
parametrically as a function of the web and fluid velocities. This shows how the
free vibrations of the system behave in different settings. Stability implications
are briefly discussed, and it is seen that in the membrane limit, the introduction
of the exact analytical aerodynamic reaction qualitatively changes the initial post-
buckling behaviour of the model.

Additionally, the complex eigenfrequencies of a moving, damped string are
derived analytically. This is a simpler problem in the same problem class3, for
which a short, closed-form solution is possible. The dynamic stability is analyzed.
The results from the eigenfrequency analysis are graphed (subsection 2.2.5) in
the same manner as those from the main problem of interest (subsection 6.3.3),
allowing a direct (qualitative) comparison.

For problems that must be analyzed numerically, two detailed solutions are
developed for the practical issue of producing correct piecewise linear curves
out of randomly ordered eigenvalue data (Chapter 5). The effectiveness of the
techniques is demonstrated by applying them to the main problem of interest.

In the present model, independent axial motion of the paper web and the
free stream are allowed. The model predicts in all cases that the surrounding air

3 Albeit with an important difference that should be mentioned. The damped problem does
not conserve energy, while the main problem of interest does.
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significantly decreases the natural frequencies of the moving panel (subsection
6.3.2). This agrees with existing literature, such as Pramila (1986), Frondelius
et al. (2006) and Kulachenko et al. (2007b).

Finally, the model and the chosen numerical methods allow for fast solvers,
which have been implemented. Although no formal benchmarking was made,
the longest computation times for the figures displayed in this thesis were in the
order of minutes on a regular desktop computer; many of the figures were com-
puted within seconds. Especially the steady-state problem was directly solved
thousands of times to produce the data for the contour plots of the critical veloc-
ity. This demonstrates that the model allows for efficient numerical solution with
modest computational resources.

Now, it is time to go into a more detailed introduction. In the following
sections, we will give a short general introduction into models of thin continua,
axial motion, fluid models (with fluid-structure interaction), and elastic stability.
Readers familiar with the background may want to skip forward to the literature
survey in Section 1.6 (p. 50).

1.2 Material models

Material modelling can be roughly divided into three categories, depending on
the physical scale of the problem. Microscale models are concerned with the de-
tailed behaviour of the microstructure. Macroscale models consider the large-
scale behaviour. Mesoscale models fall between these two extremes. Multiscale
models combine several of these.

The present thesis is a classical macroscale study. It is well-known that ma-
terials with different microstructures behave very differently on a macroscopic
level. The usual way, also followed here, of taking the microstructure into ac-
count in macroscale models is homogenization. That is, the material is assumed
homogeneous when viewed at a sufficiently large scale. A well-known exam-
ple comes from the physics of viscous flow through porous media, where this
approach was pioneered by Darcy (1856) and later Whitaker (1969).

Homogenization leads to effective material constants for each particular
material in the considered class. These are usually measured (e.g. Bonnin et al.,
2000; Seo, 1999; and Mann et al., 1980), or derived mathematically. The latter
can be done either by analytical considerations, or numerically by simulation.
For some examples of the analytical approach, see e.g. Yokoyama and Nakai
(2007) for elastic constants, and Whitaker (1969, 1986a,b) for flow in porous me-
dia. Quintard and Whitaker (1994a,b,c,d,e) provide an example of simulation of
flow in porous media using computer-generated microstructures for validation.
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1.2.1 Models of thin sheets of stationary continua

Before discussing moving materials, let us first review the common macroscale
models for thin sheets of classical, stationary materials. The changes needed to
account for global axial motion will be explained in Section 1.3.

On a macroscopic scale, there are two main kinds of variation in material
properties: location-dependent and orientation-dependent. If there is location-
dependent variation, the material is said to be nonhomogeneous. If there is no
such variation, the material is homogeneous. This is what homogenization aims
at: the material is assumed to be same everywhere on average, when viewed at a
sufficiently large scale.

The second kind of variation depends on the orientation of a coordinate
system with the origin placed at a fixed point inside the material. If there is no
variation regardless of which directions the axes point to, the material is said to
be isotropic. If there is directional variation, the general term used to describe
such materials is anisotropic. Like the term “nonlinear”, this tells very little of the
specific properties.

Concerning paper materials, a particularly relevant specific class of aniso-
tropicity is orthotropicity, which is briefly introduced below. Also, from a paper
science viewpoint, it makes sense to concentrate on the family of models for
thin sheets of continuous material. Before concentrating on the particular, sim-
ple model that will be used in this study, let us have a qualitative look into the
general class of models.

A very useful, general constant-coefficient model is the orthotropic thin plate.
In this model, the material is orthogonally anisotropic (Huber, 1926). This model
was pioneered by M. T. Huber for steel-reinforced concrete (Huber, 1914, 1923,
1926), but it works well also for paper materials. This is because paper has a
fiber structure with the fibers mostly aligned in one direction (see, e.g., the com-
prehensive review Alava and Niskanen, 2006), which is geometrically similar to
steel-reinforced concrete. The alignment of the fibers causes the mechanical prop-
erties to differ in the along-fiber and cross-fiber directions.

In the basic form of this model, the material axes are aligned with the prob-
lem axes. This is not an intrinsic limitation, however; it is possible to derive a
transformation to obtain the effective material constants at an arbitrary angle of
orientation between the material and problem axes. (See e.g. Reddy, 2009, or
books by the same author.)

A further generalization of the orthotropic model is laminate theory, in which
a stack of arbitrarily oriented layers of thin orthotropic material, together making
up a thin laminate, is modelled as a single entity (Reddy, 2009). For a history of
and references on laminate theory, a good starting point is the extensive review
article Piskunov and Rasskazov (2002), which discusses about 180 sources on the
topic.

A simpler model is that of the isotropic plate, in which the material param-
eters are independent of coordinate system orientation. It is more appropriate
for simple materials such as steel, than for paper, but it is occasionally used as a
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simplified model also in the paper context.
Note that in the orthotropic model, by taking the in-plane shear modulus

G12 as a geometric average based on the properties in the material directions
1 and 2, the orthotropic, linear out-of-plane bending theory can be reduced to
the isotropic one. For details, see the classic book Timoshenko and Woinowsky-
Krieger (1959, p. 365 onward). The same transformation works also for moving
materials (see note in Banichuk et al., 2011a). The geometric average for G12 is
sometimes called the Huber value, after M. T. Huber. If this assumption is not
made, then we have the general orthotropic theory.

Another classification in this category of models is that of membranes ver-
sus plates. A membrane has no bending rigidity; it can only support tensile loads
tangent to the membrane edge.4 It is the two-dimensional analog of an ideal
string. The partial differential equation describing the out-of-plane dynamics of
a membrane is of the second order both in space and in time.

Plates are defined as having bending ridigity; they resist bending out of
the rest plane. A thin plate is one where the thickness is much smaller than the
other two dimensions. Its dynamical equation is of the fourth order in space and
second in time, the bending resistance adding the fourth-order term. A thick plate
has no restriction on the thickness.

Thin plates and membranes allow reducing the three-dimensional elastic
problem into two dimensions. Many studies concentrate on these two classes
only.

As plates and membranes are not the topic of the present thesis, we will
not go into the details. For a classic introduction into and reference about plates
(and shells), see the book by Timoshenko and Woinowsky-Krieger (1959). For
membrane theory, see e.g. the books by Weinstock (2008) or Sagan (1961). For
the history of plates and membranes, see the book by Ventsel and Krauthammer
(2001) or the historical summary in the Ph. D. thesis by Ruggiero (2005, ch. 4).
For studies by our group into the isotropic and orthotropic cases (neglecting fluid-
structure interaction), see Banichuk et al. (2010a, 2011a).

If the displacement is cylindrical, i.e., effectively one-dimensional with no
variation across the width of the material sheet (Timoshenko and Woinowsky-
Krieger, 1959), the models of the thin plate and the membrane simplify to the
panel (Bisplinghoff and Ashley, 1962, keyword flat panel) and the string, respec-
tively. (The corresponding axially moving cases are illustrated in our Figures 24
(p. 101), 25 and 8 (p. 56).) The panel model is most commonly encountered in
aerodynamics, where it is used to model aerofoils, i.e. cross sections of an aero-
plane wing. See e.g. the books by Bisplinghoff and Ashley (1962), Ashley and
Landahl (1985), and Anderson (1985).

In other contexts, the beam model is more common. The classical Euler–
Bernoulli beam model shares most of its mathematical form with the panel model,
but it should be kept in mind that their interpretations are wholly different. As
was explained above, the panel is a thin sheet that is undergoing cylindrical de-
formation. The beam model describes a stringlike object with bending resistance
4 In other words, a membrane resists stretching, but not bending.
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rather than a thin, wide sheet. A beam may bend three-dimensionally, while a
panel cannot. The displacement of a panel may be divided into in-plane and
out-of-plane, while a beam has two independent axes which allow for bending
behaviour that is similar to the out-of-plane bending of a panel. (This is in ad-
dition to the longitudinal displacement, which is common to both models.) Fur-
thermore, it makes sense to study torsional bending for beams, while for pan-
els any torsion would break the cylindrical displacement assumption. For thin
sheets, plate models are the usual way for analyzing width-dependent bending
behaviour.

1.2.2 Viscoelasticity

All the models discussed above are designed for a purely elastic material. The de-
formation of an elastic material depends only on the applied forces; it has no ex-
plicit time dependence. The simplest example is a one-dimensional spring, where
the restoring force depends only on the distance from the rest length. Elastic de-
formation is fully reversible. The material reassumes its original shape perfectly
if the external load is removed sufficiently slowly (technically speaking, quasistat-
ically). Note, however, that if the load is removed suddenly, linear elastic systems
will vibrate in a time-harmonic manner.5

Paper, however, is more complicated as a material. It is viscoelastic. This
means that in addition to elastic properties, it has also viscous properties, which
cause the phenomena of creep and relaxation (see, e.g., Alava and Niskanen,
2006). As examples of familiar materials where these phenomena can be readily
observed are chewing gum and jello. The simplest model for viscoelastic mate-
rial is the Kelvin–Voigt model, which consists of a linear spring and a dashpot
(damper) connected in parallel.

Creep refers to the phenomenon of time-dependent, growing deformation
even for a constant external force, and relaxation to the phenomenon where the
internal stress decreases in a time-dependent way if the deformation is kept con-
stant. In a viscoelastic material, there is thus an explicitly time-dependent com-
ponent in the internal reaction forces. As far as paper production is concerned,
this effect is most significant in the so-called wet end of the paper machine. As
the web dries, the material becomes more purely elastic.

In this thesis, we concentrate on the dry end of the production process, and
consider paper as a purely elastic material only. As the viscoelasticity, which
introduces damping into the system, is ignored, the real system is approximated
with a conservative one. This is not expected to change e.g. the critical velocity,
but it does modify the postdivergence behaviour (Ulsoy and Mote, 1982), and the
dynamic response.

5 For example, consider the transverse deflection of a beam, which is initially under a trans-
verse load, which is then suddenly removed. A correct mathematical setup for describing
the resulting dynamic behaviour is an unloaded initial-boundary value problem, with the
initial conditions set to the position and transverse velocity that the beam had at the instant
of time when the load ceased to affect it. This leads to time-harmonic vibrations.
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1.3 Axial motion

The field of study of axially moving materials differs from classical continuum
mechanics due to the axial motion. Although the coordinate transformation for
constant-velocity axial motion is one of the simplest possible, it nevertheless re-
flects an important qualitative change in the physics of the situation, and has
important consequences for the mathematical behaviour of the models. Mathe-
matically, it even changes the inner-product space that is the natural choice for
the problem (for a Hamiltonian mechanics viewpoint related to this, see Wang
et al., 2005).

One must account for the motion of the material, either by the introduction
of moving boundaries in the local (Lagrange) coordinate system, or by viewing
the situation in the laboratory (Euler) coordinate system in which the material
itself is in axial motion. See, e.g., Archibald and Emslie (1958); Chang et al. (1991)
for articles utilizing both approaches. Also worth a mention are Mujumdar and
Douglas (1976), which starts in the Lagrange system, and then immediately trans-
forms to the Euler system; and Miranker (1960), which starts in the Euler system,
and transforms into the Lagrange system.

Note, especially, that due to the motion of the material with respect to the
boundaries, the physical situation with moving materials is different from that
of e.g. an airfoil, where it is possible to fix the coordinate system to the moving
object and perform the analysis there.

The Euler approach, like in flow physics, is the standard one for handling
moving materials. We will follow it also in this thesis. Any local (Lagrange) accel-
eration experienced by a material point thus leads — via the material derivative
— to Coriolis and centrifugal effects in the laboratory coordinates. This makes
the system gyroscopic, and e.g. the eigenforms of a travelling string acquire a
space- and velocity-dependent phase shift, unlike those of the stationary string
(see e.g. Wickert and Mote, 1990). In general, this makes the equations diffi-
cult to solve, and except for very particular special cases (e.g., Simpson, 1973 for
the moving, non-tensioned string), no analytical solutions are known (or proba-
bly even possible) for the fourth-order PDE models describing systems that have
nonzero bending rigidity.

In the present work, we study the case with the moving web modelled as
an axially moving panel, surrounded by two-dimensional fluid flow. The appli-
cability of this model to physical situations will be discussed later, in subsection
2.3.4.

The ideal string model will be introduced as a classical reference case. Its
free vibrations can be solved analytically, so it provides a good reference point
for eigenfrequency studies. For a panel with a small bending rigidity, it is pos-
sible to use singular perturbation theory to solve the approximate eigenfrequen-
cies. Kong and Parker (2004) have done this; their solution is provided in subsec-
tion 2.3.3. (Note here the mathematical identity between the relevant parts of the
panel and beam models.)
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Finally, before we move on to fluid models, it should be noted that all of
the models discussed above are often used with constant coefficients only. It is
possible to consider more complex situations with variable coefficients. For ex-
ample, the axial tension at the rollers supporting the paper varies in the machine
width direction, and this is often neglected. For a preliminary study, see the re-
port Banichuk et al. (2010c). In this study, we will limit our considerations to a
constant-coefficient model.

1.4 Fluid models and FSI

On the macroscale, fluids are modelled by continuum models. In this section
we will review the most important fundamental fluid models, including some of
their properties and history, and mention some methods used for solving them.

We will then look into how the fluid models are coupled into material mod-
els for fluid-structure interaction (FSI).

1.4.1 Fluid models

Theoretical fluid statics dates back to Archimedes (recall his work On Floating
Bodies), but fluid mechanics in its modern form, described by differential equa-
tions, was founded by Leonhard Euler in the 18th century, with his introduction
of the concept of the fluid particle. The particle was assumed to be small enough
to be described mathematically by a continuum model, but large enough to pos-
sess physical quantities such as volume, mass, density and inertia. (Tokaty, 1994,
pp. 73–74; see also Lighthill, 1986, p. 15)

Euler’s results are nowadays commonly called the Euler model of fluid me-
chanics: a set of nonlinear differential equations describing the motion of incom-
pressible, nonviscous (i.e. frictionless) fluids. The book Lighthill (1986) is a clearly
written technical, but informal, introduction into the topic.

Compressibility refers to the physical phenomenon where changes in the pres-
sure field within the fluid cause changes in local fluid density. Water can be con-
sidered incompressible (e.g. Lighthill, 1986). The degree of compressibility of air
depends on the mach number of the flow. Up to 0.1 . . . 0.3M (recommendations
differ in different sources), air can be considered incompressible. See e.g. Ash-
ley and Landahl, 1985; and Lighthill, 1986, p. 15. The book by Anderson, 1985,
p. 328–329, provides a formula and a graph of isentropic changes in fluid den-
sity versus mach number, and notes that up to M = 0.32, density changes are
predicted as below 5%. Hence, “many aerodynamicists have adopted the rule of
thumb that the density variation should be accounted for at Mach numbers above
0.3; i.e. the flow should be treated as compressible.” (Anderson, 1985, p. 328)

Returning to the history of fluid mechanics, Louis de Lagrange was the
first to integrate Euler’s equations. He published his book, called Mechanique
Analytique, in 1788. The Cauchy–Lagrange integral, which we will encounter
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in Chapter 3, was originally derived by him. According to Tokaty: “Aristotle,
Archimedes, Galileo, Torricelli, Stevinus, Pascal, Huyghens, Bernoulli, Clairaut,
Descartes, d’Alembert, and many others contributed to the formation of the dis-
cipline [of fluid mechanics]; but Newton was the first to cement the foundation
of the edifice, Euler to erect its walls and floor, and Lagrange to add all, or almost
all, those other major parts which make an edifice a safe and rather enjoyable
house.“ (Tokaty, 1994, p. 78)

One major theoretical problem still remained, discovered in 1744 by Jean le
Rond d’Alembert.6 When one attempted to calculate the amount of resistance
experienced by an object immersed in a fluid stream (called the drag), the theoret-
ical fluid mechanics of Euler led to the answer that the resistance should be zero.
Obviously, experimentally it had been long known that this was not the case. The
problem became known as d’Alembert’s paradox (Lighthill, 1986, pp. 110–114),
which he, after many attempts at its resolution, famously left “for future geome-
ters to elucidate” (Tokaty, 1994; but see footnote7).

Theoretical fluid mechanics, and the experimental science of hydraulics,
went separate ways until this paradox was resolved (Schlichting, 1960, introduc-
tion; White, 1994, p. 39; for original sources, see footnote8). The crucial con-
tribution to understanding the phenomenon of drag came over a century later,
from Ludwig Prandtl in 1904, when he solved the problem of motion of fluids
with very small viscosity9, such as air and water. Others, such as Stokes, Hagen
and Poiseuille, had already worked on viscous flows, but Prandtl’s approach was
different and original (Tokaty, 1994, p. 172). Building upon a suggestion by Os-
borne Reynolds (Tokaty, 1994, p. 119), Prandtl assumed that effect of the friction
of the fluid was concentrated in a thin layer near the surface of the obstacle, and
developed what became known as boundary layer theory.

For a technical introduction into the theory, see e.g. the standard mono-
graph Schlichting (1960). Boundary layer theory has been widely successful;
this is reflected by the fact that Schlichting’s monograph is still current with its

6 The 1744 date is according to Anderson, 1985, p. 150. Cf. Hoffman and Johnson (2008), who
report that d’Alembert formulated the paradox when working on a 1749 Prize Problem of
the Berlin Academy on flow drag.

7 One sees slightly different versions of the quote in different sources. Cf. Anderson, 1985, p.
488, which ends with “[...] a singular paradox which I leave to geometricians to explain.”
The source of Anderson’s version is given on p. 180 as Jean le Rond d’Alembert, 1768:
Opuscules mathematiques.

8 On p. 41, White gives the following citations:
H. Rouse & S. Ince. History of Hydraulics. Iowa Institute of Hydraulic Research, University
of Iowa, Iowa City, 1957; reprinted by Dover, New York. 1963.
H. Rouse. Hydraulics in the United States 1776-1976. Iowa Institute of Hydraulic Research,
University of Iowa, Iowa City, 1976.
G. Garbrecht. Hydraulics and Hydraulic Research: An Historical Review. Gower Pub., Alder-
shot, UK, 1987.

9 The original paper is L. Prandtl: Über Flüssigkeitsbewegung bei sehr kleiner Reibung. Proceed-
ings of the Third Intern. Math. Kongr. Heidelberg 1904. Reprinted in Vier Abhdl. zur
Hydro- u. Aerodynamik, Göttingen 1927; and as NACA Tech. Memo. 452 (1928). Referenced
in Schlichting, 1960, chap. VII, references. The NACA technical memo, Prandtl (1928), is
nowadays available online.
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8th edition, Schlichting and Gersten (1999). White (1994, p. 40), calls Prandtl’s
study “perhaps the most important paper ever written on fluid mechanics.” Put
in modern-day terms, it can be seen as a singular perturbation analysis of the
Navier–Stokes equations in the small viscosity regime (Schlichting and Gersten,
1999, p. XXII).

Lighthill (1986, pp. 113–114) remarks that, in light of modern knowledge
about boundary layers, “[...] [d’Alembert’s paradox] should perhaps be more
positively designated as d’Alembert’s theorem: the first clear indication that if
’streamlined’ shapes could be designed so as to meet the stringent conditions
required to avoid boundary layer separation, then resistances of a very much
smaller order of magnitude could be achieved.”

Indeed, Ashley and Landahl (1985, p. 58) report that “The theoretical value
of zero for drag in two dimensions is the most prominent failure of inviscid flow
methods. It represents a nearly achievable ideal, however, as evidenced by the
lift-to-drag ratio of almost 300 from a carefully arranged experiment, which is
reported on page 8 of Jones and Cohen (1960).”10

Although boundary layer theory is well-established, also experimentally
(according to e.g. the comment in Lighthill, 1986, p. 36–37), it has recently been
suggested that the chief mechanism of drag generation in fluids with small vis-
cosity, such as air and water, could rather be turbulence than a viscous boundary
layer (Hoffman and Johnson, 2008). According to the cited study, an Euler flow
computationally initiated as a potential flow, even in the absence of any viscosity,
has a tendency to develop into a turbulent Euler solution, which is well-posed
with respect to drag and lift.

The term turbulence refers to the phenomenon where flow patterns of widely
different sizes (length scales) simultaneously exist in the flow. It makes the over-
all flow pattern very irregular, and is known to increase drag (Schlichting, 1960).
Some approaches to take turbulence into account are the k − ε model (see e.g.
Launder and Spalding, 1972), large eddy simulation (LES), and direct numerical
simulation (DNS). With the exception of direct numerical simulation (resolving
directly the smallest flow patterns, but requiring an enormous amount of comput-
ing power), approaches for modelling turbulence are usually based on splitting
the quantities of interest into time-average and rapidly fluctuating (turbulent)
parts. (Schlichting, 1960; Rodi, 1984; see the updated Schlichting and Gersten,
1999 for an extensive review on turbulence models.)

Today, computational fluid mechanics, especially in engineering practice,
mainly concentrates on the numerical solution of the Navier–Stokes equations,
which describe the motion of fluids including the effect of internal friction (vis-
cosity). Fluid mechanics remains, due to the nature of the equations, computa-
tionally heavy and mathematically challenging (Gresho and Sani, 1999), but it
is possible to determine the flow around objects of arbitrary shapes numerically
with the help of modern computers.

For the numerical solution of many different kinds of partial differential

10 The citation in the quote refers to Jones, R. T. and Cohen, D., 1960. High Speed Wing Theory,
Princeton Aeronautical Paperback No. 6, Princeton University Press.
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equations, the finite element method (FEM) is well-understood mathematically, and
commonly used in practice. The theory was developed in the late 1960s. Classic
books include Strang and Fix (1973) and Ciarlet (1978). Summarized in one sen-
tence, FEM is based on weak (variational) forms, appropriately defined Sobolev
spaces, and discretization of the function space where the solutions reside (as op-
posed to discretizing the differential operator). The method is often applied also
to the Navier–Stokes equations, but this application is mainly heuristic.

See also Johnson (1987); Krizek and Neittaanmäki (1990); Hughes (2000).
For the application of FEM specifically to problems of incompressible flow, see
Gresho and Sani (1999); and for guides for implementing FEM as a numerical
computer code, Haataja et al. (2002); Hämäläinen and Järvinen (2006).11

In the case of Navier–Stokes equations, often a stabilization method is used
in FEM to make the equations numerically easier, but Gresho and Sani (1999)
argument for the use of standard Galerkin FEM on carefully designed meshes.
One well-known stabilization method is SUPG (Streamline Upwinding Petrov–
Galerkin); see Johnson (1987), keywords streamline diffusion and Petrov–Galerkin
method; see also Hämäläinen and Järvinen (2006).

Another, different numerical approach widely used specifically in computa-
tional fluid dynamics is the finite volume method (FVM; also control volume method).
From a physics viewpoint, it is based on balancing in- and outflow across small,
non-overlapping control volumes, which are often tetrahedra, polygonal prisms,
or hexahedra. FVM is used in many commercial flow computation software (such
as Fluent), and also in the open-source flow solver OpenFOAM. Mathematically,
it is interesting to note that in their FEM book, Gresho and Sani (1999) view FVM
as a special case of an integral-based weighted residual method.

Despite the field’s focus on Navier–Stokes, the simpler Euler and potential
flow models are not outdated. As will be reviewed in Section 1.6, these models
are used especially in conjunction with (geometrically) linear structure models,
such as small-displacement theory of beams and panels.

In the present work, we will use the potential flow model. It is a linear
model for inviscid, irrotational, incompressible flow of constant-density fluid. Ir-
rotational is mathematically defined as having zero vorticity, ω = ∇ × v = 0
everywhere. In physical terms, the fluid particles are allowed to move by transla-
tion, but they do not rotate (Anderson, 1985, p. 95). In this model, the boundary
layer is neglected. Due to the incompressibility, the speed of sound is infinite;
any disturbance in the fluid instantly spreads throughout the whole fluid domain
(Lighthill, 1986, p. 82; Ashley and Landahl, 1985, p. 21). This is a reasonable ap-
proximation for sufficiently small domains.

Mathematically, potential flows have a velocity potential, which is a scalar

11 These last two are in Finnish. The first book is a practical guide to numerical methods
in general. It includes a chapter on FEM, walking through elementary topics such as La-
grange interpolation polynomials, reference elements, and the required coordinate trans-
forms. Linear FEM for parabolic problems is demonstrated in detail. The second book
concentrates on applying FEM specifically to flow problems. Discussed are the advection-
diffusion equation, Navier–Stokes, some stabilization schemes, and finally some elemen-
tary material on turbulence models and free-surface problems.
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function that satisfies the Laplace equation. For an extensive account from a fairly
mathematical aerodynamics viewpoint, see Ashley and Landahl (1985). For an
engineering overview, see Anderson (1985). For a rigorous, clearly written math-
ematical treatment of the Laplace equation, see the textbook by Evans (1998).

1.4.2 Fluid-structure interaction

When structures or materials are subjected to a surrounding flow, it is always the
case that the structure will deform, which in turn induces changes in the flow
field. The two domains are coupled; each component of the multiphysical sit-
uation causes changes in the other, forming a feedback loop. This is known as
fluid-structure interaction, and it is especially important for lightweight structures
and materials, as they will be displaced more strongly by the flow.

Aerodynamics, which was touched upon above, investigates the behaviour
of a rigid body immersed in a fluid stream. It does not take into account the
deformation of the solid object. The coupling is one-way: the obstacle disturbs
the fluid stream. The analysis typically concentrates on quantities such as lift and
drag (e.g. for airplane wing sections). The interesting quantities are related to the
obstacle, but determining them requires only fluid flow calculation. Books such
as the aforementioned Anderson (1985); Ashley and Landahl (1985) concentrate
on this topic.

When elastic deformation of the solid object is added to the model, one
speaks of aeroelastics. A standard reference book is Bisplinghoff and Ashley (1962).
A related area of research is that of axial flows, e.g. in elastic pipes conveying
fluid; see the extensive two-volume book by Païdoussis (1998, 2004).

In aeroelastics, the coupling between the fluid and the structure is two-way:
the obstacle disturbs the flow, which causes the obstacle to deform. The elastic
deformation of the obstacle changes its effects on the fluid stream, which causes
changes in the deformation. At this point, we see that a feedback loop has formed.

In modelling, it is possible to use either strong or weak coupling. These fairly
standard terms refer to arrangements, where the multiphysical situation is de-
scribed using one equation only (strong coupling), or using several partial dif-
ferential equations, which are typically coupled numerically through boundary
conditions on the surface delimiting the two domains (weak coupling). When
large deformations of the structure are allowed, also the motion of the delimiting
surface is accounted for.

In most contexts, the standard approach to dynamic fluid-structure interac-
tion problems during the last two decades has been numerical simulation of the
fluid with the Navier–Stokes equations, numerically coupled with an elasticity
model for the structure. The elasticity model may be nonlinear and allow large
deformations. For example, Stein et al. (2000, 2001) and Sathe et al. (2007) have
studied complex fluid-structure interaction in parachutes.

In the present work, we combine aeroelastics with axially moving materials.
See e.g. the book by Marynowski (2008) about modelling orthotropic moving
webs in the papermaking context. A proper literature review of moving materials
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will follow below, in Section 1.6.
We utilize a strong, two-way coupling: vibrations of the moving panel cause

a reaction force in the fluid, which then feeds back into the vibrations. However,
as is well-known, because potential flow possesses an infinite speed of sound (as
was noted above) and ignores inertial effects (being linear), it is memory-free.
That is, at each moment of time t, only the current shape of the vibrating surface
affects the flow; its history has no effect. Thus, the coupling that is in a physical
sense two-way, is mathematically one-way only, and the model remains linear.

1.5 Elastic stability

Because it is well-known that the normal vibrations of an elastic linear system are
time-harmonic (Xing and Liu, 2009a), for the stability analysis of all such systems
it is standard to use the trial function

w(x, t) = exp(st)W(x) , (1)

where s is complex and W(x) is an unknown eigenmode, to be determined.12

This removes the time dependence from the PDE, making it sufficient to solve a
(pseudo-)steady-state problem including the unknown scalar s, the allowed val-
ues of which are determined implicitly by the boundary conditions and problem
parameters. The resulting equation will be a differential equation in x, but poly-
nomial with respect to s.

The trial function (1) produces a complex-valued solution w(x, t). The space
component W(x) is typically real-valued for stationary materials, and complex-
valued for moving materials. Under certain conditions for the form of the original
PDE, the real and imaginary components of w(x, t) will also be solutions of the
original problem.

It is easy to see that the required condition is linearity with real-valued co-
efficients. Consider applying a linear differential operator L to a complex-valued
function w. For the real part of the result, we have

Re (L(w)) = Re [ L(Re (w) + i Im (w) ) ]

= Re [ L(Re (w)) + i L(Im (w)) ] = L(Re (w)) , (2)

where the last equality holds only if the coefficients contained in L are real. A
similar equality obviously holds for the imaginary part. Thus, either Re w(x, t)
or Im w(x, t) may be taken as the real-valued solution that was sought.

However, for moving materials, the real and imaginary components of W(x)
are typically not solutions of the auxiliary steady-state problem; using the trial
function (1), only the full complex-valued solution W(x) is valid for the auxil-
iary problem. It is only the complete solution w(x, t) whose real and imaginary

12 The trial function itself probably dates back to Euler. In the paper Xing and Liu (2009a), the
authors give the above-cited reason for why this trial is standard.
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Static (divergence) Dynamic (flutter)

FIGURE 6 Behaviour of the stability exponent s for the two different instability types.
The arrows show the motion of the eigenvalues sj as V0 is increased qua-
sistatically. In the left picture, the symbols are drawn off the axes for leg-
ibility reasons only; s2 ∈ R for all V0. In the right picture, the real part is
initially negative. In both cases, the eigenvalues merge at the collision point,
and then immediately separate. After Bolotin (1963).

components satisfy the original problem separately. The reason is, of course, that
the stability exponent s, which enters the coefficients of the auxiliary problem, is
complex.

The allowed values of the stability exponent s completely characterize the free
vibrations of the elastic linear system under consideration. Consider the problem
parameters fixed. If Re s ≤ 0 for all solutions (s, W), the system is stable and
undergoes time-harmonic vibration. If Re s < 0 for one or more solutions (s, W),
these solutions also contain a damping component. If Re s > 0 for at least one so-
lution (s, W), the vibrations will grow without bound, and the system is unstable.
(Bolotin, 1963)

There are several ways to classify mechanical instabilities. From (1) we can
make the standard distinction of static versus dynamic instability, depending on
whether Im s = 0 in the critical state (Bolotin, 1963). The related concepts are
illustrated in Figure 6.

Roughly speaking, the critical state is defined as follows. We begin in some
initially stable state of the system. For axially travelling materials, the initial state
is usually taken as zero axial velocity, V0 = 0. We then start increasing the prob-
lem parameter of interest, call it p, quasistatically. After a while, the parameter
p has reached a value p0. If there exists at least one solution (s, W) such that
Re s > 0 for all p = p0 + ε with arbitrarily small ε > 0, but Re s ≤ 0 for all
solutions s for p = p0 − ε, the value p0 is called the critical parameter value. It is
the point of transition from stable to unstable behaviour.

Assume we have found a critical parameter value p = p0, above which the
system is unstable. If Im s = 0 just above the critical value, p = p0 + ε, the
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complex-valued exp in (1) simplifies to a real-valued exp, and the displacement
will grow exponentially with time. This is called static instability or divergence
(Figure 6, left). This corresponds to s passing through the origin of the complex
plane, and thus the critical states for this kind of instability can be caught by a
steady-state analysis (Bolotin, 1963; to see this, consider (1) for s = 0).

Often the existence of a nontrivial steady-state solution is taken as indication
of an instability, and e.g. the buckling analysis of travelling panels and plates
is (correctly) based on this idea. However, as we can see from the remark in
Wang et al. (2005), steady-state solutions may exist for some systems without
indicating an instability, if the eigenfunctions remain linearly independent at the
critical parameter value. Thus, we may conclude that a static instability can only
arise from a steady state, but in a rigorous analysis, the existence of a steady state
should be taken only as a necessary condition, not a sufficient one.

If Im s 
= 0 for p = p0 + ε, the complex-valued exp in (1) becomes a product
of a real-valued exp and a harmonic component (sin, cos or a linear combination
of these). In this case, the displacement will exhibit exponentially growing vi-
brations with time (Figure 6, right). In the standard classification, this is called
dynamic instability or flutter. This should not be confused with the engineering
use of the term flutter to describe also stable vibrations (sometimes seen in paper-
making sources).

Linear perturbation analysis around the critical parameter value is one ap-
proach that can be used to confirm that the critical state indicates an instability for
p = p0 + ε (see e.g. the analysis in Parker, 1998, for the moving beam). Another
method, used in the present work, is to compute the complex eigenfrequencies of
the system (based on the trial (1)) for a range of parameter values [p0 − ε, p0 + ε].
This can be seen as a type of numerical initial postbuckling analysis.

Note that there are at least three different mathematical mechanisms through
which instability may occur. Consider the small transverse vibrations of a panel
(or beam) as an example. A common feature to all three is that the system obtains
vanishing stiffness in the direction of at least one nontrivial eigenfunction w(x).
This is classical in buckling analysis (see e.g. Kouhia, 2009).

The first mechanism is the action of an external, in our case transversal, load.
Depending on the properties of the load function, the load may be able to feed an
indefinite amount of energy into the system (viewed as a time-dependent prob-
lem) for any given value of the problem parameter p (even if p < p0). The exact
conditions under which this kind of instability can occur are beyond the scope
of the present work. Roughly speaking, the differential operator for a vibration
problem usually has a nontrivial kernel (the free vibrations); this suggests that
there exist right-hand sides (load functions) for which no unique solution for the
displacement exists. These load functions are candidates for inducing this kind of
instability. In physical terms, it may be expected that these load functions excite
the system at one or more of its eigenfrequencies, leading to resonance.

A second possibility is that there exists at least one solution w(x, t) of the
homogeneous PDE describing the dynamical behaviour of the unloaded13 sys-
13 We call the system unloaded, if there appears no load function on the right-hand side of the
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tem, such that lim supt→∞ ‖w(x, t)‖L∞ = ∞. Commonly, the situation where this
kind of instability is encountered is p = p0 + ε for any (small) ε > 0, with zero
right-hand side.

Finally, the third kind occurs when the coefficient in front of the eigenfunc-
tion approaches infinity as the problem parameter p approaches its critical value
p0. Predicting this kind of instability requires techniques beyond eigenvalue anal-
ysis. This is the kind Wickert and Mote (1990) refer to (for moving strings and
beams), and which Wang et al. (2005) handle through Hamiltonian mechanics.

In this classification, dynamic stability analysis using the standard time-
harmonic trial function picks up the second kind of instability. This is the kind
we will concentrate on in the present work.

Classical buckling analysis can be thought of belonging either to the first
kind (with p = p0 and all eigenfrequencies zero) or to the second kind. By track-
ing down the steady states, it suggests possible parameter values that may act
as thresholds for instabilities of the second kind. On the other hand, the exact
critical parameter value, obtained from the static analysis, may be sufficient for
the system to lose stability under an external load, if the critical point is unstable.
Koiter’s initial postbuckling analysis can be used to determine the type of the
point (see e.g. Kouhia, 2009).

In the case of stability analysis of linear PDEs, it is evident from the linear
superposition property that solution components which obviously always stay
bounded may be discarded without further consideration. Thus, linear stability
analysis can be focused on the components for which the boundedness of the
long-term behaviour (under various different values for the problem parameters)
is nontrivial.

Finally, it should be noted that for the investigation of small vibrations of
elastic systems, linearized models are often used. If the system enters an un-
stable state, the small displacement assumption eventually breaks (possibly very
quickly), and from that point on, the model no longer describes the physics of the
situation being analyzed. It is generally agreed that linearized small-displacement
models are sufficient up to the first instability (e.g. Païdoussis, 2005).

1.6 Existing research on axially moving continua

Now, let us take a closer look at the research more immediately related to the
present problem. Since the seminal paper by Skutch (1897), an extensive amount
of research has been conducted on travelling flexible strings, membranes, beams
and plates. Classical papers in this area are e.g. Sack (1954), Archibald and Em-
slie (1958), Miranker (1960), Swope and Ames (1963), Ames et al. (1968), Mote
(1968a,b, 1972, 1975), Simpson (1973), Mujumdar and Douglas (1976), Ulsoy and
Mote (1980, 1982), Chonan (1986), Pramila (1986, 1987), Wickert and Mote (1989),
Wickert and Mote (1990), and Lin and Mote (1995, 1996); Lin (1997).

equation. This is a purely mathematical property.
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Recent research includes e.g. Shen et al. (1995), Parker (1998), Marynowski
(2002), Wang (2003), Shin et al. (2005), Wang et al. (2005), Sygulski (2007), Ku-
lachenko et al. (2007a,b), and Vaughan and Raman (2010). The monograph by
Marynowski (2008) discusses orthotropic moving webs specifically.

There are of course much more papers in the field than can be mentioned
here. For example, for a recent review focusing on the topic of moving strings
only, see Chen (2005), which alone cites 242 references.

In the mentioned studies, models described by second- and fourth-order
differential equations have been used, focused on various aspects of free vibra-
tions and forced vibrations. The effects of axial motion on the frequency spec-
trum and eigenfunctions were investigated in Sack (1954), Archibald and Emslie
(1958), Swope and Ames (1963) and Simpson (1973). Stability considerations were
reviewed in Mote (1972).

The set of papers from the group of C. D. Mote has been particularly numer-
ous. In addition to the ones already mentioned above, see e.g. Thurman and Mote
(1969), Ulsoy et al. (1978), Mote and Wu (1985), Yang and Mote (1991), Renshaw
and Mote (1996), and Lee and Mote (1996). There are also the reviews Wickert
and Mote (1988) and Mote and Wickert (1991) summing up the knowledge up to
those points.

After Skutch’s paper, the extremely compact Archibald and Emslie (1958)
was one of the first studies of axially moving materials. In the study, the thread-
line equation was briefly derived in two different ways: using Hamiltonian me-
chanics, and by coordinate transformation of the standard wave equation. It was
also shown that the natural frequency of each mode decreases when transport
speed increases, and that the travelling string and beam both experience diver-
gence instability at a sufficiently high speed.

Note however, that according to Wang et al. (2005), in the case of the string
this classical result of the existence of a divergence instability at the critical speed
is incorrect. It was shown using Hamiltonian mechanics, that due to weak in-
teraction of eigenvalue pairs, there is no instability in the string case. The well-
known divergence of the eigenmode coefficients (see e.g. Wickert and Mote, 1990,
for an explicit expression), as the velocity approaches critical, was shown to be
a mathematical artifact, which can be eliminated by using the Hamiltonian ap-
proach (effectively looking for solutions in a different mathematical space).

The paper Swope and Ames (1963) concentrated on constructing analytical
solutions for the free vibrations of a travelling string. The threadline equation was
derived in a detailed manner, based on a differential force balance. The equation
obtained was the same as in the above-mentioned Archibald and Emslie (1958),
as expected. The free-space behaviour of the moving string was analyzed using
the travelling-wave approach of d’Alembert. For the finite string, a coordinate
transformation was used (based on the method of characteristics) to transform
the second-order hyperbolic constant-coefficient problem into a form from which
the solution is apparent.

Simpson (1973) derived an analytical solution for the free harmonic vibra-
tions of an axially travelling beam without tension applied at the ends, by fac-



52

toring the fourth-order characteristic equation. The limitation of this approach is
that it is not generalizable to the tensioned case.

Response prediction has been given for particular cases when excitation as-
sumes special forms, such as a constant transverse point force (Chonan, 1986) or
harmonic transverse motion of the supports (Miranker, 1960). Arbitrary excita-
tion and initial conditions have been analysed with the help of modal analysis
and a Green function method in Wickert and Mote (1990). As a result, the associ-
ated critical speeds have been determined explicitly.

Both two- and three-dimensional approaches, as also various different ap-
proaches to taking into account the effect of the surrounding fluid, have been
used for modelling paper production. Because paper has a relatively low density,
the effect of the surrounding air is important (Pramila, 1986; Kulachenko et al.,
2007a,b). As we can see from Chang et al. (1991); Chang and Moretti (1991, 2002)
and Watanabe et al. (2002), potential flow type models play an important part in
the investigation of dynamic fluid-structure interaction in paper production. Be-
cause the paper web is fragile, linear theory is sufficient to cover the physically
meaningful range of deformations up to the first instability.

The first attempt to take into account the interaction between a travelling pa-
per web and the external medium, using at first analytical added-mass approx-
imations and then the finite element method, was made in the series of papers
Niemi and Pramila (1986); Pramila and Niemi (1987); Pramila (1986, 1987). In all
of these studies, it was found that the surrounding air significantly reduces the
eigenfrequencies and critical velocities of the web when compared to the vacuum
case. According to Pramila (1986), the presence of air may reduce both to about
25% of the vacuum case.

However, in a recent paper, Frondelius et al. (2006) contrasted these classical
results by using an added-mass model for the fluid, with non-constant (space co-
ordinate dependent) added masses computed from boundary layer theory. They
reported that while the eigenfrequency predictions agree with those from poten-
tial flow theory, the divergence velocities are found to be significantly higher.
The boundary layer used in the mentioned study was of the Sakiadis type. To
our knowledge, at the present time it remains an open question how the system
would behave with other types of boundary layers.

The use of boundary layer theory in Frondelius et al. (2006) can be con-
trasted with the remarks of its use for moving materials in Chang et al. (1991). In
the latter, the authors note that since the moving band does not have a leading
edge, the usual boundary layer which grows in thickness as the distance increases
from the leading edge, is not applicable to this physical situation. According
to them, the boundary layer should grow in time, forever or until the momen-
tum transfer is balanced by fluid friction on the outer boundaries. The authors
continue, that a more nearly correct analogy from classical fluid physics, for the
boundary layer growth, is the flow field around a rotating cylinder or sphere. In
this case, finding the equilibrium flow field requires considering also the outer
boundaries of the flow.

However, it is also possible to use a model which does include a leading
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edge; for such models, the remark of Chang et al. (1991) does not apply. This is
what Frondelius et al. did, so both papers are in a sense correct; which approach
leads to a better model is a nontrivial question.

Other used approaches include the following. In Chang and Moretti (1991),
the web was modelled as a linear membrane, while the surrounding air was
treated using potential flow theory. A nonlinear membrane element was used
in Koivurova and Pramila (1997) to model a narrow axially moving band sur-
rounded by air. The influence of air was accounted for with acoustic elements
placed on one side of the band only. In Kulachenko et al. (2007a), the influence of
air was accounted for by utilising fluid-solid interaction analysis based on acous-
tic theory. Results in this paper also show that air reduces the eigenfrequencies
of the web.

In Watanabe et al. (2002), two different methods of analysis were developed
in order to clarify the phenomenon of paper flutter. One of these was a flutter
simulation using a Navier–Stokes code, and the other method was based on a
potential flow analysis of an oscillating thin airfoil. In Wu and Kaneko (2005),
both linear and nonlinear analyses of sheet flutter caused by fluid-structure in-
teraction in a narrow passage were developed. The sheet was considered as a
combination of massless beam elements, springs, and discrete mass particles, in
which the mass of each particle and the spring coefficients were calculated based
on the beam model.

From an academic research viewpoint, the potential flow problem is a stan-
dard reference case. It has been studied both for axially moving materials in sta-
tionary air (e.g. the aforementioned Pramila, 1986), and for stationary structures
in axial flow (e.g., Eloy et al., 2007).

The form of the axially travelling panel problem shares some similarities
with the problems of pipes conveying fluid, and stationary structures subjected
to axial flow. These similarities have been discussed in the review by Païdoussis
(2008). See also Dugundji et al. (1963) and Guo and Païdoussis (2000), and, for a
summary comparing the different results, the book by Païdoussis (2004).

A model similar to the one in the present work, but in three dimensions, was
analyzed in Vaughan and Raman (2010). The finite element method was used for
solving the ideal fluid velocity potential numerically.

A functional analytical solution for the aerodynamic reaction of the two-
dimensional surrounding fluid, using a Green’s function method, has been found
for a stationary plate in axial flow by Kornecki et al. (1976). The panel model was
used. It was assumed that the panel is infinite in extent, being elastic in a finite
interval and rigid elsewhere. Flow was assumed on one side of the panel only.
The solution of Kornecki et al. is similar in methodology to the present solution
of the flow problem, but the flow geometry and importantly also the topology are
different.



2 AXIALLY MOVING STRINGS AND PANELS

In this chapter, we will analyze some simplified models. Specifically, our topics
are the axially moving string, the damped axially moving string on an (optional)
elastic foundation of the classical Winkler type, and the axially moving panel.
These topics provide a qualitative overview of this class of systems, which will
be useful for the eigenfrequency analysis of Chapter 5.

The material on the classical moving ideal string, Section 2.1, consists mostly
of known results and is intended as introductory. We will give a detailed deriva-
tion for the free vibrations, and extract the eigenfrequencies. We follow the ap-
proach of Archibald and Emslie (1958) for problem setup, and that of Swope and
Ames (1963) for the solution of the free vibration problem.

We will then extend the analysis to the moving damped string on an elastic
foundation, in Section 2.2. Although the general behaviour of the eigenvalues of
damped systems is well-known (see e.g. Bolotin, 1963), this analysis is original,
giving an explicit solution of the eigenfrequencies and eigenfunctions in terms
of the problem parameters for this particular system. The solution is derived
by applying the technique of Swope and Ames (1963). The obtained analytical,
explicit solution for the eigenfrequencies is visualized in subsection 2.2.5. The
results are summarized in subsection 2.2.6.

The chapter ends with some optional, introductory material on the axially
moving panel. The governing equation and typical boundary conditions are in-
troduced. The steady-state behaviour is determined, and the approximate free-
vibration solution of Kong and Parker (2004) for small bending rigidities is re-
viewed for convenience. Finally, the applicability of the panel model is discussed.

2.1 Classical ideal string

Let us first review the ideal string model. As is well-known, this is a linear model
describing the small vibrations of a thin string, which has no bending resistance,
but which can support tensile loads (i.e. resists stretching) along its length.
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FIGURE 7 Stationary (non-travelling) ideal string, held fixed at ends. At the bound-
aries, the displacement w = 0.

2.1.1 Stationary (non-travelling) ideal string

The dynamics of free transverse small-amplitude vibrations of a classical, station-
ary (non-travelling) ideal string (see Figure 7) is governed by the partial differen-
tial equation

mwtt − Twxx = 0 . (3)

Equation (3) follows from Newton’s second law written for a differential
element of the string. For tensile loads, T > 0. Thus, (3) is the standard wave
equation in one dimension. The tension in the string balances the out-of-plane
acceleration, making the string vibrate.

For beams and strings, it is customary to define m as the mass per unit
length. Then the tension T has the unit of force.

When (3) is seen as an approximation of a panel in the limit of vanishingly
small bending rigidity, m is usually taken as the mass per unit area. For the panel,
equation (3) represents pressures. The tension in a panel is defined as

T = σh , (4)

where σ is the in-plane stress and h the panel thickness. The dimension of T (for
a panel) is force per unit length.

2.1.2 Travelling string: problem setup

We will set up the problem for the moving string by following the second ap-
proach of Archibald and Emslie (1958). Consider an ideal string travelling axially
at a constant velocity V0 (Figure 8).

We set up two coordinate systems, the Lagrange (local, material, co-moving)
system (ξ, z, t) which moves axially at velocity V0, and the Euler (global, labora-
tory, stationary) coordinate system (x, z, t). In the Lagrange system, the string
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FIGURE 8 Axially moving ideal string, travelling through two pinholes. The pinholes
restrict the displacement at the boundaries to w = 0. The roller symbols
indicate the presence of axial motion.

is axially stationary, while in the Euler system, the moving string flows past at
velocity V0.

Regardless of the chosen coordinate system, the described physical situation
is the same, i.e.

w(x(ξ, t), t) ≡ w̃(ξ(x, t), t) , (5)

where w is the transverse displacement function defined in terms of the Euler
coordinates, and w̃ is the corresponding function defined in terms of the Lagrange
coordinates.

We write the physics of the moving string, from a differential force balance
viewpoint, initially in the co-moving (ξ, z, t) coordinates, and then transform the
equation to (x, z, t) coordinates. In the co-moving coordinates, we have a station-
ary string, and thus the governing equation is simply (3):

mw̃tt|ξ=const. − Tw̃ξξ = 0 . (6)

The relation between our two coordinate systems is given by

ξ ≡ ξ(x, t) = x − V0t , ⇔ x ≡ x(ξ, t) = ξ + V0t , (7)

where we can pick either form depending on which system — the local (ξ, z, t) or
the laboratory (x, z, t) — we wish to use as independent variables. Either the pair
(x, t) is independent, or the pair (ξ, t) is independent. In the first (respectively
second) case, ξ (respectively x) is a dependent variable defined in terms of the
independent variables by the relation (7).

Strictly speaking, (7) is a linearized relation, because we have used only V0,
and not accounted for changes in the axial velocity due to time-dependent axial
displacement, nor have we accounted for any vertical motion. However, (7) is
the relation that is generally used in the literature, being accurate enough in the
small-displacement regime.
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Consider transforming a local time derivative from the Lagrange (ξ, t) to
the Euler (x, t) coordinate system. By (5), the chain rule and the expression of
x = x(ξ, t) from (7), we have

∂w̃(ξ, t)
∂t

|ξ=const. =
∂w(x(ξ, t), t)

∂t
|ξ=const.

=
∂w
∂x

∂x
∂t

+
∂w
∂t

|x=const. =
∂w
∂x

· V0 +
∂w
∂t

|x=const. . (8)

Motivated by (8), the material derivative (also known as the Lagrange derivative and
as the total derivative) is defined as

dw
dt

≡ ∂w
∂t

|x=const. + V0
∂w
∂x

(9)

for any function w = w(x, t). Applying (9) to itself gives the second material deriva-
tive,

d2w
dt2 ≡

(
∂

∂t
+ V0

∂

∂x

)(
∂w
∂t

+ V0
∂w
∂x

)
= wtt + 2V0wxt + V2

0 wxx , (10)

where in the right-hand side we have assumed V0 = constant.1 The expression
(10) represents the local acceleration in co-moving (Lagrange) coordinates, as it
appears when viewed in the laboratory (Euler) coordinates. The three terms on
the right-hand side physically represent the accelerations of (respectively) local
inertia, the Coriolis effect2, and the centrifugal effect3.

The next task is to transform the w̃ξξ term. In the same manner as above, it
is easy to construct the transformation:

∂w̃(ξ, t)
∂ξ

=
∂w(x(ξ, t), t)

∂ξ
=

∂w
∂x

∂x
∂ξ

=
∂w
∂x

. (11)

Note that t does not depend on ξ (regardless of coordinate system, t is the other
independent variable), so the chain rule produces only one term. By (7), we have
∂x/∂ξ = 1. We see that the appropriate transformation for the space derivative is
the identity function, i.e., w̃ξ = wx. Thus also w̃ξξ = wxx.

Applying the transformations (10) and (11) to (6), we obtain the well-known
equation for small displacements of an axially travelling string (Skutch, 1897;
Archibald and Emslie, 1958; Swope and Ames, 1963; also known as the thread-
line equation)

mwtt + 2mV0wxt +
(

mV2
0 − T

)
wxx = 0 . (12)

1 If the velocity is not constant, there will be additional terms, depending on the coordinate
transformation that plays the role of (7) in the modified situation.

2 Note that wxt = (∂/∂t)(wx) = (∂/∂t)(tan α) ≈ (∂/∂t)α for small α. Here α is the angle
between the local positive-x tangent vector of the string and the x axis. Thus, wxt is a linear
approximation of local rotation speed. The presence of time-dependent rotation leads to
the Coriolis effect.

3 For the local radius of curvature R, we have the well-known formula 1/R = wxx/(1 +
(wx)2)3/2. In the small displacement regime, wx is assumed small, and thus 1/R ≈ wxx.
Therefore, we have an acceleration that is inversely proportional to the local radius of cur-
vature. Hence, centrifugal effect.
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The first three terms come from the second material derivative, and as before, the
Twxx term represents the restoring force of the tension. The same remarks apply
about the units of m and T as for the stationary string.

Typically, dimensionless coordinates are used. Let us set

x′ := x/� , t′ := t/τ , w′(x′, t′) := w(�x′, τt′)/h , (13)

where the prime indicates a dimensionless quantity. The symbol � indicates a
characteristic length, τ a characteristic time, and h a characteristic displacement
(the string or panel thickness can be used for this; hence the symbol h). By con-
vention, these are positive constants. The values of the scalings are arbitrary, and
are usually chosen as whatever is the most convenient choice for the problem
under discussion.

In the following, we will omit the primes from the notation for brevity. We
insert w = hw′, cancel h (since the equation is linear in w and the right-hand side
is zero), perform the differentiations using (13) and the chain rule, and multiply
the resulting equation by τ2. We have

wtt + 2V0
τ

�
wxt +

(
V2

0 − T
m

)
τ2

�2 wxx = 0 , (14)

which is now in dimensionless coordinates.
With the obvious identifications, (14) is a second-order constant-coefficient

PDE of the form
awtt + 2bwxt + cwxx = 0 . (15)

Second-order PDEs are either elliptic, parabolic or hyperbolic. Because the co-
efficients are constants, the same type holds globally regardless of x and t. The
discriminant of (14) is (see e.g. Polyanin et al., 2008)

b2 − ac = V2
0

τ2

�2 − 1 ·
(

V2
0 − T

m

)
τ2

�2 =
T
m

τ2

�2 > 0 .

Thus the equation is always hyperbolic regardless of the axial velocity V0. This
matches physical intuition: the inclusion of the axial velocity should not change
the basic nature of the vibrating behaviour. Indeed, in the local (Lagrange) co-
ordinate system the physics is identical to that of the stationary string; from that
viewpoint, it is only the boundaries that are moving.

Equation (12) requires two initial and two boundary conditions. For free vi-
bration analysis, we set only the boundary conditions, and the solution will have
undetermined coefficients. This is fine, because free vibration analysis is only
concerned with determining possible motions of the unloaded system (mathe-
matically, nontrivial solutions of the homogeneous PDE).

The customary boundary conditions for the moving string are zero Dirich-
let, describing a string travelling through two pinholes, which are fixed to zero
height:

w(0, t) = w(1, t) = 0 , (16)

where w = w(x, t). (See Figure 8 above.)
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2.1.3 Special case: critical velocity

Let us begin with a special case. If V0 =
√

T/m ≡ C, then the parenthetical term
in (14) vanishes, and the equation simplifies into

wtt + 2C
τ

�
wxt = 0 . (17)

The equation is still globally hyperbolic, since b2 > 0.
This special value for the axial velocity is known as the critical velocity. For

historical reasons4, it is also called the divergence velocity. In this special case we
no longer have the original equation. Instead, (17) says

∂

∂t
(wt + 2bwx) = 0 , (18)

which can be reworded as
vt + 2bvx = 0 , (19)

where v := wt is the transverse (out-of-plane) velocity field. We see that the trans-
verse velocity obeys the first-order transport equation (along the string length)
with constant velocity 2b. Thus, v(x, t) = g(x − 2bt) for some differentiable func-
tion g. The displacement w consists of this moving component, and by (18), a
second component f (x) which does not depend on t:

w(x, t) = f (x) + g(x − 2bt) .

The boundary conditions (16) imply also v = 0 at the boundary points. The only
solution of (19) satisfying the boundary conditions is the trivial solution v = 0.
Thus, the transverse velocity in this degenerate case must be zero everywhere, i.e.
the string stays in a steady-state configuration. This very compact way to solve
the special case was reported by Wang et al. (2005).

We can find the function f (x) explicitly using a more direct approach. Equa-
tion (18) can be integrated with respect to t, producing

wt + 2bwx = h(x) ,

which is the nonhomogeneous transport equation. Its solution is (Polyanin, 2004a)

w(x, t) =
1
2b

ˆ
h(x) dx + g(x − 2bt) , (20)

As above, this is a linear superposition of two components: a steady-state one,
and one moving toward the right at velocity 2b. This agrees with the first solution.
By the boundary condition argument, again g(s) ≡ 0. By differentiating (20) with

4 For the conventional wisdom, see e.g. Wickert and Mote (1990). For a new result contra-
dicting this, see Wang et al. (2005). According to the latter study, by Hamiltonian mechanics
it can be shown that due to weak interaction of eigenvalue pairs (linear independence of
eigenmodes at the critical velocity), no divergence instability exists for the travelling ideal
string.
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respect to x, and then restricting to t = 0, we can determine h(x) = 2b wx(x, 0),
and by substituting this back into (20), w(x, t) = w(x, 0) for all t.

Thus, the initial condition for the position (which must satisfy the boundary
conditions!) completely determines the solution. The other initial condition must
be wt(x, 0) ≡ 0 for compatibility. We conclude that, if this compatibility condition
holds for our initial conditions, upon a quasi-static transition to the limit state
V0 = C the displacement profile of a freely vibrating axially travelling string will
“freeze” into the shape it had when the limit state was reached.

In practice, the compatibility condition wt(x, 0) ≡ 0 is a fairly good ap-
proximation for any physically reasonable situation for this model near V0 = C,
because as we will see in subsection 2.1.4, all eigenfrequencies of the travelling
string tend to zero in the limit V0 → C.

Nevertheless, the quasi-static analysis has its limitations. It is easy to con-
struct a situation to which it is not applicable. For example, consider a case where
we initially set V0 = C − ε (with ε > 0 small), w(x, 0) ≡ 0, wt(x, 0) = f (x) 
≡ 0,
and then perform a transition to V0 → C. The quasi-static analysis cannot be
used, because the given initial condition for wt contradicts the compatibility con-
dition. A more general treatment including the effects of accelerating motion
(where V0 = V0(x, t)) for the dynamics is required if we wish to analyze such
a case. The problem of accelerating strings and beams has been studied in the
literature; see e.g. the classic paper by Mote (1975).

In conclusion for this section, the existence of a steady-state solution for the
travelling string is interesting. As we will see later (subsection 2.3.2), a steady-
state solution exists also for the panel, but the mathematical mechanism generat-
ing it is different.

For the rest of the discussion on the travelling string model, it is assumed
that V0 
= C.

2.1.4 Free vibration analysis

Let us briefly go through the derivation for an analytical solution for the free
vibrations of the axially travelling string. We will proceed in a manner similar to
Swope and Ames (1963).

Consider equation (15). A systematic way to derive the solution is the
standard approach of diagonalizing the principal part of the operator (see e.g.
Polyanin et al., 2008 or references therein). Because (15) contains only second-
order derivatives, we have only the principal part to consider.

It is known that the second-order PDE in two variables can always be trans-
formed into one of the canonical forms, depending on its type. We start with the
characteristic equation of (15), namely

a(dx)2 − 2bdxdt + c(dt)2 = 0 . (21)

Note that the coefficients a, b and c are constants. Because the discriminant b2 −
ac > 0 (as was shown above) and c 
= 0 (i.e. V0 
= C), this can be thought of as a
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second-order algebraic equation in dt/dx, with the real-valued solutions

dt
dx

=
1
c
(b ±

√
b2 − ac) . (22)

The characteristics are curves u(x, t) such that

du ≡ Adt + Bdx = 0 .

From (22), we obtain
c dt − (b ±

√
b2 − ac)dx = 0 ,

and by integrating both sides,

u±(x, t) ≡ ct − (b ±
√

b2 − ac)x = C± (23)

for the “+” and “−” terms, respectively. Assigning a value to the constants C±
(which have no relation to C!) picks one specific curve from the family of charac-
teristics; equation (23) represents the whole family. We see that the characteristics
u± for this equation are straight lines, as expected. Performing the change of
variables (leaving C± free, taking only the left-hand side)

y = u+(x, t) , z = u−(x, t) ,

the original equation (15) transforms into the first canonical form of the wave equa-
tion,

wyz = 0 .

Note that here y and z are just arbitrary labels for the transformed (x, t) coordi-
nates, and have nothing to do with the y and z axes of the laboratory coordinate
system. We change variables again, now to ξ and η such that

y = ξ − η , z = ξ + η , ⇔ ξ = (y − z)/2 , η = (y + z)/2 .

We now have the second canonical form of the wave equation,

wηη − wξξ = 0 . (24)

Performing both steps at once and letting a = 1, we have in terms of the original
coordinates the final coordinate transforms5

ξ = −
√

b2 − c · x , (25)
η = ct − bx , (26)

which can be used to transform (15) into (24) directly (for a = 1).
Lines of constant x have been transformed into lines of constant ξ, so a suit-

able separable solution in (ξ, η) of (24) will satisfy boundary conditions at con-
stant x. This solution approach is only useful for free vibration analysis, because
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FIGURE 9 The (x, t) and (ξ, η) coordinate systems in the plane. The systems share the
origin; in the diagram, the horizontal axes are shifted vertically for legibil-
ity only. The shaded parallelogram indicates an area delimited by constant
values for the (ξ, η) coordinates; on the edges of such shapes, boundary con-
ditions can be easily enforced by a solution separable in (ξ, η). Additionally,
some constant values of ξ are indicated; note that these are parallel to con-
stant x. Also note that if b 
= 0 i.e. V0 
= 0, the (ξ, η) axes are not orthogonal
(see equations (25) and (26)).
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initial conditions cannot be (easily) enforced for such a separable solution, due to
the fact that η is a linear combination of x and t. See Figure 9.

Now that there is no mixed derivative, a compact way to find the free vi-
brations of (24) in the transformed coordinates (ξ, η), is to use the standard time-
harmonic trial function

w(ξ, η) = exp(sη)W(ξ) . (27)

Substituting (27) into (24) gives

s2W − W ′′ = 0 , i.e., W ′′ = s2W . (28)

This is a linear eigenvalue problem for (s2, W). Considering (28) and the bound-
ary conditions (16), we see that the eigenfunction must be

W(ξ) = sin(ωξ) ,

and for the kth mode we have

ω = − kπ√
b2 − c

= −kπ�

Cτ
, k ∈ Z+ . (29)

In order to satisfy the PDE (24), we must have

s2 = −ω2 , i.e., s = ±iω . (30)

Thus the solution in (ξ, η) coordinates is

w(ξ, η) = exp(sη) sin(ωξ) . (31)

By transforming back using (30), (29), (26), (25), and the values for the coefficients
a, b and c from (15) and (14), we obtain the solution in (x, t) coordinates.

Explicitly, the complex-valued free vibration solution of (14), with zero Dirich-
let boundary conditions (16), for the kth vibration mode is

w(x, t) = β exp
(
∓i

kπ�

Cτ

[
(V2

0 − C2)
τ2

�2 t − V0
τ

�
x
])

sin(kπx) , (32)

where the ∓ corresponds to the ± in (30), C ≡ √
T/m, and β is free. Note that the

x and t in (32) are the dimensionless variables (13); the primes have been omitted
for brevity. The pinholes are placed at x′ = 0 and x′ = 1. Compare Wickert and
Mote (1990), and Swope and Ames (1963).

We observe that there is an exp factor in the complex-valued solution (32),
and it admits separation in x and t. That is, w(x, t) = f (x) g(t) for some f and g.

5 Warning: if we had the nonhomogeneous case, with a load function on the right-hand
side, a scale factor would need to appear in front of the load function. The factor can be
determined by making the change of variables ξ = βx, η = α1x + α2t, and working out the
coefficients α1, α2 and β by the chain rule for partial derivatives, working backward from
wηη − wξξ = f (x, t) and requiring that the resulting terms match equation (15) with a = 1.
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Specifically, g = exp. Thus, (32) represents time-harmonic behaviour, and
we can apply Bolotin’s approach for determining the dynamic stability. The sta-
bility exponent of the kth mode is the coefficient of t in the exp. From (32), we
have

s∗ = ∓ 1
C�

ikπτ(V2
0 − C2) . (33)

The symbol s∗ means that (33) is expressed in the original (x, t) coordinates, as
contrasted with the transformed (ξ, η) coordinates used in (30). Because η = ct −
bx, and no additional transformations6 were needed to produce w, the relation
between the stability exponents in the two coordinate systems is simply s∗ = cs.
The exponent s∗ is the one that determines the elastic stability behaviour.

A plot of the eigenfrequency spectrum described by equation (33), as a func-
tion of V0, is provided in Figure 10 up to mode number k = 10. The parameter
values used for T, m and � in the plot are given in Table 1 on page 155. For con-
venience, we repeat them here: T = 500 N/m, m = 0.08 kg/m2 (model seen as a
panel in the membrane limit), and � = 1. The timescale parameter was chosen as
τ = �/

√
T/m, which leads to

√
b2 − c = 1.

We see that the eigenvalues (33) come in pairs. This is a common feature of
undamped gyroscopic systems, and is due to the structure of the characteristic
equation. If s is an eigenvalue of such a system, then −s is, too. See e.g. the
paper Huseyin and Plaut (1974–1975, p. 166). (For the relation of axially moving
materials to classical gyroscopic systems, see Mote and Wickert, 1991.)

For all V0 
= C, the stability exponent s∗ is always pure imaginary. Thus, the
string will undergo undamped harmonic vibrations, as expected.7

We have obtained the following result: after a quasistatic transition from an
initial stable state (V0 = 0) to the present state (V0 nonzero), if the assumptions
of linear theory have not been violated anywhere up to that point, the stability
exponent (33) determines the behaviour of free vibrations in the present state.

Especially, the system is stable at V0 = 0. Hence, the governing PDE, (14), is
valid at least for all |V0| < C (as is indeed well-known). Whether the equation is
valid at supercritical velocities, |V0| > C, is therefore a question of whether there
exists an instability at the critical velocity, where s∗ vanishes.

Now, consider the problem as an initial boundary value problem with some
initial conditions matching a free vibration solution. Because a purely time-har-
monic vibration never exceeds its original maximum amplitude (defined as M ≡
‖w‖L∞ taken over one period), we conclude that if the original maximum ampli-
tude at V0 = 0 was “small” (M = ε, ε > 0), so is the maximum amplitude at
every V0 (as V0 is increased quasi-statically). This holds especially in the limit of
the dynamic free vibration solution as V0 → C (and respectively, as V0 → −C).
On the other hand, from subsection 2.1.3 we know that the limit solution is a
6 I.e. out of some auxiliary function defined during the solution process. We will need to do

this in the damped case, subsection 2.2.2.
7 We see that for this particular problem, since c ∈ R and s is pure imaginary, the inclusion of

the c factor does not affect how s∗ behaves when compared to the original s. The fact that in
the subcritical regime c < 0 does not affect anything, either, because of the sign ambiguity
in s. The pair of solutions simply switches roles.
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FIGURE 10 Eigenvalues of the moving ideal string, up to mode number k = 10. Ana-
lytical result, equation (33). Re s ≡ 0.
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steady state, i.e. it does not depend on time (and thus cannot blow up as t → ∞).
Gathering these facts together, the conclusion is that at least by this elementary
quasi-static analysis, there exists no instability for the axially travelling string at
V0 = ±C.

However, the argument just developed leaves open two possibilities for in-
stability. First, as was commented further above, it is easy to construct dynamic
free vibration solutions, which are not compatible with the quasi-static transi-
tion into the steady state at V0 = ±C. An analysis accounting for axial accel-
eration may be needed to remove this limitation. The second possibility is that
the coefficient in front of the eigenfunction may blow up (if we use a suitably
chosen nonzero load) as t → ∞. Deciding this question requires techniques be-
yond eigenvalue analysis. Wang et al. (2005) have considered this problem using
Hamiltonian mechanics, and report that there indeed is no instability at V0 = ±C.

From (32), the real and imaginary parts of the solution follow trivially using
Euler’s identity:

Re w(x, t) = β cos
(
∓kπ�

Cτ

[
(V2

0 − C2)
τ2

�2 t − V0
τ

�
x
])

sin(kπx) ,

Im w(x, t) = β sin
(
∓kπ�

Cτ

[
(V2

0 − C2)
τ2

�2 t − V0
τ

�
x
])

sin(kπx) .

By comparing these equations, it is obvious that the only difference between them
is a phase shift with regard to η = ct − bx, because cos(α) = sin(α + π/2) for all
α ∈ R. By substituting these into (14), one at a time, a lengthy but trivial cal-
culation verifies that both are real-valued solutions of the original equation. The
undetermined phase and amplitude are fine, because we did not specify any ini-
tial conditions. These solutions just determine possible free vibration behaviour.

Note that the complex-valued solution (32) is separable as a product of func-
tions of x and t, but its real and imaginary parts are not.

To finish this section, we list some alternative representations for the solu-
tion, and observe certain properties from them. A classical and very compact
way to solve the problem is to directly substitute (1) into (14), assume a complex
exponential space component, and solve the characteristic polynomial of W(x).
This way we obtain the complex-valued space component as

W(x) = β
[
e−ikπx(1+λ) − e+ikπx(1−λ)

]
, (34)

where λ ≡ V0/C, C ≡ √
T/m, β is free, and x is the dimensionless space co-

ordinate. From this form, it is apparent that if V0 = 0, the space component
reduces to sin(kπx), by choosing β = −1/2i and applying de Moivre’s formula.
A nonzero velocity causes a shift into both terms, and the space component be-
comes complex-valued.

For general V0, the solution (34) can be represented in the following alterna-
tive way after applying some trigonometric identities:

W(x) = γ sin(kπx)e−λkπxi , (35)
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where γ = −2iβ. From this representation, a velocity-dependent phase shift
along the string is apparent, as reported by Wickert and Mote (1990); Mote and
Wickert (1991).

Using the same notation as above, when the time component is included,
the full solution (picking the − sign for s to get rid of the ∓) can be written in the
form

w = βeiC τ
� [λ

2−1]kπt
[
e−ikπx(1+λ) − e+ikπx(1−λ)

]
, k ∈ Z

≡ βeic̃t
[
eiãx − eib̃x

]
= β

[
ei(ãx+c̃t) − ei(b̃x+c̃t)

]
,

= β
[
ei<(x,t),(ã,c̃)> − ei<(x,t),(b̃,c̃)>

]
, (36)

where ã, b̃ and c̃ are defined by the obvious identifications. The symbol < ·.· >
denotes the usual scalar product. From (36) it can be seen that the solution, when
considered in the space-time plane, is a superposition of two plane waves with
different directions of propagation.

From (36), it is also directly obvious why the real and imaginary parts of
the solution can satisfy the equation (15) separately. The differentiation in the
Coriolis term is of the second order when considered in the (x, t) plane, and this
conveniently eliminates the imaginary unit that would result from first-order dif-
ferentiation of (36) with respect to only either x or t. Indeed, we have by equation
(2) (page 47) that this separation property must hold for the original, full equa-
tion (15), but — because s∗, by equation (33), is imaginary — it cannot hold for
the space-component equation (28).

2.1.5 Summary and conclusion

We considered the classical axially moving ideal string with zero Dirichlet (pin-
hole) boundary conditions. The problem was set up following Archibald and
Emslie (1958), by transforming the classical ideal string equation from the co-
moving coordinates to the laboratory coordinates. The classical moving string
equation was thus obtained.

At the critical velocity |V0| = C, one of the terms in the PDE is eliminated,
requiring a separate analysis. This analysis was performed, and it was shown
that at the critical velocity, a steady state occurs, for which any function w(x)
satisfying the boundary conditions is a solution.

The free vibrations of the moving string for |V0| 
= C were solved following
the approach of Swope and Ames (1963). The eigenfrequencies and eigenfunc-
tions were found explicitly. The result agrees with Swope and Ames (1963), as
expected. It was seen that the eigenvalues come in pairs ±s, which is also as
expected (Huseyin and Plaut, 1974–1975, p. 166; Mote and Wickert, 1991).
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An elementary argument was developed, based on quasistatic transition
and the maximum-amplitude preserving property of time-harmonic vibration,
suggesting that the ideal string experiences no instability at the critical velocity.
A definite answer to the question requires techniques beyond eigenvalue analy-
sis; the question has been investigated by Wang et al. (2005), who found that there
indeed is no instability.

2.2 String with damping and an elastic foundation of the Winkler
type

In this section, we extend the above analysis into the case, where also first-order
derivatives and a reaction term are present in the PDE.

As was noted in the literature review, added-mass models are often used
to approximate fluid-structure interaction with surrounding air. Furthermore,
the viscosity of air is sometimes approximated by adding first-order terms to the
dynamic equation (see e.g. Vaughan and Raman, 2010, for the case of a travelling
plate), using the idea that first-order terms in an elastic equation cause damping.
The values of the viscosity coefficients are then chosen empirically.

It is fairly simple to extend the above free vibration analysis (subsection
2.1.4) to account for this situation. Since the required transformations will gen-
erate a linear reaction term regardless of whether one is present in the original
equation, we will include one right from the start for generality. The reaction
term, in this context, is also known as a Winkler foundation or elastic foundation.8

Roughly speaking, this term behaves like a grid of uniformly spaced, indepen-
dent linear springs, which have their rest levels at w(x) = 0 for each fixed x. It
is assumed that the vibrating string never breaks contact with the elastic founda-
tion.

2.2.1 Problem setup

Consider the PDE

wtt + 2bwxt + cwxx + A1wt + A2wx + Bw = 0 . (37)

Compare (15). We have fixed a = 1, and added the first-order and reaction terms.
Equation (37) is the general, constant-coefficient, second-order, autonomous (does
not explicitly contain the independent variables), homogeneous partial differen-
tial equation in two variables.

Again, we take the classical zero Dirichlet boundary conditions describing
a string travelling through two pinholes, (16). For convenience, we repeat them
here:

w(0, t) = w(1, t) = 0 ,

8 Originally investigated by Winkler (1867).
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where w = w(x, t). If there is no elastic foundation (B = 0), the setup looks the
same as for the ideal string, Figure 8 (p. 56).

2.2.2 Free vibration analysis

We will derive an analytical free vibration solution for (37) by reducing it to the
Klein–Gordon equation, for which solutions are known. We first eliminate the
Coriolis term wxt, as was done for (15) earlier. Then, standard substitutions (see
e.g. Polyanin (2004b), or the corresponding handbook from the same author) can
be used to get rid of the first-order terms.

By the same discriminant check as earlier, we know that with our definitions
for b and c, (37) is (globally) hyperbolic. We use the same coordinate transforma-
tion as above, (25) and (26), now applying it to (37). The second-order terms were
handled above, so we only need to determine the lower-order ones. The x and t
derivatives become, by the chain rule,

∂w
∂t

=
∂w
∂η

∂η

∂t
+

∂w
∂ξ

∂ξ

∂t
= c

∂w
∂η

(38)

∂w
∂x

=
∂w
∂η

∂η

∂x
+

∂w
∂ξ

∂ξ

∂x
= −b

∂w
∂η

−
√

b2 − c
∂w
∂ξ

. (39)

Note that the wx term has transformed into a linear combination in the new co-
ordinates. Thus, if we have a wx term in our equation, we need to consider the
form with the first-order terms both in ξ and η, regardless of whether the original
equation had a wt term.

Inserting (38)–(39) into (37), we have

wηη − wξξ + (A1c − A2b)wη − A2

√
b2 − c wξ + Bw = 0 . (40)

Let us compact the notation by defining

β = A1c − A2b (41)

κ = A2

√
b2 − c , (42)

so that (40) becomes

wηη − wξξ + βwη −κwξ + Bw = 0 . (43)

The signs of β and κ have been chosen so that the signs of the first-order terms
match the second-order ones.

Next, we will get rid of the first-order terms. We substitute

w(ξ, η) := exp(αη) v(ξ, η) .

The new unknown function v is still a function of both ξ and η, so no new assump-
tions are made about the solution. By choosing α suitably, the wη term can be
eliminated and only zeroth- and second-order derivatives in η will remain. The
resulting factor exp(αη) that is common to all terms is obviously irrelevant. This
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is the technique that transforms the telegraph equation into the Klein–Gordon
equation, and it can be found in standard references (e.g. Polyanin, 2004b and
references therein). Then, a similar substitution can be made to get rid of the wξ

term.
Performing both steps simultaneously, the substitution that eliminates both

wξ and wη is

w(ξ, η) = exp
(
−β

2
η − κ

2
ξ

)
u(ξ, η) , (44)

where u(ξ, η) is a new unknown function. Note that the asymptotic behaviour of
the solution will depend on the sign of β, i.e. the signs and relative magnitudes of
A1 and A2. Also note that because c < 0, the sign of the time term has switched:
thus η ∝ −t. If both A1 and A2 are positive, then β is negative. Thus (−β)(−t) is
negative and the damping introduces a time-decaying factor, as expected.

It is slightly more difficult to see toward which end of the domain the so-
lution will be skewed due to the −(κ/2)ξ term, but a similar argument can be
developed. By physical intuition, one would expect the viscosity to cause the so-
lution to decay toward the direction of axial motion. However, this depends on
the relative magnitudes of b and A2, as both ξ ∝ −x and η ∝ −x, and the signs of
these terms in (44) are different (assuming positive A2).

With the substitution (44), and neglecting the common exp factor, equation
(43) becomes

uηη − uξξ +
1
4

(
κ

2 − β2 + 4B
)

u = 0 .

Defining the new constant

γ =
1
4

(
β2 −κ

2 − 4B
)

, (45)

we can write
uηη − uξξ = γu , (46)

which is the Klein–Gordon equation.
We see immediately that the special case γ = 0 has the same form as a

classical travelling string with no damping or reaction terms, which was already
handled above. Thus the solution in the special case is (44), where u(ξ, η) is given
by the w in equation (31), for which s and ω are determined by (30) and (29)
respectively. Below, we assume γ 
= 0.

The final task is to find a free vibration type solution for (46). In the trans-
formed coordinates, let us use the classical trial function:

u(ξ, η) = exp(sη)U(ξ) , (47)

where s is the complex eigenfrequency on the η axis. Inserting (47) into (46) and
neglecting the common exp factor gives

s2U − U′′ = γU , i.e. U′′ = (s2 − γ)U . (48)
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Equation (48) is an eigenvalue problem for (s, U). It differs from the previous
case in only that the eigenvalue has shifted from s2 to s2 − γ. Thus, by (48) and
the boundary conditions (16), we again have

U = sin(ωξ) , (49)

where ω is to be determined from (16). Again, a quick inspection of the boundary
conditions (16) suggests that

ω = − kπ√
b2 − c

= −kπ�

Cτ
, k ∈ Z+ ,

i.e. we have the same solution for ω, equation (29), as in the original undamped
case. Same remark about applying the boundary conditions via a separable solu-
tion applies as in the original case: lines of constant x have been transformed into
lines of constant ξ (refer to Figure 9, p. 62).

Substituting (49) into (48), we obtain

−ω2U = (s2 − γ)U ,

and thus
s2 = γ − ω2 ⇔ s = ±

√
γ − ω2 . (50)

We see that the quantity s2 is always real; thus s is always either pure imaginary
or pure real. However, before we make any elastic stability conclusions from
this, we must apply the backtransformation (44). The transformation has made
the problem easier to solve, but in the transformed space, the stability behaviour
differs from the original. This is because the transformed problem is missing the
damping terms.

The kth complex eigenfrequency s in (ξ, η) coordinates is found from (50)
and (29) as

s2 = γ − k2π2

b2 − c
= γ − k2π2�2

τ2C2 . (51)

The transformed solution in the transformed coordinates is then

u(ξ, η) = exp(sη) sin(ωξ) , (52)

which is of the same form as (31) in the previous problem, but now with s given
by (51).

By applying the backtransformations (51), (45), (44), (42), (41), (29), (26), and
(25), the solution (52) can be converted to the original (x, t) coordinate system.

2.2.3 Explicit expression for eigenfrequencies

Let us perform the backsubstitution part of the way. This will serve as a simple
example for the analysis of complex-valued eigenfrequencies that will be done
numerically to our main system of interest, beginning in Section 6.3.
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For dynamic stability analysis via Bolotin’s approach, we need the coeffi-
cient of t in the resulting exp. Using (52) and (44), the full solution in (ξ, η) coor-
dinates, including the damping terms, is

w(ξ, η) = exp
(
−β

2
η − κ

2
ξ

)
exp(sη) sin(ωξ) .

This separates as

w(ξ, η) = exp
([

s − β

2

]
η

)
· exp(−κ

2
ξ) sin(ωξ) .

Note that ξ does not contribute to the component that will eventually involve t.
This is important, so that we can extract exp(ĉt) as an independent factor (where
ĉ is some constant coefficient). Because again by (26) we have η = ct − bx, we see
that for this problem, the coefficient of t in the exp in the final complex-valued
(x, t) solution is

s∗ = c[s − β/2] = c
[
±
√

γ − ω2 − β/2
]

, (53)

where the last form follows from (50), γ is given by (45), β by (41), and ω by
(29). Again, the symbol s∗ means that (53) is expressed in (x, t) coordinates (as
opposed to (ξ, η) coordinates). We will plot (53) for some choices of parameter
values in subsection 2.2.5; see Figures 11–21.

The value (53) determines the stability of the modified system. Due to the
β/2 term, we see a global (but V0-dependent) shift along the real axis for all eigen-
values. This is typical for damped systems (Bolotin, 1963).

The contribution of the damping term is always purely real. It is likely that if
we take physically meaningful values for all coefficients, −cβ < 0 and the square
root is imaginary. In such a case, (53) represents exponentially decaying time-
harmonic vibrations. We can be a bit more exact. In the subcritical regime, c < 0,
and if A1 > 0 and A2 ≥ 0, then β < 0 for positive V0 (see equations (41), (14) and
(15)). If A2 = 0, this holds also for negative V0. If A2 > 0, negative V0 will reduce
the magnitude of β, but for sufficiently small V0, β will remain negative. Hence
cβ > 0, and −cβ < 0, at least near V0 = 0.

In the limit V0 → C (or V0 → −C), we have s∗ → 0 just like for the un-
damped system. This suggests the existence of a steady state there. However,
keep in mind that our solution is only applicable if c 
= 0 (i.e., V0 
= C), because
at this one point the wxx term disappears from (37) and our coordinate transfor-
mation is no longer valid. To determine the situation at V0 = C, we would need
to solve the special case c = 0 separately, as was done for the undamped system
in subsection 2.1.3.

Note the dependence of the quantities in (53) on the axial velocity: c =
c(V0), β = β(b, c) = β(V0) and γ = γ(β) = γ(V0). The quantity ω = ω(k)
does not depend on the velocity (see (29); the solution is required to fulfill the
boundary conditions, which do not depend on the velocity), but depends on the
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number of the vibration mode; thus each mode has a different base frequency (at
V0 = 0), as expected. These frequencies also differ from the ones of the undamped
system; if γ > 0, the frequencies of the modified system are lower than those of
the original, and if γ < 0, higher.

If γ < ω2, the quantity under the square root is negative, and the con-
tribution of this term is purely imaginary (it represents time-harmonic vibra-
tions). From (29), we see that |ω(k)| increases as the mode number k increases.
Thus at V0 = 0, the negativity criterion breaks most easily at the low end. If
∃ k0 : ω(k)2 < γ ∀ 1 ≤ k ≤ k0 (first few modes), these modes cannot vibrate, but
either just decay or grow exponentially, depending on the sign of the resulting
s∗. Note that this also depends on the sign and relative magnitude of β. Because
γ = γ(V0), the other way the criterion can break is when |V0| is “large enough”,
due to the β2 term in γ, which leads to a fourth-degree polynomial with a positive
leading coefficient. This suggests that asymptotically, we always have Im s∗ = 0.
We will observe both phenomena in the plots in subsection 2.2.5, but first we will
do a proper stability analysis.

2.2.4 Instability thresholds

In this section we will analyze the real and imaginary parts of (53), and extract an
important asymptotic property.

Steady-state solutions Let us concentrate on the whole expression first. Upon
backsubstituting in terms of b = V0τ/�, c = (V2

0 − C2)τ2/�2 and C =
√

T/m
(note that these are connected by the relation c = b2 − C2τ2/�2), for the kth mode
equation (53) becomes

s∗ = c

[
±
√

1
4

[
(A1c − A2b)2 − (A2C

τ

�
)2 − 4B

]
− k2π2�2

τ2C2 − 1
2
(A1c − A2b)

]
.

(54)
This may be zero if c = 0, or if the parenthetical expression is zero. The former
case was already analyzed, leading to the solutions V0 = ±C. In the latter case,
for a fixed k,

f±(V0; k) ≡ ±
√

1
4

[
(A1c − A2b)2 − (A2C

τ

�
)2 − 4B

]
− k2π2�2

τ2C2

− 1
2
(A1c − A2b) = 0 . (55)

This is a set of two functions, each corresponding to a different eigenvalue s∗.
Because the second term is always real-valued for real V0, we see that (55)

can hold only if the first term is real. Thus, if a solution exists, the quantity under
the square root must be nonnegative, i.e. γ(V0)− ω(k)2 ≥ 0. The conditions for
this were analyzed above.

We see that the sign of the first term of (55) depends only on the sign chosen
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in the ±. We observe that (55) is of the form

f±(a1, a2) = ±
√

a2
1 + a2 − a1 , (56)

where a1 ≡ β/2 = (A1c − A2b)/2, and we have collected the rest of the terms
under the square root into a2. If a1 > 0, only the function f+ can be zero, and
additionally it must hold that a2 = 0. Similarly, if a1 < 0, only f− can be zero,
and again we must have a2 = 0. However, a2 does not depend on V0; only a1
does. Thus, in either case, (55) has no solution in terms of V0. Finally, since it has
no solution in the case γ(V0)− ω(k)2 < 0, either, we conclude that equation (55)
has no (real) solutions at all (in terms of V0).

Finally, note that for certain very special parameter combinations, a2 may
vanish for a single mode number k. Because all other quantities in a2 are squared,
this can only occur if B < 0, i.e. the reaction coefficient (elastic foundation mod-
ulus) is negative. This is unrealistic, but for completeness of mathematical treat-
ment we will make some remarks. In this case, f+ = 0 for all V0 for which a1 > 0,
and f− = 0 for all V0 for which a1 < 0. Assuming positive A1, A2 and b, we have
that c, and hence a1, is negative for all |V0| < C, and positive for all |V0| > C.
Thus, for this very special case, the eigenvalue corresponding to the + sign in
(55) vanishes for all |V0| > C, and the one corresponding to the − sign vanishes
for all |V0| < C. We conclude that under the purely theoretical condition of a
negative, specially chosen value for foundation modulus B, a steady-state solu-
tion may develop for this equation at any V0.

Excluding the special case, s∗ can pass through the origin only at V0 = ±C.
If there are other instability thresholds, they must be of the dynamic type (Re s∗ =
0 with Im s∗ 
= 0).

We have fully analyzed the case γ(V0)−ω(k)2 ≥ 0. Next we will investigate
what happens when γ(V0)−ω(k)2 < 0, making the square root in (54) imaginary.

Real part Let us look for the dynamic instability thresholds. We will attempt
to find the remaining zeroes of the real part of s∗, if any exist. For the sake of
simplicity, let us assume that A1 and A2 do not depend on V0. (We will remark
upon introducing this dependence in A2 at the end.) When γ(V0)− ω(k)2 < 0,
we have

Re s∗ = − c
2
(A1c − A2b)

= − c
2

[
A1(V2

0 − C2)
τ2

�2 − A2V0
τ

�

]

= − c
2

[(
A1

τ2

�2

)
V2

0 +
(
−A2

τ

�

)
V0 +

(
−A1C2 τ2

�2

)]
, (57)

where the parenthetical expression is a second-order polynomial in V0. With the
c in the front, Re s∗ is a fourth-order polynomial in V0. Two of its zeros are,
of course, the aforementioned V0 = ±C. The other two zeros are those of the
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parenthetical term. A simple calculation finds that

Vcrit
0 =

1

2A1
τ2

�2

(
A2

τ

�
±
√

A2
2

τ2

�2 + 4A2
1C2 τ4

�4

)

=
1
2

A2

A1

�

τ
±
√

1
4

A2
2

A2
1

�2

τ2 + C2

= M ±
√

M2 + C2 (58)

where we have defined

M ≡ 1
2

A2

A1

�

τ
. (59)

The points (58) are the flutter instability thresholds. We can see that they depend
on the relative magnitude of the viscosity terms, and on T and m (via C). They
do not depend on k, because (57) now does not involve the γ(V0)− ω(k)2 term.

Because the quantity under the square root in (58) is always positive, Vcrit
0

is always real. Thus, these thresholds exist, if and only if (57) is a valid represen-
tation for Re s∗ at that value of V0. That is, if we compute Vcrit

0 from (58)–(59),
and find for a given mode number k that γ(Vcrit

0 )− ω(k)2 < 0, then the threshold
exists for that mode k.

If we find that γ(Vcrit
0 ) − ω(k)2 > 0, the threshold does not exist for the

mode k. This is because if γ(Vcrit
0 ) − ω(k)2 > 0, then (57) is not applicable at

that value of Vcrit
0 . In principle, the threshold should then be solved from the full

expression (54), since all terms contribute to the real part. However, as we saw
above, in that case there is no solution in terms of V0.

Doing all the backsubstitutions, we obtain the function γ(V0) from (45) as

γ(V0) =
1
4

(
β2 −κ

2 − 4B
)

=
1
4

(
(A1c − A2b)2 − A2

2(b
2 − c)− 4B

)
=

1
4

(
A2

1c2 − 2A1A2cb + A2
2b2 − A2

2b2 + A2
2c
)
− B

=
1
4

(
A2

1c2 − 2A1A2cb + A2
2c
)
− B

=
1
4

c
(

A2
1c − 2A1A2b + A2

2

)
− B

=
1
4

[
V2

0 − C2
] τ2

�2

(
A2

1

[
V2

0 − C2
] τ2

�2 − 2A1A2V0
τ

�
+ A2

2

)
− B . (60)

It was noted above that Vcrit
0 does not depend on k. Recall that ω(k) = kπ�/(τC);

hence ω grows with increasing k. Thus, when the mode number k becomes large
enough, it will always be the case that γ(Vcrit

0 )−ω(k)2 < 0, and the flutter thresh-
old (58)–(59) exists (i.e. there will be a point such that Re s∗ = 0).

Now, let us consider the asymptotic behaviour of (57) in terms of V0. For
completeness of analysis, let us handle the unrealistic case A1 < 0 (negative
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damping, i.e. amplification) first. In this case, the coefficient of the highest-order
term in (57) is positive (if we expand the c in front, too); thus the expression is
positive for any V0 that is smaller than the smallest real root, or larger than the
largest real root of the fourth-degree polynomial. This corresponds to an instabil-
ity as |V0| increases (quasistatically) without bound.

The case A1 > 0 is more problematic. Now the coefficient of the highest-
order term in (57) is negative. As |V0| increases without bound, the expression
eventually becomes negative and its magnitude grows indefinitely. This seems to
imply that the strength of damping increases without bound as V0 → ±∞. For
some parameter values, we will see numerically that this indeed happens.

However, here we must be careful. Recall that equation (58) is valid only if
γ(Vcrit

0 )− ω(k)2 < 0. For some parameter values, this criterion may fail as |V0|
increases without bound. As was mentioned, in these cases, the full expression
(54) must be used for the real part instead of (57).

The conclusion from the analysis of the real part is that up to two additional
values of V0 may exist at which the damping vanishes (Re s∗ = 0), and these
values are the same for each mode k.

The coefficient A1 controls the amount of damping in the ∂/∂t term in (37).
From (59) we see that in the limit of vanishing A1, |M| increases without bound,
and the thresholds approach 0 and ±∞ (the ± depending on the sign of A1).
Trivially, the threshold that approaches 0 corresponds to no damping at V0 = 0 in
the limiting case of vanishing fluid viscosity.

The coefficient A2 controls the damping in the ∂/∂x term. If it is zero, the
flutter thresholds are placed symmetrically around the origin. If it is nonzero,
there is a shift. This is as expected: considering the physics of the situation, the
value of A2 depends linearly on the axial velocity (in the Euler coordinates) of
the surrounding fluid, and possibly that of the moving string (or panel). We
will finalize the handling of this issue at the end of Section 3.2. For now, it is
sufficient to know that if the whole fluid mass is assumed to move along with the
travelling panel, instead of having an independent axial velocity, there will be a
linear dependence on V0; otherwise not. If there is a linear dependence on V0 in
A2, this changes the coefficient of V2

0 in (57).

Imaginary part Now, let us investigate the imaginary part. The thresholds for
its zeroes indicate the start and end of ranges where a given mode may either
vibrate (depending on the real part, in a stable manner, or in an exponentially
growing or decaying manner), or only grow or decay exponentially.

The imaginary part of sxt is nonzero only if γ(V0)− ω(k)2 < 0. When this
occurs, we have from (54) that

i Im s∗ = ±c

√
1
4

[
(A1c − A2b)2 − (A2C

τ

�
)2 − 4B

]
− k2π2�2

τ2C2 . (61)

The zeroes of this expression occur at c = 0 (i.e. V0 = ±C), and at where the
quantity under the square root is zero. For the latter, we have a fourth-degree
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polynomial equation in V0,

4 · p4(V0; k) ≡ (A1c − A2b)2 −
[
(A2C

τ

�
)2 + 4B + 4

k2π2�2

τ2C2

]
= 0 (62)

⇔ (A1c − A2b)2 =

[
(A2C

τ

�
)2 + 4B + 4

k2π2�2

τ2C2

]

⇒ A1c − A2b = ±
√
(A2C

τ

�
)2 + 4B + 4

k2π2�2

τ2C2

⇔
(

A1
τ2

�2

)
V2

0 +
(
−A2

τ

�

)
V0 +

(
−A1C2 τ2

�2

)
= ±

√
(A2C

τ

�
)2 + 4B + 4

k2π2�2

τ2C2 ,

(63)

which, if A1 and A2 are independent of V0, is a set of two second-degree polyno-
mials in V0 (one for each choice of sign in ±). Let us call them p+2 (V0; k) and
p−2 (V0; k). In (63), we have factored the original equation (62) as p4(V0; k) =
p+2 (V0; k) · p−2 (V0; k) = 0. Note that both signs in (63) correspond to the same
eigenvalue s∗. This ± is independent of the ± in (61), which corresponds to dif-
ferent eigenvalues.

If A2 depends on V0, we cannot take the square root, but must solve the
original fourth-degree problem directly instead.

In either case, because we have a fourth-degree polynomial, we see that for
each mode k, there may be up to four additional values of V0, where Im s∗ = 0.
These are different for each mode k, due to the right-hand side of (63), which
contains ω(k). Thus these thresholds (if they exist) are spread out on the V0 axis,
in terms of mode number k.

We also see that regardless of the sign of A1, the coefficient of the leading
term (V4

0 ) is positive. Thus, for any V0 smaller than the smallest real root of p4,
and for any V0 larger than the largest real root of p4, we have p4(V0; k) > 0. On
the other hand, p4(V0; k) = γ(V0) − ω(k)2; it is the quantity under the square
root in (54). In regions where it is positive, Im s∗ = 0 as was noted above, and the
square root contributes to Re s∗ instead.

We have obtained an asymptotic result. For this system, eventually the
imaginary part of each mode will reach zero, as |V0| increases without bound.
We conclude that if any flutter type instabilities exist for this system, they must
occur within such limits for |V0| that |Im s∗| 
= 0 is possible.

Outside the range of real roots of p4(V0; k) in terms of V0, any instabilities
must be of the divergence type. However, for such values of V0, all terms in (54)
contribute to the real part. As was shown above, the only zeroes of the full ex-
pression are located at V0 = ±C. Hence, outside the real root range of p4(V0; k),
the real part (being continuous in V0) cannot change sign. The conclusion is that
the only possible divergence instabilities of this system are at V0 = ±C.
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2.2.5 Graphical representations

This problem is already complicated enough that in addition to the solution in
equation form, it is useful to have a visualization. Some eigenfrequency spectra
described by equation (53) are plotted in Figures 11–21 for various values of the
damping parameters A1 and A2. We have plotted up to mode number k = 10.
The properties that were analytically shown above can be observed in the pic-
tures.

Two kinds of plots are presented. Let λ = V0/C = V0/
√

T/m. The first kind
of plot is a full 3D visualization in (λ, Re s, Im s) space, tracing out the eigen-
values as functions of λ. The second kind is the projection of the first onto the
(λ, Re s) and (λ, Im s) planes. Both projections are plotted into the same image,
with red (dark) lines denoting the real parts and blue (light) lines the imaginary
parts. In the projection, the values λ = ±1 are indicated with a dashed line if they
fall inside the plot range. Note that in the projection, several eigenvalues may fall
onto the same point in the image; the 3D plots can be used to ease interpretation.

The values of the other parameters used in the plots are given in Table 1 on
page 155. For convenience, we repeat them here: T = 500 N/m, m = 0.08 kg/m2

(model seen as a panel in the membrane limit), and � = 1. The timescale param-
eter was chosen as τ = �/

√
T/m, which leads to

√
b2 − c = 1. Additionally for

this model, there was no elastic foundation; B = 0.
The effect of the elastic foundation is not shown in the pictures, because to

illustrate the effect of damping already requires quite a few examples, and there
was not much difference in the results. It was found that if B > 0, the imaginary
parts of the modes pack closer together, and there is more space between the low-
est mode and the real axis. Otherwise the results were found to be very similar to
the ones shown. Qualitative similarity is of course to be expected, because as was
mentioned at the beginning, the solution process generates the linear reaction
term, regardless of whether such a term is present in the original problem.

Four major cases are illustrated. First, in Figures 11–14 is the case of purely
time-dependent, light damping. For this first case, four different zoom levels are
shown, illustrating respectively the asymptotic behaviour for large λ, the point
where the imaginary part of the first mode vanishes, the subcritical regime, and
the critical region. We observe that Re s∗ ≤ 0 for all V0. We see that, as was an-
alyzed, the imaginary part vanishes for different modes at different values of V0.
It is also seen that asymptotically, the imaginary part vanishes for all modes, and
each eigenvalue pair settles onto purely real values diverging from each other.

In Figures 15–16, the case with purely time-dependent heavy damping is
shown. Here we show two zoom levels, illustrating the asymptotic behaviour
and the subcritical regime. The local behaviour near the critical point looks very
similar to the first case, and is not shown. Here also Re s∗ ≤ 0 for all V0. We
see that if the damping is strong enough, some modes start out as real-valued at
V0 = 0. This illustrates the remark about the case where γ(V0 = 0) < ω(k)2 at
the end of subsection 2.2.3.

The asymmetric case, with nonzero A2 introducing a space-dependent com-
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ponent in the damping, is illustrated in Figure 17. Only the asymptotic behaviour
is shown. We observe that the behaviour is otherwise similar to the first case, but
now the “handles” (onion-shaped regions of nonzero Im s∗) have become asym-
metric with respect to V0. Compare Figure 11, where one “handle” of the sym-
metric case can be seen. The subcritical regime and the local behaviour near the
critical point look very similar to the symmetric case, so they are not presented
separately.

In the final Figures 18–21, we illustrate what happens when A2 = V0A1,
i.e. when the damping coefficients assume the form that is generated by a La-
grange (convective, material) derivative. The four different zoom levels show the
asymptotic behaviour, the subcritical regime, the critical region, and the type of
the instability, respectively. The behaviour is again symmetric with respect to V0.

In this last case, we observe an interesting phenomenon. Figure 20 indi-
cates that the damping has introduced an instability, which did not exist in the
undamped system! This general effect of dissipation-induced destabilization,
known as Ziegler’s paradox, was discovered in 1952 (Kirillov and Verhulst, 2010).
For some more examples of the topic, see also e.g. Datko and You (1991); Freitas
et al. (1997); Krechetnikov and Marsden (2006).

Zooming further in, Figure 21 shows that the instability at λ = ±1 is of a
special flutter type. The eigenvalues pass through the origin, but on the super-
critical side of the critical point, |Im s∗| > 0 for all modes at λ = 1 + ε with ε > 0
“small enough”. From the Figure, with the parameter values used the upper limit
for ε is slightly under εmax ≈ 0.004. The imaginary part of the lowest mode van-
ishes first, and modes with different k do not interact (in this problem), so we can
be sure that this same behaviour occurs even if we account for higher values of
mode number k.

2.2.6 Summary and conclusion

Using the method of Swope and Ames (1963), the free vibrations were solved
analytically for a moving string including damping and an optional elastic foun-
dation term. The eigenfrequencies and the eigenfunctions were both obtained.
The eigenfrequencies were illustrated graphically for various choices of damping
parameter values. The derived analytical results provide a general qualitative de-
scription of the stability behaviour of the damped moving string. What remains
is to provide such a description, which we will do now.

In realistic cases, all modes start as stable and damped at V0 = 0. Excessive
amounts of damping may cause some eigenvalues to become purely real at V0 =
0, leading to modes that cannot vibrate, but only decay exponentially. Although
it was not rigorously verified, the dynamic analysis suggests that some sort of
steady state exists at V0 = ±C.

If the model is studied as a purely mathematical object, the modes eventu-
ally settle, one pair at a time, into a state with Im s∗ = 0 as |V0| grows without
bound. The eventual sign of the real part may depend on the problem parame-
ters, but (for each mode separately) the sign cannot change after the point where
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FIGURE 11 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = 0. Dimensionless velocity λ = [0, 10], showing asymptotic behaviour
for large λ. The solution is symmetric with respect to λ = 0, hence only
the positive half is shown. Top: 3D plot in (λ, Re s, Im s) space. Bottom:
projections onto the (λ, Re s) and (λ, Im s) planes. In the projection, blue
(light) line denotes imaginary part, red (dark) line real part.
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FIGURE 12 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = 0. Dimensionless velocity λ = [0, 3.5], showing the point where the
first mode becomes purely real. The solution is symmetric with respect to
λ = 0, hence only the positive half is shown. Top: 3D plot in (λ, Re s, Im s)
space. Bottom: projections onto the (λ, Re s) and (λ, Im s) planes. In the
projection, blue (light) line denotes imaginary part, red (dark) line real part.



82

0 0.2 0.4 0.6 0.8 1

−0.4
−0.3

−0.2
−0.1

0
−30

−20

−10

0

10

20

30

V0 / V0D

n
0
 = 10, A1 = 1, A2 = 0, B = 0

Re(s)

Im
(s

)

0 0.2 0.4 0.6 0.8 1

−30

−20

−10

0

10

20

30

V0 / V0D

R
e(

s)
, I

m
(s

)

n
0
 = 10, A1 = 1, A2 = 0, B = 0

Re(s)
Im(s)

FIGURE 13 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = 0. Dimensionless velocity λ = [0, 1.1], showing the subcritical regime.
The solution is symmetric with respect to λ = 0, hence only the positive half
is shown. Top: 3D plot in (λ, Re s, Im s) space. Bottom: projections onto the
(λ, Re s) and (λ, Im s) planes. In the projection, blue (light) line denotes
imaginary part, red (dark) line real part.
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FIGURE 14 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = 0. Dimensionless velocity λ = [0.9, 1.1], showing local behaviour
near the critical point λ = 1. The solution is symmetric with respect to
λ = 0, hence only the positive half is shown. Top: 3D plot in (λ, Re s, Im s)
space. Bottom: projections onto the (λ, Re s) and (λ, Im s) planes. In the
projection, blue (light) line denotes imaginary part, red (dark) line real part.
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FIGURE 15 Eigenvalues of the damped moving string. Damping parameters A1 = 20,
A2 = 0. Heavy damping generates some purely real eigenvalues at λ = 0.
Dimensionless velocity λ = [0, 3.5], showing asymptotic behaviour for
large λ. The solution is symmetric with respect to λ = 0, hence only the
positive half is shown. Top: 3D plot in (λ, Re s, Im s) space. Bottom: projec-
tions onto the (λ, Re s) and (λ, Im s) planes. In the projection, blue (light)
line denotes imaginary part, red (dark) line real part.
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FIGURE 16 Eigenvalues of the damped moving string. Damping parameters A1 = 20,
A2 = 0. Heavy damping generates some purely real eigenvalues at λ = 0.
Dimensionless velocity λ = [0, 1.1], showing the subcritical regime. The
solution is symmetric with respect to λ = 0, hence only the positive half is
shown. Top: 3D plot in (λ, Re s, Im s) space. Bottom: projections onto the
(λ, Re s) and (λ, Im s) planes. In the projection, blue (light) line denotes
imaginary part, red (dark) line real part.
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FIGURE 17 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = 2. Nonzero A2 makes the spectrum non-symmetric with respect to
λ. Dimensionless velocity λ = [−10, 10], showing asymmetric global struc-
ture, and asymptotic behaviour for large λ. Top: 3D plot in (λ, Re s, Im s)
space. Bottom: projections onto the (λ, Re s) and (λ, Im s) planes. In the
projection, blue (light) line denotes imaginary part, red (dark) line real part.
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FIGURE 18 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = V0A1. Dimensionless velocity λ = [0, 3.5], showing asymptotic be-
haviour for large λ. The solution is symmetric with respect to λ = 0, hence
only the positive half is shown. Top: 3D plot in (λ, Re s, Im s) space. Bot-
tom: projections onto the (λ, Re s) and (λ, Im s) planes. In the projection,
blue (light) line denotes imaginary part, red (dark) line real part.
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FIGURE 19 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = V0A1. Dimensionless velocity λ = [0, 1.1], showing the subcritical
regime. The solution is symmetric with respect to λ = 0, hence only the
positive half is shown. Top: 3D plot in (λ, Re s, Im s) space. Bottom: projec-
tions onto the (λ, Re s) and (λ, Im s) planes. In the projection, blue (light)
line denotes imaginary part, red (dark) line real part.
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FIGURE 20 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = V0A1. Dimensionless velocity λ = [0.9, 1.1], showing local behaviour
near the critical point λ = 1. The solution is symmetric with respect to
λ = 0, hence only the positive half is shown. Top: 3D plot in (λ, Re s, Im s)
space. Bottom: projections onto the (λ, Re s) and (λ, Im s) planes. In the
projection, blue (light) line denotes imaginary part, red (dark) line real part.
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FIGURE 21 Eigenvalues of the damped moving string. Damping parameters A1 = 1,
A2 = V0A1. Dimensionless velocity λ = [0.99, 1.01], showing the type of
the instability. Projections onto the (λ, Re s) and (λ, Im s) planes. Blue
(light) line denotes imaginary part, red (dark) line real part.
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Im s∗ becomes zero.
There may exist up to two flutter thresholds (in total, accounting for both

signs of V0), depending on the problem parameters. These thresholds are the
same for all modes k.

An asymmetry (in terms of V0 reflected upon the origin) may be introduced
by the damping. This applies both to the flutter thresholds, if they exist, and
to the thresholds of V0 for Im s∗ = 0 (governed by the polynomial p4(V0; k),
equation (62)). This is as expected for axially flowing fluid, which introduces an
asymmetry to the physics of the situation.

At some values of V0, different for each k, the zeroes of p4(V0; k) may be
reached. At these points, pairs of eigenvalues will switch between a complex
conjugate state and a state of real values centered upon a common, moving point
on the real axis. The common point is governed, as a function of V0, by the other
term of (54). The location of the common point is independent of the mode num-
ber k.

There may be up to four such switching points (in terms of V0) for each
mode k, and they occur at different V0 for different k. We know that asymptot-
ically in terms of |V0|, the imaginary part of each mode becomes zero. Because
(54) is continuous as a function of V0 and all quantities under the square root are
real, compatibility with the asymptotic result for any mode that has Im s∗ 
= 0 at
V0 = 0 takes up one pair of switching points (one for each “direction”, i.e., sign
of V0).

For such modes, we thus have up to two unallocated points left. If a second
switch happened in each direction, this would make the mode imaginary again,
and we would be left without remaining switches. This would contradict the
asymptotic result. It follows that such modes can switch only once per direction,
or — if the asymmetry is strong enough — possibly three times on one side of the
origin and exactly once on the other side.

Modes that have Im s∗ = 0 at V0 = 0 (i.e. are initially purely real) may
switch twice per direction, four times in one direction only, or not at all.

The conclusions from the performed analysis are as follows. From the eigen-
value problem it follows that there are a countably infinite number of modes k.
As is clear from the equations for s∗, the eigenvalues form pairs due to the square
roots, which admit both signs. The collision of two eigenvalues is a zero of the
expression under the square root. This expression is a polynomial in V0; thus a
polynomial structure underlies the collisions. Especially, the number of possible
collisions for each eigenvalue pair is finite and small. What the last two results
mean is that in favourable circumstances, an eigenvalue pair may “bounce” a few
times between complex conjugates and a pair of real values, until it runs out of
polynomial zeroes, and (for the particular system just analyzed) settles upon real
values that diverge from each other as |V0| is increased.

Together these facts fully explain qualitatively the “eigenvalue dynamics”
of this system in terms of V0: the complex conjugate symmetry, the pairing, and
upon collision of eigenvalues, the switching between complex conjugates and a
pair of real values centered upon a common point.
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Note that in the system that was analyzed in this section, each eigenvalue
pair (with matching k) is fully independent of all other pairs (with different k). It
should be emphasized that in this particular system, each eigenvalue can interact
only with its own pair, as a consequence of the square root structure. This will be
seen, at least numerically, not to hold for the more complicated system that is the
main topic of interest in the present work (see especially Figure 66 on page 202).

Nevertheless, the damped system is already one step up in complexity from
the undamped case, where the eigenvalues come in pairs, but do not interact at
all. In the undamped system, there is no square root in the expression for sxt.
Thus, the only thing that happens at V0 = C for that very simple system, is that
each eigenvalue independently switches sign.

The damped moving string is one of the simplest representative examples
that exhibits some of the eigenvalue dynamics of more complex problems in this
class. As we saw, the analysis of this system already required some work, and
not everything could be solved in a closed form (due to the fourth-degree poly-
nomials determining the zero thresholds of Im s∗). It is clear that this is already
close to the limit of what is sensible to do analytically. For more complex systems,
numerical analysis is the only sensible possibility for investigating the behaviour
of the eigenvalues. We will perform such an analysis on our main problem of
interest in Section 6.3.

2.3 The axially moving panel

Now we will move on to the travelling panel, for which nonzero bending rigidity
is allowed. From this point on, we will leave out damping, and study only the
conservative model. The purpose of this section is to introduce the model of the
moving panel, and review some results on the behaviour of the travelling panel
in vacuum.

2.3.1 Governing equation and boundary conditions

The equation of small transverse vibrations of a travelling panel is

mwtt + 2mV0wxt +
(

mV2
0 − T

)
wxx + Dwxxxx = 0 . (64)

See setup in Figure 22.
A new term Dwxxxx has been introduced, when compared to the string

equation (12). This term represents the reaction force arising from bending re-
sistance. The quantity D is the bending rigidity (Timoshenko and Woinowsky-
Krieger, 1959, p. 5; also known as cylindrical rigidity):

D =
Eh3

12(1 − ν2)
, (65)

where E is the Young modulus, h the thickness of the panel, and ν the Poisson
ratio. Note that in beam theory, instead of the (cylindrical) bending rigidity, the
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FIGURE 22 Axially moving panel. The finite thickness depicts bending rigidity. The
roller symbols represent simple supports, with presence of axial motion.
The function w(x, t) is the transverse displacement of the midplane.

flexural stiffness EI is used, where E is the Young’s modulus, and I is the second
moment of inertia of the beam cross-section. This difference causes the units of D
(Pa · m3 = Nm) and EI (Pa · m4 = Nm2) to differ. This is not surprising, since the
interpretation of the panel and beam models is different, even though they share
some of their mathematical form.

Again, for the panel, the consistent choice is to take m as the mass per unit
area, while for the beam, mass per unit length is used. For the panel, equation
(64) represents pressures.

Equation (64) is of the fourth order in x (and, respectively in Lagrange coor-
dinates, in ξ), so we need two more boundary conditions when compared to the
case of the string. Just like in beam theory, the two customary choices for panel
boundary conditions are as follows. Refer to Figure 23 for illustrations.

The simply supported (also known as pinned, hinged and by the abbreviation
S) boundary conditions are

w(−�, t) = w(�, t) = 0 (66)
wxx(−�, t) = wxx(�, t) = 0 . (67)

The condition (67) arises by requiring that the bending moment at the boundary
points is zero. Since wxx on the other hand is a rough measure of the curvature9 in
the small displacement regime, an alternative (convenient, but not fundamental)
way to view this is that (67) requires that the curvature of the panel is zero at the
boundaries. The simply supported conditions represent a panel (or beam), which
is free to rotate (but supported) at its endpoints.

9 The curvature is defined as 1/R, where R is the radius of curvature. See Figure 23, and
footnote 3 on p. 57.
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FIGURE 23 Standard boundary condition types for the panel, illustrated for a station-
ary panel. Left: simply supported. Right: clamped.

The clamped (or built-in, abbreviation C) boundary conditions are

w(−�, t) = w(�, t) = 0
wx(−�, t) = wx(�, t) = 0 .

The condition on wx ensures that the panel leaves each clamped end perfectly
horizontally. The physical situation being modelled by the clamped boundary
conditions is usually depicted as having some of the panel (or beam) at its ends
extending into a rigid wall.

Sometimes asymmetric boundary conditions are used, such as SC or CS,
where one boundary point is simply supported and the other is clamped. In this
work, we will concentrate on the symmetric SS case only.

Recall from the Introduction that we have ignored the viscoelasticity of the
paper web, which would have introduced dissipation into the model. In this con-
text it should be noted that if the boundary conditions are not symmetric, dissi-
pation may have either a stabilizing or an instabilizing effect. See e.g. Païdoussis
(1998), Sugiyama and Langthjem (2007), and Doaré (2010). Compare also sub-
section 2.2.5, where we observed that even for symmetric boundary conditions,
velocity-dependent damping may cause destabilization.

In dimensionless coordinates, (13) from section 2.1.2, we have after multi-
plication of (64) by τ2/m the equation

wtt + 2V0
τ

�
wxt +

(
V2

0 − T
m

)
τ2

�2 wxx +
D
m

τ2

�4 wxxxx = 0 , (68)

where x ∈ [−1, 1] and t ∈ [0, ∞). The primes have been omitted. The scaling
factor of w′ cancels out.

Note the (arbitrary but convenient) placement of boundary points in (66)–
(67); now the dimensionless x ∈ [−1, 1]. The symbol � denotes the half-span
length; refer to Figure 22.
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2.3.2 Steady-state solution

In the steady state, the travelling panel equation is mathematically identical to
the equation of the axially compressed Euler–Bernoulli beam. We will review
the solution in this section, and explicitly derive the critical velocities, which for
this model play the role of Euler’s critical values of the compression force for the
beam.

Setting the dynamical terms to zero and eliminating common factors, equa-
tion (68) becomes (

mV2
0 − T

) d2w
dx2 +

D
�2

d4w
dx4 = 0 . (69)

We see that a steady-state solution may arise from a balance between the second-
and fourth-order time-independent terms. (Cf. the moving string, where the
steady-state solution arose by elimination of the wxx term.)

Because (69) contains only second and fourth derivatives, we can introduce
an auxiliary function

ψ(x) ≡ d2w
dx2 , (70)

describing the curvature of the panel, and formulate the corresponding eigen-
value problem for it:

d2ψ

dx2 + λψ = 0 , −1 ≤ x ≤ 1 (71)

ψ (−1) = 0 , ψ (1) = 0 , (72)

where the boundary conditions follow from those for wxx, equation (67).
The parameter λ in (71),

λ =
�2 [mV2

0 − T
]

D
, (73)

plays the role of the eigenvalue. The nontrivial solutions, i.e., eigenfunctions, of
the eigenvalue problem (71)–(72) are determined as

ψ (x) = A sin
(√

λ
x + 1

2

)
+ B cos

(√
λ

x + 1
2

)
,

with two unknown coefficients A and B and an unknown eigenvalue λ. Applying
the boundary conditions (72), we obtain

ψ (x) = A sin
(

jπ
x + 1

2

)
(74)

λ = j2π2, j = 1, 2, . . . (75)

where A 
= 0 is an arbitrary constant. In divergence analysis made in the frame
of the Eulerian concept of static instability, the amplitudes of the eigenfunctions
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are unknown. Integrating (74) twice and accounting for the boundary conditions
for w, equation (66), we have for the displacement of the jth mode the function

w (x) = C sin
(

jπ
x + 1

2

)
, −1 ≤ x ≤ 1 , (76)

where C = − (2/jπ)2 A is an arbitrary constant. We have from (73) and (75) that
the corresponding critical velocity is

(
Vdiv j

0 vac

)2
=

T + j2π2D/�2

m
. (77)

Thus, we observe that the shape of the eigenmode coincides with the membrane
(D = 0) eigenmode regardless of the value of the bending rigidity D, but the
bending rigidity contributes an additional term to the divergence speed.

Only the critical divergence speed has physical significance. It corresponds
to the minimal eigenvalue, i.e., j = 1. By (77), the critical divergence speed is

(
Vdiv

0 vac

)2
=

π2D
m�2 +

T
m

. (78)

In the theory of paper web dynamics, the bending rigidity D is a small pa-
rameter. If D tends to zero, then the divergence speed tends to the limit value,

Vdiv
0 vac →

√
T
m

= Vdiv
0 mem vac , (79)

which corresponds to the critical divergence speed of a moving membrane (see,
e.g., Chang and Moretti, 1991).

We also observe by letting D → 0 in (77) that in the membrane limit, in
vacuum, there is only one (degenerate) eigenvalue, and thus all displacement
modes (76) correspond to the critical divergence speed. Because (76) is an infinite
Fourier basis, this implies that a membrane in vacuum may take any shape (that
satisfies the boundary conditions) as it approaches divergence (just like the ideal
string moving at critical velocity, as we recall from subsection 2.1.3). This is in
contrast with the case with surrounding fluid (to be analyzed later, in Section
6.1), and also that of a travelling plate in a vacuum (see Banichuk et al., 2010a),
for both of which the divergence shape is unique.

2.3.3 Free vibrations

Because equation (68) is of the fourth order in x, finding the free vibrations of the
panel is much more difficult than for the simpler, second-order models that were
considered in subsections 2.1.4 and 2.2.2.

An exact, short closed-form solution for this problem is probably impossi-
ble. Using the time-harmonic trial function, the general solution of the homoge-
neous, constant-coefficient ODE for the space component is not difficult to find,
but finding the roots of the fourth-degree characteristic polynomial in the gen-
eral case is not reasonable to do analytically. The special case of a travelling beam
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with no applied tension (T = 0), which permits factorization of the characteristic
polynomial, has been solved analytically by Simpson (1973).

In the case of paper production, the bending rigidity parameter D is typi-
cally small. Hence, for this application, it is possible to use singular perturbation
theory (see e.g. Lagerstrom and Casten, 1972; Bender and Orszag, 1978; Chen
et al., 1996) to produce an approximate free vibration solution. Singular perturba-
tion theory is required, because the small parameter is the coefficient of the sole
leading-order term. At the limit of vanishing D, the order of the model jumps
down by two.

Because the model is linear and has constant coefficients, it is also possible
to look directly for free vibration solutions of the plane wave form in the (x, t)
plane, and solve the resulting dispersion equation. This approach requires only
algebraic singular perturbation for polynomials. Such an algebraic singular per-
turbation analysis, utilizing the phase closure principle to take into account the
boundary conditions (cases SS, CC, SC and CS), has been performed for the cor-
responding beam-theoretical problem by Kong and Parker (2004).

The solution by Kong and Parker, which is useful as a reference point, can
be summarized as follows. Let the panel be located in the interval x ∈ [0, �]. The
dynamical equation is (64), i.e.,

mwtt + 2mV0wxt +
(

mV2
0 − T

)
wxx + Dwxxxx = 0 .

Define

x̂ ≡ x
�

, ŵ ≡ w
�

, t̂ ≡ t

√
T

m�2 , ε2 ≡ D
T�2 , v̂ ≡ V0

√
m
T

, (80)

where the small bending rigidity assumption is ε2 � 1. After an analysis us-
ing the plane wave trial function, singular perturbation for polynomials and the
phase closure principle, the eigenfrequencies of the simply supported beam (or
panel) are obtained as

ωn = nπ
[
1 − v2 + ε2n2π2

(
v4 + 6v2 + 1

)
/2 + . . .

]
. (81)

Equation (81) is valid in the subcritical regime. Kong and Parker’s plane-wave
trial function is w(x, t) = exp [ i (rx − ωt) ]; hence, our s∗ = −iω.

We see that for any given n, the root ωn(v) = 0 must have |v| > 1. Also,
the location of the root depends on n. Both properties agree with the steady-state
solution (77).

Kong and Parker compare (81) with numerically exact solutions for various
parameter values, and note that if either the beam velocity v is low, or the dimen-
sionless bending rigidity ε is small, the approximation (81) is good. No explicit
recommendations are given in the text, but from their Figure 3 (on p. 465 in the
reference), the agreement looks good for v = 0.3 up to about ε ≈ 0.07, for v = 0.6
up to about ε ≈ 0.05, and at v = 0.9 up to about ε ≈ 0.03. For v = 0, the agreement
is good for any tested ε, which validates the approximation.
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Even the most stringent requirement for ε, of those above, is easily satisfied
for typical papermaking cases. Thus, the formula provides a very fast and simple
way to estimate the eigenfrequencies in this context — albeit with the limitation
that fluid-structure interaction is not accounted for. To remedy this in a simple
way without disturbing the analytical structure of the model, an added-mass ap-
proximation can be used (of which there are several available in the literature).

2.3.4 Applicability of the panel model

The last question to be answered in this section is: under which conditions can
one simplify a plate into a panel? It should be kept in mind that all real-world
objects that can be modelled as a thin plate are, even after reduction of one dimen-
sion by the plate model, still effectively two-dimensional. Thus, to determine the
validity of the panel model in a wider context (while still staying in the mathe-
matical landscape of linear models), we must consider the more complex plate
model, and then see which limiting cases tend to the panel model, as some pa-
rameter either vanishes or increases without bound.

Keeping the intended application in mind, let us consider what kind of trav-
elling plates occur in papermaking science. In this context, the case of a rectan-
gular, classical Kirchhoff plate with SFSF boundary conditions is especially in-
teresting. The SFSF plate is simply supported on two opposite edges, and free
(zero normal stress and shear stress: σyy = 0, τxy = 0) on the two others. This is
a fairly good model for the mechanics of the paper web in an open draw, where
the web momentarily travels without support while it is moving from one sup-
porting roller to another (recall the photo in Figure 2, p. 33; cf. the schematic
illustration below, in Figure 24, p. 101).

This is an important situation in practice, because as was noted in the intro-
duction, in a practical paper machine there is always at least one open draw, in the
transfer from the press nip (which squeezes out most of the water) to the dryer
section. Also, as was mentioned, if the dryer section is of the classical heated
cylinder type, an open draw exists between each successive pair of cylinders.
(Karlsson, 2000)

Our research suggests that in situations of the SFSF type, the panel model
works the best for a long, narrow plate (Banichuk et al., 2010a,b). For the steady-
state problem, the plate model reduces to the panel model when the width tends
to zero. For plates which are wider than long, the eigenmodes of transverse vi-
brations can no longer be approximated as cylindrical. (Banichuk et al., 2010a)
At least in the steady-state eigenmodes that were the object of the study, most of
the transverse displacement occurs near the free edges. See the aforementioned
Banichuk et al. (2010a) for the travelling plate case, and the SFSF case for the
classical stationary plate in the classic book by Gorman (1982). The connection is
that the buckling shape of the moving plate is that of eigenfunctions of free vibra-
tions of a stationary rectangular plate (which are given, e.g., in Gorman’s book).
Orthotropicity of the material introduces no qualitative changes (Banichuk et al.,
2011a).
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The above applies to wide plates of any finite width. For infinitely wide
plates, on the other hand, the classical recommendation is to use cylindrical dis-
placement theory (Timoshenko and Woinowsky-Krieger, 1959, ch. 1). This leads
one to ask, what is going on here?

The apparent paradox can be explained by examining the limit as the width
of the plate tends to infinity. Although the displacement becomes localized near
the free edges for any finite width, it is never exactly zero at the center, but only
very small compared to the displacement near the edges. As the width increases
indefinitely, the center region takes up more and more of the total area of the
plate. The localization to the edges grows stronger, but the width dependence
of the displacement near the center grows ever weaker. At the limit of infinite
width, the edges vanish and the center region takes up all of the plate. At this
point, the width dependence at any finite y (width coordinate) has vanished, and
the panel model is again applicable.

Thus, we conclude that the panel model is applicable to two cases: long and
narrow bands, and the center region of very wide plates.

2.3.5 Summary and conclusion

The model of the axially travelling panel (in vacuum), allowing for nonzero bend-
ing rigidity, was briefly introduced.

The steady-state equation was solved and the critical velocities predicted by
the linear model explicitly determined. The approximate eigenfrequency solution
of Kong and Parker (2004) was given for reference, and the applicability of the
panel model was discussed.

This simplified vacuum model is the last logical step before our main prob-
lems of interest, in which we will consider a travelling panel submerged in ideal
fluid.



3 THE FLOW PROBLEM OF THE SURROUNDING

AIR

As was noted in the introduction, in order to accurately model an open draw, or
indeed the dynamics and stability of any lightweight moving material, the inter-
action between the material and the surrounding air must be taken into account
somehow.

In this chapter, we will set up and solve analytically the aerodynamic prob-
lem for potential flow obstructed by the axially moving panel. See Figures 24–26.
We will also derive an added-mass approximation from the exact solution, and
compare it to some known results in literature.

Consider a travelling panel submerged in ideal fluid, where the free stream
flows toward the right at velocity v∞ (in Euler coordinates). See Figure 25. The
governing equation for the dynamical behaviour of the panel is

mwtt + 2mV0wxt +
(

mV2
0 − T

)
wxx + Dwxxxx = q f + g , (82)

where D is the bending rigidity (p. 92), q f ≡ q f (w) is the aerodynamic reaction
pressure and g ≡ g(x, t) represents external forces inside the domain. The aero-
dynamic reaction is unknown, to be solved from the flow model (in terms of the
panel displacement w(x, t)), and the external forces are considered given. The
external forces are allowed to vary dynamically, if desired.

For solving the flow problem of the fluid component, we will apply tech-
niques that are considered classical in the aerodynamics of thin aerofoils, con-
structing a Green’s function type solution via complex analysis. More informa-
tion on thin airfoil theory is available in the books by Ashley and Landahl (1985),
Bisplinghoff and Ashley (1962), and Anderson (1985). Especially the first one is
recommended for its clear presentation and similarity of approach.
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FIGURE 24 Axially moving thin plate with SFSF boundary conditions, undergoing
cylindrical deformation. The three-dimensional physical situation.

FIGURE 25 Axially moving panel submerged in axially flowing, two-dimensional ideal
fluid. The roller symbols represent simple supports, with presence of axial
motion.
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FIGURE 26 Steady-state problem for the eigenshapes of the axially moving panel sub-
merged in axially flowing, two-dimensional ideal fluid. The roller symbols
represent simple supports, with presence of axial motion. Now the panel
velocity V0 is the eigenvalue, and w = w(x) only (i.e. the panel material un-
dergoes steady-state flow, unrelated to the flow of the surrounding fluid).

3.1 Aerodynamic reaction as a function of the fluid velocity poten-
tial

In laboratory coordinates, the velocity potential of the disturbed stream is

Φ(x, z, t) = xv∞ + ϕ(x, z, t) , (83)

where the first term is the free-stream potential, and the second term is a dis-
turbance potential due to the obstacle. The Cauchy–Lagrange integral (see, e.g.,
Sedov 1972, ch. 9) is

∂Φ
∂t

+
1
2
(∇Φ)2 +

p
ρ f

− U = f (t) , (84)

where we have assumed that the fluid is incompressible (P = p/ρ f , with ρ f con-
stant). The symbol U represents the scalar potential of the external forces affecting
the flow, F = ∇U . The force potential must exist, based on the derivation of the
Cauchy–Lagrange integral. On the right-hand side, f (t) is the arbitrary function
of time that comes from the integration leading to (84).

In the following, let us assume that there are no external forces, U ≡ 0.
Solving (84) for p, we have

p = ρ f

[
f (t)− ∂Φ

∂t
− 1

2
(∇Φ)2

]
. (85)

The aerodynamic reaction is the pressure difference

q f (x, t) ≡ p−(x, t)− p+(x, t) , (86)
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where the superscript notation is defined as

f±(x, t) ≡ lim
z→0±

f (x, z, t) , (87)

where the upper (respectively lower) signs correspond to each other. The pres-
sure difference is the jump in pressure, caused by the discontinuity introduced
by the obstacle through which no flow can occur. Note the sign of (86): a positive
reaction pushes upwards, i.e., toward positive z. Physically, it is obvious that this
occurs when the pressure on the lower surface is greater than that on the upper
surface.

From (83), the gradient giving the fluid velocity is

v f ≡ ∇Φ = ( v∞ +
∂ϕ

∂x
,

∂ϕ

∂z
) , (88)

where v f denotes the fluid velocity field. The square of the gradient, needed in
(85), is

(∇Φ)2 ≡ (∇Φ) · (∇Φ)

=

(
v∞ +

∂ϕ

∂x

)2

+

(
∂ϕ

∂z

)2

= v2
∞ + 2v∞

∂ϕ

∂x
+

(
∂ϕ

∂x

)2

+

(
∂ϕ

∂z

)2

.

Let us assume that the disturbance velocities ∂ϕ/∂x and ∂ϕ/∂z are first-order
small.1 The linearized squared gradient becomes

(∇Φ)2 ≈ v2
∞ + 2v∞

∂ϕ

∂x
. (89)

We write (86) in terms of (85) and insert (89):

q f = ρ f

[(
∂Φ
∂t

)+

−
(

∂Φ
∂t

)−
+ v∞

(
∂ϕ

∂x

)+

− v∞

(
∂ϕ

∂x

)−]

= ρ f

(
∂

∂t
+ v∞

∂

∂x

) (
ϕ+ − ϕ−) . (90)

The function f (t) vanishes from this jump expression, because it only depends on
time. Also the v2

∞ term vanishes, because it is a constant. Finally, ∂Φ/∂t = ∂ϕ/∂t
everywhere, because our free-stream potential does not depend on time.

1 Strictly speaking, this assumption is not needed. The continuity of the squares v2
∞,

(∂ϕ/∂x)2 and (∂ϕ/∂z)2 across the panel surface is enough to eliminate them from the pres-
sure difference equation. Both ways are valid; if we choose this option, we must utilize the
geometry of the flow configuration, which is not needed in the linearization approach.
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FIGURE 27 Close-up of the panel surface showing the (local) normal and tangent vec-
tors.

3.2 The slip boundary condition

We aim to solve the fluid flow in the (x, z) plane region exterior to the panel. On
the panel surface, we need a boundary condition for the fluid flow.

The classical choice, which we will also use, is that flow cannot cross the
surface of the panel. However, we are now allowing axial motion for both the
panel and the free stream. It is easy to make mistakes in the derivation of this
boundary condition, so we will work through the details explicitly. We begin with
its statement in terms of the velocity fields in the laboratory (Euler) coordinates,

n · v f = n · dU

dt
on Γ , (91)

where n is the unit surface normal vector of the panel, v f is the fluid velocity
field, and U is the (vector-valued) displacement field of the panel. The symbol
d/dt denotes the Lagrange derivative. The boundary Γ is the surface of the panel.

Simple trigonometry (see Figure 27) obtains that the local normal vector of
the panel surface is

n =
( − sin α cos α

)T , (92)

where α is the (counterclockwise) angle between the positive x axis and the local
tangent vector of the panel, and T is the transpose. The vector n was chosen so
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that it points toward positive z when α = 0. It does not matter which choice we
use, as long as we use the same choice for both sides of equation (91).

To find (92), consider a differential element of the panel, and in it, the upper
180o angle between the positive and negative x axis, which is divided by the panel
surface and n into α, a straight angle and (π/2)− α. Then consider the triangle
formed by n, nz and nx, and the angles in this triangle. These must be the same
three angles, but in a different order. Refer to Figure 27.

Alternatively, the normal vector is easily found algebraically. Take the posi-
tively oriented tangent vector of the panel and the counterclockwise 2D rotation
matrix

t =

(
cos α

sin α

)
, R(θ) =

(
cos θ − sin θ

sin θ cos θ

)
. (93)

Then, note that
n = R(π/2)t , (94)

and evaluate to obtain (92). Refer to Figure 27.
By the definitions of the tangent function, and on the other hand the deriva-

tive, we have from the geometry of the situation that

tan α =
∂w
∂x

(95)

at the obvious limit.
The panel moves axially at a constant velocity V0. Keeping in mind (7) and

(5) (p. 56), the displacement field of the panel, written in the Euler coordinates, is

U(x, t) = ( V0t + ũ(ξ(x, t), t) , w̃(ξ(x, t), t) ) , (96)

where ũ and w̃ are, respectively, the in-plane and out-of-plane displacement func-
tions defined in terms of the Lagrange coordinates, and the V0t term accounts for
the global axial motion.

The form of (96) is critically important for deriving the slip boundary con-
dition correctly, and warrants some attention before we move on.

First, it should be noted that in (96), we have assumed small displacements.
It should be obvious that in the general case, ũ = ũ(s, t) and w̃ = w̃(s, t), where s
is the longitudinal coordinate along the panel. The displacements are, generally
speaking, functions of s and not of ξ (or x). However, in the small displacement
regime, we can approximate s ≈ ξ. In addition to being valid for small dis-
placements only, this approximation has a further important mathematical con-
sequence: describing shapes which are not single-valued functions of ξ is impos-
sible in terms of ũ(ξ, t) and w̃(ξ, t). This limits the class of shapes that can be
described, but the limitation also induces a benefit: self-intersection of the panel
surface is automatically prevented without the need for further constraints.

The second important item to note is that we have defined the displacement
functions ũ and w̃ as being concerned with the elastic behaviour only. Mathemat-
ically, they are the solutions of the PDEs governing the vibrations of the web in
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the longitudinal and out-of-plane directions. This choice implies that if we wrote
the displacement field in the Lagrange coordinates, we would have

Ũ(ξ, t) = ( ũ(ξ, t) , w̃(ξ, t) ) . (97)

This is because at any given point of time t, each particle is only displaced from
its original position in the co-moving coordinate system by the effects of elastic vi-
bration. The Lagrange coordinate system for this problem is defined precisely
such that it accounts for the global axial motion. This is why a V0t term appears
in (96), but not in (97).

Finally, the axial tension in a paper machine is in practice generated by using
a velocity difference between the rollers at the ends of each free span. This causes
the web to stretch, which induces an x-dependent longitudinal strain. Typically
these strains are small; we have neglected this effect in (96). If we wish to take it
into account, we need to add a third, x-dependent term in the axial component of
U. Although this term is easier to add into the Euler version U than the Lagrange
version Ũ (where it will depend on both ξ and t), from the physics of the situation
it is evident that this term (if added) must appear in both coordinate systems.

Recall the coordinate transformations from subsection 2.1.2. From (96) and
(8), we obtain in (x, t) coordinates the velocity field of the panel,

dU

dt
= ( V0 + V0

∂u
∂x

+
∂u
∂t

, V0
∂w
∂x

+
∂w
∂t

) , (98)

where again d/dt denotes the material derivative.
From (92) and (98), we have for the normal motion of the panel the expres-

sion

n · dU

dt
= − sin α

[
V0 +

∂u
∂t

+ V0
∂u
∂x

]
+ cos α

[
∂w
∂t

+ V0
∂w
∂x

]
. (99)

Similarly, from (92) and (88), for the normal fluid velocity we have

n · v f = − sin α

[
v∞ +

∂ϕ

∂x

]
+ cos α

∂ϕ

∂z
. (100)

Subtracting (99) from (100) and using (91) to eliminate the left-hand side gives

− sin α

[
v∞ − V0 − ∂u

∂t
− V0

∂u
∂x

+
∂ϕ

∂x

]
+ cos α

[
∂ϕ

∂z
− ∂w

∂t
− V0

∂w
∂x

]
= 0 .

Dividing by cos α, substituting (95) for tan α, and multiplying the equation by −1
obtains

∂w
∂x

[
v∞ − V0 − ∂u

∂t
− V0

∂u
∂x

+
∂ϕ

∂x

]
−
[

∂ϕ

∂z
− ∂w

∂t
− V0

∂w
∂x

]
= 0 . (101)

Note that the V0∂w/∂x terms cancel exactly; all other terms remain. Equation
(101) is the exact small-displacement slip boundary condition.

Finally, in small-displacement theory it is customary to assume that ∂w/∂x,
∂u/∂t, ∂u/∂x, and ∂ϕ/∂x are small, and discard second-order small terms. Note
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that this will approximate the panel as perfectly horizontal. (This approximation
will be used to set up the geometry for the fluid flow problem, in Section 3.3. It is
a useful simplification in order to obtain an analytical solution for the flow.)

Rearranging terms, we obtain the linear approximation

∂ϕ

∂z
=

∂w
∂t

+ v∞
∂w
∂x

≡ γ(x, t) , (102)

which is the approximate small-displacement slip boundary condition on the panel
surface. It ensures that the flow will not cross the surface of the panel, accounting
for up to first-order small terms.

Equation (102) is more convenient to use than (101), because it contains only
∂ϕ/∂z and has no ∂ϕ/∂x term. Also, it does not require considering the lon-
gitudinal displacement u at all. This is another manifestation of the rather gen-
eral phenomenon that in the small-displacement approximation, the in-plane and
out-of-plane components become decoupled from each other.

Note especially that the boundary condition (102) does not have a term in-
cluding V0, although in Lagrange coordinates, what the system experiences is in-
deed the axial velocity difference v∞ − V0. This is easily confirmed by repeating
the steps (96)–(102) in the Lagrange coordinates.2 The V0t term (which caused the
cancellation) is not present in Ũ, and the velocity coefficient in the corresponding
Lagrange boundary condition will indeed be (v∞ − V0).

On the other hand, the lack of a V0 term in (102) is not very surprising, since
both axial motions are accounted for independently in the Euler coordinate sys-
tem. The free-stream fluid velocity was given in the Euler coordinates to begin
with. By transforming the mechanics of the panel from the Lagrange into the
Euler system, we have written both axial velocities with respect to the same coor-
dinate system. The approach of writing the boundary condition in the Lagrange
coordinate system, on the other hand, transforms the fluid velocity into the coor-
dinates axially moving with the panel, introducing a shift by −V0 as expected.

3.2.1 Accounting for fluid viscosity

As was alluded to in subsection 2.2.4, the empirical fluid viscosity terms for the
damped system require similar treatment. Physically, the panel experiences a
stream of fluid at the axial velocity (v∞ − V0), and the friction in the fluid causes
damping in the vibrations of the panel. In the Lagrange coordinate system of the
panel, the damping is dependent only on wt.

It is clear, by an argument similar to what was done above, that to a first
approximation the physically correct coefficient for the ∂/∂x damping term (in
Euler coordinates) is A2 = v∞ A1. Just like equation (102), this does not depend
on the panel axial velocity V0, unless we make the assumption that the whole air
mass moves along with the panel.

2 Here one must be careful to use ∂ξ/∂t = −V0 instead of ∂x/∂t = V0, as was done in the
Euler coordinates.
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For the viscosity term, the velocity v∞ is approximate, because the contribu-
tion of the disturbance velocity ∂ϕ/∂x has been neglected, as far as the fluid ve-
locity in the viscosity coefficient is concerned. This is a zeroth-order approxima-
tion, which should be fine (even if highly approximate) in the small-displacement
regime. Note that no velocity approximation was done in (102); indeed, the whole
point was to derive a consistent condition for the (transverse) disturbance veloc-
ity ∂ϕ/∂z when the free-stream velocity v∞ is given.

If a more accurate solution for the connection between the damping coef-
ficients is desired, it first comes to mind that one could calculate ∂ϕ/∂x on the
panel surface from the solution of the flow problem that will be obtained below,
and to use that to form A2 = (∂Φ/∂x) A1 = (v∞ + ∂ϕ/∂x) A1, which would
be consistent with (102). However, this expression depends on a single value of
∂ϕ/∂x at z = 0, instead of its jump across z = 0 like the pressure difference
(equation (90)). This is problematic, since we will see that ϕ+ is discontinuous
and antisymmetric with respect to z = 0, i.e. 2ϕ+ = ϕ+ − ϕ−. Thus, ϕ has no
well-defined value at z = 0 and this approach does not work. We conclude that
better approximations require modifying the fluid model in a less ad hoc manner
(such as by using boundary layer theory; see e.g. Ashley and Landahl, 1985 and
the standard Schlichting, 1960).

However, due to the antisymmetricity, ∂ϕ/∂x shifts in opposite directions
on different sides of the panel. For the fluid velocity, v∞ is the average. The
shifts ∂ϕ/∂x were assumed first-order small. Together these facts suggest that
the single approximation v∞ may be adequate in practice to obtain some insight
into the viscous behaviour using the modified ideal fluid model. Another, even
more approximate, way is to use added masses to account for the fluid-structure
interaction, with which approach the ad hoc damping approach is consistent.

3.3 Problem statement

As is well-known, ideal fluid velocity potentials fulfill Laplace’s equation, as also
do harmonic functions in complex analysis. Thus a classical way to approach
two-dimensional ideal fluid flow problems is to use complex analysis, and seek
a harmonic function such that it fulfills the given boundary conditions (see e.g.
Ashley and Landahl, 1985).

We thus identify the complex plane C with the (x, z) plane in the model,

η ≡ x + zi ∈ C ⇔ (x, z) ∈ R2 .

Because we work in the small deformation range, we can approximate the panel
as a linear cut in the complex plane, located completely on the real axis. The
domain of the aerodynamic flow problem is the region exterior to the panel; see
Figure 28.

As in equation (83), we consider the disturbed flow as a superposition of
a constant-velocity free stream and a disturbance term representing the effect of
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FIGURE 28 Domain of the problem for the surrounding airflow. The plate is geometri-
cally approximated as the infinitely thin linear cut S ≡ {z = 0, −1 ≤ x ≤
1}. The symbol i denotes the imaginary unit, i ≡ √−1.

the obstacle. The free-stream potential is linear in x; thus it is trivially harmonic.
Also, it fulfills the slip condition along all of the real axis.

Therefore, we only need to solve the first-order correction to the free stream,
i.e. the flow problem for the disturbance potential. This problem can be stated as

�ϕ ≡ ∂2ϕ

∂x2 +
∂2ϕ

∂z2 = 0 in Ω (103)(
∂ϕ

∂z

)±
= γ(x, t) , along S (104)

(∇ϕ)∞ = 0 , (105)

where (103) is the Laplace equation for the disturbance potential, (104) is the lin-
earized slip boundary condition where γ(x, t) is given by (102), and (105) requires
that the disturbance in the fluid velocity field vanishes at infinity. The ± notation
is defined as earlier, (87), and the subscript infinity denotes the limit

(·)∞ ≡ lim
|η|→∞

(·) , (106)

where |η| ≡ √
x2 + z2 is the complex modulus.

Because we have a Laplace problem with only Neumann boundary condi-
tions, the value of the potential ϕ can only be unique up to an additive constant.
This ambiguity can, however, be resolved in an arbitrary manner, because the
value of the velocity potential is of no physical interest. To obtain the velocity
field, we need only its gradient, on which a global additive constant clearly has
no effect.

The doubly connected topology of our fluid domain introduces an addi-
tional complication. From potential flow theory, we know that in a doubly con-
nected domain, ∇ϕ is unique if and only if we prescribe the value of circulation
around the cut. Suppose that we have found a (two-dimensional) velocity poten-
tial of the noncirculatory flow, Γ = 0, satisfying the slip boundary condition on a
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given surface S. Now, it is possible to add to this flow a simple (inviscid) vortex
of arbitrary strength Γ0, for which one of the circular streamlines has been confor-
mally transformed into the surface S. The general mapping theorem (also known
as Riemann’s mapping theorem; see e.g. Nehari, 1952, p. 175 for the mathemat-
ics) guarantees that this can always be done. By superposition of the two flows,
a new irrotational flow has been created, still satisfying the slip boundary condi-
tion on S, but now Γ = Γ0, which was arbitrary. Hence, the circulation Γ must
be specified if we wish to have a unique irrotational flow in a doubly connected
two-dimensional domain. (Ashley and Landahl, 1985, pp. 42–43)

This ambiguity is commonly resolved by requiring the so-called Kutta con-
dition (or Kutta–Zhukowski condition) at the trailing edge. The condition picks
a unique solution, makes the pressure continuous at the trailing edge, and also
moves the trailing stagnation point of the flow to the tip of the airfoil, removing a
singularity in the flow velocity field that would otherwise occur there for shapes
with sharp trailing edges. See e.g. Ashley and Landahl (1985), and Lighthill
(1986). In our solution, we will use a regularity condition by Sherman (1952),
which comes from a problem in elastics sharing some of the mathematical form
with our flow problem.

The problem (103)–(105) involves several approximations. Some are obvi-
ous, such as the two-dimensional problem setup and the ideal fluid model. Thus,
width-directional variation both in the flow and in the behaviour of the moving
web are neglected, as are fluid rotation and viscosity. A further approximation is
that the boundary condition (104) is only valid up to first-order small terms, as
was discussed during the derivation of (102).

A more subtle approximation concerns the panel geometry. The domain of
the aerodynamic problem is infinite. It consists of the whole xz plane with the
exception of the cut at S ≡ {z = 0, −1 ≤ x ≤ 1}, which is our linearised repre-
sentation of the space occupied by the panel (see Figure 28). Thus: although we
consider an axially moving panel, for the purposes of this aerodynamic problem
the panel only exists on the interval −1 ≤ x ≤ 1. Effectively, in the panel domain,
there is a material source at x = −1 and a sink at x = +1 (assuming positive V0).
Also, the rollers are ignored in the flow problem, being represented only in the
boundary conditions for the panel displacement.

This is of course just one possible choice to build a model for this kind of
situation; alternatively, it could be assumed that the elastic panel is embedded in
a rigid baffle of infinite extent, splitting the xz plane into two parts (as in Kornecki
et al., 1976). Note that this choice leads to a flow topology different from ours.

A third alternative is to model also the rollers and some of the surrounding
panel surface, but then a more purely numerical approach is required. Available
methods include, for example, the classical vortex panel method (see e.g. Ander-
son, 1985), and the much more general and more modern finite element method
(FEM), as was mentioned in the introduction (see e.g. Johnson, 1987; Krizek and
Neittaanmäki, 1990; Hughes, 2000; Gresho and Sani, 1999; Haataja et al., 2002;
Hämäläinen and Järvinen, 2006).

Finally, whereas the geometry of the panel is simplified into the straight line



111

segment S (as far as the flow problem is concerned), the transverse velocity wt,
and the local angle with respect to the x-axis, wx, are both allowed to be nonzero
(in the slip boundary condition). Strictly speaking this is of course impossible
(aside from artificial pathological cases), but it is a reasonable approximation in
the small-deformation range.

The shape (and hence dynamic motion) of the surface will affect the bound-
ary condition (104), which creates a nonzero disturbance velocity in the fluid
along the line segment S. This in turn affects the q f (x, t) term in the panel equa-
tion, feeding back into the motion of the panel. This way the two-way aeroe-
lastic coupling is taken into account. The model works in the small-displacement
range, i.e., as long as the straight line segment assumption is approximately valid.

3.4 Solution

Because potential flow is memory-free, the flow field reconfigures itself instantly
at each time t, independent of its previous history. Therefore, as far as the flow
problem is concerned, the time t in the function γ(x, t) in boundary condition
(104) is just a parameter. This is the only time-dependent part in problem (103)–
(105). Hence, in the following, we consider an arbitrary fixed value for t, and
treat only x and z as variables.

In accordance with the complex analysis approach to 2D potential flows, we
introduce an auxiliary analytic function

W (η, t) = Ψ (x, z, t) + iϕ (x, z, t) (107)

of the complex variable η = x + iz, where i2 = −1. The Cauchy-Riemann equa-
tions and boundary conditions (104) imply that

∂Ψ
∂x

|z=0 =
∂ϕ

∂z
|z=0 = γ (x, t) . (108)

Let us denote Ψ(x, t) ≡ Ψ(x, 0, t). We have

Ψ(x, t) = χ (x, t) + C (t) , (109)

where

χ (x, t) =
ˆ x

−1
γ (ξ, t) dξ , (110)

and C (t) is a real constant of integration for each fixed t. Thus, finding the veloc-
ity potential ϕ reduces to the computation of the imaginary part of the analytic
function (107), whose real part on [−1, 1] is (109).

In other words, the idea of introducing the auxiliary function W is that we
may use the Neumann boundary data (104) for the original (unknown) potential
ϕ to generate Dirichlet boundary data for the (similarly unknown) stream func-
tion Ψ, as per equations (109) and (110). Note that unlike the usual convention,
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the real part of W is here the stream function, and the imaginary part is the real-
valued potential for which the original problem was formulated.

We use the results given by Sherman (1952) (compare also Ashley and Lan-
dahl, 1985, chap. 5-3) and represent the solution of this problem as

W (η, t) =
1

2πi

(
η − 1
η + 1

)1/2 ˆ 1

−1

(
ξ + 1
ξ − 1

)1/2 χ (ξ, t) + C (t)
ξ − η

dξ . (111)

The real constant C (t) is determined with the help of the following equa-
tion:

1
2πi

ˆ 1

−1

χ (ξ, t) + C (t)√
ξ2 − 1

dξ = 0 , (112)

which represents a regularity condition for the function W. The condition comes
from Sherman (1952). The left-hand side of (112) is obtained by taking the limit
η → −1 in (111), and using (ξ − 1)(ξ + 1) = ξ2 − 1 in the denominator. The
condition requires that the integral factor in (111) vanishes at η = −1.

From condition (112), we have

C (t) =
1

πi

ˆ 1

−1

χ (ξ, t) dξ√
ξ2 − 1

. (113)

Using expression (113) and the formula (cf. Ashley and Landahl, 1985, pp.
94–95, but note the slight difference in form)

1
2πi

ˆ 1

−1

(
ξ + 1
ξ − 1

)1/2 dξ

ξ − η
=

1
2

(
η + 1
η − 1

)1/2

− 1
2

, (114)

we perform substitutions into expression (111) and elementary transformations
and obtain

W =
1

2πi

(
η − 1
η + 1

)1/2 ˆ 1

−1

(
ξ + 1
ξ − 1

)1/2 χ (ξ, t) dξ

ξ − η

+
C (t)

2

[
1 −

(
η − 1
η + 1

)1/2
]

=

√
η2 − 1
2πi

ˆ 1

−1

χ (ξ, t) dξ

(ξ − η)
√

ξ2 − 1
+

C (t)
2

.

(115)

From the representation (115), we can compute the quantity ϕ+:

ϕ+ = lim
z→0+

[Im W (x + iz)]

= p.v.

(
−
√

1 − x2

2π

ˆ 1

−1

χ (ξ, t) dξ

(ξ − x)
√

1 − ξ2

)
.

(116)

Here, we took into account that the constant C (t) on the right-hand side of (115)
is real, and consequently must be omitted when the limit of the imaginary part
is computed in (116). Note also that the integration in (116) is understood in the
sense of Cauchy’s principal value, here denoted p.v.(·).
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We have
ϕ+ − ϕ− = 2ϕ+ (117)

because the flow is antisymmetric with respect to the linearised plate surface (see,
e.g., Eloy et al. 2007 for a similar case). Alternatively, we can take the correspond-
ing limit of (115) at η = x − iz → x − i · 0 (z → 0−) and obtain the same result.

By definition of the principal value, we have

2ϕ+ = p.v.

(
− 1

π

ˆ 1

−1

(
1 − x2

1 − ξ2

)1/2
χ (ξ, t) dξ

ξ − x

)

≡ lim
ε→0

− 1
π

[ˆ x−ε

−1

(
1 − x2

1 − ξ2

)1/2
χ (ξ, t) dξ

ξ − x

+

ˆ 1

x+ε

(
1 − x2

1 − ξ2

)1/2
χ (ξ, t) dξ

ξ − x

]
.

(118)

Integrating by parts, and substituting expression (110) for χ (x), we have3

2ϕ+ = lim
ε→0

[
N (x − ε, x)

ˆ x−ε

−1
γ (ξ, t) dξ

−N (x + ε, x)
ˆ x+ε

−1
γ (ξ, t) dξ

−
ˆ x−ε

−1
N (ξ, x) γ (ξ, t) dξ

−
ˆ 1

x+ε
N (ξ, x) γ (ξ, t) dξ

]
,

(119)

where we have defined

N (ξ, x) ≡ 1
π

ln
∣∣∣∣1 + Λ(ξ, x)
1 − Λ(ξ, x)

∣∣∣∣ , where

Λ (ξ, x) ≡
[
(1 − x) (1 + ξ)

(1 − ξ) (1 + x)

]1/2

. (120)

See Figures 29 and 30 for a qualitative picture of the functions Λ and N, and
Figure 31 for contour plots.

We observe that all terms on the right-hand side of (119) are finite; therefore
the integration by parts is legitimate. As ε → 0, the sum of the first two terms in

3 In the integration by parts formula, set u′ =
√
(1 − x2)/(1 − ξ2)/(ξ − x), and v = χ(ξ, t).

The first term in (119) is the boundary term uv, evaluated at the upper limit x − ε. The
lower limit produces no term, because χ(x, t) is defined with the help of an integral from
−1 to x; hence, χ(−1, t) = 0. The second term in (119) is uv, evaluated at the lower limit
x + ε. The limits of integration that may look weird at first glance are due to evaluating
χ(x + ε, t). Now the upper limit produces no term, because N(ξ, x) → 0 as ξ → 1. The last
two terms in (119) are the straightforward integrated-by-parts terms of the form uv′.
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FIGURE 29 Auxiliary function Λ(ξ, x) in [−1, 1] × [−1, 1]. Qualitative drawing. The
infinities should be understood in the sense of limits.
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FIGURE 30 Aerodynamic kernel N(ξ, x) in [−1, 1]× [−1, 1]. Qualitative drawing. The
infinities, and the upper and left edges (which are outside the domain of
the auxiliary function Λ(ξ, x), needed by N(ξ, x)), should be understood in
the sense of limits.
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FIGURE 31 Contour plots of the functions Λ(ξ, x) and N(ξ, x). Top: Λ. Bottom: N.
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(119) approaches zero. It can be shown that the last two integrals converge (we
will do this below).4 Therefore, the required functional dependence is of the form

2ϕ+(x, t) = −
ˆ 1

−1
N (ξ, x) γ (ξ, t) dξ. (121)

With the help of (90), (102), (120) and (121), we arrive at the expression for
the aerodynamic reaction of the fluid. Writing out the dimensionless coordinate
scaling factors τ and � explicitly, we have:

q f (x, t) = p− (x, t)− p+ (x, t)

= ρ f

(
1
τ

∂

∂t
+

1
�

v∞
∂

∂x

) (
ϕ+ (x, t)− ϕ− (x, t)

)
= ρ f

(
1
τ

∂

∂t
+

1
�

v∞
∂

∂x

) (
2ϕ+ (x, t)

)
= −ρ f

(
1
τ

∂

∂t
+

1
�

v∞
∂

∂x

) ˆ 1

−1
N (ξ, x) γ (ξ, t) dξ

= −ρ f

(
1
τ

∂

∂t
+

1
�

v∞
∂

∂x

) ˆ 1

−1
N (ξ, x)

(
�

τ

∂

∂t
+ v∞

∂

∂x

)
w(ξ, t)dξ

= −ρ f
1
�

(
�

τ

∂

∂t
+ v∞

∂

∂x

) ˆ 1

−1
N (ξ, x)

(
�

τ

∂

∂t
+ v∞

∂

∂x

)
w(ξ, t)dξ . (122)

The expression (122) is valid, because N (ξ, x) is a Green’s function of Laplace’s
equation, and thus, the improper integral (121) converges (see, e.g., Evans, 1998).
The convergence can also be established in a more direct manner, which we will
do in the following section.

3.5 Properties of the aerodynamic kernel

In this section, we will show that N(ξ, x) is symmetric with respect to reflection
by the lines x = ±ξ, and that it is integrable.

The symmetricity can be obtained by inspection of (120) and some algebraic
manipulation. We will present it here briefly for completeness. First, note that the
domain of Λ is (−1, 1)× (−1, 1), and that of N is {(−1, 1)× (−1, 1)} \ {ξ = x}.

Consider Λ(ξ, x), defined in equation (120). Reflecting the point (ξ, x) with
respect to x = ξ, let us evaluate Λ(x, ξ):

Λ(x, ξ) =

[
(1 − ξ) (1 + x)
(1 − x) (1 + ξ)

]1/2

=

[
(1 − x) (1 + ξ)

(1 − ξ) (1 + x)

]−1/2

=
1

Λ(ξ, x)
. (123)

4 Note that (119) came from (116), which only converges in the sense of the principal value.
Thus, strict convergence of these improper integrals is not required, but it will lead to
cleaner-looking equations, as we can use the usual kind of improper integral instead of
the principal value. This distinction is of course a purely analytical one, because numeri-
cally, even the improper integral will be in practice computed via an approximation of the
corresponding principal value.
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Then, using (123) we have

N(x, ξ) =
1
π

ln

∣∣∣∣∣1 +
1
Λ

1 − 1
Λ

∣∣∣∣∣ = 1
π

ln
∣∣∣∣Λ + 1
Λ − 1

∣∣∣∣
=

1
π

ln
∣∣∣∣−1 + Λ

1 − Λ

∣∣∣∣ = 1
π

ln
∣∣∣∣1 + Λ
1 − Λ

∣∣∣∣ = N(ξ, x) . (124)

Similarly, for reflection with respect to x = −ξ, we have

Λ(−x,−ξ) = Λ(ξ, x) ,

and thus also
N(−x,−ξ) = N(ξ, x) ,

because N depends on ξ and x only implicitly via Λ(ξ, x). Thus N is symmetric
in reflection with respect to the lines x = ±ξ.

Now, consider the integrability. For the aerodynamic problem, we need to
show that the integral (121) converges. We will show directly that the L1 norm
of N (ξ, x) is finite, from which the convergence of (121) follows. Assume that
x ∈ (−1, 1) and t ∈ [0, ∞) are fixed.

Let

I1(x) ≡
ˆ 1

−1
N (ξ, x) f (ξ)dξ , (125)

where f (ξ) = f (ξ; t), i.e. f is allowed to depend on t, but this dependence is
omitted from the notation since we hold t fixed and thus it can be treated as a
parameter. We require that f (ξ) is bounded for −1 < ξ < 1.

We estimate (125) from above by

I1 (x) ≤ |I1 (x)| ≡
∣∣∣∣∣
ˆ 1

−1
N (ξ, x) f (ξ)dξ

∣∣∣∣∣ ≤
ˆ 1

−1
|N (ξ, x) f (ξ)|dξ

≡ ‖N (ξ, x) f (ξ)‖L1
≤ ‖N (ξ, x)‖L1

‖ f (ξ)‖L∞

≡
ˆ 1

−1
|N (ξ, x)|dξ · max

ξ∈[−1,1]
| f (ξ)|

≡ M (t) ·
ˆ 1

−1
|N (ξ, x)|dξ ,

where on the second line we have used Hölder’s inequality, and on the last line,
we have defined M(t) ≡ maxξ∈[−1,1] | f (ξ)|.

The factor M(t) is clearly a nonnegative, finite number for each fixed t, so
it does not affect the convergence. Also, because N (ξ, x) ≥ 0 over the whole
domain, we can omit the absolute value in the integral on the last line above.
Thus, it is sufficient to prove that the integral

I2(x) ≡
ˆ 1

−1
N (ξ, x) dξ (126)
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FIGURE 32 Effect of the symmetries of N(ξ, x) on the integral I2(x).

converges. Furthermore, as was shown above, the function N (ξ, x) is symmetric
with respect to the lines ξ = x and ξ = −x. Define

I3(x) ≡
ˆ x

−1
N (ξ, x) dξ . (127)

Due to the symmetries, it holds that I2(x) = I3(x) + I3(−x) for all x ∈ [−1, 1]. See
Figure 32 for an illustration. Therefore, it is sufficient to consider the convergence
of only the integral (127).

Note that (127) is of the form of the third integral in (119), when taken to
the limit, so the following argument will prove the convergence of that limit, too.
Due to the symmetry, it is also sufficient for proving the convergence of the fourth
integral in the same equation.

Now, to show that (127) converges, we can use the elementary sandwich
theorem (dominated convergence) from analysis. The outline of the argument is
as follows.
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Due to the symmetry of N(ξ, x) with respect to ξ = x, it is sufficient to con-
sider just one half of the domain. Let ξ < x (we leave out strict equality to avoid
the singularity of N(ξ, x) at x = ξ). Consider the set D1 = { (−1, 1)× (−1, 1) } ∩
{ξ < x}. We observe that 0 ≤ Λ(ξ, x) < 1 for all (x, ξ) ∈ D1. Taking this into
account, we can estimate N from above, simplifying the expression slightly:

N(ξ, x) ≡ 1
π

ln
∣∣∣∣1 + Λ
1 − Λ

∣∣∣∣ for ξ<x
=

1
π

ln
1 + Λ
1 − Λ

< ln
2

1 − Λ
≡ s(ξ, x) , (128)

where s(ξ, x) is defined as indicated. This simplifies the numerator and gets rid
of the absolute value.

Define η ≡ x − ξ and ζ ≡ x + ξ. Let r(η) ≡ ln(4/η), and r(ξ, x) ≡ r(η) ≡
r(x − ξ). In the set D1, it holds that η ∈ (0, 2). In this range, the function r is
positive and integrable;

´
r(x − ξ)dξ < ∞. Once we show that on lines parallel

with x = −ξ, for the function s it holds that s(η, ζ) ≤ s(η, 0), the argument
reduces into one dimension. Then, it is sufficient to show that for η ∈ (0, 2), we
have s(η, 0) < r(η); the sandwich theorem does the rest. Details are given in
Appendix 1.

As a final remark to this section, we see that N(ξ, x) decreases quickly —
quantitatively speaking, faster than ln(4/η) — as the distance η ≡ |ξ − x| from
the singularity ξ = x increases (Figure 76 in Appendix 1).

3.6 Construction and analysis of an added-mass approximation

As was seen in the literature review, added-mass models are often used for tak-
ing into account the inertial effects of fluid-structure interaction when the ideal
fluid model is used for the fluid component. In this section, we will construct an
added-mass approximation for our model and compare the result to some exist-
ing added-mass models.

Note that in the main part of this thesis (Chapters 4 and 6), we will not use
this approximation, but we will use the original model directly.

We saw that N(ξ, x) has the following properties:

– N(ξ, x) → ∞ as ξ → x,
– N(ξ, x) ∈ L1([−1, 1]× [−1, 1]), and
– The value of N(ξ, x) decreases quickly as the distance from the singularity

increases.

Motivated by these properties, let us make the following simplifying approxima-
tion: ˆ 1

−1
N(ξ, x) f (ξ) dξ ≈ μ

ˆ 1

−1
δ(ξ, x) f (ξ) dξ , (129)

where δ(ξ, x) is the Dirac delta distribution, f (ξ) = f (ξ; t) is any admissible func-
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tion, and μ is the constant

μ ≡ mean
x∈(−1,1)

ˆ 1

−1
N(ξ, x) dξ =

1
2

ˆ 1

−1

[ˆ 1

−1
N(ξ, x) dξ

]
dx . (130)

The approximated integral in (129) is easy to evaluate. Using the definition of the
Dirac delta, we have

μ

ˆ 1

−1
δ(ξ, x) f (ξ) dξ = μ f (x) ∀x ∈ [−1, 1] . (131)

Numerically, it is easy to find that the required mean value is μ ≈ π/4. To do
this, the formula (130) can be evaluated in several ways. One way is to use the
Monte Carlo method: take the middle form of the expression (130), replace the
mean by the sample mean, and sample the integral for e.g. n = 1000 uniformly
distributed random values of x. The sample mean then gives an approximation
for μ.

Alternatively, it is possible to use the rightmost form of (130), and evaluate
the double integral directly by applying a (possibly adaptive) quadrature method
to both the outer and inner integrals. This approach requires a lot of evaluations
of the inner integral, and is thus fairly slow, but it gives a more accurate result.

Whichever method is used, due to the singularity of N(ξ, x) at ξ = x, in
practice the (inner) integral must be numerically approximated as

ˆ 1

−1
N(ξ, x) dξ ≈

ˆ x−ε

−1
N(ξ, x) dξ +

ˆ 1

x+ε
N(ξ, x) dξ , (132)

where ε is small, e.g. 10−8.
It is important to note that the added-mass model, by replacing the exact

aerodynamic kernel by the Dirac delta approximation as per equation (129), ap-
proximates the fluid-structure interaction as pointwise local. Thus, the added-
mass model can be seen as performing mass lumping on the original model; the
factor μ approximates the total strength of the aerodynamic reaction on one point
of the panel surface.

Of course, a global mean value is not the only way to perform mass lump-
ing. Alternatively, one could approximate

ˆ 1

−1
N(ξ, x) f (ξ) dξ ≈ S(x)

ˆ 1

−1
δ(ξ, x) f (ξ) dξ ,

where

S(x) ≡
ˆ 1

−1
N(ξ, x) dξ . (133)

This choice is slightly more sophisticated in that it accounts for differences in the
strength of the coupling at different values of x. It approximates the effect of the
kernel with the local mean at each fixed x, instead of the global mean π/4. For a
plot of S(x), see Figure 33. If fast computation is desired, a polynomial approxi-
mation can be used. A least squares fit (by the method of normal equations, see
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Appendix 4) using the functions φ0(x) ≡ 1, φ1(x) = x2, φ2(x) = x4 gives coef-
ficients c0 = 0.9892, c1 = −0.3195, and c2 = −0.4872. This approach leads to
a variable-coefficient PDE, and is in spirit similar to the approach of Frondelius
et al. (2006), where an added-mass model was used, with the added masses taken
as functions of x derived from boundary layer theory (although here we use thin
airfoil theory instead of boundary layer theory).

In any case, how accurate the added-mass approximation is depends on the
physical situation being considered. In Païdoussis (2008), it is pointed out that the
problem of plates subjected to axial flow is more complex than the otherwise very
similar, canonical problem of the fluid-carrying pipe, exactly due to the nonlocal
coupling effect that is ignored by the added-mass model.

With this reservation, let us work out the added masses predicted by our
model. For simplicity, consider only the inertial terms and q f in (82). That is, in
(82), assume T = 0, D = 0 and g ≡ 0 for simplicity (we can easily add these terms
back when we are done). We approximate q f by inserting (129) and μ = π/4 into
(122). Then, we evaluate the approximated aerodynamic integral by (131).

In dimensionless coordinates, we have the result

m
τ2

∂2w
∂t2 + 2

mV0

�τ

∂2w
∂x∂t

+
mV2

0
�2

∂2w
∂x2 = −ρ f

π

4

[
�

τ2
∂2w
∂t2 + 2

v∞

τ

∂2w
∂x∂t

+
v2

∞
�

∂2w
∂x2

]
,

from which we obtain

1
τ2 [m + ma]

∂2w
∂t2 + 2

V0

�τ
[m + marv]

∂2w
∂x∂t

+
V2

0
�2

[
m + mar2

v

] ∂2w
∂x2 = 0 , (134)

where
ma ≡ �ρ f π/4 and rv ≡ v∞/V0 . (135)

This reduces to a classical one- or three-term single-parameter added-mass model
by choosing rv = 0 (i.e. v∞ = 0, no free-stream flow in laboratory coordinates) or
rv = 1 (i.e. v∞ = V0, whole air mass moves with the web).

The prediction for the added mass ma thus derived, in equation (135), agrees
with eq. (12a) of Pramila (1986), if we take α = 0.5 in Pramila’s eq. (12a). Note
that our � denotes the span half-length and Pramila’s a denotes the full length.
According to Pramila (1986, Table II), the choice α = 0.5 corresponds to an aspect
ratio slightly larger than 1.0 (span slightly longer than wide).

Compare also eq. (13) of Pramila (1987), due to T. Y.-T. Wu, reported to
hold for long and narrow spans. Here the corresponding added mass becomes
bρ f π/4, when the force per unit area is considered. This formulation, instead of
�, uses the plate width b as the length scale. Comparing to our approximation
in (134), �ρ f π/4, the best agreement is obtained when �/b ≈ 1, i.e. aspect ratio
2�/b ≈ 2.

Finally, note that in the special case V0 = 0, the effect of fluid cannot be
included in the mass only, because for V0 = 0 the quantity rv in (135) becomes
undefined. However, the added mass ma is still well-defined. The added mass
ma and the fluid axial velocity v∞ together fully characterize the approximated
effect of the fluid.
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FIGURE 33 The function S(x) defined by equation (133), for local approximation of
the aerodynamic reaction. Both the original function and its three-term
polynomial approximation are shown. The polynomial fit coefficients are
c0 = 0.9892, c1 = −0.3195, and c2 = −0.4872. Note that the original func-
tion touches zero at both ends of the domain.
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In the general case, instead of writing (134), we can use added mass for the
wtt term (mtotal = m + ma), added linear momentum (per unit of surface area) for
wxt (ptotal = mV0 + mav∞), and added kinetic energy (per unit of surface area) for
wxx (2Ktotal = mV2

0 + mav2
∞). We have

1
τ2 mtotal

∂2w
∂t2 + 2

1
�τ

ptotal
∂2w
∂x∂t

+
1
�2 2Ktotal

∂2w
∂x2 = 0 ,

or, equivalently,

1
τ2 [m + ma]

∂2w
∂t2 + 2

1
�τ

[mV0 + mav∞]
∂2w
∂x∂t

+
1
�2

[
mV2

0 + mav2
∞

] ∂2w
∂x2 = 0 . (136)

This generalized added-mass type approximation covers all values of V0.
Note that due to the forms of (134) and (136), neither approximation can

qualitatively change the dynamic stability of the system when compared to the
vacuum case. These approximations only modify the coefficients of the original
constant-coefficient PDE; the PDE itself remains identical to the vacuum case.

Thus, the dynamic stability results of the corresponding vacuum case fully
qualitatively govern the stability of this approximated FSI model. We will see
later, in the numerical results of Section 6.3, that this property does not hold for
the original model; introduction of the exact analytical aerodynamic reaction may
introduce an instability, much like the introduction of damping did in subsection
2.2.2.

3.7 Summary and conclusion

We set up the aerodynamic problem and derived its solution in a functional form,
using the techniques of thin airfoil analysis. We obtained a Green’s function solu-
tion in terms of the aerodynamic kernel N(ξ, x), determined explicitly in closed
form, and the panel displacement w(x, t). This solution was used to produce an
explicit formula for the aerodynamic reaction q f (w).

We proved certain symmetry properties and the absolute integrability of the
aerodynamic kernel. We also established an analytical upper limit for its values
across its whole domain. Finally, we derived an added-mass approximation for
the present FSI model, and suggested a second, more sophisticated added-mass
approximation with coefficients depending on x.

The assumptions behind the obtained solution are as follows. The fluid
is ideal; that is, only potential flow occurs, and fluid rotation and viscosity are
neglected. The panel displacement w, the fluid disturbance potential ϕ, and their
derivatives are small. Especially, the panel undergoes small deformation only;
geometrically, it can be approximated as a straight line segment on the x axis. In
the flow problem, only the no-penetration boundary condition depends on the
panel’s transverse displacement w. Although an axially moving panel is studied,
in the fluid flow problem the panel only exists in the interval x ∈ [−1, 1]. Thus,
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in the panel domain, there is a material source at x = −1 and a sink at x = +1
(for positive V0). The rollers supporting the panel, and any surrounding parts of
the panel itself, are neglected in the flow analysis.

The approach is thus highly approximate, but it is fairly simple and it ac-
counts for two-way coupling between the panel and fluid components of the FSI
model. The deformation of the panel pushes the fluid, which then pushes back
on the panel surface. The linearity of the model is preserved, because potential
flow is memory-free.

Finally, it should be noted that our solution for the aerodynamic problem
does not require the simply supported boundary conditions for the panel that we
use in the present work. Any choice of boundary conditions for the panel can
be used, as long as the panel displacement w and its derivatives inside the do-
main remain small. For one example, the same aerodynamic reaction is applica-
ble also with the nonsymmetric boundary conditions introduced by Garziera and
Amabili (2000), in which study the case of tape winding onto a reel was investi-
gated. In the papermaking context, those boundary conditions could be used for
modelling the end of the paper machine, where the finished product is similarly
wound onto a reel.



4 THE AXIALLY MOVING PANEL SUBMERGED IN

IDEAL FLUID

We will now begin analyzing the axially moving panel submerged in ideal fluid.
We will use the solution of the flow problem from Chapter 3.

The analysis has been split into several chapters to facilitate logical organi-
zation. In this first, short chapter, we set up our three problems for the travelling
panel submerged in ideal fluid, and perform the space discretization to obtain the
semidiscrete form. The latter is done just once, because much of the work in the
space discretization is identical in the steady-state and dynamic cases.

Starting from the semidiscrete form, the three main problems will be ana-
lyzed one at a time in Chapter 6. These are the steady-state stability problem, the
dynamical behaviour problem, and the eigenfrequency problem. The presenta-
tion of problem-specific numerical approaches is deferred until the handling of
each problem.

The numerical eigenfrequency problem requires some further considera-
tion; practical tools for it will be developed in the intervening Chapter 5.

Let us begin by defining some common notation for all the problems. Let

V0D ≡ √
T/m , (137)

which is the critical velocity of a membrane in vacuum (see, e.g., Chang and
Moretti, 1991). Define also the dimensionless quantities

γ ≡ �
ρ f

m
, (138)

β ≡ D
mV2

0D�
2
=

D
�2T

, (139)

λ ≡ V0/V0D , (140)
θ ≡ v∞/V0D , (141)

α ≡ �/τ

V0D
. (142)

These denote a fluid effect coefficient, dimensionless bending rigidity, dimension-
less axial velocities for the panel and the fluid, and dynamic time scale, respec-
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tively. The quantities (138)–(141) appear in both steady-state and dynamic cases;
the quantity (142) only in the dynamic case.

All three problems that will be analyzed can be expressed in abstract integro-
differential form as

L(w; V0) + γK(w; v∞) = G , (143)

where L is the differential operator of the corresponding vacuum problem, γ is
the fluid effect coefficient, K is the integro-differential operator accounting for
fluid-structure interaction, and G = G(x, t) is the (optional) external load func-
tion (which does not depend on w). The operator L has the panel velocity V0 as
parameter, while K has the fluid free-stream velocity v∞. As the dynamical be-
haviour problem is the most general of those considered, equation (150), below,
can be used as a definition for L, K and G.

4.1 Steady-state problem

We use the Euler approach of determining nontrivial steady-state solutions, and
the associated critical values of the problem parameter of interest. Like in sub-
section 2.3.2, we concentrate on finding the critical velocities, which play the role
analogous to Euler’s critical compression force for the axially compressed beam.

Recall equation (82) (from p. 100), which describes the dynamical behaviour
of the moving panel submerged in ideal fluid. Setting the time-dependent terms
to zero, and assuming zero external forces (g ≡ 0), we obtain the steady-state
equation (

mV2
0 − T

)
wxx + Dwxxxx = q f , (144)

which describes the buckling of a travelling panel submerged in ideal fluid. Refer
to Figure 26 (p. 102).

It is convenient to transform the problem into nondimensional form for
analysis. This should be done before we proceed any further, because the aero-
dynamic reaction, which we wish to insert here, was derived in dimensionless
coordinates. Let us use x′ = x/� (recall equation (13), p. 58); hence each dif-
ferentiation will produce a factor of 1/�. Note that since we will be consider-
ing eigenvalue problems only, the scaling of w is of no concern. Let us choose
w′(x′, t′) ≡ w(x, t) (scaling factor of unity).

In dimensionless coordinates, we have(
mV2

0 − T
) 1
�2 wxx + D

1
�4 wxxxx = q f ,

where x ∈ [−1, 1]. The prime has been omitted from notation. Moving q f to
the left-hand side, inserting the final solution for the aerodynamic reaction from
equation (122), and dropping the time dependence in it, we obtain(

mV2
0 − T

) 1
�2 wxx + D

1
�4 wxxxx + ρ f

1
�

v∞
∂

∂x

ˆ 1

−1
N (ξ, x) v∞

∂

∂x
w(ξ)dξ = 0 .

(145)
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Multiplying (145) by �2/mV2
0D, and applying (138)–(141), we obtain

(λ2 − 1)wxx + βwxxxx + γθ2 ∂

∂x

[ˆ 1

−1
N (ξ, x)

(
∂

∂x
w(ξ)

)
dξ

]
= 0 . (146)

This is the fourth-order integro-differential equation that will be solved for inves-
tigating the static stability. As was mentioned, the domain is x ∈ [−1, 1]. For the
boundary conditions, we take the simply supported conditions (66)–(67) (p. 93).

We fix all parameters but one, and treat the remaining parameter as an
eigenvalue. In this study, we consider only the axial velocities V0 (dimension-
less: λ) and v∞ (dimensionless: θ) as eigenvalues.

The static stability problem is: what are the critical values of the chosen
parameter, such that (145) admits nontrivial solutions w(x) 
≡ 0, and what are
those nontrivial solutions?

The steady-state solution of the moving panel in vacuum (subsection 2.3.2)
will be of interest as a point of comparison.

We will derive the discrete form of this problem from the semidiscrete form
in Section 6.1.

4.2 Dynamical behaviour

For this problem, we investigate the full dynamic equation (82),

mwtt + 2mV0wxt +
(

mV2
0 − T

)
wxx + Dwxxxx = q f + g .

Refer to Figure 25 (p. 101) for the setup. The external load g ≡ g(x, t) is allowed
to be nonzero, and is considered given.

Let us move into dimensionless coordinates. We will scale x′ = x/� and
t′ = t/τ as in (13), but for w, we choose the scaling w′ = w/� (which is especially
convenient for this problem). We have

m
1
τ2 wtt + 2mV0

1
�τ

wxt +
(

mV2
0 − T

) 1
�2 wxx + D

1
�4 wxxxx =

1
�

q f +
1
�

g . (147)

The 1/� factor on the right-hand side comes from the scaling of w = �w′ (after
division of both sides by �). The dimensionless variables x ∈ [−1, 1] and t ∈
[0, ∞). Primes have been dropped from the notation.

Now we can insert the aerodynamic reaction q f ≡ q f (w), which is given in
dimensionless coordinates in equation (122),

q f = −ρ f
1
�

(
�

τ

∂

∂t
+ v∞

∂

∂x

) ˆ 1

−1
N (ξ, x)

(
�

τ

∂

∂t
+ v∞

∂

∂x

)
w(ξ, t)dξ .

In the formula for the aerodynamic reaction, the scaling of w has not been applied
yet; only dimensionless x′ and t′ are used. We must apply it now, to get an equa-
tion which depends only on the scaled w′. Inserting w = �w′ into (122) eliminates
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the leading 1/�. However, when we insert the resulting expression into (147), the
same factor will be brought back by the 1/� multiplying the q f .

Summarizing, we obtain

m
1
τ2 wtt + 2mV0

1
�τ

wxt +
(

mV2
0 − T

) 1
�2 wxx + D

1
�4 wxxxx

= −ρ f
1
�

(
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τ
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∂
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) ˆ 1

−1
N (ξ, x)

(
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τ

∂

∂t
+ v∞

∂
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)
w(ξ, t)dξ +

1
�

g(x, t) .

(148)

Anticipating upcoming manipulations, let us define the dimensionless external
load (here spelling out the primes for the sake of clarity)

g′′(x′, t′) ≡ �

mV2
0D

g′(x′, t′) = �

T
g′(x′, t′) . (149)

The double-prime is just notation to distinguish g′′ (dimensionless) and g′ (di-
mensional, but function of dimensionless variables). Explicitly,

g′(x′, t′) ≡ g(x, t) = g( � x′, τ t′ ) .

Hence, to actually evaluate g′′, we can use

g′′(x′, t′) = (�/T) · g( � x′, τ t′ ) ,

where g is the original (dimensional) load function.
We multiply (148) by �2/mV2

0D, and in the q f term, distribute the 1/V2
0D into

the operators (one 1/V0D per instance of the operator). Applying (138)–(142) to
the result, and moving q f to the left-hand side, we have

α2wtt + 2αλwxt + (λ2 − 1)wxx + βwxxxx

+ γ

(
α

∂

∂t
+ θ

∂

∂x

) ˆ 1

−1
N (ξ, x)

(
α

∂

∂t
+ θ

∂

∂x

)
w(ξ, t)dξ = g′′(x, t) . (150)

The domain of equation (150) is (x, t) ∈ ( [−1, 1], [0, ∞) ). This is the equation
that will be solved to determine the dynamical behaviour.

As the boundary conditions, we use the simply supported conditions (66)–
(67) (p. 93). Uniqueness of dynamic behaviour requires two initial conditions, as
the equation is of the second order in time. We set

w(x, 0) = g1(x) (151)
wt(x, 0) = g2(x) , (152)

where g1(x) and g2(x) are given functions.
The dynamic problem is to solve the initial boundary value problem (150),

(66)–(67), (151)–(152) to find the time-dependent behaviour w(x, t).
We will derive the discrete form of this problem from the semidiscrete form

in Section 6.2.
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4.3 Eigenfrequencies

The eigenfrequency problem is concerned with finding the unloaded time-harmo-
nic behaviour. We start from equation (150), and set g ≡ 0. By inserting the
standard time-harmonic trial function

w(x, t) ≡ estW(x) (153)

into (150), and ignoring the common exp factor, we have the pseudo-steady-state
problem

α2s2W + 2αλsWx + (λ2 − 1)Wxx + βWxxxx

+ γ

(
αs + θ

∂

∂x

) ˆ 1

−1
N (ξ, x)

(
αs + θ

∂

∂x

)
W(ξ)dξ = 0 . (154)

Because our original operator is linear in w, and the original coefficients are real,
the complex-valued time-harmonic approach is justified, as was noted in the in-
troduction (Section 1.5, page 47). As usual, s will be complex, and the coefficients
of the space-component problem (154) will be complex-valued.

As the boundary conditions for W(x), we choose the simply supported con-
ditions (66)–(67) (p. 93). In the eigenfrequency analysis, we just look for possible
modes for free vibrations, so initial conditions are not needed. Instead, we have
an eigenvalue problem for pairs (s, W).

As a point of comparison, it is useful to keep in mind the qualitative aspects
of the free-vibration solutions from Chapter 2 (subsections 2.1.4, 2.2.2 and 2.3.3).

We will derive the discrete form of this problem from the semidiscrete form
in Section 6.3.

4.4 Derivation of semi-discrete form

For the purposes of numerical analysis, a discrete approximation will be used
for the partial differential equations as usual. Also in the traditional manner,
the space discretization will be performed first, producing a semi-discrete form.
Deriving the semi-discrete form is the purpose of the present section. Practical
hints for computing the fluid-structure interaction matrices, which will arise in
the discretization, are included in Appendix 2.

In the dynamic behaviour problem, we will also need a time discretization;
this will be performed during the analysis of the dynamic problem, in Section 6.2.
For the other two problems, the space discretization is sufficient. The steady-state
problem is by definition time-independent; and for the eigenfrequency problem,
the time component is known analytically.

Galerkin methods are especially convenient for numerical handling of inte-
gro-differential equations. We will space-discretize using the Fourier–Galerkin
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method (see e.g. Canuto et al. 1988). The Fourier–Galerkin method is a traditional
spectral method of the Galerkin type. According to Canuto et al. (1988), the first
serious application of spectral methods to partial differential equations was made
by Silberman (1954) for meteorological modelling. For a stability analysis of the
method and some further references, see Tadmor (1987). Recently, the method
has been applied, e.g., in computing the stationary solutions of two-dimensional
generalised wave equations (Christou and Christov, 2007).

We represent the displacement w as a Galerkin series,

w (x, t) =
∞

∑
n=1

fn (t)Ψn (x) , (155)

Note that we are working in dimensionless coordinates, so there is no scaling
factor, and w (which is actually w′ with the prime omitted from notation) is di-
mensionless. The functions fn and Ψn are both dimensionless.

For the shape functions Ψn, we choose the eigenmodes of free vibrations of
a membrane in vacuum,

Ψn (x) ≡ sin
(

nπ
x + 1

2

)
, x ∈ [−1, 1] . (156)

This is a Fourier sine basis that splits the space component of the solution into a
frequency domain along the x axis.1 By its construction, it automatically accounts
for the simply supported boundary conditions (66)–(67). The basis is equivalent
to the standard Fourier sine basis, up to a constant factor of 2, if the solution is
considered to have period 4, and to be antisymmetric with regard to the (ficti-
tious) midpoint x = 1.

We start the development of the semi-discrete form from the dimensionless
integro-differential equation (150), which we repeat here:

α2wtt + 2αλwxt + (λ2 − 1)wxx + βwxxxx

+ γ

(
α

∂

∂t
+ θ

∂

∂x

) ˆ 1

−1
N (ξ, x)

(
α

∂

∂t
+ θ

∂

∂x

)
w(ξ, t)dξ = g′′(x, t) .

We must be careful with the ∂/∂x in front of the integral in the fluid term,
because the aerodynamic kernel N (ξ, x) is singular. We cannot directly take the
derivative operator into the integral, because the L1 norm of ∂N/∂x is not finite.
A straightforward, but somewhat lengthy, calculation finds that ∂N/∂x has sin-
gularities of type 1/xα, where α ≥ 1. The singularities are located at x = ±1 with
α = 3/2, and at x = ξ with α = 1.

However, as was shown, the integral in (121) is absolutely convergent, and
thus the function ϕ+ is bounded. We can choose from two approaches. The first
approach is to integrate first, and then differentiate the result by any method.

1 This use of the word frequency has nothing to do with time, but represents the decomposi-
tion of the space axis in a manner somewhat similar to what Fourier analysis does to time
signals. Note that the functions fn are functions of the time t directly; hence our frequency
domain is only spatial.
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The second approach, more applicable here because we will work in the weak
form and do not have a closed-form antiderivative, is to integrate by parts against
the test function as usual. This is legitimate despite the singularity, because the
integrand of the weak form is a product of two bounded, integrable functions.

We now consider the system of equations corresponding to the dynamics of
the web, expressed by the weak form of (150). As was mentioned earlier, (150) is
of the abstract form

L(w; V0) + γK(w; v∞) = G .

We multiply equation (150) by the test function Ψj(x) and integrate over the di-
mensionless space domain Ω = [−1, 1]. We have

α2
ˆ 1

−1
wttΨj dx + 2αλ

ˆ 1

−1
wxtΨj dx

+(λ2 − 1)
ˆ 1

−1
wxxΨj dx + β

ˆ 1

−1
wxxxxΨj dx

+γ

ˆ 1

−1

[(
α

∂

∂t
+ θ

∂

∂x

) ˆ 1

−1
N (ξ, x)

(
α

∂

∂t
+ θ

∂

∂x

)
w(ξ, t)dξ

]
Ψj(x) dx

=

ˆ 1

−1
g′′(x, t)Ψj dx . (157)

The brackets emphasize that the aerodynamic reaction is one function. In the
same term, the x in Ψj(x) is indicated explicitly, because there are two integra-
tions: first, over ξ to determine q f (x, t) at a fixed x, and then over x from the
weak form. From (157), the choices of functions for integration by parts should
be more apparent, and it should be clear what to do in practice in order to transfer
the outer ∂/∂x to the factor Ψj(x).

That takes care of the space derivative. What about the outer ∂/∂t? Once
we insert the Galerkin series (155), for each term n in the sum, the function w
will separate into a product of space- and time-dependent parts. We make the
standard assumption that the series is “convergent enough” so that the order of
spatial integration and series summation can be exchanged. Once the summation
has been taken outside both (nested) integrals, we can use the fact that the time
part is constant in space, and hence it too can be taken outside the integrals.

To sum up, as long as care is taken with the outer ∂/∂x in the aerodynamic
term, the rest can be done in the standard manner. The result is as follows. In-
serting the Galerkin series (155) into the weak form (157) gives us the following
expressions for the weak equivalents of the operators L and K:

ˆ 1

−1
L (w; λ) Ψj dx =

ˆ 1

−1
L
(

∞

∑
n=1

fnΨn ; λ

)
Ψj dx

=
∞

∑
n=1

[
α2Ajn

d2 fn

dt2 + 2αλBjn
d fn

dt
+ (λ2 − 1)Cjn fn + βDjn fn

]
(158)
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ˆ 1

−1
K (w; θ) Ψj dx =

ˆ 1

−1
K
(

∞

∑
n=1

fnΨn ; θ

)
Ψj dx

=
∞

∑
n=1

[
α2ajn

d2 fn

dt2 + 2αθbjn
d fn

dt
+ θ2cjn fn

]
. (159)

The operator L depends on the dimensionless panel velocity λ, while K depends
on the dimensionless fluid velocity θ. Both operators are nonzero even at zero
velocity.

The formal matrices Ajn, Bjn, Cjn, Djn, ajn, bjn and cjn are defined by

Ajn =

ˆ 1

−1
Ψn(x)Ψj(x) dx = δjn (160)

Bjn =

ˆ 1

−1

dΨn

dx
(x)Ψj(x) dx =

⎧⎨
⎩

0, j = n
nj

n2 − j2
(
(−1)j+n − 1

)
, j 
= n

(161)

Cjn =

ˆ 1

−1

d2Ψn

dx2 (x)Ψj(x) dx = −
(

jπ
2

)2

δjn (162)

Djn =

ˆ 1

−1

d4Ψn

dx4 (x)Ψj(x) dx =

(
jπ
2

)4

δjn (163)

ajn =

ˆ 1

−1

ˆ 1

−1
Ψn(ξ)N (ξ, x)Ψj(x) dξdx (164)

bjn =
1
2

(
Ijn − Inj

)
and (165)

cjn = −
ˆ 1

−1

ˆ 1

−1

dΨn

dx
(ξ) N (ξ, x)

dΨj

dx
(x) dξdx , (166)

where j, n = 1, 2, 3, . . . and δjn is the Kronecker delta. In equation (165), we have
defined

Ijn ≡
ˆ 1

−1

ˆ 1

−1

dΨn

dx
(ξ) N (ξ, x)Ψj (x) dξdx . (167)

The test functions are indexed by j; the Galerkin series is summed over n.
In equation (166), and in the Inj term in (165), we have carried out the men-

tioned integration by parts. No boundary terms appear, because N(ξ,±1) = 0
either directly (at x = +1) or in the sense of limits (at x = −1). This holds for
any choice of boundary conditions for w. (Additionally, if the chosen boundary
conditions require w|x=±1 = 0, it follows that Ψj(±1) = 0 for all j.)

Although we use a global sine basis which is infinitely smooth, the inte-
gration by parts is compulsory due to the singularity of N(ξ, x), as mentioned
above.

The closed-form solutions of (160)–(163) are, obviously, specific to the basis
(156). In all other respects, the definitions (160)–(167) always hold, regardless of
the basis or boundary conditions chosen.

The integrals in (164)–(167) have no closed-form solution, but some useful
properties may be obtained analytically, assuming the basis (156). A summary
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follows; see Appendix 2 for the details. If j + n is odd, then ajn = cjn = 0 by
considering the symmetries of each integrand. The matrix bjn is antisymmetric,
and if j + n is even, then bjn = 0. The matrices ajn and cjn are symmetric by the
symmetry of N (ξ, x) with respect to the line x = ξ and the application of Fubini’s
theorem. When j+ n is even, each integrand ajn and cjn is symmetric with respect
to the lines x = ξ and x = −ξ.

Summarizing, we have obtained the semidiscrete weak form,

∞

∑
n=1

(
α2 [Ajn + γajn

] d2 fn

dt2 + 2α
[
λBjn + γθbjn

] d fn

dt

+
[
(λ2 − 1)Cjn + γθ2cjn + βDjn

]
fn

)
− Gj = 0 , (168)

where definitions (138)–(142), (149), and (160)–(167) have been used. Addition-
ally, we have defined the space-discrete load vector, whose jth component is
(spelling out the primes)

Gj(t′) ≡
ˆ 1

−1
g′′(x′, t′)Ψj(x′)dx′ . (169)

Finally, consider the initial conditions for direct temporal simulation. We
insert (155) into (151)–(152) (page 129), multiply both sides by Ψj(x), integrate
over the domain, and use (160) to eliminate all cross terms on the left-hand side.
We have

f j(0) =
1
�

ˆ 1

−1
Ψj(x)g1(x) dx, j = 1, 2, 3, . . . (170)

d fj

dt
(0) =

1
�

ˆ 1

−1
Ψj(x)g2(x) dx, j = 1, 2, 3, . . . . (171)

The leading 1/� comes from the scaling w = �w′, by dividing both sides of each
equation by �. (This scaling is inherited from (150).)

This completes the semi-discrete form. The original initial boundary value
problem (150), (66)–(67), (151)–(152), has been transformed into a Cauchy prob-
lem for the system of ordinary differential equations (168) with initial conditions
(170)–(171).

For a practical numerical implementation, we truncate the Galerkin series
at a given value of n = n0. The resulting finite equation corresponding to (168) is
a linear, second-order, non-homogeneous, system of ordinary differential equa-
tions with constant coefficients.



5 SOLUTION AND VISUALIZATION OF

EIGENFREQUENCIES

One final task remains before we can solve all three problems that we set up in
Chapter 4. In this section, we will look at the computation and visualization of as
many eigenfrequencies as the discretization allows. For now, we assume that we
have obtained the eigenfrequencies of the discrete problem; how to do this will
be reviewed in Section 6.3.

Although the solution of complex eigenfrequencies itself is an often recur-
ring theme in the literature (see e.g. Bolotin, 1963; Ulsoy and Mote, 1982; Ren-
shaw and Mote, 1996; Lin, 1997; Parker, 1998; Guo and Païdoussis, 2000; Kim
et al., 2003; Païdoussis, 2004; Lee and Oh, 2005; Zhou and Wang, 2007; Vaughan
and Raman, 2010), this is a topic that is not often discussed. Parker (1999) has pre-
viously made some remarks in this area for some models of the same class, but
did not consider the problem of connecting the solution points in visualization.

When we solve the eigenfrequency problem, we will keep the rest of the
problem parameters fixed, and scan through the V0 axis. We will discretize the V0
axis into steps, and record the set of eigenvalues for each step. Even with n0 = 50
basis functions, one scan is completed in a few seconds. Since the problem is
continuous in V0, the scan, when plotted in R3 with (V0, Re s, Im s) as the axes,
consists of 2n0 continuous curves. We will then repeat the process for different
values of v∞ to see the effect of axial motion of the free stream.

However, since standard eigenvalue solvers return the results in a random
order, the indices corresponding to points on the same curve may switch around
randomly at adjacent V0 steps. A trivial solution is to forget about drawing lines,
and to simply use a scatter plot (see e.g. Parker, 1999, p. 212–213, and Guo and
Païdoussis, 2000). In a way, this is the most accurate view of the discrete data.

However, a representation based on piecewise linear curve segments is some-
what easier to read visually. In order to be able to draw lines in R3 connecting the
corresponding points in the discrete data for two adjacent values of V0, we must
detect at each V0 step which of the solutions is which. Obviously a general solu-
tion is to take advantage of continuity; the purpose of this chapter is to present
two practical methods to address this.
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There is also a second issue here that deserves attention. Before the trun-
cation of the Galerkin series, the original frequency-domain problem is infinite-
dimensional. In a practical numerical solution, naturally only a finite number
of terms are kept, leading to a matrix M of size 2n0 × 2n0. The matrix has 2n0
complex eigenvalues1.

With n0 basis functions used to construct the Galerkin approximation (155)
(page 131), obviously only some of the 2n0 eigenfunctions can be approximated
to reasonable accuracy in the general case. In practice, it is seen that the lowest
modes are approximated the most accurately. The question naturally arises: is
the accuracy of the eigenfrequencies affected by the discretization, too?

5.1 Demonstration of qualitative artifacts introduced by discretiza-
tion

One might guess, correctly, that the answer is yes. We will see that in general,
the discretization can be expected to introduce even qualitative artifacts into the
eigenfrequency solution. Detailed analysis of this phenomenon is beyond the
scope of the present study; the purpose of this section is simply to raise aware-
ness of the phenomenon, and to demonstrate it on a simple problem for which a
closed-form solution is known. Compare the study by Parker (1999, p. 212–213),
who has noted the same problem.

To demonstrate the issue numerically, let us consider the problem of the
moving ideal string, travelling through two pinholes (which was solved analyt-
ically in subsection 2.1.4). We will concentrate on the phenomenon itself; the
techniques used will be presented in detail in the following Sections 5.2 and 5.3.

In the Fourier–Galerkin basis, for this problem specifically, all modes are
correct at V0 = 0, because at this point the basis functions are exactly the eigen-
functions of the system (recall that they were chosen this way). As |V0| increases,
the approximation quality suffers, as the basis functions drift (continuously) fur-
ther and further away from the eigenfunctions.2

By comparing the numerical results to a plot of the analytical solution (33)
(p. 64), it is seen that the lowest n0 eigenfrequencies are reproduced reasonably
accurately up to the critical velocity (and maybe a slight bit beyond). However,
the other half of the numerical solution is simply wrong: the highest n0 modes
seemingly introduce flutter instabilities, whereas it is analytically known that this
particular system is stable for all V0. We also see that the values of the incorrect
solutions depend on the space discretization used.

1 These are not necessarily distinct; but in practice multiplicities higher than one only appear
during eigenvalue pair collisions, and when passing through the origin.

2 A natural idea for improving the results would be to use the velocity-dependent eigenfunc-
tions of the moving string as the basis, instead of the eigenfunctions of the stationary string.
Parker (1999) indeed suggests this, referring to Mote and Wickert (1991) (see discussion of
the Rayleigh quotient from p. S282 onward).
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The numerical results are produced as follows. We first discretize the ideal
string problem in space using Fourier–Galerkin. This produces the matrices (160)–
(162), given in Section 4.4 (page 133). We solve the flutter equation (206) (below,
page 183). Refer to equations (168) and (190)–(193) (pages 134 and 171–172, re-
spectively) for the necessary definitions.

We also discretize the same problem using standard linear Lagrange FEM
(i.e. linear finite elements) on a uniform grid with spacing h. Working out the
weak form produces the well-known tridiagonal matrices

Ãjn ≡
ˆ

Ω
φjφn dx =

⎧⎪⎨
⎪⎩

2h/3 , if j = n
h/6 , if |j − n| = 1
0 otherwise

(172)

B̃jn ≡
ˆ

Ω
φj

d
dx

(φn) dx =

⎧⎪⎨
⎪⎩
+1/2 , if n = j + 1
−1/2 , if n = j − 1
0 otherwise

(173)

C̃jn ≡ −
ˆ

Ω

d
dx

(φj)
d

dx
(φn) dx =

⎧⎪⎨
⎪⎩

2/h , if j = n
−1/h , if |j − n| = 1
0 otherwise ,

(174)

which correspond to the local inertia, Coriolis, and centrifugal terms, respectively.
As before, the index j refers to the test function; summation in the Galerkin series
is taken over n. The symbol φ is used for the basis functions of the piecewise
linear basis simply to distinguish it from the sine basis.

Note that the boundary conditions imply that the first and last nodes have
w = 0; the degrees of freedom are related only to the interior of the domain. Also,
the boundary term (from integration by parts in C̃jn) vanishes. The flutter equa-
tion (206) for the linear FEM case is formed in the exact same manner as above,
now using (172)–(174) in place of (160)–(162) when assembling the matrices M2,
M1 and M0. Because there is no fluid, the matrices ãjn ≡ b̃jn ≡ c̃jn ≡ 0, and no
bending rigidity; hence also D̃jn ≡ 0. (If there were bending rigidity, we would
need a C1 FEM.)

We solve (206) for each of the two discretizations using the eigenvalue ap-
proach, Section 6.3. The numerical results are shown in Figure 34. Compare the
plot of the analytical result in Figure 10 on page 65; in the analytical solution,
Re s ≡ 0.

The difference in the scaling of Im s (and also Re s, although this is obvi-
ously not visible in a problem where Re s ≡ 0) arises from a difference in the
length of the domain. Here the length is two units, whereas in Figure 10, one
unit; see footnote 3 on page 168.

Figure 35 shows the filtered numerical result, where only those parts of the
solutions flagged as correct are shown. Methods to do this will be discussed in
Section 5.3.
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FIGURE 34 Eigenvalues of the moving ideal string. Top: Fourier–Galerkin discretiza-
tion, MAC tracking (see Section 5.2). Bottom: Linear FEM discretization,
Taylor tracking. In both plots, blue (dark) line denotes parts of solution
flagged as correct, red (light) line parts flagged as numerical artifacts. Com-
pare analytical result in Figure 10 (p. 65), for which Re s ≡ 0.
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FIGURE 35 Eigenvalues of the moving ideal string. After filtering (Section 5.3); only
those parts of the solutions flagged as correct are shown. Fourier–Galerkin
discretization with MAC tracking (Section 5.2). In the projection, blue
(light) line denotes imaginary part, red (dark) line real part.
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5.2 Tracking the solutions

As was mentioned above, the identities of the solutions must be tracked some-
how if we are to be able to plot piecewise linear curves in R3.

There are at least two different ways to utilize the continuity of the problem.
If we have no desire to compute the eigenfunctions (or do not have them avail-
able), a natural approach is to assume that the curve traced by each eigenvalue is
C1 with respect to V0 (physically, continuous with continuous “velocity” ds/dV0).
Then one can use local Taylor series (approximated, e.g., up to the 2nd derivative
order, using e.g. backward differences of second-order accuracy in h) to predict
where the eigenvalue “should” go in the next V0 step.

In collision-free or “sparsely populated” areas, this is a fairly good approach.
The advantage is that the eigenfunctions do not need to be known. It is also
very fast to compute. However, this approach requires that the velocity grid is
“tight enough” so that the derivative approximations are valid. Also, when an
eigenvalue collision occurs, re-catching each solution requires a backup plan (e.g.
picking the solution closest to the previous value), until enough “old” points on
a continuous path are gathered to use the Taylor approximations again. If lots of
eigenvalues crowd near each other (especially just after a collision), the algorithm
may make mistakes.

Another way is to use the modal assurance criterion (MAC) from modal
analysis. The advantage is that this approach is not sensitive to the size of the
V0 step. It can reliably identify the solutions even when the eigenvalues pass
through each other (e.g. at the critical point of the ideal string). The main disad-
vantage is that it requires the solution of the eigenmode corresponding to each
eigenvalue at each V0 step; this adds a lot of computational effort. The approach
is good, but not perfect; it was observed in practice that depending on the case,
either algorithm may provide better tracking.

Whichever approach is used, some bookkeeping is required to ensure that
the same solution is used only once during each V0 step. Otherwise, when mul-
tiple matches occur (to within numerical accuracy), the same solution at the new
step may get assigned to two or more solutions at the old step, leaving one or
more solutions at the new step unassigned (and corrupting the tracking from
that point on).

5.2.1 Taylor-based tracking algorithm

The Taylor-based algorithm works as follows. To approximate the derivatives
in the Taylor series, we use the following backward differences of second-order
asymptotic accuracy:

∂u
∂x

|x=xk =
1

2h
(3uk − 4uk−1 + uk−2) + O(h2) ,

∂2u
∂x2 |x=xk =

1
h2 (2uk − 5uk−1 + 4uk−2 − uk−3) + O(h2) ,
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where we have used the standard notation uk ≡ u(xk), and x0, x1 = x0 + h, x2 =
x0 + 2h . . . , xn = x0 + nh is a uniform grid with spacing h. These formulas are
assumed well-known; for derivations, see a textbook, or refer to online sources3.

In the algorithm, the symbols are defined as follows. Let h denote the spac-
ing of a uniform grid on the V0 axis. Let s(j) denote all solutions at V0 step j, and
s(j)

k solution k at V0 step j. Let N be the total number of V0 steps. Let M = 2n0, the

number of solutions at one V0 step. Let ‖s‖ ≡ √
s s ≡

√
(Re s)2 + (Im s)2.

Taking into account the vectorized nature of modern numerical program-
ming languages including MATLAB, Python with NumPy and Fortran 90, the
algorithm is given in a vector form. This makes the presentation more compact,
shows the logical structure more clearly, and is directly suited for programming
in vectorized languages. The conversion to a scalar form, if needed, can be done
trivially by adding the appropriate loops taken over the elements. If the target
language is object-oriented, implementing a custom data type obeying the vec-
tor semantics is likewise easy, and may be conceptually cleaner (by keeping the
abstraction at a reasonably high level at each point in the code).

The bold symbols denote vectors of length M. Operations are assumed el-
ementwise unless otherwise noted. For instance, if s = (s1, s2, . . . , sM), in the
vector notation ‖s‖ ≡ (‖s1‖ , ‖s2‖ , . . . , ‖sM‖). Assigning a scalar u ← r means
setting all elements uk ← r.

We also use the logical indexing notation that is common in vectorized lan-
guages. For example, the logical test u = 1 performed on a vector u produces
a logical vector b, of the same length as u, with ones (logical true) in positions
where the condition matches, and zeroes (logical false) in positions where it does
not match. Indexing a vector v by a logical vector b, denoted as vb, refers to
taking (or applying some operation to) those elements vk where bk = 1. The com-
pacted notation vu=1 means “those elements vk where uk = 1”. When logical
indexing is used, the vectors v and u must be of the same length.

Finally, the notation (a, b) ← mink u means taking both the minimal element
(min) of u and its index (arg min), and assigning the pair to the scalar variables a
and b, respectively.

With these in mind, the Taylor-based tracker is given in Algorithm 1. For
simplicity, the algorithm is presented for the case when the data contain only
solutions for V0 ≥ 0, with the data for V0 = 0 located at index j = 1. If V0 = 0
is located in the middle of the data, it is more convenient (for reasons that will
become clear below) to do the tracking in two passes (one pass in each direction),
beginning each pass at the index j0 where V0 = 0. If this is done, all step indices
will of course need to be adjusted in the obvious manner.

For the backward pass, in the difference formula for ∂u/∂x given above,
in addition to replacing k − 1 with k + 1 and k − 2 with k + 2, all signs on the

3 For example, the online document
http://www.geometrictools.com/Documentation/FiniteDifferences.pdf
by David Eberly of Geometric Tools, LLC, contains a primer for creating custom finite dif-
ference formulas. (Published in 2001, last updated in 2008. Link referred 18th October
2011.)
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right-hand side must be switched. The formula for ∂2u/∂x2 needs only the index
changes.

In the algorithm, the prediction for the new position comes from combining
the following sequence of operations:

vk ← 1/2h · (3s(j−1)
k − 4s(j−2)

k + s(j−3)
k ) ,

ak ← 1/h2 · (2s(j−1)
k − 5s(j−2)

k + 4s(j−3)
k − s(j−4)

k ) ,

s̃(j)
k ← s(j−1)

k + vkh +
1
2

akh2 .

When these operations are combined as in Algorithm 1, we avoid the unnecessary
divisions and multiplications by h, thus avoiding rounding errors. In this original
form, the origin of the expression as a Taylor expansion is more evident. Note that
the formula for s̃(j)

k also corresponds to Newtonian mechanics for a mass point
undergoing a constant acceleration ak over a time interval h, with initial velocity
vk and initial position s(j−1)

k .

5.2.2 Modal assurance criterion (MAC) based tracking algorithm

The modal assurance criterion (MAC), which is a well-known technique in modal
analysis, is a tool designed exactly for the kind of task encountered here — assum-
ing that the eigenfunctions are available. It is commonly used, e.g., to pair the
modes of a damaged beam with the modes of a perfect beam, making it possible
to identify how the damage has changed the eigenfunctions. Of course, instead
of damage, in this context we are interested in small changes in V0.

The MAC is based on the pairwise L2 projection of eigenfunctions,

Π(w1, w2) ≡< w1, w2 >≡
ˆ

Ω
w1(x) · w2(x) dx , (175)

where we use the normalization

< wj, wj >≡ ∥∥wj
∥∥2

= 1 . (176)

In addition to removing the need for a scaling factor in the projection, this nor-
malization is particularly convenient, as we will see below. The choice of having
the complex conjugate in our inner product is naturally motivated by the fact that
this version induces a norm for complex-valued functions.

The MAC for matching a new function u against a given function w is

MAC(u; w) ≡ |Π(w, u)| . (177)

The absolute value protects against complex-valued phase changes (e.g. multi-
plication by

√−1). In practice, the solver really generates such phase changes
randomly, so this is very much necessary.

Obviously, 0 ≤ MAC(u; w) ≤ 1 for all admissible u and w. The closer the
value is to 1, the closer the match between u and w. Hence, 1 − MAC(u; w) is
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Algorithm 1 Taylor-based tracking for complex eigenvalue spectrum.

� Input: randomly ordered eigenvalues s(j) for j = 1, 2, . . . , N
� Output: permuted eigenvalues σ(j), where s(j) 	→ σ(j) with each σ

(j)
k contin-

uous over j

� Initialization

� Initialize output array σ, copying input from first V0 step at j = 1.
� This establishes a random numbering, which we will try to keep consistent.
σ(1) ← s(1)

� The output for other steps can be left uninitialized for now, or can be zeroed.
for j = 2 : N do

σ(j) ← 0
end for

� Initialize tracking reset indices r.
r ← 1

� Main loop

for j = 2 : N do

� Mark all solutions unused for step j. When uk = 1, sol. k has been used.
u ← 0
for k = 1 : M do

� Distance of each new solution from prev. known value of sol. k.
dnull ←

∥∥∥s(j) − s(j−1)
k

∥∥∥
� Invalidate distances of used sols. to match each only once per step.(
dnull)

u=1
← +∞

� Pick the winner.
(d1, k1) ← mink dnull

� Do Taylor prediction if possible (need some history for Taylor series).
d2 ← +∞
if j ≥ rk + 4 then

� Predict new position
s̃(j)

k ← 1
2 [ 7s(j−1)

k − 9s(j−2)
k + 5s(j−3)

k − s(j−4)
k ]

� Distance of each new solution from predicted pos. of sol. k.
dtaylor ←

∥∥∥s(j) − s̃(j)
k

∥∥∥(
dtaylor)

u=1
← +∞ � Invalidate distances of used solutions.

(d2, k2) ← mink dtaylor � Pick the winner.
end if
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Algorithm 1 Taylor-based tracking for complex eigenvalue spectrum (continued).

� Pick the winner k̂ based on which prediction was closer.
if d2 < d1 then

k̂ ← k2
else

k̂ ← k1
if d2 < +∞ then

� Discontinuity in trajectory detected.
� Reset the tracking for solution k.
rk ← j

end if

end if

� Update output array and mark solution k̂ as used for step j.
σ
(j)
k ← sk̂

uk̂ ← 1
end for

end for

an indicator of an “eigenfunction distance” between u and w, with 0 meaning
“same” and 1 meaning L2-orthogonal.4

The final remaining issue is coping with the case of multiple winners. In
certain situations, such as starting from V0 = 0 in our system, it happens that
two eigenfunctions are initially identical, and then become complex conjugates
as soon as V0 = ε. In this case, which mode should win in a MAC comparison?

First, to detect multiple winners, given the reality of floating point rounding
errors, one should have some tolerance in picking the maximum — in case several
functions wk would have produced the same value in the L2 projection for the
MAC if exact arithmetic was used.

Then, to pick the correct winner from the candidates, it is possible to use the
fact that distances look very different in the MAC and complex plane euclidean
(direct eigenvalue distance) senses. It is not only the distance of eigenvalues at
successive V0 steps which determines the identity of each solution (like in the
Taylor approach above), and neither is it only the eigenfunction distance, but
it is a combination of both. These two “views” into distances within the data
set complement each other in a natural way, giving an easy method for conflict
resolution.

In case of multiple matches within numerical accuracy, the correct winner
is obtained by picking the minimal eigenvalue distance out of the candidate set,
while making sure that each solution can only be used once (per V0 step).

Finally, before laying down the actual algorithm, let us see how to compute
the L2 projection of two given Galerkin approximations. Consider a (possibly

4 We could also define d(u, w) ≡ 1/MAC(u; w) − 1, which would map “same” to 0 and
L2-orthogonal to +∞.
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complex-valued) function wm(x) given in some basis φj:

wm(x) ≡
n0

∑
j=1

c(m)
j φj(x) .

The inner product of two such functions, w1 and w2, is

< w1, w2 > ≡
ˆ

Ω
[w1(x)] [w2(x)] dx

=

ˆ
Ω

[
n0

∑
j=1

c(1)j φj(x)

] [
n0

∑
k=1

c(2)k φk(x)

]
dx

=
n0

∑
j=1

n0

∑
k=1

c(1)j c(2)k

ˆ
Ω

[
φj(x)

]
[φk(x)] dx . (178)

In our problem we have

Ω ≡ [−1, 1] , φj(x) ≡ sin(jπ
x + 1

2
) ,

which leads to orthonormality, i.e.,

< φj, φk >= δjk ,

where δjk is the Kronecker delta. Therefore, all but the diagonal terms in the
double sum (178) vanish, and we obtain

< w1, w2 > =
n0

∑
j=1

c(1)j c(2)j < φj, φj >

=
n0

∑
j=1

c(1)j c(2)j

≡ c(1) · c(2) . (179)

In other words: in the sine basis, the L2 projection of two Galerkin approxima-
tions w1, w2 is the dot product of the coefficient vectors, with the complex conju-
gate taken of the coefficients of w2.

The Galerkin coefficients for our eigenfunctions will be, as per subsection
6.3.1 further below, determined from the rows of a unitary matrix. Hence, in light
of the requirement (176) and equation (179), they are already normalized (this is
the convenient feature suggested above).

Let us define notation for this algorithm. Let f
(j)
k denote the Galerkin coeffi-

cient vector (of length n0) for the eigenfunction corresponding to solution k at V0
step j. As above, let N be the total number of V0 steps, and M = 2n0, the number
of solutions at one V0 step.

Define the extraction of an index set from a logical vector, denoted K ⇔ b:
the set K will contain those integers k, for which bk = 1. Finally, denote the
elementwise logical AND of two logical vectors b1 and b2 as b1 ∩ b2.

The MAC-based tracker is given in Algorithm 2. This algorithm, too, is
presented for the case when the data contain only solutions for V0 ≥ 0. The same
remark applies as for the previous algorithm.
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Algorithm 2 MAC-based tracking for complex eigenvalue spectrum.

� Input: randomly ordered eigenvalues s(j), and corresponding discretized
eigenfunctions F(j), for j = 1, 2, . . . , N. The eigenfunction f

(j)
k corresponds to

the eigenvalue s(j)
k .

� Output: permuted eigenvalues σ(j), where s(j) 	→ σ(j) with each σ
(j)
k contin-

uous over j.

� Initialization

� Initialize output array σ, copying input from first V0 step at j = 1.
� This establishes a random numbering, which we will try to keep consistent.
σ(1) ← s(1)

� The output for other steps can be left uninitialized for now, or can be zeroed.
for j = 2 : N do

σ(j) ← 0
end for

� Initialize the previous eigenmode vectors from data at j = 1.
for k = 1 : M do

f̃k ← f
(1)
k

end for

� Main loop

for j = 2 : N do

� Mark all solutions unused for step j. When uk = 1, sol. k has been used.
u ← 0
� Initialize permuted eigenmode array for this step
for k = 1 : M do

f̂k ← 0
end for

for k = 1 : M do

� Match all new eigenmodes against known old eigenmode of sol. k.
C ← 0
for n = 1 : M do

Cn ←
∣∣∣Π(f

(j)
n , f̃k)

∣∣∣
end for

� Define set K: indices of all unused matches having projection within ε

from maximum. Recommended value ε = 10−4.
c ← maxn C

K ⇔
(
(|C − c| < ε) ∩ (u = 0)

)
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Algorithm 2 MAC-based tracking for complex eigenvalue spectrum (continued).
� Eigenvalue distance of each new sol. from prev. known value of sol. k.
d ←

∥∥∥s(j) − s(j−1)
k

∥∥∥
� Pick the MAC match with the smallest eigenvalue distance.
k̂ ← arg mink∈K d

� Store a copy of the eigenmode vector of solution k̂.
� We shift the new (garbled) index k̂ to the old (consistent) k.
f̂k ← f

(j)
k̂

� Update output array and mark solution k̂ as used for step j.
σ
(j)
k ← sk̂

uk̂ ← 1
end for

� Using stored copies, permute prev. eigenmode array to correct indexing.
for k = 1 : M do

f̃k ← f̂k
end for

end for

5.3 Detecting when good solutions go bad

Keeping in mind what was said about valid and invalid solutions in the motiva-
tion, it is possible to develop the visualization methodology slightly further. We
will work with the assumption that an initially valid solution becomes invalid, if
it interacts with a solution which is at that point invalid.

If we have some data on which solutions are initially valid (e.g. at V0 =
0), by tracking collisions between the solutions it is possible to detect “when a
good solution goes bad”. (This is the reason behind the strategy of one pass per
direction.)

This information can be used for automatic visual flagging of valid and in-
valid parts of the plot. Alternatively, it is possible to use it for simply visualizing
only the parts that are (likely to be) valid.

5.3.1 Collision detection in Taylor-based algorithm

Collision tracking in the Taylor approach comes naturally: when the prediction
dnull wins against dtaylor, this suggests that the continuity of the trajectory has
been disturbed, i.e., it is likely that a collision has occurred.

An easy way to track collisions is to use two processing passes at each V0
step. During the first pass, the solutions are identified and potential colliders
flagged (if during the identification it happens that d2 ≥ d1, set a collision flag for
solution k at this frame).

In the second pass, it is then detected which of the other solutions each col-
lider most likely hit. This can be computed from the minimal distance mink ‖s(j)−
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s(j)
k ‖, when the point s(j)

k itself is excluded from s(j). (When the inner loop (over
k) completes in Algorithm 1, the solutions have been identified at step j, so we
have the value of s(j)

k for each k.) Again, each solution should be matched in only
one collision. A flagging mechanism similar to the one presented above (to keep
track of solutions already used) can be used for this.

5.3.2 Collision detection in MAC-based algorithm

The MAC approach is a bit more involved in this respect. Because of the reliable
one-pass identification however, it is possible to do the collision checking in a
separate full pass over the data, once it is already known which solution is which.

In this approach, one can track the (in the MAC spirit, directional cosines of)
angles drawn between the successive differences d(j)

k ≡ s(j)
k − s(j−1)

k and d(j−1)
k ≡

s(j−1)
k − s(j−2)

k , when viewed as vectors in the complex plane. At a collision, the
pair of eigenvalues should rebound at angles of π/2 (= 90o) with regard to their
original flight directions (if we view the V0 axis as “time”).

However, the exact collision point almost never contains a sample. Hence,
the discretized collision — when we look at four successive points of the same
solution — looks like a rectangle with its corner sawed off, splitting the angle
π/2 into α and β = π/2 − α. Depending on whether the “older” or “newer”
angle triggers the collision detector, these cases need to be handled differently in
order to correctly detect between which frames of the sampled data the collision
occurred. See Figures 36–37 for an illustration.

In Algorithm 3, we give a flag-and-track approach for collision detection
and validity flagging of the sorted eigenvalue data produced by the MAC-based
tracker (Algorithm 2). Given the ideas presented above, most of this is easy; the
difficult part is to keep the indices correct.

Let ε1 = π/6 (= 30o) and ε2 = π/18 (= 10o). We present the algorithm
in the same vectorized form as Algorithms 1 and 2, although those parts, where
doing so improves the readability, have been left in a traditional serial form.

We will use the following elementary arithmetic properties. First, the dot
product of two unit vectors is the directional cosine of the angle between them.
Secondly, note that for any two complex numbers of the general form zm = am +
bmi (where am, bm ∈ R), we have

z1z2 = (a1a2 + b1b2) + (a1b2 − b1a2) i .

Hence, it is convenient to calculate dot products of vectors in R2, which have
been encoded as complex numbers, by taking (a1, b1) · (a2, b2) = Re (z1z2), when
z1 and z2 are each seen as a vector in R2. Of course, we have also z1z1 = ‖z1‖2.
(The imaginary part Im (z1z2) = −(a1, b1)× (a2, b2) for the “2D cross product”; it
is not needed here.)
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FIGURE 36 Continuum behaviour of a general eigenvalue collision. Now the coordi-
nates are represented as-is (in contrast to Figure 6 on p. 48, where an offset
was used for legibility).
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FIGURE 37 Discretized eigenvalue collisions. Top: angle β > α. Bottom: angle α > β.
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Algorithm 3 Collision detection and validity flagging for MAC-based tracking.

� Input: ordered eigenvalues σ(j), with each σ
(j)
k continuous over j. Validity

vector b, where bk = 1 if σ
(1)
k is valid (where j = 1 corresponds to V0 = 0), and

bk = 0 otherwise.
� Output: vector v. Each solution k is valid in the range j = 1, 2, . . . , (vk − 1).

� Initialization

vb=1 ← N + 1
vb=0 ← 1
� Old flight directions. The superscript indicates how many steps behind cur-
rent value of j.
d̃(2) ← 0 + 0i
d̃(1) ← 0 + 0i

� Main loop

d ← 0 + 0i
for j = 2 : N do

� Compute latest flight directions, normalizing to unit vectors.
for k = 1 : M do

dk ← σ
(j)
k − σ

(j−1)
k

dk ← dk/ ‖dk‖
end for

� If history initialized, do actual processing.
if j ≥ 4 then

� Compute current and old directional cosines, and the corresponding
combined angle γ. This is used to detect sudden changes in flight direction.

c(β) ← 0
c(α) ← 0
γ ← 0
for k = 1 : M do

c(β)
k ← Re (d̃(1)k dk)

c(α)k ← Re (d̃(2)k d̃(1)k )

γk ← arccos(c(β)
k ) + arccos(c(α)k )

end for

� Make index set of colliders by considering angles βk closer to π/2 than
threshold. Smaller cos, larger angle. Absolute value is taken elementwise.

C ⇔
(∣∣∣c(β)

∣∣∣ < cos ε1

)
� Make index set of collisions of type A. The rest will be of type B. See

Figure 37. Absolute value is taken elementwise.

A ⇔
(
|π/2 − γ| < ε2

)
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Algorithm 3 Collision detection and validity flagging for MAC-based tracking
(continued).

for k ∈ C do

m1 ← j − 1 � Used for indexing σ
(m1)
k

m2 ← 1 � Used for indexing d̃(m2)
k

if k ∈ A then

m1 ← m1 − 1
m2 ← 2

end if

� Potential collision partners.
P ← {C \ k}
� The following vectors contain #P elements each.
n ← j − 1
q ← 1
r ← +∞ � Squared distances
Δx ← 0 � Relative position
Δv ← 0 � Relative flight direction
z ← 0 � Relative flight direction check
� In the following loop, the set P is understood as a vector, which

can be indexed (subscripted) from 1 to #P to get the corresponding element.
for k′ = 1, 2, . . . , #P do

if Pk′ ∈ A then

nk′ ← nk′ − 1
qk′ ← 2

end if

rk′ ←
∥∥∥σ

nk′
Pk′

− σm
k

∥∥∥2

Δxk′ ← σ
(nk′ )
Pk′

− σ
(m1)
k

Δvk′ ← d(qk′ )
Pk′

− d(m2)
k

zk′ ← Re (Δxk′Δvk′)
end for

� Filter out impossible collision partners. Set indexing PQ is short-
hand for {Pk : k ∈ Q}, where P is understood as a vector.

Q ⇔ (z > 0)
P ← P \ PQ
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Algorithm 3 Collision detection and validity flagging for MAC-based tracking
(continued).

� If any possible partners were found, pick the winner based on min-
imal eigenvalue distance.

if #P > 0 then

k′ ← arg min
k′=1,2,...,#P

rk′

k̂ ← Pk′
� In a collision between a valid and invalid solution, mark the

previously valid solution as invalid from now on, and set its first invalid step
number. Otherwise, do nothing.

if bk̂ = 0 and bk = 1 then

bk ← 0
vk ← m1 + 1

else if bk̂ = 1 and bk = 0 then

bk̂ ← 0
vk̂ ← nk′ + 1

end if

end if

end for

end if

� Update history.
d(2) ← d(1)

d(1) ← d

end for
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The index set A may require an explanation. The idea is to check that the
last two angles approximately sum to π/2. This flags collisions, where the newer
angle β is larger than the threshold ε1, i.e. collisions of type A (Figure 37). If the
older angle α is larger, it already triggered the collision check (index set C) during
the previous step (j − 1), but did not trigger this “type A” check. Hence it got
handled as a type B collision. If the newer angle β is exactly π/2, the collision
will be detected as type A; hence the unlikely special case is handled correctly.

The Re (ΔxΔv) > 0 check comes from a necessary (but not sufficient) condi-
tion for collision: the vectors Δx and Δv must point to opposite half-spaces. This
additional check makes the algorithm slightly more robust.

This algorithm, too, is presented for the case when the data contains only
solutions for V0 ≥ 0. The same remark applies as for the previous algorithms.

Finally, the presented algorithm does not handle the case of two or more
collisions within the same frame j. These could be detected from a directional
cosine having value −1. There are two possible cases: d(j)

k · d(j−1)
k = −1, and the

unlikely but possible d(j−1)
k = 0, d(j)

k · d(j−2)
k = −1 (if the samples j − 1 and j − 2

are exactly equidistant from their corresponding nearest points of collision).
In subsection 6.3.3, we will apply Algorithms 1–3 to the relevant main prob-

lem of interest.



6 NUMERICAL CONSIDERATIONS AND RESULTS

In this section, we will consider the three main problems one at a time. We
will discuss the steady-state problem, some direct temporal simulations, and the
eigenfrequency problem. The handling of the last one is split into two parts. We
will first look at the lowest eigenfrequency problem, and then at computing as
many eigenfrequencies as the discretization allows.

For each problem, we will first explain the solution strategy, starting from
the semi-discrete form that was derived above. We will then report the numerical
results. The handling of each problem ends with a short summary and conclu-
sion.

Problem parameters used in all numerical solutions are given in Table 1. The
physical parameters were chosen as typical for a paper web surrounded by air.
For the bending rigidity D, zero is used for some calculations; this is mentioned
when it is the case. Otherwise, the value in Table 1 is used.

The results displayed in the numerical result subsections were computed
using a set of custom, single-purpose numerical codes developed in the MAT-
LAB programming language. The present model of the axially travelling panel

TABLE 1 Problem parameters used. For definitions, see the Nomenclature. Note that �
is the half-length; refer to Figure 25 on p. 101.

ρ f [kg/m3] T [N/m] m [kg/m] � [m] h [m] E [N/m] ν ⇒ D [Nm]

1.25 500 0.08 1 10−4 109 0.3 9.16 · 10−5

⇒ α β ⇒ γ θ λ

1 ∗ 15.625; × e.v. eq. (183), (184); else ∗ e.v. eq. (181), (182); else ∗

τ [s]
�/

√
T/m

Legend

⇒ Derived parameter (from others)
∗ Case-dependent; see text
× Except when plot axis variable

e.v. Eigenvalue to be solved
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submerged in axially flowing ideal fluid was thus implemented. With repeatabil-
ity of results in mind, the codes are open source, and archived online1. The codes
are (mostly) compatible also with GNU Octave, version 3.2.4 and above. The
MATLAB version used for all displayed computations and visualizations was
2009b.

6.1 Steady-state problem

As promised, let us first outline the numerical solution strategy. The discrete
steady-state problem can be obtained directly from the semidiscrete form, (168),
by setting the time scale parameter to α = 0 (i.e., τ → ∞) and taking zero external
load, Gj ≡ 0. We have

∞

∑
n=1

[
(λ2 − 1)Cjn + γθ2cjn + βDjn

]
fn = 0 . (180)

Compare the continuum formulation in equation (146), p. 128. (But when com-
paring, note that (180) is in weak form, while the original equation (146) is in
strong form.)

The finite equation corresponding to (180) is an algebraic, linear equation
system. The question for the discrete problem is: what are the critical values of
the chosen parameter, such that (180) admits nontrivial solutions f 
≡ 0, and what
are those nontrivial solutions?

Let us truncate the series (180) at some n0. First, consider the panel velocity
V0 (resp. λ) as the eigenvalue. If v∞ is independent of V0, we can rearrange the
terms of (180) to produce the following generalized linear eigenvalue problem in
(λ2, f):

n0

∑
n=1

[
Cjn − γθ2cjn − βDjn

]
fn = λ2

n0

∑
n=1

Cjn fn . (181)

If v∞ = V0 (resp. θ = λ; the whole air mass moves with the panel), the problem
for (λ2, f) reads

n0

∑
n=1

[
Cjn − βDjn

]
fn = λ2

n0

∑
n=1

(Cjn + γcjn) fn . (182)

From this discrete form, it is apparent that the model described by (182) is similar
in spirit to the corresponding vacuum model, as there is only one independent
velocity. Indeed, the form of the equation is a perturbed vacuum model with the
additional term γcjn on the right-hand side. In the limit of zero dimensionless
fluid density, γ → 0, it reduces to the vacuum model. Compare (181), which

1 As of this writing,
http://yousource.it.jyu.fi/banichuk-panel/codes
Link referred 18th October 2011.
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reduces to the vacuum model also when the dimensionless fluid velocity θ → 0.2

Thus we can expect different behaviour from the two cases.
Finally, consider the fluid velocity v∞ (resp. θ) as the eigenvalue. The prob-

lem for (θ2, f) (now for fixed V0, i.e., λ) reads
n0

∑
n=1

[
(1 − λ2)Cjn − βDjn

]
fn = θ2

n0

∑
n=1

γcjn fn . (183)

The special case λ = 0 of equation (183) corresponds to a stationary, ten-
sioned panel subjected to axial flow; see e.g. Kornecki et al. (1976); Païdoussis
(2004, 2008). This case has been experimentally tested in a wind tunnel, for a sta-
tionary web held fixed at two edges and free to move at two others, by Chang
and Moretti (1991). On the theoretical side, they considered a threadline model
for cylindrical displacement, with added masses to account for the surrounding
flow. We obtain the corresponding problem (in the limit of an infinitely wide
wind tunnel, i.e., assuming the walls are far enough not to disturb the flow near
the panel) by setting β = 0 and λ = 0 in equation (183). We have

n0

∑
n=1

Cjn fn = θ2
n0

∑
n=1

γcjn fn , (184)

which is the eigenvalue problem for (θ2, f) corresponding to Chang and Moretti
(1991).

The classical non-tensioned panel requires different treatment, because we
divided by the tension T to produce our dimensionless form. Guo and Païdous-
sis (2000) (see also Païdoussis, 2004) considered the stability of a classical non-
tensioned plate subjected to two-dimensional axial flow in a channel. In our no-
tation, the continuum formulation reads

Dwxxxx = �3q f .

Let us rewrite (180) without the dimensionless forms (138)–(141):
∞

∑
n=1

[(
m
�

V2
0 − T

�

)
Cjn +

D
�3 Djn + ρ f v2

∞ cjn

]
fn = 0 . (185)

By setting T = 0 and V0 = 0, from equation (185) we can formulate this problem
(again, in the limit of an infinitely wide channel) for (U2, f):

−
∞

∑
n=1

Djn fn = U2
∞

∑
n=1

cjn fn , (186)

where the eigenvalue U2 is the dimensionless dynamic pressure (Païdoussis, 2004,
p. 1149)

U2
=

ρ f �
3

D
v2

∞ , (187)

2 This is because in the steady-state problem, the part of the operator K that does not depend
on the velocity θ is not present; it would be in the term with the second-order time deriva-
tive. In the dynamic case, where this part is present, the model differs from the vacuum
model even for θ = 0.
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which is the square of the dimensionless flow velocity U. The critical fluid flow
velocity for divergence, vdiv

∞ , can be found from Ucd
2, the minimal positive eigen-

value U2 of the problem (186).
Note that all the problems (181)–(184), (186) are generalized linear eigen-

value problems; i.e. are of the general form

A1x = κA2x (188)

with A2 a non-identity matrix. Here A1 is an arbitrary matrix, κ is the (scalar)
eigenvalue and x is the corresponding eigenvector. Standard eigenvalue solvers
can be used to solve (188).

Now, we will look into the numerical results obtained from these steady-
state problems.

6.1.1 Numerical results

In this subsection, a parametric study will be made into problems (181) and (182).
The critical velocities predicted from (182) will be compared to Pramila (1986).
Additionally, the results of (184) will be compared to those in Chang and Moretti
(1991), and the results from (186) will be compared to Guo and Païdoussis (2000).
The main item of interest here is the parametric study; the comparisons are done
mainly for validation purposes.

In all cases, the Galerkin series was truncated at n0 = 56. For problems (181)
and (182), physical parameters given in Table 1 on page 155 were used.

For problem (184), the physical parameters were chosen as corresponding
to those of Chang and Moretti (1991). The parameter values were D = 0, m =
0.076680634 kg/m2 (0.0155 lb/in2), λ = 0. The width of the plate, needed in
the theory of Chang and Moretti (1991), was b = 0.1524 m (6 in). Note that our
model does not use the width. Two cases were tested; in case A, plate length was
2� = 0.508 m (20 in). In case B, length 2� = 0.254 m (10 in). See Appendix 3
for the experimental tension values and wind speeds. The compared theoretical
results are calculated from Chang and Moretti (1991, eq. (20)), which states

vdiv
∞ =

√
T

ma
, where ma =

π

4
ρ f b . (189)

The symbol T represents the tension per unit width of web, and b is the web
width. Because the web itself is stationary, only the added mass ma appears in
the expression for vdiv

∞ (it does not depend on the web mass m).
Now, let us look at the effect of problem parameters on the critical panel ve-

locity λ. Figures 38–41 show results from problem (181), where the dimensionless
fluid velocity θ is a parameter. Figure 38 shows an example of the critical shape,
and the difference between the vacuum mode and the with-fluid mode for some
parameter values.

Consider Figure 39. As expected, the region of stability (the region where
the eigenvalue λ > 0) expands toward materials having a larger bending stiffness
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D, or as the length of the span � becomes shorter. Both of these changes increase
β. However, as the tension T is increased, β decreases. This is counterintuitive,
as one would expect a stabilising effect resulting from increased tension. A sta-
bilising effect is indeed present, because increasing the tension also increases the
vacuum divergence velocity (equation (79), p. 96), which is used in the dimen-
sionless normalization. This causes θ to decrease if the dimensional fluid velocity
is kept constant, and at θ = 0, λ stays constant with increasing T. Thus, one needs
to be careful when interpreting the dimensionless results with respect to tension
(T) or panel area mass (m).

Because static instability analysis is only concerned with the critical velocity,
and not the (complex-valued) eigenfrequencies, the present analysis cannot tell
apart the type of the interval between the origin (V0 = 0) and the minimal positive
eigenvalue, i.e., whether the behaviour in the interval is stable or unstable. Of
course, by physical considerations this interval is known to be stable when the
fluid velocity is zero.

We have concentrated in this analysis only on the lowest region of stability,
given by the interval between the two eigenvalues that, at zero fluid velocity,
are the maximal negative and the minimal positive eigenvalue. Once either end
of this region crosses the origin (as θ is varied), the results become physically
meaningless. The figures shown have been filtered to show only the physically
meaningful data.

The critical value of θ = θcritical, where the lowest region of stability ends,
can be found for each fixed pair (β, γ) numerically e.g. with a linear-logarithmic
search procedure. That is, start from θ = 0, increase θ in fixed steps until λ2 < 0,
then go back one step, halve the step size and repeat the procedure until desired
tolerance is achieved. However, in order for this to work correctly, the starting
step size should be “small enough”. Otherwise the search may hit a higher sta-
bility region, where again λ2 > 0, which is (incorrectly) predicted by the linear
model to begin at some value of θ larger than θcritical.

Figure 40 shows the effects of γ and θ on the critical velocity λ. The contour
plot is symmetric with respect to θ, and hence only the positive half has been
plotted. This feature is to be expected, because equation (181) only depends on θ2.
Figure 41 shows axis-oriented slices of the contour at various parameter values.

Figures 42–44 show results from problem (182), where the whole air mass
moves with the panel, i.e., v∞ = V0, and θ = λ = eigenvalue. Figure 42 again
shows an example of the critical shape, and its difference from the vacuum solu-
tion for some values of the dimensionless bending rigidity β.

In Figure 43 we see the effects of β and γ on the critical velocity λ. Figure 44
again shows axis-oriented slices of the same effect at various parameter values.
As expected, an increase in the bending stiffness β stabilizes (increases the criti-
cal velocity), while an increase in the fluid density γ destabilizes (decreases the
critical velocity).

Table 2 gives the numerical values of the critical velocity for the reference
values of the problem parameters (refer to Table 1 on p. 155) at various v∞. The
values of v∞ correspond to the choices in Figure 54 in the upcoming first eigenfre-
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FIGURE 38 Some solutions of problem (181), where the dimensionless fluid velocity θ

is a parameter. The dimensionless density γ = 15.625. Top: Critical eigen-
mode (solid line). The dashed line shows the corresponding vacuum mode.
Both modes normalized such that the maximum is 1. Shapes are very sim-
ilar for any admissible θ. Bottom: the difference between the vacuum and
with-fluid solutions at two dimensionless bending rigidities β, for different
fluid velocities θ. Differences were computed using the same normalization
for the solutions as at the top. The symbol θcritical denotes the smallest value
of θ at which the dimensionless critical web velocity λ becomes zero (see
Figure 39).
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FIGURE 39 Problem (181). Effects of the dimensionless fluid velocity θ and the dimen-
sionless bending rigidity β on the dimensionless critical web velocity λ. The
dimensionless density γ = 15.625. The result is symmetric for −θ; hence
only one half is shown. The axis intersection points on the horizontal axis
are the values θcritical (for the corresponding parameter point (β, γ)).
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FIGURE 40 Problem (181). Effects of the dimensionless fluid density γ and the dimen-
sionless fluid velocity θ on the dimensionless critical web velocity λ. The
result is symmetric for −θ; hence only the positive half is shown. The bend-
ing rigidity is fixed to β = 0; the solution is representative for small bending
rigidities. On the axes, λ ≡ 1. In the blank area, the problem has no physi-
cally meaningful solution. See also slices in Figure 41.
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FIGURE 41 Problem (181). Effects of the dimensionless fluid density γ and the dimen-
sionless fluid velocity θ on the dimensionless critical web velocity λ. Top:
effect of density γ. For θ = 0, λ ≡ 1 (not plotted). Bottom: effect of fluid
velocity θ. For γ = 0, λ ≡ 1 (not plotted). The bending rigidity is fixed to
β = 0; the solution is representative for small bending rigidities. See also
sheet in Figure 40.
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FIGURE 42 Some solutions of problem (182), where the air mass moves with the panel.
The dimensionless density γ = 15.625. Top: Critical eigenmode (solid line).
The dashed line shows the corresponding vacuum mode. Both modes nor-
malized such that the maximum is 1. Bottom: the difference between the
vacuum and with-fluid solutions at different values for the dimensionless
bending rigidity β. Differences computed using the same normalization for
the solutions as at the top.
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sionless bending rigidity β on the dimensionless critical web velocity λ. Top:
effect of density γ. Bottom: effect of bending rigidity β. See also the 3D plot
in Figure 43.
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TABLE 2 Critical web velocity V0 as a function of fluid velocity v∞. The solution does
not depend on the signs of the velocities. The same data are given in both
dimensional and dimensionless forms; given a value of v∞ (respectively θ),
the critical web velocity is Vdiv

0 (respectively λdiv). The dimensionless critical
velocities λdiv give the axis intersection points of Figure 54 (p. 188).

v∞ [m/s] 0 10 15 20 25 30 v∞ = V0

Vdiv
0 [m/s] 79.057 75.385 70.526 63.098 52.012 33.845 30.607

θ 0 0.13 0.19 0.25 0.32 0.38 θ = λ

λdiv 1 0.95355 0.89209 0.79813 0.65791 0.42811 0.38715

quency analysis. The case with no fluid (vacuum) gives the same critical velocity
as v∞ = 0, so it is not reported separately. This is expected; recall the comments
on the structure of equation (181). The special case v∞ = V0 is also shown; we see
that with this assumption, using our parameter values we get a critical velocity
that is about 39% of the corresponding vacuum value.

On this note, let us compare our results to known ones for validation. The
study by Pramila (1986) is well suited for comparison, because in it an axially
moving web submerged in ideal fluid was considered. In Pramila’s study, we
have v∞ = 0 for the stationary air, D = 0 for the threadline model (corresponding
to an ideal membrane in the panel model), and ρ f = 1.2 kg/m3. However, since
our model does not change the critical velocity for v∞ = 0, it is more natural to
assume v∞ = V0 as an alternative model for the case with no free stream.

In his study, Pramila gives the nondimensional first natural frequency as a
function of the nondimensional velocity for some example cases. We will com-
pare our natural frequency predictions with Pramila’s later (in subsection 6.3.2);
currently we are interested in the nondimensional velocity where the natural fre-
quency becomes zero, denoted λ in our eigenvalue problem.

From added mass considerations, Pramila obtains a scaling factor, r. In his
model, the first natural frequency and the critical velocity (computed from the
vacuum case) both become scaled with the factor r, when the ideal fluid is taken
into account. In our model, λ is the scaling factor for the critical velocity, and the
steady-state analysis makes no prediction concerning the natural frequency.

For m = 35.5 g/m2, Pramila’s Figure 5 (Pramila, 1986, p. 74) suggests that
r is in the range 20%–30%, depending on which added mass expression is used.
Similarly, his Figure 6 suggests that for m = 54 g/m2, the factor r is in the range
22%–35%. For both these examples, the dimensions of the open draw are span
length 2 � = 2.4 m and web width b = 0.47 m, leading to an aspect ratio of
AR = 2 �/b ≈ 5.1, i.e. a narrow strip. We will not need the width in our model.

In both cases, we have the dimensionless parameter β = 0. Noting that
in problem (182) (v∞ = V0, i.e., θ = λ), the value of T only affects the absolute
value of Vdiv

0 and not λ, our model predicts that for the first case (γ = 40.5634),
the factor r ≈ 25.2% regardless of tension. For the second case (γ = 26.6667),
we have r ≈ 30.6% regardless of tension. Both cases show good agreement with
Pramila’s results.
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Let us compare the results using another aspect ratio, too. In Pramila’s
numerical example (Pramila, 1986, p. 72), the geometry is a wide plate with
2 � = 0.75 m and b = 7.5 m, giving an aspect ratio of AR = 2�/b = 0.1. The
physical parameters are T = 16 N/m and m = 50 g/m2. This gives a vacuum
divergence velocity of Vdiv

0 vac =
√

T/m ≈ 18 m/s. Pramila predicts that with
these values, depending on the added mass expression used, the critical velocity
is found to be between 2.7–4.6 m/s, or 15%–26% of the vacuum case.

Inserting the numbers to our model, we have β = 0 and γ = 9.0. Solving
the eigenvalue problem (182) gives Vdiv

0 ≈ 8.66 m/s, or 48.4% of the vacuum
case. Here the only agreement is qualitative: according to both models, the diver-
gence velocity decreases when compared to the vacuum case. The quantitative
difference is probably due to the deformation localisation effect, which renders
the cylindrical deformation assumption invalid in the case of a wide plate.

Moving on to the next case, in Figure 45, we have considered the problem of
Chang and Moretti (1991) for the critical flow velocity vdiv

∞ , (our) equation (184).
In this problem, the panel is stationary (dimensionless panel velocity λ = 0) and
is assumed to have zero bending rigidity (D = 0). The results for vdiv

∞ from our
model, computed by solving (184), are shown together with the theoretical results
and experimental data of Chang and Moretti (1991). We see that our model gives
a more accurate prediction for case A (20 × 6 in, AR≈3.33), than the original
model. However, in case B (10× 6 in, AR≈1.67), our model almost systematically
overestimates. The critical velocity, according to the measurements, increases
more slowly in terms of the applied tension value than predicted. The increasing
trend is predicted correctly, but the original model gives a better quantitative
approximation. Comparatively better agreement with experiment in case A is
to be expected, since the cylindrical deformation assumption holds best for long
and narrow plates (see subsection 2.3.4 and Banichuk et al., 2010a, 2011a).

Finally, consider the classical stationary, non-tensioned panel subjected to
axial flow. This problem is parameter-free, if we are only interested in the dimen-
sionless Ucd, so one solution is sufficient. The book by Païdoussis (2004, p. 1155)
states that in the limit of a wide channel, the dimensionless critical flow velocity
for a pinned-pinned plate with flow on both sides is Ucd ref ≈ 3.3. By solving the
eigenvalue problem (186), we obtain Ucd

2 ≈ 2.7788, from which Ucd ≈ 1.6670.
Our domain is x ∈ [−1, 1], while the standard is x ∈ [0, 1]. Hence, we should
scale our eigenvalue Ucd by 2 to make the results comparable.3 Scaling produces
2Ucd ≈ 3.3339, which agrees with the reference value.

Païdoussis (2004, p. 1150) also lists the quantity Ucd
2/π3 for several differ-

ent studies, where flow on one side only has been investigated. In this case Ucd ref
must be scaled by a factor of 2 to account for flow on one side of the plate only

3 For an illustration of this issue, consider the eigenvalue problem of the 1D Laplace operator
with zero Dirichlet boundary conditions. For −wxx = λ2w, the eigenvalues λ are inversely
proportional to the length of the domain. Hence, if the same problem is solved on a domain
that is twice longer (different nondimensionalization of x), the eigenvalues will be halved.
The present problem is similar enough (1D, and has a difference in derivative order by 2
between the terms) to behave in a similar manner.
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FIGURE 45 Static stability problem of Chang and Moretti (1991). A stationary panel
is subjected to steady-state flow in a wind tunnel; the quantity of interest
is the critical flow velocity vdiv

∞ at a given value of tension T. Top: case A,
2� = 0.508 m (20 in). Bottom: case B, 2� = 0.254 m (10 in).
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(see Païdoussis, 2004, p. 1155). This scaling by 2 is independent of the one due to
the difference in domain lengths. For our result, we obtain (4 Ucd)

2/π3 ≈ 1.43,
which obviously agrees with (2Ucd ref)

2/π3 ≈ 1.4. Païdoussis remarks that this
is a bit higher than the tabulated values (in the book), which are in the range
1.00 . . . 1.35.

We observe that the choice of n0 does not matter; the change in the com-
puted Ucd

2 between n0 = 1 and n0 = 56 is less than 0.5%. The fast convergence
agrees with the remark in the article Guo and Païdoussis (2000).

6.1.2 Summary and conclusion

The critical velocity of the system was investigated numerically as a function of
problem parameters. The results were summarized in graphical form. It was
found that, quite intuitively, increasing fluid density decreases the critical veloc-
ity, while increasing the bending rigidity increases it. The value of the compu-
tations is in giving quantitative predictions for the critical velocity with given
parameter values.

What was less intuitive is that, by this model, any nonzero free-stream ve-
locity for the fluid decreases the critical velocity of the panel. This was found to
be the case even if the fluid and the panel move in the same direction. This is
unintuitive, because one would expect any setup with a smaller velocity differ-
ence (v∞ − V0) to resemble more the case of a non-moving panel in stationary
air; however this is not the case. The effect of the given free-stream velocity was
investigated parametrically, as well as the effects of bending rigidity and fluid
density.

In the present model, as is often the case, discretization was necessary to
make the model solvable. The validation suggests that the accuracy of the dis-
cretization is good in practice, although the convergence properties (and the size
of the discretization error) have not been investigated with a mathematically rig-
orous approach.

In the analysis performed, four different steady-state problems were solved.
The first two were related to the critical velocity of the panel, as follows. In the
first problem, the free-stream velocity of the fluid v∞ (dimensionless form: θ) was
given as a problem parameter, while the panel velocity V0 (respectively λ) was
the unknown eigenvalue.

In the second problem, the whole air mass was assumed to move along with
the panel; v∞ = V0. In this case, there was only one velocity, which was treated as
the unknown eigenvalue λ. The structure of the equation then becomes that of a
perturbed vacuum model. It was found that if the whole air mass moves with the
panel, the critical panel velocity is decreased. The decrease is significant; values
between 25.2%–48.4% of the corresponding vacuum value were observed.

The other two investigated steady-state problems were related to the flow
divergence of stationary panels. As these do not concern axially moving panels,
they were of interest mainly for validation, and for seeing how the predictions
from the present model differ from known values in literature.
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The third problem was the divergence of the stationary tensioned panel
when subjected to axial flow. The panel velocity was zero, V0 = 0 (resp. λ = 0),
and the free-stream velocity of the fluid, v∞ (resp. θ), was the unknown eigen-
value. The critical fluid velocity was thus determined. The results were com-
pared to Chang and Moretti (1991). In the case of a long, narrow strip (20 × 6 in,
AR≈3.33), the present model improves on the theoretical predictions of Chang
and Moretti, in terms of matching experimental data. In the case of a relatively
wider span (10 × 6 in, AR≈1.67), the agreement is not as good, although the
qualitative trend is predicted correctly. This supports our earlier findings of the
validity of the panel model; see subsection 2.3.4 and Banichuk et al. (2010a).

The last problem was the classical non-tensioned stationary panel subjected
to axial flow. Again, the panel velocity was zero, V0 = 0 (resp. λ = 0), and the
free-stream velocity of the fluid, v∞ (resp. θ), was the unknown eigenvalue. This
was a parameter-free problem with just the dimensionless lowest critical velocity
as the solution. The result was compared to those summarized in the book by
Païdoussis (2004). The agreement was found to be good.

To sum up, the performed parametric study gives insight into the behaviour
of the critical panel velocity, when fluid-structure interaction is accounted for.
The present model was validated, and found to work especially well for long,
narrow strips. Overall it can be said that the model works well for aspect ratios
AR = 2�/b of 3 and higher. The qualitative trends are correct for lower aspect
ratios, too, but then the critical velocity may be overestimated by the model.

6.2 Dynamical behaviour

Our next problem is the dynamical behaviour of the system. As above, we will
first look into the numerical solution strategy used, and then report the numerical
results.

The time integration of (168), which is a system of ordinary differential
equations (ODEs), proceeds using order reduction, and then numerical diago-
nalization. For completeness, let us briefly review the techniques.

6.2.1 Order reduction

Let us truncate the Galerkin series at n = n0. The finite equation corresponding
to (168) is of the general form

M2
d2f(t)

dt2 + M1
df(t)

dt
+ M0f(t) = G(t) , (190)

where the coefficient matrices are defined by the obvious identifications (compare
equations (190) and (168), p. 134), and G is a vector consisting of the components
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Gj defined by (169), p. 134. For convenience, we give them explicitly here:

(M2)jn ≡ α2 [Ajn + γajn
]

(191)

(M1)jn ≡ 2α
[
λBjn + γθbjn

]
(192)

(M0)jn ≡ (λ2 − 1)Cjn + γθ2cjn + βDjn (193)

Gj(t′) ≡ �

T

ˆ 1

−1
g( � x′, τ t′ )Ψj(x′)dx′ . (194)

In (194), the primes explicitly indicate dimensionless quantities. The load func-
tion g is the original, dimensional load function (the factor �/T then makes Gj
dimensionless), expressed in the original, unscaled (x, t) coordinates.

System (190) can be reduced to a twice larger first-order one by standard
techniques; let us define

u ≡
[

f′
f

]
, (195)

where the prime denotes the time derivative. Taking into account that M2 is small
enough to invert numerically, the expanded equation system becomes

d
dt

[
f′
f

]
=

[ −M−1
2 M1 −M−1

2 M0
I 0

] [
f′
f

]
+

[
M−1

2 G

0

]
, (196)

which can be written as
u′ = Mu + g(t) , (197)

where

M =

[ −M−1
2 M1 −M−1

2 M0
I 0

]
, g(t) =

[
M−1

2 G(t)
0

]
. (198)

The quantities (198) are the mass matrix and the force vector of the reduced-order
problem.

6.2.2 ODE system integration by diagonalization

Standard integration techniques, such as the Fourth-order Runge–Kutta method,
are directly applicable to the first-order system (197). However, we have only
one space dimension in the original problem, and the Fourier basis typically does
not require many modes along each space dimension in order to get acceptable
results. This motivates the use of a diagonalization method (see, e.g., Kreyszig,
1993), which can take advantage of the small size of the equation system.

To diagonalize the system (197), we assume that M has a full eigenvector
basis (in practice, this holds). Define Λ, X, z, and h(t):

Λ ≡ X−1MX , u ≡ Xz , Xh(t) ≡ g(t) , (199)

where Λ is a diagonal matrix with the (complex) eigenvalues λj of M on the diag-
onal, and X is a unitary matrix containing the eigenvectors of M in its columns.
Using the relations (199), equation (197) becomes

z′ = Λz + h(t) , (200)
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The solution for the jth component of z is (Kreyszig, 1993, p. 191)

zj(t) = eλjt
[

zj(0) +
ˆ t

t̂=0
e−λj t̂hj(t̂)dt̂

]
, (201)

where t̂ is a dummy variable for integration and j = 1, 2, . . . , 2 · n0. The initial
value z(0) is evaluated by using (170)–(171) and (195), and solving the linear
system in (199) for z. Using (201), (199) and (195), the space-discrete solution f(t)
and its time derivative f′(t) may then be computed at any desired time t without
the need for timestepping. Especially, there is no requirement on the size of the
intervals between consecutive time values.

Because the equation system is small, and M is constant in time, it is not
expensive to compute Λ and X using a standard numerical eigenvalue solver.

Next, let us look into the relevant numerical results.

6.2.3 Numerical results

As in the steady-state cases, the Galerkin series was truncated at n0 = 56. Phys-
ical parameters were again chosen as typical for a paper web surrounded by
air; refer to Table 1 on page 155. The timescale parameter was chosen as τ =
�/

√
T/m, which leads to α = 1 (equation (142), p. 126).
Each simulation is presented as a figure consisting of three parts. The top

half displays a space–time plot of the displacement function w(x, t). The hori-
zontal axis represents dimensionless time t and the vertical axis designates the
position x between the rollers at x = ±1 (note the orientation, positive x up).
The shade of each point in the image indicates the height, measured from zero
displacement.

The bottom half of each figure is made up of two graphs. The graph on
the left shows the displacement of the panel as a function of x at a few selected
times t. The graph on the right shows the time behaviour of the centre point of
the panel, w(0, t). The corresponding points in the lower two graphs are marked
with circles.

All computations were performed with a configuration where the initial po-
sition of the panel was given. For the cases in Figures 46–51, the initial condition
for position was

w (x, 0) ≡ g1 (x) ≡ a · sin(π
x + 1

2
) , (202)

where the initial amplitude at the center point was a = 5 · 10−3. The initial trans-
verse velocity was zero,

∂w
∂t

(x, 0) ≡ g2 (x) ≡ 0 , (203)

and there were no external disturbances,

g (x, t) ≡ 0 . (204)

Note that (203)–(204) are not fundamental limitations of the model, but are simply
choices made to simplify the cases studied.
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FIGURE 46 Dynamic response of the panel in vacuum and in stationary fluid.
V0 = 0 m/s. Top: Vacuum case for comparison.
Bottom: v∞ = 0 m/s (submerged in stationary fluid).
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FIGURE 47 Dynamic response of the panel in vacuum and in stationary fluid.
V0 = 30 m/s. Top: Vacuum case for comparison.
Bottom: v∞ = 0 m/s (submerged in stationary fluid).
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FIGURE 48 Dynamic response of the panel in vacuum and in stationary fluid.
V0 = 60 m/s. Top: Vacuum case for comparison.
Bottom: v∞ = 0 m/s (submerged in stationary fluid).
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FIGURE 49 Dynamic response of the panel in axially moving fluid.
V0 = 0 m/s. Top: v∞ = +10 m/s. Bottom: v∞ = −10 m/s.
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FIGURE 50 Dynamic response of the panel in axially moving fluid.
V0 = 30 m/s. Top: v∞ = +10 m/s. Bottom: v∞ = −10 m/s.
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FIGURE 51 Dynamic response of the panel in axially moving fluid.
V0 = 60 m/s. Top: v∞ = +10 m/s. Bottom: v∞ = −10 m/s.
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In the upper part of Figures 46–48, we have as a fundamental test case a
panel in vacuum, travelling at various speeds and undergoing a steady, cylindri-
cal vibration. Figure 46 represents the classical non-travelling case. In Figures
47–48, the shapes are aligned at an angle to the x axis. Due to the axial motion
toward the positive x direction, the positive-x half of the plate experiences each
maximum (minimum) of the vibration before the negative-x half does. Physi-
cally, as is well known, the wave travelling to the direction of travel on an axi-
ally moving medium moves at a higher velocity than the wave travelling in the
opposite direction. Mathematically, the phenomenon can be seen as the velocity-
dependent phase shift in the eigenmodes of axially travelling strings and beams
that was discussed by Wickert and Mote (1990). As was noted in the problem
setup, the flat panel model shares the mathematical formulation with the beam
model, so we can expect the same phenomenon to occur.

Let us now move onto the focus of the present study, and consider the ef-
fect of fluid-structure interaction. The lower parts of Figures 46–48 represent the
dynamic response of the panel in stationary ideal fluid. The axial velocity of the
panel is the same in both the upper and lower parts of each Figure, to facilitate
easy comparison.

Figures 49–51 represent the response in axially moving fluid. The upper
part of each Figure shows the response at v∞ = +10 m/s, and the lower part at
v∞ = −10 m/s. The axial velocity of the panel is the same in both the upper and
lower parts of each Figure.

The qualitative behaviour in our Figures 46–51 is seen to be similar to Figure
2 in Chang et al. (1991), where a free vibration cycle of a travelling threadline from
a direct simulation was plotted.

In a kind of cross-validation between the steady-state and dynamic cases,
we conclude this section with a direct simulation of a special case. The solutions
shown in Figures 46–51 are periodic and stable. Figure 52 represents the limiting
case where a nontrivial steady-state solution exists. For this case, the starting
position of the panel was specified as the critical eigenmode of the corresponding
steady-state problem.

The steady-state problem was solved as described in Section 6.1, and the ob-
tained numerical Fourier–Galerkin coefficients and the critical velocity were used
as input data for the dynamic solution process. In this configuration, the initial
transverse velocity was zero as per equation (203), and there were no external
disturbances, as per equation (204). It was found, as shown in Figure 52, that the
computed solution stays constant in time, as expected.
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FIGURE 52 Steady state solution. V0 = 70.5257 m/s. v∞ = −15 m/s, tfin = 1 s, g1(x)
set to critical eigenmode, g(x, t) ≡ 0, g2(x) ≡ 0.
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6.2.4 Discussion

The following observations were made about the numerical solutions.
Although the eigenvalues λj are in general complex, the exact solution u

stays real-valued for real-valued initial data.
The diagonalization method does not cause numerical dissipation, because

the qualitative behaviour of the first-order system (200) is captured by (201).
The initialization of this method requires computing Λ and X. The asymp-

totic cost of this initialization is O(n3
0) (with e.g. the QR algorithm; see Golub

and van Loan, 1996), so this method is only applicable to small equation systems.
After the initialization, the cost of evaluating the solution at one point of time t is
O(n2

0) due to the full vector-matrix multiplication. The advantage is that there is
no timestep limitation.

As can be seen from equation (201), any numerical approximation of the
transformed solution z will drift away from the exact one at a rate which depends
on the amount of numerical error in the eigenvalues λj. The error in the numerical
approximation of u then behaves as a linear combination of these errors, by the
transformation (199). The error is independent of the spacing of the points of time
at which the solution is evaluated.

Numerical error in the eigenvalues may cause small imaginary components
to be introduced into the Galerkin coefficients u, which are known a priori to be
real. This can be avoided by inspecting the imaginary part of the solution at each
point of time for which it is computed, and then either ignoring the imaginary
part (if small) or stopping computation. In our tests, to keep the computation
consistent, we chose to test for imaginary parts in the original solution vector,
but discard them only in visualization (assembly of the Galerkin approximation).
The validity criterion used was

∣∣Im(uj)
∣∣ < 10−8 separately for each component

j = 1, 2, . . . , 2 · n0. In practice, this criterion was never violated.
The method was also tested against standard fourth-order Runge–Kutta

(RK4); no difference was observed when the timestep was small enough for RK4
to converge. This suggests that the used eigenvalue solver was accurate enough
in order for the drift problem to remain theoretical in the cases tested.

6.2.5 Summary and conclusion

Direct temporal simulations of panel behaviour were made, with and without the
effect of the surrounding air. The simulations showed the response of the system
as it starts from a given initial position. This gives some intuitive insight into the
time evolution of the system.

The time integration method was validated against a widely used one. The
dynamic solution was cross-validated against the steady-state one, by using as
input the critical velocity and eigenmode obtained from steady-state analysis.

The cases analyzed were given initial position only, but the approach al-
lows for given initial velocity and given, dynamic external disturbances (load
functions inside the domain).
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6.3 Eigenfrequencies

Our final problem are the eigenfrequencies of the system. The solution was ob-
tained as follows.

Consider the free vibration problem of the space-discrete system (190). Let
us set the external forces to zero, G(t) ≡ 0, and use the standard time-harmonic
trial function:

f(t) = Fest , (205)

where F is a constant vector. We wish to find all s ∈ C (and optionally, also the
corresponding nontrivial F ∈ Cn0) such that[(

M2s2 + M1s + M0

)
F
]

est ≡ L(s) F est = 0 .

The matrices Mj are given by (191)–(193), p. 172.
Obviously, the common exp factor does not matter, so we have(

M2s2 + M1s + M0

)
F ≡ L(s) F = 0 . (206)

To find s, we use the determinant method. In order to admit nontrivial F in (206),
the matrix L(s) must be singular. It is easily seen that the zeroes of det(L(s)) (as
a function of s) are exactly the eigenvalues of M, the 2 · n0 × 2 · n0 matrix defined
by equation (198) (p. 172). Thus, there are up to 2 · n0 distinct solutions, all of
which can be readily obtained by computing the eigenvalues.

To see the equivalence, expand det(M − λj I) as a block determinant, noting
that the necessary blocks commute. Multiply (206) from the left by M−1

2 . Com-
pare the zero determinant conditions to find that s = λj.

The solutions s give us the eigenfrequency response of the system, e.g., for
various values of V0 with the other parameters kept fixed. The critical velocity at
which sj = 0 for all j = 1, 2, . . . , 2 · n0, obtained by a numerical search procedure,
matches the critical velocity predicted by the static instability analysis.

Finally, note that L(s) ∈ Cn0×n0 , while M ∈ R2n0×2n0 (but with complex
eigenvalues). The matrix L(s) is gyroscopic (because M2 and M0 are symmetric,
while M1 is skew-symmetric). The presented method for computing the eigen-
frequencies is classical and simple, but other methods also exist specifically for
gyroscopic systems. See e.g. Qian and Lin (2007) for a method which works
directly on (206) without requiring M.

6.3.1 Finding the corresponding eigenvectors

The eigenfunctions (and hence, eigenvectors) will be needed below, so before
moving on to the results, we will briefly review on how to find the eigenvectors
F, once the eigenvalues s are known.

Consider L(s) defined in equation (206), and a fixed s, which is a solution of
det(L(s)) = 0. The singular value decomposition (SVD) can be used. Write the
SVD of the matrix L as

L = USV , (207)
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where U and V are unitary, and S is a diagonal matrix containing the singular
values of L on the diagonal. Standard numerical solvers can be used to perform
the SVD in practice. The algorithmic details for implementing one, if needed, can
be found in the book Golub and van Loan (1996).

The right-hand side of (207) represents a rotation (plus possibly a reflection)
V, followed by a scaling S, followed by another rotation (plus possibly reflection)
U. In the once-rotated space, the nontrivial kernel of L must correspond to the
zero rows of S, because these rows are then scaled to zero before applying the
second rotation U. The question becomes: which vectors in the input space map
to the corresponding vector elements?

Let us denote the index set of the zero rows of S as

I0 = {i : Sii = 0} . (208)

In this definition, it is sufficient to use the diagonal element, because S is a diag-
onal matrix.

The matrix L can be viewed as a linear operator in Cn0 → Cn0 : a 	→ La. On
the other hand, L = USV as was mentioned. Consider the linear mapping

b = Va , (209)

where a and b are (complex) vectors with n0 elements. In the next step of apply-
ing the product L = USV to the vector a, the elements {bj : j ∈ I0} of the vector
b = (b1, b2, . . . , bn0)

T will be zeroed out in the matrix-vector product Sb. Because
V is unitary, multiplying (209) from the left by VH (the Hermitian conjugate of V)
gives

VHb = a . (210)

Since the index set I0 can be obtained directly (by inspection of the SVD result),
we can choose a set of vectors {bk} = {êk : k ∈ I0} (the kth standard basis
vector of unit length, with k in I0), and see how each of them maps through (210).
This procedure gives the corresponding vectors ak in the original, untransformed
space. These vectors represent the directions that are in the null space of L; thus,
they are the eigenvectors of the discretized free vibration problem (206).

From an implementation viewpoint, we do not need to compute anything
more once we have the SVD. The product VHêk simply picks the kth column of
the matrix VH. Because VH is the Hermitian conjugate of V, this is equivalent
with picking the complex conjugate of the kth row of the original V.

The conclusion is that the eigenvectors, corresponding to one fixed eigen-
frequency s, are

E ≡ {vk : k ∈ I0} , where (vk)j = conj(Vkj) , (211)

where (vk)j denotes the jth component of the vector vk, and conj(·) the complex
conjugate. The matrix V comes from the SVD of L(s), and the index set I0 is
defined by (208). Note that, via the SVD, the set E has the eigenvalue s as a
parameter; thus the set of eigenvectors must be evaluated separately for each
solution s of the equation det(L(s)) = 0.
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Usually, it happens in practice that #I0 = 1, i.e., there is only one eigenvector
for each eigenvalue s.

Now we have all the tools; let us move on to the results. The results for the
first (lowest) eigenfrequency will be discussed first. Then we will discuss results
on the solution of the eigenfrequency spectrum, which is the final topic in the
analysis of our main problems.

6.3.2 Numerical results: first eigenvalue

Let us look at some solutions of the dimensionless first (lowest) eigenfrequency
of the system. The physical problem parameters were as in Table 1 on page 155,
except that the bending rigidity was assumed to be zero, D = 0 (membrane
limit). As in the dynamic simulations, the timescale parameter was chosen as
τ = �/

√
T/m, which leads to α = 1 (equation (142), p. 126).

The dimensionless first eigenfrequency of the system is plotted as a function
of dimensionless panel velocity λ in Figure 53. Two cases are shown: stationary
air (v∞ = 0), and the case where the whole air mass moves with the web (v∞ =
V0). Again, the assumption in the second case makes it similar in spirit to the
vacuum case, as there is only one independent velocity. It can be seen that the
presence of fluid decreases the first natural frequency, as expected (Pramila, 1986,
Frondelius et al., 2006 and Kulachenko et al., 2007b).

The eigenfrequency is non-dimensionalized by ω0, the lowest eigenfrequen-
cy of the same system, in vacuum at V0 = 0. The normalization factor was com-
puted numerically, using the same numerical code, but with the fluid terms omit-
ted (effectively setting q f (x, t) ≡ 0).

The results were obtained by solving (206) (page 183) as explained in Sec-
tion 6.3, and taking the lowest eigenfrequency as ωmin(V0) ≡ minj

∣∣Im sj(V0)
∣∣.

Then the dimensionless eigenfrequency, shown on the vertical axis of the plots, is
ω′(V0) ≡ ωmin(V0)/ω0 (the prime denotes a dimensionless variable).

For validation, three pairs of classical analytical results from two added-
mass models from a study by Pramila (1987) are included in Figure 53, plotted
for our problem parameters. Each pair begins at a single point at V0 = 0, and the
different pairs correspond to different aspect ratios (AR = 2�/b, span length per
width). The added masses are constants, which are affected by βPr, the β value
of Pramila (1986, Table II), which depends on the AR. For the results shown here,
this dependence was modelled in the form AR = AR(βPr) = c1/βPr + c2/β2

Pr.
To determine the coefficients in the function AR(βPr), a least squares fit to

Pramila’s tabulated data was performed using the method of normal equations
(see Appendix 4). The variable x = βPr, and (xj, f j) are the tabulated (βPr, AR)
pairs. We used the functions φ1(x) = 1/x and φ2(x) = 1/x2. The coefficients
c1 = 0.1387 and c2 = 0.5318 were obtained. Alternative forms, with just the first
term 1/x, and a three-term form including 1/x3, were also tried. The two-term
form given here was found to produce the most satisfactory fit.

In Figure 53, the curve marked as eq. (16) corresponds to an added-mass
model modifying all three masses (local inertia, Coriolis and centrifugal), while
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the one labelled as eq. (22) corresponds to a model modifying only the local
inertia mass.

For convenience, the equations (16) and (22) from Pramila (1987), converted
to our notation, are reproduced below. The real part of the complex eigenfre-
quency, in both cases, is zero. The imaginary parts are:

s(Pr, 16)
Im =

[
1 − (m + ma)

T
V2

0

]
·
√

T
m + ma

· 1
4�

(212)

s(Pr, 22)
Im =

1 − m
T V2

0√
1 + ma

m − ma
T V2

0

·
√

T
m

· 1
4�

, (213)

where the superscript on the left-hand side corresponds to Pramila’s equation
numbering. Note that we use 4� instead of Pramila’s 2�, because in our notation �
denotes the half-length of the span. In both equations, (212) and (213), the added
mass ma is computed as

ma = 2� ρ f βPr , (214)

where we similarly use 2� instead of Pramila’s �.
For the eq. (16) model, all three added masses are equal. Note that Pramila

used mass per unit length in his study (Pramila, 1987), whereas we use mass per
unit area. Because the frequency expressions contain only ratios of the parame-
ters, the width can be cancelled out and the results are directly comparable, once
the span length and time scaling are taken into account.

Our model at v∞ = 0 agrees closely with Pramila’s eq. (22) one, as expected.
From the discretization (168) we see that in this case, only the matrix ajn has an
effect. This corresponds in first approximation to a local inertia mass increase.
The magnitude of the decrease in eigenfrequency is similar to that reported by
Pramila (about 75% according to Pramila, 1986). For a certain aspect ratio (AR ≈
3.1989, βPr = 0.43), the predictions coincide for the problem parameters used.

In the case v∞ = V0, the models qualitatively agree. If we again use βPr =
0.43 for Pramila’s model, we see that the prediction given by our model for
the critical velocity is approximately 60% higher than that from the correspond-
ing added-mass approach (Pramila’s eq. (16)). On the other hand, if the value
βPr = 0.18 (corresponding to AR ≈ 17.1850) is used, then the predictions of
critical velocity agree, but the eigenfrequency given by the added-mass model is
approximately 60% higher. Values of βPr between these two cases produce re-
sults that vary continuously from the first case to the second. See Figure 53 for
an example. It is seen that the primary difference between the present functional
approach and the classical results being compared, as far as the lowest eigenfre-
quency is concerned, is that the predictions change in the case where all three
inertia terms are modified. The aspect ratio never explicitly enters this model, so
which prediction differs more, depends on the aspect ratio.

This effect has a simple mathematical explanation. In Pramila’s eq. (16),
changing the added mass changes the scaling of both axes equally. For each pair
of added-mass curves in Figure 53, it is seen that the axis intersection points of
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FIGURE 53 Behaviour of the nondimensional first natural frequency as a function of the
nondimensional velocity of the panel. Normalized by the axis intersecting
values in vacuum. For the upper solid line, fluid velocity v∞ = 0. For the
lower solid line, v∞ = V0, i.e. the air mass moves with the web. For compar-
ison, the vacuum case (dashed line) and three pairs of results corresponding
to Pramila’s added-mass formulas (dash-dot lines) from the study Pramila
(1987) are shown. Each pair begins at a single point at V0 = 0. The differ-
ent pairs correspond to different aspect ratios (AR, length per width). From
top to bottom, AR ≈ 17.1850 (βPr = 0.18); AR ≈ 5.1064 (βPr = 0.3275); and
AR ≈ 3.1989 (βPr = 0.43; in this particular case, the upper curves coincide).
The symbol βPr refers to the β value of Pramila (1986, Table II). See also Fig-
ure 67 on p. 203 for a view in the (V0, v∞) plane. Axis intersection point for
v∞ = V0 in our model is given as λdiv in Table 2 (p. 167).
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FIGURE 54 Behaviour of the nondimensional first natural frequency as a function of the
nondimensional velocity of the panel. Normalized by the axis intersecting
values in vacuum. The vacuum case is partly shown for comparison (dash-
dot line). Solid lines indicate v∞ ≥ 0, dashed lines v∞ < 0. From top
to bottom, the absolute values of the fluid velocities are 0 (corresponds to
upper solid line of Fig. 53), 10 (θ ≈ 0.13), 15 (θ ≈ 0.19), 20 (θ ≈ 0.25), 25
(θ ≈ 0.32), and 30 m/s (θ ≈ 0.38). Note the scaling of the vertical axis. See
also Figure 67 on p. 203 for a view in the (V0, v∞) plane. See values λdiv in
Table 2 (p. 167) for the axis intersection points.
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the curve corresponding to Pramila’s eq. (16) are equal. The present model does
not make any such assumption, and thus the scalings, which arise naturally by
solving the integro-differential equation, may be different. To summarize, the
fact that we may match either the first natural frequency at V0 = 0, or the critical
velocity, but not both, arises from a difference in how mass is handled in the two
models.

The equal scaling is not an inherent limitation of the added-mass approach,
but is due to the specific form of Pramila’s eq. (16). See Chang et al. (1991) for a
discussion on how different (but still constant) added masses in each term affect
the eigenfrequency behaviour. For an approach utilizing boundary layer theory
to compute added masses as functions of x, also resulting in different scalings for
the axes, see Frondelius et al. (2006).

In addition to the two classical cases presented in Figure 53, our model
opens the possibility for studying the problem with an arbitrary axial flow ve-
locity for the surrounding air. In Figure 54, we have plotted first eigenfrequency
curves similar to those in Figure 53 for several different fluid velocities v∞. The
normalization procedure is the same as in Figure 53.

Note that as is evident from Figure 54, if v∞ is nonzero and independent of
V0, the eigenfrequency curves are no longer symmetric with respect to V0 = 0.
This reflects the asymmetry in the physics of the situation: the velocities V0 and
v∞ can have either the same or different signs. We will see by consideration of the
higher eigenfrequencies, in subsection 6.3.3, that the effect of the asymmetry on
the eigenfrequency spectrum is much more dramatic than Figure 54 alone would
suggest. (Compare, especially, Figures 60–61 and 62–63 for different signs of V0
in the asymmetric case.)

6.3.3 Numerical results: higher eigenvalues

In this final numerics section, let us solve the flutter problem (206) for the main
topic of this study. As was explained above, we will use Fourier–Galerkin for
the space discretization. For tracking the solutions, we will use both the Taylor
and MAC based methods (in the Figures, it will be indicated which method was
used).

Since no analytical algorithm is known for producing this solution, we will
simply assume that the observed general properties of the Fourier–Galerkin dis-
cretization of a moving string carry over to this more complex case, and apply the
same validity flagging algorithm as in the moving string example. In the flagging,
the “correct” solutions are chosen as having the n0 lowest (i.e. min |Im ·|) eigen-
frequencies at V0 = 0. The rest is handled by continuity and collision detection,
as discussed.

For legibility of plots, we use n0 = 10. The rest of the parameters are the
same as for the first eigenfrequency computations (bending rigidity D = 0; for
the rest, refer to Table 1 on page 155).

In all the 3D plots in this Section, the blue (dark) lines denote parts of the
solution flagged as correct; red (light) lines denote parts flagged as numerical
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artifacts. The axes are (V0, Re s, Im s). No scaling has been applied; the raw data
values are shown as-is. Although the plots are shown at an angle to better display
their qualitative structure, in each Figure the eigenfrequencies start with Re sj = 0
(for all j) at V0 = 0.

In some Figures, we will show the filtered data, containing only the part of
the solution flagged as correct. In this case, the 3D plot will have only the blue
(dark) lines. For these plots, as in subsection 2.2.5, we will also show projections
onto the (λ, Re s) and (λ, Im s) planes. Both projections are plotted into the
same image, with red (dark) lines denoting the real parts and blue (light) lines
the imaginary parts.

Numerical solutions are shown for three cases. First, in Figures 55–57, the
fluid free-stream velocity v∞ = 0. Second, in Figures 58–63, we have taken v∞ =
20 m/s. This case is asymmetric in V0 due to the asymmetry of the physics,
as was noted further above; the velocities V0 and v∞ may have either the same
or different signs. These Figures together cover both situations. Finally, in the
third case, v∞ = V0, i.e. it is assumed that the whole air mass moves axially
with the panel. This situation is shown in Figures 64–66. Compare these plots to
the previous Figures 53–54, which show only the first eigenfrequency up to the
lowest critical velocity.

If the correct and incorrect solutions were classified correctly, it seems by
the spectra illustrated here that the moving panel with v∞ = 0, in the membrane
limit, has no instability at its first critical point (V0 such that s = 0). If the free
stream of air moves at a given axial velocity v∞, the panel experiences a lowest-
mode divergence state at the first critical point for both positive and negative V0,
even in the membrane limit. It seems this happens already at relatively low free-
stream velocities; v∞ = 1 m/s was also tested and found to exhibit this effect.

In the case where the air mass moves with the web, a lowest-mode diver-
gence state is likewise formed at the first critical point. By the ideal fluid model,
the existence of time-harmonic instability seems to depend on whether the free
stream is stationary (in laboratory coordinates) or not.

For this phenomenon, it does not matter whether the free-stream velocity is
a separate parameter, or fixed to the web velocity. This has a natural mathemat-
ical explanation. In the (V0, v∞) plane, fixing v∞ = V0 explores a line angled at
45o, passing through the origin. Both velocities are still parameters with given,
constant values for each eigenvalue problem solved. Fixing v∞ and varying only
V0 explores lines angled at 0o (horizontally) in this same plane. See Figure 67 for
an illustration. The critical point for the 45o line corresponds to the critical point
of one of the 0o lines. Similarly, any point at a distance ε from the critical point
along this line corresponds to a point in one of the other solutions.

In reality, because of the boundary layer, some of the air indeed moves with
the web, so extrapolating from the present model, an instability can be expected
in practice (although this is by no means a rigorous argument).
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FIGURE 55 Spectrum of axially moving panel submerged in ideal fluid. Fluid free-
stream velocity v∞ = 0. Full solution, Fourier–Galerkin discretization with
MAC tracking. Blue (dark) line denotes parts of solution flagged as correct,
red (light) line parts flagged as numerical artifacts. See Figure 56 for some
zoom-ins of the same data.
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FIGURE 56 Spectrum of axially moving panel submerged in ideal fluid. Fluid free-
stream velocity v∞ = 0. MAC tracking. Detail near critical velocity. Two
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FIGURE 58 Spectrum of axially moving panel submerged in axially flowing ideal fluid.
Fluid free-stream velocity v∞ = 20 m/s. Solution for positive V0. MAC
tracking. Blue (dark) line denotes parts of solution flagged as correct, red
(light) line parts flagged as numerical artifacts. Top: Full solution (Fourier–
Galerkin). Bottom: Detail near critical velocity.
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FIGURE 59 Spectrum of axially moving panel submerged in axially flowing ideal fluid.
Fluid free-stream velocity v∞ = 20 m/s. Solution for negative V0. Taylor
tracking. Blue (dark) line denotes parts of solution flagged as correct, red
(light) line parts flagged as numerical artifacts. Top: Full solution (Fourier–
Galerkin). Bottom: Detail near critical velocity.
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FIGURE 60 Spectrum of axially moving panel submerged in ideal fluid. Fluid free-
stream velocity v∞ = 20 m/s. Solution for positive V0. After filtering; only
parts flagged as correct are shown. Fourier–Galerkin discretization with
MAC tracking. In the projection, blue (light) line denotes imaginary part,
red (dark) line real part.
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FIGURE 61 Spectrum of axially moving panel submerged in ideal fluid. Fluid free-
stream velocity v∞ = 20 m/s. Solution for positive V0. Detail near critical
velocity. After filtering; only parts flagged as correct are shown. Fourier–
Galerkin discretization with MAC tracking. In the projection, blue (light)
line denotes imaginary part, red (dark) line real part.
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FIGURE 62 Spectrum of axially moving panel submerged in ideal fluid. Fluid free-
stream velocity v∞ = 20 m/s. Solution for negative V0. After filtering; only
parts flagged as correct are shown. Fourier–Galerkin discretization with
Taylor tracking. In the projection, blue (light) line denotes imaginary part,
red (dark) line real part.
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FIGURE 63 Spectrum of axially moving panel submerged in ideal fluid. Fluid free-
stream velocity v∞ = 20 m/s. Solution for negative V0. Detail near critical
velocity. After filtering; only parts flagged as correct are shown. Fourier–
Galerkin discretization with Taylor tracking. In the projection, blue (light)
line denotes imaginary part, red (dark) line real part.
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FIGURE 66 Spectrum of axially moving panel submerged in axially flowing ideal fluid.
Fluid free-stream velocity v∞ = V0, i.e. whole air mass moves axially with
the panel. Taylor tracking. After filtering; only parts flagged as correct are
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line real part. The V0 grid is not dense enough to pick up the eigenvalue
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Finally, in Figures 68–71 we include some plots of eigenfunctions W(x) at
various V0. The plots are normalized such that the maximum complex amplitude
is unity, i.e. maxx W(x)W(x) = 1. These were produced by the method given in
subsection 6.3.1. In Figure 68, the panel is in vacuum. In Figure 69, stationary
ideal fluid is added. In Figure 70, the fluid moves at v∞ = 20 m/s. The last case
shown is Figure 71, where v∞ = V0, i.e. the whole air mass moves axially with
the panel.

The complex conjugate structure of the eigenfunction pairs is clearly visible
in the figures. If (s, W) are an eigenvalue-eigenfunction pair, then so are (s, W).
The functions at V0 = 0 are the same for the vacuum case, for v∞ = 0, and for the
case v∞ = V0 (which, for V0 = 0, reduces to the previous case). If v∞ is nonzero,
the eigenfunctions become different even for V0 = 0 (Figure 70, left; compare the
left column of the other three Figures 68–69, 71).

6.3.4 Summary and conclusion

In the eigenfrequency analysis, both the panel (V0) and fluid (v∞) velocities were
considered as given problem parameters. Eigenfrequencies were studied para-
metrically, and some examples of eigenmodes were plotted.

The tracking algorithms developed in Chapter 5 were used to produce con-
tinuous eigenfrequency curves out of randomly ordered eigenvalue data. The
effectiveness of those algorithms on the present problem was thus demonstrated.
Furthermore, the flagging approach was used to help filtering the solution, in
order to show just the correct parts.

Here we return to the question of the accuracy of the discretization. As
was seen in Chapter 5, discretization may introduce artificial instabilities in the
problem for the eigenfrequency spectrum.

In the present analysis, this issue was handled in a practically oriented man-
ner, by analogy with the moving string problem. It was assumed that the lowest
n0 modes are reproduced correctly. The tracking and flagging approaches devel-
oped in Chapter 5 were used to classify parts of the solution as either correct, or
as numerical artifact.

The assumption seems reasonable, as the two problems are (loosely speak-
ing) similar, and it is supported by the qualitative aspects of the obtained numer-
ical results. The flutter modes that were judged as spurious by the algorithms,
look qualitatively very similar to the spurious flutter modes of the moving ideal
string problem (Section 5.1).

The discrete eigenfrequency spectrum of the system was solved in three
cases: zero free-stream fluid velocity (v∞ = 0), nonzero free-stream fluid velocity
(as an example, v∞ = 20 m/s was used), and with the whole air mass following
the panel (v∞ = V0). The eigenfrequencies were visualized using the same kind
of plots as for the damped string in subsection 2.2.5. This was done to facilitate
direct comparison.
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FIGURE 68 Lowest free vibration eigenmodes of an axially moving panel. Vacuum
case. Horizontal axis dimensionless x, vertical axis w(x). Solid line is real
part, dashed line imaginary part. Top: V0 = 0. Bottom: V0 = 70 m/s (near
critical, V0D =

√
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FIGURE 69 Lowest free vibration eigenmodes of an axially moving panel submerged in
ideal fluid. Fluid free-stream velocity v∞ = 0 (stationary fluid). Horizontal
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FIGURE 70 Lowest free vibration eigenmodes of an axially moving panel submerged
in axially flowing ideal fluid. Fluid free-stream velocity v∞ = 20 m/s.
Horizontal axis dimensionless x, vertical axis w(x). Solid line is real part,
dashed line imaginary part. Top: V0 = 0. Bottom: V0 = 60 m/s (near critical;
from steady-state problem, Vcrit

0 ≈ 63.098 m/s).
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FIGURE 71 Lowest free vibration eigenmodes of an axially moving panel submerged
in axially flowing ideal fluid. Fluid free-stream velocity v∞ = V0, i.e. whole
air mass moves axially with the panel. Horizontal axis dimensionless x,
vertical axis w(x). Solid line is real part, dashed line imaginary part. Top:
V0 = 0. Bottom: V0 = 30 m/s (near critical, Vcrit

0 ≈ 30.607 m/s).
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From the present model at the membrane limit (D = 0), it was found that
if v∞ = 0, there is no instability, but in all other cases a divergence instability is
generated at the lowest critical velocity.

In the case where v∞ has a given nonzero value, it was found that the spec-
trum becomes asymmetric with respect to reflection of V0 through the origin. This
is due to the asymmetry in the physics of the situation; the velocities v∞ and V0
may have either the same or different signs. Near the critical velocity, the spec-
trum looks completely different for different signs.

For the case v∞ = V0, very nontrivial eigenvalue interaction (Figure 66)
was observed in the postcritical regime. Of course, strictly speaking (see e.g.
Païdoussis, 2005) this is outside the region of validity of the linear model, since an
instability exists at the lowest critical velocity. However, with both models taken
as mathematical objects, it is interesting to compare this more complex case to
the more limited kinds of eigenvalue interaction observed for the damped string
model in subsection 2.2.5.

Returning to the physics, an important qualitative difference was found be-
tween classical added-mass models and the present model. As was noted earlier
(Section 3.6), added-mass models with constant coefficients always behave qual-
itatively exactly like the corresponding vacuum model. Thus, if there is no bend-
ing rigidity (membrane limit), there will be no instability at the critical velocity.
In contrast, the introduction of the exact analytical aerodynamic reaction, which
changes the form of the equation, may change the stability (in the sense of initial
postbuckling) predictions, by qualitatively changing the behaviour of the eigen-
frequency spectrum of the model. We investigated the eigenfrequency spectra at
the membrane limit, and indeed observed the introduction of an instability at the
lowest critical panel velocity for nonzero free-stream velocities.

In reality, some of the surrounding air will move with the web due to the
boundary layer. Thus, the present model suggests that an instability at the critical
velocity is likely to occur in practice.



7 SUMMARY AND CONCLUSION

In this thesis, the dynamical behaviour and stability of a moving panel sub-
merged in ideal fluid was considered, with the application of paper production in
mind. In any practical paper machine, mechanical stability of the moving paper
web is important in order to avoid web breaks, for both technological and eco-
nomical reasons. Open draws always exist; hence the motion of the web while it
travels between supporting rollers is of interest.

The interaction between the travelling material and the surrounding air is
especially important for lightweight materials, such as paper. It is not sufficient
to consider only the dynamics of the travelling material, but the behaviour of the
surrounding airflow must also be analyzed, and its effects on the material fed
back into the dynamical model. The coupling changes the dynamics, which, in
turn, affects the surrounding flow.

The presentation started from simplified models, in order to give some con-
text for technical readers from a variety of backgrounds. The analytical free vibra-
tion solution was determined for the travelling ideal string, and for the damped,
travelling string. The eigenfrequency spectra of both were visualized, to give
some insight into the behaviour of problems in the present class; albeit with the
important difference that the damped string does not conserve energy, while our
main model does.

An analytical solution for the airflow problem was reported in terms of the
panel displacement, using the model of potential flow. The solution was used in
the fluid-structure interaction model to represent the pressure difference across
the web in a mathematically exact manner. This had the further advantage of
reducing the fluid-structure interaction model into to a single integro-differential
equation, saving computational effort.

The fluid-structure interaction problem was studied with simply supported
(pinned) boundary conditions. However, the analytical flow solution is applica-
ble for any boundary conditions for the ends of the moving panel. The presented
discretized solution of the moving panel problem can be fairly easily adapted to
other Galerkin bases, or to cases with different boundary conditions.

Using Euler’s approach for stability analysis and numerical techniques, the
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critical velocity of the system was obtained. The critical velocity was analyzed
numerically as a function of problem parameters, and validated against some
existing studies. These predictions can be used to account for the fundamental,
physical stability limit in paper machine design.

Direct temporal simulations of the system dynamics were performed to vi-
sualize the time evolution of the system, starting from a given initial condition.
The spacetime behaviour was visualized, and briefly studied with respect to the
web and air velocities. This was done to give some intuitive understanding of the
system behaviour. The cases analyzed were given initial position only, but the
approach allows for given initial velocity and given external disturbances (load
functions).

The complex eigenfrequencies of the system were determined, and stud-
ied parametrically as a function of the web and fluid velocities. By this analysis,
it was obtained how the free vibrations of the system behave in different set-
tings. Stability implications were briefly discussed, and it was observed that in
the membrane limit, the introduction of the exact analytical aerodynamic reaction
qualitatively changes the initial postbuckling behaviour of the model. The results
were visualized.

To be able to complete this last item, the two main practical issues in solving
and visualizing numerical eigenfrequency spectra were solved. These were the
tracking of solution identities in randomly ordered data, and the classification
of parts of the solution as correct or as numerical artifact. It was demonstrated
that for the simplified problem of the moving string, the discretization introduces
spurious flutter modes, which do not exist in the continuum problem.

Two solution tracking algorithms were developed, and their effectiveness
was demonstrated on both the moving string and the present problem. The algo-
rithms developed can be applied to a wide variety of eigenvalue problems. The
algorithms are useful for visualization, since continuous line plots are easier to
read than scatter plots.

The classification problem was solved in a much more limited manner, us-
ing a flag-and-track approach (piggybacking on the tracking algorithms). Using
this idea requires that the qualitative behaviour of the spectrum of a “nearby”
problem is known. For the purposes of the present study, this approach was suf-
ficient.

Returning to the main problem of interest, independent axial motion of the
paper web and the free stream were allowed. The model predicted that in all
cases, the surrounding air decreases the natural frequencies of the moving panel.
Also, if it was assumed that the air mass moves with the web — or if there is a
nonzero free-stream velocity — the critical velocities of the web decrease when
compared to the corresponding vacuum case. Both results agree with existing
literature.

Finally, fast solvers were implemented for the analysis using the MATLAB
programming language. The custom solvers developed for this thesis have been
open sourced. The thesis serves also as documentation for all the numerical ap-
proaches used. It is intended that, if needed, the results are repeatable using only
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the information reported here.
Although no formal benchmarking was made, the longest computations for

the figures displayed in this thesis were in the order of minutes on a regular desk-
top computer (of ca. 2010); many figures were computed significantly faster. Es-
pecially the steady-state problem was directly solved thousands of times to pro-
duce the data for the contour plots of the critical velocity. This demonstrates that
the model allows for efficient numerical solution with modest computational re-
sources.

7.1 Accuracy of the results

In the numerical results, we validated our fluid-structure interaction model by
comparing against known results in the literature. One question remains: which
results are the best?

Purely in the context of potential flow theory, we can confidently state that
the results from the present model are more accurate than any added-mass ap-
proximation, because the aerodynamic reaction force was determined analyti-
cally from the equation of potential flow.

On the flip side of the coin, simple added-mass models (which are classical
in this application area) have one advantage: they can be fitted to each experi-
mental situation empirically, by changing the added mass coefficients. This can
be viewed as a form of “effect lumping” that may improve the fit, if the qualita-
tive trends predicted by the model are correct.

In contrast, the present model was derived from first principles, and it has
no tuning parameters. It either agrees with experimental data, or it does not. The
comparisons presented in this study suggest that the degree of accuracy depends
mainly on the plate aspect ratio. It was found that the model performs especially
well for long, narrow strips.

The discretization issue was discussed earlier (subsection 6.1.2). Although
no rigorous verification was made, the validation of the results against known
ones suggests that the discretized problem performs correctly.

When we change to a modelling viewpoint, the question changes as well.
Which model gives the most accurate predictions? What level of modelling is
needed to capture all the relevant physical phenomena in a quantitatively accu-
rate manner?

7.2 Making predictions in the paper production context

To fully answer the modelling question, further studies are needed using the Eu-
ler and Navier–Stokes flow models (recall Figure 1, p. 32). The Euler model
is needed to account for possible nonlinear convective effects, and the Navier–
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Stokes model for the effect of fluid viscosity. One further issue in flow modelling
is turbulence; in paper production environments, the airflow is in practice always
turbulent. To which extent this affects the paper web dynamics via fluid-structure
feedback, is currently an open question.

As for the effects of viscosity, boundary layer theory (as in Frondelius et al.,
2006) seems another reasonable approach, since the viscosity of air is relatively
small. But as we recall the remark on Chang et al. (1991) (in our literature sur-
vey at the very beginning of this work), already the question of how to set up
the model is nontrivial. How the boundary layer can be handled, will change
depending on whether a leading edge exists in the model chosen.

This brings us to the effect of the problem geometry (and topology!). In the
present model, the rollers were ignored. To assess the quality of the predictions
via the methods of computational science, models with more realistic problem
geometries should be studied numerically. This includes improved 1D web mod-
els, e.g. including the rollers as part of the geometry for the panel problem, but
also 2D models for the web (recall these, too, from Figure 1, p. 32). In the latter,
finite plate width leads to displacement localization toward the free edges; the
deformation is no longer cylindrical (see Banichuk et al., 2010a).

A yet further question is the accuracy of the boundary conditions. Is simply
supported good enough in practice? This could be answered by studying a long
web span, with non-reflective (i.e. absorbing) boundary conditions at the ends,
placing the rollers inside the domain, and actually modelling the roller contact.
Then, the dynamics of the web span between the rollers can be compared to sim-
pler models using various different boundary conditions to represent the rollers,
to determine which choice gives the best agreement. As of this writing, prelim-
inary research in this direction has been done by Saksa, but the project is still
underway and the results have not yet been published.

Then there is the question of the proper degree of material modelling. What
about orthotropicity? (Our study Banichuk et al., 2011a, indicates that there are
are no major changes, at least as far as steady-state analysis is concerned.) And is
the purely elastic model accurate in the dry end, or should viscoelastic effects be
included?

Another viewpoint is model accuracy versus effort expended. In engineer-
ing practice, predictions within a few percent are often acceptable. Model im-
plementation always takes time, which translates directly into cost in terms of
work hours. A related cost is solver code complexity; shorter programs tend to
have fewer bugs and are easier to maintain. There are two approaches to keeping
code short: build new tools, bringing the language closer to the problem domain1

(thus enabling shorter programs), or use the available tools2 and set a maximum

1 FreeFEM is an example of this, in the context of solving partial differential equations nu-
merically via the finite element method. See http://www.freefem.org/ (link referred
14th November 2011).

2 In this view, MATLAB is basically an extensive numerical linear algebra (and plotting)
toolkit; problems must be cast in terms of linear algebra to program a solver in MATLAB.
For the most part, the same can be said of Python with NumPy, SciPy and Matplotlib.
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acceptable project size.
Thus, it makes sense to ask: what is the simplest model that can get us to

within a few percent for a given quantity? This is where the domain of compu-
tational science ends; the only way to answer this question is to compare with
experimental data.

7.3 Conclusion

The circle is complete. From the motivation on paper production in the Introduc-
tion, we have come to moving strings and panels, airflow considerations, fluid-
structure interaction, plotting eigenfrequency spectra, numerics and numerical
results, and now, back to questions on modelling of paper production. It is of
course the hope that the circle is only a projection; that something has been gained
along the way (Figure 72).

The main message from this thesis — beside the actual numerical results —
is that with careful choice of models, supercomputing is not always needed for
investigation of practical problems. Also, on the other hand, with computation-
ally light models it becomes possible to solve the problem thousands of times in
a reasonable amount of time. This enables applications such as model parameter
optimization, fast direct exploration of the parameter space, or statistical analysis
and visualization of the effects of uncertain data.

Many questions still remain; among those, the ones mentioned in the short
modelling discussion above. Furthermore, the sensitivity of the physical model
to small perturbations in its parameters is an important question, which was not
even touched upon in the present work. To include this topic, in a similarly
ground-up fashion as the rest, would have doubled the length.

For uncertainty analysis, it may be possible to use deterministic worst-case
techniques (as in Neittaanmäki and Repin, 2004; and Banichuk and Neittaan-
mäki, 2010), but given the computationally light nature of the model, a direct
statistical, visual approach is also possible. Preliminary work in this direction,
using the statistical approach, has been done by the author, but the project is still
underway and the results have yet to be reported.

The aim of investigating ideal models as a solid foundation for more com-
plex multiphysics problems was achieved. The model developed can, with cer-
tain limitations, describe the stability limits and dynamic behaviour of a moving
paper web interacting with surrounding air.

With these words, this journey has reached the point (0, 1, 1).
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YHTEENVETO (FINNISH SUMMARY)

Työn otsikko: Ideaalivirtaukseen upotetun, aksiaalisesti liikkuvan paneelin mekaani-
sesta stabiilisuudesta ja dynamiikasta: tutkimus paperintuotannosta matemaattisin kä-
sittein.

Tässä laskennallisen mekaniikan alaan kuuluvassa työssä perehdytään liik-
kuviin materiaaleihin paperinvalmistuksen näkökulmasta. Paperinäkökulma va-
littiin, koska Suomessa paperiteollisuus on teknologisesti ja yhteiskunnallisesti
merkittävä ala.

Tuotettava paperi kulkee paperikoneessa ohuena massana, jota nimitetään
rainaksi. Raina on tyypillisesti hyvin ohut (kopiopaperille n. 0.1 mm, kartongille
n. 1 mm; ks. kuva 5, s. 34), ja se koostuu verkosta kuituja (ks. kuva 4). Kuidut
ovat kuitenkin hyvin pieniä, halkaisijaltaan tyypillisesti n. 10 μm (eli yhden mil-
limetrin sadasosan). Arkipäivän mittakaavassa katsottuna raina onkin mikro-
skooppisesta rakenteestaan huolimatta tasa-aineinen, ja paperifysiikan tutkimus
perustuu klassiseen kontinuumimekaniikkaan.

Kaikissa paperikoneissa esiintyy vapaita välejä, joissa raina kulkee ilman me-
kaanista tukea, tyypillisesti yhdeltä sitä tukevalta rullalta toiselle. Siirto puristus-
nipistä kuivatusosalle on aina tällainen vapaa väli. Perinteisessä sylinterikuivai-
messa (ks. kuvat 2 ja 3, s. 33) jokaisen sylinteriparin väli on myös tällainen.

Aksiaalisesti liikkuvat materiaalit ovat epävakaita: jos niitä ajetaan riittävän
kovaa, ne menettävät stabiilisuutensa. Fysikaalisesti tämä johtuu pystysuun-
taisen kiihtyvyyden aiheuttamista nk. inertiaaliefekteistä. Hauraan materiaalin
kuten paperin tapauksessa stabiilisuuden menetyksestä tyypillisesti seuraa rainan
katkeaminen.

Tällaiset ratakatkot paperikoneissa ovat ei-toivottuja sekä teknologisista että
taloudellisista syistä. Paperikoneen pitäminen käynnissä vaatii valtavan määrän
energiaa riippumatta siitä, kulkeeko koneen läpi paperia vai ei. Toiseksi, mikäli
ratakatko sattuu, tehtaan tuotanto keskeytyy, pysyen pysähdyksissä siihen asti
kunnes raina saadaan syötettyä uudelleen koneen läpi. Tämä vaatii merkittävästi
aikaa.

Jotta ratakatkoilta vältyttäisiin, on ymmärrettävä paperikoneiden teknolo-
gisten prosessien takana vaikuttavaa fysikkaa. Tätä ymmärrystä voidaan syven-
tää kontinuumimekaniikan teorioiden kautta.

Paperin tapauksessa pelkän materiaalin liikkeen lisäksi on huomioitava ym-
päröivän ilman vaikutus, koska paperi on kevyttä ja ilmavirtaukset voivat näin
ollen helposti muuttaa sen liikerataa. Päädytään monifysikaaliseen3 malliin, jossa
huomioidaan neste-rakennekytkentä4 paperin ja ilman välillä.

3 “Monifysikaalinen” on yleisnimitys malleille, joissa tarvitaan useampaa fysiikan haaraa,
kuten tässä elastiikkaa ja virtausmekaniikkaa.

4 Tavanomaisen englanninkielisen termin fluid-structure interaction (FSI) sisältämä “fluid”
viittaa sekä nesteisiin että kaasuihin. Näiden virtaukset muistuttavat toisiaan hyvin paljon,
ja niitä kuvataan samoilla teorioilla. Suomennoksessa tätä on vaikea huomioida, koska
suomen kielessä ei ole yhteisnimitystä näille helposti virtaaville aineille eli “fluideille”.
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Tämän työn tarkoitus on tutkia tiettyä mallia, jota voidaan käyttää paperi-
koneen vapaan välin fysiikan kuvaamiseen. Valittu malli koostuu kahdesta osas-
ta. Paperirainaa kuvaa elastinen paneeli, joka on malli sylinterimäisesti taipuvalle
ohuelle levylle. Sylinterimäinen taipuma tarkoittaa, että (esim. paperikoneen) le-
veyssuunnassa tarkasteltuna levy taipuu joka kohdassa samalla tavalla. Ks. kuva
24 (s. 101).

Mallin virtausmekaniikan komponentti on kaksiulotteinen ideaalivirtaus (toi-
selta nimeltään potentiaalivirtaus), jossa ilmahiukkaset voivat siirtyä paikasta toi-
seen, mutta eivät voi pyöriä. Ilman sisäinen kitka (viskositeetti) sekä äänen nopeu-
den vaikutus ovat molemmat jätetty huomiotta. Tämä yksinkertaistaa tilanteen
matemaattista analyysia huomattavasti verrattuna monimutkaisempiin virtaus-
malleihin, sekä mahdollistaa tehtävän ratkaisun huomattavasti vaatimattomam-
milla laskentaresursseilla. Tästä huolimatta malli huomioi ympäröivän ilman
vaikutuksen. Yksinkertaisen mallin tutkiminen myös muodostaa vakaan perus-
tan mahdollisille myöhemmille jatkotutkimuksille.

Yhdistetty malli on esitetty kaaviokuvassa 25 (s. 101). Työssä selvitetään
tälle mallille paneelin nk. kriittinen nopeus, joka on perustavanlaatuisen fysiikan
asettama yläraja sille, kuinka nopeasti paperirainaa voidaan mallin mukaan ajaa
ennen kuin se muuttuu epästabiiliksi. Kriittinen nopeus selvitetään dimensiotto-
mien tehtäväparametrien avulla, jotta se voidaan tarvittaessa helposti laskea mille
hyvänsä todelliselle paperimateriaalille. Kriittisen nopeuden lisäksi selvitetään
sitä vastaava nk. ominaismuoto.

Lisäksi työssä lasketaan suoria simulaatioita rainan dynamiikasta eli aika-
riippuvasta käyttäytymisestä. Simulaatiotulokset helpottavat käsityksen muo-
dostamista siitä, millä tavalla raina voi värähdellä. Simulaatiot on esitetty ku-
vissa 46–51 (s. 174 alkaen).

Rainan värähtelyjä tutkitaan myös abstraktimmin, vapaiden värähtelyjen ma-
temaattisesta näkökulmasta. Lineaarielastisen järjestelmän värähtelyt noudat-
tavat aina nk. aikaharmonista muotoa. Tämä ominaisuus mahdollistaa niiden
tutkimisen kompleksisten ominaistaajuuksien kautta.

Pääasiallisen tehtävän analyysin lisäksi, työssä on käyty läpi vastaava aika-
harmoninen ominaistaajuusanalyysi myös kahdelle yksinkertaisemmalle mallille,
joiden tarkoitus on antaa teoreettinen vertailukohta, sekä toimia johdantona työs-
sä käsitellyn tyyppisiin tehtäviin. Liikkuvan ideaalilangan ominaistaajuusspektri
on esitetty kuvassa 10 (s. 65), ja vaimennetun liikkuvan langan vastaavat tulokset
kuvissa 11–21 (s. 80 alkaen).

Numeerisen ominaistaajuusanalyysin tulosten tulkinnassa ja visualisaatios-
sa tavattaviin käytännön ongelmiin on kehitetty kaksi ratkaisua, jotka molem-
mat esitellään työssä. Tämä mahdollistaa selkeiden ominaistaajuuskuvien piir-
tämisen. Hyödyntäen näitä menetelmiä, ominaistaajuustulokset pääasiallisesta
mallista on esitetty kuvissa 55–66 (s. 191 alkaen).

Mallin antamia ennusteita verrataan alan kirjallisuudessa olemassaoleviin.
Havaitaan, että malli antaa kaikissa tutkituissa tapauksissa samansuuntaisia tu-
loksia kuin olemassaolevat, sekä parantaa ennusteita erityisesti pitkille ja kapeille
vapaille väleille.
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Tutkimuksen laskennallinen osuus toteutettiin numeeriseen ohjelmointiin
suunnatulla MATLAB-ohjelmointikielellä. Varsinaisia ajoaikatestejä ei tehty, mut-
ta hitaimmatkin laskenta-ajot työssä esitettyjä kuvia varten valmistuivat minuu-
teissa tavallisella PC-tietokoneella. Useimmissa kuvissa esitelty data pystyttiin
laskemaan huomattavasti nopeammin. Tämä osoittaa, että valittu malli mahdol-
listaa kuvatun tilanteen tehokkaan laskennallisen analyysin vaatimattomillakin
laskentaresursseilla.

Laskennallisesti kevyet mallit ovat tärkeitä, koska niitä voidaan käyttää te-
hokkaasti esimerkiksi paperikoneen suunnitteluparametrien optimointiin, tehtä-
vän parametriavaruuden suoraan tutkimiseen, sekä parametrien epävarmuuk-
sien aiheuttamien efektien tilastolliseen analyysiin.

Tutkimuksen tulokset ovat, kaksiulotteisen potentiaalivirtausteorian näkö-
kulmasta, tarkempia kuin klassiset lisämassoihin5 perustuvat tulokset. Tämä joh-
tuu siitä, että virtauskenttä on huomioitu tarkemmin.

Peilaten mallinnettuun fysikaaliseen tilanteeseen, tulokset ovat rohkaisevia,
mutta lisätutkimuksia tarvitaan, jotta saadaan selville riittääkö nykyinen virtaus-
malli myös käytännössä, vai pitäisikö tarkkojen tulosten saamiseksi huomioida
epälineaariset konvektioefektit (Eulerin malli) tai sen lisäksi vielä ilman viskosi-
teetti (Navier–Stokesin malli).

Joka tapauksessa, työ valottaa yksinkertaistettuja malleja, jotka muodosta-
vat teoreettisen perustan monimutkaisemmalle monifysikaaliselle tutkimukselle.
Tulosten mukaan malli on käyttökelpoinen, ja kuten ylempänä todettiin, sen ha-
vaittiin toimivan erityisen hyvin pitkille ja kapeille vapaille väleille.

5 Englanniksi added mass.
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APPENDIX 1 CONVERGENCE OF AERODYNAMIC
INTEGRALS

This appendix contains the details for the convergence argument of Section 3.5.
It is provided for convenience, to save the reader the work of reconstructing the
details if they are needed.

Denote the domain of Λ(ξ, x) with D0 ≡ { (−1, 1)× (−1, 1) }. Let D1 ≡
D0 ∩ {ξ < x}. Refer to Figure 73.

Recall relation (128):

N(ξ, x) ≡ 1
π

ln
∣∣∣∣1 + Λ
1 − Λ

∣∣∣∣ for ξ<x
=

1
π

ln
1 + Λ
1 − Λ

< ln
2

1 − Λ
≡ s(ξ, x) .

This estimate retains the singularity, but the numerator is now simpler and the
absolute value is no longer needed. See Figure 74 for a contour plot of s(ξ, x).

At this point it is useful to define a rotated coordinate system for the (x, ξ)
plane, with

η ≡ x − ξ (215)
ζ ≡ x + ξ . (216)

The coordinate η is the orthogonal distance from ξ = x, while ζ is the orthogonal
distance from ξ = −x. See Figure 75.

As a function to compare with, we will use r(η) ≡ ln(4/η). We define
r(ξ, x) ≡ r(η) ≡ r(x − ξ). Hence, r(η) is defined in all of D1. Note that it is
positive everywhere in D1. The indefinite, improper integral of r(η), taken with
respect to ξ, is

´
r(x − ξ)dξ = ln(4)ξ + (x − ξ)(ln(x − ξ)− 1) ≡ R(ξ, x).

Note that although r = r(η), the integral R = R(η, ζ) or equivalently, R =
R(ξ, x). The dependence on ζ is needed for the “lonely” ξ, by ξ = (ζ − η)/2; it
was introduced by the fact that the direction of integration in (127) is not aligned
with η.

The function R(ξ, x) is finite for any (x, ξ) ∈ D1; recall from analysis that
limx→0+(x ln x) = 0. Hence, it holds that

ˆ x

−1
r(x − ξ)dξ = R(ξ, x)|ξ=x − R(ξ, x)|ξ=−1 < ∞ ,

i.e. r(η) is a valid candidate for the sandwich theorem.
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FIGURE 73 The sets Dj for the convergence argument.
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FIGURE 74 Contour plot of the function s(ξ, x). The domain is D1; in the blank area, the
function is not defined. The function is singular on the line x = ξ. Compare
N(ξ, x) in Figure 31 on p. 116.
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We would like to show that s(ξ, x) < r(ξ, x) for all (x, ξ) ∈ D1. Consider
the following question: for which points (x, ξ) ∈ D1 does the following condition
hold?

s(ξ, x) < r(ξ, x)

ln
2

1 − Λ
< ln

4
x − ξ

2
1 − Λ

<
4

x − ξ

1 − Λ >
x − ξ

2
−Λ > (x − ξ)/2 − 1

Λ < 1 − (x − ξ)/2 (217)

All lines in the algebraic manipulation (217) are equivalent. Note especially that
for all (x, ξ) ∈ D1, the argument in each ln is always ≥ 2 (which > 1); hence
the corresponding logarithms are nonnegative, and the exponentiation does not
change the sign on either side of the inequality. We have also used the mono-
tonicity of exp and the inverse (1/x). The two-way nature of each operation is
important, so that — once we have obtained the admissible (x, ξ) with the help
of the last line — we can go back and conclude that s(ξ, x) < r(ξ, x).

We will first investigate the line ξ = −x (i.e. ζ = 0), and then generalize
the result. Denote the line segment from the origin (x, ξ) = (0, 0) to the point
(x, ξ) = (1,−1) by the symbol S; i.e., let S ≡ D1 ∩ {ξ = −x}. See Figure 75.
Plots giving a general idea of the functions are provided in Figure 76.

Specifically on the line segment S, we have ξ = −x. In this case, the last line
of the condition (217) becomes

Λ(−x, x) < 1 − x .

By the definition of Λ(ξ, x), on S we have

Λ2|ξ=−x ≡ Λ(−x, x)2 =
(1 − x)(1 + ξ)

(1 − ξ)(1 + x)
|ξ=−x =

(1 − x)2

(1 + x)2 , (218)

hence, still on S, we have

Λ|ξ=−x ≡ Λ(−x, x) =
1 − x
1 + x

.

The question becomes: where on S, if anywhere, does the following condition
hold?

1 − x
1 + x

< 1 − x . (219)

On S we have x ∈ (0, 1). It is easily seen that in this particular range, (219) is
always true. This is because both sides of (219) are positive, both numerators are
the same, and on the right-hand side, the denominator (being just the number 1,
omitted from notation as usual) is smaller. Hence, the right-hand side is larger.
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FIGURE 75 The (x, ξ) and (η, ζ) coordinate systems. Line segments S and Sζ .
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We have obtained that on the line segment S, the condition (217) always
holds, and hence on S, we have s(ξ, x) < r(ξ, x). What remains to be done is to
show the same result for the rest of the triangle D1.

Recall that Λ(ξ, x) is symmetric with respect to the line ξ = −x. Thus, only
one half of the triangle needs to be considered. Define D2 ≡ D1 ∩ { ξ < −x }.
This gives us the lower half with corners (x, ξ) = (0, 0), (−1,−1) and (1,−1),
while leaving out the line segment S (already handled). Refer to Figure 73.

We can partition D2 into lines Sζ parallel with S, where we use the coordi-
nate ζ as a parameter (at ζ = 0, we have S0 ≡ S). Here it will be more convenient
to work with Λ2 than Λ. Because 0 ≤ Λ ≤ 1 in D1 and thus also in D2 ⊂ D1, no
information is lost by squaring.

In the triangle D2, we have ζ ∈ (−2, 0). From the definition (216), we obtain
ξ = ζ − x. For a fixed value of ζ, restrict x ∈ (ζ/2, 1 + ζ). Call this line segment
Sζ . As ζ varies from 0 to −2, the sets Sζ cover the triangle D2 parametrically. See
Figure 75.

Now take a fixed value for ζ. On the corresponding line segment Sζ , we
have the expression

Λ2|ξ=ζ−x =
(1 − x)(1 + ζ − x)
(1 − ξ)(1 − ζ + x)

. (220)

As a function of ζ and x, consider the condition

Λ2|ξ=ζ−x − Λ2|ξ=−x ≤ 0 . (221)

We rewrite the condition (221) using the equalities (218) and (220). We obtain the
equivalent condition

1 − x
1 + x

[
(1 + x)(1 + ζ − x)− (1 − x)(1 − ζ + x)

(1 − ζ + x)(1 − x)

]
≤ 0 .

The numerator in the parenthetical term simplifies considerably, leaving just

1 − x
1 + x

[
2ζ

(1 − ζ + x)(1 − x)

]
≤ 0 . (222)

Now, for all x ∈ (−1, 1), we have (1 − x)/(1 + x) > 0. Hence, this multiplier
does not affect the sign of the left-hand side of (222). When x ∈ (ζ/2, 1 + ζ), the
denominator in the parenthetical term, likewise, is always positive. Hence, the
condition (222) holds if and only if ζ ≤ 0, with equality only for ζ = 0. Finally,
recall that in D2, we have ζ ∈ (−2, 0).

We have obtained the following result: for any fixed ζ, and a given, admis-
sible x, we can estimate Λ|ξ=ζ−x ≡ Λ(ζ − x, x) from above by Λ|ξ=x ≡ Λ(−x, x).
In (η, ζ) coordinates, the result perhaps looks clearer. For all points (η, ζ) ∈ D2,
for the function Λ(η, ζ) we have

Λ(η, ζ) ≤ Λ(η, 0) , (223)

with equality only if ζ = 0.
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Now, the function r(ξ, x) ≡ r(η) was chosen precisely so that it is only
affected by the value of η = x − ξ, not ζ = x + ξ. Hence, the shape of r(η) at
ζ = const. is exactly the same regardless of the value of ζ, i.e. which line segment
Sζ it is viewed on. Note that there is no scaling; the shorter line segments will get
a shorter portion of this profile (due to the restriction on x in order to stay inside
D2).

The result (223) allows us to eliminate the ζ dependence when estimating Λ
from above (for the purposes of (217)). On each Sζ (with ζ = const.), the profile
of Λ is dominated by the profile at the original S which has ζ = 0. (Similarly to
the above, no scaling.)

Note that in (217), we are allowed to make the left-hand side larger (or the
right-hand side smaller). If the modified relation holds, then so does the original
one.

The direction of estimation is critically important, so that the implication
between the two relations will point in the correct direction. Up to this point, we
do not yet know whether (217) holds (outside the line segment S); the aim is to
show that it does.

Now, to finish this: because the right-hand side in the last line of (217) does
not depend on ζ, and on the left-hand side the ζ dependence can be estimated
away (making the LHS larger), it follows that (217) holds for any ζ ∈ (−2, 0]. As
before, working backward to the first line, we conclude that s(ξ, x) < r(ξ, x). We
obtain that this relation holds in all of D2.

Symmetry of Λ(ξ, x) with respect to ξ = −x immediately obtains s(ξ, x) <
r(ξ, x) for the other small triangle, D1 \ D2. Therefore, we have

N(ξ, x) < r(ξ, x) (224)

everywhere in D1. Because
´ x
−1 r(ξ, x)dξ < ∞ (as was remarked above), we have

by the sandwich theorem that the original integral (127) converges.



APPENDIX 2 COMPUTING THE FLUID-STRUCTURE
INTERACTION MATRICES

In this Appendix, we look into practical questions for computing the fluid-struc-
ture interaction matrices ajn, bjn and cjn. The observations enable slightly faster
computation of these matrices; without any optimizations the computation is
very slow.

When the present research was first being prepared in late 2007, on a desk-
top computer that was current at that time, calculating the required integrals up
to n0 = 56 took two weeks of wall time. This was after applying all the analytical
optimizations that are documented below. Hence, it makes sense to precalculate
them just once, store the results to disk, and then reuse the saved values in all
solver codes. This saves time in matrix assembly, and makes it possible to have
solvers that start up very fast. The sine basis has the convenient property that
more modes can be added without requiring the recalculation of any of the pre-
vious ones.

Also, one should beware the singularity of N(ξ, x) at ξ = x. We approxi-
mate the integrals containing N(ξ, x) as usual,

ˆ 1

−1
f (ξ, x) dξ ≈

ˆ x−ε

−1
f (ξ, x) dξ +

ˆ 1

x+ε
f (ξ, x) dξ ,

where ε is small.
Also, due to the singularity of Λ(ξ, x) at the upper and left edges (see Figure

29 on page 114), evaluating N(ξ, x) directly near these areas should be avoided
for numerical accuracy reasons, even though analytically the limits are well-de-
fined. Instead, it is recommended to utilize the symmetries, and always perform
the actual evaluation of N(ξ, x) in the half-domain { (−1, 1)× (−1, 1) } ∩ {ξ <
x}.

Finally, in general, each of the basis functions in our sine basis (equation
(156), p. 131) is either symmetric or antisymmetric with respect to the origin
(which is the midpoint of the domain). This will be used below.

Local inertia

The matrix related to the term that plays a role analogous to local inertia in
the vacuum case is ajn. Let us denote the integrand in ajn as a(ξ, x).

We will do the analytical optimizations for ajn in some detail; for the other
matrices, the arguments work very much in the same manner.

Consider an antisymmetric basis function Ψj(x) = −Ψj(−x) (this implies j
is even) and a symmetric basis function Ψn(ξ) = Ψn(−ξ) (this implies n is odd).
By equation (164), we have for the integrand

a(−ξ,−x) = Ψn(−ξ) N(−ξ,−x)Ψj(−x)

= −Ψn(ξ) N(ξ, x)Ψj(x)

= −a(ξ, x) ,
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where we have used the symmetries of N(ξ, x). By a similar calculation, we ob-
tain the same result if j is odd and n is even. Hence, if j + n is odd, the sum of the
integrand over each pair of points {(ξ, x), (−ξ,−x)} is zero. We can split the do-
main of integration as (−1, 1)× (−1, 1) = (−1, 1)× (−1, 0) ∪ (−1, 1)× (0, 1) =
D ∪ R(D), where R(·) denotes reflection through the origin. Hence, the integral
vanishes. We conclude that if j + n is odd, ajn = 0.

If j + n is even, then we obtain, in a similar manner, a(−ξ,−x) = a(ξ, x).
Hence

ajn =

ˆ 1

−1

ˆ 1

−1
Ψn(ξ)N (ξ, x)Ψj(x) dξdx

= 2
ˆ 1

0

ˆ 1

−1
Ψn(ξ)N (ξ, x)Ψj(x) dξdx , if j + n is even.

This must be explicitly evaluated numerically, but requires only half the work
compared to the original. Finally, let us show that the matrix ajn is symmetric:

anj ≡
ˆ 1

−1

ˆ 1

−1
Ψj(ξ)N (ξ, x)Ψn(x) dξdx

=

ˆ 1

−1

ˆ 1

−1
Ψj(x)N (x, ξ)Ψn(ξ) dxdξ

=

ˆ 1

−1

ˆ 1

−1
Ψj(x)N (ξ, x)Ψn(ξ) dxdξ

=

ˆ 1

−1

ˆ 1

−1
Ψn(ξ)N (ξ, x)Ψj(x) dxdξ

=

ˆ 1

−1

ˆ 1

−1
Ψn(ξ)N (ξ, x)Ψj(x) dξdx ≡ ajn .

The first and last steps come directly from the definition of ajn. For the other
steps, the justification is as follows. First, swap the names of the variables x and
ξ. In the expression for ajn, both are dummy variables of integration, so this is
legal. Next, use the symmetry N(ξ, x) = N(x, ξ). Then, swap the order of multi-
plication inside the integral. This is legal, since at each point we are multiplying
real numbers, and hence the multiplications commute. Finally, use the fact that
‖N‖L1([−1,1]×[−1,1]) < ∞, i.e. N is absolutely integrable. This allows us to use Fu-
bini’s theorem to swap the order of integration. The conclusion is that anj = ajn;
i.e. the matrix ajn is symmetric.

We have reduced the work for computing ajn to roughly 1/8 of the original.
We only need to evaluate the upper triangular part of the matrix, and even that
only for every other element (where j + n is even). Furthermore, for each of the
integrals we actually need to compute, we can reduce the domain into half and
simply multiply the result by two.

Coriolis term

The matrix bjn plays a role somewhat analogous to the Coriolis term of the
vacuum case. The matrix is defined as bjn = 1

2

(
Ijn − Inj

)
; recall equation (165).
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Therefore, it is antisymmetric (skew-symmetric) with respect to interchange of j
and n. That is, bnj = −bjn, from which also bjj = 0.

It makes sense to only compute Ijn, and when finished, use (165) to obtain
bjn. Let us look at the definition of Ijn, (167):

Ijn =

ˆ 1

−1

ˆ 1

−1

dΨn

dx
(ξ) N (ξ, x)Ψj (x) dξdx .

It is clear that the derivative of a symmetric Ψ is antisymmetric, and the derivative
of an antisymmetric Ψ is symmetric (with respect to the origin). Hence, by an
argument similar to what was done with a(ξ, x), we can expect this integral to be
nonzero only if j + n is odd (note the difference!).

The nonzero values will have no obvious structure, since there is no further
symmetry in the integrand for general j and n. Hence, we can save one half of the
work (although not 7/8 like for ajn) by only evaluating elements for which j + n
is odd. This integral must be evaluated for the whole domain directly.

Once we have Ijn, we obtain bjn by equation (165). From the definition we
see that bjn will inherit the structure of having nonzeroes only where j + n is odd.

Curiously, it was observed in practice that MATLAB computed entries of Ijn
about two times faster than either ajn or cjn for j and n of similar magnitude. It is
useful that the slowest integrals are the ones that can be optimized the most.

Centrifugal term

The same observations that were made for the matrix ajn can be made for
the matrix cjn, which plays a role analogous to the centrifugal term.

Thus, the workload for cjn can be cut to about 1/8 of the original. Evaluate
only the upper triangular part, only for those elements for which j + n is even,
and for each integral, reduce the domain into half and multiply the result by two.



APPENDIX 3 WIND TUNNEL EXPERIMENT DATA OF
CHANG AND MORETTI

The data in the tables originate in the article by Chang and Moretti (1991), and
have been included for convenience. The data are used in Section 6.1.1. In the
article, imperial units have been used, and the data never appear in textual form;
the points are only given as plotted into a figure with log-log axes. Hence, the
values of the data points have been visually estimated from Chang and Moretti
(1991, Fig. 11). The data are given as both the estimated numerical values in the
original imperial units (for verification purposes), and the corresponding values
in SI units.

Data estimation and SI conversion courtesy of M. Kurki. Conversion to
SI units was performed using the factors 1 lb (force) = 4.44822162 N, 1 in =
0.0254 m and 1 ft = 0.3028 m.

TABLE 3 Wind tunnel experiment data of Chang and Moretti (1991, Fig. 11), case A:
2� = 0.508 m (20 in). Tension per unit width T versus divergence wind speed
vdiv

∞ . Values given both in imperial units (used in the referred article) and SI
units (used in the present study).

Imperial \ Measurement# 1 2 3 4 5 6
T [lb/in] 0.079 0.141 0.220 0.320 0.405 0.505
vdiv

∞ [ft/s] 40.5 57.0 61.0 70.0 83.0 91.0
SI \ Measurement# 1 2 3 4 5 6

T [N/m] 13.8 24.7 38.5 56.0 70.9 88.4
vdiv

∞ [m/s] 12.3 17.3 18.5 21.2 25.1 27.6

TABLE 4 Wind tunnel experiment data of Chang and Moretti (1991, Fig. 11), case B:
2� = 0.254 m (10 in). Tension per unit width T versus divergence wind speed
vdiv

∞ . Values given both in imperial units (used in the referred article) and SI
units (used in the present study).

Imperial \ Measurement# 1 2 3 4 5 6
T [lb/in] 0.079 0.141 0.220 0.320 0.505 1.000
vdiv

∞ [ft/s] 49 70 79 80 102 131
SI \ Measurement# 1 2 3 4 5 6

T [N/m] 13.8 24.7 38.5 56.0 88.4 175.1
vdiv

∞ [m/s] 14.8 21.2 23.9 24.2 30.9 39.7



APPENDIX 4 PERFORMING A LEAST-SQUARES FIT USING
NORMAL EQUATIONS

Least-squares fitting was used in Section 3.6 to generate a polynomial approxi-
mation of the local mean of the aerodynamic kernel, and in subsection 6.3.2 to
obtain a continuous relation between Pramila’s tabulated β values and plate as-
pect ratio. This appendix documents the method used, and is included only for
convenience and completeness.

Let the measurement points be xj, j = 1, . . . , m, corresponding to measured
values fj (making up the vector f). Choose a set of linearly independent functions
φk(x), k = 1, . . . , n, where n < m. Compute the data matrix B ∈ Rm×n, where
Bkj = φj(xk).

Because the φk are linearly independent, the matrix B has full column rank,
and the method of normal equations is applicable. This is a standard method,
which is given in e.g. Golub and van Loan (1996, pp. 237–239). The details are
provided below for convenience.

The normal equations for least-squares optimal coefficients c are

BTBc = BTf . (225)

The matrix BTB is symmetric positive definite (see Golub and van Loan, 1996,
p. 141). We would like to use the Cholesky decomposition to solve the equation
system. To do this without explicitly computing the matrix BTB (which can be
numerically unstable), we can use the QR decomposition of B. Using any stan-
dard algorithm (refer to Golub and van Loan, 1996 if needed), obtain B = QR.
We have BTB = RTQTQR = RTR by orthogonality of Q. Hence, equation (225)
transforms into

RTRc = BTf . (226)

The matrix R ∈ Rm×n is upper triangular, R =

(
U

0

)
, where U ∈ Rn×n is

upper triangular and the 0 represents a zero block of size (m − n) × n. Hence,
RT =

(
UT 0

)
=
(

L 0
)

is lower triangular, and RTR = LU. Because on the
other hand RTR = BTB, we have effectively LU decomposed the matrix BTB.
Furthermore, since L = UT, it is a Cholesky decomposition, i.e. BTB = LLT.
Equation (226) becomes

LLTc = BTf . (227)

This can be easily solved by the use of forward- and backsubstitutions applied to
Ly = BTf and LTc = y. The least-squares fit to the data is then f (x) = ∑k ckφk(x).

The MATLAB documentation for the function qr() (version 2009b) sug-
gests, in addition, to use the following iterative correction. Let c(0) = c and
M = 3. Loop M times: at iteration i, compute r = f − Bc(i−1), and solve the lin-
ear system (RTR)e = BTr (same LHS as in equation (226)). Set c(i) = c(i−1) + e.
When finished, set c = c(M).

Note that although in all practical cases r 
= 0 (because the data points al-
most never fall exactly on the fitted curve), with exact arithmetic we would expect
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that for the RHS in the correction equation, BTr = BTf − BTBc = BTf − LLTc =
0. The idea of the iterative correction is to mitigate rounding errors, by solving
the normal equations repeatedly. Each iteration finds new least-squares coeffi-
cients e such that the functions φj approximate the remaining numerical error as
well as possible.

Finally, it should be noted that the accuracy of the method of normal equa-
tions depends on the condition number of BTB (see Golub and van Loan, 1996,
p. 239). Other methods are available to deal with difficult cases; in the present
study, this method was sufficient.
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