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Abstrakti

Pro-Gradu tutkielmassani kéisittelen kahta erilaista mallia, jotka kuvaavat yksinkertaista molekyylid
pitkdn atomiketjun vieressd. Mallit on valittu siten ettd molemmat ratkaistaan erilaista tekni-
ikkaa kdyttden. Ndin minun oli mahdollista oppia aiheesta mahdollisimman paljon. Ensimméista
malleista ns. kuvavaraus-mallia tutkitaan hiirioteoriaa hyodyntden, kiyttden Feynmanin diagram-
meja. Jilkimmadinen, ns. kahden tilan Fano-malli pystytdin ratkaisemaan analyyttisesti kiyttéen
Greenin funktioiden liikeyht&l6ita.

Vaikkei kayttaméani kuvavaraus mallia pystykédn ratkaisemaan analyyttisesti, saamme kuitenkin
joitakin ominaisuuksia selvitettyd eksaktisti kiyttden apuna yhden tilan Fano-mallista saatuja
tuloksia. N&mi ovat helppoja laskea, heti kun kahden tilan Fano-malli on ratkaistu. Ominaisu-
udet, jotka selvitin eksaktisti ovat ns. kuvavaraus atomiketjun molekyylid 1&himmaélld atomilla.
Voimme vertailla erilaisten approksimaatioiden kykyd selvittdd tdmin kuvavarauksen suuruus.
Kay ilmi, ettd ensimmaisessd hairioteoria kertaluvussa, ns Hartree-Fock approksimaatiossa emme
16yd& minkaanlaista molekyylin ja ketjun vuorovaikutuksista nousevaa efektid. Aivan kuin ketju ja
molekyyli eivit "nékisi" toisiaan. Téstd syystd minkiénlaista kuvavaraus efektie ei ole nidhtivissa
Hartree-Fock approksimaation tasolla. Toisessa kertaluvussa kuvavaraus nousee esiin ja sen arvo
on melko lihelld eksaktia riippuen kuitenkin ketjun hyppyparametrin $t$ arvosta.

Kay ilmi, ettd kuvavaraus-mallissa syntyy ns. spektri piikkejé, jotka ovat merkkejid atomiketjun
energiavyon ulkopuolelle syntyneisté tiloista. Nama tilat syntyvét molekyylin ja ketjun vuorovaiku-
tuksen johdosta. Molekyylin omatessa netto varausta se luo potentiaalin joka, jos vuorovaikutus
on tarpeeksi suuri, tyontdi yhden tilan ulos ketjun energia vyolta. Pystymme selvittdmé&in kiyt-
tden Hellmann-Feymann teoreemaa, etté edelld mainitun spektri piikin siirtymésta vuorovaikutus
parametrin suhteen on mahdollista johtaa yhtdlo kuvavarukselle ketjun ensimmaéiselld paikalla.
Edelld mainitusta eksaktista kuvavarauksesta pystyimme myos selvittdmadn eksaktit piikin siir-
tymaét, joten pystyimme nyt vertaamaan sekd piikin siirtym&é vuorovaikutusparametrin funktiona
ettd kuvavarauksen maédrdd atomiketjulla.

My6s piikin siirtymét ovat melko hyvin ennustettavissa kuvavaraus mallin toisessa kertaluvussa.
Meidén on kuitenkin muistettava, ettd en ole tehnyt héirickehitelm&i iteroiden loppuun asti, joten
tulokset todenn#kdisesti muuttuisivat jos jatkaisimme iterointia kunnes Greenin funktio konvergo-
isi. Ongelmat liittyen téllaiseen "ensimmdisen kertaluvun iterointiin" tulevat joissakin tuloksissa
esille jolloin kommentoin niita.

Lopuksi huomaamme, etta vaikkei kahden tilan Fano malli sisélld lainkaan vuorovaikutusta molekyylin
ja ketjun vililld 16yddmme silti edelld mainittuja spektri piikkeja. Namé piikit osoittavat, etta tila
voi tyontyd energia vyoltd ulos myos muista syistéd, kuin ulkoisen potentiaalin tyontdména.



Abstract

In this Master’s thesis we study two different models describing a molecule next to infinite chain
of atoms. The models are chosen such that one can learn two separate ways of approaching the
quantum many-particle problem. First of the models, the image-charge model, is studied with the
famous Feynman diagram methods. The latter, the two-level Fano model, is solved exactly with
the aid of equations of motion for the Green’s functions.

From the image-charge model we also deduce exact properties with the aid of calculations from
the Fano model. We are able to compare the approximate image-charge to the exact one at the
terminal site of the chain. In first order of perturbation theory we do not find any effect of the
molecule-chain interactions. However already in the second order ”single shot” approximation we
find the image-charge effect quite accurately, depending on the chain hopping parameter t.

We find that in the image-charge model one obtains spectral peaks as a signal of the fact that a
split-off state has formed in the chain due to the molecule-chain interactions. This split-off state
however requires sufficiently strong interaction, between the molecule and chain to be formed. The
image-charge at the terminal site turns out to be solvable from the spectral peak shift w.r.t. to
the interaction strength between the molecule and the chain. We also solve the exact density at
the terminal site of the chain and solve the peak shifts exactly.

The ability of the image-charge model to predict the peak shift can be compared to exact results.
It turns out that the peak shifts are also quite well predicted by the model. However, one still has
to keep in mind the problems related to the ”single shot” approximation, namely the fact that the
model seems to work at some preferred hopping parameter t., which is also deduced.

Finally we notice that even though in our two-level Fano model there are no interactions, we still
obtain spectral peaks giving sign of split-off states in the chain.
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Chapter 1

Introduction

1.1 many-particle quantum theory

In order to tackle the problems of microscopic many-particle systems we need a proper theory
to describe many-particle behavior in such systems. We will thus review a quantum version of
the statistical mechanics. We will follow the lines of courses "Quantum mechanics 2” by Kimmo
Tuominen, "many-particle quantum mechanics” by prof. Robert van Leeuwen. Both courses were
given in the university of Jyviskyld, the formar at autumn 2008 and the latter at spring 2010. The
books that are used are cited when necessary.

1.1.1 Basics

We start by introducing notation, the Dirac notation [3]. The quantum state of a given system is
described by
[ (E))n, (1.1)

which is a time dependent state vector in n-particle Hilbert space [10]. The subscript n is often
dropped for convenience. In Hilbert space we introduce an inner product by

(@), = (¥]2), (1.2)

which is, in general, a complex number. To measure some physical property of the system we need
to project the state |¢)(t)), to a proper basis. This is done through inner product

1 A(®), = (A1 .. An t) =2 € C, (1.3)

where [¢)(2))n is projected to basis (A1 ... A,[, where [A1 ... \,) are the eigenvectors of the operator
A. The probability p in measurement of operator A to obtain the eigenvalue A; ...\, is the square
of the norm of z [10]

[ Aalp@), P =

p(A\1.. An,t) € R. (1.4)

We now restrict ourselves to the one-particle Hilbert space for a moment. We introduce the
operator

/dx |x) (x]. (1.5)



Here x represents some continuous variable in Hilbert space, by which we can define basis, with
the property (x|y) = d(x —y). We may deduce the operation of (1.5) through

=1 (x) 5/(_?6/;)/)
mw=wvwmwwwaﬂmwmmwzmm. (1.6)

Thus we may deduce that operator in Eq. (1.5) is just unity, and any state can be expanded as

|w:/mw®m. (1.7)

A similar operator can be formed for the sub-index of state |¢x) as well (now with (k|p) = 0k,).
However, since k € Z we have a sum instead of an integral
=1
. Okp Pp(x)
AN
(kli(x)) = (K| (Z |p><p|> () = Y (klp) (Pl (x)) = vi (). (1.8)
p

p

With (1.5) we may also see that the inner product in (1.2) can be expressed as

(| W) :/dx (®x) (x| T) :/dx B(x)* U (x). (1.9)

To proceed we introduce the following argument. Particles in quantum mechanics are com-
pletely identical and thus we have no way of separating them from each other [4]. This im-
plies some properties to the wave function. Let us say that our many-particle system is in state
U(x1,...,X4,...,Xj,...,Xy,), Wwhere x; = (r;,0;) is the space-spin coordinate of the i:th particle.
Now, since the particles are indistinguishable, we may change the order of two particles in ¥ and
in the measurement we should see a difference. Thus, we gain only a phase, i.e.,

V(1,00 Xy ooy Xy ooy Xpy) :ew\Il(xl,...,xj,...,xi,...,xn). (1.10)

This property must be valid for all pairs ,j. We denote the interchange of particles ¢ and j by
P;;j. Performing two successive permutations we yield the original state, and thus Pfj =20 =1,
i.e., # = £7/2. The particles corresponding to § = +(—)x/2 are called bosons (fermions).

All the following derivations are done for fermions. This due to the fact that an electron is a
fermion, and we are mainly interested in the behavior of electrons in the system. We will now
introduce the machinery of the second quantization to tackle the problem of changing particle
number states.

1.1.2 Second quantization

The second quantization deals with a changing particle number. We thus need a proper space to
describe states with a different number of particles. The space required is called Fock space [4]
and it is a collection of all different particle number Hilbert spaces

F={Ho,H1i, Har ., Hny ...} (1.11)

Any element of Fock space can be written as

) = cnlt))n, (1.12)
n=0

where [¢),, is an element of H,,. In Fock space we define the inner product as

(@¥) =) dyea (21, (1.13)
n=0



where (®|W),  is just the normal inner product in n-particle Hilbert space. One can see that for
n-particle state |¥) = ¢, |¥),, and for m-particle state |®),, = d;,|P)., we have

dr c, (®|U) , f =
(@) = men (BIV),, . form =m (1.14)
0, for n # m.
We define a basis to every Hilbert space by n-particle ket vectors of space-spin coordinates x; =
(rj,05) as |x1,...,X,) € H,. These basis states satisfy
(xly) = dx-y)
(xixaly1y2) = O(x1 —y1)d(x2 —y2) — 6(x1 — y2)d(x2 — y1)

n

X1 Xalyrya) = > (D)7 ][0 = Vo), (1.15)

o =1

where o (i) means the permutation of index ¢ and ¢ is the number of permutation. These relations
(1.15) follow directly from the antisymmetry of wave function ¥(x; ...x,) and from the fact that
the particles 1,...,n are identical.

The empty/vacuum state is important and we define it as

|0) € Ho, with the property (0/0) = 1. (1.16)

The unit operator in Fock space is the sum of unit operators in different particle number Hilbert
spaces. One must, however, be careful with unit operator in more than one particle Hilbert spaces
because of the antisymmetry property of the wave function. To see this, consider

<Y1 .- Yn|w>

c/dxl...dxn (V1. Yalx1 o Xn) (X1 ... X5 |00)

— c/dxl...dan(—l)" Hé(ya(i) — ;) (X1 ... Xp|t))

= cZ(—l)” (Yo(1)-- - Yom)|¥0) = cZ(—l)za (y1...¥a|¥)

1

= allyiyald),  e=- (L.17)

Here we only used the antisymmetry of wave function and the definition of inner product in n
particle Hilbert space. The unit operator in n-particle Hilbert space can be read from Eq. (1.17)

1

/Xm...dXN|X1...XN><X1...XN|. (1.18)
The unit operator in Fock space thus becomes
1
1=10)(0] + /dx |x) (x| + g/dxlde |x1X2)(X1X2| + ... (1.19)

We are now ready to generate n-particle basis states from vacuum. This is done through special
operators that we will present next.

Creation and annihilation operators

We define the operator 1ZJT(X) such that it adds particle to space-spin point x, i.e. it maps an
object from N particle Hilbert space to N + 1 particle Hilbert space,

DT E)|y1.. . yn) = [Xy1. .. yn). (1.20)



moreover, we have

PFx) ) T () T () [0) =[xy XX x)
= —fxpx X xn) = =0T (k) T () T (k) L (x0)(0),
(1.21)

and this must hold for all pairs 7, 7. Thus, we conclude that
{01x), 31} =0, (1.22)

where we defined the anticommutator {A, B} = AB+ BA. The anticommutation relations of these
operators will determine the fermionic behavior of the system. For bosons we would find, instead
of anticommutation relations, the usual commutation relations.

Next we deduce the operation of (¢f(x))" = (x). Consider a wave function ¥(x, . ..,x,). For it
we have
U(x1, .., X0) = (XX 0) = (Ulxy ... x,) " = (T[0T (x1) .. 0T (x,)]0)"
— (O[b(xa) - (x1) B). (1.23)
Thus the operation of 1)(x) may be read from last line of (1.23)
O[h(xp) - .. th(x1) = (X1 ... Xp]. (1.24)

These bra-vectors must of course be also antisymmetric leading to

{960.5(3)} =0. (1.25)

Due to a bit lengthy calculations the operation of zﬁ(x) to any ket-vector is derived in Appendix
A.1.1. The operation reads

Dy)xa . xn) =D (=17 (y = Xi)[X1 . Xi1Xig1 - Xn). (1.26)

i
The effect of z/AJ(y) is to destroy a particle from the state under operation and thus the name

annihilation operator.

With Eq. (1.26) we may deduce the operation of anticommutation between ¢(y) and t(x). This
is done in Appendix A.1.2. Collecting all the anti-commutators we have

{060, 6) } = {9160, 8'w) } = 0. {$760.63)} = 06x—y). (L27)

General basis states

In the previous chapter we have obtained machinery to create and destroy particles in Fock space.
However, we have only considered the space-spin basis in our calculations. We would like to have
more general bases in order to deal with a wider amount of problems. We introduce these bases
next. Consider any basis in one-particle Hilbert space, denote the basis kets as |n) € H, and
require that the basis is orthonormal. Hence,

<m‘n> = dmn (1'28)
Snynl = 1. (1.29)

We want to relate these new basis states to the space-spin basis in order to use the relations derived
for the field operators ¥" and +. Use Eq. (1.29) to show that

S(x—y) = (xly) = (xIn) (nly) = Y en(x)e5(y)- (1.30)

n



We define new creation and annihilation operators in this new basis through
al, = / dx ¢, (x)01 (x) (1.31)
i =[xt (1.32)

By using Eq. (1.30) and the definitions (1.31) and (1.32) it is easy to show that
Px) = Y enxah= Y en(nal, (1.33)

n=(n',o,)

1[}(X) Z Pn(X)ln = Z ©n(r)an. (1.34)

n n=(n’,0,)

Moreover, we immediately see from the definitions (1.31) and (1.32) and from the anticommutation
relations (1.27) that the new creation and annihilation operators satisfy

{an,am} = {al,al,} =0, {al,am} = dnm. (1.35)

We may now define many-particle ket states with these new operators &IL. These become clearly
antisymmetric due to the anticommutation of the creation operators. We thus have

where Pj; denotes the usual permutation of n; and n;. For bra-states we similarly have
Olany - Gny = (n1...0n] = —P;j{n1...0N5]. (1.37)

However, since the particles are indistinguishable, the states (n;...ny| and —P;;(n;...ny| are
equivalent. We would thus like to obtain basis of inequivalent configurations of numbers n;. An
obvious one is the configuration ny < ny--- < ny. With this ordering one can show using (1.31)
and (1.32) that

> neonn)(n.ony| =1, (1.38)
ni<nz--<ny

and further from
my.omy) = > |na...on) (na.onnlma.omy) (1.39)
ni<ng---<ny

that (ni...ny|m1...my) = Onym, ---Onymy- TLhus the states |nq...ny) form a basis to N
particle Hilbert space.

We further want to introduce one important property of this basis. As we already mentioned any
N-particle state can be expanded as

W)= D Jmeoan) oy = Y enyyna ). (1.40)
ni<ng---<ny ni<ng---<ny

Oune could thus wonder what would be the expansion for ¥(x1,...,xy) in the coordinate repre-
sentation. This requires the calculation of the matrix element (x;...xx|n;...ny), see Appendix
A.1.3 for details. The result is

Pny (Xl) e Pmgy (XN)

(x1...xN|n1...0N) = Dy (X1 - XN (1.41)

Pnn (X1> s Py (XN)

This is the famous Slater determinant [4], which is completely antisymmetric in all indices n ...nx
and coordinates x; ...xy. Using Eqs. (1.41) and (1.40) we may deduce that any N-particle wave
function can be expanded in Slater determinants as

U(xy,. . Xy) = (X1 XN0) = > oy Py (X1 XN, (1.42)

ni<nz <Ny

where ¢, ny = (N1 ...05|P).

10



1.1.3 Hamiltonians in second quantization

The evolution of a non-relativistic quantum mechanical state is governed by Schrodinger equation.
We would now like to express this equation in second quantization. The many-particle Schrodinger
equation with no electromagnetic fields present reads

HU(x;...%Xp, 1)
= —iivz—l—iU(r)—FlZV(r» ri)| ¥(x1...xp,t)
7 g 1 9 s L] 1---2&n,

— 2m; —
i=1 i#]

0
= zhﬁlll(xl...xn,t), (1.43)

so we have three operators in total to express in terms of field operators ¢ and ¥f. The result,
derived in A.1.4, reads

o= [axdto (v U ) i

27711'
1 A A A N
g Vi) ()i, (1.44)
and in terms of general operators &j and a;
A i 1 TR
H= Z hijajaj + 3 Z ijla;[a;r-akal, (1.45)
i, ikl

where we defined

=[xt (5o v U ) e (1.46)
Vo = [ dxdx’ Vi) s ()on(x)on ). (147)

The operation of (1.44) and (1.45) is defined as
(HU) (X1 ... X, t) = (X1 ... X0 |[H|U(t)) = (U(t)|H|x1 ... %)% (1.48)

We will mostly work with the Hamiltonian in general operators, i.e., (1.45). In this form we
have reduced the problem of solving a group of differential Eqs. (1.43) into a diagonalization of a
matrix. One sees that this is actually the case through the following consideration. Define a basis
for our Hilbert space in terms of operators @], ...al . The basis states are orthonormal as we
have already seen from (1.39) and with all possible combinations, with ny < --- < ny, they span
the whole N-particle Hilbert space uniquely. Denote the basis states as |i). Now we have, for any
state in this Hilbert space, the expansion

m

©) = aili), (1.49)

i=1
where m is the number of basis states, i.e., the number of configurations in which one can put N
particles to the number of sites in use. We now may take the energy eigenstate |¥;) and deduce

m
HW) =Y cFHli) = By cfliy |l
=1 )

=1
Hji :577
P O
S GIHl = By (i)
=1 =1
m
Hjicf = Ed. (1.50)
=1

11



Finding the energy eigenstates in terms of the basis |¢) thus corresponds to the diagonalization of
the matrix Hj;. However in general this becomes tricky immediately as the number m increases,
and it grows very quickly in terms of possible sites and the particle number.

We may find approximations to the terms h;; and Vi, in Eqgs. (1.46) and (1.47), and this results
in Hamiltonians that can be diagonalized even for an infinite number of sites and particles, see for
example Appendix A.3.

1.1.4 Evolution of states

As we have already mentioned the evolution of quantum state is governed by the Schrodinger Eq.
[3]. We may thus wonder if we know some state at moment ¢, what it will be at time ¢. For a
time-independent Hamiltonian this can be deduced easily from

- 0
H|¥(t)) = zhahll(t)) (1.51)
We immediately notice that for energy eigenstates we have

H{pi(t)) = Zﬁ Wk( ) |(¥x(to)]

= By (Yr(to)[vn(t)) — iﬁa (v (to)[¥w(t)) =
= Wt (b)) = e (1
= (nlto) [9e(6) = (rlto)le™ T (ko))
= (U (to)[Px(t)) = (i (to) Uk (¢, to)[¥r (to))
(1.52)
Thus, we see that Uy(t, to)|¢r(to)) = e™* h]” (t=10) |4h (t0)) = |1x(t)), where Ug(t,to) is the time-
evolution operator defined by [Vx(t)) = Ug(t,t0)|¥r(to)). We may expand any |U(¢)) in energy
eigenstates |¢(t)) and obtain
() = Ut to)| (ko)) Z Uit to) [ (t0)) che W00 |y (1)
S ) Z%Wk(to» = ¢ h 0 (1)), (1.53)
k

We see that the time-evolution operator for any state, with a time-independent Hamiltonian, can
be expressed as

U(t, to) = e~ (t=to), (1.54)

For a time-dependent Hamiltonian we must use the following argument. Any time-dependent
Hamiltonian is constant in a “short enough” interval A, and thus we may use the operator (1.54)
at each of these intervals separately. We obtain for a time-dependent Hamiltonian with the property

H(to), t € [to, t1]

H(t) = :H(tl)’ reltl (1.55)

H(ty_1), t € [tn_1,tn =1],
where ¢, = tg + kA, that the evolution operator becomes

(W(t) = Ut to)|¥(to)) = Ult,tn1)...Ults,to)|¥(t))
— e*ﬁH( n— 1)(t-,L7tn71) e~ hH(tO)(tl to |\I](t0)>

_ T(e_ﬁ > ﬁ(tpl)(A)N\y(to ), A 0
W) = T(e F o TN g 40y, (1.56)

12



where we have defined the time-ordered product 7 by equation T(O(to(n)) e O(to(l))) =O0(t,)...0(t1),
for t,, > .-+ > t;. On the third equality we used the fact that operators commute under time-
ordered product, see A.1.5.

We also define the operator propagating backwards in time, i.e., for ¢ < ty. This is evaluated in
the same manner as (1.56) but instead of time ordering we must use anti time-ordering defined by
TA(O(tom)) - - Ote1))) = O(tn) ... O(t1), for t, <--- <t;. Collecting we have

R ( ft, t)dt) t>t
Ut,t) = {TA(eh fo A T (1.57)

The time orderings 7 and 74 will play an important role in future considerations, especially in the
formulation of perturbation theory.

Time-evolution operator for bra-states

To see how the bra-vectors evolve in time we do the following calculation

1= (U@)() = (UH)|U(t 1) (to)) A
= < (to)|UT(t, o)W ()" = (W (to)|UT (L, t0)U(t, o) ¥ (to))*
= Ul(t, to)U(t, to) = 1, (1.58)

but definitely we must have U(to,t)U(t, o) = 1 and thus we see UT(t,t) = U(to,t), and further

(T(t)] = (U(to)|U (to, t). (1.59)

1.1.5 Different pictures

Before proceeding we further introduce two different viewpoints on quantum mechanics. These are
namely the Schrodinger and Heisenberg pictures [3]. Up to this point our states have evolved in
time and the operators have just operated at each time point. We have operated in the Schrodinger
picture. We can, however, consider also different viewpoint, the Heisenberg picture, where opera-
tors evolve and states remain unchanged. This is most easily done by considering the expectation
value of some operator O(t) in the Schrodinger picture

(0()) = (WOIOWIL(R)) = (¥ (t0) T (to, YODT (1, 10) ¥ (1))
= (U(t)|On ()| (to)), (1.60)
where we have defined the operator O(t) in the Schrodinger picture as the operator
Ou(t) = Ulto, ) O(t)U (L, o) (1.61)

in the Heisenberg picture.

There is also the interaction picture where both the states and operators evolve in time, but as we
do not need it in this thesis it is not presented.

1.1.6 Equations of motion for operators

We may calculate the equations of motion for operators in the Heisenberg picture [1]. These turn
out to be handy as we will need the equations of motion for ¥ and ¢L in the future. We start
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by noticing that for the time-evolution operator U we have simple differential equations which can
be seen considering the obvious fact

Ults, t1) = Ults, t2)U(ta, t1). (1.62)

Now for t3 = to + A we may immediately write

Ults,t1) = e #HEAT@, 1) ~ (—ﬁ T (22) A + O(A2)U (t, 1)
Ults + A1) = Ulto 1) 05 -
A = —%H(tQ)U(tQ,tl)
= ihdU(t, to) = HE)U(t, to) (1.63)

Moreover, for the latter time coordinate we similarly find

ihd, Ut to) = —U(t, to)H(to). (1.64)

Now consider Heisenberg operators. As in Eq. (1.61), taking the time derivative, and using Egs.
(1.63) and (1.64) we obtain

ihd,Op(t) = ihdU (to, ) O)U (t, o) + ihlU (to, t)3,Ot)U (t, to) + ihU (to, )O(t)d,U (t, to)

’A_/_ N
—U (to, ) H(t) U(t, to)U (o, t) O(1)U(t, to) + ihU (to, )0, O()U (¢, o)

+ Ulto, )0( )U(t to)U (to, t)H(t)U (t, to)
[éH( }Hh 8,0V (%) (1.65)

Then the equation of motion for a Heisenberg operator becomes

0,0m(t) = —% (00 (t). Ha(t)] + @:0) (1) (1.66)

Equations of motion for field operators

From Eq. (1.66) we may deduce the equations of motion for the 15 and 1&}{, which will be useful
later. To proceed we notice that one can write

[OH(t)7ﬁH(t)} = Ulto, 1) [O(t),ﬁ(t)} Ut to) (1.67)

and thus it is sufficient to calculate the commutator in the Schrédinger picture. For a Hamiltonian
of the form (1.44) we may deduce, using the anticommutation relations (1.27), that the equations
of motion for field operators become

ihdy (xt) = (—;mqu(r)) Y (xt) + / dx’ V (v, v )bl (X' 8) s (xt) by (xt)
(1.68)

—ihd)l (xt) = (—fqu( ) (xt) / dx V (r, v/ )L, (xt )bl (x )b (x't).
(1.69)

1.2 Quantum statistical mechanics

The presentation in this section follows the lines of courses "Many-particle quantum mechanics”
and “Statistical physics” given by profs. Robert van Leeuwen and Jussi Timonen, respectively. We
have put the Boltzmann constant k; = 1.
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As we are dealing with many-particle systems, and by many we mean 1022, and we are having the
system in contact with the environment, it is necessary to introduce quantum statistics. Our system
is considered to be weakly coupled to its environment. This gives rise to interesting phenomena.
However, we have to start the journey from the middle and just state that the expectation value
of an operator for a system in thermal equilibrium with environment becomes [1]

<A> =" palnlAln), (1.70)

where p,, is the time average of the actual, fluctuating probability w, (t),
1 To+A

Pn = & wy, (t) dt. 1.71
R (171)

However, we have another way of finding p,, that is, we prepare a large number M of identical
systems and measure each separately. We find out that M,, of the systems are in state |n). Thus,

the probability p, can be expressed as
M,
n = —. 1.72
Pn= 7 (1.72)
This is called the ensemble average. We assume that the time average and ensemble average are

equal; this is called the ergodic theorem [13].

We now consider a system that is perturbed at time o by some possibly time-dependent potential
V(t). We observe the evolution of the probabilities p,. We start by expanding an evolved state in
terms of the states at tg

U(t,to)[n, to) = |n,t) =Y |m, to) (m, to|n,t). (1.73)

The probability of finding the state |m, to) is given by
P (t) = | {m,toln, t) |2 (1.74)

Thus, to find the probability of the state |m,to) we must multiply p,, »(t) with the probability
that the system was initially at |n, to), that is, p,,. Moreover, we sum over all possible initial states,
since obviously the system can evolve to |m,tg) from any initial state. We then obtain

pm(t) = Z | <m7t0|n7 t> |2pn

Z <ma t0|n7 t> Pn <n7 t‘m7 t0>

n

Thus we see that the time dependent density matrix is given by

p(t) = an|n,t><n7t|. (1.76)

The time dependent expectation value of an operator A is now given by
(A)t) = > paln,tldln,1)
= Zm(nytom(to,t)AU(f,to)W to) (L.77)

- Z<wk|n,t0>pn<n7t0|AH(t)|¢k>

n,k

= > (nlp(to) An ()] x)
k

= Tr {ﬁ(to)AH(t)} . (1.78)
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Here we defined Zk<wk|O\wk> = Tr[O], where |13 is any complete set of basis functions.

We are left to determine the explicit form of p. We introduce again a large number (M) of systems
now weakly coupled. We insist that the energy and the particle number are conserved in our
hypersystem containing all M subsystems. In the measurement we find M, systems in state |r).
Thus the total energy and particle number become, respectively

E = Y ME, (1.79)
r=1

N = ZMTN,. (1.80)
r=1

We calculate the degeneracy €2 of an energy level E, that is, in how many independent ways one
can have the same energy F of the whole system. This becomes clearly

M!

Op=———-. 1.81
Bt M, (1.81)
As the numbers My, ..., M, are very large it is convenient to use the Stirling formula [2] to
approximate the degeneracy. With the approximation
InN!'~NInN — N, (1.82)
we may write In Qg using Eq. (1.81) as
mQp = WM —In[[M! =M - Inb!
r=1 r=1
= MIhM-—M — ZMrlnMT — M,
r=1
n
- — Z M, (In M, —In M)
r=1
= -M> p/Inp, = MS, (1.83)

r=1

where p, = M, /M, and we have used the well known formulas for the logarithm and the obvious
fact that >_""_; M, = M. We further defined

S = —Zprlnpr, (1.84)
r=1

which is a quantity called entropy and it represents the amount of disorder in the ensemble. The
most likely state for the hypersystem with constrains (1.79), (1.80) and >."_, M, = M is the one
that maximizes the degeneracy and thus the entropy. With the method of Lagrange multipliers [2]
we may write

- Mipr Inp, + aiMTET + ﬁi M,.N, + ’yzn:Mr = maximal. (1.85)

r=1 r=1 r=1 r=1

Dividing (1.85) by the number of systems we find

*Zpr 1npr+azprEr+/szrNr+72pr :maXimala (186)
r=1 r=1 r=1 r=1

where we implicitly required

En:Pr =1 (187)
r=1
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We search the extremum of (1.86) by the usual method of differentiating w.r.t. p, and requiring
the derivative to be zero. This yields

1
_ ~BE,—aN,
Pr= i€ i, (1.88)

From Egs. (1.87) and (1.88) we find immediately

n

1
. —BE,—aN,
L = evt+l1 de
R Ze*ﬁEr*aNr =z (1.89)
r=1
and thus 1
Dy = ge—ﬁE,.faN,»’ (190)

where parameters a(E, N) and 8(E, N) are functions of the energy and particle number. Next we
will determine the form of these parameters. Consider Eq. (1.84). With Eq. (1.90) we have

n n 1
S = - -1np, = — . In — e PEr—aN:
;p p ;p =
= =Y pr(—BE.—aN, —In2)
r=1
= pE+aN+InZ. (1.91)
Now differentiating
oS oS da OlnZ
@—B+E@ﬁ+N@+7aE , (1.92)
where
olnZz _ 87631112_'_870481112
oF B OF 00 OEF Oa
— % 2 - —BE,.—aN, 870‘ —_ - BE;—aN,
= 8E<8ﬁln ;e +8E aaln ;e
_ % — —E, —BE,—aN, 370‘ —~ —N, —BE,—aN,
~ 0FE (; Z *oE ; Z
(1.90) P — - _ G da
= 3E2ET - 3E;Nr r=—3pE~ 5=N, (1.93)
we obtain o9
— = 0. 1.94
o8 " (1.94)
Similarly we find
a8
We next define Py ) e
B=H5= == (1.96)

Although we just defined Egs. (1.96) they can be motivated by considering two systems that can
exchange energy and particles, see A.2. With (1.96) we may write (1.90) as

1
pr = Ee—mEr—”Nﬂ, (1.97)
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and for the density matrix we have

=1

——
n n 1 1 . . n
H = — = o~ B(Er—pNy) _ - —B(H—uN) 1.98
|7 (r e ry{(r e ry{(r|. .
p;plﬂl ;Z r)(rl = 2 ;I)H (1.98)
Moreover,
Z = Ze—ﬁEr—aNr — Z(w”e—ﬂﬁ—aﬂflww - Ty [e—ﬂH—aN} 7 (1.99)
r=1 k
which can be seen by inserting [¢x) = > I, ¢¥|r) and using the unitary of matrix [c]. Now using
Eqgs. (1.98) and (1.99) we may finally deduce
e—BH—pN)
po (1.100)
Tr [e_ﬁH—O‘N}
and, moreover, inserting Eq. (1.100) into Eq. (1.77) we get
) Tr {e—ﬁ(ﬁ—uN)AH(t)}
<A> (t) = — (1.101)
Tr {efﬁ(H*uN)}

1.3 Contours

In this section we will introduce the concept of imaginary time in order to extend the time contour
to temperatures as well. The formalism was first introduced by Matsubara and the contour used is
called the Keldysh contour. We again follow the line of lectures "Many-particle quantum mechanics”
given by prof. Robert van Leeuwen.

Examining the structure of Eq. (1.101) we see that it contains the time propagation to time ¢, then
operating at this point by operator A then time propagation back to time ty and some exponent
of the Hamiltonian. We now make a somewhat wild trick and write the exponent as

e PUH=pN) = o=BHeq — o= fHealto—ifhi—to) (1.102)
comparing (1.102) to (1.54) we may write
e BH=N) — 1 (ty — iBh, to), (1.103)

with the evolution Hamiltonian being H,,. We now define the Hamiltonian to be of the form

Ay = {H = #N = Heg L€ [toto — i (1.104)
H(t), Im¢t=0,
or equivalently R . .
H(t) = H(t) — 05(t)uN, (1.105)

where
1, te [to,to — Zﬂh]
03(t) = . 1.106
() {07 oo (1106

Now with Eq. (1.104) we can write Eq. (1.101) in a form

Tr {U(to — iBh, o) U to, ) AW U (2, tg)}

<A> 0= Tr {U(to —iBh, to)} (1107
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to —if3

Figure 1.1: Keldysh contour

The contour on which we calculate the expectation value is illustrated in Fig. 1.1.

We now emphasize the fact that our time parameter has become complex and change the notation
from ¢ to z. As we look at the forms of the time-evolution operators in Eq. (1.57) we see that
we are having both anti-time-ordering and time-ordering inside Eq. (1.101). We get rid of this by
introducing time-ordering on our complex contour 7. For fermionic operators the time-ordering on
contour v becomes

Ty (A(21) .. A(zn) = D (1)70(20(1), - s Zom) A(Ze(1)) - - - A(Za(m)); (1.108)

o

where
0(z1,. .. 20) = 0(21,22)0(22,23) ... O(zpn—1, 2n) (1.109)

and the fact that we have (—1)? comes from the fact that we want managable equations of motion
for fermionic the operators. This will be satisfied if we let the operators anti-commute under this
time-ordering.

With Eq. (1.108) we may write the time-evolution operators on contour. The time-evolution on
contour is governed by the operator

U(ZQ,Zl) :Ty (6_%I’YdZﬁ(z)> , 21 < Zo. (].].].0)
The product of operators under the trace in (1.107) can now be written as
Ozg, 200 (20, VAU ) = T, (77 1 PO A (1.111)

where fl(z) is given by Eq. (1.104) and the form of the contour v is presented in Fig. 1.1. We
emphasize that the operator A must operate at the instant z’ = t by writing the time argument
explicitly. The expectation value of any operator on this contour is given now by

iy T )

: _ , 1.112
Tr {ef%fwdz H(z)} ( )
where on the denominator we used the fact
=1
~ —_— i ;
Ulto — iBh,to) Ulty, )U (L, to) = e 7 142 H), (1.113)

1.3.1 Equations of motion for field operators on contour

On contour we have equations of motion for the Heisenberg operators. On contour the Heisenberg
operators are defined as

On(2) = Uz, 2)0(2)U(z, 2). (1.114)
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The equation of motion can be derived similarly as in Chapter 1.1.6, by considering first the
differential operators for the complex time-evolution operator on contour and then differentiating
a general Heisenberg operator on the contour. The equation of motion becomes

9.0 (2) = [OH(Z), ﬁH(z)} +(8.0)u(2). (1.115)

_
I
And for the Heisenberg field operators on contour defined as in (1.114) we find

ih@zqﬁH(xz) = (—QFLmVQ +U(r) — ,uHB(z)) ﬁH(Xt) + /dx' V(r,r’)ﬁL(x’z)qﬁH(x’z)zﬁH(xz)
(1.116)
—ihd, Pl (xz) = (—ZFLmVQ +U(r) — ,uHB(z)) Pl (x2) + /dx’ V (e, e ) (x2) 0 (% 2) i (x2),
(1.117)

where the contour step function 63 is due to the fact that the Hamiltonian changes on the vertical
track of contour to H — uN as defined in (1.105).

1.3.2 Perturbation theory on contour

We could now wonder if we make a small perturbation to Hamiltonian (1.104)
H'(z) = H(z) + 6V (2), (1.118)
how our expectation value in Eq. (1.112) changes. This is quite quickly seen just by expanding in

0V. We write { ( L[ ds () 46V (5) 4 )}
. Tri7Z, (e 7l 72 YA(Z)
<A> (t) = ;r {e,% S, dz Ifz(z)+5\>(z)} ’

(1.119)

so now the numerator can be expanded as follows

—z'Tr{z (6—% [, dzH(2) ,~4 [, dz0V(2) A(z’)) }

= —zgokl, (;)k/vdzl.../wdzk Tr{ﬂ (e—% fwdzf“z)(sv(zl)...5V(zk),4(z/))}
= _ikijokll (;j)lg/ydzl.../vdzk Tr{f](zf,zz)’]:, (6VH(21)6VH(zk)A(z’))},
(1.120)

where we used
T, (e-% Jaz0@ 0, (2) ..Ok(zk)>
= T, (U1, 20)0 (20 20) 01 (20)0 (21, 20)0 (20, 22)02(22)0 (22, 20) . U 21, 20) O (20)0 (24, 21) )
= T, (U2, 20)0m1(21)0n2(2) ... On () )
= Ulzy, 2T, (OH,l(zl)...OH,k(zk)). (1.121)

Similar expansion can be carried out for the denominator yielding

Tr {e_% I dzg,(z)}
(oo}

_ ,;1; (—hi)k[del...fydzk T {0 (s, 20T, (Vi (21) - 6V (z)) o (1122)
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Now both the numerator and denominator can be divided by U(zf, z;) and by defining

<AH(z)>O - Tr{pOAH(z)} (1.123)
eﬁﬁﬂ,eq ~ ~ A

5 — . - - 1.124

b0 wi Hoe=H() —pN (1.124)

we obtain
()=~

o () [ [ da (T, (WH(zl) V(=) A=)

: 0
St (7 [y der [ (T, (V1) V() ) (1.125)

We next assume that the perturbation is of the form of the two-particle interaction, see Eq. (1.44)
lower line. In the Heisenberg picture the operators 6V become

/dxj/dx V(rj,r}) (x]zj)z/; (X 2)m (X 25 ) r (x525). (1.126)

Since we are about to set these two particle interactions in Eq. (1.126) inside time ordering it is
essential to keep track of the proper ordering of the operators. We do this as follows. First, we

write (1.126) as
Vir(z;) = lim /dz /dxj/dx 0(z W(rj,r})

x % (wH(xj Yl (2 Y (% zng(szJ)) (1.127)

where the limit lim_,_,_+ is to be taken after the integration over 2. We invent a short hand
J J
notation for the terms in Eqgs. (1.125) and (1.127). Namely, we write

(xjz) = J, (1.128)
0z, 2V (rs,ry) = (™), (1.129)
/dediEj = /dj, (1.130)

7 (1.131)

Now we may write the (), term in numerator of (1.125) as

<T7 ((5VH(21) . 5VH(zk)A(z’)) >0
1\ F
(2> /dx1 . .xk/d1’ codE o(1 ) (KT R
(T (G Q9L (b (b (1) Bl R0 ) dm (K (AR ) (1152)
Here we did not write the limits lim,,_  + explicitly visible, but they are taken normally after

the integration. Now we just reorder the terms inside the time ordering, and permute all creation
operators to the right and annihilation operators to the left. Performing the same procedure in
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the denominator as well leads to an expression for the perturbed expectation value,

= likl' (;};)kﬁdldl’...dkdk’v(lﬂl’)...v(k+,k’)
(T, (D (V)dar () dur K ) bar (RO (Kbl () .. 0 (1) (1) A)) >0]
/dldl’...dkdk’ v(1F,17) . o(kt, K
AT, (b (V)i (1) b (R (D (YDl (k7). B (1), (1) >0]
(1.133)

This expression will be motivation for us to introduce Green’s functions. We will also use it in
development of the perturbation theory for Green’s functions.
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Chapter 2

Green’s Functions

We introduce the concept of Green’s function and derive properties for it. Again most of the
derivations are based on the lectures "Many-particle quantum mechanics” given by prof. Robert
van Leeuwen. Also Refs. [1] and [4] were used.

2.1 Definition

From Eq. (1.133) one immediately deduces the general structure of the expectation value of A.
The easiest operators that one can plug into (1.133) are of the form

Dy (x2)bp (x'2), (2.1)
D (X2 )Pl (xz2). (2.2)

OO Nt

For operators containing different number of creation and annihilation operators we obtain zero
expectation value due to the fact that one would calculate an inner product between states in differ-
ent particle number Hilbert spaces, yielding zero as in (1.14). We could thus consider expectation
values of the form

G>(xz;x'2) = i<¢g(xz)z/3H(x'z’)>, (2.4)
G<(xz;x'2") = 2<1/3H(X'z’)1ﬂ}{(xz)> (2.5)
(2.6)

Here we actually already defined the greater and lesser Green’s functions, respectively. However it
turns out to be convenient to combine Egs. (2.4) and (2.5) into

Glxzx'2) = —i(T, (du(xt)dfy(x'1))) (2.7)
= 0(z —2)G<(x2;x'2") — 0(z — 2/)G” (x2;x'2"),

since for this object, which we will from now on call the single-particle Green’s function on the
contour v, we can derive a equation of motion (see Chapter 2.2) unlike for the two components
separately.

We can, of course, plug also an arbitrary number of field operators as long as there are equally
many annihilation and creation operators. This leads us to the definition of the many-particle
Green’s function on the contour ~.
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2.1.1 n-particle Green’s function

For 2n field operators we write the n-particle Green’s function as
Gn(1...m;1"...n))
= ) (D) ). ()
Te {7, (e H L HDG) )i ). 0i1) }

(1.112) (=)
a Tr {e—% I dzﬁ(z>}
(1.121) o . - - - 5
ZV iyt (6T (b)) dn () () 8RN | (2.8)
where we used the short-hand notation given in Eq. (1.128). Moreover, we wrote
. Uz, 2 e=BHeq
p= (Gp2) S (2.9)
Tr{e_ﬁHeQ} Tr{e_BHetZ}

For a non-interacting system, the n-particle Green’s function becomes

Gom(l...n;1...0) (—i)"Tr {ﬁ(ﬂ; (1[),,(1) ()l () .. .q[;}](lf))}
= (=" <z (J)Hu) D)) .. .1/3},(1’))>0 , (2.10)

where pg is the same as in (1.124). Next we will consider the equations of motion for Green’s
functions.

2.2 Equations of motion for Green’s functions

The equations of motion for single-particle Green’s function on contour are easy to deduce once
we know the equations of motion for field operators on this contour (1.116), (1.117), and the
derivative of the step function. We start by taking the time derivative from the single-particle
Green’s function defined in (2.7)

0,.G(xz,x'2") = —id, <T(1$H(xz)1[)}[(x'z’))>
= —id. [e<z—z'><A ()l (=) ) = 02" = 2) (D] (') b (x2) )|
= [ z—2 < 2P (% )>+9(Z—Z)< Duthrr (x2) P} (¥ 2 /)>

(2 - 2) <¢3H(x P )u}H(xz)> —9(2 — 2) <1/A)}_I(x/z’)821/;H(xz)> } (2.11)
(2.12)

Here we used the well known relation

0.0(z—2)=68(z—7). (2.13)
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We use the equation of motion in Eq. (1.116) for a field operator to proceed as
i0,G(xz2,%'7")
= 8(z—2) <¢H x2)ibh, (x > (z — ') <(f}(rz)¢H(xz)
/ AV (e, 2 (6 2 (6 ) (x2) )y (1))
Lo — 2) <¢L<x’z'>¢3H<xz>> F0( ) (
+ [ Vil b ) (x2))
= 6z~ )i0x ~x) — The) (T, (B (x2)dh (') )

~—

Jr% /dX”dZN 5(2” _ Z+)V(I‘, I‘”) |:0(Zl o Z)< AL(X’Z’)@Z)L(X”Z”)l[)H(X”ZH n

=00z = ) (Bl ("2 b (2w (x2) By (')
= §(z—2)0(x—x')+ ;h(rz)G(xz;x’z')

—f/dx”dz” (T, "G (xz,x" 2" X2 X" 2T,

where we used the definition of the two-particle Green’s function given in Eq.

(2.14)

(2.8) and the

anticommutation relation of equal time field operators. moreover, we wrote 6(z” — z7)V(r,r") =
v(r™,r”). With a similar calculation we obtain a result for the time derivative w.r.t the latter

time-coordinate as well. The equations then become

{z’h@z - ﬁ(rz)} G(xz,x'2")

[—ih(?z/ — ﬁ(r’z’)} G(xz,x'2")

We notice that the single-particle and two particle Green’s functions are connected.

hé(z —2")o(x —x') — i/dx”dz” ot r")G(xz,x" 2" %2  x" 2"

hé(z —2")6(x —x') — /dx”dz” v(r, v T)G(xz,x" 2" x' 2 %" 2"

), (2.15)

). (2.16)

This will turn

out to be very useful. The remaining task is to determine the equations of motion for the n-particle

Green’s function.

2.2.1 Equations of motion for n-particle Green’s function on tempera-

ture contour

The equations of motion for the m-particle Green’s function on the temperature contour -, the

so-called Martin-Schwinger hierarchy Egs. [6], read

[mazk — (h(k) — ubs(2))| Gu(1...n;1" .. )

’

" , n
= S (DRI RS (k)G (L ki UG

j=1

—i/d(n+1)v(k+,n+1)Gn+1(1...n+1;1'...n' n+17),

25
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[—maz; — (h(K') — pbs(z))| Gu(1.. 31 )

’
n mn mn

= D (DR E) G (1. i) K )

j=v
—i/d(n + Dok, n+1N)G (1...n+ 1,17 ..n" n+ 1),
(2.18)

where we use the short notations defined in Egs. (1.128) to (1.130), the contour step function Eq.
(1.109), and

6(k, j) 6(xk — x5)0(2k, )
(joom) = (1 j—1j+1...n). (2.19)

Here as before we see that the n-particle Green’s function is connected to the n +1 and n — 1
particle Green’s functions. These will be useful when developing perturbation theory for Green’s
function. By these equations we will prove the so-called Wick’s theorem.

2.3 Perturbative expansion

Let us write the Hamiltonian in the form

Hi(z)=H(z)+ V. (2.20)
We write the one-particle Green’s function as
G(xz,x'2') = —i <’T7 (1[}(XZ)1/AJT(X/Z/))> (2.21)

We use the already introduced expansion (1.133) for Eq. (2.21). Now we may compare the
expressions under integration to the many-particle non-interacting Green’s function in Eq. (2.10)

— i (T, (Dn () dn (V) bar (1) . o (K)o )zz <k'+>u>;,<k~> w* CSHGIACEIIN
Gro(Le om0 ooy = (=) (1) o b (0)du () . du (1))
from which we see that

=i (T, (b (2 (V) (1) b (K b (R Bl (6 )bl (K1) ]y (1 )0 (V)] (1)) )
= (=i)(=)** T Gopyro(xz, 1,1, o kK x 2/ 17 U KR, (2.22)
|
=(-1)*
We deduce that the numerator of (1.133) for A(z) = —iT (¢)(x2)ihT (x'2")) becomes

_ i1<i>k/d1../ /dl’ / (k)
Zwi\m) J, :
x Gorrro(xz 1,1 kK2 17 1% K ).
(2.23)

We may perform a similar derivation on the denominator and obtain a solution for the single-
particle Green’s function in terms of non-interacting many-particle Green’s functions

G(xt,x't")
2;‘;0%(%) J,d1dl . dkdE vnr v Gogepr0(x2, 1,1 kB X2 1 1R KT
popare (%) J,d1dY . dkdE vny o Gago (1, Vs Ry R 17 10 LR R

(2.24)
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where we further introduced the short notation v(j*,j") = v;;. We will proceed to derive an
expression for the non-interacting many-particle Green’s function in terms of non interacting single-
particle Green’s functions. The result is called Wick’s theorem and it is essential the perturbation
theory.

2.3.1 Wick’s theorem

From the Martin-Schwinger hierarchy equations on contour, Eqs. (2.17) and (2.18), we may deduce
that for a non-interacting system the equations of motion for n-particle Green’s function become
[ih@zk — (h(k) — p5(z1))| Gro(1...m51". .. n)

’

n m

= S (DI RS (k) G0 (L B 1),
j=1
(2.25)
[_maz,k — (W(K) = w02 )| Grio(1...151" .. )
n’ ) o n
= > (=DM, K)Gror0(L.. G .oms LK ).
j=1
(2.26)
For the single-particle non-interacting Green’s function the similar expressions are
[i10., = (h(1) = p03(21))] Go(1,1) = h3(1, 1) (2.27)
[—mazz — (h(2) — uaﬁ(zz))} Go(1,1') = hé(1,1). (2.28)

Now we notice the connection with the expansion of a determinant in Eqgs. (2.25) and (2.26). If
we consider Gp,_19(1...k—1k+1...m1...5/ =15 4+1...n') in (2.25) as a sub-determinant
we may check if the solution is of the form
Go(1,1) ... Go(1,n))
Gno(l...m;1' .. .n/) = : : (2.29)
Go(n,1") ... Go(n,n')
This is indeed the case and it can be quickly checked, by expanding the determinant into n sub
determinants and operating by (¢h0,, — (h(k) — p03(zx))) from the left, leading to
Gno(l...n;1"...n)

n

. n M
= > (=D)"MGo(k,j)Gn-ro(l... k..m;1"... 5 ...n)

j=1

= [ih0., — (k) = p5(24))] Gro(1..ms 1)

= Y (=1)*Y5(k,§")Gn10(1 ... k.. g ), (2.30)
j=1

which agrees exactly with Eq. (2.25). Operating by [—ih&‘z; — (h(K) — qu(z;C))} on (2.29) we
obtain (2.26) as we should. Thus we conclude that the non-interacting many-particle Green’s
function can be written in terms of non-interacting single-particle Green’s functions as

Guo(l...ms1oon') = 3 (~1)7Go(1,0(1)) ... Go(n, o(n')) (2.31)

g
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2.3.2 Diagrammatics

With the aid of Wick’s theorem [Egs. (2.29) and (2.31)] the perturbative expansion for the single-
particle Green’s function (2.24) can finally be written as

G(xt,x't")
Go(xz,x'2") Go(xz,1") ... Go(xz, k')
, Go(1,x'2)  Go(1,1") ... Go(1,k"™*)
S () F [, Y L dkdE oo | ‘ o
Go(k',x'2")  Go(K',1") ... Go(k',k'")
Go(1,1)  Go(1,1%) ... Go(1,k™*)
N 4 Go(1,1")  Go(1,1"%) ... Go(1',k'*)
oo ()" [, d1dr . dkdk viy v _ _
Go(K', 1) Go(k',1%) ... Go(K, k")
(2.32)

We have now completely defined the expansion for the interacting single-particle Green’s function.
However, the formula (2.32) is somewhat horrendous to deal with. Hence we further introduce the
celebrated Feynman diagrams [10] by which the task of calculating G(xt,x't’) is greatly reduced.

The pictorial representation for Eq. (2.32) may be written immediately as one defines

GO(Za])

(2.33)

Note that here we let time flow from bottom to top. Now any term in the numerator/denominator
of (2.32) may be written pictorially if we demand that there is an integration over every vertex.
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For example, in the numerator there are the first-order terms

' Go(xz,x'2") Go(xz,1") Go(xz,1'")

G(xt,x't") =~ Go(xz,x'2")+ %/dldl' virv | Go(1,x'2")  Go(1,17)  Go(1,1'T)
8!

Go(1',x'2")  Go(1',1")  Go(1',1'F)

, Go(1,1")  Go(1,1'T)

= Go(xz,x'2") + GO (xz,x'7 /dldl V11
2h (1/ 1//) Go(l/, 1/+>
; Go(1,x'2' 1,1+
/dldl ’Un/Go(XZ 1//) O( e ) ( )
2h Go(1',x'2")  Go(1',1'")
Go(1,x'2")  Go(1,1")

i/dldll ’quGo(XZ,lH_)
2h Go(1,x'2")  Go(1,1")

Xz
Xz Xz
(o) by
N 2h 2h
Ny x'z x'z
x'z
- Xz
_v ~ /
il ] Joxl o)
X/Z/ X/ZI
Xz Xz
i I _L ! 24
Sl v )l e e
X/Z/ X/Z/

(2.35)

As before time is taken to run from bottom to top. Thus all the interaction vertices are horizontal
and for the Green’s functions containing the same beginning and endpoint we have to see from the
equal time limit in which direction the loop is to be closed.

Similar expansion may be done for the denominator of (2.32). It turns out that the denominator
contains only closed and connected diagrams. By closed and connected we mean that every part
of the diagram is connected to the rest by an interaction or Green’s function line, and that there
are no "loose” lines hanging around as above in the last four diagrams.

One can prove that all the disconnected diagrams in the numerator are exactly canceled by the
denominator in Eq. (2.32), see [9]. Moreover, considering the topology of the diagrams it becomes
clear that all topologically equivalent diagrams attain the same numerical value, since one can
always rename the interaction variables to attain similar figures from diagrams with the same
topology [9]. It is thus sufficient to consider only all connected and topologically inequivalent
diagrams. The factor due to topologically equivalent diagrams turns out to be 2¥k!, where k is the
number of interaction lines, i.e., the order of the diagram. With these results Eq. (2.32) may be
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written as

G(xt,x't")
Go(xz,x'2") Go(xz,1") ... Go(xz,k'")
g\ K Go(L,x'2)  Go(1,1") ... Go(l,k'*)
> (;) /dldl’...dkdk’ orrr o | % ‘ ) G o
—0 v : :
Go(K',x'2")  Go(K',1") ... Go(kK k) conn.

top. inequiv.

Self-energy

One can reduce the amount of diagrams to be calculated even further by introducing the concept
of self-energy. As we start to expand Eq. (2.36) one quickly notices that there is class of "sub-
diagrams” in every order that seem to appear in the same form in higher order diagrams as well.
We call these diagrams irreducible diagrams, since they are defined by the property that one cannot
cut such a diagram into two pieces by cutting a single Green’s function line. In the second order
these irreducible diagrams become

o ~0 - . [0y o2 en

where we already gave the symbol “shaded blob” to the collection to these diagrams. It turns out
that one can get great a reduction in the number of diagrams if one considers these self-energy
diagrams. The Green’s function may be written, with the aid o;f( gll self-energy diagrams, as

Xz
Xz
G(xz,x'7) = ‘ + + + ... (2.38)
x'2
x'2
. x'z
or equivalently <
Xz Xz
* = * + : (2.39)
x'z x'z
x'2

where we see that a repeated insertion of the left-hand side to the right-hand side in Eq. (2.39)
generates Eq. (2.38). The equation in Eq. (2.39) is called the Dyson equation [4] and it can be
written explicitly as

G(xz,x'2") = Go(xz,x'2") + / d1d1'Go(xz,1) 2(1,1)G(1',x'2"), (2.40)
8!

where (1,1’) contains all irreducible diagrams. Note that this equation should be solved self-
consistently, i.e., we first put some approximation for the Green’s function into the equation and
after solving for the Green’s function we put these solutions back into the Dyson equation. This is
done as long as the Green’s function converges. Since we are working most of the time in general
bases we need the form of Dyson Eq. (2.40) in general bases. This is derived in Appendix A.6.

Physically the self-energy describes the energy arising from the interactions between the system
and the particle under consideration [7]. For example, when one brings a particle in to the system it
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starts to interact with the other particles in the system. These interactions then modify the system
and the modified system interacts back to the particle. The self-energy modifies the “single-particle”
energy in such a way that it then contains also the effect of the particle-system interactions. The
self-energy thus contains all the information about the interactions in the system; this is already
seen in the diagrammatic structure, since all the interaction lines are included in the self-energy
diagrams.

It should now be plausible that one can do perturbation theory of the Green’s function by drawing
diagrams and calculating the resulting integrals. We only need to have proper rules by which we
construct the mathematical description of each diagram. The rules can be deduced for example
from Eq. (2.36) by drawing the diagrams and observing the corresponding term in the expansion.

Similarly for the self-energy one can deduce diagrammatic rules and then by using Dyson equation
we again attain the Green’s function. The diagrammatic rules are called Feynman rules and they
are a handy tool when expanding Green’s functions. Before introducing the Feynman rules we will
make some remarks about the systems that we are going to study in order to reduce the complexity
even more.

2.3.3 Zero-temperature formalism

We have now a powerful machinery to solve the Green’s function on the Keldysh contour . In the
discussions to come we however have T' = 0, i.e., we are working at the zero temperature limit. We
would now like to see how the Green’s functions and self-energies transform as we take the limit
T — 0.

The expectation value of any operator is written in (1.112). Assume that the energy levels are
non-degenerate. Then we may write (1.112) as

—BH.q A N
Dy TR AR 0)} 5 e A0l
A (t) = - = ToR—— . (2.41)
’I‘I‘{G_BHW} Zk 67’6( kK k)
Let us then define p such that Fy < p < Ey; < FEy < ..., moreover, N € {0,1} and for

zero temperature we definitely have the ground state occupied. Then as § — oo we see in the
denominator of Eq. (2.41) that

>0
Y e BN = ~BEo—p) 4 e BER — pNi) B0 B1Eo—p| (2.42)
k k=1

Now we see that to obtain a non-zero expectation value, the only term that survives from the sum
in the nominator of Eq. (2.41) is

—0

. eBlEo—p] R Zk:l e*ﬁ(Ek*ﬂNk)<wk|AH(t)‘wk> R
(A) (1) = S ol An () bo) + o = (ol An(®)|Yo). (2.43)

——

—0C

Thus, for example, the Green’s function in zero temperature attains the form

Gom(L.cmi Vo) = (=) (ol D(1) ... () () ... (1)) (2.44)

To obtain the zero-temperature limit the changes to be made in our formalism introduced are just
to replace all Green’s functions with these zero-temperature Green’s functions. We will work with
in the zero-temperature limit from now on.
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2.3.4 Frequency space

Another simplification that we can make, again knowing what is ahead, is to Fourier transform
our equations. This can easily be carried out for time independent Hamiltonians. We notice that
for the time-independent Hamiltonian all the equations are only functions of ¢ — t'. We denote
this difference by 7 and perform the Fourier transform [2]. One can find the Fourier transforms of
the single-particle non-interacting Green’s function and the Green’s function in tight-bindin chain
respectively in Appendices A.4.1 and A.4.2.

One can do the derivations for frequency space as well [4], and actually this does not even turn out
to be too difficult. However, to save space I will just give the Feynman rules in frequency space to
be used as a tool to calculate different properties of our systems through the self-energy diagrams.

Feynman rules in frequency space

The Feynman rules in general bases and in zero-temperature frequency space for self-energy 3 are
listed in the following [4]

1. Draw all topologically inequivalent irreducible connected diagrams.

2. Assign indices, frequency, and direction to all Green’s function lines. Conserve the frequency
at each vertex and integrate and sum over all internal vertexes.

3. Multiply all diagrams with prefactor (—1)l(%)”, where [ is the number of closed fermion loops
and n is the order of diagram, i.e., the number of interaction lines.

4. When a Green’s function line (G;;(w)) closes itself or is closed by the same interaction line
insert a factor ¢*“” (n — 0).

6”'
“"7(51' 7ert)+i58n(€i)77 :

5. Every non-interacting Green’s function is represented by G;;(w) =

6. For every vertex , assign Vip;.

2.4 Properties of Green’s functions

So far we have not given any better reason for calculating the Green’s function than the one that
it is almost the easiest operator for which to solve the expectation value, see Sec. 2.1. However,
it turns out that one can deduce many properties of the system through the Green’s function, for
example the total energy and many more. [4, 1].

In the following we will introduce only a couple of properties that are easily seen from the Green’s
function of the system.

2.4.1 Density

The particle density is probably the most obvious thing that one can immediately deduce from
the Green’s function. The expectation value of density at x may be written as iG(xz",xz). We

32



may also expand the Green’s function in general bases as for example in (A.5.1). Now we may for
example deduce that

/ dx G(xzt,x2) = > / dr ¢, (r) ¢ (r) G (2 =Y oG (z1,2) =N, (245)

k,k",o k,k’

where N is the number of particles in the system.

2.4.2 Spectral function

Starting from the definition of Green’s function (2.7) one can proceed as in Appendix A.4.1 and
A 4.2 to obtain the Fourier transformed Green’s function

9;(x)g; (x’ fix) 5 (x!
Gloxw) =Y — 09600 SBOL) (2.46)
~w— (B —Eo) +in  w— (BT — Ey) —in
where g;(x) = (1ot (x)[v N ) and f;(x) = (YN ' [¢h(x)|tho). Now there exists yu such that
Eo—EN"' < yu< ENYL _E,. (2.47)
Define
. Eév+1 - Eo, €s > 1
€g =
Ey — Eév_17 €s < U
gs(Xx), €5 >
ou(x) = (%) p
fs(x), €s < [
(2.48)
Now one can write
* / * /
Glx.x! _ Ps (X5 (X) ps (x) 5 (X')
(%, x',w) Xs:w—es+in+zs: w—€s— 1N
Es> U es<ph

ps(x)p3(x')
Z w — €5 + insgn(es — 1)
Z (5( — €5 (Ps( )@:(X/)

w—v+insgn(v — p)

/
- / dv Alx, X', v) , (2.49)
w—v+insgn(v — p)

where we defined the spectral function
A(x,x',v) 25 v —€5)ps(x)p(x). (2.50)

One immediately notices that the spectral function is peaked at the addition and removal energies
of the system. It could thus describe, for example, the photoelectric spectrum of the system.

Multiplying by the complex conjugate of the denominator in (2.49) we obtain

/dy A(x,x',v) _ P/d — — imsgn(v — p)d(w — V)A(x,x',v).  (2.51)

w—v+insgn(v — p

Thus we get
ImG(x,x",w) = —mwsgn(v— p)d(w—v)A(x,x',v)
= —msgn(v — p)dw —v) Y (v — e)ps (%)L (x)

= —msgn(w — ) ) 6w — e)ps(x)¢l (X)) (2.52)
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Comparing (2.52) with (2.50) one may deduce

Ax, % w) = %sgn(u —w)ImG(x,x',w). (2.53)

The considerations above may be simplified even more by introducing the retarded Green’s function

GR(x,x \w) =Y m (2.54)

where ¢s(x) and €, are as in (2.48). By similar considerations as above we find

1
A(x, %', w) = —=ImGR(x,x',w). (2.55)

™

The spectral function can, as usual, be expressed in general bases. This is easily obtained by
expanding the field operators in Eq. (2.50). Using the expansions Eqgs. (1.33) and (1.34) we may
write

A(x,x',v) Z¢k (x') Z S(v —e€s)fsufa + Z 6(v —€s)gskgar| » (2.56)

S,€s <[ 8,65 >
from which we see
AuW) = Y Sw—e)fafa+ Y, 6(v—e)gsngi (2.57)
S,€s <[ S,€s >
where
fae = (@Y Maklvo) (2.58)
gsk = (Wolax|vl ™). (2.59)

Expanding the retarted Green’s function Eq. (2.54) similarly we immediately find in accordance
with Eq. (2.55) that

1
Aij(w) = ——ImGj(w). (2.60)
From Eq. (2.57) we may find a way to calculate the density at a given site. Consider Eq. (2.57), now

at zero temperature so that all states up to the chemical potential are occupied. Now, integrating
over v from —oo to p we immediately find

— 00

m
[ vt = X fufi = L olal X 2 ulvn) = (olaufn) <me (260

Hence, at zero temperature one may find the density at a given site from the spectral function at
that given site.
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Chapter 3

Applications

The presented Green’s function methods are applied to two systems. Both systems consisted of a
two-level system (="molecule”) coupled to the first site of infinite tight-binding chain introduced in
Appendix A.3. The Hamiltonians have different interactions and hoppings between the two-level
system and the chain. For now on we will put A = 1.

In both cases we are mainly interested in the spectral functions (chapter 2.4.2) at the molecule
and we are deducing properties out of these spectral functions. We also calculate the self energies
(chapter 2.3.2) for these two levels. In the end we try to deduce the features of the Hamiltonian
that are responsible for the particular behavior.

The first of the models is treated with perturbation theory (Chapter 2.3) and we study the effects
of different Feynman diagrams on the energy levels and image-charge effect as well as the self-
energies and the spectral functions. The system is quite similar to the one introduced in [11] with
the difference that we do not have hoppings between the molecule and the lead.

The latter of the models is the famous Fano model, now with two levels coupled to the first site of
the chain. As in the usual Fano model we do not have any two-body interactions and hence we are
able to solve the model exactly. In the following we will present and treat both systems separately.

3.1 Interacting model

Our aim in this chapter is to introduce a model used to describe some simple (=two-level) molecule
next to an infinite tight-binding chain. We use the perturbation theory method to find out the
approximate self-energy for the system. With this self-energy we calculate the approximate Green’s
function and further the approximate spectral peaks for the molecular energy levels. In the end
we also compare results of the different approximations for the spectral peak shift to an exact shift
calculated by the Hellman-Feynman theorem [10].

Schematically the system can be presented as in Fig. 3.1.

As mentioned above the Hamiltonian for this model is similar to the one introduced in [11]. We
write the Hamiltonian as

H = Hrg + Hyor + Unor + V, (3.1)
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Figure 3.1: Left: Molecule and chain system schematically. Right: Bare chain system

where
Hrp = tY dla
(2,4)
Hvor = auéy +nréy
Uvmor = Uo(imiim) + fiprig)) + Unpimir
V= Ui - D - 2) (32)

+

Here the operators a, (a;) create (annihilate) electrons to the i:th site of the chain; note that ¢

is a double index i = (i,0) corresponding to site and spin. The density operators 7y, in Hyor
(and elsewhere) are defined as N/, = Ng/ny + fpyp) = &L/LT&H/LT + dTH/LL&H/Lb where ag
refers to the HOMO (highest occupied molecular orbital) site of the two-level system and &TL refers
to LUMO (lowest unoccupied molecular orbital). For Usior, we have two terms corresponding to
the repulsion between electrons at the same site (Uy) and between the levels (Ugy). Finally the
interaction between the TB chain and the molecule is introduced in V with the strength Ugxr.
The 71 — 1 and N — 2 represent the excess charge on the terminal site of the chain and on the
molecule, respectively, N being nyg + ny.

In the limit N — oo the Hamiltonian in Eq. (3.1) cannot be solved exactly which leads to a
treatment in Feynman diagrams. To use the Feynman diagram methods we need the components
of the Green’s function in the chain and the molecule. They are derived in A.4; note that we
are working in the frequency space in order to have an easy access to the energies of the system.
Moreover, to have a clear picture of the situation we have to rearrange the terms in Hamiltonian
in Eq. (3.1) to obtain

H = tz alaj + (g — Ueat)€m + (i, — Uear )L
(4,9

—~2Uegt1 + UnmoL + Uent N1 (3.3)

We have subtracted the term 2U,,; since it is just a constant factor and thus does not affect the
properties of the Hamiltonian. Note also that we will treat the first line of (3.3) as the unperturbed
Hamiltonian and the second line as the perturbation.

The components of the Green’s function in the molecule and in the chain are calculated in A.4 and
they become, respectively

5
Gij(lw) = X - s i,7 € {H,L
@)= T Uy gy UL
N . ok -\ . k-
I ST EY

7i%3 N + 1 Tk

=1 w — 2t cos (N+1) + disgn(t cos (“—fl) 7

(3.4)
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where in the former expression we have included the interaction energies —Ap/LUest into the
Green’s function to simplify the calculations. Note also that, as before, the indices contain also
the spin index, i.e., i = (i, 0).

From the general structure of the Hamiltonians in the second quantization (1.45) we can deduce
that the factors Vj;i; are in our model of the form Vi = V;;040;k, and the whole structure of the
two-body interactions is confined in the matrix

Vo Var Vm Uo Unr Uecst
Vii=1| Ven Vir Via =| Ugr Up Uewt |- (3.5)
VlH ‘/1L ‘/11 Uerct Uerct 0

Note that all the elements that are not presented explicitly are zero. Finally we have everything
needed to do perturbation theory for the self-energy of this system. We start with the Hartree-Fock
approximation.

3.1.1 Hartree-Fock

In the Hartree-Fock method we draw the two first Feynman diagrams, namely the tadpole and
exchange diagrams. We also have to include the one-body term —2U,,:6;0. We use the Feynman
rules in frequency space introduced in Sec. 2.3.4 to obtain the equations for the self-energy. The
self-energy in the Hartree-Fock level becomes

Eij( ? @ QUSIt(sl’Lélj

. dV (7% . dV w
= *sziklj/% GY.(v)e "+ZZV¢U1€/% G (V)€™ = 2Ue4461:01 5
k1 k,l

. dv W dv w
= i85 Vi [ 52 G405 Vadsbia [ 57 Sopn G — Weibrid
k,l
d _
= 7] Z %k/i GO Zyn+i601,aj‘/ij/27; G?j(y)ell/n *ZUezt(sliJle (36)

=(k,ok)

where on the second line the §,,,, arise from the Green’s function.

The different components of the self-energy can now be calculated from Eq. (3.6) just by inserting
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the desired indices. For example, ¥y becomes
Yuplw) = —i2ZVH'/d—V GQA(V)ei”"—i—iVHH/d—V G (v)e™n
- t]oom T or HH

dv )
= =iz [ 3 (VG () + Vi Gl (v) + Vin G () e

JFZVHH/ — GO evn
wn wn
— 9 Upe _ Ugre .
27‘[’ v —= (gH - ert) —m v — (gL - ert) + m
. 7k : 7k
) dv i 2 N S <N+1 1) sin (N+1 1)
—i2 | — Ugpie™"
2m N+1& 1y—2tcos(N+1)+zsgn(tcos( ”ffl))n
d Upetn
+i [ 2 0 . (3.7)

27 v — (€g — Uext) — i

We perform the integrals by using Cauchy’s residue theorem, see Appendix A.8. The factor ™"
forces the integration loop to be closed in the upper half plane [2] which we have to take into
account. The first two and the last integrals are easy to compute and they give altogether Uyp.

With the third integral we must be careful with the summation limits due to the sign factor in the

denominator. To get a non-zero contribution we must have sgn (t cos ( ~ +1)) = —1 due to the

fact that the loop must be closed in the UHP. This leads to limits for summation index k. These
limits become

= cos mk >0<:>7E<]€77r<I
N+1 2

N ke{l,...,%(NJrl)}. (3.8)

Note that we are using half filling in the molecule as well as in the chain, i.e., all the states
with energy below zero are occupied. Now all the terms in the sum give under integration just

isin® ( rk ) and we are left with

N+1
L(N+1)
4U et : ) k
Y = U 3 . 3.9
nr(w) = Uo+ 57 g:l sin | (3.9)

In the limit N — oo the summation can be turned into an integral with x = 7k/(N + 1) resulting

AUy N 4+1 [27

Yupw) = U +N+1 P dz sin? (z)
4
= U+ Tot™1 = = Uy + Uest- (3.10)

All the components of the self-energy matrix are calculated similarly. For the 317 component we
have the additional one-body term —2U,,; which exactly cancels with the rest of the terms. In the
Hartree-Fock level the part of the self-energy matrix that we are interested in becomes

Ygg XHr XH1 Uop + Uest 0 0
SO = S Zop B | = 0 Wiy +Uet 0 |- (3.11)
i i Xn 0 0 0
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From the Dyson equation Eq. (A.6.5) it is now easy to calculate the Green’s function. We do this,
as above, only for the Gy g (w) component,

G = (Gy'—-%)7 L (3.12)

Now, since Gy (3.4) is block-diagonal for H and L components, and 7% (3.11) is diagonal, the
matrix inversions are easy to make for G;; with i, j € {H, L}, yielding

G (W) = % _ 9
Y Goii(w) =S (W) w =& + Ueat — Uear — Ui + isgn(&)n
0ij o
— H. L 1
w — w; +isgn(&)n’ 5j € {H, L}, (3.13)

where
wi =& +2UnL0ir, + Uobin. (3.14)

For the terminal site one must be more careful due to the fact that the tight-binding part of the
Green’s function matrix is not diagonal. However, since the self-energy matrix is zero for the chain,
we are having the inversion of the inversion of the Green’s function in the chain, i.e., no effect on
the Green’s function in the chain. Thus, we have

GIM(w) = (GIZ (W) -SHF W)™ ijefl,... 00}
= (G5 W) =GTEWw). (3.15)

Collecting the results the Green’s function in the Hartree-Fock level becomes

GHF () = Giior (W) 0
0 G7h (W)
e 0 0 0
- 0 e o 0
) 0 R DM e Ba e S
0 0 :

(3.16)
Note the block structure that is preserved due to a similar block structure in the self-energy.

One can immediately make some observations on this Green’s function. The absence of U.,; in
GHF guggests that on the Hartree-Fock level the molecule and chain do not “see” each other. To
have some effect of interactions between these two systems we need to go beyond the Hartree-Fock
level. Thus, we will next go to the second order and see what it will give.

3.1.2 Bubble

Now that we have obtained the Hartree-Fock Green’s function and noticed that it does not give
any new information compared to the finite-chain case [12] we would like to go beyond this ap-
proximation. The natural step is to take the next two diagrams, now in the second order, into
account. These are the bubble and the exchange diagrams.

We will use the Hartree-Fock Green’s function in the diagrams. The obvious reason for this is that
the HF Green’s functions should be already a bit closer to the exact Green’s function and thus
one should get more accurate results. The approximation is named as HFB. We draw, again, the
diagrams for the self-energy using Feynman rules.
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The interesting thing here is that the exchange diagram gives zero contribution. This is due to the
fact that there are now Green’s function lines between the chain and the molecule. Moreover, all
the exchange diagrams inside the molecule give zero.

The bubble diagram, however, is non-zero and it becomes

dv dow’
= 5giaj221/}p‘/;j / 5 5 G (w = )G (W +v)GEF (W), (3.17)
p,s

The intermediate steps are similar as in Eq. (3.6); one just keeps in mind that Vi = V;;0u0,k
and that the indices contain also the spin index. We have for the the self-energy in the molecule

dv dw’
EEH/LL((“)) = 2U3mt/ Py GZIF{/LL((“) - V)GﬁF(W/ + V)GﬁF(W/)- (3.18)
All the other terms of the sum give zero under integration due to the property introduced in A.8.

The 8 (w) is clearly zero due to Vi; = 0. Note also that the self-energy has the same block
structure as the Green’s functions. Next we insert the Hartree-Fock Green’s function and find

dv do’ 1 2\’
EgH/LL(W) = 2U3mt/ 2o ( )

N : g’ : TJ
sin (N+1) s (N+1)
X Z

W+ v —¢ +isgn(e;)nw’ — €; +isgn(e;)n

4,j=1

o2, [ ! 2 Y
ext 27 UJ—Z/—fH/L:FZ’ﬂ N+1

i sin i sin mJ
st N+1 N+1

dw’ 1 1
2 W+ v —€ +isgn(e)n w — € +isgn(e;)n

X

X

(3.19)

The integral on last line is exactly of the form introduced in A.8.8. Thus, to yield a non-zero
contribution we must have sgn(e;) # sgn(e;). From this we obtain two options (for ¢ < 0):

e mj o1 .
—_ — —(N+1 2
tcos<N+1><0<tcos(N+1) = ’L<2( +1)<j (3.20)
j ) 1
t cos (N7T+31> <0 < tcos (Nﬁjl) = j< §(N+1) < 1. (3.21)

These two options turn out to correspond to the HOMO and LUMO components of the self-energy.
This is due to the fact that in the last integration we have to, once again, take into account the
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property A.8.8. Now for the option in Eq. (3.20) we get from Eq. (3.19)

dv 1 2\’
oy = 2U2 /7
%(N—&-l) N Sin2( v )sinQ( T )
)

N+1 N+1
<D

=1 j=1(N+1)

- (3.22)
€ — € —V+1n

where only the Xy component will yield a non-zero contribution due to the placement of the
poles under integration. With the option in Eq. (3.21) we obtain the self-energy component for
the LUMO level. This becomes

dv 1 2\’
3 = 2UZ / —
LL(w) ext 27_(_ W—V—€L+Z77 N+1
LN+ sin2( i )SiHQ( 7 )
S DR N A L nALV (3.23)

i v € —€ +v+an

We continue by calculating the HOMO self-energy component explicitly. The LUMO component
follows the same tracks and only the results are introduced. We start from Eq. (3.22) by first
performing the remaining integral over v,

2\’ LGRS i j
2 2 .2
202 () 2o 2 e (+57) o (v55)
j=1(N+1)
dv 1 —1
2r w—v—&g —in—€+¢ +v—in
1(N+1) N 102 i) 2 Tj
2 23 sin ( )sm ( )
() DY M) T AN (3.2)

N+1 w—6¢+€j—§H—i77

EEH (w)

= 2U?

ext

=1 j=1(N+1)

We proceed by taking the limit N — oo in order to transform the sums over ¢ and j into integrals.
In this way we hope to be able to calculate the self-energy further. We introduce the following
variables

s N+1
N1 x, i —dz (3.25)
] . N+1
= dj = dy. 3.26
Nl Y, J —dy (3.26)

With these z and y and letting N go to infinity Eq. (3.24) may be written as
2 .2
ZB —_ 2U2 / d / d sin (x) S (y) .
(@) = P“( > Y xw—Zt (cos(z) — cos(y)) — &m —in

As one can notice this is a quite demanding integral to calculate by hand. We have also seen the
connection between the imaginary and real parts of the self-energy through the Kramer-Kronig
relations. We will now take the advantage of this knowledge and calculate the imaginary component
using the result derived in A.9. The imaginary component becomes

S5y w) = 2Ue2:vt( ) /dy/ dz sin?(z) sin?(y)

X 0w — 2t(cos(x) — cos(y)) — Em)- (3.28)

(3.27)
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We perform a change of variables through

un 2
2tcos(z) = w, —2tsin(z)dz = du, 1- (27) = sin(x)
A2
2tcos(y) = v, —2tsin(y)dy = dw, 1- (2715) = sin(y),
(3.29)
to obtain
2 2 do \/ \/ v\ 2
Im¥f = 2U2 (X
m HH(w) ert (71’) /0 /Zt —9¢t (Qt)
X dlw—u+v—=~&x). (3.30)

Next when performing the integral over u one must be careful to use the delta function only if it
has zero within the integration limits of w, i.e., within [2¢,0]. This can be done by introducing step
functions which have the property 8(x) =0V z < 0 and f(x) =1V z > 0. With the aid of these
step functions the integration limits in (3.30) can be extended to infinity resulting in

2t 2
B -~ 2 _ v
B, (w) = 202, t2/ dv/ du \/1 2t \/ (2t>
X dw—u+v—=Ex)d(—u)d(u— 2t)
—2t
_ o2 _ w (Y
-k [ % )V 3)
x 0y —w—v)0 w+v—§H—2t) (3.31)

Similar steps by which we arrived from Egs. (3.22) to (3.31) may be carried out for the LUMO
component starting from Eq. (3.23). The result is very similar to Eq. (3.31), i.e

myB, (W) = —2U2, t2/ \/ U+€L_w)2m

X Olw—E& —v)0v+EL —w—2t). (3.32)

This is as far as we get by analytical calculations for the imaginary part of the self-energy. The
integral in Eq. (3.31) is tedious to calculate by hand, but easy to perform numerically. I have
written a FORTRAN code that calculates the imaginary part of the self-energy exactly. However,
before introducing the code we still have some things to consider.

Now that we have an expression for the ImEg H/LL (w) we may calculate the real part through a
principal value integral as derived in A.9. For ZgH(LL) (w) the pole is in UHP (LHP) so we use Eq.
(A.9.1) (A.9.4) to yield the real part. The equation for HOMO and LUMO, respectively, becomes

ImX>E
Resfy() = P [ 22, (3.33)
w -V
ImX:8
Resfyw) = —2p [amel) (3.34

We do not have an analytical form for Eg H/L . (w) and thus the principal value integrals are
impossible to calculate analytically. The real parts must also be calculated with a computer
program. I used a method called the Hilbert transform [14] to obtain the real parts out of the
imaginary parts. The self energies are presented in the results chapter.

Now that we have the self-energy it is neat to solve the Green’s function. This is done through the
Dyson equation as before in the Hartree-Fock case. The self-energy has the same block structure
as the Green’s function leading to a treatment of the molecule and chain separately. Since there
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is no change to the chain part even at this level, and even if there were, it would be difficult to
calculate (inversion of an infinite-dimensional matrix) we will focus on the effects on the molecular
levels.

The Green’s function in the molecular orbitals becomes

Crnnr@) = (G5') - SW);!
i
w— & — ReXj(w) —i[Im¥;; (w) F )
5. w—& — ReXyj(w)
Y w — €& — ReXyj(w)]? + [ImXi5(w) F )
Im¥,;;(w) £ 7
[w—& — ReXjj(w)]? + ImX;;(w) F )2’

+ by
(3.35)

where £ = & + Uezt. One can now plug different self-energy approximations in the above equation
Eq. (3.35) to obtain the corresponding Green’s functions in these approximations. The fact that
we wrote the imaginary and real parts of G separately is due to spectral functions that can be read
from the imaginary part of Green’s functions as presented in Sec. 2.4.2. The spectral function for
this model (x = 0) thus reads

ImY,;; (w)
1 : g . Im¥;; #0
A w) = — —sgn(w)d;; { [W—&—ReXij (W) +ImE; (W)™’ 3.36
HH/LL( ) T gn(w) J {j:é(w _ EZ{ _ ReEij(aJ)L Im¥,;; =0. ( )

Here we have demanded that the HOMO level is inside the Fermi sphere and the LUMO level
outside of the Fermi sphere. We have to be careful with the different parameters to really obtain
such a situation. Let us now see how we can find the form of £y and £;,. We define the fully
occupied HOMO level as our ground state in the molecule. Then all the rest of the molecular
states should be higher in energy. The conditions read
Up+2p < & ( )
Up+2g < &m ( )
Uo+26p < UnrL+&L+8m (3.39)
Up+26n < 26g+Uo+&L+2UnL (3.40)
Uo+26p < 28w +2Up+ 28 +4UnL. (3.41)

Now with Uy and Upy, positive we may deduce from Eqs. (3.38), (3.39) and (3.40), that

&n < —Uo (3.42)
-A
——
u—& < Unr—U (3.43)
§u > —2Umr — A, (3.44)
leading to
—QUHL—A<£H<—U0. (345)
Now,
(3.43)
—2Upgr, — A < —2Ugrp +Ugr — Uy < Uy, (346)
and, moreover, from Eq. (3.46) we get
1 1
gy < —Upnyp — §A + §U0 < Uy, (3.47)
1 1
_UHL_iA_iUO > UQ—QUHL—A>—2UHL—A>€H. (348)

We see that a natural definition with conditions (3.37) to (3.41) for the £y becomes

1 1
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3.1.3 Connection between the density and the peak shift

As we have now derived some results for the model at hand it is time to see what we can deduce
out of them. The most interesting thing is the image-charge effect, i.e., the fact that when we have
N # 2 the molecule can polarize the chain, i.e., the charge at terminal site of the chain should
depend on U,,;. This turns out to be the case at least in the higher order approximation.

Let us use the Hellman-Feynman theorem to deduce from Hamiltonian in Eq. (3.1) that

oH B _ 0E,
3 1Yo = (no = DN = 2) = 57,

(| (3.50)
The connection to the spectral function becomes evident by considering the HOMO and LUMO
levels separately. Let us have N = 3, i.e., there is now also one electron at the LUMO level. Then
we may write

EN+L EN*L _ EN AL pea
’fL()—]_:a 0 :a( 0 O)Ea Lop k, (351)
6ert 6Uea;t aU@It
where we used the fact that E(])V is independent of U.,;. We see that the density at the terminal
site of the chain is related to the derivative of the peak shift w.r.t. U.;;. The peak shift can be

deduced from the spectral function and hence we have a direct measure of the density.

For the HOMO level similar equation to Eq. (3.51) reads

a14H,p~eak

.02
aL[eact (3 g )

1—’110:

From Egs. (3.51) and (3.52) one may also deduce the peak position if the density and the peak
position for U,,; = 0 are known:

Ueat Uczt
/ dAL,peak = AL,peak(Uezt) — QUHL — EL = / nog — 1 dU, (353)
0 0

Ueact, Uezt,
/ dAH,peak: = AH,peak(Uea:t) - UO - fH - / 1-— no dU. (354)
0 0

The density at the terminal site may be calculated for HOMO and LUMO levels exactly. Hence
we are able to compare the exact peak shifts to those produced by our approximation.

3.1.4 Chain with impurity

We now choose a different point of view into this model. As we do not have any hoppings between
the molecule and the chain, we may safely regard the molecule-chain interactions as a potential of
the form Ueu (7o — 1)(N — 2) at the first site of the chain, see Fig. 3.1. As N is the number of
electrons in the molecule it is an integer and thus we may write Hamiltonian for the bare chain
part as

H =Ugyi(itg — 1)New +t »_ alay, (3.55)
(i,4)
where we defined N —2 = Ne; as the excess charge of the molecule. This model may now be solved
by introducing new operators

JE. S5 At 4 S 4
aq,a1, 05, a2, . .. al Gn) — (bT,b7cl7cl,...,cnfl,cn,l)

= H = Ue(b'b—1)Ney +1 Y &ley +t(bTey +lb).  (3.56)
(i.4)
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The chain part may be diagonalized, A.3.9, yielding

H = UpptNeob®b + > " enéfon + > Ag(bley + efb), (3.57)
k k

where we dropped the constant U,y N, and, moreover,

( wk )
2t cos
n+1

2 wk
Ay = i . .
k t n+1sm(n+1> (3.58)

€k

One may now notice the block structure of the Hamiltonian and the Green’s function. We solve
the Green’s function at the first site (i.e., the one with impurity) from the equations of motion
in Eq. (A.5). We do not do the calculations explicitly since they are almost identical to those of
Eqgs. (3.72) to (3.86) with the minor change that here we have only one Fano level. And the Dyson
equation becomes trivial with only one element in the block matrix. The result for the retarded
Green’s function at the first site is given by

1

GR(w) = : 3.59
(W) w — UextNew - ZgM + “7 ( )

where
) w+ Vw? — 4t2, w < —|2t|
i (W) = —sgn(t)g w ~+ isgn(t)vV4t? — w?, w € [2t, —2t] (3.60)
w— Vw? —4t2, w > [2t].
The reason why we want the exact Green’s function at the first site of the chain is due to the
fact that we want to study the image-charge at this site w.r.t. Uey. We may now, using the
Hellman-Feynman theorem, calculate the approximate image-charge at the terminal site through
the spectral function Eqgs. (3.51), (3.52) and compare this result with the exact density (2.61)
which now becomes

0 0
ng = / dw Ago(w) = —%/ dw ImGF(w), (3.61)

where ImG(w) can be solved from (3.59) becoming

Im=f (w)

ImGF(w) = {(wUCthEzReZR(w))2+ImZR(w)2’ w € [2t, =24 (3.62)
|w,thN”:£ezR(w)Mw:a ) w ¢ [2t7 72t}7
where a is chosen such that
@ — UpptNew — ReXB(a) = 0. (3.63)

Note that here N., = 1 (—1) corresponds to LUMO (HOMO) case, i.e., one electron added
(removed) to (from) the molecule.

One may notice a property of the density just by considering the Hamiltonian in Eq. (3.55). We

may write

ert
t

H=t (g — 1) New + > alay | - (3.64)
(3,9

We may deduce that the state functions can be only functions of U/t and hence all operators

which do not contain U, or t obtain eigenvalues which are functions of U.,;/t. Particularly the

density

ni(Uea:t/t> = <’(/}O(Uezt/t)|ﬁi|wO(ert/t)> (365)
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is a function of U/t only. This can be also calculated explicitly. We notice that the density for
the LUMO/HOMO state with ¢t < 0 becomes

2
; 1 /0 w VA = W2 L —2[tly/— (%)
0 = _— = = —_—
TS (§EUa)® +482 - P71 )0 pep,, + (L)’ 4 a—3(2)
g=o 1 [ Alt2VT = 22
= LESE : (3.66)
t*m Jo £2plert 4 (Yent)™ 4 g — 342

We immediately notice that the density at the terminal site is a function only of U, /t. This will
be demostrated in the results chapter.

3.2 Fano Model

As mentioned earlier we also considered a different model for the molecule-chain system. This was
the two-sited Fano model. The Fano model is widely studied [5] and it can give nice insights into
the properties of particles on surfaces. For the usual Fano model one couples only one state to
a continuum of states. Here we couple two states to continuum and see if we could deduce some
features of this molecule-chain system through this model.

L
thyb
1 t N
H Loy

Figure 3.2: Fano model for two sites schematically

The Hamiltonian for the two-site Fano model is defined as
2 2
H = Hoor + Hon +V =" &by + 3 tigala + 3 thgs [Blar + albe] . (3.67)
k=1 (i5) k=1

Now, we make a transformation to operators that diagonalize the chain part:

ot — b
b — b
al — Y drel
k
aj — Y ché.
k
We obtain
A 2 ~ ~ 2 ~ ~
I = Hor + Hon +V =" &bl + Y enclen+ >3 Ay [l + bl (3.68)
k=1 k i k=1
where
Aj = thypc;. (3.69)

We can solve the Green’s function for the molecule directly from the equations of motion for Green’s
functions. The equations of motion for the single-particle Green’s function become (see Appendix
AL5)

[ihd, — h(2)] G(z,2) hé(z —2") (3.70)
G(z, ) [h(z) k.| = ho(z—2). (3.71)
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To solve the Green’s function matrix we start by making a of couple observations of the structure
of the different matrices in Eqgs. (3.70) and (3.71). First note that the Hamiltonian matrix in
energy basis becomes

& 0 A A
0 & A A
Hmol Hmc
H = A1 A1 €1 0 = . (372)
Hcm Hch
A2 A2 0 €92

Also the single-particle Green’s function matrix has the same block structure in energy basis,

Gmol Gmc
G = : (3.73)
Gcm Gch

Using now the equation of motion in Eq. (3.70) we find

. Gmol Gmc Hmol Hmc C"Ymol Gmc , 1 0
ih0, - =hé(z —2") . (3.74)
Gcm Gch Hcm Hch Gcm Gch 01

As we are interested mainly in the molecule part of the Green’s function it is sufficient to consider
only the equations

Z.hazG(cm - Hcmeol - Hcthm = 0 (375)
ihaszOl — H’moleol — Hmchm = (S(Z — Z/). (3.76)

The first Eq. (3.75) may be solved by

Gcm(Z,Z/) = /dzl gch(2721)HCme0l(Z172/)7 (377)

where g.n(z, 21) is the single-particle Green’s function in the chain and thus a solution for
[ihO, — Hep) gen(2,21) = 6(2 — 2'). (3.78)

Plugging the solution (3.77) into (3.76) we obtain
[iF0, — Hpmot]l Gmot(2,2') = 8(2 — 2') + /dz1 Yem (2, 21)Gmot (21, 2'), (3.79)
where we defined the embedding self-energy

EEM(Zazl) = Hmcgch(zazl)Hcm- (380)

The fact that we call the quantity to be integrated with the Green’s function self-energy follows
immediately if one operates with i4d; — H from left to Eq. (2.40). Then one obtains a equivalent
equation to Eq. (3.79).

To proceed we now take the zero-temperature limit and use the fact that our Hamiltonian is time
independent. We see that every quantity is a function of z — z’ and thus we may Fourier transform
to frequency space. The Fourier transform of the non-interacting Green’s function is calculated in
A .4.1. As our tight-binding chain is diagonalized in Eq. (3.68) we may use the form of Eq. (A.4.9)
for the Green’s function in the chain and thus the embedding self-energy is easily calculated from
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Eq. (3.80)

EEM(UJ)
1
w—e1+tinsgn(e;) A
(A A Ay T 0 A A
Ay Ay . AN ]
1
e/ \ Ay A
N
A2 1 1 1 1
s : _ s(w) , (3.81)
—w—ep+insgn(er) \1 1 11

where we may write X(w) explicitly as

2 2 k
N1 Sin (J\;r+1>
N+1) + insgn (tcos (Jﬁ))

Here we used Eqgs. (3.69), (A.3.8) and (A.3.9). We continue by calculating ¥(w) as N — oco. Then
as before we may use the Dyson equation Eq. (2.40) to obtain the Green’s function in molecule.

(3.82)

b—1 w — 2t cos

ybz (

In the limit N — oo, Eq. (3.82) becomes

2 k
N+1 sin <N+1) wk
Tr =

@) =ty [ 7
vo ) w—2tcos(N+1)—&—msgn(tcos(ﬁfﬁ) N+1

thyb / dz w — 2t cos( S)Hi gzs)gn(t cos(z))
_ tiybi {P/O dr Sm(x)() - z‘/OTr dz sgn(tcos(x))( s (x) } ;

w — 2t cos(w w — 2t cos(z))? + n?

(3.83)
where P stands for the Cauchy principal value [2]. We thus obtain
sin? _osin®(z)
)y = 7 .84
ReX(w) hyb o P/ w — 2tcos(z)’ (3:84)
.

IS 2 7 sin”(z) . .

mY(w) thybﬂ /0 dz sgn(tcos(x)) (© —tcos(@) 1 17 (3.85)

It is convenient to consider the retarded self-energy (= % (w)), since in the end we are interested
in the spectral function and it can be calculated easily from retarded Green’s function. The
imaginary part of the retarded self-energy is calculated in Appendix A.7.1. The real part of the
retarded self-energy is calculated from the imaginary part (A.7.2) by Kramer-Kronig relations in
Appendix A.7.1. From (A.7.2), (A.7.9) and (A.7.10) we may deduce the form of ©%(w). The
retarded self-energy reads

w4 Vw? — 42, w < —|2t

2
1/t
i (w) = —sgn(t)§ <htyb> w + isgn(t)vV4t? — w?, w € [2t, —2t] (3.86)
w— Vw? — 482 w > [2t].

We are now ready to deduce the form of the retarded Green’s function in the molecule through
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the Dyson equation Eq. (A.6.5). The retarded Green’s function becomes

-1

— — G(}):imol H 0 11
Gfr{wl = ((Géz,mol) '— EIEBM) t= ' , R - ER
0 GO,mol,L 11
-1
(C;(ORimol,H)_1 - xR xR
7ZR (Géz,mol,L)il - ER
_ 1 (C:ORimol,L)_1 -k %R (3 87)
det(GE ) YR (G(I)i:mol,H)71 _yR

As we have seen in chapter 2.4.2 the spectral function of the molecule can be deduced from the
imaginary part of the retarded Green’s function. We will now solve the imaginary part from (3.87).

We start by multiplying by the complex conjugate of the determinant to obtain a real denominator

. 1 Aet(GR ) [(GE ot ) = 3] det(GE ) 2R
Gt = [aet(GE )P det(GR ,)* xR Aet(G )" (G or,sr) ™ = 5]
(3.88)
Now, for example, the HOMO component of the retarded self-energy reads
GEounn = ﬁ [ReA (ReT'; — ReS™) + ImA (ImT';, — Im3")
~ ilmA (ReT', — ReX") + iReA (ImT';, — Tm=*) |, (3.89)
where we defined
pg = (Ggmol,L/H)_l
A = det(GE, ). (3.90)
We see that the imaginary component becomes
0GR, sy — ReA (ImI';, — Im¥7) — ImA (Rel' — ReXF) . (3.91)

A2

It turns out that ImGﬁol’ g divides into two pieces, one being a delta peak and the other the
continuum, for details see A.7.2. We recall the relation between the imaginary part of the retarded
self-energy and spectral function (2.60) to deduce from (A.7.22) that the spectral function at the
HOMO/LUMO level becomes

(wr/i—Res?)’+(RexR)? 1 5
- 2t, —21]
2 2 R\2 d —ReXR 4 (w a)? w ¢ [ )
ApnyiL(w) = V@2 +w? +4(Res I)mERL?/(:HwL eSR(wrtwm)|___

1
- (U-/'HWL7R82R(WL+LUH))2+(ImER)2(UJL+WH)2’ w e [2t7 —2t] B
(3.92)

where the LUMO component is calculated identically to the HOMO component.

3.3 Numerics

The quantities introduced in previous sections require some programming if one wants to plot
the results. Moreover, as mentioned already, the real part of the self-energy in HFB Eq. (3.33)
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requires the use of Hilbert transform [14] since we were not able to find any analytical form for the
imaginary part Eqgs. (3.31) and (3.32).

After having the self-energy in HFB we may calculate the spectral function Eq. (3.36) and from
it we can easily obtain, for example, the peak shift w.r.t. U, in Egs. (3.51) and (3.52). Thus we
may also deduce the approximate density at the terminal site of the chain. Moreover, the exact
density can be obtained from Eq. (3.61). Here we again calculate the integral numerically exactly.

The results presented below have been obtained by the attached code "Sigmalntegral.f”. After the
data files are produced we use Gnuplot to plot the data. Also when calculating the peak shifts
out of the spectral function Eq. (3.36) we fit a fourth-order polynomial to the data and take the
derivative out of this polynomial to avoid numerical inaccuracies.

For the Fano model we have a separate code "FanoSpectral.f” which, as the name suggests, calcu-
lates the spectral function for the two-level Fano model Eq. (3.92).
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Chapter 4

Results

In this chapter I will present the results obtained considering the models presented in Chapter 3.
The main focus is given on the HOMO/LUMO level peak shifts w.r.t. U, and the connection
of this shift to the image-charge at the terminal site of the chain. We start by introducing the
self-energies and then go on to study the spectral functions for each system separately. In the end
we will do some comparison about the peak behauviour and draw conclusions about the systems
separately.

4.1 Interacting model

For the case of an interacting model we can calculate the self-energy in molecular orbitals from
(3.31) and (3.32) numerically exactly. With the self energies obtained the rest of the properties
are easy to deduce through Eqs. (3.35) and (3.36). We start by introducing the form of the self
energies.

4.1.1 Self-energy

The two different approximations for the self-energy namely, the Hartree-Fock and HFB are pre-
sented in Eqgs. (3.11), (3.31) and (3.32). The form of the Hartree-Fock self-energy is simply a
constant as a function o w. The part of self-energy coming from the bubble diagram (37) is shown
in Fig. 4.1. The parameters are chosen as Eq. (3.49) suggests.

As indicated by Egs. (3.31) and (3.32) the effect of U,y to the second-order self-energy is just a
multiplication. The curve remains unchanged; only the height changes w.r.t. U.,;. Hence we see
that the larger U.,; the more important the second-order diagrams become.

4.1.2 Spectral functions

We now turn our attention to the peak shifts w.r.t. Ug,s. The peak shifts are easy to deduce from
the spectral function which can be read from Eq. (3.36).

A numerical solution is given for the case InXyy = ImX5,, + SHE = 0. Note that we are now
dealing with the full self-energy, i.e., we also include the Hartree-Fock contribution. From Eq.
(3.36) we see that to obtain a peak two conditions must be satisfied:
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Figure 4.1: Left: The real and imaginary parts of the second-order self-energy contribution at
HOMO and LUMO with Ug,; = 0.7. Right: The real and imaginary parts of second order self-
energy contribution at molecular orbitals. For HOMO U,,; = 1 and for LUMO U,,; = 0.5. The
parameter values are Uy = Uy =1,y =—2,&, =—1l and t = —1.

2. w—& + Uzt — ReE{fF(w) = ReEﬁ(w).

The numerical result is shown in Fig. 4.2.
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Figure 4.2: Left: Solution to determine the position of the split-off state peak for the HOMO level
Uert = 1. Right: Same as the previous but with U.,; = 0.3 and LUMO level. The corresponding
spectral functions are also plotted. Note that the spectral function integrates to two. Uy = Uy =
1,ég=-2,¢,=-1land t =-1.

Now that we know how to deduce the peak shift it is convenient to see how the HOMO/LUMO
level peaks shift w.r.t. Ue,:. We also present the exact peaks shift which are calculated using
the Hellman-Feynman theorem [Eq. (3.53)]. The peak shifts are presented in Fig. 4.3. One can
actually see that with large U,,; the peaks would intersect. The method by which these plots are
generated becomes clear as we introduce the way of deducing the density at the terminal site of
the chain.

Image-charge

We may deduce the densities at the terminal site of the chain through Eqgs. (3.51) and (3.52) and
the exact density through Eq. (3.66). We plot first the spectral function at the terminal site for
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Figure 4.3: Left: The peak position in HFB and in the exact solution for HOMO and LUMO levels
w.r.t. Ugye. Right: The peak intensity in HFB for HOMO and LUMO levels w.r.t. Ug,¢. Here
UOZUHL:L fH:—Q, §L:—1 and t = —1.

one particle removed from the HOMO level. The exact spectral function are plotted in Fig. 4.4
and the corresponding density and the HOMO level peak shift are also presented.
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Figure 4.4: Left: Spectral function at the terminal site of the chain with different U.,;. Note
the forming of peak when |Ugs:| > |t|. Right: The corresponding exact density integrated out of
the spectral functions and the HOMO peak shift calculated from density using Hellman-Feynman
theorem. Here t = —1,Uy=Ugr =1, g = —2 and £, = —1.

The peak positions at the level of Hartree-Fock are independent of U,,; thus at Hartree-Fock level
we do not see any image-charge effect in the chain. However if we take our HFB approximation we
may calculate the densities at the terminal site w.r.t. Uey through Eq. (3.53). The densities with
different values of ¢ are plotted in Fig. 4.5. The exact densities are obtained through Eq. (3.66)
as already introduced in Fig. (4.4).

We also plot the density for LUMO level w.r.t. Ues:/|t|. This shows the property already deduced
in Eq. (3.66), i.e., the exact density at the terminal site is a function only of U..:/|t|. Howeve,r
in HFB the density is a function of U,,; and t separately. Thus we get a large deviation from the
exact density depending on the values of U,,; and t, see Fig. 4.6.
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Figure 4.5: Left: Density at terminal site calculated at HFB for LUMO level with different hopping
parameters t. Right: The exact densities at the terminal site for LUMO level with different
hoppings t. Here Uy = Uy =1,y = -2 and £, = —1.
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Figure 4.6: Left: Density at terminal site of the chain w.r.t U/t in HFB and exact. Right:
two-level Fano model Spectral function with different ¢y, {g =& = -1, t= -1

4.2 Fano model

So far we have seen that one can deduce the image-charge at the terminal site through the spectral
peak shifts in the interacting model. However, there are also other possibilities to obtain peaks
in the spectral function. In Fig. 4.6 we plot also the spectral function (eq. 3.92) at the HOMO
level for the two-level Fano model. Even though there are no interactions in the Fano model, and
thus all image-charge effects are impossible, we see that with large ¢1,, we obtain spectral peaks,
which also seem to shift w.r.t. different parameters in the model. This is not too suprising since
we have already seen the forming of a split-off state in the case of a one-level Fano model, i.e., at
the terminal site of the chain, see Fig. 4.4.

4.3 Discussions

1. In our image-charge model we may a find correspondance between the density at the terminal
site of the chain and the HOMO/LUMO level spectral peak shift. This correspondence can
be used to deduce the exact peak shift from the exact density and the approximate density
from approximate peak shifts. With these results we may compare our approximation with
the exact results.

2. For the image-charge model we do not find any image-charge effect at the Hartree-Fock level.
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This can be seen immediately from Eq. (3.16), which does not contain U.,; at all. The
fact that the Hartree-Fock approximation is independent of U, is due to the nature of this
approximation: in our calculation the Hartree diagram just probes the density at the terminal
site of the chain; the density is naturally constant since we always plug the non-interacting
Green’s function into the diagrams. Since the density at the terminal site is constant and the
Fock diagram only gives on-site corrections, and hence we do not see any U.,; dependence
at the Hartree-Fock level.

However, for U.,; = 0 the Hartree-Fock approximation predicts the addition and removal
energies for the molecule correctly. This is not too surprising due to the fact that the
Hartree-Fock practically takes the Slater determinant and finds optimal orbitals to minimize
the ground-state energy. However, in our case with U.,; = 0 the Hamiltonian is diagonal in
the molecule, and hence the exact ground state in the molecule is just a Slater determinant.
For a diagonal Hamiltonian the energy levels become just the spectral peaks, and hence the
peak positions are predicted correctly by the Hartree-Fock method for U.,; = 0.

. In the second order only the "bubble” diagram gives a non-zero contribution. This is a
consequence of the structure of our Hamiltonian, which only permits the bubble and “ladder”
diagrams to exist. Unlike in the Hartree-Fock case, we now obtain the density response at
the terminal cite of the chain to the additional charge in the molecule.

The fact that the terminal site of the chain now “sees” the additional charge can be understood
by considering the "bubble” diagram. The particle-hole "bubble” can be shown to be the first-
order approximation of the density response function [4]. In our approximation the additional
particle/hole in the molecule interacts with the terminal site of the chain creating a particle-
hole "bubble”, i.e., a density change to the terminal site of the chain (=image-charge). After
this density change the terminal site acts back to the molecule and hence the image-charge
effect is, to some extent, encoded into our HFB approximation. It turns out that the value
of the "bubble” diagram (at HOMO and LUMO levels) is proportional to (Ues/t)%.

The self-energies calculated from the "bubble” diagram can be seen in Fig. 4.1. The U,y
dependence of the self-energy starts to play a role in the spectral functions as we see in Fig.
4.2. From the spectral function we deduce now the density at the terminal site, and hence
we obtain Ue,; dependence in the density at the HFB level, see Fig. 4.5.

. From the spectral function at the HOMO/LUMO level, Fig. 4.2, we may notice the peak
outside of the continuum. This split-off state forms below /above the energy band immediately
as the two conditions given in chapter 4.1.2 are satisfied. The forming of a split-off state is
due to the fact that the additional charge creates an effective potential to the terminal site
of the chain. If this potential is large enough it can push one state out of the band. This
state is then seen as a peak in the spectral function.

. The densities at the terminal site of the chain are calculated from the spectral peak shifts
w.r.t. Uesze, see Egs. 3.52 and 3.51. One can observe that the formation of the bound state
does not give any discontinuity into the density.

An interesting property of the densities is the fact that the larger the hopping parameter
the less the additional charge is able to polarize the terminal site. This may be seen as a
consequence of the fact that the value of the density-response function is proportional to 1/t
i.e., the smaller ¢ the more the terminal site responds to additional charge in the molecule.
Physically one can think the effect through the fact that for small ¢ one has a narrow band
and hence a large density of states which in turn implies large density response function [11].

. There is value of t = t, ~ 1.3 for which the HFB approximation gives an almost exact
density, see Fig. 4.6. The fact that there is some ¢, for which the approximation works nicely
for only one value of ¢ can be viewed as a consequence of the fact that we have made only
“single-shot” approximation instead of fully self-consistent series of iterations. If we did a
self-consistent calculation we would definetly get less deviation in the results for the HFB
approximation, Fig. 4.6, with different ¢. Doing the fully self-consistent scheme one would
get the same results with all different approximations for initial Green’s functions. This
consideration shows that one must be really careful when doing single-shot approximations.
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7. Even though there are no interactions and thus no "external potential” at the terminal site
of the chain in the two-level Fano model, we may see that for large hybridization also here
we get split-off states outside the band, see Fig. 4.6.
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Appendix A

A.1 Intermediate steps

A.1.1 Operation of the annihilation operator

We consider the operation of ¢)(y) in the matrix element (¥[(y)|x1 ... X,) = (x1 ... %, [T (y)[¥)*.
Here |¥) is some general n — 1 particle state and thus has expansion

) = ﬁ/dyg...dyn ly2...¥n) (y2...¥n|¥)
- ﬁ/dyw-dyn U(y2.--yn)lyz---yn) (A1.1)

Inserting this (A.1.1) into the matrix element we obtain

(W (y1)]x - . xn)

1 *
= m/dyg...dyn U*(y2...¥n) (¥y1¥2-- - YnlX1 .- . Xp)

1 . Y
= 7(11_1)! /dyg...dyn U (yg...yn)Z(—l) Hé(yi — X (3))
1 g *
= (n—1)! Z(_l) o(y1 — Xg(l))\I/ (X(,(g) .. .x,,(n))
- 1 O\ *
= ) d(y1—xx) oD > ()T (Xo(2) - Xo(m)s (A.1.2)
k=1 " o,0(1)=k

where on the last line we just wrote the sum over all the permutations as a sum of n classes of
(n —1)! permutations that map 1 to k. The permutation of 1 to k gives rise to sign (—1)*~!. Any
permutation can be obtained by permuting the remaining n — 1 indices. Now we consider the last
term on the last line of (A.1.2)

(nil)! Y. D o) Xom)

o0 (1)=k
= (n— 0 'Z /\Il*(xgl(l)...Xg/(k_l)x(,/(k.H)...Xo/(n))
= ((nl ‘Z 1o Xp_1Xp41 - Xp)
e S (A.13)
= k—1Xk+1 n)s
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where we used the antisymmetry of the wave function. Now plugging (A.1.3) into (A.1.2) we may
deduce

(W]ep(y1)]x1 - - =D (=1 8(y1 — xk) (W|x1 . Xk 1 Xpp1 - Xn) (A.1.4)
k=1

The relation (A.1.4) is valid for any state n — 1 particle state (¥| and thus

dA)(yl)|x1 .. Z k 15 (1 — Xg)|X1 - - Xp—1XEt1 -« - Xn) + |0), (A.1.5)
k=1

where |¥)(p| = 0. Thus |¢) does not have any component in n — 1 particle Hilbert space. Taking
inner product of both sides (A.1.5) with {p| we may conclude

(plio) = (pldly)lxi ... xn) = (x1.. . xald (y1)l0)" = 0, (A.1.6)

since 1T (y1)|e) cannot have any component in the n particle Hilbert space. Thus |¢) = 0 and we
obtain

¢(y1 |7 .. Z k L5(y1 — Xk)|X1 o Xk—1Xfot 1 - - - X ) (A.1.7)
k=1

We quickly check that (A.1.7) is consistent with our normalization of basis states. We may calculate

(Y1 YnlX1 .. Xn) = O (yn) ... (y1)lx1 ... Xn)
= (0] Z DM 6yt = %0,)0(y1) - (1) X Xy 21X 11 X)
k=1
n—1
= (0] Z DM 16 (yy = xk,) D (=116 (y2 — xx,)
k1=1 k2
X ﬁ(yn)...iﬁ(ygﬂx’l...x%rlx;cﬁl ...... X 1),

(A.1.8)

where {x} ...x/,_;} is now the group where x, has been removed from {x; ...x,}. By continuing
in this manner we arrive at

(Y1 ynlx1...Xn)

n n—1
= (0] Y (1P oy —xe,) D (-1 oy — xD)
k1=1 ko
2
n—1 n
x> ()P Ty — x0T )a(yn — x()]0),
kpn_1=1
n 2 n ]
= Z Z (_1)/€1+--~+kn71—n+1H(g(yi l(;)) (A.1.9)
k1=1 kp_1=1 =1

We see that every x; appear in the product exactly once and the prefactor appears to be the sign
of the permutation over x;’s. We thus conclude

(Y1 ynlx1...xp) = Z(_l)o H5(Yi = Xo(i))- (A.1.10)
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A.1.2 Anti-commutator

To deduce the operation of {Jf(x),u}(y)} to arbitrary ket state |z ...x,) we use the operation
of the annihilation operator to the general ket state (1.26). We write

{0160, 0 f 1 xa) = (wxmy) +IE)0) B x)

= Z k 15y Xp)|X1 o X 1Kkt 1 - - - X))

n+1
+ Z(_l)kﬂé(x = X) X1 XX - X ),
k=1
(A.1.11)
where on the last line we redefined x,x;,...,x, — x{,...,x], ;. We continue by considering the
last line of (A.1.11)
n+1
D DFEGe — X)X X X))
k=1
n+1
= S(x—x})[x5... X)) + Z(—l)k_lé(x —Xp)|X] X Xy - X,),
k=2
= Sx—x)Ixh X))+ D (—DF (= Xy )X XXX,
k=1
n
= 5(X - X;C)|X,2 ce X;l+1> - Z (—1)kl715(x - Xk/)|XX1 e X1 X 4 e Xn>~
k=1
(A.1.12)
Plugging this (A.1.12) into (A.1.11) we may deduce
{01), b3} = d(x—y). (A.1.13)

A.1.3 Slater Determinant

We want to calculate the inner-product (x;...xy71...7x). To get started use the definitions of
operators af, (1.31)

<X1 ...XN|fL1 ﬁN> = <X1 . ..XN|CAL;TL1 dILN|0>

(1.15) ,
=, (D)7 T, 6(yi—%0(i))

[ dyn e 1) B )10 s (31) - ()
= /dyl ~'d}’N Z UH(S — X5 (i) 90n1 (Y1) SDnN(yN)
o i=1
= Z(—l)wm(x(,(l)) Py (X (), (A.1.14)
(A.1.15)
but this last line is nothing but the definition of the determinant of a matrix of ¢;(x;) and thus

Py (Xl) e Pm (XN)
<X1...XN‘ﬁ1...7¢LN> = (A.1.16)

Pnn (Xl) s oy (XN)
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A.1.4 Operators in second quantization

In this part we will deduce the form of different operators in terms of 1[) and zZT. We will prove
a couple of relations and state the rest due to the fact that all the calculations are quite similar.
Consider first

N (1.26)

DT )P (y)|x1 ... %) S (D)) (y — %) |x1 XX . Xa)

%

1.27 i ji—
.27 Z(—l)l 1)1y — xi) %1 - - X1 XX g1 - - X))
= 25(y—Xi)|X1...Xi,1XXi+1...Xn>, (All?)

thus we find for x =y

DT PX)|x1 .. xn) = Zé(xk —X)|x1...Xp)

k
=PI x)d(x) = Ax). (A.1.18)
Now for example the external potential Uis easy to deduce. Define
- /dx w(r)i(x), (A.1.19)
then
O0)(x1,...,%n) = (x1...%,|U[T)

= u(rp)V(x1,...,Xn), (A.1.20)

which is the definition of the external potential in coordinate representation. Let us then define
the kinetic energy operator as

2
7= _2% /dx D () V(). (A.1.21)
Then we may calculate
~ h2 AT 27 *
(TO)(x1...%5) = o /dx (PN (x)V(x)|x1 - .. Xp)
h2 2 ’\T " *
= o dx Vi (U4 (x)d(y)[x1 ... xn)] _,
(A.1.17 h?
= ) _7m dx V?,Z(S(y—XZ-)|y:m\I’(X1...Xi,1XXi+1...Xn)

h2
_ —%/dx zi:\I/(xl...xi_1XXi+1...Xn)V,2<5(X—Xi)7 (A.1.22)

partial integrate twice to obtain

h2
(TU)(x1...xp5) = —%/dx Zé(x —x)V2U (X .. X 1XXiq1 - Xp)

52
— —%ZVi\P(Xl...Xn), (A.1.23)
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i.e., our definition (A.1.21) for the kinetic energy operator is correct. The two body interaction
can be found from [10] and it reads

A.1.5 Commutation under time ordered product

For the time ordered product defined as

T(O(to(ny) ---Oltoy)) = Olty) ... O(t1), (A.1.25)

with ¢, > --- > t; we clearly see that one can order the operators in any order desired, since after
time ordering they will turn out to be in same proper order. Now consider exponentials

oo

A(ty) B 1, 1 .
A(t2) o B(t1) _ = A B(t,)™
ere n;o”! (t2)" 5 B(t1)
- N 1, - . A .
= 1+ A(te) + B(t1) + §(A2(t2) + B%(t1) + 2A(t2) B(t1)) + . .. (A.1.26)
. . oo 1 . . .
et En) = z% —(A(ta) + B(11))

(A%(t2) + B%(t1) + A(t2) B(t1) + B(t1)A(t2)) + . ..
(A.1.27)

A A 1
= 1+ A(t2) + B(t1) + 3

Taking time ordered product of (A.1.26) and (A.1.27) we see that 7 (eA(t2)eB(t)) = T (eA(t2)+B(t)),

A.2 Two coupled systems

If two systems are in equilibrium with total energy F and particle number N we need maximize
entropy S = 51 + S with the constraints arising from the energy and particle number. Find the
extremum of S

8E}_31E1 -1
8/-’\
05 _ 051 0% 0% OB 08, 051 08 _
8F, = OE, ©OE, 0F; 8FE, OFE, O0E, 0E,
Somt=—1
~ =
as 0% N 98y 05 N ONy 0S8y  9S1 05 o
AN, ~ ON;, OIN, 0N ON;  ON, ON; OINy

We demand that for two systems in equilibrium the temperature and chemical potential are equal.
Thus we define

1 051 095, 1
— = - = == _ A21
T O0FE; 0FE, 1Ty ( )
1 651 85’2 H2

o= = 22 == A.2.2
T1 8N1 8N2 T2 ( )

A.3 tight-binding chain

The tight binding model is widely used in condensed matter physics and it forms the basis for
many approximations of many-particle systems, for example the Hubbard model [8]. The one
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dimensional tight binding Hamiltonian can, in second quantization, be written as

- wa ala (A.3.1)

The tight binding approximation assumes that the electrons are non-interacting and that the
matrix elements ¢;; with j # 4 & 1 are zero and for the ¢; ;41 = t. Schematically the model can be
viewed as chain of sites which the electron can occupy and hop from a site to the one next to it.

As the electrons do not interact they see each other only through the Pauli exclusion principle,
which states that two fermions with all same quantum numbers can not occupy the same site. For
tight binding Hamiltonian this leads to the fact that there cannot be more than two electrons at
one site and these two must have opposite spins.

There are many ways to diagonalize the above Hamiltonian. We will go it through in detail since
I have been using these eigenenergies and states a lot. We start by writing the Eq. (A.3.1) in the

form A )
H =3 tjala; = (ilhljala;, (A.3.2)

&J i,j
where i =t SN " i +1)(i| + |i) (i + 1|, where N is the number of sites. Let the eigenstate of i be

|pr) with elgenvalue €. Since the states \z) form complete set we can expand the eigenstate |¢y)
with these basis states yielding |¢x) = >, c¥|i). Now we use the Schrédinger equation to obtain

alo) = Xl =h e

N—-1 N
= > i+ DGl + 1) G+ 1lek]a)
=1 i=1
N-—1 N-—1
=t C§|j+1>+t ci1ld)
J=1 7j=1

I
~
(1=
wﬁgy‘
L
<.
+
~+
QO
+
—
.

<
||
N

<
Il
—

= t |y 1IN)+ 5|1 + (cim1 + Cf+1)|i> . (A.3.3)

Now comparing the first and the last lines of (A.3.3) one can deduce properties of the factors c¥.

The relations read

ek = tlejyiteo1) Vie{2,... . N-1}
chlf = tc’2C
ey =t (A.3.4)

Next we make ansatz: let the factors be of the form c*

7 = aysin(Bkj). Now the first condition of
(A.3.4) gives

erosin(Brj) = tlogsin(Br(j + 1)) + apsin(Br(j — 1))]
— tonfsin(Be(j + 1)) + sin(5(G — 1)]
_ f%k[eﬂk(m) _ e Al L AU _ B

_ t%k (6% 4 =) (Prd — =Pd)

= 2tay sin(Bj) cos(Bk)
=€, = 2tcos(Orj). (A.3.5)
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Next we use the third equality of (A.3.4) and the result obtained above (A.3.5) to find

e sin(BpN) = tsin(Bp(N — 1))
2t cos(fBk) sin(BpN) = tsin(Bp(N — 1))
t[sin(Bx (N + 1)) + sin =T1))] = tsin =
=sin(f(N+1)) = 0
= B = N’“i -V ke{l...N} (A.3.6)

Here from the second to the third line we used a result that can be read from the intermediate
steps of Eq. (A.3.5). The last task to do is to determine the coefficients ay. This is done by

requiring that the eigenstates are normalized to unity, i.e., Z;V:1 |c§?|2 = 1. In the limit N — oo
we may show

N N
o k12 . 92 .9 wk . . o
1 = E_ |} N—>oo/1 dj aj sin (ﬁ]), let Tkj/(N+1)=2x
o N + 1#E

Jj=1
k N+1 5 . o
= ; dz — Q% sin (x) = oy = 3

[ 2

where we chose the plus sign for the factor ay. Note also that the factor is independent of the
index k. We are now ready to present the eigenenergies and -states of the one dimensional tight
binding Hamiltonian system

km
€L = 2t cos (Z\H—l) (A38)
2 km
k . . .
c; N+1Sln<N+1Z)’ Vkie{l,...,N} (A.3.9)

Now the TB Hamiltonian can be expressed as

ﬁTB = ngé;rcék’ where (A310)
k

o = (A.3.11)

o= Y (A.3.12)

A.4 Green’s function in different exactly solvable systems

A.4.1 Non-interacting Green’s function

In zero temperature the Green’s function becomes (2.44)
Go(xt, 2't") = —i(Wo|T (g (, )T, (1)) | Vo), (A.4.1)

where T (A(t)B(t')) = 0(t — ¢ )A(t)B(t') — 0(t' — t)B(t')A(t), i.e., T is the time-ordering operator
ordering last time to left. As usual x = (r, o) is the space-spin coordinate. Operators 1y (x,t) and
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zZAJL(:c’ ,t') can be expanded with the energy eigenstates!

bu(e,t) = Y or(r)arm(t)
K

P t) = Yoy (t), k= (ko) (A42)
k
Now plug these (A.4.2) into (A.4.1). With time ordering written open this yields
Go(at,a't) = —iy 0t =) (r)di (') (Lolan,m (g 5 () To)
ke k!
+ 0 = 0)6n(r)di () (olaf,  (t')ar,m (1) Vo). (A.4.3)

Next we transform the operators dL, (') and ay g (t) from the Heisenberg to the Schrodinger
picture. Since our Hamiltonian is constant in time the transformation is just

Ou(t) = efltOge 11, (A.4.4)

Inserting the identity >, |[UNF1)(UNF| where (UN*!| are energy eigenstates with one particle
added /removed in comparison to ground state, between the creation and annihilation operators,
transforming to the Schrodinger picture and operating with the exponentials one obtains

Go(at,a't') = —i > O(t —t')r(r)df (r')e! B~ EaHE=)
k.k'n
X (Wolay [ UNTHY (WNal, | W)
0 — )pr(r)g) ()l Fom Bl HE =)
X (Wolal, [UN 1) (WN1a, | W), (A.4.5)

To proceed we make the observation that the ground state |¥g) is the Fermi sphere and thus to
obtain a non-zero overlap with the states where one electron has been added /removed we must have
|WN+1Y = Gl |W,) where k such that it is out of the Fermi sphere. Now H|UN*t!) = I;T&L|\I/0> =
(ex + Eo)| Y1) moreover, fI|\I/£7V_1> = Ha,|To) = (¢, + Eo)|¥)=1) where k ¢ {FS} and
p € {FS}. With the requirement of non-vanishing overlaps we may restrict the summation indices
to be outside/inside of the Fermi sphere. moreover, both of the matrix elements must be non-zero
which leads to k = k/. Furthermore we define 7 = ¢ — ¢/, now Eq. (A.4.5) may be written

Go(at,a't') = —i Y 0(r)or(r)gp (r')e "7
k>N/2
+ D 0(=T)ok(r) (e (A.4.6)
E<N/2

The fact that k = N/2 is not a problem since as we remember k is a space-spin index and thus the
half integer numbers correspond to different spin orientations.

In this particular thesis we work most of the time in frequency space. We may obtain the Green’s
function in frequency space by a Fourier transform [2]. We have to use the known identity [2]

—iwT

e

o(r) = lim ———

. A4
n—0t 273 ww +1in ( )

INote that since our Hamiltonian is of the form H = > eidjéi, where a7 and @ are operators in site basis, the
Hamiltonian has common energy and site eigenstates.
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Perform the Fourier transform as

1 efiw"r . )
/ o / WWT  —1ELT
GO(.r,x ,W) = _'é kg:lv/z d)k ¢k nhrgl+ <_2m> /dw dTw/ + ”76 e k
iw’T
1 o d /d TWT —l€RT
JrZk<zzv/2¢k Joitr nmol+< )/ Tw +l?7€ ‘
§(w—w' —
= Z or(r)Pr(r') lim dw'—(w /w‘ )
E>N/2 =07 W
- 3 o) tin [awrtete o)
k<N/2 W' +in
= + E——
k>ZN/2¢k Joi(r 0+w—ek+zv7
—1
= > k(r)ei(r) lim ————
KN/ 7,_>0+ W — € — 17
1
_ * /
- Z ¢k(7a)¢k(r )w — e + iT]+Sgn(€k)
= Zm )61 () Gl (w), (A4.8)
k,k’

where we introduce sgn(ex) = +1 (—1) for k out (in) of the Fermi sphere and n™ has the obvious
meaning as lim, _,o+. One may now finally write the components of the Green’s function matrix
for free electrons

Okk/

G ’ = .
br (<) w — €, + inTsgn(ex)

(A.4.9)

A.4.2 Green’s function in a tight-binding chain

As above in A.4.1 we start with the definition of the Green’s function at zero temperature
Go(xt,2't") = —i(Wo|T (g (, )T, (1)) To). (A.4.10)

The operator 7 has the same meaning as in chapter A.4.1. Now we would again like to expand
Yy (z,t) and ’(/AJL(Qj/ ,t') in energy eigenstates. This is a bit more tricky since the Hamiltonian for
the tight binding model does not have common energy and occupation eigenstates. In order to
proceed we need the relation between the operators in site basis and the operators in energy basis.
For this Hamiltonian, these can be collected from A.3 by remembering that the transformation
¥ must be unitary and inverting Eqs. (A.3.11) and (A.3.12). The expansion becomes

matrix c;
Ve, t) = > op()ara(t) =Y oe(r)che; m(t) (A.4.11)
k k,j

DLty = D eral g () =D ewlr)iel 4 (), (A4.12)
k

where in the former we used ci* = c¥. Now these (A.4.11) and (A.4.12) can be plugged into

(A.4.10). After writing the time ordering open and transforming from the Heisenberg to the
Schrédinger picture the equation for the Green’s function reads

GIB (at,a't) = —i S 0(t—t)ekeh ou(r)d () (Wolés.m (B)E] ()] Wo)
k.k’.5,3"
+ O — Ok e (r)oh () (Wl g (¢)em (D] To). (A4.13)
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Transforming to the Schrédinger picture and inserting unit operators equivalently as in (A.4.4)
and (A.4.5) we obtain

GiP (at,a't) = —i Y 0t — ) gu(r)gp ()l PP
k,k'.j,5"n
X (Wolé; W (W e, [ W)
O = O br(r) o (e o P
X (Wole), W) (Wt e Wo). (A.4.14)

and that the

Now we use similar arguing as in A.4.1 to show that one must have j =
N- )) After these

sums must run outside (inside) of the Fermi sphere for (¥q|é;|WN+1) ((\IJO\é
considerations one has

J'
v

Gy® (at,a't') = —i Y 0(t— 1)k g (r) i (1) et Fo= B =)
kyk! ,n>N/2
b B D hon(r)eq (e B,
k,k! n<N/2
(A.4.15)
We perform the Fourier transform completely analogously to Eq. (A.4.8) to yield
TB ’ - Ckck,
G == ’
o (w,z,7) ;;d)k )P (1 ;w—en—kwﬁsgn(en)’
= Z¢k )i (') G o () (A.4.16)

k,k’

where ¢, is the energy of a single-particle at level n and factors ¢® and ¢ come from (A.3.9).
Thus the Green’s function matrix for the TB chain becomes

: km : k'
B ) = 9 N sin (W”) sin (N+1 )
O,Fck? N +1 Z _ + ’
n=1 w — 2t cos N+1 + intsgn | 2t cos N+1

(A.4.17)

A.5 Equations of motion in general bases

As it is in most cases useful to work in general bases we will derive the equations of motion for the
single-particle Green’s function in general bases here. We start by expanding the single-particle
Green’s function (2.7) in terms of general bases through (1.33) and (1.34). We obtain

G(xz,x'2) = _Z<Tv (@H(Xz)ﬂ}}{( ))>
= i o6 ) (T, (nm ()il 4 ()
k k'
e Zd)k ¢k’ Gkk/(z Z) (A51)
k k'
G(x121, X220, X121, X025) = Y Gn(r1)du(r2)dj (1) o) (r) Grrprr (21225 21 25),  (A.5.2)
k. k'

L

for single and two-particle Green’s functions respectively, where we defined the Green’s function
matrices as

G (2,2) = —i <77 (dk,H(z)dL,7H(z’)>> (A.5.3)

Gripr(z122;212) = —i <’T7 (dk,H(zl)&l’H(zg)d,t,’H(zi)le,’H(zé))>. (A.5.4)
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Now we may plug these (A.5.1) and (A.5.2) into the equations of motion for the Green’s function
Egs. (2.15) and (2.16) and solve the equation of motion for the single-particle Green’s function
matrix. For (2.15) we have

0. — h(rz)| S ox ()6 () G (2, 2')

ke k!
= hé(z—2")o(x—x') - z/dx”dz” v Zd)k You(x" ) () (2" G (2275 2/ 2"'F).
kK
Ly
(A.5.5)
Integrating both sides with [ dr ¢%(r) and using (1.30) we may write
ih@ZZq’),t,(r') ik (2,2") Z(/)k, (2)Gri (2,2)
./ k k/
= hé(z—2")¢;(r" )00, ZZ””'@« Gy (22" 2/ 2",
l,l/
(A.5.6)
where
h) = [ dr ;i) (A5.7)
vw:/mwwwmm%mw (A.5.8)
Integrating again but now with [ dr’ ¢;(r’) we get from (A.5.6) to
ihd,Gi(z, 2") Zth VGri(z,2') = B (z 8ij zZv”/ i (22752727, (A.5.9)
L
For non-interacting systems (A.5.9) can be written as a matrix equation
[ihD, — h(2)] G(z,2") = hé(z — 2'). (A.5.10)
Similarly one can derive
«—
G@@UV@%%hazzhﬂz—XL (A5.11)

where 32 means that the derivative operates to left. Eqs. (A.5.10) and (A.5.11) must be solved
with the boundary conditions

Glto,?) = —Glto—ip,?) (A.5.12)
G(Z,to) = —G(Z,to—iﬁ), (A513)

which follow directly from the fermionic time ordering in definition of the Green’s function.

A.6 Dyson equation in general bases

To express the Dyson equation Eq. (2.40) in terms of general operators G and a' we only need to
expand the Green’s function in terms of these operators and use the orthonormality of the basis
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functions. Use the expansion (A.5.1) for the single-particle Green’s function to write (2.40) as

> k(@) gp (x)) G (2, 2')

N

= > k(@) (t)Gorw (2,2

k,k!
" / A1d1 S 6 ()67 (01) Gt (2 21) S(1, 1)y (000)6% (1) G (211, 2
kK
Py’
= Z¢k 1) (v)Gopwr (2, 2 +Z¢k (r")Go ki (2, 21) BirpGppr (217, 2"), (A.6.1)
k,k! kK’
Py
where we defined the self-energy matrix as
Sy = [ 11 6 (r1) (1,106, 0. (162)
v

Integrating over [ drdr’ ¢%(r)¢;(r’) and using (1.30) we obtain
Gji(Z, Z/) = Go,ji(z, Zl) + Z GO,jk’ (Z, 2:1) Zk’pGpi (21/, Z/) (A63)
k'p
G = Go+ GoXG. (A.6.4)
From (A.6.4) we may solve for G

G = Go+GoXG |Gyt
Gy'G = 1+%G
Gy —2)G = 1+
=G = (Gg'-%)™L (A.6.5)

A.7 Fano model intermediate steps

A.7.1 Embedding self-energy integrals
Imaginary part

For the retarded self-energy equation Eq. (3.82) turns into

2 2 k
N1 sin (N+1)
= thyb E

=1 W — 2t cos (Jﬁ) +1n

(A.7.1)
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Taking the limit N — oo we obtain for the imaginary part

2 (7 n
Imy# Y / dx sin®
m-(w) Mo Jo @ sin*(z) (w—2tcos(z))? +n?

2thyb/ dz sin®(z)d(w — 2t cos(z))

sin
hyb/ dz m)é(x —a)

sin(z)]
2
(a1 Tty\b / dz sin(x)é(z — a)
ti b w
_ |ty‘ da: V1 — cos?(z)d(x — a), where a = arccos (27)
_ Ut V1= (8) = v w € [2t, —21] (A.7.2)
tl o, w ¢ [2t, —21).

Through this imaginary part we may obtain the real part of retarded self-energy through Kramer-
Kronig relations, see Appendix A.9.

In the derivation we used % lim, ¢+ W = 0(f(z)). In addition we derived

_ Lim — 1 g
Jarstana = @t i

1 / 1 . n
——— [ de— lim g(x)
I 2 N0+ 2
f'(@o) T (@ — @0)? - (f4’(nxo))

n — ,
7o)l — ¢ 1 1 _ |f'(z0)e
= — [ dx— lim — =l gz
f,(xO)Q / T |f'(170)|6*>0+ (x _ xO)Q _ 629( )
/
1 /dxl lim Mg(w)

il (:Bo T e0+ (x —x0)% + €2
= dzd(x
(o) I/ ’ (@),

0(x — xo)
|f"(zo)|

from which we deduce

(f(x)) = where f(z¢) = 0. (A.7.3)

Real part

Using (A.9.1) we may deduce the form of the real part of the retarded self-energy

thrp w2 I- (2t)2
Rexf(w) = —MD/ dof Y220 (A.7.4)

7|t w—2z

Changing variable ;—; = cos(z) we obtain

2 T sin?(z)
»i =— L / de ———— AT,
Re (w) Sgn( ) hberP 0 w — 9 COS(.T) ( 7 5)
As one can notice from (A.7.5) we must calculate an integral of the form
P a _siwfa) (A.7.6)
w — 2t cos(z) o
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However this turns out to be quite tricky especially when the pole occurs inside the integration
limits. We use the definition of the principal value integral to write (A.7.6) for w € [2t, —2t] as

™ 22 p—n : 2 ™ 22
7;/ de@):hm/ dxM+/ dr 5@ |
0 w—2tcos(z) n—0[J, w—2tcos(x)  J,4, w—2tcos(x)

w

where p = arccos(57). Now Eq. (A.7.7) may be plugged into mathematica and after taking the

limit » — 0 we obtain
™ 202
sin” (x) W
dop —— 2 =% A7.8
73/0 Y cos(z)  4t? ( )
and hence

Rex(w) = —sgu(t)s <W’) (A.7.9)

For w ¢ [2t, —2t] we obtain, again by mathematica,

2
1/t — Vw? — 412 > |2t
SR (W) = —sgn(t)= ( ’W”) wove w2 (A.7.10)
2\t w+ Vw? —4t2, w < —|2t.
A.7.2 Retarded Green’s function considerations
Let us calculate a more explicit formula for (3.91).
ReA (ImI';, — Im¥ %) — ImA (Rel', — ReXF
ImGﬁol,HH == ( i ) - ( cL ¢ ) (A.7.11)

A2
Use the definitions given in (3.90) to obtain for the denominator
2|2 2
AR = | = H)Ty =57 = (57)°] = [Daly - SR, + )|
= ‘Rel"HReFL —ImlyIml'f, — ReX®(Rely, + Rel'g) + ImX P (ImI'f, + ImT )

2
+ i (ImGyRel'f, + ImG Rel'y — ReX#(ImI';, + ImT' ) — ImX#(Rel';, + Rel'py)) ‘ .

(A.7.12)
Now one may use
(G ot i) =Tou =w =&y +in=wpyp +in (A.7.13)
in (A.7.12) to obtain
2
A? = ‘(UHOJL —n? = ReXf(wy, +wp) + 20ImE" + i [ (wr, + wy — 2ReEF) — ImEF(wp, + wy)] ‘

)
= (WHWL —n? - ReZR(wL +wy)+ 2nImZR)2 + (77 (wL +wyg — 2ReZR) — ImER(wL + wH))2
)

= (wHwL —n? —ReXP(wp + wy )2 + 4nImX2E (wHwL —n? —ReXP(wp + wH)) + 4n°Im2

+ n? (wL 4wy — 2]5{eER)2 —2n (wL +wy — 2ReER) ImER(wL +wy)+ (ImER)2 (wp, +wp)?
(A.7.14)

Next consider two separate cases

1. wé¢ 2t,—2t] = ImXE =0

2. we2t,—2t] = ImZ £0
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Consider first case 1. In denominator we may not put n — 0 since the denominator has poles in
the interval under consideration. The denominator becomes

|A\2 = (wHwL — ReER(wL + wH))2 —2n? (wHwL - ReZR(wL + wH)) + n? (wL +wg — 2ReER)2
= (wpwr —ReXF(wp + wH))2 +n? (w% +wi +4 (ReER)Q) , w2t —2t]. (A.7.15)
Consider then case 2. Here we can safely put n — 0 immediately and obtain

IA]> = (wgwr — ReSP(wy, + wH))2 + (ImER)2 (wr +wr)?,  w e [2t,—21 (A.7.16)

We are left to consider the numerator of (A.7.11). We first deduce for the denominator from
(A.7.12) with the aid of definition (A.7.13) that the real and imaginary parts become, respectively

ReA = wpwp—1n°— ReER(wL +wg)+ 2nImY P
ImA = g (wL +wyg — QReER) — ImER(wL +wh).

Now it is again convenient to study both cases separately. We start with case 1. For the numerator
we obtain

ReA (ImI', — ImE7) — ImA (Rel';, — ReX¥)
= 7 [wHwL . — ReER(wL +wy) — (wL +wy — 2ReZR) (wL — ReER)]
= 7 [wHwL . ReER(wL +wpy) + ReX’ (W +wp) —w? —wrwy + 2ReX (wL — ReER)]
= n[-w} +2Rex iy, — 2 (Rex )’
= - [(wr —Rex®)’ + (RexR)’], ¢ (20,21 (A.7.17)

again we used (A.7.13). For case 2 we may put n — 0 in the beginning because there are no poles
in the denominator, we obtain for numerator similarly as in (A.7.17)

ReA (ImI', — ImE#) — ImA (Rel', — ReX¥)
= —ImY" (wywr — ReL(wp, +wp)) + ImEF (wy, + wyr) (wr, — ReXf)
ImE7 [—whwr, + ReS™(wr, +wpy) + (wr, +wyr) (wr, — ReS)]
= ImXfw?,  wel2t,-21]. (A.7.18)

As we look the form of ImGf ), 1 (w) with w ¢ [2¢, —21]

n [(wL — ReER)2 + (ReZR)ﬂ

Imewl,HH(w) = - 5 N w ¢ [2t, —2t]

(wpwr, — ReXE(wr, +wy))” + n? (w% + w¥ + 4 (ReXh) )
(A.7.19)

we may define ¢ = n\/w% +w% + 4 (ReSR)®. This can be done since w? + w? + 4 (ReLF)? #

0, Vw ¢ [2t,—2t]. With our new definition one can write (A.7.19) as

:ﬂé(wHwL—ReER(wL+wH))
(wr — ReZR)? 4 (Rexh)? e
2
o s+ d o) (o~ ReDR(wy )+ €

Ivalv%wl,HH(w) = -

= —T (wL Re ) * (Re ) d(wywy, — ReER(wL +wg))
\/w% +w? + 4 (RexR)?
(A8 (wr — ReZR)2 + (ReZR)2 1

Ve + 4 @esm)? s (rwr ~Refwr +wm)|,_,

O(w —a),
(A.7.20)
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where  w ¢ [2t, —2t]. moreover, a is defined by

[wHwL - RQZR(Q)L + wH)] =0. (A.7.21)

w=a

We may now write (A.7.11) in the two cases separately as

(wr—ResR)’ 4 (Rex?)? 1
o(w—a), w ¢ [2t, —2t],
G v e e e
m UJL —
(wrwi —ReSR(wr twa) )2 +(ImER) 2 (wr twm )2 w € [2t,—2t].
(A.7.22)

A.8 Calculus of Residues
For example the perturbative expansion for the self-energy contains lot of integrals of the form

/ dv ! ,or/ dv ! L, (A.8.1)
o V—a v—av—>b

- —o0

where a, b are real and v = v £ in. The way to deal with integrals of the form (A.8.1) is Cauchy’s
residue theorem [2]

f f(z)dz =2mi Y Res.—., f(2), (A.8.2)
¢ k
where for a simple pole the residue is

Res,—,, f(2) = Zlinzl [(z — 2zr) f(2)] (A.8.3)
—Zk
Here f(z) must be analytic everywhere in a simply connected region R except for isolated singu-
larities z. C is a piecewise smooth simple contour inside R, confining zj:s and oriented counter-
clockwise.

Now we may calculate the integrals in (A.8.1) through (A.8.2) by transforming them into complex
contour integrals in the complex plane through

j(l{f(z)dz = /_OO f(z)dz + : f(z)dz. (A.8.4)

Now the first of the integrals is just an improper integral on real axis, i.e., just an integral of the
form in (A.8.1). The latter integral is the semicircle in the UHP connecting the 400 to —oo. Now
we may show that the latter term vanishes provided that f(z) — 0 faster that 1/|z| as |z| — oc.

i0 77
flz)dz & lim f(pe®yipet®dn
Cr P Jo
T L0
- lim 49 -0, s> 1 (A.8.5)

p— o ps_l

Now from (A.8.5), (A.8.4) and (A.8.2) we may deduce for the integrals of the form (A.8.1) that
the integral becomes

/oo f(w)dv = 2mi Z Res,—., (). (A.8.6)
oo :

Note that this result holds for poles in the UHP. One may go through similar steps also for a pole
in the LHP to obtain

/ h f)dv = —27i Y "Res.—_., f(2). (A.8.7)
o -
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The minus sign is due to the fact that in residue theorem we always go counter clockwise along
the curve and thus the real axis is integrated from co to —oo giving rise to the extra minus.

We may immediately deduce some properties of the integrals (A.8.1). For f(v) with two simple
poles we may argue that to obtain a non-zero contribution the poles must not be in same plane.
Formally

dv 1
R V=v;
27 V—a:I:mV—b:tm Z eSy=v, f
1 1 1 1
= =1 + =0, A88
Z<$b—a$a—b> Z($b_a b—a) ( )
whereas for different signs
dv 1 1 ’
%V—a:l:z'nu—b:;:in_Z%:Resl’:l’jf(’/)

1 1
= i+ =4 A8
Z( b—a:|:2z'77) b—a’ (4.8.9)

where a and b are both real.

A.9 The Kramer-Kronig relation

There exists a theorem relating the real and imaginary parts of any analyti function which vanishes
faster than 1/|z| as |z| — oo in the UHP of the complex variable z. The relation is called the
Kramer-Kronig relation and it reads for X (z) = ReX(z) +{ImX (z)

ReX(a) = —P/d ’ImX (A.9.1)
ImX(a) = f;P/dz'R;%(z/). (A.9.2)

The proof takes advantage of Cauchy’s residue theorem A.8. For X(z) the assumptions stated
above hold. Now in the UHP the function X (z)/(z — a) is also analytic and since there are now
poles in the UHP we may write the contour integral.

Y G ‘Hi”"p/iX(Z) dz+i/L(z)dz
z—a z—a (z —a)? +n?
X (2) ) 1. n
_ P/mdz—i—mX(a), o) =~ lim (A.9.3)

from which one may deduce (A.9.1) and (A.9.2). At the first equal sign we used (A.8.5) to get rid
of the semicircle parts. Note that the integration limits run from —oo to co.

Similar calculations can be carried out for a pole on the LHP, i.e., a — a — in. The relations are

ImX(z
——P/d 1 DAE) (A.9.4)
(l—Z

mX(a) = +- Lp / d’ReX . (A.9.5)

ReX(a)
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