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Abstract

In this thesis consisting of six publications and an overview part, three cases of rare
beta decays are studied using microscopic nuclear models.

Firstly, the half-lives and electron spectra of 113Cd and 115In fourth-forbidden non-
unique ground-state-to-ground-state beta decays are studied using two closely re-
lated nuclear models: The microscopic quasiparticle-phonon model (MQPM) and the
proton-neutron MQPM (pnMQPM), which has been developed as a part of this thesis
work. Our results for these rare decays are compared to the available experimental
data and are found to agree reasonably well.

As the second application, the partial half-lives of the yet unobserved single-beta de-
cay channels competing with the double beta decay of 96Zr are computed to estimate
the possible contamination from these channels to the geochemical double-beta-decay
experiments. According to our results obtained by applying the proton-neutron quasi-
particle random-phase approximation (pnQRPA), the error stemming from them is
still within the experimental uncertainties of the geochemical experiments.

Finally, the recently discovered tiny ultra-low-Q-value decay branch of 115In has been
investigated in collaboration with the JYFLTRAP group in Jyväskylä and the HADES
underground laboratory in Belgium. Our pnMQPM prediction for the half-life is found
to di�er from the experimentally obtained result by more than an order of magni-
tude. The various atomic contributions possibly responsible for this discrepancy are
discussed.
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1 Introduction

Nuclear physics, born a century ago in the famous Rutherford experiment revealing the
unexpected existence of the atomic nucleus, still holds many mysteries. The nuclear
beta decay is often considered a well-understood part of the nuclear theory. This
thesis work concentrates on a few extreme cases of rare beta decays which had not
been studied theoretically before.

The single-beta-decay studies are currently not very fashionable, the spotlight shining
on the double-beta-decay experiments promising to uncover the true nature of the
neutrino � whether it is its own antiparticle or not � as well as its mass. The nuclides
studied in the present work are of interest to the experimentalists because of their
possible applications in neutrino physics and double-beta-decay studies. 115In has
been envisioned as a real-time detector material for the LENS experiment [1] aiming
to measure the Sun's neutrino luminosity to high precision and hence push forward
to expand our knowledge of both our own star and the physics of neutrinos. The
COBRA1 double-beta-decay experiment [2] has used 113Cd beta decay as one of the
test experiments for their room-temperature CdZnTe semiconductor detectors [3]. In
96Zr, the single beta decay competes with the double beta decay, and is a possible
error source for the geochemical measurement of the double-beta-decay half-life.

There exists no practicable nuclear model capable of predicting every observable of
every one of the thousands of known nuclides2. To be able to compute quantities
which could be compared to experimental results, a nuclear theorist needs to sim-
plify the nuclear many-body problem by introducing one approximation after another
while preserving the essential features of the nucleus. This leads to a myriad of nu-
clear models, each with distinct capabilities and limitations arising from the chosen
approximations.

There are many microscopic models based on di�erent ways of coupling BCS quasi-
particles and phonons to form the con�guration basis and deriving the Hamiltonian,
such as the quasiparticle-phonon nuclear model (QPNM) [5], the microscopic anhar-
monic vibrator approach (MAVA) [6], its proton-neutron variant (pnMAVA) [7] and
the microscopic quasiparticle-phonon model (MQPM) [8]. As a part of this thesis
project, the proton-neutron quasiparticle-phonon model (pnMQPM) was developed

1�Cadmium-zinc-telluride 0-neutrino double-Beta Reseach Apparatus�.
2In February 3rd 2010, the total number of nuclides in the NuDat 2 database [4] of Brookhaven

National Laboratory was 3175.
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4 Introduction

as yet another tool to complement this arsenal. Its aim is to better describe the
weak-interaction processes such as beta decay and neutrino scattering in odd-mass
medium-heavy to heavy spherical (or nearly spherical) nuclei.



2 Describing the nuclear structure

Many di�culties in solving the nuclear many-body problem arise from the inconve-
nient number of particles. Except for the very lightest nuclei, there are too many
particles involved for the problem to be solved by exact methods. Yet there are too
few particles in a nucleus for a good statistical description. The interaction between
the nucleons is strong and still only approximately known, making the problem even
more challenging. The mean-�eld approximation has been found to be a successful
starting point for tackling the nuclear many-body problem.

2.1 Nuclear mean �eld

In the mean-�eld approximation nucleons are considered as independent particles
moving in the nuclear mean �eld created by the other nucleons in the nucleus. More
formally, to solve the many-body Hamiltonian H = T + V , where T stands for the
kinetic energy and V for the potential energy terms, a mean-�eld potential Vm.f. is
chosen so that both the Hamiltonian Hm.f. = T + Vm.f. is solvable and the residual
interaction Vres = V − Vm.f. is su�ciently small that one can apply the pertubation
theory. Essentially this approach converts the problem of strongly interacting particles
to the easier problem of weakly interacting mean-�eld quasiparticles.

The mean �eld potential can be generated e.g. by the iterative Hartree-Fock procedure.
Alternatively, an e�ective potential can be taken as the mean �eld: for example the
harmonic oscillator potential or, as in this work, the more realistic phenomenological
Woods-Saxon potential (Figure 2.1)

vWS(r) = − V0

1 + e(r−R)/a
, (2.1)

where we have adopted the parametrization of Ref. [9]: R = 1.27 fm × A1/3 for the
nuclear radius, a = 0.67 fm for the surface di�useness and

V0 =

(
51± 33

N − Z

A

)
MeV, (2.2)

where the plus sign is selected for protons and the minus sign for neutrons, for the
depth of the potential. The Woods-Saxon potential is known to successfully reproduce

5



6 Describing the nuclear structure
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Figure 2.1: Schematic picture of the Woods-Saxon potential vWS(r). The parameter V0 is the depth
of the potential, R the nuclear radius and a controls the surface di�useness.

the observed shell structure in the nuclei, when the spin-orbit interaction is taken into
account. For protons the Coulomb interaction must also be included, but it does not
modify the shell structure as dramatically.

In the calculations of this work, some energies of the mean-�eld states near the Fermi
surface have been adjusted by hand so that the BCS quasiparticle spectrum better
agrees with the experimental energy level data. This is justi�ed since the Woods-Saxon
potential is a global parametrization for the mean-�eld. Special care has been taken
so that no unphysical adjustments, such as changing the order of spin-orbit partners1,
are made.

The problem is further simpli�ed by including only a limited set of single-particle
states in the valence space. In this work, the valence space is selected so that it con-
tains two to three major shells (see Chapter 4) around the Fermi levels for protons
and neutrons. The fully occupied states below the valence space in energy are ap-
proximated as an inert core that does not directly interact with the valence space
particles.

1Spin-orbit partners di�er in total angular momentum by one unit but share the same principal
quantum number n and the same orbital angular momentum quantum number l, for example 1d3/2

and 1d5/2.
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2.2 Bardeen-Cooper-Schrie�er theory for nuclei

There is plenty of experimental evidence of the pairing phenomenon in nuclei, i.e. the
tendency of the nuclear Hamiltonian to favour pairs of nucleons coupled to zero total
angular momentum. Perhaps the most striking example of such evidence is the fact
that the ground-state of every known even-even nucleus has the angular momentum
and parity 0+. Other evidence include e.g. the energy gap between the ground state
and the lowest excitations present only in the even-even nuclei and the odd-even
e�ect. The analogy to the Cooper pairs in the Bardeen-Cooper-Schrie�er (BCS) theory
for superconducting metals [10] was quickly recognized in the late 1950's by Bohr,
Mottelson and Pines [11], and the BCS approach adapted to nuclei soon became one
of the standard tools of microscopic nuclear theory.

The BCS quasiparticle creation and annihilation operators are formed as linear com-
binations of the mean-�eld quasiparticle creation and annihilation operators2{

a†β = ubc
†
β + vbc̃β

ãβ = ubc̃β − vbc
†
β

. (2.3)

This is known as the Bogolyubov-Valatin transformation after the two physicists
who �rst introduced it in [12, 13]. Here the notation of Baranger [14] is adopted:
A Roman index stands for the set of the principal quantum number n, the or-
bital angular momentum l and the total angular momentum j, e.g. b = {nb, lb, jb}.
The corresponding Greek index also includes the projection quantum number m, so
that e.g. β = {nb, lb, jb,mβ}. The operator c†β is the particle creation operator and
c̃β = (−1)jb+mβc−β, where −β = {nb, lb, jb,−mβ}, is the corresponding time-reversed
annihilation operator. The occupation amplitude vb and the unoccupation amplitude
ub are to be solved via a variational procedure where the ground-state energy is min-
imized (See e.g. [15] for details).

The BCS ground state, formally written as the ansatz

|BCS〉 =
∏
α>0

(ua − vac
†
αc̃

†
α) |CORE〉 , (2.4)

acts as the vacuum for the quasiparticles. The index α runs over all the like-nucleon
states having a positive projection quantum number mα. The |CORE〉 represents the
inert nuclear core, i.e. the �lled single-particle states energetically below the selected
model space. The particle number is not a good quantum number for the BCS ground
state. The condition that the average particle number equals to the number of valence

2From this point on in this thesis the BCS quasiparticles are referred to as quasiparticles and the
mean-�eld quasiparticles simply as particles.



8 Describing the nuclear structure

nucleons in the reference nucleus, ground state of which the BCS vacuum is aimed to
describe, is used as a constraint in the variational procedure.

The nuclear Hamiltonian with a two-particle interaction is

H =
∑

α

εαc
†
αcα +

1

4

∑
αβγδ

v̄αβγδc
†
αc

†
βcδcγ, (2.5)

where the antisymmetrized two-body matrix elements v̄αβγδ are obtained in this work
from the Bonn one-boson-exchange potential using the G-matrix technique [16]. When
the Hamiltonian is transformed to the quasiparticle picture using the Bogolyubov-
Valatin transformation, it takes the form

H = H11 +H20 +H02 +H22 +H40 +H04 +H31 +H13, (2.6)

where each term Hmn is proportional to a normal-ordered product of m quasiparticle
creation and n quasiparticle annihilation operators. The ground-state energy term has
been omitted since only the relative energies of the states are of interest in this work.
The minimization of the ground-state energy in the BCS procedure causes the terms
H20 and H02 to vanish. Physically this means that there are no quasiparticle pair
excitations across the Fermi surface. This indicates that the transformation absorbs a
large part of the residual interaction Vres into the very structure of the quasiparticles.

In the BCS calculations of this work the interaction matrix elements were scaled
by a constant gpair for protons and neutrons separately so that the lowest quasipar-
ticle energy matched the experimental pairing gap, which was calculated from the
experimental separation energies of [17, 18, 19, 20, 21] using the linear approximation
formulas of [22]. These adjustments were small in all our applications, i.e. the scaling
constants gpair were close to unity.

2.3 Proton-neutron quasiparticle random-phase ap-

proximation

The proton-neutron quasiparticle random-phase approximation (pnQRPA) [23] de-
scribes the states of the adjacent isobars of the BCS reference nucleus as proton-
neutron-quasiparticle-pair excitations. These excitations, called pnQRPA phonons,
are created by the operator

Q†
ω =

∑
pn

(
Xω

pn

[
a†pa

†
n

]
JωMω

+ Y ω
pn

[
ãpãn

]
JωMω

)
, (2.7)

where the index ω contains the angular momentum Jω, the projection quantum num-
ber Mω and the parity πω of the phonon, and the additional index kω enumerating
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the di�erent states with the same Jω, Mω and πω. The forward-going amplitude Xω
pn

and the backward-going amplitude Y ω
pn are to be determined by diagonalizing the pn-

QRPA Hamiltonian. In the quasi-boson approximation the pnQRPA phonon creation
and annihilation operators satisfy the commutation relations[

Qω, Q
†
ω′

] ∼= δωω′ and
[
Qω, Qω′

]
= 0 =

[
Q†

ω, Q
†
ω′

]
(2.8)

and act therefore to a good approximation as bosons.

The pnQRPA ground state is de�ned as the vacuum for the pnQRPA phonons, i.e.

Qω |pnQRPA〉 = 0. (2.9)

The pnQRPA ground state is approximately equal to the BCS ground state as long
as the backward-going amplitudes remain signi�cantly smaller than the forward-going
ones. If the requirement |Y ω

pn| � |Xω
pn| is not met, the RPA description breaks down.

The pnQRPA equations can be derived using the equations-of-motion method [24],
and they can be written in a convenient matrix form(

A B
−B∗ −A∗

)(
Xω

Y ω

)
= Eω

(
Xω

Y ω

)
. (2.10)

A useful procedure for solving eigenvalue problems of this type, developed by Ullah
and Rowe [25], is applied in our computational codes.

In our applications to 113Cd and 115In, the pnQRPA spectra were �ne-tuned to bet-
ter correspond to the experimentally observed energy spectra by scaling the interac-
tion matrix elements by the constants gpp (particle-particle matrix elements) and gph

(particle-hole matrix elements). However, the �nal results of the beta decay calcula-
tions were not sensitive to these adjustments in any of our applications. The corre-
sponding procedure was used for scaling the QRPA matrix elements in the MQPM
calculation [8].

The pnQRPA is known to satisfy the Ikeda sum rule [26]. This fact motivated us
to develop a variation of the MQPM using the pnQRPA phonons instead of the
QRPA phonons hoping that it might improve the description of the weak-interaction
transitions, such as beta decays and neutrino-nucleus scattering reactions.

2.4 Proton-neutron microscopic quasiparticle-phonon

model

In the microscopic quasiparticle-phonon model (MQPM), �rst presented in [27] and
further re�ned in [8], the basis of the states of a �xed total angular momentum and
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Figure 2.2: Squared amplitudes of the four largest components of the 135I lowest 11/2+ state
pnMQPM wave function as functions of the cut-o� energy for the pnQRPA phonons. The convergence
at 4 MeV corresponds to 51 pnQRPA phonons.

parity jπ consists of the one-quasiparticle states and three-quasiparticle states con-
structed by coupling one-quasiparticle states and QRPA phonons to jπ. The proton-
neutron variant of the MQPM (pnMQPM) takes the same approach but using the
pnQRPA phonons. The pnMQPM excitation operator reads

Γi(jm) =
∑

p

Ci
pa

†
p,m +

∑
nω

Di
nω

[
a†nQ

†
ω

]
jm

(2.11)

or
Γi(jm) =

∑
n

Ci
na

†
n,m +

∑
pω

Di
pω

[
a†pQ

†
ω

]
jm

(2.12)

in the case of the proton-odd or the neutron-odd nucleus, respectively. Naturally, the
�rst summation runs over only those quasiparticle states that have the angular mo-
mentum and parity jπ, and the second one over the combinations of quasiparticles and
phonons that can be coupled to jπ. The amplitudes Ci

a and D
i
aω are to be determined

by diagonalizing the Hamiltonian.

In practice, the basis is truncated by taking into account only the lowest-energy
phonons. This is physically justi�ed, since the high-energy states are expected to
interfere very little with the low-lying states. A suitable cut-o� value for the phonon
energy was found by observing the convergence of the amplitudes of the dominant
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con�gurations in the wave functions of the states of interest. This is illustrated by the
example in Figure 2.2. The example also demonstrates the typical situation that the
pnMQPM wave functions for three-quasiparticle states tend to consist of two to four
major components, whereas the corresponding MQPM wave functions usually have a
clear dominant component. In this sense the MQPM description is more natural, as
the MQPM basis states are closer to the energy eigenstates than the pnMQPM ones.

The one-quasiparticle states are orthogonal to each other and to the three-quasiparticle
states. However, the three-quasiparticle states are not orthogonal to each other and
form an overcomplete set. The overlap between two three-quasiparticle states is〈∣∣[a†n′Q

†
ω′

]†
jm

[
a†nQ

†
ω

]
jm

∣∣〉 = δnn′δωω′ +K(p)(nωn′ω′; j) (2.13)

in the case of the neutron-odd nucleus or〈∣∣[a†p′Q
†
ω′

]†
jm

[
a†pQ

†
ω]jm

∣∣〉 = δpp′δωω′ + (−1)jp+jp′+Jω+Jω′+1K(n)(pωp′ω′; j) (2.14)

in that of the proton-odd nucleus. The auxiliary expressions K(p)(n1ω1n2ω2; j) and
K(n)(p1ω1p2ω2; j) are de�ned as

K(p)(n1ω1n2ω2; j) = Ĵω1 Ĵω2

∑
p

({
j jn1 Jω1

jp jn2 Jω2

}
Xω2

pn1
Xω1

pn2
−
δjjp

ĵ2
Y ω2

pn2
Y ω1

pn1

)
(2.15)

and

K(n)(p1ω1p2ω2; j) = Ĵω1 Ĵω2

∑
n

({
j jp1 Jω1

jn jp2 Jω2

}
Xω2

p1nX
ω1
p2n −

δjjn

ĵ2
Y ω2

p2nY
ω1
p1n

)
. (2.16)

The equations-of-motion method [24] leads to the generalized eigenvalue equation

Hψk = EkNψk, (2.17)

where the matrix N is the overlap matrix, H is the Hamiltonian matrix and ψk is the
eigenvector corresponding to the energy eigenvalue Ek. The components of ψk are the
coe�cients Ck

p and Dk
nω (or Ck

n and Dk
pω) of Eqs. (2.11) and (2.12).

The Hamiltonian matrix elements in the pnMQPM basis are listed in Appendix A. The
MQPM and the pnMQPM share the important feature that they both start from the
Hamiltonian of Eq. (2.6) with simple interpretation of its terms: Interaction between
two phonons (H22), between one-quasiparticle and three-quasiparticle con�gurations
(H31+H13) etc. All these terms are treated on equal footing, di�erentiating the MQPM
and the pnMQPM from many other quasiparticle-phonon approaches.

The di�erences between the MQPM and pnMQPM arise from two factors: Firstly,
the three-quasiparticle part of the con�guration space is di�erent between these two
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Figure 2.3: The MQPM description of 135I su�ers from the problematic 2+
1 QRPA state of 134Te,

but the pnMQPM circumvents this problem by using the pnQRPA excitations instead. Only the
states with known or tentative spin-parity assignment up to 1.5 MeV are included in the experi-
mental spectrum, and only the corresponding theoretical states are included for the MQPM and the
pnMQPM. The MQPM results are from [28] and the experimental spectrum from [29].

models. For a proton-odd nucleus, the MQPM three-quasiparticle con�guration space
contains the three-proton con�gurations and one-proton-two-neutron con�gurations.
In the pnMQPM only one-proton-two-neutron con�gurations are included due to the
proton-neutron structure of the pnQRPA excitation. This is the primary weakness of
the pnMQPM model, and for the states where three-proton contributions are impor-
tant, the pnMQPM description is inevitably inaccurate.

The second di�erence is that in the RPA step the adjustments are made to a di�erent
set of experimental data. This can be an advantage to the pnMQPM, when there are
problems describing the reference nucleus spectrum using the QRPA. One example of
such a case is 135I, where the MQPM fails to produce the correct energy spectrum due
to the too high QRPA energy of 134Te 2+

1 state [28]. This nucleus was used as one of
our early test cases for the pnMQPM; the results for the lowest states are presented
in Figure 2.3.

Our adopted method [30] for dealing with the overcompleteness of the pnMQPM
basis is the same as the one used with the MQPM. First the overlap matrix N is
diagonalized to �nd a new, orthogonal basis:

Nu(k) = nku
(k), (2.18)
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where the index k enumerates the di�erent eigenstates. Ideally, the states to be dis-
carded as spurious would have a zero eigenvalue. However, due to the fact that not all
the pnQRPA phonons are used in building the basis, and also (less importantly) to
the fact that there is likely to be some numerical inaccuracy, these states often have
a small non-zero eigenvalue. In practice, one needs to set a suitable upper limit for
the eigenvalues which are to be discarded. The physical validity of the choice for this
cut-o� value was monitored in our application by substitution of the computed wave
functions back in the original generalized eigenvalue equation.

The new complete set of orthonormal basis states are

˜|k〉 =
1
√
nk

∑
i

u
(k)
i |i〉 , (2.19)

where the tilde emphasizes that the vector belongs to the set of new basis vectors, and
the index i runs over the basis states of the overcomplete basis. In the new basis the
original generalized eigenvalue equation transforms into an ordinary eigenproblem

H̃g(v) = λvg
(v), (2.20)

where the Hamiltonian matrix elements in the new basis are

H̃ab =
1

√
nanb

∑
ij

(u
(a)
i )∗u

(b)
j 〈i|H |j〉 . (2.21)

The eigenvalues λv are now the energies of the (pn)MQPM states. The (unnormalized)
coe�cients of the (pn)MQPM wave functions in the original basis can be identi�ed
from the equation

|v〉 =
∑

i

∑
a

g(v)
a

1
√
na

u
(a)
i︸ ︷︷ ︸

Cv
i or Dv

i

|i〉 , (2.22)

where again the index i runs over the basis vectors of the overcomplete basis and a
runs over the dimension of the restricted complete basis.
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3 Nuclear beta decay

The general formalism of the beta-decay theory is developed in detail in the compre-
hensive treatment by Behrens and Bühring [31]. Less detailed introductions to calcu-
lating the allowed and unique forbidden decays can be found in many text books, e.g.
in [15]. In this chapter the general beta-decay theory of [31] is super�cially introduced
and the results of [31] are connected to the nuclear models used in this work.

The famous �rst theoretical work to quantitatively explain the beta decay was the
theory by Fermi [32]. It was inspired by the quantum-mechanical treatment of electro-
magnetic radiation, and consequently the form of a vector interaction was assumed for
the decay mechanism. Pauli's neutrino hypothesis was a key ingredient in the theory,
and its success lead to the general acceptance of the elusive particle's existence long
before it was experimentally observed. Fermi's theory was soon extended by Gamow
and Teller [33] by including the possibility of emitting the electron-neutrino pair in a
spin triplet state. After the discovery of the parity violation in the beta-decay exper-
iment by Wu et al [34], the phenomenological theory for beta decay reached its �nal
vector-minus-axial-vector (�V − A�) form.

Unlike the quantum electrodynamics, the V − A theory is not renormalizable. This
problem was solved by the gauge theory unifying the weak and electromagnetic inter-
action introduced by Glashow, Weinberg and Salam (See e.g. [35]). Predictions of this
electroweak theory have been veri�ed by countless experiments, and the one experi-
mentally yet unobserved particle predicted by the theory, the famous Higgs boson, is
expected to reveal itself in the Large Hadron Collider (LHC) experiment at CERN.

3.1 Phenomenological V − A theory

In the standard model of electroweak interactions, the beta decay is a semi-leptonic
process mediated by a charged gauge boson W− or W+ (See Figure 3.1). Due to
the high mass of the gauge bosons (roughly 80 GeV), the weak interaction has an
extremely short range: it is point-like even on the nuclear scale. From the nuclear-
theory point of view it is a very good approximation to consider it as an e�ective
four-point interaction. This phenomenological vector-minus-axial-vector (�V − A�)
interaction of the hadronic and the leptonic current has proven to be a tractable
approach at the low energies of the nuclear beta decay.

15
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n p

hadronic current

e−

ν̄
e

leptonic current

d u

W−

e−

ν̄
e

Figure 3.1: Beta minus decay viewed as a current-current interaction in the phenomenological V −A
theory (left) and as the standard-model weak interaction mediated by the W− boson on the quark
level (right).

For the leptonic current the vector coupling and the axial vector coupling are of the
same strength, but due to the internal structure of the hadrons and the renormaliza-
tion e�ects of the strong interaction, the axial-vector coupling is modi�ed in the case
of the hadronic current. The renormalization of the hadronic axial-vector current is,
however, small in the sense that the value of the axial-vector coupling constant gA

is not far from unity. In this work, the value gA = 1.25 is adopted. The fact that
the axial current is only slightly renormalized is known in the standard model as the
partially conserved axial-vector current (PCAC) hypothesis.

The vector part of the current is nevertheless unmodi�ed by the presence of the strong
interaction. It is believed to be �protected� by the electromagnetic interaction [36].
This is known as the conserved vector current (CVC) hypothesis, and it asserts that
the value of the vector coupling constant is gV = 1.

More formally, the Hamiltonian density in the V − A theory of beta decay is

Hβ(x) = −GF√
2

[
ψ̄p(x)γµ(1 + λγ5)ψn(x)︸ ︷︷ ︸

J†
µ(x)

ψ̄e(x)γ
µ(1− γ5)ψν(x)︸ ︷︷ ︸

Lµ(x)

+H.c.,
]

(3.1)

where Jµ(x) is the hadron current (the nuclear current) and Lµ(x) is the lepton current
operator. The constant GF is the Fermi coupling constant. The constant λ = −gA/gV

in the hadron current operator is the ratio between the axial-vector and vector cou-
pling constants discussed above.
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3.2 General formalism for β− decays

The probability for emitting an electron with the total energy in the interval [We,We+
dWe] is

P (We)dWe =
G2

F

(~c)6

1

2π3~
F0(Z,We)C(We) pec We(W0 −We)

2 dWe, (3.2)

where Z is the charge of the daughter nucleus, pe =
√
W 2

e − (mec2)2 is the electron
momentum and W0 is the maximum total energy of the electron. The Fermi function
F0(Z,We) approximates the e�ect of the Coulomb interaction between the nucleus and
the emitted electron on the beta spectrum. It is de�ned as the ratio of the absolute
squares of the relativistic Coulomb wave function and the free lepton wave function at
the nuclear radius [15]. Introducing modi�cations to the Fermi function is the natural
way of taking atomic corrections into account, for example by the Rose prescription
[37] where the electron screening is taken into account by replacing the Fermi function
with

F screened
0 (Z,We) ≈

p̃eW̃e

peWe

F0(Z,We), (3.3)

where W̃e = We− V0 and p̃e =
√
W̃ 2

e − (mec2)2. Here V0 is the di�erence between the
Coulomb potential energy and the exact potential energy of the continuum electron
at the nuclear radius, and it has been studied in more detail in [38]. The shape factor
C(We) contains the details of the nuclear structure. It is a constant for allowed decays,
and in the case of forbidden decays it modi�es the beta spectrum shape in addition to
the total decay probability. The kinematical factor pecWe(W0−We)

2 dWe arises from
the available �nal-state-lepton phase space with the approximation of zero neutrino
mass.

Integrating the probability density (3.2) over all possible electron energies yields the
decay rate, and the half-life is then simply

T1/2 = κ

(
(mec

2)−5

∫ W0

mec2
F0(Z,We)C(We) pec We(W0 −We)

2 dWe

)−1

. (3.4)

Formally the constant κ is

κ =
2π3~ ln 2

(mec2)5G2
F/(~c)6

, (3.5)

but in practice it is slightly renormalized by the so-called inner radiative corrections.
Therefore it is more accurate to use the value κ = 6147 s obtained from an extensive
survey of superallowed β decays [39].
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To evaluate the shape factor, the �rst step in the treatment of [31] is to make a
multipole expansion of the nuclear current

(−i)
〈
f
∣∣Vµ(0) + Aµ(0)

∣∣i〉γ0γ
µ =

∑
KLMS

(−1)Jf−Mf+M(−i)L
√

4πĴi

×
(

Jf K Ji

−Mf M Mi

)
T−M

KLS(q̂)
(qR/~)L

(2L+ 1)!!
FKLS(q2), (3.6)

where q is the momentum transfer, R is the nuclear radius, T−M
KLS(q̂) is an operator

acting on the lepton spinors and FKLS(q2) are the nuclear form factors containing all
the details of the nuclear structure. The form factors are then expanded as a power
series

FKLS(q2) =
∑

n

(−1)n(2L+ 1)!!

(2n)!!(2L+ 2n+ 1)!!

(
qR

~

)2n

F
(n)
KLS. (3.7)

Due to the huge mass of the nucleus compared to the electron, the momentum trans-
fer q is so small that a form factor can be approximated with its leading term1

F
(0)
KLS = FKLS(q = 0). Taking the non-zero nuclear charge into account also intro-

duces additional form factors F (0)
KLS(ke, 1, 1, 1), which are sensitive to the electron

relativistic quantum number ke and the nuclear charge distribution. In this work, a
uniform spherical charge distribution is assumed for the nucleus.

The form factors enter the formulas for observables only as certain highly complicated
linear combinations MK(ke, kν) and mK(ke, kν). The beta-decay shape factor has the
form

C(We) =
∑

kekνK

Fke−1(Z,We)

F0(Z,We)

[
M2

K(ke, kν) +m2
K(ke, kν)

− 2µkeγke

keWe/(mec2)
MK(ke, kν)mK(ke, kν)

]
, (3.8)

where K is the transfered angular momentum and ke and kν are the absolute values
of the relativistic electron and neutrino quantum numbers κe and κν . The Coulomb
function µke can be approximated as unity in the case of the nuclear beta decay
and γke =

√
k2

e − (αZ)2, where α is the �ne-structure constant. Fke−1(Z,We) is the
generalized Fermi function, for which we use the de�nition

Fk−1(Z,We) = 4k−1(2k)(k+γk)[(2k−1)!!]2eπy

(
2peR

~

)2(γk−k)( |Γ(γk + iy)|
Γ(1 + 2γk)

)2

, (3.9)

where y = αZWe/(pec) and Γ(z) is the usual gamma function. This de�nition is equal
to (k + γk)Fk−1/(2k) in the notation of [31].

1In [31] these are called �form factor coe�cients�.
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∆J πiπf name relevant form factors

0 or 1 +1 allowed V F
(0)
000,

AF
(0)
011

0 or 1 −1 1st forbidden non-unique V F
(0)
101,

V F
(0)
110,

AF
(0)
111,

AF
(0)
211,

AF
(0)
000,

AF
(0)
011,

V F
(0)
101(ke, 1, 1, 1),

AF
(0)
110(ke, 1, 1, 1), AF

(0)
111(ke, 1, 1, 1)

2 −1 1st forbidden unique AF
(0)
211

2 +1 2nd forbidden non-unique V F
(0)
211,

V F
(0)
220,

AF
(0)
221,

AF
(0)
321,

V F
(0)
220(ke, 1, 1, 1), AF

(0)
221(ke, 1, 1, 1)

3 +1 2nd forbidden unique AF
(0)
321

3 −1 3rd forbidden non-unique V F
(0)
321,

V F
(0)
330,

AF
(0)
331,

AF
(0)
431,

V F
(0)
330(ke, 1, 1, 1), AF

(0)
331(ke, 1, 1, 1)

4 −1 3rd forbidden unique AF
(0)
431

...
...

...
...

K (−1)K Kth forbidden non-unique V F
(0)
K,K−1,1,

V F
(0)
KK0,

AF
(0)
KK1,

AF
(0)
K+1,K,1,

V F
(0)
KK0(ke, 1, 1, 1), AF

(0)
KK1(ke, 1, 1, 1)

K + 1 (−1)K Kth forbidden unique AF
(0)
K+1,K,1

Table 3.1: Classi�cation scheme for beta decay.

The order-of-magnitude considerations of the form factors, discussed in [31], imply
that the most important form factors are those presented in Table 3.1. The other
form factors are suppressed by additional powers of WR/~c, pR/~ or αZmecR/~, or
they are linked to the small components of the relativistic wave function. This yields
the tabulated classi�cation scheme for beta decays: Knowing only the di�erence in
the angular momentum and parity of the initial and �nal state one can see which
form factors are needed and, furthermore, to which range the log ft value of the decay
roughly falls.

The form factors V/AF
(0)
KLS can be associated with the nuclear matrix elements as

described in [31] using the impulse approximation. This means that the decaying
nucleon is assumed to behave like a free nucleon at the moment of the decay with all
the other nucleons acting only as spectators. Then the nuclear matrix elements can
be related to the form factors simply as

RL V F
(0)
KLS = (−1)K−LgV

VM(0)
KLS (3.10)

and
RL AF

(0)
KLS = (−1)K−L+1gA

AM(0)
KLS. (3.11)

An important additional simpli�cation occurs in the case that the angular momentum
change is K+1 and the product of initial and �nal state parities is (−1)K : Then there
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is only one relevant form factor to consider, and in fact all but one of the relevant
nuclear matrix elements, M = AM(0)

K+1,K,1, are trivially zero, and the formalism is
dramatically simpli�ed. Such decays are called unique decays, and for them the half-
life can be expressed in the simple form

T1/2 =
1

M2fK(W0, Z,R)
, (3.12)

where the factor

fK(W0, Z,R) =
g2
A

κ(~c)2K(mec)5

(2K)!!

(2K + 1)!!

∫ W0

mec2
dWe pec We

×
∑

ke+kν=K+2

Fke−1(Z,We)
[W 2

e − (mec
2)2]ke−1(W0 −We)

2kν

(2ke − 1)!(2kν − 1)!
(3.13)

has no other dependence on the nucleus than the Q value, the charge and the nuclear
radius.

In this work, the formalism was used in a streamlined form published in [40]. In the
included publications the following shorthand notation for the nuclear matrix elements
relevant to the non-unique transitions was adopted:

M1 = VM(0)
K,K−1,1, (3.14a)

M2 = VM(0)
KK0, (3.14b)

M
(ke)
2 = VM(0)

KK0(ke, 1, 1, 1), (3.14c)

M3 = AM(0)
KK1, (3.14d)

M
(ke)
3 = AM(0)

KK1(ke, 1, 1, 1), (3.14e)

M4 = AM(0)
K+1,K,1, (3.14f)

M5 = AM(0)
000, (3.14g)

M6 = AM(0)
011 and (3.14h)

M
(ke)
6 = AM(0)

011(ke, 1, 1, 1). (3.14i)

3.3 Nuclear matrix elements in the adopted models

To relate the nuclear matrix elements V/AM(0)
KLS to the nuclear wave functions, it is

practical to decompose them (for β− decay) as

V/AM(0)
KLS =

√
4π

Ĵi

∑
pn

V/AmKLS(pn) (ψf‖[c†pc̃n]K‖ψi), (3.15)
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where the reduced single-particle matrix elements V/AmKLS(pn) are

VmKLS(pn) = K̂−1(p̄‖TKLS‖n) (3.16)

and
AmKLS(pn) = K̂−1(p̄‖γ5TKLS‖n). (3.17)

The spherical components of the operator TKLS are

TKLSM =

{
iLrLYLMδKL, S = 0

iL(−1)L+1−KrL[YL~σ]KM , S = 1.
(3.18)

The reduced single-particle matrix elements can be evaluated by taking the large
components Gnljm(~r) of the single-particle wave functions

φnljm(~r) =

(
Gnljm(~r)
Fnljm(~r)

)
(3.19)

to be solutions of the non-relativistic Schrödinger equation for the harmonic oscillator.
The details of this procedure and the resulting rather complex formulas can be found
in [40].

The charge-changing transition densities (CCTDs) (ψf‖[c†pc̃n]K‖ψi) depend on the
applied nuclear model. For the pnQRPA, explicit expressions can be found in [15],
and for the MQPM in [8]. The formulas for evaluating the CCTDs for the pnMQPM
wave functions, derived as part of this thesis work, are presented in Appendix B.
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4 Applications to rare beta decays

Most of the observed beta decays are allowed, �rst-forbidden or second-forbidden
decays with MeV-scale Q values. In this work we have studied a few selected cases of
rare beta decays with an exceptionally high degree of forbiddenness or an ultra-low
Q value.

The highly-forbidden non-unique beta decays have been observed in only a few iso-
topes: 113Cd decays exclusively via a fourth-forbidden non-unique beta minus decay.
115In has a recently-discovered tiny alternative decay channel with a record-low Q
value discussed in detail later in this chapter. For 50V only fourth-forbidden non-
unique electron capture and β− decays to excited states in the neighboring isobars
have been observed, but the sixth-forbidden non-unique decays directly to their ground
states are energetically possible. In 48Ca and 96Zr highly-forbidden beta decays com-
pete with double beta decay. The case of 48Ca has been investigated with the nuclear
shell model in [41] and [42], but the beta decays of 113Cd, 115In and 96Zr were theo-
retically unexplored before the work presented in this thesis.

The decays with low Q values have raised interest because of their possible use in
detecting the neutrino mass by observing the shape of the beta spectrum near its end
point. So far the most successful ones of such experiments have been conducted with
tritium [43] yielding only an upper limit. The e�ort still continues e.g. in the future
KATRIN1 experiment in Karlsruhe, Germany.

4.1 Fourth-forbidden non-unique beta decays of 113Cd

and 115In

The isotopes 113Cd and 115In share the unique feature that they both have a fourth-
forbidden non-unique beta decay as their only decay channel, if the tiny ultra-low-
Q-value decay channel of 115In with an extremely low branching ratio is neglected
(Figure 4.1). Even though the theory for describing such decays has been ready and
experimental data has been available for decades, our calculation applying the MQPM
[40] was the �rst theoretical calculation for the half-lives and beta spectra of these
nuclei. Later we recalculated these decays as the �rst application for the pnMQPM

1Abbreviation of �KArlsruhe TRItium Neutrino experiment�.

23
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Figure 4.1: Decay scheme for 113Cd and 115In. The data is compiled from Refs. [18, 20, 46, 47].

[44]. The nucleus 115In is interesting also due to the possibility of applying its inverse
beta decay for detecting solar neutrinos. This was �rst suggested in [45] and has been
considered to be used in the LENS2 project [1].

The adopted valence space for our computations is illustrated in Figure 4.2. Both the
initial and �nal state wave functions were dominantly of one-quasiparticle nature both
in the MQPM and pnMQPM results, which was to be expected considering that they
are ground states of the respective odd-mass nuclei. The low-energy spectra were re-
produced reasonably well with both models with the exception of the 113Cd pnMQPM
spectrum, in which the dominantly three-quasiparticle states remained notably higher
in energy than their experimental counterparts. When compared to the experimental
data (Figure 4.3), the 113Cd half-life seemed to notably improve when moving from
the MQPM to the pnMQPM description. For 115In, there did not seem to be much
improvement.

The situation got more interesting as the e�ect of the Q value was investigated closer.
We calculated the theoretical half-lives published in [40] and [44] and presented in
Figure 4.3 with the Q values taken from Nuclear Data Sheets [18, 20]. However,
the half-life has a strong dependence on the Q value and the agreement on the Q
value between di�erent experiments is not as good as on the half-life. The Q value
dependence of the theoretical half-life is presented in Figures 4.4 and 4.5 along with
the results of only those of the experiments that yielded both half-life and Q value.

For 113Cd all but the latest one of these experiments agree better with the pnMQPM
than with the MQPM result. Unfortunately, no ion-trap precision measurement for

2Abbreviation of �Low Energy Neutrino Spectroscopy�.
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Figure 4.2: Schematic illustration of the chosen valence space for the 113Cd and 115In calculations.
Approximate locations of the Fermi levels are indicated with εn and εp for neutrons and protons
respectively.
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Figure 4.3: Collected half-life measurements and calculations for both 113Cd (left) and 115In (right).
The horizontal axis shows the year of publication, illustrating the development of experimental tech-
niques. The experimental values are from [48] (Gre70), [49] (Mit88), [50, 51] (Ale94), [52] (Dan96),
[3] (Goe05), [53] (Bel07) and [54] (Daw09) for cadmium and from [55] (Mar50), [56] (Bea61) and [57]
(Pfe78) for indium.
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Figure 4.6: Calculated MQPM and pnMQPM beta spectra compared to the experimental one from
[50] for 113Cd. Previously published in [59].

the Q value has been published to date. In the case of 115In the pnMQPM result
agrees perfectly with the latest experiment (labeled Pfe78), which in turn had a no-
tably di�erent Q value than the previous measurements. The two fresh Penning trap
experiments [46, 47] agree with Pfe78.

The experiments for the highly-forbidden beta decays are very demanding, because
the half-lives are comparable to those of double beta decays. While all the di�erent
half-life measurements agree very well with each other (Figure 4.3), the beta spec-
trum shape especially on the low-energy end has been more challenging to determine
experimentally. This can be seen clearly by comparing the three measured spectrum
shapes for 113Cd (Figures 4.6, 4.7, 4.8 and 4.9). In each �gure, the theoretical MQPM
and pnMQPM spectra have been calculated using the Q value obtained from the
corresponding experiment.

Both experimental and theoretical spectra share the feature of a �hill�. In the theo-
retical spectra this hill is located at approximately 0.2 MeV, and in the experimental
spectra around 0.15 MeV [52, 53, 54] or 0.2 MeV [50]. The low-energy behavior of
the theoretical spectra cannot be accessed in the measurements since the experiments
are inaccurate at low electron energies. The experimental spectra di�er signi�cantly
from each other on the low-energy region since they have di�erent statistics and the
extrapolation procedure adopted is questionable.

The shape factor used in the �tted function for the experimental beta spectra of
113Cd is the one suited for the third-forbidden unique decay [60]. While this choice
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Figure 4.9: Calculated MQPM and pnMQPM beta spectra compared to the experimental one from
[54] for 113Cd.
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is dubious, it seems to work reasonably well in the high-energy end of the spectrum.
Since the uncertainties in the measurements are signi�cantly larger in the low-energy
end of the spectrum, the parameters of the �t are more sensitive to the details of the
high-energy spectrum, resulting in the di�erences between the experiments seen in
the low-energy region. Unfortunately, no simple �ttable function with a reasonably
small number of parameters is available for the non-unique case. Due to the dubious
shape factor used in the experimental �ts and the very di�erent statistics on the low-
energy region in di�erent experiments, no de�nite conclusions can be drawn from the
presently available data.

For 115In there is only one existing measurement for the spectrum shape [57] (Fig-
ure 4.10). The experimental spectrum hints to the existence of a hill around 0.2 MeV,
whereas the calculations put the hill near 0.3 MeV. The spectrum shape for the re-
gion below 0.1 MeV is completely unknown. The lack of more precise data makes the
comparison of the spectra ambiguous.

4.2 Single-beta decay channels of 96Zr

The zirconium isotope 96Zr decays primarily via double beta decay [61]. Although the
single beta decay for this isotope is not yet experimentally observed, it is energeti-
cally allowed and hence competes with the double beta decay (See Figure 4.11). The
experimental lower limit for the single-beta-decay half-life is 3.8 × 1019 years (90%
C.L.) [62]. The single beta decay is hindered, because all the energetically allowed
single-beta-decay channels are highly forbidden and the Q values of these channels
are very low.

The geochemical measurements for the double-beta-decay half-life of 96Zr have pro-
duced contradictory results: The experiment of Kawashima et al. [63], where a zircon
mineral sample from Cable Sands, Australia, was analyzed to determine the excess
amount of 96Mo, yielded the half-life of (3.9 ± 0.9) × 1019 years. However, a similar
experiment by Wieser et al. [64] on a zircon mineral from the same geographical region
resulted in a signi�cantly shorter estimate, (9.4± 3.2)× 1018 years.

In addition to the geochemical experiments, the double-beta-decay half-life has also
been measured in the NEMO-2 [65] and NEMO-3 experiments [66]. Their results,
(2.1

+0.8(stat.)
−0.4(stat.) ± 0.2(syst.)) × 1019 y and (2.35 ± 0.14(stat.) ± 0.16(syst.)) × 1019 y re-

spectively, are in perfect agreement with each other but disagree with both of the
geochemical measurements.

The aim of our calculation [67] for the half-lives of the single-beta-decay channels was
to estimate the possible contamination for the geochemical double-beta-decay half-
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Figure 4.11: Decay scheme of 96Zr. The dotted decay channels have not yet been experimentally
observed. The data on this �gure is compiled from [62], [68] and [69]. Originally published in [70].

life measurements. As seen in Figure 4.11, the single beta decay of 96Zr is followed by
another beta decay to 96Mo with a negligible time scale compared to the 96Zr lifetime,
and it is impossible to know if a 96Mo atom in a geological sample has been produced
via a double beta decay or two consecutive single beta decays.

In our calculation the valence space for both protons and neutrons consisted of 15
states reaching from the 3~ω to the 5~ω oscillator major shell (Figure 4.12). The
procedure for describing the 96Nb daughter nucleus using the pnQRPA is described
in Chapter 2. The interaction was unscaled in the pnQRPA calculation, i.e. the bare
values gph = gpp = 1 were used for each multipolarity in the pnQRPA.

Our calculated results for the partial half-lives imply that the decay channel to the
5+ excited state clearly dominates in the single-beta decay. According to our results,
the decay to the 6+ ground state is completely negligible and the decay to the 4+

state only contributes a couple per cent. The total computed half-life, 2.4 × 1020 y,
is roughly an order of magnitude longer than the current experimental lower limit,
hinting that this beta decay half-life might be reachable in near-future experiments. In
[70], we have recomputed the half-lives using newer Q values, but the updated results
are close to the ones published in [67] and the conclusions are not a�ected.

The calculated single-beta-decay half-life is well within the error bars of both of the
geochemical experiments. Therefore correcting for the beta-decay contamination is
not crucial before more accurate geochemical data becomes available, especially since
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Figure 4.12: Schematic illustration of the chosen valence space for the 96Zr calculation. Approximate
locations of the Fermi levels are indicated.

the disagreement with each other and the NEMO experiments remains an unanswered
question for the geochemical experiments on 96Zr.

4.3 Ultra-low-Q-value decay of 115In

The beta decay of 115In to the �rst excited state of 115Sn (see Figure 4.1) was �rst
observed by Cattadori et al. [71]. They recognized it to possibly have the lowest ob-
served Q value and hence suggested the possibility of using this decay as an indepen-
dent probe for the neutrino mass. The existence of this decay channel was con�rmed
and the half-life measurement re�ned in an experiment conducted in the HADES
underground laboratory in Belgium [46].

In Penning trap measurements conducted by the JYFLTRAP group in the Depart-
ment of Physics at the University of Jyväskylä the Q value of this decay was discovered
to be (0.35±0.17) keV, roughly an order of magnitude lower than the previous record
[46]. The Q value was further re�ned to (0.155± 0.024) keV by a similar independent
measurement in the Florida State University [47].

The ground-state-to-excited-state transition is a second-forbidden unique beta minus
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Figure 4.13: Simple one-quasiparticle interpretation for the lowest states of 115In and 115Sn can
easily explain the observed angular momenta and parities. The �rst excited state of 115Sn is simply
the excitation of the unpaired neutron to the 1d3/2 orbit. This interpretation is also consistent with
the MQPM [40] and pnMQPM [44] calculations.

decay. For unique decays all but one of the nuclear matrix elements of the general
beta-decay formalism vanish, and the calculation of the decay half-life is simpli�ed
enormously: The partial half-life of this decay channel is simply inversely proportional
to the square of the nuclear matrix element M (equal to M4 in the notation of [40]
and AM(0)

K+1,K1 in the notation of [31]), or more formally,

T1/2 =
1

M2fK(w0, Zf , R)
, (4.1)

where fK(w0, Zf , R), given in (3.13), is the phase-space integral depending only on
the end-point energy w0, the charge of the daughter nucleus Zf and the nuclear radius
R, but not the details of the nuclear wave functions.

We used the pnMQPM to calculate the initial and �nal nuclear wave functions using
the same values for the adjustable parameters as in our earlier work for the ground-
state-to-ground-state decay channel [44]. The composition of both the initial and �nal
state wave function implies that these both states are dominantly one-quasiparticle
states. This interpretation is consistent with the naïve one-particle/one-hole descrip-
tion depicted in Figure 4.13.

Unexpectedly, the computed half-life as the function of the Q value (Figure 4.14) has
a signi�cant disagreement with the experimental results. As the pnMQPM description
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reproduces the ground-state-to-ground-state transition half-life rather accurately, it
is reasonable to expect a similar agreement here. However, to reach the 1σ limits
of the most accurate measurement available (the HADES half-life measurement [46]
combined with the Florida State University Q value measurement [47]) the theoretical
half-life curve would have to be multiplied by roughly a factor of 15. If this di�erence
was solely due to the inaccuracy of the nuclear matrix element, it would have to be
o� by roughly a factor of 4. An error that large requires that either our interpretation
of the simple structure of the �nal state is wrong or we are missing a crucial piece of
the puzzle.

While we cannot rule out the possibility that the discrepancy between the theoretical
prediction and the experimental data would not be due to a more exotic con�guration
of the �nal state, there is another possible explanation for it. There are several little-
studied e�ects stemming from atomic electrons: The electron screening, the atomic
overlap e�ect, the exchange e�ects and the �nal-state interactions. While these e�ects
are negligible for the beta decays studied before this one, the fact that we are now on
a new record-low-Q-value regime motivated us to take a closer look at them.

The electron screening corrections are traditionally estimated using the Rose pre-
scription [37]. There also exists a more re�ned formula for taking them into account,
namely the completely relativistic expression by Lopez and Durand [73]. Neither of
these approximations is applicable to the ultra-low Q values: For the case of 115In they
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break down so badly that they actually yield a large negative half-life.

The atomic overlap e�ect is caused by the fact that the electron states of the �nal
atom are not exactly the same as those of the initial atom. This e�ect was studied by
Bahcall [74] for allowed decays. According to his estimates, the decay is hindered by
this e�ect the more the lower the Q value. The case with the lowest Q value he studied
was the 241Pu beta decay with the Q value of 21 keV. For that decay his estimates
yielded a 2% hindrance in the decay half-life. However, his method breaks down for
Q values as low as a few hundred eV.

The exchange e�ects were also �rst estimated by Bahcall in [74]. He concluded that
these e�ects would cause additional reduction in the decay rate, 2% in the case of
241Pu. However, the theoretical e�ort by Harston and Pyper [75] contradicts his es-
timates, concluding that the exchange e�ects may actually enhance the decay. Their
calculation yielded a 7.5% enhancement on the 241Pu decay rate.

The molecular �nal-state interactions have only been studied for the beta decay of
tritium [76]. In case of 115In the role of �nal-state interactions in the lattice is a
completely uninvestigated territory: We do not know if the chemical bonds of the
indium atoms in the sample introduce any non-negligible corrections to the ultra-low-
Q-value decay.

It should be emphasized that even if the discrepancy did turn out to be due to an
incorrect interpretation of the �nal state, the fact that the atomic contributions are not
investigated for energies this low remains. Now that the advancements in experimental
techniques have made it possible to access such extreme Q values, the theory should
be extended to cover this region as well.

The nuclear theory community seems to have lost interest in the atomic e�ects after
the early studies showed them to be negligible for the usual beta-decay Q values. An
exception for this has been the tritium beta decay, which has been used as a tool in
search for the neutrino mass (e.g. [43]), and where the atomic cloud is extraordinarily
simple having only one electron. Now that the experimental techniques have been
developed far enough to access decays where the old approximations break down, new
theoretical work is needed to �ll this gap in beta-decay theory. However, �nding other
likely candidates for observing an ultra-low-Q-value decay is currently di�cult due
to the fact that the atomic masses (or the ground-state-to-ground-state beta-decay Q
values) are not yet systematically measured with su�cient accuracy, not even in the
valley of beta stability.

Experimental veri�cation of the atomic contributions to beta decays is not possible
at the moment either, because the uncertainties in the nuclear wave functions are still
so large that the small corrections are dwarfed by their presence. Therefore properly
closing all the open questions presented here may have to wait until the nuclear struc-
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ture theory has advanced considerably. Still, theoretical estimates for the magnitude
of the atomic contributions for the ultra-low-Q-value beta decays can be done. If they
turn out to be large enough and if other experimentally observable cases were found,
it might be possible to verify their existence experimentally.



5 Summary

In this thesis several rare beta decays were investigated using theoretical nuclear-
structure and decay tools. These decays were the highly-forbidden non-unique beta
decays of 113Cd and 115In, the single-beta-decay channels of 96Zr and the recently
discovered ultra-low-Q-value decay channel of 115In.

As part of the project the proton-neutron microscopic quasiparticle-phonon model
(pnMQPM) was developed. Its application to the ground-state-to-ground-state decays
of 113Cd and 115In was successful. The advantages of the pnMQPM over MQPM are
that one can use partly di�erent set of experimental data to �ne-tune the model
parameters and that the pnQRPA ful�lls the Ikeda sum rule, possibly improving the
beta-decay calculations.

The primary weakness of the pnMQPM model is that its con�guration space does not
include the three-proton or three-neutron degrees of freedom. For some states these
degrees of freedom are important and the pnMQPM wave functions are inevitably
more inaccurate than the MQPM ones. This is a severe limitation of the pnMQPM.
However, on the applications presented in this thesis, these contributions were not
signi�cant, since the initial and �nal states of the studied decays of the odd-mass
nuclei were dominantly one-quasiparticle states.

When studying the wave function composition of the low-energy three-quasiparticle
states, we also observed that in the MQPM picture there usually is one dominant
con�guration (a quasiparticle coupled to a QRPA phonon), but in the pnMQPM there
are often four or �ve equally strong major con�gurations (a quasiparticle coupled to
a pnQRPA excitation). In this sense, the MQPM approach is a more natural way of
describing the structure of the wave functions.

The half-lives of the fourth-forbidden non-unique ground-state-to-ground-state beta
decays of 113Cd and 115In were slightly better estimated using the pnMQPM than the
MQPM approach, although a large di�erence was not to be expected, since all the
involved states had only small three-quasiparticle components in both models. The
beta spectra were very similar, and the experimental data is not accurate enough to
favor one model over another in this respect.

Our investigation of the 96Zr single-beta-decay channels using the pnQRPA approach
yielded a half-life estimate of 2.4×1020 y. This value is roughly an order of magnitude

37
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longer that the current experimental lower limit for the single beta decay and well
within the uncertainties of the geochemical results for the double-beta-decay half-life.
Therefore the contamination from the single-beta-decay channels on the geochemical
experiments can presently be neglected.

Our calculation on the 115In second-forbidden unique beta decay to the �rst excited
state of 115Sn using the pnMQPM approach is o� by roughly a factor of 15. Because
the decay is unique, the dependence of the half-life on the nuclear wave functions is
extraordinarily simple, and the inaccuracy of the model cannot explain the discrepancy
unless our interpretation of the dominantly one-quasiparticle structure of the �nal
state is completely wrong.

The Q value of this decay is measured to be signi�cantly lower than any beta-decay
Q value observed before, about an order of magnitude smaller than that of 187Re.
This motivated us to consider an alternative explanation for the discrepancy: the
atomic e�ects, namely the electron screening, the exchange and overlap e�ects and
the molecular �nal-state interactions. Reviewing the literature on these e�ects revealed
that the research on them is not directly applicable to this decay, but there is a clear
trend that they grow more and more important as the Q value decreases. These e�ects
deserve to be studied more carefully.
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A Hamiltonian matrix elements for

the pnMQPM

The one-quasiparticle states are eigenstates of the BCS Hamiltonian, i.e.〈
α
∣∣Ĥ∣∣α′〉 = δαα′Ea (A.1)

for both proton and neutron states. The non-trivial Hamiltonian matrix elements are
the ones involving a three-quasiparticle state as an initial or �nal state. In the case of
the proton-odd nucleus they read

〈
π
∣∣Ĥ∣∣νω; jm

〉
= 2

Ĵω

ĵ
δjjpδmmπ

∑
p′n′

[
(up′un′Xω

p′n′ − vp′vn′Y ω
p′n′)upvnG(pnp′n′Jω)

− (vp′vn′Xω
p′n′ − up′un′Y ω

p′n′)vpunG(pnp′n′Jω)

+ (vp′un′Xω
p′n′ + up′vn′Y ω

p′n′)vpvnF (pnp′n′Jω)

− (up′vn′Xω
p′n′ + vp′un′Y ω

p′n′)upunF (pnp′n′Jω)
]
, (A.2)

where G(pnp′n′Jω) and F (pnp′n′Jω) are the interaction matrix elements as de�ned in
[14, 15], and〈

ν ′ω′; jm
∣∣Ĥ∣∣νω; jm

〉
= (En + Eω)δnn′δωω′

+ ĴωĴω′

∑
p

({
jn jp Jω′

jn′ j Jω

}
Xω′

pnX
ω
pn′(Eω + Eω′ − Ep) +

δjjp

ĵ2
Y ω′

pn′Y ω
pnEp

)
, (A.3)

where the sum runs over the proton states. Correspondingly for the neutron-odd
nucleus

〈
ν
∣∣Ĥ∣∣πω; jm

〉
= 2

Ĵω

ĵ
δjjnδmmν (−1)jp+jn+Jω+1

×
∑
p′n′

[
(up′un′Xω

p′n′ − vp′vn′Y ω
p′n′)vpunG(pnp′n′Jω)

− (vp′vn′Xω
p′n′ − up′un′Y ω

p′n′)upvnG(pnp′n′Jω)

+ (up′vn′Xω
p′n′ + vp′un′Y ω

p′n′)vpvnF (pnp′n′Jω)

− (vp′un′Xω
p′n′ + up′vn′Y ω

p′n′)upunF (pnp′n′Jω)
]

(A.4)
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and〈
π′ω′; jm

∣∣Ĥ∣∣πω; jm
〉

= (Ep + Eω)δpp′δωω′ − (−1)jp+jp′+Jω+Jω′ ĴωĴω′

×
∑

n

({
jp jn Jω′

jp′ j Jω

}
Xω′

pnX
ω
p′n(Eω + Eω′ − En) +

δjjn

ĵ2
Y ω′

p′nY
ω
pnEn

)
, (A.5)

where the sum runs over the neutron states.



B Charge-changing transition

densities in the pnMQPM

In the present notation the label p (with and without a subscript) is always labeling
a proton orbit and n a neutron orbit. For the β− decay from a neutron-odd to a
proton-odd nucleus, the pnMQPM charge-changing transition densities (CCTDs) are

(pf‖[c†pc̃n]L‖ni) = δppf
δnni

L̂upun, (B.1)

(pf‖[c†pc̃n]L‖piωi; ji) = (−1)jpi+Jωi+ji+1ĵi

[
δpipf

δJωiL
(vpunX

ωi
pn + upvnY

ωi
pn )

+ Ĵωi
L̂

(
δppi

{
jpf

L ji
jp Jωi

jn

}
vpunX

ωi
pf n − δppf

δjijn

ĵi
2 upvnY

ωi
pin

)]
, (B.2)

(nfωf ; jf‖[c†pc̃n]L‖ni) = ĵf

[
δninf

δJωf
L(upvnX

ωf
pn + vpunY

ωf
pn )

+ Ĵωf
L̂

(
δnnf

{
jf L jni

jp Jωf
jn

}
upvnX

ωf
pni − δnni

δjf jp

ĵf
2 vpunY

ωf
pnf

)]
(B.3)

and

(nfωf ; jf‖[c†pc̃n]L‖piωi; ji)

= (−1)jpi+ji+Jωivpvnĵiĵf L̂

(
δppi

δnnf
δωiωf

{
jf L ji
jp Jωi

jn

}
− Ĵωi

Ĵωf

×

[
δppi

{
jf L ji
jp Jωi

jn

}∑
p′

({
jf Jωf

jnf

jp′ Jωi
jn

}
X

ωf

p′nX
ωi

p′nf
−
δjf jp′

ĵf
2 Y

ωf

p′nf
Y ωi

p′n

)

+ δnnf

{
jf L ji
jp Jωf

jn

}∑
n′

({
jpi

Jωi
ji

jp Jωf
jn′

}
X

ωf

pin′X
ωi

pn′ −
δjijn′

ĵi
2 Y

ωf

pn′Y
ωi

pin′

)

+


jnf

Jωf
jf

jp jn L
Jωi

jpi
ji

X
ωf
pinX

ωi
pnf

+
δjijnδjf jp

ĵi
2
ĵf

2 Y
ωf
pnfY

ωi
pin

])
. (B.4)
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The pnMPQM β− CCTDs from a proton-odd to a neutron-odd nucleus are

(nf‖[c†pc̃n]L‖pi) = δppi
δnnf

(−1)jp+jn+LL̂vpvn, (B.5)

(nf‖[c†pc̃n]L‖niωi; ji) = (−1)jnf
+L+ji+1ĵi

[
δninf

δJωiL
(vpunX

ωi
pn + upvnY

ωi
pn )

+ Ĵωi
L̂

(
δnni

{
jnf

L ji
jn Jωi

jp

}
vpunX

ωi
pnf

− δnnf

δjijp

ĵi
2 upvnY

ωi
pni

)]
, (B.6)

(pfωf ; jf‖[c†pc̃n]L‖pi) = (−1)jpi+jpf
+Jωf

+L+1ĵf

[
δpipf

δJωf
L(upvnX

ωf
pn + vpunY

ωf
pn )

+ Ĵωf
L̂

(
δppf

{
jf L jpi

jn Jωf
jp

}
upvnX

ωf
pin − δppi

δjf jn

ĵf
2 vpunY

ωf
pf n

)]
(B.7)

and

(pfωf ; jf‖[c†pc̃n]L‖niωi; ji)

= (−1)ji+jpf
+Jωf

+L+1upunĵiĵf L̂

(
δωiωf

δppf
δnni

{
jf L ji
jn Jωi

jp

}
− Ĵωi

Ĵωf

×

[
δppf

{
jf L ji
jn Jωf

jp

}∑
p′

({
jni

Jωi
ji

jn Jωf
jp′

}
X

ωf

p′ni
Xωi

p′n −
δjijp′

ĵi
2 Y

ωf

p′nY
ωi

p′ni

)

+ δnni

{
jf L ji
jn Jωi

jp

}∑
n′

({
jf Jωf

jpf

jn′ Jωi
jp

}
X

ωf

pn′X
ωi

pf n′ −
δjf jn′

ĵf
2 Y

ωf

pf n′Y
ωi

pn′

)

+


Jωf

jpf
jf

jp jn L
jni

Jωi
ji

X
ωf
pniX

ωi
pf n +

δjijpδjf jn

ĵi
2
ĵf

2 Y
ωf
pf nY

ωi
pni

])
. (B.8)

The CCTDs for β+ and electron capture decays from a neutron-odd to a proton-odd
nucleus read

(pf‖[c†nc̃p]L‖ni) = δppf
δnni

(−1)jp+jn+LL̂vpvn, (B.9)

(pf‖[c†nc̃p]L‖piωi; ji) = (−1)jp+jn+jpi+Jωi+ji+Lĵi

[
δpipf

δJωiL
(upvnX

ωi
pn + vpunY

ωi
pn )

+ Ĵωi
L̂

(
δppi

{
jpf

L ji
jp Jωi

jn

}
upvnX

ωi
pf n − δppf

δjijn

ĵi
2 vpunY

ωi
pin

)]
, (B.10)
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(nfωf ; jf‖c†nc̃p]L‖ni) = (−1)jp+jn+L+1ĵf

[
δninf

δJωf
L(vpunX

ωf
pn + upvnY

ωf
pn )

+ Ĵωf
L̂

(
δnnf

{
jf L jni

jp Jωf
jn

}
vpunX

ωf
pni − δnni

δjf jp

ĵf
2 upvnY

ωf
pnf

)]
(B.11)

and

(nfωf ; jf‖c†nc̃p]L‖piωi; ji)

= (−1)jp+jn+L+jpi+ji+Jωiupunĵiĵf L̂

(
δppi

δnnf
δωiωf

{
jf L ji
jp Jωi

jn

}
− Ĵωi

Ĵωf

×

[
δppi

{
jf L ji
jp Jωi

jn

}∑
p′

({
jf Jωi

jn
jp′ Jωf

jnf

}
X

ωf

p′nX
ωi

p′nf
−
δjf jp′

ĵf
2 Y

ωf

p′nf
Y ωi

p′n

)

+ δnnf

{
jf L ji
jp Jωf

jn

}∑
n′

({
jp Jωf

ji
jpi

Jωi
jn′

}
X

ωf

pin′X
ωi

pn′ −
δjijn′

ĵi
2 Y

ωf

pn′Y
ωi

pin′

)

+


Jωf

jnf
jf

jn jp L
jpi

Jωi
ji

X
ωf
pinX

ωi
pnf

+
δjijnδjf jp

ĵi
2
ĵf

2 Y
ωf
pnfY

ωi
pin

])
. (B.12)

Finally, the CCTDs for the β+/EC decays for the transition from a proton-odd to a
neutron-odd nucleus are

(nf‖[c†nc̃p]L‖pi) = δppi
δnnf

L̂upun, (B.13)

(nf‖[c†nc̃p]L‖niωi; ji) = (−1)jp+jn+jnf
+ji ĵi

[
δninf

δJωiL
(upvnX

ωi
pn + vpunY

ωi
pn )

+ Ĵωi
L̂

(
δnni

{
jnf

L ji
jn Jωi

jp

}
upvnX

ωi
pnf

− δnnf

δjijp

ĵi
2 vpunY

ωi
pni

)]
, (B.14)

(pfωf ; jf‖[c†nc̃p]L‖pi) = (−1)jp+jn+jpi+jpf
+Jωf ĵf

[
δpipf

δJωf
L(vpunX

ωf
pn + upvnY

ωf
pn )

+ Ĵωf
L̂

(
δppf

{
jf L jpi

jn Jωf
jp

}
vpunX

ωf
pin − δppi

δjf jn

ĵf
2 upvnY

ωf
pf n

)]
(B.15)



and

(pfωf ; jf‖[c†nc̃p]L‖niωi; ji)

= (−1)jp+jn+jpf
+ji+Jωf

+1vpvnĵiĵf L̂

(
δppf

δnni
δωiωf

{
jf L ji
jn Jωi

jp

}
− Ĵωi

Ĵωf

×

[
δppf

{
jf L ji
jn Jωf

jp

}∑
p′

({
jn Jωf

ji
jni

Jωi
jp′

}
X

ωf

p′ni
Xωi

p′n −
δjijp′

ĵi
2 Y

ωf

p′nY
ωi

p′ni

)

+ δnni

{
jf L ji
jn Jωi

jp

}∑
n′

({
jf Jωi

jp
jn′ Jωf

jpf

}
X

ωf

pn′X
ωi

pf n′ −
δjf jn′

ĵf
2 Y

ωf

pf n′Y
ωi

pn′

)

+


Jωf

jpf
jf

jp jn L
jni

Jωi
ji

X
ωf
pniX

ωi
pf n +

δjijpδjf jn

ĵi
2
ĵf

2 Y
ωf
pf nY

ωi
pni

])
. (B.16)




